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1 Introduction

Consider well known (ungauged) maximal supergravity theories in 4D and 6D. They contain
physical scalar fields which belong to the coset space G/H. Here G is a non compact group,
while H is the maximal compact subgroup of G:

G

H

∣∣∣∣
4
=

E7(7)
SU(8) ,

G

H

∣∣∣∣
6
=

E5(5)
USp(4)×USp(4) . (1.1)

In the original versions of ungauged supergravities in [1–4] the number of scalars is defined
by the fundamental representation of a group G, and there is also a local H symmetry, which
is the R-symmetry group. We will refer to these supergravities as supergravities of type I.
In all integer dimensions D these supergravities of type I have physical scalars in the coset
space (G/H)D and they have the corresponding global GD and local HD symmetries.
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D-dimensional supergravities of the type I have global U-duality symmetry GD. These
are groups E11−D(11−D) [5, 6], they are often called E11−D groups. They are nicely explained
by B. Julia [5] in terms of Dynkin diagrams as the process of Group Disintegration. Starting
from E8(8) in 3D removing the right node of the Dynkin diagram, one by one, one gets E7(7)
in 4D, E6(6) in 5D, E5(5) in 6D, and all the way up.

The local H symmetry in [1–4] has unusual features. In standard local gauge symmetries
there are propagating gauge fields, but in local H symmetries the role of the gauge field is
played by the composite scalar dependent connection. Some of the advantages in keeping
local H symmetry not gauge fixed is that the global duality symmetry G and the local H
symmetry are independent, and fermions transform under H and are neutral in G.

The action with local H symmetry depends on scalars which are in the adjoint repre-
sentation of G, for example 133 in maximal 4D supergravity and 45 in 6D. These scalars
parametrize a G-valued matrix V(x) which transforms by G from the left and by H from
the right. When local H symmetry in supergravities is gauge-fixed, only physical scalars
remain, their number is reduced to the number of coordinates in the coset space G/H, 70 in
4D and 25 in 6D. In symmetric gauges fermions in gauge-fixed theory transform under G
symmetry due to a compensating H symmetry transformation, preserving the choice of the
gauge. In 4D case symmetric gauge in [1, 2] supergravity was studied in detail in [1, 2, 7, 8],
where it was shown that the global H-symmetry is valid on shell.

Thus, it is convenient to refer to original versions of ungauged supergravities in D-
dimensions, with global G and local H symmetries, as supergravities I. We will refer to
supergravities derived by compactification from (D + n) dimensional supergravities, without
dualization, as supergravities II. These are less known, in general, however, these models have
played an important role in studies of black hole attractors in maximal 4D supergravity, see
for example [9, 11–14]. Specifically, 1/2, 1/2, 1/2 extremal BPS black holes are associated
with type I supergravity, but the non-BPS Kaluza-Klein extremal black holes are associated
with type II supergravity [13, 14].

We will mostly focus on the case of n = 1 when D-dimensional supergravity is derived
from the D + 1 supergravity compactified on a circle. In 4D these type II supergravity are
models in [13, 14] and in 6D in [15].

Our study of gauge-fixing H-symmetry in supergravities is based on the original work
in 4D and in 6D in [1–4] as well as on supergravity studies in diverse dimensions in [16–24].
We will define classes of gauges we are interested in various dimensions, and we will fill in
some gaps in the existing literature, for example in gauge-fixing of 6D maximal supergravity,
as well as with regard to Iwasawa-type gauges in various dimensions.

Unitary gauges in the context of quantum field theory have the property that the gauge
fixing function depends on the fields and not on their derivatives. Therefore there are no
Faddeev-Popov propagating ghost fields.

Unitary symmetric gauges are well known in 4D, but not in 6D. In maximal 4D
supergravity after gauge-fixing local H = SU(8) symmetry [1, 2], there is a remaining
nonlinearly realized G = E7(7) and a field-dependent compensating H = SU(8) symmetry.
The physical scalars ϕijkl, ϕ̄pqmn transform in a linear representation of SU(8). All dependence
on physical scalars is non-polynomial. The 1-loop anomalies of global SU(8)-symmetry in
this gauge cancel [25].
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α2

α4α1 α3

· · ·
αd+1

Figure 1. The Dynkin diagrams of U-duality groups Ed+1(d+1) as given in [28], 0 ≤ d ≤ 7, D = 10−d.
The groups Ed+1(d+1) are often called Ed+1.

Unitary Iwasawa gauges, also called triangular gauges, in supergravities were described
already in [1]. These gauges have a remarkable polynomiality in some of the scalars, which is
absent in symmetric gauges. These are associated in case of maximal supergravities with
dimensional reduction from 11D supergravity. In these gauges there is a maximal number
of axionic scalars, which enter the action polynomially.

Unitary partial Iwasawa gauges we define here as the ones where D-dimensional theories
are associated with dimensionally reduced maximal (D + 1) supergravities. They have the
feature that the D + 1 coset (G/H)D+1 inherited in dimension D was gauge-fixed in a
symmetric gauge in D + 1. The number of axionic polynomial scalars in these gauges is
always non-zero, but less than the one in Iwasawa triangular gauge.

Supergravity actions depend on scalars via the vielbein V(x). The vielbein transforms
under global G symmetry and local H-symmetry

V(x) → gV(x)h−1(x) . (1.2)

Before gauge-fixing the vielbein is in a fundamental representation of G, the number of
scalars is dim[G]. After gauge-fixing

V(x) → V(x)gf . (1.3)

It is a matrix depending only on physical scalars, where the number of physical scalars
nsc is equal to dim[G] − dim[H].

Different choices of coset representatives define different choices of gauges of local H
symmetry. Various solutions of underlying mathematical problem to find G/H coset space
representatives can be found in supergravity original papers [1–4] and reviews in [17–24]
and in the textbooks like [26, 27].

Consider figure 1 here for Dynkin diagrams of U-duality groups as presented in [28].
Different gauges for local H-symmetry correspond to different ways of cutting some nodes
in these Dynkin diagrams, thereby breaking global G-symmetry of the classical action in
a class of Iwasawa type gauges.

The purpose of this paper is to provide a systematic gauge-fixing of local H-symmetries
in D-dimensional supergravities in a class of gauges which either preserve global H-symmetry
and G-symmetry, in symmetric gauges, or not (at least not manifestly), in Iwasawa-type
gauges associated with D + 1 supergravities. These various choices of gauge-fixing can be
studied in the future to understand how the existence of different unitary gauges might affect
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Simple roots:
Eα1 = −x2∂4 − x5∂7 − x9∂8,

Eα2 = −x1∂2 − x3∂5 − x6∂9,

Eα3 = −x0∂1 + i(x5x8 − x7x9)/y,

Eα4 = −x1∂3 − x2∂5 − x4∂7,

Eα5 = −x3∂6 − x5∂9 − x7∂8,

E−α1 = x4∂2 + x7∂5 + x8∂9,

E−α2 = x2∂1 + x5∂3 + x9∂6,

E−α3 = x1∂0 − iy(∂5∂8 − ∂7∂9),

E−α4 = x3∂1 + x5∂2 + x7∂4,

E−α5 = x6∂3 + x8∂7 + x9∂5.

A.4. E7. Dynkin diagram:

❣ ❣ ❣ ❣ ❣ ❣
1
β0

3
α2

4
α3

5
α4

6
α5

7
α6

❣2 α1

.

Positive roots:
α1 = (0, 1, 0, 0, 0, 0, 0) = A(α1),
α2 = (0, 0, 1, 0, 0, 0, 0) = A(β1),
α3 = (0, 0, 0, 1, 0, 0, 0) = A(α3),
α4 = (0, 0, 0, 0, 1, 0, 0) = A(α4),
α5 = (0, 0, 0, 0, 0, 1, 0) = A(α5),
α6 = (0, 0, 0, 0, 0, 0, 1) = A(α6),
α7 = (0, 1, 0, 1, 0, 0, 0) = A(α7),
α8 = (0, 0, 1, 1, 0, 0, 0) = A(β2),
α9 = (0, 0, 0, 1, 1, 0, 0) = A(α9),
α10 = (0, 0, 0, 0, 1, 1, 0) = A(α10),
α11 = (0, 0, 0, 0, 0, 1, 1) = A(α11),
α12 = (0, 1, 1, 1, 0, 0, 0) = A(β3),
α13 = (0, 1, 0, 1, 1, 0, 0) = A(α13),
α14 = (0, 0, 1, 1, 1, 0, 0) = A(β4),
α15 = (0, 0, 0, 1, 1, 1, 0) = A(α15),
α16 = (0, 0, 0, 0, 1, 1, 1) = A(α16),
α17 = (0, 1, 1, 1, 1, 0, 0) = A(β5),
α18 = (0, 1, 0, 1, 1, 1, 0) = A(α18),
α19 = (0, 0, 1, 1, 1, 1, 0) = A(β6),
α20 = (0, 0, 0, 1, 1, 1, 1) = A(α20),
α21 = (0, 1, 1, 2, 1, 0, 0) = A(β7),
α22 = (0, 1, 1, 1, 1, 1, 0) = A(β8),
α23 = (0, 1, 0, 1, 1, 1, 1) = A(α23),
α24 = (0, 0, 1, 1, 1, 1, 1) = A(β9),
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A.3. E6 . Dynkin diagram:

❣ ❣ ❣ ❣ ❣
1
α1

3
α2

4
α3

5
α4

6
α5

❣2 β0

.

Positive roots:
α1 = (1, 0, 0, 0, 0, 0) = A(α1),
α2 = (0, 0, 1, 0, 0, 0) = A(α2),
α3 = (0, 0, 0, 1, 0, 0) = A(β1),
α4 = (0, 0, 0, 0, 1, 0) = A(α4),
α5 = (0, 0, 0, 0, 0, 1) = A(α5),
α6 = (1, 0, 1, 0, 0, 0) = A(α6),
α7 = (0, 0, 1, 1, 0, 0) = A(β2),

α8 = (0, 0, 0, 1, 1, 0) = A(β3),
α9 = (0, 0, 0, 0, 1, 1) = A(α9),
α10 = (1, 0, 1, 1, 0, 0) = A(β4),
α11 = (0, 0, 1, 1, 1, 0) = A(β5),
α12 = (0, 0, 0, 1, 1, 1) = A(β6),
α13 = (1, 0, 1, 1, 1, 0) = A(β7),
α14 = (0, 0, 1, 1, 1, 1) = A(β9),
α15 = (1, 0, 1, 1, 1, 1) = A(β8),

β0 = (0, 1, 0, 0, 0, 0), γ0 = (1, 1, 2, 3, 2, 1),
β1 = (0, 1, 0, 1, 0, 0), γ1 = (1, 1, 2, 2, 2, 1),
β2 = (0, 1, 1, 1, 0, 0), γ2 = (1, 1, 1, 2, 2, 1),
β3 = (0, 1, 0, 1, 1, 0), γ3 = (1, 1, 2, 2, 1, 1),
β4 = (1, 1, 1, 1, 0, 0), γ4 = (0, 1, 1, 2, 2, 1),
β5 = (0, 1, 1, 1, 1, 0), γ5 = (1, 1, 1, 2, 1, 1),
β6 = (0, 1, 0, 1, 1, 1), γ6 = (1, 1, 2, 2, 1, 0),
β7 = (1, 1, 1, 1, 1, 0), γ7 = (0, 1, 1, 2, 1, 1),
β8 = (1, 1, 1, 1, 1, 1), γ8 = (0, 1, 1, 2, 1, 0),
β9 = (0, 1, 1, 1, 1, 1), γ9 = (1, 1, 1, 2, 1, 0),

ω = (1, 2, 2, 3, 2, 1) = A(γ0).

Cubic form:
I3 = −x1x5x8 + x1x7x9 + x2x3x8 − x2x6x7 − x3x4x9 + x4x5x6.

Cartan generators:
Hβ0 = −y∂ + x0∂0,

Hα1 = −x2∂2 + x4∂4 − x5∂5 + x7∂7 + x8∂8 − x9∂9,

Hα2 = −x1∂1 + x2∂2 − x3∂3 + x5∂5 − x6∂6 + x9∂9,

Hα3 = −2 − x0∂0 + x1∂1 − x5∂5 − x7∂7 − x8∂8 − x9∂9,

Hα4 = −x1∂1 − x2∂2 + x3∂3 − x4∂4 + x5∂5 + x7∂7,

Hα5 = −x3∂3 − x5∂5 + x6∂6 − x7∂7 + x8∂8 + x9∂9.

E7

E6

E5 =D5

E4=SL(5)
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A.2. D5. Dynkin diagram:

❣ ❣ ❣ ❣
1
α1

2
β0

3
α2

5
α4

❣4 α3

.

Positive roots:
α1 = (1, 0, 0, 0, 0) = A(β1),
α2 = (0, 0, 1, 0, 0) = A(β2),
α3 = (0, 0, 0, 1, 0) = A(α3),
α4 = (0, 0, 0, 0, 1) = A(α4),
α5 = (0, 0, 1, 1, 0) = A(β4),
α6 = (0, 0, 1, 0, 1) = A(β5),
α7 = (0, 0, 1, 1, 1) = A(β3).

β0 = (0, 1, 0, 0, 0), γ0 = (1, 1, 2, 1, 1),
β1 = (1, 1, 0, 0, 0), γ1 = (0, 1, 2, 1, 1),
β2 = (0, 1, 1, 0, 0), γ2 = (1, 1, 1, 1, 1),
β3 = (0, 1, 1, 1, 1), γ3 = (1, 1, 1, 0, 0),
β4 = (0, 1, 1, 1, 0), γ4 = (1, 1, 1, 0, 1),
β5 = (0, 1, 1, 0, 1), γ5 = (1, 1, 1, 1, 0),

ω = (1, 2, 2, 1, 1) = A(γ0).

Cubic form:
I3 = x1(x2x3 − x4x5).

Cartan generators:

Hβ0 = −y∂ + x0∂0,

Hα1 = −2 − x0∂0 + x1∂1 − x2∂2 − x3∂3 − x4∂4 − x5∂5,

Hα2 = −1 − x0∂0 − x1∂1 + x2∂2 − x3∂3,

Hα3 = −x2∂2 + x3∂3 + x4∂4 − x5∂5,

Hα4 = −x2∂2 + x3∂3 − x4∂4 + x5∂5.

Simple roots:

Eα1 = −x0∂1 − i(x2x3 − x4x5)/y,

Eα2 = −x0∂2 − ix1x3/y,

Eα3 = x2∂4 + x5∂3,

Eα4 = −x2∂5 − x4∂3,

E−α1 = x1∂0 + iy (∂2∂3 − ∂4∂5),

E−α2 = x2∂0 + iy ∂1∂3,

E−α3 = −x3∂5 − x4∂2,

E−α4 = x3∂4 + x5∂2.
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A.1. An. Dynkin diagram:

❣ ❣ ❣ ❣ ❣
1
β0

2
α1

3
α2

. . .

. . .
n

αn−1

.

Positive roots:

α1 = (0, 1, 0, . . . , 0, 0 ) = A(β1),

α2 = (0, 0, 1, . . . , 0, 0 )
... (0, 0, 0,

. . . , 0, 0 )
αn−2 = (0, 0, 0, . . . , 1, 0 ),

αn−1 = (0, 1, 1, 0, . . . , 0 ) = A(β2)
αn = (0, 0, 1, 1, 0, 0 )
... (0, 0, 0,

. . . ,
. . . , 0 )

α2n−5 = (0, 0, . . . , 1, 1, 0 )
...

α(n−1)(n−2)/2 = (0, 1, . . . , 1, 1, 0 ) = A(βn−2),

β0 = (1, 0, 0, 0, 0) γ0 = (0, 1, . . . , 1, 1)
β1 = (1, 1, 0, 0, 0) γ1 = (0, 0, 1, . . . , 1)
... (

...,
...,

. . . , 0, 0)
... (0, 0, . . . ,

. . . , 1)
βn−2 = (1, 1, . . . , 1, 0) γn−2 = (0, 0, . . . , 0, 1),

ω = (1, 1, . . . , 1, 1) = A(γ0).

Cartan generators (ν = (n+ 1)/2 in the standard minimal rep):

Hβ0 = −y∂ + x0∂0,

Hα1 = −x0∂0 + x1∂1,

Hα2 = −x1∂1 + x2∂2,

...

Hαn−2 = −xn−3∂n−3 + xn−2∂n−2,

Hγn−2 = −ν − y∂ − x0∂0 − · · · − xn−3∂n−3 − 2xn−2∂n−2.

Simple roots:

Eα1 = x0∂1 , E−α1 = x1∂0,

Eα2 = x1∂2 , E−α2 = x2∂1
... = ...

... = ...

Eαn−2 = xn−3∂n−2, E−αn−2 = xn−2∂n−3.

4
<latexit sha1_base64="4Sbg8Ph+VFOflHGtBqtcta6dG4M=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolK9Vj04rGC/YA2lMl20y7dbOLuRiihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWj26nfemJK81g+mHHC/AgHkoecorFSu4siGWLvolcquxV3BrJMvJyUIUe9V/rq9mOaRkwaKlDrjucmxs9QGU4FmxS7qWYJ0hEOWMdSiRHTfja7d0JOrdInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxERRuCt/jyMmmeV7xqpXp/Wa7d5HEU4BhO4Aw8uIIa3EEdGkBBwDO8wpvz6Lw4787HvHXFyWeO4A+czx+7a4/J</latexit>↵3

Figure 2. Left panel at the top shows Dynkin diagram for E7, the one on the bottom is E6. Right
panel at the top shows Dynkin diagram for E5, the one on the bottom is E4 = SL(5). Figures taken
from [29] where a detailed explanation can be found. Deleting the right node in E7 we see E6 and
deleting the right node in D5 = E5(5) we see SL(5) = E4(4).

the quantization of supergravities, the issue of local H-symmetry and global G-symmetry
anomalies and UV divergences.

In particular, the 1-loop anomalies of global H-symmetry were computed in [25] in a
symmetric gauge, where global H-symmetry is present in a classical action and where the
vielbein is assumed to take a form

Vgf = eϕ·K . (1.4)

Here K are generators in a noncompact part of the algebra of G, which is a property of
symmetric gauges. In other gauges the status of a global H-symmetry is not obvious, unless
one can prove the on shell gauge independence of these theories. Therefore the issue of
1-loop anomalies in supergravity with account of symmetric and Iwasawa-type gauges requires
an additional investigation.

2 D-dimensional supergravity I and supergravity II

Supergravities I were constructed in dimension D, the physical scalars are in (G/H)D coset
space. These models have local H-symmetry and global on shell G symmetry. This local H
symmetry can be gauge-fixed in various gauges. In symmetric gauges there is a non-polynomial
dependence on all physical scalars and on shell E11−D(11−D) symmetry. Upon gauge-fixing
the global G symmetry is still preserved but non-linearly realized. In Iwasawa and partial
Iwasawa gauges there is a polynomial dependence on some of the physical scalars, often called
axions, and non-polynomial dependence on other physical scalars, often called dilatons.

In Iwasawa type gauges the status of a global HD symmetry and on shell GD-symmetry
is not known, a priory. The symmetries, like E7(7) in 4D and E5(5) symmetry in 6D are
broken off shell, by construction. This is best explained using the Dynkin diagrams in
figure 1 and figure 2.

We will use two of the parabolic subgroups of the U-duality groups described in [28].
The first one is the subgroup Pαd+1 obtained by removing the root αd+1 associated with the
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most right last node d+ 1 of the Dynkin diagram in figure 1. These gauges in D-dimensional
supergravity are related to actions derived by compactification from D + 1 supergravity
in accordance with the Group Disintegration [5]. The second subgroup Pα2 is obtained by
removing the root α2 associated to the node 2. These are triangular, Iwasawa unitary gauges
for local H-symmetry. They were explored in [19] for D-dimensional supergravities derived
by compactification of 11D supergravity on a torus T d+1, d = 10 − D.

In figure 2 we show examples of Iwasawa gauges where right node was removed from the
Dynkin diagram: in 4D case this describes the choice of the gauge in type I supergravity
where E7(7) group is broken down to E6(6). In 6D the E5(5) duality is broken to E4(4).

Supergravities II in dimension D which we focus on are related to (D + 1)-dimensional
supergravity. They were derived from D + 1 supergravities by a reduction on a circle, or,
sometimes were constructed directly in dimension D. These correspond to cases of parabolic
subgroups Pαd+1 of Ed+1(d+1) group with removal of the right node of a Dynkin diagram
in figure 1. Their local symmetry is smaller, it is at most HD+1-symmetry inherited from
D + 1. This local HD+1-symmetry can be gauge fixed already in D + 1, before dimensional
reduction, or after, see for example [13, 15].

Supergravities II are also given by their actions in dimension D and they also have
the same amount of maximal local supersymmetries as supergravities I. These models in
general case were described in [18]. The physical scalars correspond to a decomposition of the
(G/H)D coset space via the smaller coset space of D+1 supergravity GD+1

HD+1
, the radius of the

circle, rD+1 and the scalars originating from the extra component of D + 1 vectors VD+1
r .

GD

HD
∼
(
GD+1
HD+1

, rD+1,VD+1
r

)
. (2.1)

It means that supergravities II always have some axions, as opposite to supergravities I
where there is a class of symmetric gauges without axions. In supergravities II the minimal
value of the axions is reached in a gauge where the local HD+1 symmetry is gauge-fixed
in a symmetric gauge.

In supergravities I the number of axions depends on the gauge chosen to fix the local
H-symmetry. It varies between zero and maximum in Iwasawa triangular gauge.

1. In symmetric gauge, there are no polynomial axions. All scalars are non-polynomial:

#axionssym = 0 (2.2)

2. The Iwasawa triangular gauges are closely related to the supergravity actions derived
by dimensional reduction from 11D supergravity. They involve a Borel subalgebra of
the algebra of the group G, or they can also be described in terms of the solvable Lie
group and using the solvable parametrization of the coset space G/H [22, 23]. The
number of axions in these gauges in dimension D is defined by the properties of the
U-duality group G = E11−D(11−D) in a given dimension D

#axionstriangular =
1
2(dim G− rankG) (2.3)

3. In gauges we call partial Iwasawa gauges related to D + 1 supergravities the scalars
are defined by the decomposition of the coset space (G/H)D in eq. (2.1). In these
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gauges of supergravity I, as in supergravities II, there are axions related to compactified
vectors VD+1

r presenting the abelian ideal in D dimensions. The number of axions
is the number of vector fields in one dimension above, it also has a group theoretic
interpretation as a maximal abelian ideal [18]

#axionspartial Iwasawa = dim AD (2.4)

This is the case when the relevant H-symmetry in D + 1 theory was gauge-fixed in
symmetric gauge. However, when the gauge in D + 1 supergravity was an Iwasawa
gauge, the number of axions is exceeding the ones in partial Iwasawa gauge.

To summarize, we find that in supergravity I there are gauges which have the same
set of scalars as supergravity II, derived from D + 1 supergravity by compactification on a
circle. If in supergravity II a local HD+1 symmetry was gauge-fixed in Iwasawa gauge, the
corresponding supergravity I needs to be gauge-fixed in the appropriate Iwasawa gauge. If in
supergravity II a local HD+1 symmetry was gauge-fixed in a symmetric gauge, supergravity
I has to be gauge-fixed in an appropriate partial Iwasawa gauge, to reproduce the same
set of scalars. In general, the relation between vectors in supergravities I and II in various
gauges is not as simple.

Thus, using different gauges in supergravities I we can study both supergravities I as
well as supergravities II. The minimal number of axions in supergravities II is the same as in
supergravities I in the partial Iwasawa gauge and always positive:

#axionspartial Iwasawa = #axionssupergravity II = dim AD > 0 . (2.5)

This is opposite to symmetric gauges of supergravity I

#axionssym = #axionssupergravity I = 0 . (2.6)

The mere existence of supergravities II in [13] and in [15] as well as the fact that there are
gauges in supergravities I where scalars are the same as in supergravities II, suggest that
these issues might be relevant to quantum properties of maximal supergravities.

In supergravity I the G-valued matrix, a vielbein V(x), transforms by G from the left
and by H from the right. Before local H-symmetry is gauge-fixed, these are independent
transformations

V(x) → gV(x) , V(x) → V(x)h−1(x) , g ∈ G , h(x) ∈ H . (2.7)

The Lie algebra g of a group G can be decomposed into two orthogonal subspaces: the Lie
algebra h of a group H and a coset space k. Here H is the maximal compact group in G:

g = h⊕ k [h, h] ⊂ h ; [h, k] ⊂ k ; [k, k] ⊂ h . (2.8)

The supergravity reviews which we will use here have the following features. In [20–22] one
starts with ungauged supergravity with a local H symmetry and global G symmetry, both
independent and linearly realized. The action depends on scalars which form a fundamental
representation of G. These scalars parametrize a G-valued matrix V(x) which transforms
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by G and by H as shown in eq. (2.7). Gauge-fixing local H symmetry in unitary gauges
requires to use all parameters of local H symmetry, like 63 in H = SU(8) in 4D, or 20 in
H = SO(5)× SO(5) in 6D, to bring the theory to the form where it depends only on physical
scalars. Their number is dim[G]− dim[H], i.e. in maximal 4D we have 133− 63 = 70 and
in 6D 45 − 20 = 25 physical scalars.

Our purpose is, in particular, to compare supergravity actions derived in a given dimension
D = 4, 6 versus the ones obtained via dimensional reduction from D + 1 = 5, 7. For this
purpose it is convenient to study all theories in dimension D at the stage where local H
symmetry was not yet gauge-fixed. It means that we study supergravities I and gauge-fix
them in various gauges.

In such case1 we define these gauges in terms of the G-valued vielbein matrix V(x). The
corresponding gauge-fixings which eliminate unphysical scalars correspond to certain choices
of the vielbein V : for example, one gauge is a symmetric one, the other is an Iwasawa gauge,
or a partial Iwasawa gauge. All of these are unitary gauges, in a sense that they have only
physical scalars and do not require propagating ghost fields.

3 Symmetric, Iwasawa and partial Iwasawa supergravity I unitary gauges

In D-dimensional supergravities with a local H symmetry, i.e. in supergravities I, one can
make a choice of the vielbeins/of the coset representatives of a different kind. We discuss
possible choices of unitary gauges starting with the well known symmetric gauges [1, 2, 30].

There are also gauges suitable for addressing the relation between D-dimensional super-
gravity with (G/H)D coset space with the one in D derived from higher dimensions, from
11d or from D + 1, for example. They gauges are, in general, different. But all of them
have some axionic scalars interacting polynomially.

Iwasawa triangular gauges are also well known, they represent 11D supergravity dimen-
sionally reduced to D-dimension, see [1, 19, 22]. There is also a class of gauges available
in the literature, for example in [30], where D-dimensional supergravity was derived from
a D + 1-dimensional supergravity by compactification on a circle. If the relevant HD+1-
symmetry in D + 1 theory was gauge-fixed in a symmetric gauge, this theory can be related
to D-dimensional supergravity in a class of gauges which we call partially Iwasawa gauges.

The interest to parabolic subgroups of the U-duality groups in string theory and super-
gravity was raised in the context of automorphism analysis in [31, 32]. It was shown that
maximal parabolic subgroups of Ed(d) (often called Ed) arising in string theory are of the
form GL(1) ×Xd−1. For example, for E7(7) the X6 is E6(6) and for E5(5) the X5 is SL(5).
This is convenient to see in cases interesting for us using Dynkin diagrams in figure 2 here,
which we took from [29]. In particular, after deleting the right node E7 becomes E6 and
D5 = E5(5) becomes SL(5) = A4 ∼ E4, see also table 2 in [32].

1In [17, 23] the stage of an ungauged supergravity with a local H symmetry is replaced from the beginning
by various choices of coset space representatives L(ϕr). Namely, the coset representatives depend only on
physical scalars ϕr, r = 1, . . . , nsc. There is no local H symmetry independent on G symmetry, instead
the action of G transforms the fields ϕr in a coset between themselves and might require a compensating
field-dependent H transformation.
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The reason for Iwasawa and partial Iwasawa gauges is the fact that in dimension D + 1,
the scalars are in a smaller coset (G/H)D+1, see eq. (2.1). These are gauges suitable for
addressing the relation between D-dimensional supergravity with (G/H)D coset space with
the one in D derived from higher dimensions, they are, in general, different. The ones in
dimension D derived from D + 1 dimensions have some axionic type scalars where, according
to eq. (2.1), the axions correspond to VD+1

r . The local symmetry in D+1 is also smaller, it is
HD+1. One can gauge-fix HD+1 either in a the triangular, Iwasawa gauge or in a symmetric
gauge. In dimension D the 1st choice will produce a triangular Iwasawa gauge, the second
choice will produce partial Iwasawa gauge. The simplest example of this partial Iwasawa
gauge one can see in the 4D maximal supergravity action in [13]. This is a limit of the action
in [30] when all mass/gauging parameters mi → 0.

• Symmetric gauge.
The reason they are called symmetric is that they correspond to a generalization of
the polar decomposition of a linear matrix into a product of the orthogonal and a
symmetric matrix

V = eϕ·Σeθ·Λ . (3.1)

Here Λ are the generators of the H group and Σ are the coset generators. A symmetric
gauge is a choice

θ = 0 . (3.2)

In symmetric gauge

Vsym(ϕr) = eϕrKr ∈ exp(k) r = 1, . . . , nsc . (3.3)

where {Kr} is a basis of the coset algebra k defined in (2.8). Note that the coset
representative in the symmetric gauge is not in a subalgebra of G. All scalars in the
symmetric H-gauge occur in the gauge-fixed supergravity action non-polynomially.

In symmetric gauge, the scalars ϕr transform in a linear representation of the
maximal compact subgroup H ⊂ G, and global H-invariance of the Lagrangian is
manifest. The 1-loop anomalies of global H-symmetry in this gauge were computed
in [25].

• Iwasawa triangular gauges.
The early class of gauges relating D-dimensional supergravity to 11D supergravity was
proposed and studied in [1, 19].

Iwasawa triangular gauges/coset space representatives discussed in general in [22, 23]
are associated with the Iwasawa decomposition of G with respect to H and with a
solvable parametrization so that VIwasawa(φr) belongs to a solvable Lie group GS =
exp(S )

VIwasawa(φr) = eφrTr ∈ exp(S ) . (3.4)

Here {Tr} is a basis of S (r = 1, . . . , nsc), it is also known as a Borel subalgebra of
g. The algebra S , parametrized by the scalar fields of the theory, has the following
general structure:

S = C ⊕ N , (3.5)

– 8 –



J
H
E
P
1
2
(
2
0
2
4
)
0
2
7

where C is the Cartan subspace of the coset space k and is defined as the maximal set
of commuting semisimple generators, and N is a nilpotent subalgebra. When the theory
originates from dimensional reduction of a higher dimensional one, C is parametrized by
the dilatonic moduli. The space N, is parametrized by axionic fields. Since N is nilpotent,
the scalars parametrizing N appear in the supergravity action polynomially, whereas
the dilatonic scalars parametrizing the Cartan subalgebra C occur non-polynomially, in
particular exponentially.

Iwasawa gauges in supergravity include cases where D-dimensional supergravity is
derived from maximal 11D, they are described by parabolic subgroups Pα2 in figure 1.
These triangular gauges are discussed in [1, 22] and presented in details with examples
in [19]. We discuss these triangular Iwasawa gauges in appendix D.

• Partial Iwasawa gauge.
These gauges arise from D+1 dimensional supergravity where part of the scalars are in
GD+1/HD+1. The freedom to gauge-fix a local HD+1 symmetry includes cases where
we can use a symmetric gauge for fixing local HD+1 symmetry. This choice will produce
a partial Iwasawa gauge. In addition to known examples in 4D related to 5D in [13, 30],
we will show analogous examples of partial Iwasawa gauges in 6D related to 7D. In
supergravity II in [15] the action still has a local SO(5) symmetry associated with a 7D
(G/H)7 = SL(5)

SO(5) . We will gauge-fix the corresponding action of 6D supergravity II in
Iwasawa as well as in partial Iwasawa gauges.

The first issue with regard to these choices of gauges is related to 1-loop anomalies, computed
in symmetric gauges in [25]. For example, in maximal 4D supergravity the global H = SU(8)
anomalies cancel and in 6D the global H = SO(5) × SO(5) anomalies cancel. However,
supergravities in Iwasawa type gauges do not have manifest global HD symmetries, rather
they have the properties related to theories in higher dimensions. For example, the parabolic
groups PD are shown in figure 2. In 4D P7 subgroup of E7 has the node 7 removed and we
get E6, a symmetry of D + 1 = 5 supergravity. In 6D P5 subgroup of E5 has the node 5
removed and we get A4, a symmetry of D + 1 = 7 supergravity.

Therefore the relation between the quantum field theories in these different gauges,
symmetric and Iwasawa, requires an investigation.

The gauge-fixing of maximal 4D supergravity is known in a symmetric gauge [1, 2], and
in N ≥ 5 in 4D with G

H = SO∗(12)
U(6) and G

H = SU(1,5)
U(5) for N = 6, 5 respectively, by truncation,

or by using symplectic sections as in [17]. But less is known about Iwasawa type gauges,
and no relation between these theories in different gauges was ever established. In 6D
maximal supergravity no gauge-fixing of a local SO(5) × SO(5) was performed, neither in
symmetric nor in a triangular gauge.

There is a certain relation between versions of supergravity constructed in various dimen-
sions D with G/H coset space, and supergravities obtained by Scherk-Schwarz generalized
dimensional reduction from higher D [33]. It was explained in [1, 19], it all boils down to
gauge-fixing local H symmetry. The choice of the gauge, suggested in [1] is “up to the user”:
one can have a symmetric gauge [1, 2] where the asymptotic fields transform in the linear
representation of H and dependence on all scalars is non-polynomial. Or one can have Iwasawa
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or partial Iwasawa gauges, where axionic scalars enter only polynomially. However, the local
H-symmetry must be anomaly-free for the S-matrix to be independent of the user’s choice!

4 Gauge-fixing 4D maximal supergravity I

4.1 Symmetric gauge

We start with a standard (ungauged) Lagrangian in 4D [1, 2] with a manifest SL(8,R)
symmetry which is a subgroup of E7(7). The duality representation 56 of E7(7) and its adjoint
representation 133 branch with respect to SL(8,R) as follows:

56 → 28+ 28′ ,
133 → 63+ 70 . (4.1)

A general polar decomposition presented in eq. (3.1) and the corresponding choice of the
symmetric gauge (3.2) in case of G

H = E7(7)
SU(8) is specified as follows. To perform gauge-fixing

requires to put a restriction on the 56-bein V depending on 133 scalars, so that it will
depend only on 70 scalars, coset space coordinates. The restriction is for the 56-bein to
take a form Vgf = V†

gf [1, 2]

V → Vgf = V†
gf = eX =

coshϕϕ̄ ϕ sinh ϕ̄ϕ
ϕ̄ϕ

ϕ̄ sinhϕϕ̄
ϕϕ̄

cosh ϕ̄ϕ

 , X =
(

0 ϕijkl

ϕ̄mnpq 0

)
. (4.2)

Here the self-dual scalars ϕijkl = ± 1
4!ϵijklpqmnϕ̄

pqmn transform in the 35-dimensional rep-
resentation of SU(8), and is considered as a 28 × 28 matrix in the antisymmetric combi-
nations [ij], [kℓ]. Indices are raised by complex conjugation. ϕ̄ϕ stands for the matrix
(ϕ̄ϕ)ij

kℓ = 1
2 ϕ̄

ijmnϕmnkℓ. It is useful to use the inhomogeneous coordinates of E7(7)/SU(8)

yij,kl =

ϕtanh
√
(ϕ̄ϕ)√

(ϕ̄ϕ)


ij,kl

= 1
2ϕijmn

tanh
√
(ϕ̄ϕ)√

(ϕ̄ϕ)

mn

kℓ , (4.3)

such that

eX =

 1√
1−yȳ

y 1√
1−ȳy

ȳ 1√
1−yȳ

1√
1−ȳy

 . (4.4)

In this way the 63 local parameters of SU(8) are used to define the unitary symmetric gauge
with 70 physical scalars, in agreement with eq. (3.3) above. Details showing that after
gauge-fixing local H = SU(8) symmetry, there is a remaining nonlinearly realized E7(7) and
a field-dependent compensating H = SU(8) symmetry, are given in [1, 2, 7, 8]. The scalars
ϕijkl, ϕ̄pqmn transform in a linear representation of SU(8). The 1-loop anomalies of global
SU(8)-symmetry in this gauge cancel [25].
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4.2 Iwasawa D + 1 gauge

In terms of figure 1 this is the parabolic group Pα7 when the α7 node is removed. In figure 2
at the left panel we also see the Dynkin diagram of E7 and the one for E6, once the right
node was removed.

In attempt to understand the 5D/4D connection we can make a choice of the Iwasawa
gauge for the action in [1, 2] based on the fact that in 5D scalars are in E6(6)

USp(8) coset space. With
respect to E6(6)×SO(1, 1) the 56 and the adjoint of E7(7) decompose instead of (4.1) as follows:

56 → 1−3 + 27′−1 + 1+3 + 27+1 ,

133 → 27−2 + 10 + 780 + 27′+2 . (4.5)

Here 28 vectors split into 1−3 from a 5D metric and 27 vector fields of 5D in 27′−1 of the
electric group. The 780 scalars are related to generators of E6(6), it is a part of E7(7) generators.
The 27′+2 scalars are 27 axionic scalars originating from the five-dimensional vector fields
through the Kaluza-Klein reduction. The 10 is related to a radius of the 5th dimension.
We can now choose a gauge-fixing of a 56-bein V in the action of standard 4D supergravity
in [1, 2] in the form depending on 70 scalars associated with 5D maximal supergravity.

The Lagrangian [1, 2] has 63 local H-symmetries. In Iwasawa gauge 36 of these can be
associated with a local H-symmetry of 5D supergravity, USp(8), but there are 27 more which
we can use to make a gauge-fixing related to compactified 5D supergravity:

63 = 36+ 27 . (4.6)

Our 70=1+42+27 scalars in notation of [23] consist of

1 + 42 + 27 : σ, ϕ̂, aλ . (4.7)

Here in 133 → 27−2+10+780+27′+2 we are using 36 local symmetries to get 78− 36 = 42
of ϕ̂, and we use 27 local symmetries to remove 27−2 scalars. Thus there are 2 possible
gauge-fixing condition on the 56-bein. The first one is the triangular Iwasawa gauge

Vgf = eaλtλ eϕ̂rT̂r eσD r = 1, . . . , 42 . (4.8)

Here the expressions for the 56× 56 matrices, operators D, tλ are given in eq. (4.26) in [23]
and 27 tλ form an algebra [tλ, tδ] = 0. The coset space E6(6)

USp(8) representative for the 42 scalars
in eϕ̂rT̂r is in the solvable parametrization, with solvable Lie algebra S .

The choice (4.8) corresponds to describing the scalar manifold of the theory as isometric
to the following manifold [23]

Mscal ∼
[
O(1, 1)×

E6(6)
USp(8)

]
⋉ exp(N[27′

+2]) , (4.9)

where ⋉ denotes the semi-direct product and N[27′
+2] is the 27-dimensional space spanned by

tλ. If we choose for E6(6)
USp(8) coset the solvable parametrization, then (4.8) defines the solvable

parametrization of Mscal, with solvable Lie algebra S . Using the property that the tλ are
commuting, one can verify that the scalars aλ are covered by a derivative and the constant shifts
aλ → aλ + cλ are isometries. They are implemented by the E7(7)-transformation g = ecλ tλ :

gVgf(aΛ, ϕ̂, σ) = e(a
λ+cλ)tλ eϕ̂rT̂r eσD . (4.10)
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4.3 Partial Iwasawa D + 1 gauge

Vgf = eaλtλ eϕabcdKabcd eσD . (4.11)

Here the expressions for the 56× 56 matrices, operators D, tλ are given in eq. (4.26) in [23]
and 27 tλ form an algebra [tλ, tδ] = 0. But the coset representative for the 42 scalars ϕabcd

in E6(6)
USp(8) coset space is not taken in the solvable parametrization. Instead it is taken in a

symmetric gauge in the form eϕabcdKabcd . It is the one which was chosen in [13], it correspond
to a symmetric gauge in 5D in [30] and leads to a partial Iwasawa gauge in 4D in [13].

5 Supergravity I and supergravity II in 4D

The maximal supergravity I in 4D [1, 2] is rather well known, whereas supergravity II [13]
is not well known. It was developed and applied in [14] in the context of extremal black
holes and N = 8 attractors [9, 10]. The non-BPS regular extremal black holes turned out
to be solutions of supergravity II with its E6(6) basis. The 1/2 BPS extremal black holes
entropy is given by a quartic E7(7) invariant, which is also manifestly SU(8) invariant. But
the non-BPS black hole with the regular horizon has the entropy which is manifestly E6(6)
invariant, it depends on a cubic E6(6) invariant. These black holes are in different orbits of
the fundamental representations of the exceptional groups E7(7) and E6(6) [11, 12].

The structure of maximal supergravity II [13] in 4D was influenced by 5D supergravity,
but it was constructed directly in 4D by decomposing E7(7) symmetry

e7,7 = e6,6 + so(1, 1) + p, p = 27−2 + 27′+2, (5.1)

where p carries the representations 27−2 and 27′+2 of e6,6+so(1, 1). It was also shown to agree
with the one derived from 5D by compactification in [30] in the limit of vanishing gaugings. An
ungauged version of it was presented in [13] when all mass parameters/gauge couplings vanish.

The ungauged Lagrangian of supergravity in 4D in [13], which we call supergravity II,
does not have local symmetries since the reduction in [30] started in 5D supergravity with
G
H = E6(6)

USp(8) where the 5D local USp(8) symmetry is gauge fixed in a symmetric gauge. It
means that from 78 scalars of E6(6) the 36 are eliminated using the local USp(8) symmetry,
and only 42 are left. It also means that E6(6) symmetry is realized nonlinearly.

In addition to 42 scalars ϕabcd, coset coordinates of E6(6)
USp(8) , the extra 28 scalars in 4D

come from the size of the extra dimension circle ϕ and from the extra component of the
27-dimensional vector in 5D aΛ = AΛ

5 . Therefore the 70 scalars in [13] are

ϕ , aΛ , ϕabcd . (5.2)

It means that 70 of SU(8) are decomposed as follows under USp(8)

70 → 1+ 27+ 42 . (5.3)

This is to be compared with 133 scalars in standard 4D maximal supergravity [1, 2]

133 → 63+ 70 (5.4)
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or in E6(6) × SO(1, 1) decomposition

133 → 27−2 + 10 + 780 + 27′+2 (5.5)

in [13]. Now we need to consider gauge-fixing local SU(8) in [1, 2] in a way to reproduce
either 70 scalars transforming linearly under global SU(8), or getting 70 by removing 27−2
scalars as well as 36 out of 780. The first case is a standard unitary gauge called symmetric
gauge in [1, 2]. The second case related to supergravity II in [13] is the choice we called
a partial Iwasawa gauge.

It might be useful to bring up the scalar action in [13, 14] for a better understanding of
the issues of gauge-fixing local symmetries in 4D supergravities, in particular the difference
between symmetric and Iwasawa gauges. The scalar action in [13, 14] is

1
e
Lsc

5D4D
= 3

2∂µϕ∂
µϕ− 1

4e
−4ϕN̂ΛΣ∂µa

Λ∂µaΣ + 1
4!Pµ

abcdPµ
abcd . (5.6)

Here N̂ΛΣ is the 5D (SO(1, 1) invariant) vector kinetic matrix, Λ = 1, . . . 27, a = 1, . . . , 8 and
70 scalars are decomposed under USp(8) as 70 → 1 + 27 + 42.

In the supergravity action [1, 2] the pure scalar part, before gauge-fixing local SU(8)
symmetry has the form

1
e
Lsc

4D
= 1

4!Pµ
ijklPµ

ijkl (5.7)

where (V−1DµV)ijkl = P ijkl
µ is a local SU(8) tensor in 70.

The 28 vectors in the action in [1, 2] in [13] are represented by 1+27 vectors in [13, 14]

Bµ , ZΛ
µ . (5.8)

Both actions depend only on field strength’s: 28 in F IJ
µν = ∂µAIJ

ν − ∂νAIJ
µ in [1, 2] and 1+27

Bµν = ∂µBν − ∂νBµ and ZΛ
µν = ∂µB

Λ
ν − ∂νB

Λ
µ in [13]. The scalar-vector Lagrangian is

1
e
Lvec = I00(ϕ)BµνB

ρσ + 2I0Λ(ϕ)Bµν Z
Λµν + IΛΣ(ϕ)ZΛ

µν Z
Σµν

+ 1
2 eϵ

µνρσ[R00(ϕ)BµνBρσ + 2R0Λ(ϕ)Bµν Z
Λ
ρσ +RΛΣ(ϕ)ZΛ

µν Z
Σ
ρσ] (5.9)

where IIJ and RIJ are given by 4 blocks with 28 split into 0 and 27 Λ’s

IIJ =


I00 I0Σ

IΛ0 IΛΣ

 = −e6ϕ


1 + e−4ϕaΛΣ a

ΛaΣ −e−4ϕaΛΣ a
Λ

−e−4ϕaΛΣ a
Σ e−4ϕaΛΣ

 ; (5.10)

and

RIJ =


R00 R0Σ

RΛ0 RΛΣ

 =


1
3dΛΣΓa

ΛaΣaΓ −1
2dΣΛΓa

ΛaΓ

−1
2dΛΣΓa

ΣaΓ dΛΣΓa
Γ

 . (5.11)
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Here dΛΣΓ is the symmetric invariant tensor of the representation 27 of E6(6) and aΛΣ is the
five dimensional (SO(1, 1) invariant) vector kinetic matrix. Note that the scalar-dependent
kinetic terms of vectors are polynomial in axions aΛ.

The scalar-vector Lagrangian in a symmetric gauge in 4D is

1
e
Lvec = 1

4 IIJ(ϕ)F I
µν F

J µν + 1
8 e RIJ(ϕ) ϵµνρσ F I

µν F
J
ρσ . (5.12)

Here I, J = 1, . . . , 28. See for example, eq. (2.1) in [23].
Both actions 4D, supergravity I and II, when supplemented with fermions have maximal

local supersymmetry. Supergravity II has inherited local supersymmetry via dimensional
reduction. The gauged supergravity action in [30] has spontaneously broken supersymmetry,
however, it is restored in the ungauged supergravity with mi → 0.

6 Gauge-fixing 6D maximal supergravity I

Explicit gauge-fixing of 6D maximal supergravity is interesting, in particular, since Marcus
anomaly cancellation is valid for a symmetric gauge in 6D [25]. But the gauge-fixing of local
SO(5) × SO(5) symmetry in 6D supergravity was not done before.

There is a technical complications due to presence in the action of two kinds of vielbeins,
10× 10 and 16× 16 [3, 4] vielbeins, related to each other. It is therefore necessary to find
coset representatives for both of these, and check that the relations between them are valid
upon gauge-fixing. This is different from 4D where there is only 56× 56 vielbein [1, 2].

We consider 6D supergravity [3, 4] and try to gauge-fix local SO(5)× SO(5) symmetry.
Before gauge-fixing scalars form an SO(5, 5) valued 16 × 16 vielbein matrix Vµµ̇

αα̇ with
45 independent entries µ, µ̇ = 1, 2, 3, 4, α, α̇ = 1, 2, 3, 4. When two local SO(5) × SO(5)
symmetries are gauged-fixed, the 25 scalars which are left are representative of the coset
space G

H = E5(5)
USp(4)×USp(4) ∼ SO(5,5)

SO(5)×SO(5) .
The theory has a symmetry in which the first SO(5) is flipped into the second SO(5)

and chirality flips. For example, spin 1/2 fields are singlets of E5(5) and are either in (5, 4)
or (4, 5) of SO(5) × SO(5), depending on their chirality.

6.1 Symmetric gauge

Now we consider 6D supergravity [3, 4] and try to gauge-fix local SO(5)× SO(5) symmetry.2
The 10× 10 coset representative of SO(5,5)

SO(5)×SO(5) is available in explicit form in [26].

10 × 10 representation of the vielbein. The 10 × 10 SO(5, 5) matrix U in eq. (8) in [3]
satisfies the constraint

UT ηd U = ηd ηd =
(
I 0
0 −I

)
. (6.1)

For
U =

(
A B

C D

)
(6.2)

2We have repeated and extended their notations in appendix A.
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eq. (6.1) means that

ATA− CTC = 1 , BTB −DTD = −1 , ATB − CTD = BTA−DTC = 0 . (6.3)

Under SO(5, 5) matrix g and SO(5) × SO(5) matrix h(x) it transforms as

U ′ = g U h−1(x) . (6.4)

It has 45 independent entries and g and h are linearly realized and independent before local
SO(5)×SO(5) is gauge-fixed. We can realize this unitary gauge where only 25 scalars are left,
after local 10+10 parameters of SO(5)× SO(5) are used. Namely, we impose the condition
on U to gauge-fix local SO(5) × SO(5) symmetry in the form3

Ugf = UT
gf (6.5)

in agreement with the coset space construction for SO(r,s)
SO(r)×SO(s) in [26]. In such case we get

Ugf = exp
(

0 ϕ

ϕT 0

)
=

 cosh
√
(ϕϕT ) ϕ

sinh
√

(ϕT ϕ)√
(ϕT ϕ)

ϕT sinh
√

(ϕϕT )√
(ϕϕT )

cosh
√
(ϕTϕ)

 . (6.6)

Here the asymptotic field ϕaȧ is in (5, 5) of SO(5) × SO(5), a, ȧ = 1, . . . , 5. Note that
the matrices ϕTϕ and ϕϕT (with ϕT written as (ϕT )ȧa = δȧḃϕbḃδ

ba) are hermitian with
nonnegative values and have nonzero eigenvalues identical. The square roots do not appear
in the final expressions, since the entries in (6.6) are power series with even powers of

√
ϕϕT .

As in [1, 2, 7, 8] where the 4D supergravity local SU(8) symmetry was gauge-fixed, we
introduce a set of inhomogeneous coset coordinates

ya
ȧ = ϕa

ḃ

tanh
√
(ϕTϕ)√

(ϕTϕ)


ḃ

ȧ =

tanh
√
(ϕϕT )√

(ϕϕT )


a

bϕb
ȧ , (yT )ȧ

a = δȧḃϕb
ḃδba ,

(U sym
gf )A

B =
(
(Ugf)a

b (Ugf)a
ḃ

(Ugf)ȧ
b (Ugf)ȧ

ḃ

)
=

 1√
1−yyT

y 1√
1−yT y

yT 1√
1−yyT

1√
1−yT y

 . (6.7)

16×16 representation of the vielbein. The 45 generators of SO(5, 5) in spinorial representation
can be given in 32× 32 form, and then split in chiral and antichiral 16× 16 matrices:

SO(5, 5) representation 1
2 Γ̃AB = 1

2

(
ΓAB 0
0 Γ′

AB

)
,

10 : Λ̃[ab] = Γ̃ab , Λ[ab] = Γab = Γ′
ab = 14 × γab ,

10 : Λ̃[ȧḃ] = Γ̃ȧḃ , Λ[ȧḃ] = Γȧḃ = Γ′
ȧḃ

= −γȧḃ × 14 ,

15 : Σ̃aȧ = Γ̃aȧ , Σaȧ = Γaȧ = −Γ′
aȧ = −γȧ × γa . (6.8)

3Note also that in 4D the related choice of a symmetric gauge in [1, 2] is for the 56 × 56-bein Vgf = V†
gf .
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Before gauge-fixing there are 32 × 32 matrices, block diagonal

W = exp
[1
4ϕ

AB(Γ̃AB)BA
]

= exp
[1
2(ϕa

ȧΣ̃a
ȧ) +

1
4

(
θabΛ̃[ab] + 1

4θȧḃΛ̃
[ȧḃ]
)]

. (6.9)

We can split W into 16 × 16 matrices, chiral and antichiral parts

WA
B =

(
V̄ A

B 0
0 VA

B

)
, with V̄ B

A = CBC V̄C
DCDA = (V −1)A

B . (6.10)

Thus V̄ is the transpose of the inverse of V , i.e.

VA
C V̄ B

C = δB
A , VA

C V̄ A
D = δC

D . (6.11)

These matrices are related to UA
B in (6.2), (6.3) by the requirement of invariance of (ΓA)AB

and (Γ′
A)AB (the left-right and right-left chiral parts of Γ̃AB

A ) under simultaneous SO(5, 5)
action on all their indices: [3, 4]4

VA
C(ΓB)ABVB

D = UB
A(ΓA)CD ,

V̄ A
C(Γ′

B)ABV̄
B

D = UB
A(Γ′

A)CD (6.12)

or

UB
A = 1

16VA
C(ΓB)ABVB

D(Γ′A)DC ,

= 1
16 V̄

A
C(Γ′

B)ABV̄
B

D(ΓA)DC . (6.13)

Note first that taking V = V̄ = 116, one obtains U = 110 (the value for ϕ = 0 in the
equations in [26]), see (6.6).

Secondly, these expressions lead to a matrix U that is in SO(5, 5), i.e.

UA
CUBC = (ηd)AB . (6.14)

In fact, inserting the first line of (6.13) in the second factor U of (6.14), we get

UA
CUBC = UA

C 1
16VA

C(ΓB)ABVB
D(Γ′

C)DC

= 1
16VA

C(ΓB)ABVB
DV̄ E

D(Γ′
A)EF V̄

F
C

= 1
16(ΓB)AB(Γ′

A)BA

= (ηd)AB , (6.15)
4Most equations in these references are written in a covariant basis, useful to write down the action (for

the split electric/magnetic fields). For the group theory, the A basis is more transparent. The equations are
equivalent after multiplication with the matrix M in [4, (2.29)].

– 16 –



J
H
E
P
1
2
(
2
0
2
4
)
0
2
7

where for the second line the second line of (6.12) is used, for the third line (6.11) and
finally (A.11) with an index lowered.

The 16 × 16 matrices are

V̄ = e
1
4 ϕABΓAB , V = e

1
4 ϕABΓ′

AB . (6.16)

Gauge fixing using 10+10 local SO(5) × SO(5)

θab = θȧḃ = 0 (6.17)

and thus gauge fixed W is

Wgf = exp 1
2(ϕa

ȧΣ̃a
ȧ) , WB

A = −(W−1)AB = −CAC(W−1)CDCDB . (6.18)

The exponential satisfies the latter equation, since

(Γ̃AB)BA = −(Γ̃AB)AB , (6.19)

(see (A.5)) and for A = a and B = ȧ, and the minus sign in (6.18) leads from W to W−1.
Gauge fixed V̄ , V are

V̄gf = exp
(1
2ϕa

ȧΣa
ȧ

)
, Vgf = exp

(
−1
2ϕa

ȧΣa
ȧ

)
. (6.20)

Finally, one can show that the linear part in ϕ of (6.18) leads with (6.13) to the linear
part of (6.6). For that it is convenient to write the two equations (6.13) as (remembering
that the ΓA and Γ′

A are symmetric)

UB
A = 1

16Tr
[
V Γ′AV TΓB

]
= 1

16Tr
[
V Γ′AV̄ −1ΓB

]
= 1

16Tr
[
V̄ ΓAV̄ TΓ′

B

]
= 1

16Tr
[
V̄ ΓAV −1Γ′

B

]
, (6.21)

where we used that V T = V̄ −1. These are traces over 16× 16 matrices. We can rewrite this
expression in 32 × 32 language, which makes it easier to handle Γ matrices. Using (6.18),
the equations (6.21) are the block diagonal parts of

UB
A = 1

32Tr
[
W Γ̃AW−1Γ̃B

]
= 1
32Tr

[(
V̄ 0
0 V

)(
0 ΓA

Γ′A 0

)(
V̄ −1 0
0 V −1

)(
0 ΓB

Γ′
B 0

)]
. (6.22)

Now we can take standard γ-algebra, and use that traces of Γ̃AB and Γ̃ABCD vanish.
If we take the linear part of (6.9)

W = 132 =
1
4ϕ

ABΓ̃AB +O(ϕ2) , (6.23)

we get

UB
A = δB

A + ϕB
A +O(ϕ2) . (6.24)
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After gauge fixing this is

W = 132 +
1
2ϕa

ȧΓ̃aΓ̃ȧ +O(ϕ2) , (6.25)

and we get

UB
A = δB

A + ϕa
ȧ
(
δB

aδ
A
ȧ − (ηd)aA(ηd)ȧB

)
+O(ϕ2)

= δB
A + ϕa

ȧ
(
δa

Bδ
A
ȧ + δaAδȧB

)
+O(ϕ2) , (6.26)

which agrees with the linear part in (6.6), and is the linear part of the exponential of the
fields times the SO(5, 5) representation matrices.

This then implies for the 16 × 16 matrices

V = 116 +
1
2ϕ

aȧΓ′
aȧ +O(ϕ2) , V̄ = 116 +

1
2ϕ

aȧΓaȧ +O(ϕ2) , (6.27)

where the Γ are defined in (A.13).

6.2 Iwasawa D + 1 gauge

In terms of figure 1 this is the parabolic group Pα5 when the α5 node is removed. This gauge
is related to the field content originating from 7D supergravity.

We are looking at the ungauged supergravity in [3, 4] trying to find a gauge in which the
scalar part becomes the one derived from 7D in [15]. It was derived from 7D gauged maximal
supergravity in [34] by a reduction to 6D and taking the limit to g → 0. The 6D ungauged
supergravity action in [15] still has a local SO(5) symmetry and 35 = 10 + 1 + 24 scalars are:

BIJ , σ, Π j
I . (6.28)

Here I = 1, . . . , 5, i = 1, . . . , 5. We will present the scalar part of the action in eqs. (7.2), (7.3).
The action in [15] has SL(5,R) symmetry with 24 generators, inherited from 7D. The 10
axions BIJ originate from 7D vector AIJ

7 = BIJ , σ is related to an extra circle, and 24
scalars Π j

I represent a 7D SL(5,R)/SO(5) vielbein.
The local SO(5) symmetry can be gauge-fixed, so that only 25 physical scalars remain,

these are BIJ , σ as well as 14 representatives of the coset space SL(5,R)
SO(5) . An Iwasawa triangular

gauge in 6D supergravity I can be given in the form (3.4) where 25 generators of SO(5, 5)
form a solvable Lie algebra. The representative of the coset SO(5, 5)/(SO(5)× SO(5)) is then

Vµµ̇
αα̇(x) ⇒ Vgf(x) = exp{BIJNIJ}ΠIwa exp{σh0} (6.29)

where
ΠIwa = exp{ϕijtij + ϕλhλ} . (6.30)

Here we have a set of 10 nilpotent generators, NIJ , associated with axions BIJ and a set of
14 generators in (6.30), representative of a coset space SL(5,R)

SO(5,R) gauge-fixed in the Iwasawa
gauge in ΠIwa. These include 10 nilpotent generators in SL(5,R) tij , i, j = 1, . . . 5, i < j, and
4 non-compact Cartan generators of SL(5,R), hλ, λ = 1, . . . , 4, so this is the Borel subalgebra.
There is also h0, the generator in SO(5, 5) which commutes with SL(5,R). Using this gauge
allows to make a 7D origin of the 6D maximal supergravity transparent:

Vµµ̇
αα̇(x) ⇒ Vgf(x) = exp{BIJNIJ} exp{ϕijtij + ϕλhλ} exp{σh0} . (6.31)
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6.3 Partial Iwasawa D + 1 gauge

This gauge also has a 7D origin. To gauge-fix the local SO(5) symmetry of the 6D maximal
supergravity related to [15] we proceed following the strategy in 4D maximal supergravity
which we already applied in the partial Iwasawa gauge above. We have to replace the SL(5,R)
matrix Π j

I with 24-entries by a coset space SL(5,R)
SO(5,R) representative in a symmetric gauge, so

that with account of gauge-fixed local SO(5) only 14 entries are left. These are given in [26].
The coset we need is described by the exponential of a hermitian symmetric (i.e. real)

matrices eH such that

H† = H , HT = H , TrH = 0 (6.32)

and
(eH)† = eH† = eH (eH)T = eHT = eH . (6.33)

These matrices are unimodular

∥eH∥ = eTrH = 1 . (6.34)

Thus, the coset representative of SL(5,R)
SO(5,R) consist of all real symmetric unimodular matrices.

Once we constrain Π as in eqs. (6.33), (6.34)

Π → Π = Π† = ΠT , ∥Π∥ = 1 (6.35)

we get a gauge-fixed unitary action with 25 scalars (14 + 10 + 1) and the remaining local
SO(5) symmetry inherited from 7D is fixed.

We can impose a symmetric gauge associated with 14 scalars in SL(5,R)
SO(5,R)

Πsym = exp{ϕabKab} (6.36)

where Kab are the coset generators and Trϕ = 0. Note that in the Iwasawa gauge (6.29) we
had instead ΠIwa in (6.30). Thus the total vielbein in partial Iwasawa D + 1 gauge is

Vµµ̇
αα̇(x) ⇒ Vgf(x) = exp{BIJNIJ} exp{ϕabKab} exp{σh0} (6.37)

and we get a gauge-fixed unitary gauge with 25 scalars (14 + 10 + 1) and the remaining local
SO(5) symmetry fixed. Using this gauge allows to make a 7D origin of the 6D maximal
supergravity transparent. This is to be compared with Iwasawa D + 1 gauge in (6.31).

SL(5,R) acts by left multiplication on the vielbein (6.37) together with a compensating
SO(5) rotation from the right. So it rotates the BIJ (as it does in 7D), and acts non-linearly
on the ϕab via the standard coset action.

E5(5) is not manifest, but still present on the equations of motion (not the action), it
acts by left multiplication on the vielbein (6.37) together with a compensating SO(5)× SO(5)
rotation from the right. Such that this action is non-linear and in general mixes the BIJ

with the ϕab.
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7 Supergravity I and supergravity II in 6D

The standard 6D ungauged maximal (2, 2) supergravity with G
H = E5(5)

USp(4)×USp(4) ∼
SO(5,5)

SO(5)×SO(5)
coset space was constructed in [3, 4]. It is presented in the form with local H = SO(5)×SO(5)
symmetry. Duality symmetry of Gaillard-Zumino type is realized acting on a 3-forms and
their magnetic duals, they combine into the vector representation 10 of SO(5, 5) ∼ E5(5).
A detailed version of this theory, in slightly different notation, as well as a gauged version
of it was presented in [4]. In this version a GL(5) electric subgroup of E5(5) is realized
off-shell as a symmetry of the action.

Another version of 6D maximal supergravity was derived in [15] from 7D gauged maximal
supergravity in [34]. First, in [15] the gauged theory was reduced to 6D. The gauged version
has SO(5)c × SO(5)g local symmetry. Here the local SO(5)c originates from the 11D Lorentz
symmetry whereas SO(5)g is a Yang-Mills local symmetry due to gauging. In the limit to
ungauged 6D supergravity in [15] the only local symmetry left is SO(5)c since the Yang-Mills
SO(5)g disappears in the ungauged theory.

The model with maximal local supersymmetry in 6D presented in eqs. (C.1)–(C.14)
in [15] has the following properties originating from 7D theory in [34], which has scalars
associated with the coset space SL(5,R)

SO(5) . In 7D the limit g → 0 removing the SO(5)g gauge
symmetry is singular. Meanwhile in 6D the limit of removing the SO(5)g gauge symmetry is
regular [15]. It has manifest linearly realized global SL(5,R) symmetry, it has an independent
local SO(5)c symmetry, both originating from D7 theory in [34] after reduction on a circle
and after gauge coupling g is sent to zero.

The field content of the theory in eq. (C.2) in [15] is: 1 graviton gµν , 5 two-index
antisymmetric tensor potentials CµνI , (10 + 5 + 1) vectors (B J

µI , SµI , Aµ), 4 gravitini ψµ

and (16 + 4) spin 1/2 fermions (λi, χ). All fermions ψµ, λi and χ are all D = 6 USp(4)
symplectic Majorana spinors. The scalars are

Π j
I , B J

0I , σ (7.1)

originating from a reduction of D7 theory [34] on a S1 circle. The 10 axions BIJ originate
from 7D vector AIJ

7 = BIJ , σ is related to an extra circle, and 24 scalars Π j
I represent

a 7D SL(5,R) vielbein.
Π j

I is an SL(5,R) matrix and has 24 entries. Here i, j = 1, . . . , 5 are vector indices of
SO(5)c, which is still a local symmetry with 10 local parameters in the Lagrangian (C.2)
of [15]. The indices I, J = 1, . . . , 5 originate from a SO(5)g which is left after the limit of
the Yang-Mills gauge coupling was taken. Thus the total amount of scalars, physical and
unphysical in 6D maximal supergravity in eq. (C.2) of [15] is 35=24+10+1 and there are
still 10 local parameters of SO(5)c symmetry which can be used to remove the unphysical
scalars to get the 25 physical (14+10+1) scalars. A direct inspection of the 6D maximal
supergravity in eq. (C.2) in [15] shows the following facts.

The scalar part of the action is
1
e
Lsc

7D6D
= −1

2e
4σ√

10 (Π i
I Π j

J ∂µB
IJ)2 − 1

2(∂µσ)2 − PµijP
µij (7.2)

where
Pµij = Π−1 I

(i ∂µΠIj) . (7.3)
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This action is obtained from the scalar action of [3, 4] by partially gauge fixing the SO(5, 5)
vielbein as

Vgf(x) = exp{BIJNIJ}Π exp{σh0} , (7.4)

which upon further gauge fixing of the remaining SO(5) yields (6.31) or (6.37).
To gauge-fix the local SO(5)c symmetry of the 6D maximal supergravity in [15] we

proceed following the strategy in 4D maximal supergravity. As we already discussed in the
context of the Iwasawa gauge for the action in [3] in section 6.2 and partial Iwasawa gauge in
section 6.3 we have to replace the SL(5,R) matrix Π j

I with 24-entries by a coset space SL(5,R)
SO(5,R)

representative, so that with account of gauge-fixed local SO(5)c only 14 entries are left.
One choice for Π j

I can be as in (6.30), the other as in (6.36). Once we constrain Π as
shown above we get a gauge-fixed unitary action with 25 scalars (14+10+1) and the remaining
local SO(5)c symmetry of the action in [15] is gauge-fixed. It is likely that, SL(5,R) symmetry
is still present but nonlinearly realized. But this requires an additional investigation. SL(5,R)
is still present after gauge fixing. With regard to E5(5) it is not manifest and has no obvious
reason to be present in 6D maximal supergravity II as a hidden symmetry, either before
or after local SO(5)c gauge-fixing. However, E5(5) might be realized on the equations of
motion, not on the action.

There are 45 scalars in ungauged maximal 6D supergravity in [3, 4] in the vielbein in
16× 16 representation V16 or in 10× 10 representation in V10 of SO(5, 5). In notation of [4]
the 16 × 16 vielbein is VM

αα̇(x), and an SO(5) × SO(5) covariant 1-form is

P aȧ = 1
4 V̄ γ

aγȧdV (7.5)

and the scalar Lagrangian has a local SO(5)× SO(5) symmetry and a global E5(5) symmetry

1
e
Lsc

6D
= − 1

16Pµ
aȧPµ

aȧ . (7.6)

When the local SO(5)× SO(5) symmetry is gauge-fixed, the 20 local parameters can be used
to eliminate 20 scalars so that only 25 physical scalars remain.

There are 5 two-index antisymmetric tensor potentials Cµν I and 16 = 10 + 5 + 1 vector
fields BµI

J , SµI , Aµ in 6D ungauged supergravity in [15] with kinetic terms depending on 35
scalars, or on 25 after the local SO(5)c gauge symmetry is gauge-fixed as in (6.30) or (6.36).

The maximal 6D supergravity action in eq. (C.2) in [15] has the following action for
the tensors and vectors

e−1Lten,vec
7D6D = −1

4e
− 5σ√

10 (fµν)2 −
1
12e

− 2σ√
10 (Π−1 I

i HµνρI)2 −
1
4e

− σ√
10 (Π i

I Π j
J F

IJ
µν )2

−1
4e

3σ√
10 (Π−1 I

i GµνI)2

− e−1

36
√
2
ϵµνρσλτB IJ

0 HµνρIHσλτJ − e−1

6
√
2
ϵµνρσλτHµνρIB

IJ
σ GλτJ .

(7.7)
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Here

fµν → f2 = dA GµνI → G2I = dS1I

F IJ
µν → F J

2I = dB J
1I +B J

0I dA

HµνρI = 3
(
∂[µCνρ]I +

1
2G[µνIAρ]

)
. (7.8)

By comparison, the tensor-vector part of the 6D action in [3, 4] is

1
e
Lten,vec

6D
= − 1

12Hm ·KmnHn − 1
4MABF

A
µνF

µνB +Hm · jωm − 1
12ωm · jωm . (7.9)

The action in [3] is the same as the g → 0 in [4], in slightly different notations. It has
SO(5)× SO(5) local symmetry and an on shell E5(5) global symmetry. We refer to notations
and details in [4].

Thus the unitary gauge of the action in (7.7) is established. It is hard to see where is
the global SO(5)× SO(5) and reflection symmetries in this case. Therefore the absence of
1-loop anomalies for these symmetries found in [25] does not make sense here, unless one can
prove that this unitary gauge is equivalent to a symmetric gauge in [3]. It is also not clear
how this 6D supergravity theory II can be protected from UV divergences and anomalies.

8 Discussion

The purpose of this work was to study gauge-fixing of local H symmetries in G/H maximal
D-dimensional supergravities. The existence of different unitary gauges in G/H maximal D-
dimensional supergravities has a deep origin in existence of different versions of D-dimensional
supergravities, some of which are associated with D + n-dimensional supergravities. We
studied mostly the case n = 1, i.e. D + 1 supergravities compactified on a circle. In certain
gauges, like symmetric gauges, all scalars enter the action non-polynomially. In other gauges,
like Iwasawa gauges, associated with D + 1-dimensional supergravities, which we studied
here, some of the scalars enter the action polynomially.

The reason for this difference has to do with the properties of the Lie algebra of the
relevant duality GU = E11−D(11−D) symmetries of D-dimensional maximal supergravities [18].
There is a Cartan decomposition of a duality symmetry Lie algebra

G = H ⊕ K . (8.1)

Here H is a compact subalgebra of G and K includes generators of the coset space G/H. For
example, in N = 8 in 4D there are 63 generators in H = SU(8) and 70 in E7(7)

SU(8) . In symmetric
gauges global H-symmetry is preserved and supergravity vielbeins take the form

Vsym = eϕsym·K . (8.2)

For symmetric gauge to be preserved under G-symmetry transformation a compensating
field-dependent H-symmetry transformation is required. As the result, the global G-symmetry
remains a symmetry of the theory and it is non-linearly realized. Therefore the studies of the
vanishing soft scalar limits are efficient and useful in amplitude computations.
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There is an Iwasawa decomposition of a duality symmetry Lie algebra

G = H ⊕ S . (8.3)

Here S is a solvable subgroup of the Lie algebra,

S = C ⊕N , (8.4)

C is the Cartan subspace of the coset space and N is a nilpotent subalgebra. Since N is
nilpotent, the axionic scalars parametrizing N appear in the supergravity action polynomially.
In Iwasawa-type gauges global H-symmetry as well as G-symmetry are either broken or,
at least, not manifest

VIwa = eϕIwa·S . (8.5)

In Iwasawa gauges the scalars are the same as in supergravity theories II which were derived
by a compactification from D+1 dimension where scalars are in a coset space (G/H)D+1. In
these versions of D-dimensional supergravity there is a smaller local symmetry HD+1 < HD

as well as a smaller global symmetry GD+1 < GD.
Thus, the existence of different D-dimensional supergravities, I and II, and different

gauges for a local H-symmetry in supergravities I is universal, and we studied all of this in
various examples, particularly in 4D and 6D. The next question raised by our investigation
here is the relation between different local H-symmetry gauges in supergravities I, i.e. the
issue of local H-symmetry anomalies. Another question is the relation between different
versions of supergravities, I and II, which involves the issue of G-symmetry anomalies since
in supergravities II GD-symmetry is broken down to GD+1 by the Group Disintegration
process [5].

In 4D it was established in a set of papers in [35–37] that using an Sp(56,R) Gaillard-
Zumino duality symmetry one can show, for example, that starting with supergravity I
in [1, 2] one can change a symplectic frame from the SL(8,R)-basis to the E6(6)-basis and
gauge-fix local symmetries in a way which allows to reproduce the results of supergravity II
in [13] for physical observables. This suggests that the extra symmetries beyond U-duality
may help to understand the relation between different version of D-dimensional supergravities
and different gauges, which in turn might be helpful for understanding UV divergences in
D-dimensional supergravities [38].
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A 6D notation

Our notations are consistent with [39], and mostly with [3, 4, 40]. We start with a table
of the indices:

a, ȧ = 1, . . . 5 , A = {a, ȧ} = 1, . . . , 10 ,
m = 1, . . . 5 , M = 1, . . . , 10 ,

α, α̇ = 1, . . . , 4 , A = (αα̇) = 1, . . . , 16 ,
i = 1, 2, A = (α̇αi) = (Ai) = 1, . . . , 32 . (A.1)

The full SO(5, 5) gamma matrices are written as

(Γ̃a)AB = (γa)a
βδȧ

β̇(σ1)i
j , (Γ̃ȧ)AB = δa

β(γȧ)α̇
β̇(iσ2)i

j , A = (α̇αi) , B = (β̇βj) .
(A.2)

Here one starts from the D = 5 Euclidean gamma matrices γa and γȧ, which are identical:

γaγb + γbγa = 2δab14 , γȧγḃ + γḃγȧ = 2δȧḃ14 ,

Γ̃A = {Γ̃a, Γ̃ȧ} , Γ̃AΓ̃B + Γ̃BΓ̃A = 2(ηd)AB ,

Γ̃aΓ̃b + Γ̃bΓ̃a = 2δab132 , Γ̃ȧΓ̃ḃ + Γ̃ḃΓ̃ȧ = −2δȧḃ132 , Γ̃aΓ̃ḃ + Γ̃ḃΓ̃a = 0 . (A.3)

Similarly, the vector indices are raised as

γa = δabγb , γȧ = δȧḃγḃ , Γ̃A = (ηd)ABΓ̃B = {Γ̃a, Γ̃ȧ} = {δabΓ̃b, −δȧḃΓ̃ḃ} . (A.4)

Lowering spinor indices is done in 5D with Ωαβ and in 10D with CAB

(γa)αβ = (γa)α
γΩγβ = −(γa)βα , Ωβα = −Ωαβ ,

(Γ̃A)AB = (Γ̃A)ACCCB = (Γ̃A)BA , CAB = Ωα̇β̇ × Ωαβ × (iσ2)ij = −CBA . (A.5)

Lowering only the A index goes thus with

CAB = C(αα̇)(ββ̇) = Ωα̇β̇ × Ωαβ = CBA , CABCCB = δA
C , (A.6)

and thus the value of CAB is the same as the value of CAB . The relation can also be written as

CAB = CABεij =
(

0 CAB

−CAB 0

)
ij

for A = (Ai), B = (Bj) ,

CAB = CABεij =
(

0 CAB

−CAB 0

)
ij

, CACCBC = δAC . (A.7)

– 24 –



J
H
E
P
1
2
(
2
0
2
4
)
0
2
7

We can define

Γ̃∗ = Γ̃1̇Γ̃2̇Γ̃3̇Γ̃4̇Γ̃5̇Γ̃1Γ̃2Γ̃3Γ̃4Γ̃5 = 116 × σ3 ,

PL = 1
2(132 + Γ̃∗) =

(
116 0
0 0

)
, PR = 1

2(132 − Γ̃∗) =
(
0 0
0 116

)
. (A.8)

Making the i index explicit, we can also define 16× 16 matrices ΓA and Γ′
A as chirally

projected matrices from Γ̃A:

Γ̃A =
(

0 ΓA

Γ′
A 0

)
, ΓA = {Γa,Γȧ} , Γ′

A = {Γ′
a,Γ′

ȧ} ,

Γ̃A =
(

0 ΓA

Γ′A 0

)
, ΓA = (ηd)ABΓB = {Γa,Γȧ} , Γ′A = (ηd)ABΓ′

B = {Γ′a,Γ′ȧ} ,

Γa = Γ′
a = 14 × γa , Γȧ = −Γ′

ȧ = γȧ × 14 ,

Γa = Γ′a = 14 × γa , Γȧ = −Γ′ȧ = −γȧ × 14 . (A.9)

Note that Γ′A = ΓA. Their basic relations follow from (A.3):

ΓAΓ′
B + ΓBΓ′

A = 2(ηd)AB . (A.10)

Furthermore, the trace rules for the 16 × 16 matrices is

Tr (ΓAΓ′B) = Tr (Γ′
AΓB) = 16δB

A . (A.11)

The ΓA (and their primed versions) have naturally indices A, B: (ΓA)A
B, and if the

latter is lowered they are symmetric:

(Γ̃A)(Ai)(Bj) =
(
−(ΓA)AB 0

0 (Γ′
A)AB

)
ij

, (ΓA)AB = (ΓA)A
CCCB = (ΓA)BA . (A.12)

The representation matrices of SO(5, 5) are then

Γ̃AB = Γ̃[AΓ̃B] =
(
ΓAB 0
0 Γ′

AB

)
,

ΓAB = 1
2(ΓAΓ′

B − ΓBΓ′
A) , Γ′

AB = 1
2(Γ

′
AΓB − Γ′

BΓA) ,

Γab = Γ′
ab = 14 × γab , Γȧḃ = Γ′

ȧḃ
= −γȧḃ × 14 ,

Γaȧ = −Γȧa = −γȧ × γa , Γ′
aȧ = −Γ′

ȧa = γȧ × γa . (A.13)

B Minimal unitary representations of E7(7) and E5(5)

In the context of gauge-fixing local H-symmetry in supergravities it is useful to consider
also minimal unitary representations of the group G as presented in [29, 41] with regard to
quantum mechanical system which admit a semisimple Lie algebra. Minimal realization is
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the case of the least number of degrees of freedom for which a quantum mechanical system
admits a given Lie algebra. For semisimple algebra g there is a canonical decomposition

g = n+ ⊕ h⊕ n− (B.1)

where h is a Cartan subalgebra and n± are the nilpotent subalgebras spanned respectively
by the positive and negative root eigenvectors. The procedure of constructing explicitly
the minimal unitary representations of a Lie group G was provided in details in [29], where
the parabolic subgroups P of G are involved.

The algebraic structure of quantum mechanics and the concept of a spectrum generating
algebras emphasised in [29, 41] are based on canonical commutation relations [pi, x

j ] = −iδi
j

and pi is realized as −i ∂
∂xi . For example, the Dynkin diagram for E7 in figure 2 corresponds

to Cartan generators and simple roots presented in [29] in the form Hβ0 = −y∂ + x0∂0, . . .

and Eα1 = x2∂3 + x4∂5 + x6∂8 + x9∂12, . . . , etc. acting on (y, x0, x1, . . . , x15). An important
role in this construction is played by a parabolic subgroups of G where the right node in
Dynkin diagrams in figures 1, 2 is removed.

The common feature of all unitary gauges in supergravities, symmetric, and Iwasawa-type
is that the number of physical scalars is the same, e.g. 70 in 4D maximal supergravity and
25 in 6D maximal supergravity. However, the difference between these gauges is that only
Iwasawa gauges, where coset generators are in a subalgebra of G, qualify for minimal unitary
representations of the group G as defined in [29, 41].

The explicit unitary representations for 6D maximal supergravity were given in [42] and
for 4D maximal supergravity in [43]. They were obtained by solving differential equations
defining representations of E7(7) or E5(5) in a parabolic gauge associated with the so-called
decompactification limit.

Therefore these minimal unitary representations for G-duality groups of 4D and 6D
maximal supergravities are represented by a field content of 5D and 7D supergravities,
respectively, as we have explained in sections 5 and 7. These minimal unitary representations
also represent Iwasawa-type class of gauges of a local H-symmetry.

4D maximal supergravity. Minimal unitary representation is presented in the form of the
coset representative in a parabolic gauge of 4D maximal supergravity in [43]. It is based
on a decomposition of the Lie algebra

e7(7) ∼= 27(−2) ⊕ (gl1 ⊕ e6(6))0 ⊕ 27(2) . (B.2)

This is the same as the one in 5D4D supergravity in [13] where it was given in the form

e7(7) = e6(6) + so(1, 1) + p , p = 27(−2) + 27′(+2) (B.3)

so that under the subgroup E6(6) × SO(1, 1) there is a decomposition

56 → 1−3 + 27′−1 + 1+3 + 27+1 . (B.4)
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The 56 × 56-bein defining the minimal unitary representation of E7(7) was given in [43]
in the form

V56 =


e3ϕ 0 0 0
0 eϕVij

I 0 0
0 0 e−ϕ(V −1)I

ij 0
0 0 0 e−3ϕ




1 aJ 1

2 tJKLa
KaL 1

3 tKLPa
KaLaP

0 δJ
I tIJKa

K 1
2 tIKLa

KaL

0 0 δI
J aI

0 0 0 1

 ,

(B.5)

where Vij
I is a coset representative of E6(6)/USp(8), and tIJK is the invariant symmetric

tensor of E6(6). Here V56 depends on 70 = 1 + 42 + 27 scalars:

ϕ , Vij
I , aI . (B.6)

This is in agreement with the construction in [13]. It corresponds to a partial Iwasawa
gauge we discussed above. One could have used the same expression for V56 where Vij

I is a
representative of E6(6)/USp(8) in a solvable parametrization, which would give an Iwasawa,
triangular gauge for the 56-bein. This is what we did in section 4.

6D maximal supergravity. Here the minimal unitary representation of E5(5) in [42] is based
on a decomposition

e5(5) ∼= 10(−2) ⊕ (gl1 ⊕ sl5)0 ⊕ 10(2) . (B.7)

This again can be related to 6D supergravity II in [15] which we described in section 7. The
corresponding 10 × 10 and 16 × 16 matrices are given in [42]

V10 =
(
e2ϕ(v−1)J

a e2ϕ(v−1)K
aaKJ

0 e2ϕva
J

)
(B.8)

and

V16 =


e5ϕ 1√

2e
5ϕaKL 1

8e
5ϕϵKP QRSa

P QaRS

0 eϕv[a
Kva]

L eϕv[a
Rva]

S 1
2
√
2ϵRSKP Qa

P Q

0 0 e−3ϕ(v−1)K
a

 . (B.9)

Matrices V10 and V16 have 35 independent entries

ϕ , va
J , aKJ . (B.10)

Here the 24 scalars va
J are in SL(5,R) and there is still one local SO(5) symmetry in the

theory which has to be gauge-fixed. Therefore to bring these expressions, depending on
1 + 24 + 10 = 35 scalars to the ones which depend only on 25 physical scalars we have to
gauge-fix the local SO(5) by taking a coset representative for SL(5,R)

SO(5) . This means replacing
the 24 scalars in va

J by the coset representative of SL(5,R)
SO(5) which depends on 14 scalars. This

can be done either in a solvable parametrization or in a symmetric gauge. In this way one can
fully specify the 10-bein and the 16-bein to depend on 25 scalars either in Iwasawa, triangular
gauge or in a partial Iwasawa gauge as we did above in section 6.
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C Action of maximal 6D supergravity and amplitudes

The action in [3] is the same as the g → 0 in [4], in slightly different notations. It has
SO(5) × SO(5) local symmetry and an on shell E5(5) global symmetry. We have shown
bosonic actions in section 7. The fermionic kinetic terms in section (2.6) of [4] are

1
e
Lferm

6D
= −1

2 ψ̄+µγ
µνρDνψ+ρ −

1
2 ψ̄−µγ

µνρDνψ−ρ −
1
2 χ̄

aγµDµχ
a − 1

2 χ̄
ȧγµDµχ

ȧ (C.1)

and we skipped terms with fermion interaction with bosons. The spinor fields are ψ+µα,
ψ−µα̇ and χ+aα̇, χ−ȧα where a, ȧ = 1, . . . , 5 and α, α̇ label spinors of SO(5)× SO(5). Here
± refers to spacetime chirality of the spinors which are 6D symplectic Majorana-Weyl.

When this action is gauge-fixed in a symmetric gauge it is a model for which anomaly
computation in [25] is relevant. Note that the action is manifestly invariant under reflection:
flipping chirality and SO(5)1 to SO(5)2. This symmetry plays an important role in cancellation
of 6D supergravity SO(5) × SO(5) ∼ USp(4) × USp(4) anomalies in [25].

The maximal 7D6D ungauged supergravity action in eq. (C.2) in [15] has SO(5) local
symmetry. We have shown bosonic terms in the action in section 7. The fermionic kinetic
terms are

1
e
Lferm

7D6D
= −ψ̄µτ

µνρ∇νψρ − χ̄τµ∇µχ− λ̄iτµ∇µλi + . . . (C.2)

where the . . . involve terms with fermion interaction with bosons. The fermions are USp(4)
6D Majorana symplectic spinors, they are Lorentz and SO(5)-covariant. This action has no
manifest symmetry under refection when flipping chirality and USp(4)1 to USp(4)2.

In symmetric gauge in [3, 4] there are 25 scalars ϕaȧ with a, ȧ = 1, . . . , 5 viewed with
spinorial indices in USp(4) × USp(4) are

W α̇β̇
αβ (x) ≡ (γa)αβ(γȧ)α̇β̇ϕaȧ(x) , α, α̇ = 1, 2, 3, 4 . (C.3)

At the linear level these scalars are the first components in the linearized BPS superfields
W α̇β̇

αβ (x, θ) [44, 45]. For example W 1̇2̇
12 (x, θ) is a 1/2 BPS superfield, it depends on half of

fermionic directions in superspace

Dα1W
1̇2̇
12 = Dα2W

1̇2̇
12 = Dα̇1̇W 1̇2̇

12 = Dα̇2̇W 1̇2̇
12 = 0 . (C.4)

Using superamplitudes, the structure of the maximal supergravity 4-point tree amplitude
was given in [46]. The corresponding on shell superfield depends on 8 Grassmann coordinates
and it is directly related to W 1̇2̇

12 (x, θ). The four-point superamplitude is given in [46] in
the form

M
N=(2,2) tree
4 = 1

κ2
δ6
( 4∑

i=1
pAB

i

)
δ8
(∑4

i=1 q
A,I
i

)
δ8
(∑4

i=1 q̃
Î
i,Â

)
s12 s23 s13

. (C.5)

We have presented in [44] a local linearized superinvariant defining 3-loop 4-point UV
divergence found in [47] as follows

M
N=(2,2) L=3
4 = 1

ϵ

5ζ3
(4π)9

(
κ

2

)4
δ6
( 4∑

i=1
pAB

i

)
δ8
( 4∑

i=1
qA,I

i

)
δ8
( 4∑

i=1
q̃Î

i,Â

)
s12 s23 s34 .

(C.6)
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It is proportional to M
N=(2,2) tree
4 and numerical factors in eq. (C.6) are taken from [47]

where this 3-loop UV divergence was computed.
The presence of a UV divergence in amplitude computations in [47] and the absence of

1-loop anomalies of a global USp(4)×USp(4) symmetry discovered in [25] can be considered
as a problem. In the earlier case of a 4D N = 4 supergravity anomalies in [25] and 1-loop
U(1) superamplitude anomalies in [48] were considered as precursors of UV divergences. It
was indeed a UV divergence at 4-loop discovered later in [49].

Meanwhile in 6D there are no anomalies in [25] and there was no claim of 1-loop
superamplitude anomalies: all based on 6D supergravity [3, 4] with global USp(4)×USp(4)
symmetry in a symmetric gauge.

Now we have learned that the local USp(4)×USp(4) symmetry can be gauge-fixed in
different gauges. Specifically, 6D supergravity II does not have a global USp(4) × USp(4)
symmetry, same as an Iwasawa gauge of the standard 6D supergravity [3, 4]. Therefore it
may be not totally surprising that there is a UV divergence. The theory might have local
USp(4)×USp(4) anomaly. This would be in agreement with E5(5) anomaly associated with
3-loop UV divergence as discussed in [44, 45, 50].

D Triangular 11D Iwasawa gauge

In terms of figure 1 this is the parabolic group Pα2 when the α2 node is removed.
In 6D supergravity one can use a triangle gauge following up the studies of dualities

in [19]. Here we will show how to impose a triangle gauge in the model in [3] to gauge-fix
its local SO(5)× SO(5). This gauge is a part of the family of SO(n,n)

SO(n)×SO(n) coset spaces
where n = 11 − D, i.e. the gauge related to 11D supergravity compactified on a torus
T 11−D with D ≥ 6.

It was found in [19] that the bosonic part of D6 supergravity in a triangle gauge can
be associated with the dimensional reduction from 11D supergravity on a T 5. The relevant
scalars are the one defining the torus.

In [19] the matrix η =
(
0 I
I 0

)
is left invariant under infinitesimal SO(5, 5) transformations

L =
(
u v

ṽ −uT

)
(D.1)

where u is an arbitrary real matrix, v = −vT , ṽ = −ṽT .
We take the U matrix in [3] and switch to the basis with η =

(
0 I
I 0

)
instead of the

diagonal in eq. (6.1) so that V ∈ SO(5, 5) is related to U

UT = CTV C , CT = 1√
2

(
1 −1
1 1

)
. (D.2)

V satisfies an SO(5, 5) condition as given in [19] in appendix C

V η VT = η . (D.3)
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The relation between V and U is now established. The triangular gauge, fixing local
SO(5) × SO(5) is

Vgf =
(
S R

0 (S−1)T

)
, RST + SRT = 0 . (D.4)

Thus, the gauge-fixing condition of U in [3] can be given in the form

(UT
gf)triangular = CT

(
S R

0 (S−1)T

)
C . (D.5)

In this gauge there is a 10 × 10 matrix

M = VTV =

 GAB −GACX
CB

XACGCB −XACGCDX
DB

 (D.6)

with
(STS)AB = GAB , (S−1R)AB = −XAB , X = −XT . (D.7)

The O(5,5)
O(5)×O(5) coset Lagrangian is

1
8eTr (∂µM−1∂µM) = −1

4GACGBD(∂µG
AB∂µGCD + ∂µX

AB∂µGCD) . (D.8)

Thus we have shown here how exactly to fix the triangle SO(5) × SO(5) gauge in [3] to
get the 25 moduli in the form

G(AB), X[AB] , A,B = 1, 2, 3, 4, 5 (D.9)

which are the torus T 5 moduli.
Note that here the 15 scalars in GAB are on equal footing representing T 5 geometry.

But below, in the Iwasawa gauge Pα5 related to D + 1 dimensions, we will see that one of
15 is a size of one extra dimension and 14 are coset representatives of SL(5,R)

SO(5,R) coset space
inherited from 7D.

In [19] the triangular gauge for 6D maximal supergravity was only given in terms of
the 10× 10 vielbein, the underlying 16× 16 vielbein still has to fit the one in [19]. In fact,
in [51] there is a proposal how to gauge-fix V in 16 × 16 representation.
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