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Abstract—This paper presents a novel approach to address
the constrained coding challenge of generating almost-balanced
sequences. While strictly balanced sequences have been well
studied in the past, the problem of designing efficient algorithms
with small redundancy, preferably constant or even a single
bit, for almost balanced sequences has remained unsolved. A
sequence is €(n)-almost balanced if its Hamming weight is
between 0.5n + &(n). It is known that for any algorithm with a
constant number of bits, £(n) has to be in the order of ©(y/1),
with O(n) average time complexity. However, prior solutions
with a single redundancy bit required £(n) to be a linear shift
from n /2. Employing an iterative method and arithmetic coding,
our emphasis lies in constructing almost balanced codes with a
single redundancy bit. Notably, our method surpasses previous
approaches by achieving the optimal balanced order of © (/7).
Additionally, we extend our method to the non-binary case,
considering g-ary almost polarity-balanced sequences for even g,
and almost symbol-balanced for ¢ = 4. Our work marks the first
asymptotically optimal solutions for almost-balanced sequences,
for both, binary and non-binary alphabet.

1. INTRODUCTION

Constrained codes have a long history in information theory,
with applications to data storage and transmission. In the
broadest setting, raw data in such applications is encoded (in a
one-to-one manner) into a set of words S over some alphabet
> that satisfy prescribed rules. Some rules are imposed due to
physical limitations, such as those dictated by energy compli-
ance or by memory cell wear, and are typically translated into
cost constraints. Others are imposed as a preventive measure
to keep the storage device in a sufficiently-reliable operation
region. A celebrated result in constrained coding theory by
Knuth has analyzed strictly balanced binary sequences or
sequences with a fixed weight [1]. We consider in this work the
almost-balanced constraint which generalizes the well-known
balanced Knuth codes [1] by requiring that the entire message
possess a Hamming weight of approximately n/2.

One motivating application of this work is DNA storage,
where almost balanced GC content is necessary [2]. During
the storage phase in DNA strands, media degradation, and in
particular breaks, can arise in DNA due to factors that include
radiation, humidity, and high temperatures. In [3], the authors
proposed to encapsulate the stored DNA in a silica substrate
and then to employ custom error-correcting codes to mitigate
the effects of these errors. Another approach to dealing with
media degradation is to generate strands of DNA that have
approximately balanced GC-content, and this approach has
been leveraged in several existing works such as [4]-[6].
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The construction of efficient balanced codes has been ex-
tensively studied; see e.g. [1], [7]-[10], and extensions to
non-binary balanced codes have been considered in [11]-
[15]. Codes that combine the balanced property with certain
other constraints, such as run-length limitations, have also
been addressed for example in [16]. However, the problem
of almost balanced sequences with Hamming weight between
0.5n £ £(n) has received a little attention. Under this frame-
work, the goal is to find the optimal number of redundant bits
as a function of e(n), where £(n) can be a function of n,
e.g. linear in n, logn, or a constant. No less important is the
design of such algorithms.

While Knuth’s algorithm is an efficient scheme to strictly
balance an arbitrary sequence with log n+o(log n) redundancy
bits, to design an efficient encoder and decoder with less
redundancy or even only a single bit is a non-trivial task.
The best known construction that uses a single redundancy
bit required €(n) to be linear with n [17], while a lower
bound asserts that the order of (n) has to be (y/n). In this
work, we close on this gap and present an explicit encoder
that uses a single redundancy bit to balance binary sequences
for e(n) = O(y/n), with O(n) average time complexity.

The rest of this paper is organized as follows. In Section II
we introduce the definitions that will be utilized throughout
the paper and present the arithmetic coding method. Our
construction for binary almost-balanced sequences is presented
in Section III and generalizations for almost polarity-balanced
and almost symbol-balanced for non-binary alphabet are pre-
sented in Section IV. Section V concludes this paper.

II. DEFINITIONS, RELATED WORKS, AND ARITHMETIC
CODING

A. Definitions

Let ¥, = {0,1,...,qg — 1} be the alphabet of size ¢ and
let 237 be the set of all sequences of length n over ;. The
Hamming weight of a sequence & € X, denoted by w(x), is
the number of non-zero symbols in x. The concatenation of
two sequences x and y is denoted by x o y.

A binary sequence x € X} is called balanced if the number
of zeros and ones is identical, i.e., if w(x) = % We similarly
define an almost-balanced binary sequence as follows.

Definition 1. A sequence = € XY is called e(n)-almost
balanced if w(z) € [% —£(n), 2 +£(n)].

To extend the definition of balanced and almost balanced
sequences to non-binary sequences we need the following
additional notation. For o € 3, let #,(x) denote the number
of occurrences of the symbol o in x. A sequence & € Xy is
called symbol-balanced if any symbol o € X, appears in x
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exactly ¢ times. That is, #, () = ¢ for any o € 3. When
q is even, we say that x is polarity-balanced if

2-1

> #il@) =) @) = 3.
=0 i=Z

Definition 1 can be extended to a-almost symbol-balanced
and «a-almost polarity-balanced as follows.

Definition 2. A sequence x is called &(n)-almost symbol-
balanced if for any o € X, we have that

n n
#ale) € |2 —el), 2 4ol
q q
Definition 3. A sequence x is called (n)-almost polarity-

balanced if

> #l@) =Y @) <2-2(n).

B. Related Work

In this work we extend our previous work [18] focusing on
eliminating windows with small periods. This work utilizes
a graph-based reduction technique to establish efficiency and
convergence of the construction. Inspired by this, the current
study proposes an iterative method for encoding sequences into
almost-balanced ones without requiring monotonic progress
between the algorithm’s steps. In a parallel effort [19], [20],
the technique is extended to address diverse constraints. A
universal approach is presented and a general methodology for
combining constraints is detailed, showcasing the versatility
and comprehensive nature of the encoding framework.

C. Arithmetic Coding

Arithmetic coding [21] serves as a data compression method
wherein the encoding process transforms an input sequence
into a new sequence, representing a fractional value in the
interval [0, 1). Each iteration processes a single symbol from
the input, dividing the current interval and designating one of
the resulting partitions as the new interval. Consequently, the
algorithm progressively operates on smaller intervals, and the
output exists within each of these nested intervals.

One of the main components in our suggested construction
is an encoder and decoder pair which are based on binary
arithmetic coding. For the completeness of the results in the
paper, the key concepts of binary arithmetic coding, which will
be used throughout this paper, are described next.'

Let p € (0,1) and let n be an integer. The encoding of a
sequence x of length n is done by mapping « into a unique
interval I, C [0, 1) as follows.

1) Initialize I < [0,1).

2) Fori=1,2,...,n:

2.1. Split the interval [ into two sub-intervals, I, and
IR, of sizes |I,| =p-|I| and |Ig| = (1 —p) - |I].
22. fz; =0, I «+ Iy,
23. Else, I + Ip
3) I, =1.

!"This description highlights the details necessary for our derivations and it
can be considered a simplification of the standard arithmetic coding technique.

Figure 1. Mapping of & = 00010 into an interval I for p = % (and n = b).

Finally, the encoding of x is the binary representation® of the
shortest (fewest number of bits) fraction in the interval I,.

After mapping the input to an interval, the output of the
algorithm is the binary representation of a fraction within
the interval with a minimal number of bits in its binary
representation. Given p € (0,1) and an integer n > 0
we denote the corresponding encoder and decoder pair by
9%y — %5 and g ;D5 — %5

Example 1. Figure 1 presents the described steps for the
mapping of * = 00010 into an interval [, for p = %
(and n = 5). In this example, I = [505,8%), and the
fraction with the minimal representation within this interval is
0.375 = 272 4+ 273, resulting with the output 011.

We note that the mapping of a sequence x € X3 into an
interval I, requires splitting the interval n times, where each
iteration computes the new interval edges in O(1) time. Hence,
the worse-case time complexity of f;“) and g;(,ac) is O(n).

III. BINARY ALMOST BALANCED SEQUENCES

In this section, we discuss the case of binary &(n)-almost
balanced sequences. We first explicitly define the constraint as
follows,

C(n,e(n)) = {w exy

w(z) € [gfs(n), ngE(n)} } :

In the next lemma, we show that there exists a single-
redundancy-bit construction for C(n,e(n)) only if e(n) =
Q(y/n). More precisely, for e(n) = ay/n, we give lower
and upper bounds on the minimal value of « for which there
exists a single-redundancy-bit construction for C(n, ay/n) for
n large enough. More formally, for every o > 0 we define
F(n,a) £ ‘C(YLQM Thus, our goal is to find the minimum «
for which there exists n’ such that for any n > n’ we have
that F(n,a) > 1/2.

Lemma 1. There exists a constant ¢ such that if & > ¢ and n
is large enough, then there exists a single redundancy bit con-
struction for C(n, ay/n). Otherwise, if o < ¢ then there is no
such a construction. Moreover, it holds that 0.335 < ¢ < 0.34.

Proof. This result can be seen from the fact that the binomial
distribution approaches the normal distribution as n — oo,
with 4 = n/2 and ¢ = /n/2. Considering the Z-score

2Here we consider the binary representation of a fraction in [0,1) as the
binary vector representing the corresponding sum of negative powers of two
(similar to the representation of a positive integer, but with negative powers).
For example 0.25 is represented by 01 and 0.75 is represented by 11.
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table [22] we know that at least half of the space is thus
contained in

[ — 0.680, 1+ 0.680] = [n/2 — 0.34v/n,n/2 + 0.34y/n].
On the other hand, the interval

[0 —0.670, 1+ 0.670] = [n/2 — 0.335y/n,n/2 + 0.335+/n]
contains strictly less than half of the space. O

Nonetheless, the problem of finding such a construction
has remained unsolved as the state-of-the-art construction [17]
with a single redundancy bit only tackles a linear-almost-
balanced version of [np1,nps] for p; < 1/2 < po. It should
be noted that the construction in [17] utilizes the existence
of mappings without explicitly determining them. Next, we
demonstrate an efficient construction with a single redundancy
bit for o > /In(2) &~ 0.8325, inspired by the approach taken
in [18] and based on the arithmetic coding [21] technique. To
this end, we also define the two following auxiliary constraints,

Cr(n,ay/n) = {wGES ‘w(:c) gg—&—a\/ﬁ},

Cu(n,av/n) = {mGES ‘w(m) nga\/ﬁ}.

Notice that C(n, ay/n) = Cr(n, ay/n)NCx(n, ay/n). We now
propose the overall construction as follows,

Construction 1 (Binary almost-balanced). Let o > 4/In(2),
let n be a sufficiently large® integer, and let = € {0,1}"L.
Our construction is composed of the following two instances
of the arithmetic coding described in Section II-C:
o Binary arithmetic coding with pr, =1/2+ «/y/n+1/n
and a pair of encoder and decoder functions
SlED Y/ IR y S Dy S 3/ 3
« Binary arithmetic coding with py =1/2 — a/y/n—1/n
and a pair of encoder and decoder functions
RS IS RS Y 5.3
For simplicity, we assume that the output length of f&c), é?;)
is at least n—2 (otherwise we can pad the output with zeros and
we will show that it will be exactly n—2). Then, Algorithms 1
and 2 construct an efficient construction with a single redun-
dancy bit and O(T'(n)) average time complexity for T'(n)
. . . (ac) (ac) p(ac) (ac)
the maximum time complexity amongst fp, ", gp;. s fpu s pr -
That is, the average time complexity is O(n).

The correctness of this construction is stated in the next
theorem.

Theorem 1. Construction 1 is an efficient construction with a
single redundancy bit for C(n, ay/n) when a > /In(2) and
n is large enough.

The proof of the theorem follows immediately from the
following three lemmas.

Lemma 2. Algorithm 1 stops with an output y € C(n, a\/n).

Proof. First, let us prove that in each iteration of Algorithm 1,
the length of vy, is exactly n. Clearly, before entering the while

3While the size of n depends on a, the size of n for which the construction
work is not too large. For example, for « = 1 and o« = 0.835 we only need
n > 4 and n > 6, respectively

Algorithm 1 Almost-Balanced Encoder E
Input: = € X5~
Output: y € C(n,a/n).

Iy xol.

2: while y ¢ C(n, ay/n) do

32 if y € Cr(n,ay/n) then
4y fidy)oll

5 else

6 y — 529 (y) 0 01.

7: return y.

Algorithm 2 Almost-Balanced Decoder D
Input: y € C(n, ay/n) such that E(x) =y for x € X5~ 1.
Output: = € X5,

1: while y,, # 0 do

2 if Yn—1 = 1 then

3 Yy gz(ﬂaLC)(y[l:n72])'

4. if y,_1 = 0 then

5 Y < g;’if) (y[1:n72])'

6: return yp.,,_q).

loop for the first time, the length of y is n. Within the while
loop, y is modified to be the concatenation of either f,g‘;c)(y)
or £ (y) with two additional bits. Hence, we need to show
that the output of f,S*;“) (y) or [():c) (y), respectively, is of length
n — 2. Recall that by our assumption, the output length of
£ £ §S always at least n — 2. Hence, it is sufficient to
show that the length cannot be greater than n — 2.

If y is modified in Step 4 then y ¢ C(n,ay/n) and
y € Cr(n,a/n). That is, w(y) < § — ay/n, and the length
of the interval that corresponds to y by the mapping f,E*;“) is

po (Lo Y (L ey
vi\2 non 2 n n '

Since this value is minimized when w(y) is maximized, we
have that any such y is mapped to an interval of length

|”>1 a 1\ Fev" 1 a1 FHavn
YI7\2 Vnon 2 Vn n '

of1 a 1 eV o 1\ ErevR el
lim 272 -2 N -
novoo (2 Jn n) <2+\/ﬁ+n> 1

it can be verified that for any o > 4/In(2) we have that
|I,| > 1/2"2 for n large enough. This implies that it is
possible to enumerate the interval with exactly n —2 symbols.

By the definition of Algorithm 1, if the algorithm ends,
it stops with a valid output. Hence, it is left to show that
the algorithm converges. Similarly to the approach presented
in [18], the convergence follows from a reduction to an acyclic
graph walk, and it is given here for completeness.

Let G = (V,€) be a directed graph such that V = X7 is
the set of nodes and the set of edges £ C V x V is defined as
follows. From any u ¢ C(n, a+/n) there is a single outgoing
edge to the node v € V, where v = f,(,ic)(u) ollify €
C1.(n,av/n), and otherwise v = f*(w) o 01. That is, there
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is an edge from node w to node v if v is the unique sequence
such that the operations inside the while loop of Algorithm 1
will modify y = u to y = v. Note that the mappings f;ic)
and f;’;;) are invertible functions and hence the in-degree of
all the nodes in V' is at most one. Moreover, by the definition
of £, any node v € V for which v,, = 1, satisfies d;,(v) = 0.

Assume by contradiction that the encoder does not converge
for an input € X7 and let

200=y @y y®@

be the list of nodes that correspond to the values of y before
each iteration of the while loop in Algorithm 1. Since |V] is
finite, the path y(©@ — y(1) — ¢ — ... contains a cycle,
i.e., there is an index ¢ such that

Y@ S gD oy 1) Ly () = ().

For a node v € V, let d;,(v) be the in-degree of v. Since
¥ = 0, we have that d;,, (y°) = 0 and hence 3 is not on the
cycle. Hence, there exists an index ¢’ such that dm(y(i/)) =2,
which is a contradiction. O

Example 2. Let n = 8, = 1 and = = 1000000 € 3. Note
that C(8,v/8) = {y € ¥§ | 2 < w(y) < 6}. Using the same
notations as in the proof of Lemma 2, Algorithm 1 begins with
y(©) = 200 = 100000000. As y(©) ¢ C(8,/8) the algorithm
enters the while loop and line 4 is executed (w(y(?) < 6). It
can be verified that in this step y(?) is mapped to the interval
[0.97855,0.99698) which can be represented using 111111.
Hence y(l) = 111111 o 11. In the second iteration, line 6 is
executed and y(?) = 100000 0 01 € C(8,V/3).

Lemma 3. For any € %5 7', the decoder D from Algo-
rithm 2 satisfies D (E(x)) = «.

Lemma 4. The average number of iterations in the while loop
of E, D is at most |X| = O(1).

The proofs of Lemma 3 and Lemma 4 follow from the
reduction of the encoder to a graph walk presented in the
proof of Lemma 2. Since the proofs are very similar to the
ones presented in [19], they are omitted.

IV. EXTENSIONS TO NON-BINARY ALPHABETS
In this section we discuss the extension of Construction 1
to the non-binary case.
A. Almost Polarity-Balanced

Construction 1 can be modified to obtain almost polarity-
balanced sequences for any alphabet of even size. First, we
formally define the constraint

Ei: #i(x) € {g —e(n), g +E(n)]} .

=0

C™ (n,e(n))= {w exy

Similarly to the binary case, we are interested in sin-
gle redundancy symbol codes and in the next lemma
we show that ¢(n) = Q(y/n). To this end, we define
FO®)(n,a) £ ¢ (n, av/n)|/q".

Lemma 5. Let ¢ = liminf{a|F®) (n,a) > 1/q}. Then, it
holds that ¢ < 0.34.

Proof: 1t holds that
) (. ) = [ (s aV)] _ [Clna/i)| - (a/2)"

qTL - qTL
C
_lemayml
Q’VL
The latter together with Lemma 1 completes the proof. |
While the bound in the previous lemma is not tight, knowing
that F®) (n, ) = F(n,a), we can derive tighter upper and
lower bounds using the same techniques as in the proof of
Lemma 1. Table I summarizes the upper and lower bounds on ¢

for small alphabet size, that can be derived by this manner.

Table I. Bounds on ¢ = lim inf{a|F®" (n a) > 1/¢}.

q | Lower bound  Upper bound
2 0.335 0.34

3 0.215 0.22

4 0.155 0.16

5 0.125 0.13

6 0.105 0.11

7 0.09 0.095

Similarly to Construction 1, we define Cépb) (n, ay/n) as the
intersection of the following two constraint channels,

C®) (n, ay/n)= {:1: exn

#ilz) < 3 +a¢ﬁ},

=0

.

C®) (n, av/n)= {cc exr

To address non-binary alphabets, we modify our arithmetic
coding based mappings as follows. First, in each iteration we
partition the current interval into ¢ sub-intervals (instead of
two) and if the current symbol is ¢, we continue with the i-
th sub-interval to the next iteration. For p € (0,1) we define
the size of the first Z sub-intervals to be %p\l |, and the size

of the last  sub-intervals to be @\I |, where I is the
current interval. Given p € (0,1), an integer n > 0, and an
even integer ¢ > 2, we denote the corresponding encoder and
decoder pair by fi%* : £7 — £ and g% : £ - w1
Construction 2 (Almost polarity balanced). For an even
integer ¢ > 2, let & > /In(q), let n be a sufficiently large
integer, and let « € Zg’*l. Our construction is composed of
the following two instances of the modified arithmetic coding:
e g¢-ary arithmetic coding with pr, =1/2+a/v/n+1/n
and a pair of encoder and decoder functions
500 o - 5, gl 3y 3
e g¢-ary arithmetic coding with py =1/2 —a/v/n—1/n
and a pair of encoder and decoder functions
D VIS VA AR NS V)
Then Algorithms 1 and 2 (with the corresponding mod-
ifications) construct an efficient construction with a sin-
gle redundancy symbol and O(T'(n)) average time com-

plexity, where Tgn) is the maximum complexity amongst
(pb-ac) (pb-ac) pb-ac) (pb-ac)
¢pr. 1 9qpr s Japa > Y9apE -

The correctness of Construction 2 follows from the same

arguments that were presented in the proof of Construction 1.
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Hence, it is sufficient to show that the length of y before each
iteration of the while-loop is n. That is, we need to show that

(1 20 )TL“WE(1Jr 2 +2>’2"+°‘ﬁ> 1
qa qvn qn q qvn qn T
which holds for any o > /In(g). We note that for ¢ = 2
Construction 2 is identical to Construction 1. However, for
g > 2 we can improve Construction 2 by noticing that now
instead of using two bits it is enough to use one symbol
in order to indicate the three options of determining when
the decoder stops and whether to decode with g,gf’;’;"‘” or
{Pb-ac) Hence, we can change Algorithm 1 such that in step 4
(pb-ac) . . .
we assign fgp, (y) o1l into y and in step 6 we assign
é?y‘;’de)(y) o 2 into y. Accordingly, we modify step 2 and
step 5 of Algorithm 2 to check whether y, equals 1 or 2,
respectively. By doing so, we allow the output of f,§",§’ Lac) and

£P2-2¢) 4 be of length n — 1. Hence, we need

(1 20 )"‘WEC 20 2>’5+“ﬁ 1
—— \=—t+—F—+— > —
qa gv/n qn q qyn qn gn=t’
which holds for o > /).

A more thorough examination, reveals that the latter con-
struction can be further improved for larger values of ¢. For
such values of ¢, we do not need fé’}!’;“) nd féﬂ:’;c)
compress the input at all. For our purposes, it is sufficient
to only restrict the values of the last symbol in the output and
use the remaining symbols to distinguish between the states.

B. Almost symbol-balanced

Lastly, we discuss (n)-almost symbol-balanced g-ary se-
quences. For simplicity, we only give a construction for ¢ = 4
while the generalization to ¢ = 2¢ for any positive integer £
is straightforward. Given n and € we define the constraint as,

e (n,e(m)={a € = [#o (@)€ [T —2(m). 5

We start by noting that any &(n)-almost symbol-balanced
sequence is also a e(n)-almost polarity-balanced. Hence, our
analysis of almost polarity-balanced codes implies that if a
single-redundancy-symbol (n)-almost symbol-balanced code
exists then e(n) = Q(y/n). Therefore, we focus again on the
case where e(n) = ay/n.

Our construction is based on defining a subset of

(Sb)(n a4/n)) as the intersection of the following three

\Tf—polarlty balanced 4-ary codes,

e ~{e e st #ole) + muwe[ - Y5+ 2] ]
for ¢ € {1, 2, 3}.

Lemma 6. It holds that Copb) nciey ﬁCé{’;) c ™ (n, ay/m).

Construction 3 (Almost symbol balanced). Let o > 24/In(4),
let n be a sufficiently large integer, and let = € E:;‘l
Our construction is composed of three pairs of the modified
arithmetic coding that were utilized in Construction 2. For each
i € {1,2,3} consider C(()l;b) and define:
o 4-ary arithmetic coding with py, = 1/2+ «/2y/n+1/n
that associates the first two intervals in each partition

ﬁ—I—e(n)}\fa € 24} .

Algorithm 3 Almost-Balanced 4-ary Encoder Fy
Input: x € X}

Output: y € Cfb)(n, ay/n).
I: Yy« xol.

2. while y ¢ C{™ (n, ay/n) do
3. forie {1,2,3} do

4 if y ¢ CP” then

5: ify¢ C(pb) then
6
7
8

y ffp"j‘;)( yoloi.

else
: y [ (y) oo,
9: break

10: return y.

Algorithm 4 Almost-Balanced 4-ary Decoder D,

Input: y € C\™ (n,ay/n) such that Ey(z) =
xeXit
Output: = € X}~
1: while y,, # 0 do

if y,—1 = 1 then

b-
Y < gé(Ll,)pLa,cy)n (y[lzn—Q])‘

2
3
4: if y,_1 = 0 then
5
6

y for some

b-
Y < gé(lrp:,c;n (y[l n— 2])

: return ypp.,,_ ).

with 0 and ¢, and a pair of encoder and decoder functions
(pb-ac) En N (pb-ac) S YE 3
4,pr,i 4 417L7? C e 4

o 4-ary arithmetic coding with py = 1/2 — a/2/n —1/n

that associates the first two intervals in each partition

with 0 and ¢, and a pair of encoder and decoder functions
-(pb-ac) | (pb-ac) |

4,pp % En—>2*’ I4py,i - E* _>En
o The constraint channels
ay/n
C(Lp.,l())?i = {a: € XY | Folx) + #i(z) < 5 + ?f}

5

N3 N3

e = {ees:

@) + #@) 2 § - 7" |

Then Algorithms 3 and 4 construct an efficient construction
with a single redundancy symbol and O(T'(n)) average time

complexity, where 7'(n) is the maximum complexity amongst

(whac) lpbac) oobac) ((B0a0) o ;g1 9 3)

The correctness of Construction 3 follows from arguments
similar to the those presented in the proof of Construction 1,

and the observation that for ¢ € {1, 2,3} the output of ff;:?

and f(pb ) is of length n — 2 for a > 2+/In(4).

X

V. CONCLUSION

This work studies the problem of encoding almost-balanced
sequences using a single redundancy symbol. While our con-
structions achieve an optimally balanced order of ©(y/n),
there persists a multiplicative gap between theoretical bounds
on ¢(n) and the values applicable in our constructions. Further-
more, bounding the worst case time complexity of the algo-
rithms is a challenging problem which is left for future work.
Experimental results verified that the number of iterations of
Algorithm 1 is at most 7 for words of length n = 30.
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