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Abstract—Polar codes were originally specified for codelengths
that are powers of two. In many applications, it is desired to
have a code that is not restricted to such lengths. Two common
strategies of modifying the length of a code are shortening and
puncturing. Simple and explicit schemes for shortening and
puncturing were introduced by Wang and Liu, and by Niu,
Chen, and Lin, respectively. In this paper, we prove that both
schemes yield polar codes that are capacity achieving. Moreover,
the probability of error for both the shortened and the punctured
polar codes decreases to zero at the same exponential rate as
seminal polar codes. These claims hold for all codelengths large
enough.

I. INTRODUCTION

Polar codes [1] are based on a recursive transform, yielding
codes whose codelengths are powers of two. They have been
proven to achieve the capacity of many channel settings [2]—
[21]. Often, it is desirable to transmit a message whose length
is not limited to a power of 2. Shortening and puncturing [22,
Problems 2.3 and 2.14], [23, Chapter 1§9] are two common
methods of reducing the length of a given code. Such methods
were extensively studied for polar codes, see [24]-[30] and the
references therein. In this paper, we focus on the puncturing
method of [24] and the shortening method of [25]. In the sequel,
for brevity, we will refer to transforms based on these methods
as the “shortening transform” and “puncturing transform,”
respectively. We show that these schemes achieve capacity,
with probability of error decreasing at the same exponential
rate as seminal polar codes. This holds for all codelengths large
enough. For simplicity, we focus on the setting of a binary-
input memoryless channel, which may be non-symmetric (BM
channel).

The following theorem is a shortened version' of our main
result. It will follow as a straightforward corollary of the more
general Theorem 6. It assumes a fixed input distribution p(x)
and a fixed BM channel W(y|x). We denote by Z(X|Y) and
K(X]Y) the conditional Bhattacharyya parameter and the total
variation distance, respectively (see [5, Definitions 2 and 3]).
Furthermore for X and Y with joint distribution W(x;y) =
p(x)W(ylx), we denote by H(X|Y) the conditional entropy of
X given Y and by H(X) the entropy of X.

Theorem 1. Let X be a random vector of length M with i.i.d.
entries, each sampled from an input distribution p(x). Let
Y be the result of passing X through a BM channel W (y|x).
Let U of length M be the result of transforming X via either
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the shortening transform or the puncturing transform. Fix
0 < B < 1/2. Then,
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The above theorem implies that, similar to the power-of-two
setting, we can use successive cancellation and the Honda-
Yamamoto scheme [2] to define a code whose rate approaches
I(X;Y) and whose probability of error is upper bounded by
27M” for 0 < B < 1/2 fixed and all integer M large enough.
Moreover, both encoding and decoding can be calculated in
time O (M log M).

II. THE SHORTENING AND PUNCTURING TRANSFORMS

In this section we define both the shortening and the
puncturing transforms. To do so, for a given codelength M,

we denote by N the smallest power of two greater or equal to

M. That is,
N = 2o M1, 3)

We also denote

n = [log, M| =log, N. 4)

Since we will make heavy use of bit-reversals, it is natural
to use zero-based indexing. That is, an index 0 < i < N
has binary representation i = 23:01 b;27. The corresponding

vector is b = [bo by bn_1]. The reversed vector is
b = [bn—l b2

: i« 7 = sn=1p Hn-1-j
index is i = Zj:() b;2 .

bo]. The corresponding bit-reversed

A. Generalization of Key Polar Coding Concepts

Seminal polar codes revolve around three key concepts:

o The polar transform, an invertible transform that trans-
forms a vector x of bits to a vector u of bits, both of the
same length N = 2".

o The ‘=’ and ‘+’ operations, denoted & and ®, respectively.
They transform two joint distributions A and B into new
joint distributions, A ® B and A ® B, respectively. This is
a slight generalization of the seminal setting, in which A
and B were the same distribution, in which case A ® A
was denoted A~ and A ® A was denoted A*.

« The connection between the polar transform and the ‘-’
and ‘+ operations.

We now briefly review these concepts and show how to
generalize them to the shortening and puncturing setting.
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1) The Polar Transform: The seminal polar transform takes
a vector x of length N = 2" and produces a transformed vector
u, also of length N. A simple way to define this transform is
by two operations that take a vector of length N and produce
a vector of length N/2. Namely,

0
[xo x1 xN—l]l J
= [xo Dx; X Dx3 XN_2 @xN_l] ®)
and
1
[xo xi x|
= [xo>x1 x> x3 xn-2>xn-1], (6)
where? @ > 8 = 8. We denote for b= [by b, beor],
[b1] [be-1]
<[Pl = (“,((X[bo]) : )) , (7

that is, the result of recursively applying (-)[°! and (-)!!]
operations. Then, entry i = Z;?:‘Ol b j2j of u is x/?1, where
b= [b() b bn—l]-

We now extend the definitions of operations @ and » to
apply over the set {0, 1, s,p}. Here, s represents a shortened
bit and p a punctured bit. Namely, the generalizations of both
operations are given in the following tables, which are to be
read as o - § with @ a row and §8 a column. E.g., 1>0=0.

@‘OISp >‘Olsp
0|0 1 0 0 0|0 1 s 0
1{1 o 1 0 ; 110 1 s 0. (8
s|0 0 s 0 s|0 0 s 0
P|lP P P P p|0 I s p

In the above, @ denotes the “don’t care” value. That is, s will
never be the first argument, unless the second argument is s,
and p will never be the second argument, unless the first argu-
ment is p. Also, although this is a setting we do not consider
further in this paper, note that the above table implies that we
can have both shortened and punctured bits in our codeword.
2) The ‘=’ and ‘+’ Operations: In the seminal setting, the ‘-’
and ‘+’ operations each transform two identical channels into a
new channel. Here, they each transform two joint distributions
into a new joint distribution. That is, let A(xg; yo) be the joint
distribution on the pair (xg,y9) € X X Yo, where henceforth
X = {0, 1}. Further let B(x;;y;) be the joint distribution on

the pair (x1,y;) € X x Y;. Then,
(A& B)(uo:yo.y1) = D, Auo ® x1:y0)B(x1:y1), (9)

xlex
(A ® B)(u1;u0,y0, 1) = A(uo ® ur; y0)B(ui; y1). (10)

We now define two special joint distributions, S and P,
corresponding to a “shortened” distribution and a “punctured”
distribution, respectively. Both S and P are over X X {?}. They
are given by

I, x=0,y=2,
S(x;y) = 11
() {0, otherwise, (i
P(x;y)={%, xeX,y=" (12)

2The notation » is suggestive of an arrowhead pointing at the output of the
operation.

For reasons that will become clearer later, we call S the ‘superb’
distribution and P the ‘pitiful’ distribution.

3) The Connection between the Polar Transform and the ‘=’
and ‘+° Operations: Consider the vector of joint distributions
A=A A An-1]. We define Al%, Alll and AlP]
by adapting (5), (6), and (7), respectively. We adapt these by
replacing x; with A;, ® with ®, and » with ®.

Let O < i < N with binary representation i = Z;!:‘Ol b jzn—l—j.
Then, there exists an invertible function f such that

P (Ul = U, Ué_l = MB_I,Y = y) = A[b](u,,f(uf)_l,y))

B. The Shortening Transform

For a general (not necessarily polar) code € of length N,
shortening is defined through an index set 8. Namely, to shorten
@, we first consider the subset of codewords ¢ € C for which
¢; =0 for all i € 8. For every such codeword, since we know
the values at the indices 8, there is no point in transmitting them.
Hence, the shortened code is the above subset, after removing
the indices 8. Note that the shortened code has length N — |§].

In the Wang-Liu shortening scheme [25],

8= {N-1,N=2,...,N—(N - M)}. (13)

That is, the last N — M bits of the codeword, before bit reversal,
are constrained to be 0. This implies that the last N — M
entries of the corresponding transformed vector are frozen to
0. Successive-cancellation (SC) decoding is performed exactly
as for seminal polar codes, save for setting a log-likelihood
ratio (LLR) value of infinity to the shortened bits. See [25] for
details.

We define the shortening transform of a vector x of M bits
in two equivalent ways. In the first way, we define a vector X
of length N = 2M1°2 M1 with indices 8 set to s. We then copy
X into X in order. That is, removing from X the indices in §
recovers X. Next, we compute 0, as explained in Section II-Al.
We note that by the special choice of 8, we will never encounter
an ‘0’ entry in (8). Lastly, we define u by the result of removing
the last N — M entries from u. We remark in passing that these
removed entries were all equal to s.

Observe that had we replaced s with 0 in (8), no contradic-
tion would have arisen. Thus, in the spirit of shortening, had
we replaced s with O in the extension from x to X, then the
last N — M entries in u would also have been 0, and u would
have been the same as that from the previous paragraph. This
is the second way of defining the shortening transform: replace
all s in the above with 0.

Remark 1. Note that u equals the prefix of length M of u.
That is, for 0 <i < M, u; = i;.
C. The Puncturing Transform

Similar to shortening, for a general code C of length N,
puncturing is defined through an index set P. Namely, to
puncture C, we simply remove the indices P from the codeword.
The punctured code has length N — |P|.

In the Niu-Chen-Lin puncturing scheme [24],

— — —
P=1{0,1,....,N-M-1}.

That is, the first N— M bits of the codeword, before bit reversal,
are removed. This implies that the first N — M entries of
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the corresponding transformed vector are frozen. Successive-
cancellation (SC) decoding is performed exactly as for seminal
polar codes, save for setting a log-likelihood ratio (LLR) value
of zero to the punctured bits. See [24] for details.

The puncturing transform of a vector x of M bits is also
defined in two equivalent ways. In the first way, we define
a vector X of length N = 2/°©2M1 with indices P set to p.
We then copy x into X in order. That is, removing from X the
indices in P recovers x. Next, we compute @, as explained in
Section II-A1. We note that by the special choice of P, we
will never encounter a ‘0’ entry in (8). Lastly, we define u as
the result of removing the first N — M entries from .

Observe that had we replaced the entries in P with arbitrary
binary numbers, the last M entries of @ would have been the
same as the construction above. This is not surprising, since the
generator matrix of the seminal polar codes is upper-triangular,
after we apply bit reversal to the columns. This is the second
way of defining the puncturing transform: replace every p with
an arbitrary bit.

Remark 2. Note that u equals the suffix of length M of @i. That
is, for 0 <i < M, u; = fljy)p| = fisn-mM-

III. THE ‘INFERIOR’ AND ‘IMPROVED’ RELATIONS

In this section, we define the ‘inferior’ and ‘improved’
relations between two joint distributions. Throughout, let
A(xg;y0) and B(xy;y;) be joint distributions over X X Yq
and X X Y, respectively. We denote that A is inferior to B by
A C B and that A is improved from B by A J B. In fact, we
only need to specify when A C B holds, since A C B if and
only if B J A.

To define the ‘inferior’ relation, we define two auxiliary
relations between joint distributions.

« Degradation: We say that A is (stochastically) degraded

d
from B, denoted A C B, if there exists a conditional
distribution Q(yp|y) over Yo X Y; such that

A(x03y0) = > B(x0:y1)Q(yoly1)-

Y1

(14)

o Input Permutation: We say that A has undergone an
input permutation, resulting in A’ if there exists a function
f Yo — X such that
A’ (x03y0) = A(xo & f(¥0); yo)- (15)
P
We denote this by A’ T A. Note that, like A, A" is defined
over X X Y.

We now define that A C B if we can identify a finite sequence
of ‘degradation’ and ‘input permutation’ relations that will
lead to A from B. In other words, there exists 0 < ¢t < oo, a
sequence of joint distributions Cy, Cy, ..., C;_1, and a sequence
r,12,...,1, € {d, p} such that

Ir—1 Iy

I 1) I3
ACCiEGELE--- CE C1EB. (16)

Note that, essentially by definition, C is a transitive relation.

A. Order Preservation

For a joint distribution A(xg;yo), we denote by
Z(A),K(A), H(A) the Bhattacharyya parameter Z(Xy|Yy), the
total variation distance K(Xy|Yp), and the conditional entropy
H(Xy|Yy), respectively, where (X, Yy) are distributed accord-

d
ing to A. It is well known that if A C B, then Z(A) > Z(B),
K(A) < K(B), and H(A) > H(B). The following lemma
asserts that these inequalities also hold for C.

Lemma 2. [f AC B, then Z(A) > Z(B), K(A) < K(B), and
H(A) > H(B).

Proof: By definition of C, and since the assertion in the
d
lemma holds when E is replaced by L, it suffices to show that
p
it holds when C is replaced by C. This follows easily. ]

d
It is also well known that both ® and ® preserve C. The
following lemma generalizes this to C.

Lemma 3. Let A’ C A and B’ C B, then
AABBCA®BB and A'®B CA®B.

Proof: See Appendix. ]

The following lemma gives credence to names ‘superb’ and

‘pitiful’ for S and P. Namely, it shows that S is ‘improved’

with respect to all other distributions while P is ‘inferior’ to
all other distributions.

Lemma 4. Let A(xg;yo) be a joint distribution over X X Y.
Then,
PCALCS.

Proof: See Appendix. [ ]

B. The Equivalence Relation and Resulting Simplifications

If AC B and B C A, we denote A = B and call this the
‘equivalence’ relation.

Above, we defined the special distributions S and P. In the
shortened (punctured) transform, these distributions replace the
distribution W (x; y) in the indices 8 (P). Hence, they will take
part in ‘=’ and ‘+ operations (‘®’ and ‘®’). The following
lemma shows that the results of such transforms involving S
and P can be simplified using the equivalence relation.

Lemma 5. Let A and B be joint distributions. The following
table summarizes the results of applying B and ® operations
to combinations of A, B, S, and P, up to equivalence.

& B S P ®| B s P
A|ABB A P A|A®B s A

; . an
S B S P S S S S
P P P P P B S P
Proof: See Appendix. [ ]

Remark 3. Tables (8) and (17) are connected by substitution.
Namely, if in (17) we replace S, P, ®, ® with s, p, @, », then
it is consistent with (8), if we now think of A and B as bits.
Remark 4. The distribution S (P) is consistent with the second
way of defining the shortening (puncturing) transform. Namely,
consider the pair of random vectors X, Y of length M, drawn
i.i.d. according to W(x;y).
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o Shortening: Let X be the random vector defined in the
second way of shortening. By definition, all entries X;
for i € & are 0 with probability 1. Also, since for i € 8
we do not transmit the corresponding symbol over the
channel, ¥; =?. Thus, pairs (X;, ¥;) for i € 8 are distributed
according to S. As a consequence of this and Remark 1,
for0 <i< M,

Z(U;|UNY) = (0,101, Y),
KU U Y) = K(T;|0°°1, Y).

(18)
(19)

o Puncturing: Let X be the random vector defined in the
second way of puncturing. By definition, we do not care
about the value nor the distribution of any entry X; for
i € P. However, we find it useful to set their distribution
to be uniform and i.i.d. Also, since for i € P we do not
transmit the corresponding symbol over the channel, ¥; =?.
Thus, pairs (X;,Y;) for i € P are distributed according
to P. The reason for this choice is that now U(I)V M-l g
independent of the triplet UII\\L » = U, X, and Y. This
follows from the observation at the end of Section II-C.
Thus, for 0 <i < M,

ZWUUNY) = Z(Uien-m |0V M71Y), (20)
KUU™NY) = K(Oian-p|UNM1Y). (21)
IV. MAIN THEOREM

The following theorem is the more general form of The-
orem 1. Indeed, Theorem 1 is a special case of Theorem 6,
where we obtain (2) from (23) by defining W(x;y) as being
over X x {?}.

Theorem 6. Let W(x;y) be a joint distribution over X X Y.
Let X, Y be a pair of random vectors of length M, with each
(X;,Y;) sampled independently from W. Let U of length M be
the result of transforming X via either the shortening transform
or the puncturing transform. Fix 0 < B < 1/2 and € > 0. Then,
there exists My such that for all M > M,

% Hl L Z(UUTY) < 2-M’*}| S1—HXY)—€, (22)

{i  K(UULLY) < 2-M"}| > H(X|Y) — €. (23)

1
3
The proof will be divided into two conceptual stages. In the
first, we limit M to be of a special form. That is, for some
fixed t, M = a-2""", where a € {2!"1 + 1,271 +2,...,2"}.
In the second stage, we show that such a restriction is not
necessary.

The first stage is given in the following lemma.

Lemma 7. Let W(x;y), X, Y, and U be as in Theorem 6.
Fix 0 < B/ < 1/2 and € > 0. Fix integers t > 0 and a €
{201+ 1,217V 4+ 2,...,2!}. There exists ng such that for all
n>ng if M =a-2""", then for N = 2",

% |{z - Z(UAULY) < 2—1"“'}) >1-H(X[Y)—€, (24)

{i KU Y) < 2—1"5'}) > H(X|Y) - €. (25)

1

3l

Observe that in (24) and (25), the inequality is given in
terms of N > M in the exponential, and thus is stronger than
had it been given in terms of M, as is done in Theorem 6.

Proof: The proofs for the shortening case and the punctur-
ing case are similar. We show here in detail the proof for the
shortening case. First, note that n is consistent with the first
equality in (4), and indeed N = 2" as in (3). For 0 <i < N,
define the joint distribution A; as

Wa
A {
S;

Note that by our choice of § in (13) and the special
structure M = a - 2", the vector of joint distributions
[Ao Ay An_ 1] has period 27. Indeed, consider the sub-
vector [Azt‘k Aot pal Azt.k+2t_1], for 0 < k < 27!,
When bit reversing its entries, we get

igs,
i €8.

(w w W s s -+ s|. (26)
a 2t—a
As a consequence, for any by = [by b bi_1] €
{0, 1}, all the entries of
b
[A0 A AN—L]l ]

are equal, i.e., the same joint distribution. Denote this distri-
bution by Qb<,)- Observe from (26) that the mean conditional
entropy of all such Qp, is (a - H(X|Y) + (2" —a) - 0)/2" =
a-27"-H(X|Y)=M/N - -H(X|Y).

We are now in the scenario of identical distributions,
undergoing a seminal polar transform of depth n —¢. Calling
upon standard results in polar codes’, there exists an ng such
that for all n > ng,

N ﬁ//
{i - Z(0;| 01, Y) < 2_(7’) }

>}

7,1

where €’ = €’/2 and B = [% Note that €’ < €' - M/N.

Recall that in the first way of describing the shortening
transform, the last N — M entries of u are all s. Thus, the
joint distributions (U;; U'~!,Y), where M < i < N, are all
equivalent to S, by Remarks 3 and 4. Hence, for M <i < N,
Z(U;|U1,Y) =0 and K(U;|U"1,Y) = 1. Therefore, if we
limit 7 in the braces to 0 < i < M, recall that Y}VV_M =77...2,
and use Remark 1, we obtain

M
>1-—H(X|Y)-€",
N

2z

M
> —H(X|Y) - €,
N

{i (K (U;| 071, Y) < 2‘(2

1 . o 7(&)/;,/
N OS1<MZ(U1|U ,Y)<2 2z
M M "
S 2 _Paxy) -,
N N
l . . 7(&)’8//
ﬁ OS1<MK(U1|U ,Y)<2 2

M
> —H(X|Y) - €.
N

Multiplying both sides by N/M and further requiring that ng
be large enough so that (N/2°)f” > NA’, which is possible as
B’ > B’, completes the proof for the shortening case.

3The inequality on Z is given in [31], while for K we can, for example,
combine [5, Prop. 4] with [32, Lemma 2].
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In the puncturing case, we apply the above mechanics,

extending U and Y to U and Y, respectively. We then need to
consider only the suffix of U, due to Remark 4. [ ]
The following corollary strengthens Lemma 7 by setting a
single ng that holds for all @ € {2/71,2/"1 +1,...,2'}. Here
the range of a is extended to also contain 2/~!. Note that n
and N = 2" are not consistent with (3) and (4) for a =2/~

Corollary 8. Let W(x;y), X, Y, and U be as in Theorem 6. Fix
0<pB <1/2, € >0andt>0. There exists ny such that for
all n > ng, if M =a-2""", where a € {271,271 +1,...,2'},
then for N = 2", (24) and (25) hold.

Proof- For each a € {2!71+1,2071+2,...,2'}, Lerrllma 7
holds for some ng. For the case a = 2!~!, take B’ = % and
use Lemma 7 with ¢ = 1 to show that (24) and (25) hold with

N/2 and B” in place of N and f’, respectively, for some nyg.

Now take the largest ny and further require that it is large
enough so that (N/2)f" > NF'. ]

Proof of Theorem 6: We focus here on the shortening
case. Take €’ = €/2, 8/ = 8 and set ¢ such that 2!~" < ¢’. Let
no be as in Corollary 8. We claim that M = 2. Denote

{M
a=

on—t

[ M —
g_ on—t 4 M_q

Observe that both M and M are of the form a - 2"~" with
ae {271,271 +1,...,2"}. These are the tightest choices of
this form such that N/2 <M <M < M. Moreover, a—a < 1,
yielding M — M < 2"* and M — M <2

We ﬁrst prove (22). For this, we con51der the random vectors
U,U,X,X,Y,Y for our case of interest, i.e., shortening from
length N to length M. We will also consider the corresponding
vectors for the case of shortening the same N to length M,
denoted U, U, X, X, Y, Y.

By Corollary 8, (24) holds for M. Thus,

J’ M=gq-2"",

. 2]1—t

- HX|Y) - €

1 . ,

- {o <i<M:ZWUUY) <27V }
@ 1 ) N M-M
< - {0§i<M:Z(Ui|U'—1,Y) <2—N“} 42

M . . 0 M
® 1 4 N M-M
< — {0§i<M:Z(Ui|U“1,Y) <2—Nﬁ} 4

7 7
(c) 1 . B’ M-M
< Mo<i<m:zwui-',y 2—N} :

—|jo<i<m:zw ) < NP
d 1 . i—1 _NF’ 1-1
SM{0$1<M:Z(Ui|U‘ JY) <2 }+2

1 . ,
(?M {Osi<M:Z(Ui|Ul‘1,Y) < z—N“} +e.

Rearranging and recalling that 8’ = g yields (22). We now
explain inequalities (a)—(e).
o (a): The index set on the right-hand-side is smaller, as

M > M. The contribution of the non-counted indices is
at most M — M.

o (b): We have for 0 <i < M that
ZWULY) = 200 Y)
< Z(U)0NY) = Z(Ui|U L Y),

where the equalities follow from (18) and the inequality
follows from Lemma 2 as the joint distribution of
(U;;U1,Y) is improved from (U;; U™, Y). Indeed, this
latter observation follows from Lemmas 3 and 4.
« (c): This follows from M < M and N/2 < M.

o (d): This is due to M — M < 271 and N = 2",

o (e): We defined ¢ such that 2!~ < €.

We now prove (23). For this, we again consider the
random vectors U, U, X, X, Y, Y for our case of interest, i.e.,
shortening from length N to length M. We further consider
the corresponding vectors for the case of shortening the same
N to length M, denoted U, U X, X Y. Y

By Corollary 8, (25) holds for M Thus

H(X|Y) - €

1 . ,
< fosi<mikwirty <2
@ 1 , . e
< {0sl<44:K(Ui|Ul Y) <2 }
® 1 . ,
< {0si<M:K(Ul-|U"1,Y) < z—N‘*}
11 , i _NF
Y H0§z<M:K(U,~|U Y) <2 }|
MMM
© 1 M-M
%—{0<1<M K(U|U’1Y)<2—N“}+ :
7 7
@ 1 . ’ M-M
< — {0si<M:K(Ui|U“],Y) <2—Nﬁ} 42
M N2
© 1 .
%M lo<i<m: K@Y <2*N’5} 42l
f) 1 .
QM lo<i<m: k@) <2V || +e

Rearranging yields (23). We now explain inequalities (a)—(f).
o (a): We have for 0 <i < M that
KW Y) = K010 Y)
< K07 Y) = K(Ui|U™Y),

where the equalities follow from (19) and the inequality
follows from Lemma 2 as the joint distribution of
(U;; U1, Y) is inferior to U Qi_l, Y). Indeed, this latter
observation follows from Lemmas 3 and 4.

 (b): As M > M, the right-hand-side is the size of a larger

set than the left-hand-side.

o (c): The size of the set is at most M, and M - (1/M -

1/M) = (M~ M)/M.

o (d): This is due to M < N/2.

o (d): This is due to M — M <2"7" and N =2".

o (f): We defined ¢ such that 2!~ < ¢’.

This completes the proof for the shortening case.

The puncturing case uses similar mechanics. The proof
of (22) for puncturing follows along the lines of the proof
of (23) for shortening. The proof of (23) for puncturing follows
along the lines of the proof of (22) for shortening. ]
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