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For a fixed positive integer k and a graph G , let λk(G) denote the k-th largest eigenvalue 
of the adjacency matrix of G . In 2017, Tait and Tobin [24] proved that the maximum λ1(G)

among all outerplanar graphs on n vertices is achieved by the fan graph K1 ∨ Pn−1. In 
this paper, we consider a similar problem of determining the maximum λ2 among all 
connected outerplanar graphs on n vertices. For n even and sufficiently large, we prove 
that the maximum λ2 is uniquely achieved by the graph (K1 ∨ Pn/2−1)−(K1 ∨ Pn/2−1), 
which is obtained by connecting two disjoint copies of (K1 ∨ Pn/2−1) through a new edge 
joining their smallest degree vertices. When n is odd and sufficiently large, the extremal 
graphs are not unique. The extremal graphs are those graphs G that contain a cut vertex 
u such that G \ {u} is isomorphic to 2(K1 ∨ Pn/2−1). We also determine the maximum λ2
among all 2-connected outerplanar graphs and asymptotically determine the maximum of 
λk(G) among all connected outerplanar graphs for any fixed k.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI 
training, and similar technologies.

1. Introduction

Let G = (V (G), E(G)) be a graph on n vertices, with n a positive integer. The adjacency matrix of G is the n × n matrix 
A = (auv)u,v∈V (G) with rows and columns indexed by V (G) where auv = 1 if u ∼ v and auv = 0 otherwise. The eigenvalues
of G are the eigenvalues of its adjacency matrix A. As A is symmetric, these eigenvalues are real, and we label them in 
non-increasing order as λ1 ≥ λ2 ≥ · · · ≥ λn .

The largest eigenvalue λ1 is called the spectral radius of a graph and has been extensively studied (see, for example, the 
older survey of Cvetković and Rowlinson [2] or the more recent monograph by Stanić [22]). More recently, there has been 
much interest in finding the maximum spectral radius over a family of graphs, as such results extend Turán-type results via 
the inequality λ1 ≥ 2m

n , where m is the number of edges in the graph. An archetypal result is the spectral Turán theorem of 
Nikiforov [16,14], which determines the maximum spectral radius of a Kr+1-free graph. The maximum spectral radius has 
also been determined for many other classes of graphs, including outerplanar graphs and planar graphs [24], Ks,t-minor-free 
graphs [17,23,28] and graphs forbidding a cycle or path of some prescribed length [18,4,27,25].

In contrast to the spectral radius, the kth largest eigenvalue of a graph has not been well-studied for k ≥ 3. The second 
largest eigenvalue of a graph has been reasonably well-studied because of its relation to connectivity and expansion proper

* Corresponding author.
E-mail addresses: ghbrooks@email.sc.edu (G. Brooks), meiqi.gu@gmail.com (M. Gu), jahyatt@email.sc.edu (J. Hyatt), wlinz@mailbox.sc.edu (W. Linz), 

lu@math.sc.edu (L. Lu).
1 The author is partially supported by NSF DMS 2038080 grant.
2 The author is partially supported by NSF DMS 2038080 grant through a summer REU program.

https://doi.org/10.1016/j.disc.2025.114416
0012-365X/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies.

https://doi.org/10.1016/j.disc.2025.114416
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/disc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.disc.2025.114416&domain=pdf
mailto:ghbrooks@email.sc.edu
mailto:meiqi.gu@gmail.com
mailto:jahyatt@email.sc.edu
mailto:wlinz@mailbox.sc.edu
mailto:lu@math.sc.edu
https://doi.org/10.1016/j.disc.2025.114416


G. Brooks, M. Gu, J. Hyatt et al. Discrete Mathematics 348 (2025) 114416 

...

Fig. 1. The fan graph K1 ∨ Pn−1. 

... ...

Fig. 2. The graph (K1 ∨ Pq−1)−(K1 ∨ Pq−1). 

ties of graphs (see, for example, the survey of Cvetković and Simić [3] and the book of Stanić [22]). The graphs with largest 
second eigenvalue have been determined for trees [13,21,6] and connected graphs [7,29]. However, there are many classes 
of graphs for which the graph with maximum second largest eigenvalue is unknown, let alone the graph with maximum 
kth largest eigenvalue. Even the graph with maximum kth largest eigenvalue over the family of all graphs on n vertices 
is unknown for any k ≥ 3 [7,15,11]. The tree with maximum kth largest eigenvalue has been determined in a sequence of 
papers [13,26,21,1].

In this paper, we study the second eigenvalue λ2 of connected outerplanar graphs. A graph is outerplanar if it can be 
drawn in the plane without crossing edges such that each of its vertices lies on the outer face. Equivalently, a graph is 
outerplanar if and only if it is K2,3-minor-free and K4-minor-free. Cvetković and Rowlinson [2] conjectured that the fan 
graph K1 ∨ Pn−1 (see Fig. 1) is the outerplanar graph with maximum spectral radius. Work was done on this conjecture 
by Rowlinson [19] and Zhou, Lin and Hu [30]. The conjecture was proved for sufficiently large n by Tait and Tobin [24]. 
Subsequently, the outerplanar graph with maximum spectral radius was determined for all values of n by Lin and Ning [10].

By contrast, not much seems to be known about the middle eigenvalues of outerplanar graphs. Li and Sun [8] have 
studied outerplanar graphs with small λ2, but the kth largest eigenvalues of outerplanar graphs with k ≥ 2 have not been 
previously studied.

For a fixed k, we dfine λk,max(n), or λk,max for short, to be the maximum kth eigenvalue among all connected outerplanar 
graphs on n vertices. We have the following general theorem, which determines λk,max(n) up to the second order.

Theorem 1. For any fixed integer k ≥ 2, we have

λk,max(n) = √
n/k + 1 + O

(
1 √
n

)
.

Moreover, any outerplanar graph G on n vertices with λk(G) = λk,max(n) contains exactly k vertices of degree nk ± O (1).

Conjecture 1. Suppose n = kq + 1. We conjecture that for a fixed k and sufficiently large n,

λk,max(n) = λ1(K1 ∨ Pq−1).

Moreover, any extremal graph G on n vertices with λk(G) = λk,max(n) has the following structure: there exists a cut vertex u such that 
deleting u from G results in k copies of K1 ∨ Pq−1 .

We further determine the extremal connected outerplanar graphs which achieve λ2,max .

Theorem 2. For n even and sufficiently large, among all connected outerplanar graphs on n = 2q vertices, the graph maximizing λ2 is 
unique and isomorphic to the graph in Fig. 2, denoted by (K1 ∨ Pq−1)−(K1 ∨ Pq−1), which is constructed by gluing two disjoint copies 
of the fan graph K1 ∨ Pq−1 via an edge connecting vertices of smallest degree. 

Corollary 1. For n = 2q even and sufficiently large, among all (not necessarily connected) outerplanar graphs on n vertices, the maxi
mum λ2 is uniquely achieved by 2(K1 ∨ Pq−1).

Remark 1. For n = 12, λ2,max is not achieved by (K1 ∨ P5)−(K1 ∨ P5). Instead, it is achieved by the graph in Fig. 3. We 
further conjecture that for all even n ≥ 14, the connected outerplanar graph maximizing λ2 is unique and isomorphic to the 
graph (K1 ∨ Pq−1)−(K1 ∨ Pq−1), where n = 2q.

As some evidence for this conjecture, note that deleting the bridge in the graph in Fig. 3 leaves two copies of the 
outerplanar graph on 6 vertices with maximum spectral radius, whereas Lin and Ning [10] showed that the outerplanar 
graph with maximum spectral radius on n vertices for any n ≥ 7 is K1 ∨ Pn−1.
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Fig. 3. The outerplanar graph on 12 vertices with maximum λ2. 

...

...

Fig. 4. The graph (K1 ∨ P� n 
2 	−1) 
 (K1 ∨ P� n 

2 �−1). 

Theorem 3. For n odd and sufficiently large, among all connected outerplanar graphs on n = 2q+1 vertices, the graphs G maximizing 
λ2 have the following structure: G has a unique cut vertex u and G \ {u} consists of two disjoint copies of the fan graph K1 ∨ Pq−1 . 
Moreover, for all of these graphs G, λ2(G) = λ1(K1 ∨ Pq−1).

Note that the graphs in Theorem 3 also maximize λ2 over all (not necessarily connected) outerplanar graphs on n =
2q + 1 vertices, with n sufficiently large. The extremal graphs G have the same structure, but do not need to be connected.

We also determine the maximum λ2 among all 2-connected outerplanar graphs on n vertices.

Theorem 4. Among all 2-connected outerplanar graphs on n vertices, for n sufficiently large, the maximum λ2 is obtained by the graph 
in Fig. 4, denoted by (K1 ∨ P� n 

2 	−1) 
 (K1 ∨ P� n 
2 �−1), which is constructed by gluing a fan graph K1 ∨ P� n 

2 	−1 and another fan graph 
K1 ∨ P� n 

2 �−1 by connecting the first vertex on the path P� n 
2 	−1 to the second vertex on the path P� n 

2 �−1 , and the second vertex on the 
path P� n 

2 	−1 to the first vertex on the path P� n 
2 �−1 . 

The paper is organized as follows. In Section 2, we give necessary definitions and lemmas. In Section 3, we study the 
coarse structure of the outerplanar graphs which have the maximum λk and prove Theorem 1. In Section 4, we give the 
proofs of Theorems 2 and 3. In Section 5, we prove Theorem 4. We conclude in Section 6 with remarks and open problems.

2. Notation and lemmas

For a given graph G = (V , E), the neighborhood of a vertex v ∈ V , denoted N(v), is the set of all vertices adjacent to v . 
The closed neighborhood of a vertex v ∈ V , denoted N[v], is the set N(v) ∪ {v}. The degree of a vertex v ∈ V , denoted dv , 
is |N(v)|. If G ′ is a subgraph of G , then dG ′

v is the degree of a vertex v ∈ V in the subgraph G ′ . We use the notation G[U ]
for the induced subgraph of G on the vertex set U ⊂ V . If A, B ⊂ V and A ∩ B = ∅, then E(A, B) is the set of edges in E
with one vertex in A and one vertex in B . A walk in a graph G is a sequence of vertices v0v1 . . . vk where vi vi+1 ∈ E for all 
0 ≤ i ≤ k − 1. A path in a graph G is a walk where the vertices are distinct. A linear forest is a disjoint union of paths. The 
path graph Pn = (V , E) is dfined by V = {v0, v1, . . . vn−1} and E = {vi vi+1 : 0 ≤ i ≤ n − 2}.

Let us go over some important tools from linear algebra (see [20] for additional background on matrix theory). Assume 
A is a n × n real symmetric matrix (or Hermitian matrix in general). Then the eigenvalues of A are all real, and we may 
label them in non-increasing order as

λ1 ≥ λ2 ≥ · · · ≥ λn.

Recall that a sequence μ1 ≥ · · · ≥ μm is said to interlace a sequence λ1 ≥ · · · ≥ λn with m < n when λi ≥ μi ≥ λn−m+i
for i = 1, . . . ,m. A corollary of Cauchy’s Interlacing Theorem states that if B is a principal submatrix of a symmetric matrix 
A, then the eigenvalues of B interlace the eigenvalues of A [5]. In particular, the eigenvalues of a proper induced subgraph 
H of G interlace the eigenvalues of G . Throughout this paper, we use z for an eigenvector corresponding to λ1 and x for an 
eigenvector corresponding to λ2.

Tait and Tobin [24] proved that for sufficiently large n, the maximum spectral radius of an outerplanar graph is uniquely 
achieved by the fan graph K1 ∨ Pn−1. Thus, we have

λ1,max = λ1(K1 ∨ Pn−1).

3 
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We need an estimate for the size of the largest eigenvalue λ1 of the fan graph K1 ∨ Pn−1. We use a series expansion 
proven in [9].

Lemma 1. For a positive integer n, let G be the graph K1 ∨ Pn−1 . The largest eigenvalue λ1 of G satifies

λ1 = √
n − 1+ 1+ 1 

2
√
n − 1

− 1 
n − 1

− 1 
8(n − 1)3/2

− 7 
16(n − 1)5/2

+ O

(
1 

(n − 1)3

)
. (1)

Proof. From [9], λ1 satifies the following equation.

λ2
1 = (n − 1) + 2n − 4

λ1
+ 4n − 10

λ2
1

+ 8n − 24

λ3
1

+ 16n − 54

λ4
1

+ 32n − 120

λ5
1

+ 64n − 260

λ6
1

+ O

(
n 
λ7
1

)
.

Expanding the largest root of the equation above into a series in terms of n − 1, we get equation (1). �
Lemma 2. Let G be the graph (K1 ∨ Pq−1)−(K1 ∨ Pq−1). The second largest eigenvalue λ2 of G satifies the series expansion

λ2 = √
q − 1+ 1+ 1 

2
√
q − 1

− 3 
2(q − 1)

+ 7 
8(q − 1)3/2

− 2 
(q − 1)2

+ O

(
1 

(q − 1)5/2

)
.

Proof. Let n be the total number of vertices in G , so that n = 2q. We assume n (and q) are sufficiently large. Let u1 and 
u2 be the two largest degree vertices in G . We first show that λ2 is a simple eigenvalue. By Cauchy’s Interlacing Theorem, 
λ2(G) ≥ λ2((K1 ∨ Pq−1)∪ (K1 ∨ Pq−2)) = λ1(K1 ∨ Pq−2) = √

q − 2+1+ O
(

1 √
q

)
. On the other hand, we also have by Cauchy’s 

Interlacing Theorem that λ3(G) ≤ λ1(G \ {u1,u2}) = λ1(P2q−2) < 2, so λ2 is simple. Let z and x be the simple eigenvectors 
associated with λ1 and λ2, respectively. By the Perron-Frobenius Theorem, z is strictly positive. Furthermore, since A(G)

is real symmetric, 〈x, z〉 = 0. We show xu1 = −xu2 . Assume for a contradiction that xu1 > −xu2 . Since λ2 > 0, we have 
λ2(xu1 + xu2 ) > 0, which implies∑

u∈N(u1)

xu +
∑

u∈N(u2)

xu > 0.

Therefore,∑
u∈V (G)

xu > 0.

However,

〈x, z〉 ≥ zmin

∑
u∈V (G)

xu > 0,

which contradicts the fact that 〈x, z〉 = 0. A similar argument yields a contradiction when xu1 < −xu2 . We conclude that 
xu1 = −xu2 . We may assume without loss of generality that xu1 = 1 and xu2 = −1.

Let P be the path on 2q − 2 vertices obtained after deleting the two large degree vertices, and let Ap be the adjacency 
matrix of P . Let y be the restriction of the eigenvector x on the path P . Let β be a (2q − 2)-dimensional column vector 
with entries equal to 1 on vertices in N(u1) and equal to −1 on vertices in N(u2). The eigen-equation gives

y = (λ2 I − Ap)
−1β

= 1 
λ2

(I − λ−1
2 Ap)

−1β

= 1 
λ2

∞ ∑
i=0 

λ−i
2 Ai

pβ

=
∞ ∑
i=0 

λ
−(i+1)
2 Ai

pβ.

This series converges because λ2 > 2 > λ1(Ap). Since λ2(1) = ∑
i∈N(u1)

xi and λ2(−1) = ∑
i∈N(u2)

xi , we know that 2λ2 =
βT y. Therefore,

λ2 = 1

2

∞ ∑
i=0 

λ
−(i+1)
2 βT Ai

pβ. (2)

4 



G. Brooks, M. Gu, J. Hyatt et al. Discrete Mathematics 348 (2025) 114416 

When i = 0, we get

βTβ = 2q − 2.

When i = 1, we get

βT Apβ = 2(2q − 2) − 2(2) − 2(1) = 4q − 10.

When i = 2, we get

βT A2
pβ = 4(2q − 2) − 6(2) − 2(1) = 8q − 22.

Similarly, for 3 ≤ i ≤ 5, we obtain

βT A3
pβ = 16q − 56,

βT A4
pβ = 32q − 118,

βT A5
pβ = 64q − 272.

After multiplying both sides of (2) by λ2 and simplifying, we obtain that λ2 is a root of the equation,

λ2
2 = (q − 1) + 2q − 5

λ2
+ 4q − 11

λ2
2

+ 8q − 28

λ3
2

+ 16q − 59

λ4
2

+ 32q − 136

λ5
2

+ O

(
q 
λ6
2

)
. (3)

Using SageMath, we get the following series expansion for λ2,

λ2 = √
q − 1+ 1+ 1 

2
√
q − 1

− 3 
2(q − 1)

+ 7 
8(q − 1)3/2

− 2 
(q − 1)2

+ O

(
1 

(q − 1)5/2

)
. �

Corollary 2. Let q = � n 
2 	. Then we have

λ2,max ≥ √
q − 1+ 1+ 1 

2
√
q − 1

+ O

(
1 

q − 1

)
.

For any fixed k ≥ 3, we get a slightly worse lower bound.

Corollary 3. For any fixed n ≥ k ≥ 2, let q = �n−1
k 	. Then we have

λk,max ≥ √
q − 1+ 1+ 1 

2
√
q − 1

+ O

(
1 

q − 1

)
.

Proof. Write n = kq+ r for 1 ≤ r ≤ k. Let H be a disjoint union of r − 1 copies of K1 ∨ Pq and k− r + 1 copies of K1 ∨ Pq−1. 
Add a new vertex u to H and for each connected component of H select one vertex and connect it to u. Clearly G is an 
outerplanar graph. The number of vertices in G is given by

(r − 1)(q + 1) + (k − r + 1)q + 1 = kq + r = n.

By Cauchy’s Interlacing Theorem, we have

λk,max ≥ λk(G) ≥ λk(H).

Since H is the disjoint union of k many fan graphs, λk(H) is equal to the first eigenvalue of its smallest component. We 
have

λk,max ≥ λk(H)

≥ λ1(K1 ∨ Pq−1)

= √
q − 1+ 1+ 1 

2
√
q − 1

+ O

(
1 

q − 1

)
.

Here we apply Lemma 1. �
5 
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Lemma 3. For any outerplanar graph G, let hi(u, v) denote the number of (u, v)-paths of length i. Then for all u, v ∈ V (G) we have

h2(u, v) ≤ 2,

h3(u, v) ≤ 8,

h4(u, v) ≤ 98.

The bounds on h3(u, v) and h4(u, v) in Lemma 3 are certainly not tight, but we use them as we only need that h3(u, v)

and h4(u, v) are bounded by a constant independent of the number of vertices n.

Proof. Let G be an outerplanar graph and u, v ∈ V (G). Since G is K2,3-minor-free, there cannot be three or more internally 
disjoint (u, v)-paths in G . This proves h2(u, v) ≤ 2. Let ui jv be a (u, v)-path of length 3. There can be at most one other 
(u, v)-path of length 3 which is internally disjoint from ui jv , as otherwise G would contain a K2,3-minor. Every other 
(u, v)-path of length 3 contains either i or j. Since G does not contain a K2,3, there are at most one other path of the 
form ui � v (here � can be any vertex); at most two paths of the form u j � v; at most two paths of the form u � iv; and at 
most one other path of the form u � jv . This gives h3(u, v) ≤ 1 + 1 + 1 + 2 + 2 + 1 = 8. Now, let uabcv be a (u, v)-path of 
length 4. There is at most one (u, v)-path of length 4 which is internally disjoint from uabcv , as then G would contain a 
K2,3-minor. Using the fact that G does not contain a K2,3, we now observe that: there are at most 8 (u, v)-paths of length 
4 of the form ua � �v (and similarly for ub � �v , uc � �v , u � �av , u � �bv and u � �cv); at most 4 paths of the form u � a � v
(and similarly for u � b � v and u � c � v); and at most 2 paths for each of the 18 possibilities with two of a, b, and c on the 
path. This gives h4(u, v) ≤ 1+ 1+ 8(6) + 4(3) + 2(18) = 98. �
3. Proof of Theorem 1

Let G be a connected outerplanar graph on n vertices with kth largest eigenvalue equal to λk,max . We denote the adja
cency matrix of G by A(G). The aim of this section is to prove Theorem 1.

Lemma 4. Suppose G is an outerplanar graph on n vertices with maximum degree �. Then we have

� ≥ λ2
1 − 4(2n − 3)

λ1
.

Proof. Let z be an eigenvector corresponding to λ1. Without loss of generality, we normalize z such that ‖z‖∞ = 1. Let 
u0 ∈ V (G) be such that zu0 = 1. For any vertex u, we have

λ1zu =
∑

v∈N(u)

zv ≤ du .

Since any outerplanar graph on n vertices has at most 2n − 3 edges, it follows by summing over all vertices u ∈ V (G) that

λ1

∑
u∈V (G)

zu ≤
∑

u∈V (G)

du ≤ 2(2n − 3).

This implies

∑
u∈V (G)

zu ≤ 2(2n − 3)

λ1
.

We observe,

λ2
1 = λ2

1zu0

=
∑

v∈N(u0)

λ1zv

=
∑

v∈N(u0)

∑
w∈N(v)

zw

= du0 +
∑

w∈V \{u0}
zw |N(w) ∩ N(u0)|.

Since G is K2,3-free, we have |N(w) ∩ N(u0)| ≤ 2. Therefore,

6 
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� ≥ du0

= λ2
1 −

∑
w∈V \{u0}

zw |N(w) ∩ N(u0)|

≥ λ2
1 − 2

∑
u∈V (G)

zu

≥ λ2
1 − 4(2n − 3)

λ1
. �

Lemma 5. There exist k vertices u1, . . . ,uk such that for 1 ≤ i ≤ k,

dui ≥ n

k 
− O (

√
n).

Proof. We will find large degree vertices u1,u2, . . . ,uk in sequence.
Since λ1(G) ≥ λk(G) ≥ √

n/k + 1+ O ( 1 √
n
), we have

�(G) ≥ λ2
1 − 4(2n − 3)

λ1
≥ n

k 
− O (

√
n).

Let u1 be the vertex with the largest degree in G . Now let G1 = G − {u1}. By Cauchy’s Interlacing Theorem, we have 
λ1(G1) ≥ λ2(G) ≥ λk(G) ≥ √

n/k + 1 + O ( 1 √
n
). Repeat this argument with G1. Let u2 be the vertex with the largest degree 

in G1. We have

�(G1) ≥ λ2
1(G1) − 4(2n − 3)

λ1(G1) 
≥ n

k 
− O (

√
n).

In general, assume we have already found vertices u1,u2, . . . ,ui , for some i < k. Consider Gi = G \ {u1,u2, . . . ,ui}. We 
have λ1(Gi) ≥ λi+1(G) ≥ λk(G) ≥ √

n/k + 1+ O ( 1 √
n
). Thus, there is a vertex ui+1 with degree

dui+1 = �(Gi) ≥ λ2
1(Gi) − 4(2n − 3)

λ1(Gi) 
≥ n

k 
− O (

√
n). �

Let U = {u1,u2, . . . ,uk} be the set of vertices in G with degree at least nk − O (
√
n). We will show that all other vertices 

not in U have small degree in G .

Lemma 6. For any other vertex u �∈ {u1, . . . ,uk}, we have

du = O (
√
n).

Proof. First we show that the union of the neighbors of u1, . . . ,uk covers almost all vertices in G . We have∣∣∣∣∣
k ⋃

i=1 
N(ui)

∣∣∣∣∣ ≥
k ∑

i=1 
|N(ui)| −

∑
1≤i< j≤k

|N(ui) ∩ N(u j)|

≥
k ∑

i=1 
dui − 2

(
k 
2

)

≥ n − O (
√
n).

This implies∣∣∣∣∣
k ⋂

i=1 
N(ui)

∣∣∣∣∣ = O (
√
n).

For any u �∈ {u1, . . . ,uk}, u can have at most 2 neighbors in N(ui). Thus,

du ≤ 2k +
∣∣∣∣∣

k ⋂
i=1 

N(ui)

∣∣∣∣∣ = O (
√
n). �

7 
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For 1 ≤ i ≤ k, let d̃ui be the number of neighbors of ui in V (G) \ U , i.e.,

d̃ui = |N(ui) \ U | .

Lemma 7. For sufficiently large n and any u ∈ U , we have d̃u ≥ n
k − O (1).

Proof. Without loss of generality, we assume that

d̃u1 ≥ d̃u2 ≥ · · · ≥ d̃uk .

Let G ′ = G \ {u1, . . . ,uk−1}. Then dG ′
uk

= d̃uk . In particular, G ′ has one unique vertex uk with degree at least nk − O (
√
n) while 

all other vertices have degree at most O (
√
n). By Cauchy’s Interlacing Theorem, we have

λ1(G
′) ≥ λk(G) ≥

√
n

k 
+ 1+ O

(
1 √
n

)
.

For the rest of the proof, all notation is relative to G ′ unless stated otherwise. Let z be an eigenvector corresponding to 
λ1 for G ′ , which is normalized such that ‖z‖∞ = zu′ = 1 for some vertex u′ . For any u ∈ V (G ′) \ {uk}, we have

(λ2
1 − du)zu =

∑
w∈V \{u}

zw |N(w) ∩ N(u)|

≤ 2
∑

w∈V \{u}
zw

≤ 4(|E(G ′)|)
λ1

.

Since du = O (
√
n), we have

zu ≤ 4|E(G ′)| 
λ1(λ

2
1 − du)

= O

(
1 √
n

)
. (4)

Thus, u′ = uk . Now,

λ2
1 − duk = (λ2

1 − duk )zuk =
∑

w∈V \{uk}
zw |N(w) ∩ N(uk)|.

Multiplying by λ1 on both sides, we have

λ1(λ
2
1 − duk ) =

∑
w∈V \{uk}

λ1zw |N(w) ∩ N(uk)|

= 2t3(uk) +
∑

v∈N(uk)

zv(dv − 1) +
∑

y∈V \{uk}
zyh3(uk, y). (5)

Here t3(uk) is the number of triangles containing uk , while h3(uk, y) denotes the number of (uk, y)-paths of length 3. We 
have

2t3(uk) ≤ 2(duk − 1).

By Lemma 3, we have

h3(uk, y) ≤ 8.

Since zu = O ( 1 √
n
) for all u ∈ V (G ′) \ {uk}, we have

∑
v∈N(uk)

zvdv ≤ O

(
1 √
n

) ∑
v �=uk

dv

≤ O

(
1 √
n

)
2|E(G ′)|

= O (
√
n),

and

8 
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∑
y∈V \{uk}

zyh3(uk, y) ≤ 8
∑
y 

zy ≤ O (
√
n).

Plugging into inequality (5), we have

λ1(λ
2
1 − duk ) ≤ 2duk + O (

√
n). (6)

Therefore,

duk ≥ λ3
1 − O (

√
n)

λ1 + 2 

= (λ1 − 1)2 − O (1)

≥ n

k 
− O (1).

Thus, we proved duk ≥ n
k − O (1). By the construction of G ′ , we conclude that the k largest degree vertices each have degree 

at least nk − O (1). Consequently, all vertices except for these k vertices have degree O (1). �
Proof of Theorem 1. Rename the vertices u1, . . . ,uk such that

du1 ≥ du2 ≥ · · · ≥ duk .

We have

duk ≤ 1

k 

k ∑
i=1 

|N(ui)|

≤ 1

k 

⎛
⎝

∣∣∣∣∣
n ⋃

i=1 
N(ui)

∣∣∣∣∣ +
∑

1≤i< j≤k

∣∣N(ui) ∩ N(u j)
∣∣
⎞
⎠

≤ 1

k 
(n + k2 − k).

This implies

dG
′

uk
≤ duk ≤ n

k 
+ k − 1.

From inequality (6), we have

λ1(G
′)2 ≤ dG

′
uk

+ 2dG
′

uk
+ O (

√
n)

λ1

≤ n

k 
+ k − 1+ 2

√
n

k 
+ O (1)

= n

k 
+ 2

√
n

k 
+ O (1).

This implies

λ1(G
′) ≤

√
n

k 
+ 2

√
n

k 
+ O (1) = √

n/k + 1+ O

(
1 √
n

)
.

By Cauchy’s Interlacing Theorem, we have

λk(G) ≤ λ1(G
′) ≤ √

n/k + 1+ O

(
1 √
n

)
.

This matches the lower bound in Corollary 3 asymptotically. �
The following lemma will be useful in determining the extremal graphs for small k. 

9 
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Lemma 8. 

1. For k ≥ 3, sufficiently large n, and any u ∈ U , we have

d̃u ≥
⌊
n − 1

k 

⌋
− 1.

2. For k = 2, sufficiently large n, and any u ∈ U , we have

d̃u ≥
⌊n

k 

⌋
− 1.

Proof. Let q = �n−1
k 	 when k ≥ 3 and q = �n

k 	 when k = 2. Without loss of generality, we assume that

d̃u1 ≥ d̃u2 ≥ · · · ≥ d̃uk .

Let G ′ = G \ {u1, . . . ,uk−1}. Then dG ′
uk

= d̃uk . All notation below is related to the graph G ′ if not specfied. From equation (5), 
we have

λ1(λ
2
1 − duk ) = 2t3(uk) +

∑
v∈N(uk)

zv(dv − 1) +
∑

x∈V \{uk}
zxh3(uk, x).

Thus, we have

λ2
1(λ

2
1 − duk ) = 2t3(uk)λ1 +

∑
v∈N(uk)

λ1zv(dv − 1) +
∑

x∈V \{uk}
λ1zxh3(uk, x)

= 2t3(uk)λ1 +
∑

v∈N(uk)

∑
x∈N(v)

zx(dv − 1) +
∑

x∈V \{uk}

∑
w∈N(x)

zwh3(uk, x)

= 2t3(uk)λ1 +
∑

v∈N(uk)

(dv − 1) +
∑

v∈N(uk),x∈N(v)\{uk}
zx(dv − 1) + 2c4(uk) +

∑
w �=uk

zwh4(uk, w)

+
∑

v∈N(uk)

2zvt3(v) +
∑
x�=uk

zxh2(uk, x)(dx − 1).

Since for any v �= uk , dv = O (1) and hi(uk, v) = O (1) for 2 ≤ i ≤ 4 by Lemma 3, we have the following estimates for the 
lower order terms by (4):∑

v∈N(uk),x∈N(v)−uk

zx(dv − 1) = O

(∑
x 

zx

)
= O (

√
n).

∑
w �=uk

zwh4(uk, w) = O

(∑
w 

zw

)
= O (

√
n).

∑
v∈N(uk)

2zvt3(v) = O

(∑
v 

zv

)
= O (

√
n).

∑
x�=uk

zxh2(uk, x)(dx − 1) = O

(∑
x 

zx

)
= O (

√
n).

We also use the following two estimates for the terms t3(uk) and c4(uk).

2t3(uk) ≤ 2duk − 2,

2c4(uk) ≤ 2duk + O (1).

The estimate for t3(uk) follows from the fact that N(uk) is a linear forest. For the c4(uk) estimate, there are two types 
of 4-cycles containing uk , those whose vertices are all in N(uk) and those having one vertex not in N(uk). The first type 
contributes 2duk + O (1) to 2c4(uk) since N(uk) is a linear forest. The second contributes O (1). To see this, consider

E(V (G ′) \ N(uk),N(uk)) ≤
k−1 ∑
j=1 

E(N(u j),N(uk)) + E(V (G ′) \ ∪k−1
j=1N(u j),N(uk))

≤ 3(k − 1) + 2|V (G) \ ∪k
j=1N(u j)|

= O (1).

10 
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Now, ∑
v∈N(uk)

(dv − 1) + 2c4(uk) ≤
∑

v∈N(uk)

(dv − 1) + 2duk + O (1).

≤ 2|E(G ′[N(uk) ∪ {uk}])| + O (1)

≤ 4duk + O (1).

Putting everything together, we have

λ2
1(λ

2
1 − duk ) ≤ λ1(2duk − 2) + 4duk + O (

√
n),

and so,

duk ≥ λ4
1 + 2λ1 + O (

√
n)

λ2
1 + 2λ1 + 4 

= λ2
1 − 2λ1 − O

(
1 √
n

)

= (λ1 − 1)2 − 1− O

(
1 √
n

)

≥
(√

q − 1+ 1 
2
√
q − 1

+ O

(
1 

(q − 1)

))2

− 1− O

(
1 √
n

)

= q − 1− O

(
1 √
q − 1

)
− O

(
1 √
n

)
.

Here we applied the lower bound of λk as in Corollary 2 or 3. Since duk is an integer, we have

duk ≥ q − 1.

Hence,

d̃u1 ≥ d̃u2 ≥ · · · ≥ d̃uk ≥ q − 1. �
4. Outerplanar graphs with maximum λ2: the exact result

Let G be a connected outerplanar graph on n vertices that maximizes λ2. Let x = (x1, x2, . . . , xn) be the eigenvector 
for λ2 (note that λ2 is a simple eigenvalue because, by Theorem 1, λ2 = √

n/2 + 1 + O (1/
√
n), while in the graph G , 

λ3 ≤ √
n/3 + 1 + O (1/

√
n)). By Lemma 8, G contains exactly two vertices, say u1 and u2, with degree at least � n 

2 	 − 1. 
Since G is outerplanar, |N(u1) ∩ N(u2)| ≤ 2. This implies that there are at most O (1) vertices not in N(u1) ∪ N(u2). Thus, 
all vertices other than u1 and u2 have degree O (1). Let V+ = {v ∈ V (G) : xv > 0}, V 0 = {v ∈ V (G) : xv = 0}, and V− =
{v ∈ V (G) : xv < 0}. For any vertex set S , the volume of S , denoted by Vol(S), is dfined as 

∑
v∈S |xv |. For any vertex 

v , dfine N+(v) = N(v) ∩ V+ , d+
v = |N+(v)|, N−(v) = N(v) ∩ V− and d−

v = |N−(v)|. Let x+
max = max{xv : v ∈ V+} and 

x−
min = min{xv : v ∈ V−}.

We now give bounds on Vol(V+) and Vol(V−) and also show that x+
max and x−

min are achieved at u1 and u2.

Lemma 9. We have

1. For any v ∈ V+ , λ2xv ≤ d+
v |x+

max|.
2. For any v ∈ V− , λ2|xv | ≤ d−

v |x−
min|.

3. Vol(V+) = O (
√
n)x+

max and Vol(V−) = O (
√
n)|x−

min|.
4. x+

max and x
−
min are achieved at u1 and u2 .

Proof. For any vertex v ∈ V+ , we have

λ2xv =
∑

u∈N(v)

xu ≤
∑

u∈N+(v)

xu ≤ d+
v x

+
max.

By symmetry, we have for any v ∈ V− , λ2|xv | ≤ d−
v |x−

min|.

11 
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Since any outerplanar graph on n vertices has at most 2n − 3 edges, it follows by summing over all vertices v ∈ V+ that

λ2Vol(V
+) = λ2

∑
v∈V+

xv ≤ x+
max

∑
v∈V+

dv ≤ 2(2n − 3)x+
max.

This implies

Vol(V+) ≤ 2(2n − 3)

λ2
x+
max = O

(√
n
)
x+
max.

A similar argument implies that

Vol(V−) = O
(√

n
) |x−

min|.
Assume x+

max is achieved at some vertex u0. We have

λ2
2xu0 ≤

∑
v∈N+(u0)

λ2xv

≤
∑

v∈N+(u0)

∑
w∈N+(v)

xw

= d+
u0
xu0 +

∑
w∈V+\{u0}

xw |N+(w) ∩ N+(u0)|. (7)

Since G is K2,3-free, we have |N(w) ∩ N(u0)| ≤ 2. Therefore,

d+
u0
xu0 = λ2

2xu0 −
∑

w∈V+\{u0}
xw |N+(w) ∩ N+(u0)|

≥ λ2
2xu0 − 2

∑
u∈V+

|xu |

≥ λ2
2xu0 − 4(2n − 3)

λ2
xu0 .

Therefore,

d+
u0

≥ λ2
2 − 4(2n − 3)

λ2
= n 

2
− O (

√
n),

which implies that u0 must be one of the vertices u1 and u2. A similar argument shows that x−
min is achieved at either u1

or u2. �
Lemma 10. We have u1u2 / ∈ E(G).

Proof. We assume for a contradiction that u1u2 ∈ E(G). Without loss of generality, we assume that xu1 = 1 and |xu2 | ≥ |xu1 |. 
By the fourth claim in Lemma 9, xu2 is negative, so

λ2xu1 ≤
∑

v∈N+(u1)

xv − |xu2 |.

Multiplying by λ2 and using the same steps as in equation (7), we have

(λ2
2 − d+

u1
) ≤

∑
v∈V+

xvh2(u1, v) − λ2|xu2 |.

Multiplying by λ2 again, we obtain

λ2(λ
2
2 − d+

u1
) ≤ 2t+3 (u1) +

∑
v∈N+(u1)

xv(dv − 1) +
∑

w∈V+
xwh2(u1, w) − λ2

2,

where t+3 (u1) is the number of triangles containing u1 with all vertices in the triangle in V + . Therefore,

λ2(λ
2
2 − d+

u1
) ≤ 2d+

u1
− λ2

2 + O (
√
n),

as 
∑

v∈N+(u1)
xv(dv − 1) = O (

√
n) and 

∑
w∈V+ xwh2(u1, w) = O (

√
n). Rearranging the inequality, we obtain

12 
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(λ2 + 2)d+
u1

≥ λ3
2 + λ2

2 − O (
√
n),

and so,

d+
u1

≥ λ3
2 + λ2

2

λ2 + 2 
− O (1)

= λ2
2 − λ2 − O (1)

=
(√

q − 1+ 1+ O

(
1 √
q − 1

))2

− √
q − 1− O (1)

= q − 1+ √
q − 1− O (1),

which is a contradiction to the fact that d+
u1

≤ du1 = q − 1+ O (1). �
Let P be the induced subgraph obtained from G after deleting u1 and u2. Let x be the eigenvector of G corresponding 

to λ2. Let AP be the adjacency matrix of P . Let y be the restriction of x on the vertex set of P . Dfine (n − 2)-dimensional 
column vectors β1, β2, γ1, and γ2, indexed by the vertices of P , as follows:

β1(v) =
{
xu1 if v ∈ N(u1),

0 otherwise.
(8)

β2(v) =
{
xu2 if v ∈ N(u2),

0 otherwise.
(9)

γ1(v) =
{

1 
xu1

if v ∈ N(u1),

0 otherwise.
(10)

γ2(v) =
{

1 
xu2

if v ∈ N(u2),

0 otherwise.
(11)

Let β = β1 + β2 and γ = γ1 + γ2, so that

β(v) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
xu1 if v ∈ N(u1) \ N(u2),

xu2 if v ∈ N(u2) \ N(u1),

xu1 + xu2 if v ∈ N(u1) ∩ N(u2),

0 otherwise.

(12)

γ (v) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 
xu1

if v ∈ N(u1) \ N(u2),

1 
xu2

if v ∈ N(u2) \ N(u1),

1 
xu1

+ 1 
xu2

if v ∈ N(u1) ∩ N(u2),

0 otherwise.

(13)

From the eigen-equation for λ2, we have

λ2y = APy+ β.

Note that λ2 is not an eigenvalue of AP , as λ2 = √
n/2+ 1+ O (1/

√
n), while λ1(AP ) ≤ �(P ) = O (1). Therefore, we have

y = (λ2 I − AP )−1β

= 1 
λ2

(I − λ−1
2 AP )−1β

= 1 
λ2

∞ ∑
i=0 

λ−i
2 Ai

Pβ

=
∞ ∑
i=0 

λ
−(i+1)
2 Ai

Pβ.

Also, by the eigen-equation, we have

13 
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λ2 = x−1
u1

∑
v∈N(u1)

xv = γ T
1 y,

λ2 = x−1
u2

∑
v∈N(u2)

xv = γ T
2 y.

Therefore,

λ2
2 =

∞ ∑
i=0 

λ−i
2 γ T

1 Ai
Pβ, (14)

λ2
2 =

∞ ∑
i=0 

λ−i
2 γ T

2 Ai
Pβ. (15)

Taking the average, we get

λ2
2 = 1

2

∞ ∑
i=0 

λ−i
2 γ T Ai

Pβ. (16)

For i = 0,1,2, . . ., let ai = 1
2γ

T Ai
Pβ . For any two vertices u and v (with u = v allowed), let wi(u, v) denote the number 

of (u, v)-walks of length i. Then we have

γ T Ai
Pβ =

∑
(u,v)∈N(u1)2

wi(u, v) +
∑

(u,v)∈N(u2)
2

wi(u, v) +
∑

(u,v)∈N(u1)×N(u2)

wi(u, v)

(
xu2

xu1

+ xu1

xu2

)
. (17)

Since xu1 and xu2 have opposite signs, we have
xu2

xu1

+ xu1

xu2

≤ −2.

Thus, we have

ai ≤ 1

2

∑
(u,v)∈N(u1)2

wi(u, v) + 1

2

∑
(u,v)∈N(u2)

2

wi(u, v) −
∑

(u,v)∈N(u1)×N(u2)

wi(u, v). (18)

In particular,

a0 = 1

2

(
du1 + du2 + |N(u1) ∩ N(u2)|

(
xu2

xu1

+ xu1

xu2

))

≤ 1

2

(
du1 + du2 − 2|N(u1) ∩ N(u2)|

)
= 1

2
|N(u1)�N(u2)|. (19)

Lemma 11. Consider the equation

λ2 = a0 +
∞ ∑
i=1 

ai
λi

.

The largest root λ1 has the following series expansion:

λ1 = √
a0 + c1 + c2√

a0
+ c3

a0
+ c4

a
3
2
0

+ O
(
a−2
0

)
.

Here

c1 = a1
2a0

c2 = −3

8

(
a1
a0

)2

+ 1

2

a2
a0

,

c3 = a31
2a30

− a1a2
a20

+ a3
2a0

c4 = −105 
128

(
a1
a0

)4

+ 35

16

(
a1
a0

)2 a2
a0

− 5

8

(
a2
a0

)2

− 5

4

a1
a0

a3
a0

+ 1

2

a4
a0

.

14 
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The proof of Lemma 11 is justfied by Lemma 17 in [9] and is similar to calculations given in [9] and [12, Lemma 9]. The 
following lemma compares the largest roots.

Lemma 12. Let f (λ) and g(λ) be two decreasing functions on an interval I . Suppose λ2 = f (λ) has a unique positive root λ f in I and 
λ2 = g(λ) has a unique root λg in I . If f (λ) > g(λ) on I, then λ f > λg .

Proof. Assume towards a contradiction that f (λ) > g(λ) on I and λ f ≤ λg . We observe

0 = f (λ f ) − λ2
f > g(λ f ) − λ2

f ≥ g(λg) − λ2
f ≥ g(λg) − λ2

g = 0. �
The basic tools are the same for the cases when n is even and n is odd, but there are various technicalities which make 

it appropriate to deal with these two cases separately.

4.1. When n is even

Proof of Theorem 2. Let n = 2q and G be the graph which achieves the maximum λ2 among all connected outerplanar 
graphs on n vertices. We would like to show that G is isomorphic to G0 = (K1 ∨ Pq−1)−(K1 ∨ Pq−1). By equation (3) in 
Lemma 2, λ2(G0) satifies the equation λ2 = f (λ), where

f (λ) = (q − 1) + 2q − 5

λ 
+ 4q − 11

λ2
+ 8q − 28

λ3
+ 16q − 59

λ4
+ 32q − 136

λ5 + O
( q 

λ6

)
.

For i ≥ 0, we dfine ai(G0) to be the coefficient of the λ−i term in f (λ), so that

ai(G0) = [λ−i] f (λ).

Let g(λ) = ∑∞
i=0

ai
λi , where the ais are dfined as in equation (17) for the extremal graph G . Let I = (

√
n/2+1− d1√

n
,
√
n/2+

1+ d2√
n
), where d1 and d2 are sufficiently large constants. By Theorem 1 and Lemma 2, both of the equations λ2 = f (λ) and 

λ2 = g(λ) have a unique root in I . We apply Lemma 12 to compare their roots λ f and λg .
We first give coarse upper bounds on ai . Since G is an outerplanar graph, for i = 1,2, G[N(ui)] is a linear forest, which 

has at most dui − 1 edges. Since G is connected, there is at least one crossing edge connecting the two parts by Lemma 10. 
Thus, by (18)

a1 ≤ (du1 − 1) + (du2 − 1) − 1 ≤ 2q − 2+ |N(u1) ∩ N(u2)| − 3 ≤ 2q − 3.

Since G is outerplanar, the number of crossing edges between N(u1) and N(u2) is at most 3. These edges can only 
contribute O (1) to ai for any fixed i. If we delete these crossing edges from P , we get a linear forest. They can contribute 
at most 2iq to ai . Thus, for i ≥ 2, we have

ai ≤ 2iq + O (1).

Claim 1: N(u1) ∪ N(u2) forms a partition of V (P ). Furthermore, du1 = du2 = q − 1. 

By (19),

2a0 ≤ du1 + du2 − 2|N(u1) ∩ N(u2)| = |N(u1)�N(u2)| ≤ 2q − 2.

Equality holds if and only if N(u1) ∪ N(u2) forms a partition of V (P ). Suppose, towards a contradiction, that N(u1) ∪ N(u2)

does not form a partition of V (P ). Then 2a0 ≤ 2q − 3, and for any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ O
( q 

λ3

)
≤ 1

2
(2q − 3) + 2q − 3

λ 
+ 4q + O (1)

λ2
+ O

( q 
λ3

)
< (q − 1) + 2q − 5

λ 
+ 4q − 11

λ2
+ O

( q 
λ3

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction. Hence, N(u1) ∪ N(u2) forms a partition of V (P ). By 
Lemma 8, we have du1 = du2 = q − 1.

Claim 2: For i = 1,2, G[N(ui)] is a path of length q − 2. There is exactly one edge in E(N(u1),N(u2)).

15 
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Otherwise, by (18) we have

a1 < (q − 2) + (q − 2) − 1 = 2q − 5.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ O
( q 

λ4

)
≤ q − 1+ 2q − 6

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 5

λ 
+ 4q − 11

λ2
+ 8q − 28

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction. Hence, Claim 2 is proven.

Claim 3: The unique edge in E(N(u1),N(u2)) connects the ending vertices of G[N(u1)] and G[N(u2)].

Denote this edge by uv . The contribution of uv in a2 is given by

1 − (du − 1+ dv − 1) < 3− (2+ 2) = −1.

If either u or v are not ending vertices, we have

a2 ≤ a2(G0) − 1 ≤ 4q − 12.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ a4
λ4

+ O
( q 

λ5

)
≤ q − 1+ 2q − 5

λ 
+ 4q − 12

λ2
+ 8q + O (1)

λ3
+ 16q + O (1)

λ4
+ O

( q 
λ5

)
< (q − 1) + 2q − 5

λ 
+ 4q − 11

λ2
+ 8q − 28

λ3
+ 16q − 59

λ4
+ O

( q 
λ5

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction. Thus, Claim 3 is proven, G is isomorphic to G0 and the 
proof of Theorem 2 is complete. �

We now give the proof of Corollary 1, which determines the maximum size of λ2 over all outerplanar graphs on n = 2q
vertices with n sufficiently large.

Proof of Corollary 1. Theorem 2 determines the unique outerplanar graph with maximum λ2 over connected outerplanar 
graphs, so we only need to consider disconnected outerplanar graphs. Let G be the disconnected outerplanar graph on 
n = 2q vertices with maximum λ2 and suppose that G has connected components G1,G2 . . . ,Gm , labeled so that λ1(G1) ≥
λ1(G2) ≥ · · · ≥ λ1(Gm). Note that λ2(Gi) < λ2((K1 ∨ Pq−1)−(K1 ∨ Pq−1)) for each i and for n sufficiently large, so we only 
need to consider the case where λ2(G) = λ1(G2). By the result of Tait and Tobin [24] on the maximum spectral radius of 
outerplanar graphs, this is achieved when G2 = K1 ∨ Pq−1. Using the series expansions in Lemma 1 and Lemma 2, we see 
that

λ1(K1 ∨ Pq−1) = √
q − 1+ 1+ 1 

2
√
q − 1

− 1 
q − 1

− 1 
8(q − 1)3/2

− 7 
16(q − 1)5/2

+ O

(
1 

(q − 1)3

)
,

while

λ2((K1 ∨ Pq−1)−(K1 ∨ Pq−1)) = √
q − 1+ 1+ 1 

2
√
q − 1

− 3 
2(q − 1)

+ 7 

8(q − 1)
3
2

− 2 
(q − 1)2

+ O

(
1 

(q − 1)5/2

)
,

so for sufficiently large n,

λ1(K1 ∨ Pq−1) > λ2((K1 ∨ Pq−1)−(K1 ∨ Pq−1)),

completing the proof. �
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4.2. When n is odd

Proof of Theorem 3. Let n = 2q + 1 and G be the graph that reaches the maximum λ2 among all connected outerplanar 
graphs on n vertices. Let G0 be a graph obtained by adding a new vertex connecting two copies of (K1 ∨ Pq−1). By Cauchy’s 
Interlacing Theorem and Lemma 1, λ2(G0) satifies the equation λ2 = f (λ), where

f (λ) = (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ 8q − 24

λ3
+ 16q − 54

λ4
+ 32q − 120

λ5 + O
( q 

λ6

)
.

For i ≥ 0, we dfine

ai(G0) = [λ−i] f (λ).

Let g(λ) = ∑∞
i=0

ai
λi , where the ais are dfined as in (17) for the extremal graph G . Let

I =
(√

n/2 + 1− d1√
n
,
√
n/2 + 1+ d2√

n

)
,

where d1 and d2 are sufficiently large constants. By Theorem 1 and Lemma 1, both of the equations λ2 = f (λ) and λ2 = g(λ)

have a unique root in I . We apply Lemma 12 to compare their roots λ f and λg .
By a similar argument as for the even case, for i ≥ 2, we have

ai ≤ 2iq + O (1).

Claim 1: One of the following four cases must occur:

1. du1 = du2 = q − 1, and N(u1) ∩ N(u2) = ∅.
2. du1 = du2 = q, and |N(u1) ∩ N(u2)| = 1.
3. du1 = q, du2 = q − 1, and N(u1) ∩ N(u2) = ∅.
4. du1 = q − 1, du2 = q, and N(u1) ∩ N(u2) = ∅.

Otherwise, we show a0 ≤ 1
2 (2q − 3). Indeed, by (18)

2a0 ≤ du1 + du2 − 2|N(u1) ∩ N(u2)| = |N(u1)�N(u2)| ≤ 2q − 1.

If |N(u1)�N(u2)| = 2q − 1, we get case 3 or case 4. If |N(u1)�N(u2)| = 2q − 2, we get case 1 or case 2. If none of these 
cases occur, we get

a0 ≤ 2q − 3

2 
.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ O
( q 

λ3

)
≤ 1

2
(2q − 3) + 2q + O (1)

λ 
+ 4q + O (1)

λ2
+ O

( q 
λ3

)
< (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ O

( q 
λ3

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 1 is proven.

Case 1: du1 = du2 = q − 1, and N(u1) ∩ N(u2) = ∅. Let u be the unique vertex not in N[u1] ∪ N[u2].

Claim 2: For i = 1,2, G[N(ui)] is a path of length q − 2. Moreover, u is a cut vertex of G .

Observe u has zero contribution to a1, because there are no walks of length 1 with endpoints in N(u1) or N(u2) which 
include u. If u is not a cut vertex, then, there is at least an edge in E(N(u1),N(u2)), which contributes −1 to a1. If either 
G[N(u1)] or G[N(u2)] is not Pq−1, then it contributes one less in a1. Therefore, if Claim 2 does not hold, we have

a1 ≤ (q − 2) + (q − 2) − 1 = 2q − 5.

For any λ ∈ I , we have

17 
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g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ O
( q 

λ4

)
≤ q − 1+ 2q − 5

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ 8q − 24

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 2 is proven.

Case 2: du1 = du2 = q, and |N(u1) ∩ N(u2)| = 1. Let u be the unique vertex in N(u1) ∩ N(u2).

Claim 3: For i = 1,2, G[N(ui)] \ {u} is a path of length q − 2. Moreover, u is a cut vertex of G .

Observe u has zero contribution to a1. If u is not a cut vertex, then, there is at least an edge in E(N(u1)\{u},N(u2)\{u}), 
which contributes −1 to a1. If either G[N(u1)] \ {u} or G[N(u2)] \ {u} is not Pq−1, then it contributes one less in a1. 
Therefore, if Claim 2 does not hold, we have

a1 ≤ (q − 2) + (q − 2) − 1 = 2q − 5.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ O
( q 

λ4

)
≤ q − 1+ 2q − 5

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ 8q − 24

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 3 is proven.

Case 3: du1 = q, du2 = q − 1, and N(u1) ∩ N(u2) = ∅.

From equation (14) and (15), λ2 satifies two equations.

λ2 = q +
∞ ∑
i=1 

∑
(u,v)∈N(u1)2

wi(u, v) + ∑
(u,v)∈N(u1)×N(u2)

wi(u, v)
xu2
xu1

λi
,

λ2 = q − 1+
∞ ∑
i=1 

∑
(u,v)∈N(u2)

2 wi(u, v) + ∑
(u,v)∈N(u1)×N(u2)

wi(u, v)
xu1
xu2

λi
. (20)

Taking the difference and solving for xu2xu1
− xu1

xu2
, we have

xu2

xu1

− xu1

xu2

= −1 + ∑∞
i=1

∑
(u,v)∈N(u1)2 wi(u,v)−∑

(u,v)∈N(u2)2 wi(u,v)

λi∑∞
i=1

∑
(u,v)∈N(u1)×N(u2) wi(u,v)

λi

= − (1 + O ( 1 
λ
)) 

|E(N(u1),N(u2))|
λ 

= −
(
1+ O

(
1 
λ

))
λ 

|E(N(u1),N(u2))| .

Solving for xu2xu1
, we get

xu2

xu1

= −
(
1+ O

(
1 
λ

))
λ 

|E(N(u1),N(u2))| . (21)

Claim 4: G[N(u2)] forms a path of length q − 2.

18 
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Otherwise, we have∑
(u,v)∈N(u2)

2

w1(u, v) = 2|E(G[N(u2)])| ≤ 2(q − 3).

Let g2(λ) = ∑∞
i=0 λ−i

2 γ T
2 Ai

Pβ as in equation (15). Since xu1xu2
< 0, using equation (20),

g(λ) ≤ q − 1+ 2q − 6

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ 8q − 24

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 4 is proven.

Claim 5: |E(N(u1),N(u2))| ∈ {1,2}. If |E(N(u1),N(u2))| = 2, then the two edges in E(N(u1),N(u2)) share a common vertex 
in N(u1).

By Claim 4, the induced graph on N(u2) is a path Pq−1. Let c = |E(N(u1),N(u2))|. Let us estimate the contribution of 
these crossing edges in 

∑
u,v∈N(u2)

w2(u, v). Since G is a connected outerplanar graph, we have c ∈ {1,2,3}. Let η be the 
contribution of the crossing edges in 

∑
u,v∈N(u2)

w2(u, v). We have

η =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1 if c = 1,

4 if c = 2 and two crossing edges share a common vertex in N(u1),

2 if c = 2 and two crossing edges do not share a common vertex in N(u1),

5 if c = 3.

When c = 3, the three crossing edges must form a shape of N , thus the contribution is 3 + 2 = 5. Note that the contri
bution of Pq−1 to 

∑
u,v∈N(u2)

w2(u, v) is

2(q − 1) − 2+ 2(q − 3) = 4q − 10.

For any λ ∈ I , using (21) and (15), we have

g2(λ) =
∞ ∑
i=0 

λ−i
2 γ T

2 Ai
Pβ

≤ q − 1+
2q − 4+ c

xu1
xu2

λ 
+

4q − 10+ η + O (1) · xu1
xu2

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)

≤ q − 1+ 2q − 4− c2

λ 
λ 

+ 4q − 10+ η

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)

= (q − 1) + 2q − 4

λ 
+ 4q − 10− c2 + η

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 4

λ 
+ 4q − 10

λ2
+ 8q − 24

λ3
+ O

( q 
λ4

)
= f (λ).

If Claim 5 fails, we have η − c2 ≤ −2. Thus, the last inequality holds. By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), 
a contradiction and Claim 5 is proven. Therefore, there exists a cut vertex of G in N(u1) which we label u.

Claim 6: G \ {u} = 2K1 ∨ Pq−1.

By Claim 4, one of the components in G \ {u} is K1 ∨ Pq−1. Call the other component H . If H �= K1 ∨ Pq−1, by Tait and 
Tobin’s result, we have

λ1(H) < λ1(K1 ∨ Pq−1).

Thus, we have

19 
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λ1(G \ {u}) = λ1(K1 ∨ Pq−1),

λ2(G \ {u}) = λ1(H).

Since two eigenvalues are not equal, by Cauchy’s Interlacing Theorem, we have

λ2(G0) = λ1(K1 ∨ Pq−1) = λ1(G \ {u}) ≥ λ2(G) ≥ λ2(G \ {u}) = λ1(H),

and the middle inequalities cannot be equalities simultaneously. Thus, λ2(G) is not maximal if H �= K1 ∨ Pq−1.

Case 4: du1 = q − 1, du2 = q, and N(u1) ∩ N(u2) = ∅. This is symmetric to Case 3.

Therefore, G always contains a cut vertex u such that G \ {u} is two disjoint copies of K1 ∨ Pq−1. The proof of Theorem 3
is finished. �
5. Maximum λ2 for 2-connected outerplanar graphs

We first compute the series expansion of λ2 for the conjectured extremal graph (K1 ∨ P� n 
2 	−1) 
 (K1 ∨ P� n 

2 �−1).

Lemma 13. Let G = (K1 ∨ P� n 
2 	−1) 
 (K1 ∨ P� n 

2 �−1). Then:

1. For n = 2q, λ2(G) satifies the following equation.

λ2 = (q − 1) + 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 32

λ3
+ 16q − 70

λ4
+ 32q − 152

λ5 + 64q − 324

λ6
+ O

( q 
λ7

)
. (22)

In particular, we have

λ2 = √
q − 1 + 1+ 1 

2
√
q − 1

− 2 
q − 1

+ 7 
8(q − 1)3/2

+ 113 
16(q − 1)5/2

+ O

(
1 

(q − 1)3

)
.

2. For n = 2q + 1, λ2(G) satifies the following equation.

λ2 = (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ 32q − 112

λ5 + 64q − 232

λ6
+ O

( q 
λ7

)
. (23)

In particular, we have

λ2 = √
q − 1 + 1+ 1 

2
√
q − 1

− 1 
q − 1

− 9 
8(q − 1)3/2

− 87 
16(q − 1)5/2

+ O

(
1 

(q − 1)3

)

Proof. Let u1 be the vertex of the largest degree and u2 be the vertex of the second largest degree in G . Let P be the 
induced subgraph obtained from G after deleting u1 and u2. Let x be the eigenvector of G corresponding to λ2. Note that 
x is a simple eigenvector because, by Cauchy’s Interlacing Theorem, λ2 is a simple eigenvalue, as λ2(G) = �(

√
n), while 

λ3(G) ≤ λ1(G \ {u1,u2}) ≤ �(G \ {u1,u2}) ≤ 4. Let β1, β2, γ1, γ2, β , γ dfined as in equations (8)-(16). Equation (14) can be 
re-written as

λ2 = F1(λ) + D(λ)
xu2

xu1

.

Equation (15) can be re-written as

λ2 = F2(λ) + D(λ)
xu1

xu2

.

Here

F1(λ) =
∞ ∑
i=0 

∑
(u,v)∈N(u1)2

wi(u, v)

λi
,

F2(λ) =
∞ ∑
i=0 

∑
(u,v)∈N(u2)

2 wi(u, v)

λi
,

D(λ) =
∞ ∑
i=1 

∑
(u,v)∈N(u1)×N(u2)

wi(u, v)

λi
.
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Canceling xu2xu1
, we get

(λ2 − F1(λ))(λ2 − F2(λ)) = D(λ)2,

which implies

λ2 = 1

2

(
(F1(λ) + F2(λ)) −

√
(F1(λ) − F2(λ))2 + 4D(λ)2

)
.

Using SageMath, we can calculate

F2(λ) = (q − 1) + 2q − 4

λ 
+ 4q − 8

λ2
+ 8q − 16

λ3
+ 16q − 28

λ4
+ 32q − 48

λ5 + 64q − 64

λ6
+ O

( q 
λ7

)
.

D(λ) = 2 
λ

+ 6 
λ2

+ 16

λ3
+ 42

λ4
+ 104

λ5 + 260

λ6
+ O

( q 
λ7

)
.

When n = 2q, we have F1(λ) = F2(λ) and

λ2 = F2(λ) − D(λ).

This implies equation (22). Using SageMath, we can calculate

λ2 = √
q − 1+ 1+ 1 

2
√
q − 1

− 2 
q − 1

+ 7 
8(q − 1)3/2

+ 113 
16(q − 1)5/2

+ O

(
1 

(q − 1)3

)
.

When n = 2q + 1, we have

F1(λ) = q + 2q − 2

λ 
+ 4q − 4

λ2
+ 8q − 8

λ3
+ 16q − 12

λ4
+ 32q − 16

λ5 + 64q

λ6
+ O

( q 
λ7

)
.

Therefore,

λ2 = 1

2

(
(F1(λ) + F2(λ)) −

√
(F1(λ) − F2(λ))2 + 4D(λ)2

)
= 1

2

(
2q − 1+ 4q − 6

λ 
+ 8q − 12

λ2
+ 16q − 24

λ3
+ 32q − 40

λ4
+ 64q − 64

λ5 + 128q − 64

λ6
+ O

( q 
λ7

)

−
√(

1+2 
λ

+ 4 
λ2

+ 8 
λ3

+16

λ4
+32

λ5 +64

λ6
+O

(
1 
λ7

))2

+4

(
2 
λ

+ 6 
λ2

+16

λ3
+42

λ4
+104

λ5 +260

λ6
+O

( q 
λ7

))2
⎞
⎠

= (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ 32q − 112

λ5 + 64q − 232

λ6
+ O

( q 
λ7

)
.

Using SageMath, we can calculate the series expansion of λ2.

λ2 = √
q − 1+ 1+ 1 

2
√
q − 1

− 1 
q − 1

− 9 
8(q − 1)3/2

− 87 
16(q − 1)5/2

+ O

(
1 

(q − 1)3

)
. �

Proof of Theorem 4. Let G be the graph which achieves the maximum λ2 among all 2-connected outerplanar graphs on n
vertices. Let G0 be the conjectured extremal 2-connected outerplanar graph on n vertices. We follow the proofs of Theo
rems 2 and 3. Assume λ2(G) satifies the equation

λ2 = g(λ),

where g(λ) = ∑∞
i=0

ai
λi and ai is dfined as in (17) for G , while λ2(G0) satifies the equation

λ2 = f (λ),

where f (λ) is the right-hand side of (22) or (23) depending on the parity of n. In either case, we dfine

ai(G0) = [λ−i] f (λ).

It is sufficient to compare f (λ) and g(λ) in a small interval I =
(√

n/2+ 1− c1√
n
,
√
n/2+ 1+ c2√

n

)
.

Case n = 2q: We have

f (λ) = (q − 1) + 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 32

λ3
+ 16q − 70

λ4
+ 32q − 152

λ5 + O
( q 

λ6

)
.

21 



G. Brooks, M. Gu, J. Hyatt et al. Discrete Mathematics 348 (2025) 114416 

Consider the following claims.

Claim 1: du1 = du2 = q − 1 and N(u1) ∩ N(u2) = ∅.

The proof is identical to the proof of Claim 1 in Theorem 2.

Claim 2: For i = 1,2, G[N(ui)] is a path of length q − 2. There are exactly two edges in E(N(u1),N(u2)). In particular, the 
two edges form a matching.

Otherwise, we have

a1 < (q − 2) + (q − 2) − 2 = 2q − 6.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ O
( q 

λ4

)
≤ q − 1+ 2q − 7

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 32

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 2 is proven. Since G is 2-connected, the two 
crossing edges must form a matching.

Claim 3: The ending vertices of the two edges in E(N(u1),N(u2)) have degrees 1,1,2,2 in P .

Denote the two edges by v1w1 and v2w2. The contribution of viwi in a2 is given by

1 −
(
dP
vi + dP

wi

)
.

We have

a2 ≤ 4q − 8−
(
dP
v1 + dP

w1
+ dP

v2 + dP
w2

)
.

Note that since G is outerplanar, at most two vertices in v1, w1, v2, w2 are ending vertices. Thus, we have

a2 ≤ 4q − 8−
(
dP
v1 + dP

w1
+ dP

v2 + dP
w2

)
≤ 4q − 14,

with equality if and only if the degrees dP
v1 ,d

P
w1

,dP
v2 ,and dP

w2
are 1,1,2,and 2, respectively. If Claim 3 fails, we have

a2 ≤ 4q − 15.

For any λ ∈ I , we have

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ 16q + O (1)

λ3
+ O

( q 
λ4

)
≤ q − 1+ 2q − 6

λ 
+ 4q − 15

λ2
+ 8q + O (1)

λ3
+ 16q + O (1)

λ4
+ O

( q 
λ4

)
< (q − 1) + 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 32

λ3
+ 16q − 70

λ4
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 3 is proven.
From Claims 1-3, there are only two graphs left. Call the other graph G ′

0. Both G0 and G ′
0 have the same values on a0, 

a1, and a2. They only differ by 1 on a3. The graph G ′
0 contains one more negative 3-walk, which is highlighted in red in 

Fig. 5. We have

a3(G
′
0) = a3(G0) − 1 = 8q − 33.

For any λ ∈ I , we have
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...
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Fig. 5. The graphs G ′
0 (on the left) and G0 (on the right). (For interpretation of the colors in the figure, the reader is referred to the web version of this 

article.)

g(λ) = a0 + a1
λ 

+ a2
λ2

+ a3
λ3

+ 16q + O (1)

λ4
+ 32q + O (1)

λ5 + O
( q 

λ6

)
≤ q − 1+ 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 33

λ3
+ 16q + O (1)

λ4
+ 32q + O (1)

λ5 + O
( q 

λ6

)
< (q − 1) + 2q − 6

λ 
+ 4q − 14

λ2
+ 8q − 32

λ3
+ 16q − 70

λ4
+ 32q − 152

λ5 + O
( q 

λ6

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction. The proof of the even case is finished.

Case n = 2q + 1: We have

f (λ) = (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ 32q − 112

λ5 + O
( q 

λ6

)
.

Claim 4: One of the following four cases must occur:

1. du1 = du2 = q − 1, and N(u1) ∩ N(u2) = ∅.
2. du1 = du2 = q, and |N(u1) ∩ N(u2)| = 1.
3. du1 = q, du2 = q − 1, and N(u1) ∩ N(u2) = ∅.
4. du1 = q − 1, du2 = q, and N(u1) ∩ N(u2) = ∅.

The proof is identical to the proof of Claim 1 in the proof of Theorem 3. Again, we can show that there is a cut vertex in 
both Case 1 and Case 2, which cannot occur since G is 2-connected. Cases 3 and 4 are symmetric. From now on, we assume 
du1 = q, du2 = q − 1, and N(u1) ∩ N(u2) = ∅.

Claim 5: G[N(u2)] forms a path of length q − 2.

Otherwise, we have∑
(u,v)∈N(u2)

2

w1(u, v) = 2|E(G[N(u2)])| ≤ 2(q − 3).

Let g2(λ) = ∑∞
i=0 λ−i

2 γ ′
2A

i
Pβ as in equation (15). Since xu1xu2

< 0, using equation (20), we have

g2(λ) ≤ q − 1+ 2q − 6

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)
< (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ O

( q 
λ4

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 5 is proven.

Claim 6: E(N(u1),N(u2)) consists of two parallel edges.

By Claim 5, the induced graph on N(u2) is a path Pq−1. Let c = |E(N(u1),N(u2))|. Since G is 2-connected outerplanar 
graph, we have c = 2 or c = 3. When c = 2, the two crossing edges form a matching. When c = 3, the three crossing edges 
must form a shape of N .

Let us estimate the contribution of these crossing edges in 
∑

u,v∈N(u2)
w2(u, v). Let η be the contribution of crossing 

edges in 
∑

u,v∈N(u2)
w2(u, v). We have
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η =
{
2 if c = 2,

5 if c = 3.

Note the contribution of Pq−1 to 
∑

u,v∈N(u2)
w2(u, v) is

2(q − 1) − 2+ 2(q − 3) = 4q − 10.

For any λ ∈ I , using (15) and (21), we have

g2(λ) =
∞ ∑
i=0 

λ−i
2 γ T

2 Ai
Pβ

≤ q − 1+
2q − 4+ c

xu1
xu2

λ 
+

4q − 10+ η + O (1) · xu1
xu2

λ2
+ 8q + O (1)

λ3
+ 16q + O (1)

λ4
+ O

( q 
λ5

)

≤ q − 1+ 2q − 4− c2

λ 
λ 

+ 4q − 10+ η

λ2
+ 8q + O (1)

λ3
+ 16q + O (1)

λ4
+ O

( q 
λ5

)

= (q − 1) + 2q − 4

λ 
+ 4q − 10− c2 + η

λ2
+ 8q + O (1)

λ3
+ 16q + O (1)

λ4
+ O

( q 
λ5

)
< (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ O

( q 
λ5

)
= f (λ).

If Claim 6 fails, we have η − c2 = 5−32 = −4. Thus, the last inequality holds. By Lemma 12, we have λ2,max = λg < λ f =
λ2(G0), a contradiction and Claim 6 is proven.

Claim 7: G[N(u1)] forms a path of length q− 1. The ending vertices of two edges in E(N(u1),N(u2)) have degrees 1,1,2,2
in P .

Let |E(G[N(u1)])| = q − 1 − c′ . Since G is 2-connected and outerplanar, we must have c′ = 0 or 1. Write the two edges 
in E(N(u1),N(u2)) as v1w1 and v2w2 with w1, w2 ∈ N(u2). Let η(v1, v2) = 1 if v1v2 is not an edge, and 0 otherwise. We 
have

F1(λ) = q + 2q − 2− 2c′

λ 
+ 4q + O (1)

λ2
+ 8q + O (1)

λ3
+ O

( q 
λ4

)

F2(λ) = q − 1 + 2q − 4

λ 
+ 4q − 8

λ2
+ 8q − 10− 2(dP (w1) + dP (w2)) − 2η(v1, v2)

λ3
+ 16q + O (1)

λ4
+ 32q + O (1)

λ5

+ O
( q 

λ6

)

D(λ) = 2 
λ

+ dP (v1) + dP (w1) + dP (v2) + dP (w2)

λ2

Therefore,

λ2 = 1

2

(
(F1(λ) + F2(λ)) −

√
(F1(λ) − F2(λ))2 + 4D(λ)2

)

= 1

2

⎛
⎝(F1(λ) + F2(λ)) − (F1(λ) − F2(λ)

√
1+ 4D(λ)2

(F1(λ) − F2(λ))2

⎞
⎠

= 1

2

(
(F1(λ) + F2(λ)) − (F1(λ) − F2(λ)

(
1+ 2D(λ)2

(F1(λ) − F2(λ))2
+ O

(
1 

(q − 1)2

)))

= F2(λ) − D(λ)2

(F1(λ) − F2(λ))
+ O

(
1 

(q − 1)2

)

= q − 1+2q − 4

λ 
+4q − 8

λ2 +8q − 10− 2(dP (w1)+dP (w2)) − 2η(v1, v2)

λ3 +16q+O (1)

λ4 +32q+O (1)

λ5 +O
( q 

λ6

)

−
(
2 
λ

+ dP (v1) + dP (w1) + dP (v2) + dP (w2)

λ2

)2 (
1− 2− 2c′

λ 

)
+ O

(
1 

(q − 1)2

)
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Fig. 6. The graphs G ′
0 (on the left) and G0 (on the right). 

= (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 2− (4dP (v1) + 6dP (w1) + 4dP (v2) + 6dP (w2)) − 2η(v1, v2) − 8c′

λ3

+ 16q + O (1)

λ4
+ 32q + O (1)

λ5 + O
( q 

λ6

)
.

Since G[N(u2)] = Pq−1, we must have

dP (w1) + dP (w2) ≥ 1+ 2 = 3.

When c′ = 0, we have

4(dP (v1) + dP (v2)) + 6(dP (w1) + dP (w2)) ≥ 4(1+ 2) + 6(1+ 2) = 30,

with equality if and only if the ending vertices of two edges in E(N(u1),N(u2)) have degrees 1,1,2,2 in P . When c′ = 1, 
v1v2 cannot be an edge, as otherwise u1 would be a cut vertex in G . We have

4(dP (v1) + dP (v2)) + 6(dP (w1) + dP (w2)) + 2η(v1, v2) ≥ 4(1 + 0) + 6(1+ 2) + 2 = 24.

Therefore, if Claim 7 fails, then we have

8q − 8− (6dP (v1) + 4dP (w1) + 6dP (v2) + 4dP (w2)) − 8c′ ≤ 8q − 33.

And so,

g(λ) ≤ (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 33

λ3
+ 16q + O (1)

λ4
+ 32q + O (1)

λ5 + O
( q 

λ6

)
< (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ 32q − 112

λ5 + O
( q 

λ6

)
= f (λ).

By Lemma 12, we have λ2,max = λg < λ f = λ2(G0), a contradiction and Claim 7 is proven. Thus, G must be one of the two 
graphs in Fig. 6. 

It suffices to show G is not G ′
0. In fact, for G ′

0, we can calculate F1(λ), F2(λ), and D(λ) as follows:

F1(λ) = q + 2q − 2

λ 
+ 4q − 4

λ2
+ 8q − 8

λ3
+ 16q − 12

λ4
+ 32q − 14

λ5 + 64q + 5

λ6
+ O

( q 
λ7

)
,

F2(λ) = (q − 1) + 2q − 4

λ 
+ 4q − 8

λ2
+ 8q − 16

λ3
+ 16q − 28

λ4
+ 32q − 46

λ5 + 64q − 59

λ6
+ O

( q 
λ7

)
.

D(λ) = 2 
λ

+ 6 
λ2

+ 17

λ3
+ 44

λ4
+ 112

λ5 + 276

λ6
+ O

( q 
λ7

)
.

Therefore,

g(λ) = 1

2

(
(F1(λ) + F2(λ)) −

√
(F1(λ) − F2(λ))2 + 4D(λ)2

)
= 1

2

(
2q − 1+ 4q − 6

λ 
+ 8q − 12

λ2
+ 16q − 24

λ3
+ 32q − 40

λ4
+ 64q − 60

λ5 + 128q − 54

λ6
+ O

( q 
λ7

)

−
√(

1+2 
λ

+ 4 
λ2

+ 8 
λ3

+16

λ4
+32

λ5 +64

λ6
+O

( q 
λ7

))2

+4

(
2 
λ

+ 6 
λ2

+17

λ3
+44

λ4
+112

λ5 +276

λ6
+O

( q 
λ7

))2
⎞
⎠

= (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 68

λ4
+ 32q − 122

λ5 + 64q − 244

λ6
+ O

( q 
λ7

)
< (q − 1) + 2q − 4

λ 
+ 4q − 12

λ2
+ 8q − 32

λ3
+ 16q − 64

λ4
+ 32q − 112

λ5 + 64q − 232

λ6
+ O

( q 
λ7

)
= f (λ).
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Fig. 7. The conjectured outerplanar graph maximizing λ3 on n = 3q vertices. 

Thus, we have λ2(G ′
0) < λ2(G0). The crucial difference between G ′

0 and G0 is that there are 17 (u, v)-walks of length 3
in G ′

0 for q ≥ 5 with (u, v) ∈ N(u1) × N(u2), but only 16 such walks in G0 (as can be seen by comparing the coefficients 
of λ−3 in D(λ) for G0 and G ′

0). This completes the proof that G0 is the unique extremal graph among all 2-connected 
outerplanar graphs on n vertices. �
6. Future directions

In this paper, we have determined the leading order asymptotics of λk,max for any fixed k and also determined the 
precise extremal graphs for k = 2 in the class of n-vertex outerplanar graphs, connected n-vertex outerplanar graphs, and 
2-connected n-vertex outerplanar graphs. We make the following conjectures for the extremal graphs for k = 3.

Conjecture 2. For n sufficiently large, among all connected outerplanar graphs on n = 3q vertices, the graph maximizing λ3 is unique 
and isomorphic to the following graph, denoted by (K1 ∨ Pq−1)−(K1 ∨ Pq−1)−(K1 ∨ Pq−1), which is constructed by gluing three dis
joint copies of the fan graph K1 ∨ Pq−1 via edges connecting vertices of smallest degrees to largest degree between all three components 
(see Fig. 7).

Conjecture 3. For n sufficiently large, among all connected outerplanar graphs on n = 3q + 1 vertices, the graph maximizing λ3 is 
unique and isomorphic to the following graph, denoted by 3(K1 ∨ Pq−1)−K1 , which is constructed by gluing three disjoint copies of 
the fan graph K1 ∨ Pq−1 to a K1 via edges connecting any vertices (but maintaining outerplanarity) to that K1.

Note that Conjecture 3 is a special case of Conjecture 1.

Conjecture 4. For n sufficiently large, among all connected outerplanar graphs on n = 3q + 2 vertices, the graph maximizing λ3 is 
unique and isomorphic to the graph obtained after deleting a lowest degree vertex from the connected outerplanar graph that (we 
conjecture) maximizes λ3 on 3(q + 1) vertices

We have tested these conjectures for relatively small values of n by first narrowing down the possible structures of the 
graph maximizing λ3 over all connected outerplanar graphs on n vertices.

We can ask the following general question. Given a family F of graphs on n vertices, which graph in F has the maximum 
λk? In particular, we are interested in planar graphs and Ks,t -minor free graphs.
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