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among all outerplanar graphs on n vertices is achieved by the fan graph Ki v Pp_1. In
this paper, we consider a similar problem of determining the maximum X, among all
connected outerplanar graphs on n vertices. For n even and sufficiently large, we prove
that the maximum A is uniquely achieved by the graph (Ky Vv Ppj2-1)—(K1 V Pnj2-1),

Keywords:
Outerplanar graph which is obtained by connecting two disjoint copies of (Ky Vv Pp/;_1) through a new edge
Second eigenvalue joining their smallest degree vertices. When n is odd and sufficiently large, the extremal

graphs are not unique. The extremal graphs are those graphs G that contain a cut vertex
u such that G\ {u} is isomorphic to 2(Kq V Py/2-1). We also determine the maximum A,
among all 2-connected outerplanar graphs and asymptotically determine the maximum of

Ak(G) among all connected outerplanar graphs for any fixed k.
© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al
training, and similar technologies.

1. Introduction

Let G = (V(G), E(G)) be a graph on n vertices, with n a positive integer. The adjacency matrix of G is the n x n matrix
A = (Ayv)u,vev(c) With rows and columns indexed by V(G) where ayy =1 if u ~ v and a,, = 0 otherwise. The eigenvalues
of G are the eigenvalues of its adjacency matrix A. As A is symmetric, these eigenvalues are real, and we label them in
non-increasing order as A1 > XAy >--- > Ay

The largest eigenvalue Aq is called the spectral radius of a graph and has been extensively studied (see, for example, the
older survey of Cvetkovi¢ and Rowlinson [2] or the more recent monograph by Stani¢ [22]). More recently, there has been
much interest in finding the maximum spectral radius over a family of graphs, as such results extend Turan-type results via
the inequality A1 > 27'“ where m is the number of edges in the graph. An archetypal result is the spectral Turan theorem of
Nikiforov [16,14], which determines the maximum spectral radius of a K;1-free graph. The maximum spectral radius has
also been determined for many other classes of graphs, including outerplanar graphs and planar graphs [24], K (-minor-free
graphs [17,23,28] and graphs forbidding a cycle or path of some prescribed length [18,4,27,25].

In contrast to the spectral radius, the kth largest eigenvalue of a graph has not been well-studied for k > 3. The second
largest eigenvalue of a graph has been reasonably well-studied because of its relation to connectivity and expansion proper-
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Fig. 1. The fan graph K; Vv Pp_1.

Fig. 2. The graph (Ky Vv Pg_1)—(Kq V Pg_1).

ties of graphs (see, for example, the survey of Cvetkovi¢ and Simi¢ [3] and the book of Stani¢ [22]). The graphs with largest
second eigenvalue have been determined for trees [13,21,6] and connected graphs [7,29]. However, there are many classes
of graphs for which the graph with maximum second largest eigenvalue is unknown, let alone the graph with maximum
kth largest eigenvalue. Even the graph with maximum kth largest eigenvalue over the family of all graphs on n vertices
is unknown for any k > 3 [7,15,11]. The tree with maximum kth largest eigenvalue has been determined in a sequence of
papers [13,26,21,1].

In this paper, we study the second eigenvalue A, of connected outerplanar graphs. A graph is outerplanar if it can be
drawn in the plane without crossing edges such that each of its vertices lies on the outer face. Equivalently, a graph is
outerplanar if and only if it is K, 3-minor-free and K4-minor-free. Cvetkovi¢ and Rowlinson [2] conjectured that the fan
graph K1 Vv Py_q (see Fig. 1) is the outerplanar graph with maximum spectral radius. Work was done on this conjecture
by Rowlinson [19] and Zhou, Lin and Hu [30]. The conjecture was proved for sufficiently large n by Tait and Tobin [24].
Subsequently, the outerplanar graph with maximum spectral radius was determined for all values of n by Lin and Ning [10].

By contrast, not much seems to be known about the middle eigenvalues of outerplanar graphs. Li and Sun [8] have
studied outerplanar graphs with small A,, but the kth largest eigenvalues of outerplanar graphs with k > 2 have not been
previously studied.

For a fixed k, we define Ag max (1), OF Ak max for short, to be the maximum kth eigenvalue among all connected outerplanar
graphs on n vertices. We have the following general theorem, which determines A mq(n) up to the second order.

Theorem 1. For any fixed integer k > 2, we have
1

Memax(M) =+/n/k+1+0 (—) .

N

Moreover, any outerplanar graph G on n vertices with Ax(G) = Ag max(n) contains exactly k vertices of degree % +0(1).

Conjecture 1. Suppose n = kq + 1. We conjecture that for a fixed k and sufficiently large n,

Ak,max(M) = A1 (K1 V Pg_1).

Moreover, any extremal graph G on n vertices with Ax(G) = Ak max (1) has the following structure: there exists a cut vertex u such that
deleting u from G results in k copies of K1V Pg_1.

We further determine the extremal connected outerplanar graphs which achieve Az max.

Theorem 2. For n even and sufficiently large, among all connected outerplanar graphs on n = 2q vertices, the graph maximizing Ay is
unique and isomorphic to the graph in Fig. 2, denoted by (K1 V Pq_1)—(K1 V Pq_1), which is constructed by gluing two disjoint copies
of the fan graph K1 v Py_1 via an edge connecting vertices of smallest degree.

Corollary 1. For n = 2q even and sufficiently large, among all (not necessarily connected) outerplanar graphs on n vertices, the maxi-
mum Ay is uniquely achieved by 2(K1 Vv Pgq_1).

Remark 1. For n = 12, Ay max is not achieved by (K; v P5)—(Kq Vv Ps). Instead, it is achieved by the graph in Fig. 3. We
further conjecture that for all even n > 14, the connected outerplanar graph maximizing A, is unique and isomorphic to the
graph (K1 Vv Pg_1)—(K1 Vv Pg_1), where n = 2q.

As some evidence for this conjecture, note that deleting the bridge in the graph in Fig. 3 leaves two copies of the
outerplanar graph on 6 vertices with maximum spectral radius, whereas Lin and Ning [10] showed that the outerplanar
graph with maximum spectral radius on n vertices for any n > 7 is K1 Vv Py_1.
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Fig. 3. The outerplanar graph on 12 vertices with maximum ;.

Fig. 4. The graph (K1 v PL%J_1)<>(K1 \Y P[%]—l)'

Theorem 3. For n odd and sufficiently large, among all connected outerplanar graphs on n = 2q + 1 vertices, the graphs G maximizing
A2 have the following structure: G has a unique cut vertex u and G \ {u} consists of two disjoint copies of the fan graph K1 v Pg_1.
Moreover, for all of these graphs G, A2(G) = A1(Ky Vv Pg_1).

Note that the graphs in Theorem 3 also maximize A, over all (not necessarily connected) outerplanar graphs on n =
2q + 1 vertices, with n sufficiently large. The extremal graphs G have the same structure, but do not need to be connected.
We also determine the maximum A, among all 2-connected outerplanar graphs on n vertices.

Theorem 4. Among all 2-connected outerplanar graphs on n vertices, for n sufficiently large, the maximum A is obtained by the graph
in Fig. 4, denoted by (K1 v PLng) o (K1 v P[%Fl), which is constructed by gluing a fan graph Ky v PL%Jfl and another fan graph
Kiv Pr%1_1 by connecting the first vertex on the path PL%J_I to the second vertex on the path P(%]_p and the second vertex on the
path PL%J_l to the first vertex on the path Prg1—1-

The paper is organized as follows. In Section 2, we give necessary definitions and lemmas. In Section 3, we study the
coarse structure of the outerplanar graphs which have the maximum A, and prove Theorem 1. In Section 4, we give the
proofs of Theorems 2 and 3. In Section 5, we prove Theorem 4. We conclude in Section 6 with remarks and open problems.

2. Notation and lemmas

For a given graph G = (V, E), the neighborhood of a vertex v € V, denoted N(v), is the set of all vertices adjacent to v.
The closed neighborhood of a vertex v € V, denoted N[v], is the set N(v) U {v}. The degree of a vertex v € V, denoted d,,
is [IN(v)|. If G’ is a subgraph of G, then dg/ is the degree of a vertex v € V in the subgraph G’. We use the notation G[U]
for the induced subgraph of G on the vertex set U C V. If A,BCV and AN B =, then E(A, B) is the set of edges in E
with one vertex in A and one vertex in B. A walk in a graph G is a sequence of vertices vovq... vy where v;v;;q € E for all
0<i<k—1. A path in a graph G is a walk where the vertices are distinct. A linear forest is a disjoint union of paths. The
path graph P, = (V,E) is defined by V ={vg, v1,...vp—1} and E ={v;vij;1:0<i<n-—2}.

Let us go over some important tools from linear algebra (see [20] for additional background on matrix theory). Assume
A is a n x n real symmetric matrix (or Hermitian matrix in general). Then the eigenvalues of A are all real, and we may
label them in non-increasing order as

A=A > = A

Recall that a sequence 1 > --- > uy is said to interlace a sequence Aq > --- > A, with m <n when A; > (i > Ap_m+i
fori=1,...,m. A corollary of Cauchy’s Interlacing Theorem states that if B is a principal submatrix of a symmetric matrix
A, then the eigenvalues of B interlace the eigenvalues of A [5]. In particular, the eigenvalues of a proper induced subgraph
H of G interlace the eigenvalues of G. Throughout this paper, we use z for an eigenvector corresponding to A1 and x for an
eigenvector corresponding to A,.

Tait and Tobin [24] proved that for sufficiently large n, the maximum spectral radius of an outerplanar graph is uniquely
achieved by the fan graph Ky Vv P,,_1. Thus, we have

AM,max = A1 (K1 V Pp_1).
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We need an estimate for the size of the largest eigenvalue A1 of the fan graph K; v P,_1. We use a series expansion
proven in [9].

Lemma 1. For a positive integer n, let G be the graph K1 v P,_1. The largest eigenvalue 11 of G satisfies

1 1 1 7 1
M=vn—1+1 - _ _ 0 ' )
rEN I AT =1 8m—132  16m—1972 ((n—l)3) (1)

Proof. From [9], A1 satisfies the following equation.

M=@m-1)+

2n—4 4n—10 8n—24 16n—54 32n—120 64n—260  (n
M A3 2 A A3 28 A

Expanding the largest root of the equation above into a series in terms of n — 1, we get equation (1). O

Lemma 2. Let G be the graph (K1 v Pq_1)—(Kq v Pg_1). The second largest eigenvalue 1, of G satisfies the series expansion

1 3 7 2 1
b= VAT 1 e + +o( )

2@-1)  8(q—-132 (q-1)7? (q—1)°2

Proof. Let n be the total number of vertices in G, so that n = 2q. We assume n (and q) are sufficiently large. Let u; and
uy be the two largest degree vertices in G. We first show that X, is a simple eigenvalue. By Cauchy’s Interlacing Theorem,
32(G) = 22 ((Ky v Pg_1) U (K1 V Pg_2)) = 21 (K1 V Pg_2) = /4 —2+1+0 (ﬁ) On the other hand, we also have by Cauchy’s
Interlacing Theorem that A3(G) < A1(G \ {u1, u2}) = A1(P2q—2) <2, so Ay is simple. Let z and x be the simple eigenvectors
associated with A1 and A, respectively. By the Perron-Frobenius Theorem, z is strictly positive. Furthermore, since A(G)
is real symmetric, (x,z) = 0. We show x,, = —x,,. Assume for a contradiction that x,, > —xy,. Since A, > 0, we have
A2(xy, + xy,) > 0, which implies

Z Xy + Z xy > 0.

ueN(up) ueN(uz)
Therefore,
Z xy > 0.
ueV(G)
However,
(X.2) > Zmin Y Xu >0,
ueV(G)

which contradicts the fact that (x,z) = 0. A similar argument yields a contradiction when x,, < —x,,. We conclude that
Xu; = —Xy,. We may assume without loss of generality that x,, =1 and x,, = —1.

Let P be the path on 2q — 2 vertices obtained after deleting the two large degree vertices, and let A, be the adjacency
matrix of P. Let y be the restriction of the eigenvector x on the path P. Let 8 be a (2q — 2)-dimensional column vector
with entries equal to 1 on vertices in N(uq) and equal to —1 on vertices in N(u3). The eigen-equation gives

y=0al—Ap~'8
1 -1 -1
:E(I—A2 Ap) B
1 ..
:EZAZ_’A'pﬂ
i=0

oo
— —(i+1) 4i
=> a,alp.
i=0

This series converges because Az > 2 > A1(Ap). Since A2(1) = ZieN(u]) xi and Ay (—1) = ZieN(uz) Xi, we know that 21, =
BTy. Therefore,

1o (1) o i
Azzigxz BTALB. (2)
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When i =0, we get

BTp=2q—2.
When i =1, we get

BTA,B=2(2q —2) —2(2) —2(1) = 4q — 10.
When i =2, we get

BTALB=4(2q —2) —6(2) —2(1) =8g — 22.
Similarly, for 3 <i <5, we obtain

BT A} B =16q — 56,

BT AL =32q— 118,

Ta5p
B A, B =64q —272.

After multiplying both sides of (2) by A» and simplifying, we obtain that A, is a root of the equation,

2q—5 49—11 8q—28 16g—59 32q—136
M=g-n+ 22 M AT 2 2 o).
»2 ¥ 23 2 23 28

Using SageMath, we get the following series expansion for Ay,

1 3 7 2 !
AZ:\/qT]+1+2\/f;l—_1_2(q—l)+8(q—1)3/2_(Q—1)2+O((q_1)5/2>.

Corollary 2. Letq = L%J. Then we have

Aamax = vq—1+1+

1 1
+0 .
2y/q-1 (q -1 )
For any fixed k > 3, we get a slightly worse lower bound.

Corollary 3. For any fixedn >k > 2, letq = L%j. Then we have

AMegmax = vVq—1+1+

1 1
0} .
2a=1 <q—1)

Proof. Write n=kq+r for 1 <r <k. Let H be a disjoint union of r — 1 copies of Ky v P4 and k —r + 1 copies of K; v Pg_1.
Add a new vertex u to H and for each connected component of H select one vertex and connect it to u. Clearly G is an
outerplanar graph. The number of vertices in G is given by

r—D@+D)+k—-r+1)g+1=kq+r=n.
By Cauchy’s Interlacing Theorem, we have
)\k,max = )Lk(G) = )\k(H)~

Since H is the disjoint union of k many fan graphs, Ax(H) is equal to the first eigenvalue of its smallest component. We
have

)\k,max > )\k(H)
> A (K1 Vv Pg—1)

=/q—1+1+

Here we apply Lemma 1. O

1 1
0 )
2«/q—1Jr (q—l)
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Lemma 3. For any outerplanar graph G, let h;(u, v) denote the number of (u, v)-paths of length i. Then for all u, v € V (G) we have

ha(u,v) <2,
hs(u,v) <8,
ha(u, v) <98.

The bounds on h3(u, v) and hg(u, v) in Lemma 3 are certainly not tight, but we use them as we only need that h3(u, v)
and h4(u, v) are bounded by a constant independent of the number of vertices n.

Proof. Let G be an outerplanar graph and u, v € V(G). Since G is K3 3-minor-free, there cannot be three or more internally
disjoint (u, v)-paths in G. This proves hy(u, v) < 2. Let uijv be a (u, v)-path of length 3. There can be at most one other
(u, v)-path of length 3 which is internally disjoint from uijv, as otherwise G would contain a K 3-minor. Every other
(u, v)-path of length 3 contains either i or j. Since G does not contain a K 3, there are at most one other path of the
form ui v (here x can be any vertex); at most two paths of the form uj = v; at most two paths of the form u xiv; and at
most one other path of the form u « jv. This gives h3(u,v) <1+4+1+4+1+42+2+1=28. Now, let uabcv be a (u, v)-path of
length 4. There is at most one (u, v)-path of length 4 which is internally disjoint from uabcv, as then G would contain a
K> 3-minor. Using the fact that G does not contain a K 3, we now observe that: there are at most 8 (u, v)-paths of length
4 of the form uaxxv (and similarly for ub xxv, uc *xv, uxxav, u x«bv and u xxcv); at most 4 paths of the form uxaxv
(and similarly for uxb v and uxc* v); and at most 2 paths for each of the 18 possibilities with two of a, b, and c on the
path. This gives hq(u,v) <1+ 1+8(6) +4(3)+2(18)=98. O

3. Proof of Theorem 1

Let G be a connected outerplanar graph on n vertices with kth largest eigenvalue equal to A me. We denote the adja-
cency matrix of G by A(G). The aim of this section is to prove Theorem 1.

Lemma 4. Suppose G is an outerplanar graph on n vertices with maximum degree A. Then we have

_4@n-3)

A>3
A

Proof. Let z be an eigenvector corresponding to A;. Without loss of generality, we normalize z such that |z|,, = 1. Let
up € V(G) be such that z,, = 1. For any vertex u, we have

MZy = Z 7y <dy.
veN(u)

Since any outerplanar graph on n vertices has at most 2n — 3 edges, it follows by summing over all vertices u € V(G) that

MY @< Y dy<22n-3).

ueV(G) ueV(G)
This implies
22n -3
S < 2@n—3)
A
ueV(G)
We observe,
)‘1 - )‘%ZUO
= > Mz
veN(ug)

2 D

veN(ug) weN(v)

=diy+ ) zwINW)NN(uo)l.
weV\{uo}

Since G is Kz 3-free, we have |N(w) N N(up)| < 2. Therefore,
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A >dy,

=i — Y zwIN(w)NN(up)|

weV\{ug}
>3-2 >

ueV(G)

4(2n -3

>3 — g
A
Lemma 5. There exist k vertices uq, ..., uy such that for 1 <i <k,

du, = . — OV,

Proof. We will find large degree vertices uq, uy, ..., Uy in sequence.
Since 11(G) > A (G) > /n/k+1+ O(ﬁ), we have

4(2n —3) - n
A —k
Let uq be the vertex with the largest degree in G. Now let G; = G — {u1}. By Cauchy’s Interlacing Theorem, we have

A(G1) = 22(G) = M(G) = /n/k+ 1+ O(ﬁ). Repeat this argument with Gi. Let u; be the vertex with the largest degree

in G1. We have

A(G) = 2] — — 0(Vn).

42n—-3) n
A(G1) > 22(G1) — ————2 > — — 0(/N).
(G1) = 21(G1) MGk (v/n)
In general, assume we have already found vertices uq, uy, ..., u;, for some i < k. Consider G; = G \ {u1,ua,...,u;}. We

have 11(Gi) > 1i+1(G) = A (G) > /n/k+ 1+ O(%). Thus, there is a vertex u;; with degree

C AC) > 32(C _ 2@n=3) n
du,-_H = A(Gj) = 21(Gy) G = X 0(n). O

Let U ={uq, uy, ..., u,} be the set of vertices in G with degree at least % — 0(+4/n). We will show that all other vertices
not in U have small degree in G.

Lemma 6. For any other vertex u & {u1, ..., ux}, we have
dy = 0(/n).

Proof. First we show that the union of the neighbors of uq, ..., u; covers almost all vertices in G. We have

k
Ny
i=1

k
> Y IN@)l— Y IN(u) NN,
i=1

1<i<j<k

k k
22 dui - 2<2>
i=1

>n— 0(v/n).
This implies
k
(\N@)| = 0.
i=1
For any u ¢ {uq, ..., ux}, u can have at most 2 neighbors in N(u;). Thus,
k
dy <2k+|[\N@w)|=0(/n). O
i=1
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For 1 <i <k, let au,. be the number of neighbors of u; in V(G) \ U, i.e.,

dy, = INui) \ U] .
Lemma 7. For sufficiently large n and any u € U, we have dy > % —-0().

Proof. Without loss of generality, we assume that
aU] ZaUQ ZZauk

Let G’ =G\ {uy,...,ux_1}. Then dff; = auk. In particular, G’ has one unique vertex uj with degree at least % — 0(4/n) while
all other vertices have degree at most O (4/n). By Cauchy’s Interlacing Theorem, we have

, n 1
M(G)Zkk(c)z\/;—i—l—i—O(ﬁ).

For the rest of the proof, all notation is relative to G’ unless stated otherwise. Let z be an eigenvector corresponding to
A1 for G/, which is normalized such that ||z||,, = z,» =1 for some vertex u’. For any u € V(G’) \ {u,}, we have

O —dwzu= Y zwIN(W)NN@)
weV\{u}

SZZZW

weV\{u}
/
ZAIE@D.
= M

Since d, = 0(4/n), we have
4|E(G’ 1
we G _o (1) “
Ay —dy) vn

Thus, u’ = uy. Now,

M —dy = (0 —duzy, = Y zwIN(W) NNl

weV\{ug}

Multiplying by A1 on both sides, we have

MO —dy)= Y MzwIN(W) NNyl
weV\{ug}

=230+ Y zdy =D+ Y zyhsu,y). (5)

veN(uy) yeV\{ug}

Here t3(uy) is the number of triangles containing uy, while h3(u, y) denotes the number of (uy, y)-paths of length 3. We
have

2t3(ug) < 2(dy, — 1.
By Lemma 3, we have

h3(ug, y) <8.
Since z, = O(\/LH) for all u € V(G') \ {ug}, we have

> zdy<0 (%) > dy

veN (ug) vFug
1 7
<0 (%> 2|E(G)|
=0(v/n),

and
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Y zyhs(u.y) <8) 2, < 0(Vn).
y

yeV\{ug}

Plugging into inequality (5), we have

M —dy,) < 2dy, + 0 (V).

Therefore,
du, > 23— 0(/n)
A +2
= —-1?-0(1)
n
> i o(1).

Discrete Mathematics 348 (2025) 114416

(6)

Thus, we proved d,, > % — 0(1). By the construction of G’, we conclude that the k largest degree vertices each have degree

at least % — 0(1). Consequently, all vertices except for these k vertices have degree O(1). O

Proof of Theorem 1. Rename the vertices uq, ..., u; such that

du1 ZduZZ"'Zduk~

We have

k
1
du, < ;w(um

=

+ > [N@) NN

1<i<j<k

x| =

N
i=1

1
< -—(n + k2 —k).
k
This implies
G/ n
duk <dy < X +k—1.
From inequality (6), we have

. 2dS +0(J/n)
Aﬂdfsdi+—lL7—i:
1

§E+k—l+2JE+OG)
k k

n n
=-+2/-+0().
k k
This implies

, n n _ 1
A1(G)§‘/E+2\/;+ O(l)_\/n/k+1+0(\/—ﬁ).

By Cauchy’s Interlacing Theorem, we have

3e(G) < 11(G) < /afk+1+0 (L) .
NG

This matches the lower bound in Corollary 3 asymptotically. O

The following lemma will be useful in determining the extremal graphs for small k.

9
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Lemma 8.

1. For k > 3, sufficiently large n, and any u € U, we have

8uz{n_1J—1.
k

2. For k =2, sufficiently large n, and any u € U, we have
~ n
dy > {—J —1.
k

Proof. Let q = L%J when k>3 and q = L%J when k = 2. Without loss of generality, we assume that

dlﬁ ZduZZ"'Zduk~

Let G' =G\ {u1,...,ur_1}. Then dflz = &uk. All notation below is related to the graph G’ if not specified. From equation (5),
we have
MOF—dy) =260+ Y zdy—D+ Yz, x).
veN (uy) xeV\{uy}

Thus, we have

MOF —dy) =23ur + Y mzdv—D+ Y hizehs(u.x)

veN (ug) xeV\{uy}
=23k + Y Y zdy =14 Y Y zwhsu, )
veN(ug) XxeN(v) xeV\{ur} weN(x)
=23uh + Y (dy— 1+ > Ze(dy = 1) +2ca(u) + Y Zwha(ug, w)
veN(uy) veN (), xeN(v)\ {ug) WL,
+ ) 2zyt3(V) + Y Zeha(ug, X)(dx — 1).
veN (ug) XFUg

Since for any v # uy, dy = 0(1) and h;(ug, v) = 0(1) for 2 <i <4 by Lemma 3, we have the following estimates for the
lower order terms by (4):

Y. zmdv-1=0 (Za) = 0(/n).

veN (ug),xeN(v)—uy

Y Zwha(ug, w)=0 (Zzw) = 0(/n).

WUy
Y. 2zt3(v)=0 (sz) = 0(/n).
veN (ug) v
> axha(e. )~ 1) =0 (sz> =0(v/n).
XFUg X

We also use the following two estimates for the terms t3(uy) and c4(uy).
2t3(uy) < 2dy, -2,
2cq(uy) < 2duk + 0(1).

The estimate for t3(uy) follows from the fact that N(uy) is a linear forest. For the c4(uy) estimate, there are two types
of 4-cycles containing uy, those whose vertices are all in N(uy) and those having one vertex not in N(uy). The first type
contributes 2d,, + O (1) to 2ca(uy) since N(uy) is a linear forest. The second contributes O (1). To see this, consider

k-1
E(V(G')\ N(u), N(u) < )~ E(N(uj), N(u) + E(V () \USZIN(uj), N(ug))
j=1
<3(k—1)+2|V(G) \U\_ N(uj)|
=0(1).

10
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Now,

D @y —D+2ca) < Y (dy — 1) +2dy, + 0(D).

veN (ug) veN (ug)
< 2|E(G'[N(up) U {ue}| + 0(1)
<4dy, + 0(1).
Putting everything together, we have
MO — dyy) < 2 Qdy, — 2) +4dy, + 0 (Vn),

and so,

A +20 + 0(V/n)
A +20 +4

:x%—zm—o(%)

=(k1—1)2—1—0<%>

(ot = () 1o ()
oet-0(g)-o ()

Here we applied the lower bound of A, as in Corollary 2 or 3. Since dy, is an integer, we have

U —

dy, >q—1.

Hence,
amZauZZ"'Zauqu—l. O
4. Outerplanar graphs with maximum A: the exact result

Let G be a connected outerplanar graph on n vertices that maximizes A,. Let X = (x1,X2,...,Xn) be the eigenvector
for A, (note that A, is a simple eigenvalue because, by Theorem 1, A, = /n/2 + 1 4+ 0(1/4/n), while in the graph G,
A3 </M/3+ 1+ 0(1/4/n)). By Lemma 8, G contains exactly two vertices, say uj and up, with degree at least L%J - 1.
Since G is outerplanar, |N(uq) N N(uz)| < 2. This implies that there are at most O (1) vertices not in N(u1) U N(uy). Thus,
all vertices other than u; and uy have degree O(1). Let V* ={v e V(G): x, >0}, VO={ve V(G): x, =0}, and V~
{v e V(G): xy < 0}. For any vertex set S, the volume of S, denoted by Vol(S), is defined as ), ¢ |xy|. For any vertex
v, define Nt(v) = N(v) N VT, df = |NT(v)|, N"(v) = N(v) NV~ and d; = [N~ (v)|. Let x},, = max{x,: v € V*} and
Xpmin = Min{xy: ve V~}

We now give bounds on Vol(V ™) and Vol(V ™) and also show that x,,, and X., are achieved at u; and us.

Lemma 9. We have

1. Forany v e V', Aaxy <di|Xhal-
2. Forany v e V™, Aalxy| <d | ;|-

3. Vol(VH) = 0 (Vn)xhy and Vol(V ™) = 0 (V) |x;, |-
4. xt,, and x_. are achieved at uy and u;.

Proof. For any vertex v € V', we have
— + .+
A2Xy = Z Xy = Z Xy < dy Xy
ueN(v) ueN+(v)

By symmetry, we have for any v € V7, Aalxy| < dy[x ;.-

11
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Since any outerplanar graph on n vertices has at most 2n — 3 edges, it follows by summing over all vertices v € V' that
MVOl(VH) =22 Y Xy <xihoy D dv <220 = 3)X gy
vev+ veV+
This implies

2(2n —3)
Vol(V1) < Tx;ax =0 (vVn) xhay.

A similar argument implies that
Vol(V7) =0 (vn) |x,,;, -
Assume x; is achieved at some vertex ug. We have

)\%Xuo = Z A2Xy

veN~t(up)

=Y Yo

veNT(ug) weN+(v)

=dfxp+ Y xwINT(w)NNF (o). )

weV\{up}

Since G is Ky 3-free, we have |N(w) N N(up)| < 2. Therefore,

df xuy =23xu — > xwINT (W) NN (uo)|

weV+\{ug)}
> A% =2 ) [l
ueV+
> )\%xuo — 4(2’;\42_3)&,0.
Therefore,
df > 22— %2_3)%—0(\/5),

which implies that 1o must be one of the vertices u1 and u. A similar argument shows that x_, is achieved at either u;
or uz. O

Lemma 10. We have uqu; ¢ E(G).

Proof. We assume for a contradiction that ujuy € E(G). Without loss of generality, we assume that x,; =1 and |xy, | > |Xy, .
By the fourth claim in Lemma 9, x,, is negative, so

MaXu <Y Xy =[xl

veNt(uq)

Multiplying by A, and using the same steps as in equation (7), we have

(3 - du+1) < Z xvha(u1, v) — Az|xy, |.

vev+

Multiplying by A, again, we obtain

MOs—di) <2 @D+ Y xdy =D+ Y xwha(ur, w) — 23,

veNT(uy) weV+
where t;r(m) is the number of triangles containing u1 with all vertices in the triangle in V. Therefore,
A03 —df ) <2df — 2%+ 0V,
as Zvem(u]) xy(dy, —1)=0(4/n) and Y owevt Xwha(ur, w) = 0 (4/n). Rearranging the inequality, we obtain

12
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(A2 +2)d;f, =23 + 25 — 0 (V).

and so,
A3+
d+> 2 2_01
T a2 M
=13 —22—0(1)

1 2
=<Vq—1+1+o< _q_1>) —vq—=1-0()
=q-1+y/q-1-00),

which is a contradiction to the fact that djl <dy,=q—-1+0(1). O
Let P be the induced subgraph obtained from G after deleting u; and u;. Let x be the eigenvector of G corresponding

to Ay. Let Ap be the adjacency matrix of P. Let y be the restriction of x on the vertex set of P. Define (n — 2)-dimensional
column vectors B1, B2, ¥1, and Y3, indexed by the vertices of P, as follows:

Xy, ifveNuy),
= 8
Arv) 0 otherwise. (8)
Xy, ifveNuy),
V) = 9
P2 (v) 0 otherwise. ©)
L ifveN@u,
yi(v) =M ) (10)
0 otherwise.
1 .
— if v e N(uy),
ya(v) = { 2 (2 (11)
0 otherwise.

Let B =81+ B2 and Yy = y1 + y2, so that

Xu, ifveN(up) \ N(up),
Bv)={"" %fVGN(Uz)\N(Ul), 12
Xu; +Xxu, ifveN(ui) NNuy),
0 otherwise.
o ifv e N@up) \ N(ua),
Uy
‘1 .
— ifveNu N(uq),
yo=1m (uz2) \ N(u1) (13)
i~ +tz- ifveN(u)NNuy),
uq up
0 otherwise.

From the eigen-equation for A,, we have

A2y = Apy+ B.
Note that A, is not an eigenvalue of Ap, as Ay = +/n/2 + 1+ 0(1/+/n), while A1(Ap) < A(P) = O(1). Therefore, we have

y= (a2l —Ap)7'B

1 _ _
=-—%1—)71Ap)1ﬂ
1 o0
- Z SALB
=0
o0
Z (l+1)Az
i=0

Also, by the eigen-equation, we have

13



G. Brooks, M. Gu, J. Hyatt et al. Discrete Mathematics 348 (2025) 114416

Az_x Z Xv =YY,

veN(uy)
=x, Y xw=wny.
veN(uy)
Therefore,
2= Z)‘z iz (14)
Az_Zkz s ALB. (15)
Taking the average, we get
_l oo
2 —i.,T ai
A ZEsz'y ALB. (16)
i=0
Fori=0,1,2,..., leta; = %yTA’),ﬂ. For any two vertices u and v (with u = v allowed), let w;(u, v) denote the number
of (u, v)-walks of length i. Then we have
T ai Xuy | Xuy
ApB = wi(u,v) + wi(u, v) + wiu,v){ —+ —|. 17
v ApB > wi,v) > wiw,v) > i )(Xm xuz) (17)
(u,v)eN(uq)? (u,v)eN(uy)? (u,v)EN(u1)xN(uz)
Since x,, and x,, have opposite signs, we have
B Yo
Xy, Xuy
Thus, we have
1 1
Gso ) Wit Y wiwv) - > wiu, v). (18)
(u,v)eN(u1)? (u,v)eN(uy)? (u,v)eN(u1)xN(uz)

In particular,

1 X X
ap= — (du1 +dy, + IN(u1) N N(uy)| (Xﬂ + i))

u Xuz

(duy +du, —2IN(u1) N N(u2)l)

NI—‘NI-—‘

IN(u1)AN(up)|. (19)

Lemma 11. Consider the equation

2. a
2 — —_
A°=ap+ Z Y
i=1
The largest root A1 has the following series expansion:

C2 C3 C4 )
A =4/ Cc E— — — 0 (a .
1= ag+c1+ _ao+a0+a§+ (22

Here

3 /m 2 1 az
O=—\—| +=
8 do 2 ao
3
_ (11 alaz as
= @2 ' 2a
2a0 ag 0

o, 105 (a 4+35 a\ay 5 /(ay\? 5a1a3+1a4
=128 o 16 \ap) a 8 \ag 4agap | 2do

14
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The proof of Lemma 11 is justified by Lemma 17 in [9] and is similar to calculations given in [9] and [12, Lemma 9]. The
following lemma compares the largest roots.

Lemma 12. Let f()) and g()) be two decreasing functions on an interval I. Suppose A2 = f () has a unique positive root Aginland
A2 = g(1) has a unique root Agin ILIf f(A) > g(A) on, then Ay > Ag.

Proof. Assume towards a contradiction that f(1) > g(A) on I and Ay < Ag. We observe

0=f0p) =27 >g0p) =2} 2 glhg) — A} = ghg) =25 =0. O

The basic tools are the same for the cases when n is even and n is odd, but there are various technicalities which make
it appropriate to deal with these two cases separately.

4.1. When n is even

Proof of Theorem 2. Let n =2q and G be the graph which achieves the maximum A; among all connected outerplanar
graphs on n vertices. We would like to show that G is isomorphic to Gg = (K7 Vv Pq_1)—(Kq Vv Pg_1). By equation (3) in
Lemma 2, A2(Go) satisfies the equation A2 = f()), where
2q—5 4q—11 8q—28 16q—59 32q—136
Ik AL LAV I +o(q).
A A3 A4 A5
For i > 0, we define a;(Gg) to be the coefficient of the A% term in f()), so that

fMW=@-D+

ai(Go) = [ 7'1f ().
Let g(A) =Y % where the g;s are defined as in equation (17) for the extremal graph G. Let [ = (/n/2+1— %, Jn/2+
1+ %), where d; and d, are sufficiently large constants. By Theorem 1 and Lemma 2, both of the equations A2 = f()) and

22 = g(») have a unique root in I. We apply Lemma 12 to compare their roots Af and Ag.

We first give coarse upper bounds on g;. Since G is an outerplanar graph, for i =1, 2, G[N(u;)] is a linear forest, which
has at most d; — 1 edges. Since G is connected, there is at least one crossing edge connecting the two parts by Lemma 10.
Thus, by (18)

a; < (dy; =D+ (dy, —1) =129 -2+ |N(u1) "N(uz)| —3 <2q - 3.

Since G is outerplanar, the number of crossing edges between N(u;) and N(uy) is at most 3. These edges can only
contribute O (1) to a; for any fixed i. If we delete these crossing edges from P, we get a linear forest. They can contribute
at most 2'q to a;. Thus, for i > 2, we have

a; <2'q+ 0(1).
Claim 1: N(uq) U N(uy) forms a partition of V (P). Furthermore, d,, =dy, =q — 1.
By (19),

2a0 <dy; +du, —2IN(u1) N N(uz)| =IN(u1)AN(u2)| <2q — 2.

Equality holds if and only if N(u1) U N(u;) forms a partition of V (P). Suppose, towards a contradiction, that N(u1) U N(uy)
does not form a partition of V (P). Then 2ap <2q — 3, and for any A € I, we have

_ i @ 4
g0y =ar+ +A2+O(A3)
1 2q—3 49+0() q
SIS TR +O(A_3>
2q—5 4q—11 q
<@-n+ =4 5w o(5)
=f).

By Lemma 12, we have Az max = Ag < Ay = A2(Go), a contradiction. Hence, N(uq) U N(uz) forms a partition of V (P). By
Lemma 8, we have dy, =dy, =q—1.

Claim 2: For i =1, 2, G[N(u;)] is a path of length g — 2. There is exactly one edge in E(N(u1), N(uz)).

15
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Otherwise, by (18) we have

a1<(@—2)+(Qq@—2)—1=2q-5.
For any A € I, we have

ap az as q
e o (4
g) a0+)\+)\2+k3+ o
2q—6 49+0(1) 8g+0(1) q
T2 T +O<7>
2q—5 4q—11 8q—28 q
T T 10 (XZ)

<q-—-1+

<@-1+
=f).

By Lemma 12, we have Az max = Ag < Af = 12(Go), a contradiction. Hence, Claim 2 is proven.

Claim 3: The unique edge in E(N(uq1), N(u3)) connects the ending vertices of G[N(u1)] and G[N(u3)].

Denote this edge by uv. The contribution of uv in a, is given by

1—du—14dy-1)<3-2+2)=-1.

If either u or v are not ending vertices, we have

a; <ax(Go) —1<4q—12.

For any A € I, we have
5q_1+2q;5+4q;212+8q—;;)(1)+16q1_40(1)+0(f_5)
2q;5+4q;211 +8q);28+ 16q);59+o(%)

<@-1)+
=f).

By Lemma 12, we have A3 mex =Ag <Ay = A2(Go), a contradiction. Thus, Claim 3 is proven, G is isomorphic to Go and the
proof of Theorem 2 is complete. O

We now give the proof of Corollary 1, which determines the maximum size of A, over all outerplanar graphs on n =2q
vertices with n sufficiently large.

Proof of Corollary 1. Theorem 2 determines the unique outerplanar graph with maximum A; over connected outerplanar
graphs, so we only need to consider disconnected outerplanar graphs. Let G be the disconnected outerplanar graph on
n = 2q vertices with maximum A, and suppose that G has connected components G1, Gz..., Gp, labeled so that A1(G1) >
A1(G2) = -+ = A1(Gpy). Note that 13(G;) < A2((Kq Vv Pq_1)— (K1 Vv Pg_1)) for each i and for n sufficiently large, so we only
need to consider the case where 1,(G) = A1(G>). By the result of Tait and Tobin [24] on the maximum spectral radius of
outerplanar graphs, this is achieved when G, = K7 v Pg_1. Using the series expansions in Lemma 1 and Lemma 2, we see
that

MKy v Pa) =g T+1 45— : 1 T+ (o
1(K1 v Pg1)=/q 2Ja—1 q-1 8@-132 16(q—1)572 @-1)"

while

A2 (K1 V Pg_1)—(K1 V Pg_1)) =g —1+1+ 1 3 + T2 +o< ! )
AR e 2J4—1 2@  gq_13 (@17 q@-1572)

so for sufficiently large n,

A1 (Kq Vv Pg—1) > A2((K1 V Pg—1)—(K1 V Pg_1)),

completing the proof. O

16
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4.2. Whenn is odd

Proof of Theorem 3. Let n =2q + 1 and G be the graph that reaches the maximum X, among all connected outerplanar
graphs on n vertices. Let Go be a graph obtained by adding a new vertex connecting two copies of (K1 Vv Pg_1). By Cauchy’s
Interlacing Theorem and Lemma 1, 12(Go) satisfies the equation A% = f(1), where

q—4 49—10 8q—24 16q—54 32q-—120 q
x+x2+x3+x4+ A2 +O()'

2
fO=@-1)+
For i > 0, we define

ai(Go) = [A'1f ().
Let g(A) = > 720 % where the ag;s are defined as in (17) for the extremal graph G. Let

_ d] dz
I—(M“‘l—ﬁ»\/m-i-lﬁ-%),

where d; and d, are sufficiently large constants. By Theorem 1 and Lemma 1, both of the equations A2 = f(1) and A% = g(})
have a unique root in I. We apply Lemma 12 to compare their roots A and Ag.
By a similar argument as for the even case, for i > 2, we have
a <2'qg4+0(1).
Claim 1: One of the following four cases must occur:
1. dy, =dy, =q—1, and N(u1) N N(u2) =4.
2. dy, =dy, =q, and |[N(u1) N N(up)| =1.

3. dy, =¢q,dy, =q—1,and N(u1) N N(uz) =0.
4. dy, =q—1,dy, =q,and N(u1) " N(u2) =9.

Otherwise, we show ag < %(Zq — 3). Indeed, by (18)

2a0 <dy; +du, —2IN(u1) N N(uz)| =IN(u1)AN(u2)| <29 — 1.

If IN(u1)AN(uz)| =2q — 1, we get case 3 or case 4. If [N(u1)AN(uy)| =2q — 2, we get case 1 or case 2. If none of these
cases occur, we get
-3
2
For any A € I, we have

ao

a  az q
N=ap+ 242 o(-)
gk ot —+55+0(53

2q+0() 49+ 0() q
A T2 +O(_)
2q—4 4q-10 q
<@-D+ ==+ =5 +0(5)

=fM.

By Lemma 12, we have A2 max = Ag < Af = 12(Go), a contradiction and Claim 1 is proven.

1
<-(2q-3
_z(q )+

Case 1: dy, =dy, =q—1, and N(uy) N N(uz) =¥. Let u be the unique vertex not in N[u1]U N[u;].
Claim 2: For i =1, 2, G[N(u;)] is a path of length q — 2. Moreover, u is a cut vertex of G.

Observe u has zero contribution to a;, because there are no walks of length 1 with endpoints in N(uq) or N(uy) which
include u. If u is not a cut vertex, then, there is at least an edge in E(N(u1), N(uz)), which contributes —1 to ay. If either
G[N(u1)] or G[N(u3)] is not Pg_1, then it contributes one less in a;. Therefore, if Claim 2 does not hold, we have

m=@-2)+@-2—-1=29-5.
For any A € I, we have

17
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g =ao+ 5+ 3+ 2 +0 (55)

2g—5 49+0(1) 8q+0(1) q
o tT oz T +O<7>
2q—4 4q—10 8q-—24 q
A + A2 + A3 +O( )

<q-1+

<@-1+
= f).

By Lemma 12, we have Az max = Ag < Ay = 12(Go), a contradiction and Claim 2 is proven.
Case 2: dy, =dy, =q, and [N(u1) " N(uz)| = 1. Let u be the unique vertex in N(uq) N N(uy).
Claim 3: For i = 1,2, G[N(u;)]\ {u} is a path of length q — 2. Moreover, u is a cut vertex of G.

Observe u has zero contribution to a;. If u is not a cut vertex, then, there is at least an edge in E(N(uq) \ {u}, N(u2)\ {u}),
which contributes —1 to a;. If either G[N(u1)]\ {u} or G[N(u2)]\ {u} is not Pq_1, then it contributes one less in a.
Therefore, if Claim 2 does not hold, we have

m=q-2)+@-2-1=29-5.

For any A € I, we have

g =ao+ 2 +17+X§+O<;>
261A 5+4CI+A20(1)+861+A§)(1)+O(%)
2q;4+4q;210+8q);24+0(q)

<q-1+

<@-1)+
=fQ).

By Lemma 12, we have A2 max = Ag < Af = 22(Go), a contradiction and Claim 3 is proven.
Case3: dy, =q,dy, =q—1, and N(u1) N N(uz) =0.
From equation (14) and (15), Ay satisfies two equations.

2w wvyeNan2 Will, V) + 30 vyeNan) xNag) Wil ")

—q+2: i ,

D wvyeNwy? Wiltl, V) + 30 vyeNan) xNay) Wil ")_
_q—1+§: m . (20)

Taking the difference and solving for z:—z — i“Tl we have
1 2

Zumenwp? Wil VI=2 0 yyeny? WilthV)

Xy Xy 1N T 7y
Xuq Xu, 0o Z(u,v)EN(ul)xN(uz) wi(u,v)
i=1 ;
~ a+oGy
o |E(N(ulin(“2))|
l A
1+0 _—
|E(N(u1), N(u2))|’
Solving for ;2 M | we get
X 1 A
Y _ <1+o(>)— 1)
Xuy [E(N(u1), N(u2))|

Claim 4: G[N(uy)] forms a path of length q — 2.

18
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Otherwise, we have

Z wi(u, v) =2|E(G[N(u2)D| = 2(q — 3).

(u,v)eN(uz)?

Let g2(A) => 72 0)‘2 )/2 AP,B as in equation (15). Since ﬁ < 0, using equation (20),
2

2q—6 4q+0(1) 8q+0(1) q
R L v O<F>

2q—4 4q9—10 8q—24 q
T2 T +O(F)

<@—1+
=f).

By Lemma 12, we have Az max = Ag < Ay = 12(Go), a contradiction and Claim 4 is proven.

Claim 5: |E(N(u1), N(u))| € {1, 2}. If [E(N(uq), N(uz))| =2, then the two edges in E(N(u1), N(uz)) share a common vertex
in N(uq).

By Claim 4, the induced graph on N(uy) is a path Pq_y. Let ¢ = |[E(N(uy), N(u2))|. Let us estimate the contribution of
these crossing edges in Zu,veN(uz) wy(u, v). Since G is a connected outerplanar graph, we have c € {1, 2, 3}. Let n be the
contribution of the crossing edges in }°, ey, W2(U, v). We have

ifc=1,

if c = 2 and two crossing edges share a common vertex in N(u1),

if c =2 and two crossing edges do not share a common vertex in N(uq),
ifc=3

[S20 S I S

When c = 3, the three crossing edges must form a shape of N, thus the contribution is 3 4+ 2 = 5. Note that the contri-
bution of Pg—1 to 3., yeny) W2, V) is

2(q—1)—2+2(q—3)=4q — 10.
For any A € I, using (21) and (15), we have

20 = le vs A

zq_4+c%+4q—10+n+0(1)-% 8q+0(1) (i)
Iy 22 A3 A4
2 —
2q — i k_%m ;f+n sth“)+O<f
m;4+4m4i;8+n+8mgﬂn+o<%>
M;4+4t;0+mgm+0(%)

<q—-1+

=q-1+

=@-D+

<@-1+
=f).

If Claim 5 fails, we have n — c? < —2. Thus, the last inequality holds. By Lemma 12, we have A2max =Ag < Af =22(Go),
a contradiction and Claim 5 is proven. Therefore, there exists a cut vertex of G in N(u1) which we label u.

Claim 6: G \ {u} =2Kq Vv Pg_1.

By Claim 4, one of the components in G\ {u} is K1 v Pg—_1. Call the other component H. If H # Ky v Pg_1, by Tait and
Tobin’s result, we have

M (H) <A (K7 Vv Pq_1).

Thus, we have
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MG\ {u}) =21 (K1 Vv Pgq),
A2(G\ {u}) = A1 (H).

Since two eigenvalues are not equal, by Cauchy’s Interlacing Theorem, we have

22(Go) =21 (K1 Vv Pg—1) = A1 (G \ {u}) = 22(G) = 2(G \ {u}) = A1 (H),

and the middle inequalities cannot be equalities simultaneously. Thus, 13 (G) is not maximal if H # K1 v Pg_1.
Case4: dy, =q—1, dy, =q, and N(u1) N N(up) = . This is symmetric to Case 3.

Therefore, G always contains a cut vertex u such that G\ {u} is two disjoint copies of K1V Pq_1. The proof of Theorem 3
is finished. O

5. Maximum A, for 2-connected outerplanar graphs
We first compute the series expansion of A, for the conjectured extremal graph (K; v PL%J_l) o (K v Pr%wq).
Lemma 13. Let G = (K1 Vv Pngq) o (Kq v P(%],l). Then:

1. For n = 2q, 12(G) satisfies the following equation.

2g—6 4q—14 8q—32 16q—70 32q—152 64q—324 q
W2=(q-1 0 (—) . 22
@Dt ——F gt gt 55— T 55— t0(53 (22)
In particular, we have
1 2 7 113 1
M=v/q—1+1 - 0o .
2V I S e=1 a1 T8@—12 T eq-12 ((q—1)3>
2. Forn=2q + 1, 12(G) satisfies the following equation.
2q—4 4q—12 8q—32 16q—64 32q—112 64q—232 q
2=(q-1 0 (—) . 23
@=D+ A + A2 + A3 + A4 + A2 + A6 + A7 (23)

In particular, we have

) 1 9 87 1
A=+q—1+1 - - Bl 0
2=va-1+ T/a=T q-1 8@-12 16@-12 <(q—1)3>

Proof. Let u; be the vertex of the largest degree and u; be the vertex of the second largest degree in G. Let P be the
induced subgraph obtained from G after deleting u; and ujy. Let X be the eigenvector of G corresponding to A,. Note that
X is a simple eigenvector because, by Cauchy’s Interlacing Theorem, A, is a simple eigenvalue, as A,(G) = Q(+/n), while
A3(G) < A1(G\ {u1, u2}) < A(G\ {uq, uz}) <4. Llet B, B2, ¥1, V2, B, ¥ defined as in equations (8)-(16). Equation (14) can be
re-written as

X,
A =Fi(» +D(A)Xﬁ.

u1

Equation (15) can be re-written as

X
A2 =F(0) +D(A)Xﬂ.

uy
Here
o0
2 wi(u, v)
iy =y ey M),
i=0
oo
2 wi(u, v)
F0=Y ZW’”E”“‘;; ——,
i=0
DY) = i Z(um)eN(uoxl_V(uz) wiu, v)

)\'l

i=1

20
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. X
Canceling % we get
1

(02— F1))(3% = F200) = D(W)?,

which implies

1
vl ((F10) + F200) = V(F1 () = B (02 +4D(1)2)

Using SageMath, we can calculate

F,(0)=@-1D+

+

A 22 23 24 A5 26 A7
D(A)_2+6+16+42+104+260 O(q>
TA A2 A3 A% A a8 A7)

When n = 2q, we have F;(1) = F2(}) and

A2 =F3(0) — D).

This implies equation (22). Using SageMath, we can calculate

1 2 7 113 1
Ay = —1+1 — 0 .
2=V I T q—1 8@ 12 T6lq— 12 <(q—1>3>

When n=2q + 1, we have

_2q-2 4q-4 8q-8 16q—12  329—16 64 q
Pl =q+ ="+ ==+ —5—+ g+ s +A_6+O(k_7)'
Therefore,
3 =2 ((F10) + Fa0) — V(F1 () — F200)% + 4D (12

N = N =

49-6 8g—12 16024 320—40 64g—64 128q— 64 q
<2q—1+ ettt 5 +0(5%)

1+2+4+8+16+32+64+O 1 2+4 2+6+16+42+104+260+O(q) 2
A A2 A3 T AT AT 27 A A2 A3 T AT A5 T s 27
2q—4 49—12 8q—32 16g—64 32q—112 64q—232
I + +0 ().

A 22 A3 A4 A0 26 A

Using SageMath, we can calculate the series expansion of 1.

1 1 9 87 1
o= Va—141 . . . 0 .
2=V I T q-1 8@-12 16— 17 <(q—1>3>

Proof of Theorem 4. Let G be the graph which achieves the maximum A, among all 2-connected outerplanar graphs on n
vertices. Let Go be the conjectured extremal 2-connected outerplanar graph on n vertices. We follow the proofs of Theo-
rems 2 and 3. Assume A;(G) satisfies the equation

>

2 =g,
where g(A) =>"12, % and a; is defined as in (17) for G, while A2(Gp) satisfies the equation
W =fo,

where f (1) is the right-hand side of (22) or (23) depending on the parity of n. In either case, we define

ai(Go) = [»7'1f (1.
It is sufficient to compare f(1) and g()) in a small interval I = («/n/z +1- % 2+ 1+ %)

Case n = 2q: We have
q—6 4q—14 8q—32 16q—70 32q—152 q
o(—).
P v Rt R T B A

21

2
fM=@-1+
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Consider the following claims.
Claim 1: dy, =dy, =q—1 and N(u;) N N(uz) =¥.
The proof is identical to the proof of Claim 1 in Theorem 2.

Claim 2: For i = 1,2, G[N(u;)] is a path of length q — 2. There are exactly two edges in E(N(u1), N(uy)). In particular, the
two edges form a matching.

Otherwise, we have

a1<(@—2)+(Qq—2)—2=2q—6.

For any A € I, we have

ap az as q
N=ag+ 4 2t o(_)
g) 0+A+A2+A3+ o

2q—7 49+0(1) 8q+0(1) q
<q—1 o(—)
Sq-1+ bt 10 (53

20—6 4g—14 8q—32

q
<@-D+ T2+ T+ =5+ 0(55)
= f).

By Lemma 12, we have Az mgx =Ag < Af = A2(Gp), a contradiction and Claim 2 is proven. Since G is 2-connected, the two
crossing edges must form a matching.

Claim 3: The ending vertices of the two edges in E(N(uy), N(uy)) have degrees 1,1,2,2 in P.

Denote the two edges by vi{w and v,w5. The contribution of viw; in a; is given by
1- (d",’i +d5v,-) .
We have
a, <4q—8— (db, +df, +df, +df,).
Note that since G is outerplanar, at most two vertices in vq, w1, vz, wy are ending vertices. Thus, we have
4y <4q—8— (a!’v’1 +db 4+l +d’v’”) <4q—14,
with equality if and only if the degrees d}, .d{, .dy,.and dj,, are 1,1,2,and 2, respectively. If Claim 3 fails, we have
ap <4q —15.
For any A € I, we have

a a a 16g+ 0 (1
gh) =ap+ -+ 5+ 3+q7()+0(q)

Pl 23 24
2q—6 49—-15 8q+0(1) 16gq+0(1) q
<o o ()
=q + > + 52 + 3 + o + o
2q—6 43—14 8q—32 16q—70 q
s o (%)
<@-Dt——+—5—+—3+— 5 +0(3

=f).

By Lemma 12, we have A2 max = Ag < Af = 212(Go), a contradiction and Claim 3 is proven.

From Claims 1-3, there are only two graphs left. Call the other graph G;. Both Go and G have the same values on ag,
a1, and ay. They only differ by 1 on as. The graph G{ contains one more negative 3-walk, which is highlighted in red in
Fig. 5. We have

a3(Gp) = az(Go) —1=38q —33.

For any A € I, we have

22
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Fig. 5. The graphs G (on the left) and Go (on the right). (For interpretation of the colors in the figure, the reader is referred to the web version of this
article.)

g0y =ao+ 4 2 8 10+ 0M) | 320+ 0CD) o(i)

A xz 23 A4 25 26
2q—6 4g—14 8q—33 16gq+0(1) 32q+O(1)
e L TR R Y +0 ( 6)
29-6 49-14 89-32 16-70 32— 152 q
<@=-D+ ==+ PE A4 25 (_6)
=f).

By Lemma 12, we have Az max = Ag < A = 12(Go), a contradiction. The proof of the even case is finished.

Casen =2q + 1: We have
2q—4 4q-—12 8q—32 16q—64 32q—112 q
o( )
A + A2 + A3 + A4 + A5 +

fW=@-1+

Claim 4: One of the following four cases must occur:

1. dy, =dy, =q—1, and N(u1) " N(uz) =0.
2. dy, =dy, =¢q, and |[N(u;) N N(up)|=1.

3. dy, =¢q,dy, =q—1, and N(u1) N N(uz) =4.
4. dy, =q—1,dy, =q,and N(u1) " N(uz) =9.

The proof is identical to the proof of Claim 1 in the proof of Theorem 3. Again, we can show that there is a cut vertex in
both Case 1 and Case 2, which cannot occur since G is 2-connected. Cases 3 and 4 are symmetric. From now on, we assume
dy, =q,dy, =q—1,and N(u1) N N(up) =4.

Claim 5: G[N(uy)] forms a path of length q — 2.

Otherwise, we have

Z wi(u, v) =2|E(G[N(u2)D| = 2(q — 3).

(u,v)eN(up)?

Let go(M) = > 120 Ay yz P,B as in equation (15). Smce < 0, using equation (20), we have

20—6  4q+0(1) 8q+0(1) q
o) <q—1+ S 0 (74)
2g—4 4q—-12 8q-—32 q
<@-D+T—+ =10 ()
= f).

By Lemma 12, we have A3 mex = Ag < Ay = 12(Gp), a contradiction and Claim 5 is proven.
Claim 6: E(N(u1), N(uy)) consists of two parallel edges.

By Claim 5, the induced graph on N(uy) is a path Pg_q. Let ¢ = |E(N(u1), N(u2))|. Since G is 2-connected outerplanar
graph, we have ¢ =2 or ¢ = 3. When ¢ = 2, the two crossing edges form a matching. When ¢ = 3, the three crossing edges
must form a shape of N.

Let us estimate the contribution of these crossing edges in 3, , ey, W2(u, v). Let  be the contribution of crossing
edges in 3, yenquy W2(U, v). We have
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2 ifc=2,
n= .
5 ifc=3.
Note the contribution of Pg_1 to Zu’veN(uz) wy(u, v) is

2(q—1)—2+2(q — 3) =4q — 10.

For any A € I, using (15) and (21), we have

o0
L) =) Ay, AbB
i=0

20—4+cgl  4q-1040+0M-F 8oL 0(1) 169400
2 % 84 ()+q ()+o

= = PE A (%)
D ;1 %+4q—£20+77+8q—;30(1) 16q+0(1) (A)

—(q-1+ CI}L— +4q_10);C2+n+8q—;;)(1) 16q+0(1) O(is)
<(q_1)+2qk—4+4qx—212+8qk—332+16q);64+o(f_5)

=f).

If Claim 6 fails, we have 7 —c? =5 — 32 = —4. Thus, the last inequality holds. By Lemma 12, we have Ay mox =Ag <Af =
A2(Go), a contradiction and Claim 6 is proven.

Claim 7: G[N(uq)] forms a path of length g — 1. The ending vertices of two edges in E(N(u1), N(u3)) have degrees 1,1,2,2
in P.

Let |E(G[N(u1)])|=q —1—’. Since G is 2-connected and outerplanar, we must have ¢’ =0 or 1. Write the two edges
in E(N(u1), N(up)) as viwy and vow, with wyq, wy € N(uy). Let n(vq, vp) =1 if viv; is not an edge, and 0 otherwise. We
have

2q—2-2c 49+0(1) 8g+0(1) q

=gt =+ * 75 +O<A_4>
2—4 49-8 8q—10—2(d"(wy) +d"(w2)) —2n(vy,v 16g+0(1) 32q+0(1
Fy0)=q—1+ qk +qA2 8 ( (])x3(2)) n(vi z)Jr qk4()+ ql\s()

+o(i)

P P P P
D(A):% d"(vq) +d (W1);d (v2) +d” (wa)

Therefore,

= ((F1) + F20) = V(F1G) = F26)2 +4D(.2)

NI*—‘

(F1(0) = F2(1)?

1 2D())> 1
== ((Fl(x)wz(x))—(Fm)—Fz(x) <1+ ‘o (( )))

(F1 () — F2(0))? q—1)?
Ry DP® ( 1 )
T (F1(0) — F2(0) q@—1)?

2g—4 4g—8 8q—10—2(d”(w)+dP(w2)) —2n(vi,v2) 16q+0(1) 32q+0(1) q
—q- =t 3 40 (55)

2 dP(v1) +dP(wy) +dP (vo) +dP (wy)\° 2-2¢ 1
_(X+ 2 )(1_ x >+O<<q—1>2>

24

1 4D(1)2
=3 (F1() + F2(0) = (F1(0) = o) 1+ ——————
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Fig. 6. The graphs G, (on the left) and Go (on the right).

29—4 4q—12 N 8q — 2 — (4d” (v1) + 6d” (w1) + 4dP (vo) + 6d° (w2)) — 2n(vy, vo) — 8¢’

=(@q-1
q-1+ PRy 3
16g+ 0(1) 329+ 0(1) q
+ It + IE +0 (F)

Since G[N(u2)] = Pq_1, we must have
d?(wy) +dP(wy) >1+2=3.
When ¢’ =0, we have
4(d" (1) +d” (v2)) +6(d” (w1) +d" (w2)) = 4(1 +2) +6(1 +2) =30,

with equality if and only if the ending vertices of two edges in E(N(u1), N(uz)) have degrees 1,1,2,2 in P. When ¢’ =1,
V1V cannot be an edge, as otherwise u; would be a cut vertex in G. We have

4(dP (v1) +d” (v2)) + 6(d” (w1) +dP (w2)) + 21 (v1, v2) = 4(1 +0) + 6(1 +2) +2 = 24.
Therefore, if Claim 7 fails, then we have

8q — 8 — (6d” (v1) +4d” (wq) + 6d” (v3) + 4d” (w,)) — 8¢’ < 8q — 33.

And so,
2—4 49—12 8g—33 16g+0(1) 32q+0(1) q
A <(q-1 O(_)
EN=@-Vt——t+—— =5t —g t— 28
20—4 49—12 8q—32 16q—64 329—112 q
<@-D+——+ =5+t~ T3t 55 10 (76)
=f).

By Lemma 12, we have Az max = Ag < Ay = A2(Gp), a contradiction and Claim 7 is proven. Thus, G must be one of the two
graphs in Fig. 6.
It suffices to show G is not Gg,. In fact, for G, we can calculate F1(%), F2(1), and D(%) as follows:
2q—2 4q—4 8gq—8 16gq—12 32q—14 64q+5 q
Fi(h) = 0 ( )
W=+ ===t =t st T s e O

20—4 49-8 8q—16 160—28 320—46 64— 59
F)=@q-1)+2—=4+™ UL L L +o(q).

A 22 23 24 A5 26 27
D(A)_2+6+17+44+112+276 O<q)
A A2 A3 4 S A6 A7
Therefore,
1 2 2
g0) = 5 ((F10)+ F20) =V/(F1 () = F2(0))” +4DG.)
1 49-6 8g—12 16g—24 329—40 64g—60 128q—54 q
_§<2q_1+ T T tTa s s +O(F)
1+2+ 4 2 8 +16+32+64+O ( q ) 2+4 2+ 6 +17+44+112 276 (q )
A A2 25 27 A a2 PERAPE 7
3 2g—4 49—12 8g—32 16q—68 32q—122 64q 244 q
=@ttt s e T s 26 (F)
2q—4 49—12 8q—32 16q—64 32q—112 64q 232 q
<@-bDr—=—F =ttt 26 ()7)

=f®).
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Fig. 7. The conjectured outerplanar graph maximizing A3 on n = 3q vertices.

Thus, we have 12(Gj) < A2(Go). The crucial difference between G and Gy is that there are 17 (u, v)-walks of length 3
in Gj for g > 5 with (u,v) € N(uy) x N(u), but only 16 such walks in Go (as can be seen by comparing the coefficients
of A73 in D(1) for Go and Gg)- This completes the proof that Go is the unique extremal graph among all 2-connected
outerplanar graphs on n vertices. 0O

6. Future directions
In this paper, we have determined the leading order asymptotics of Ay max for any fixed k and also determined the

precise extremal graphs for k =2 in the class of n-vertex outerplanar graphs, connected n-vertex outerplanar graphs, and
2-connected n-vertex outerplanar graphs. We make the following conjectures for the extremal graphs for k = 3.

Conjecture 2. For n sufficiently large, among all connected outerplanar graphs on n = 3q vertices, the graph maximizing A3 is unique
and isomorphic to the following graph, denoted by (K1 Vv Pq_1)—(K1 Vv Pg_1)—(K1 Vv Pq_1), which is constructed by gluing three dis-
joint copies of the fan graph K1 v Pq_1 via edges connecting vertices of smallest degrees to largest degree between all three components
(see Fig. 7).

Conjecture 3. For n sufficiently large, among all connected outerplanar graphs on n = 3q + 1 vertices, the graph maximizing A3 is

unique and isomorphic to the following graph, denoted by 3(Ky v Pgq—1)—Kjy, which is constructed by gluing three disjoint copies of
the fan graph K1 v Pg_1 to a Ky via edges connecting any vertices (but maintaining outerplanarity) to that K.

Note that Conjecture 3 is a special case of Conjecture 1.

Conjecture 4. For n sufficiently large, among all connected outerplanar graphs on n = 3q + 2 vertices, the graph maximizing A3 is
unique and isomorphic to the graph obtained after deleting a lowest degree vertex from the connected outerplanar graph that (we
conjecture) maximizes A3 on 3(q + 1) vertices

We have tested these conjectures for relatively small values of n by first narrowing down the possible structures of the
graph maximizing A3 over all connected outerplanar graphs on n vertices.

We can ask the following general question. Given a family F of graphs on n vertices, which graph in F has the maximum
Ax? In particular, we are interested in planar graphs and K -minor free graphs.
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