Journal of Optimization Theory and Applications (2025) 205:34
https://doi.org/10.1007/s10957-025-02640-5

®

Check for
updates

Numerical Approximation of Riccati-Based Hyperbolic-Like
Feedback Controls

Irena Lasiecka’2(® - Roberto Triggiani' - Xiang Wan3

Received: 23 August 2024 / Accepted: 15 February 2025 / Published online: 27 March 2025
© The Author(s) 2025

Abstract

This paper provides a (rigorous) theoretical framework for the numerical approxima-
tion of Riccati-based feedback control problems of hyperbolic-like dynamics over a
finite-time horizon, with emphasis on genuine unbounded control action. Both contin-
uous and approximation theories are illustrated by specific canonical hyperbolic-like
equations with boundary control, where the abstract assumptions are actually sharp
regularity properties of the hyperbolic dynamics under discussion. Assumptions are
divided in two groups. A first group of dynamical assumptions (actually dynamic prop-
erties) imply some preliminary critical properties of the control problem, including
the definition of the would-be Riccati operator, in terms of the original data. However,
in order to guarantee that such an operator is moreover the unique solution (within a
specific class) of the corresponding Differential/Integral Riccati Equation, additional
smoothing assumptions on the operators defining the performance index are required.
The ultimate goal is to show that the the discrete finite dimensional Riccati based feed-
back operator, when inserted into the original PDE dynamics, provides near optimal
performance.
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1 Introduction: Continuous and Discrete Optimal Control Problems
1.1 Orientation

The continuous theory of the Quadratic Optimal Control Problem over a finite-time
horizon and corresponding Differential/Integral Riccati Equations for (linear) abstract
differential equations is one of the fundamental disciplines within Optimization The-
ory. It was introduced within the area of control as a far reaching extension of the
very successful finite dimensional control/system theory of the 1960s—80s, in order to
model Partial Differential equations (PDEs) defined on a multi-dimensional bounded
domain and subject to boundary control action and/or boundary sensing action. At
the same time, it pushed the theory of abstract equations far beyond its traditional
confines within the mathematical tradition, since in the resulting abstract framework,
the boundary term lives in a highly weak topology (a suitable dual space, much larger
than the function space of the uncontrolled system).

This application-driven development of mixed problems for PDEs raises a variety
of novel and technical issues in the area of both analysis and numerics. Of particular
interests are models driven by hyperbolic dynamics. The main reason is that such
dynamics has no regularizing effects [in contrast to parabolic systems]. The singular-
ities propagate (hyperbolic case) rather then being smoothed out with the start of the
dynamics (parabolic case) [7, 29]. Handling of the problem requires particular method-
ology which accounts for the specifics of the dynamics [such as “hidden regularity of
the traces”, etc]

In the present paper we provide a [rigorous] mathematical framework for the numer-
ical approximations of the continuous theory with unbounded control actions,that has
been available in book form [7, 30]. Thus, we first review the main features of such
continuous theory, and next discuss the difficulties that arise in constructing a viable
approximation theory and accordingly provide complete results thereof.

As noted, the abstract models are motivated by, and ultimately directed to,
hyperbolic or hyperbolic-like Partial Differential Equations (PDEs), defined on a mul-
tidimensional bounded domain £2 of dimension d > 2 (the challenging case), subject
to boundary (point) control and/or boundary (point) observation. Further extensions of
the basic approach in [30] to different dynamics and control systems-such as coupled
systems exhibiting both parabolic and hyperbolic behavior with unbounded control
inputs has generated significant resonance in the literature [1-3, 8, 9, 18, 36, 37]. Here
the goal was to show that there is a parabolic smoothing effect which is propagated
onto the hyperbolic part yielding smoother controlled solutions. Feedback Riccati the-
ory for parabolic problems alone where the dynamics has strong regularizing effect
has been investigated earlier in [7, 29, 39] together with numerical approaches [19,
22-24]. However, purely hyperbolic dynamics with no smoothing effect whatsoever:
just sheer propagation—meets with several challenges at both continuous [12, 30] and
approximation level as first recognized in [13, 15] and also [16]. While a good theory
for the continuous processes is a necessary initial condition, this is far away from
being sufficient when it comes to approximations. The main difficulty is that certain
properties of the underlying operators need to be replicated on the numerical scheme
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retaining uniformity in the parameter of discretization. While this process is well
understood by now in parabolic dynamics, it is far from clear or even true in the case
of hyperbolicity. Properties such as stabilizability, controllability, admissibility [criti-
cal for Riccati Theory] while may be known and valid in the continuous case, fail or
are not known in the discrete case. This has been noted a long time ago in the case
of stabilizability [13] and controllability [15]. The validity of the requisite estimates
[uniformly in the parameter of discretization] often depends on the choice of approxi-
mation method [splines, nodal functions, finite differences] [15]. The convergence of
the so called “gain operators”—the main actors for feedback control—is challenging
particularly for finite horizon problems where the gains are time dependent. Correct
definition of the domains of these operators lies at the heart of the matter.

As mentioned, the focus of the present paper is to provide a rigorous theoretical
framework for the numerical approximation of the aforementioned continuous theory.
Ultimately, it is the numerical component that provides useful information in engi-
neering design and science problems. This has been the case for the numerical theory
of finite dimensional control theory over many years. And this has justified the marked
expansion of numerical activities over the past decades in the mathematical commu-
nity within the PDE framework. The main idea is as follows: we start with the original
system [on line] and a given observation. Based on this information, we construct a
finite dimensional algorithm for computing the approximated feedback control which
is finite dimensional. This algorithm is based on the numerical approximation of the
Riccati operator—the so called gain operator—which is then inserted into the real
system. The hope is that the resulting construct would yield “near” optimal perfor-
mance with an error going to zero as the rate of approximation scheme tends to zero.
See more relevant references such as [4-6, 10, 14, 17, 22, 23, 26, 27, 31-33, 42-46].
Various aspects of discrete approximations of continuous dynamical control systems
modeled by differential evolution inclusions, possibly to include time delays, have
been investigated in [35, Chapter 6 & 7].

1.2 Dynamical Model
In this paper we return to the abstract differential equation
¥=Ay+Bu onsay, [D(AM)], y(0)=yoe?, (1.2.1)

A* being the Y-adjoint of A, Y a Hilbert space, subject to the assumptions:

(H.1): A:Y D D(A) — Y is the generator of a s.c. semigroup e on ¥, t > 0,
satisfying (without loss of generality) A~! € L(Y);

(H.2): B is a (linear) continuous operator U — [D(A*)], U another Hilbert space;
equivalently,

A7'B e LU Y), (1.2.2)

sothat B* € L(D(A*); U) is defined by (B*x, u)y = (x, Bu)y, u € U, x €
D(AY);
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(H.3): The (closable) operator B*eA™ can be extended as a map

B*e?™" : continuous Y — L,(0, T; U), ie.,

T
/ IB*eA x|}dt < cr|x|%, xeV (1.2.3)
0
forall 0 < T < oo. Thus, by duality on (1.2.3), we obtain that
t
(Lo.7u) (1) =/ A Bu(tydr - Ly(0,T; U) — C([0,T1; V). (1.2.4)
0

continuously. The solution to problem (1.2.1) is then given by

Y(@) = y(t; yo) = e yo + (Lo7u)(0) :
continuous {yp,u} € Y x L0, T; U) - C([0,T];Y). (1.2.5)

1.3 Optimal Control Problem: Interval [0, T]

We associate with the dynamics (1.2.1), or (1.2.5), the quadratic cost functional (where
we now specify endpoints of the interval, as well as the final state penalization G)

T
Jo,r;cw,y):/o Ry + lu@Iglds + 1Gy(D7,,  (1.3.1)

where Z, Zy are two other Hilbert spaces, and

(H.4):
ReL(Y;Z); GeL(Y;Zy). (13.2)

(H.5):
R*Re' B : continuous U — L (0, T;Y) (1.3.3a)
/OT |R*Re Bul|ydt < cr|ully, wueU. (1.3.3b)

(H.6):

G*Ge*B e L(U;Y) and sup |G*Ge* Bllzw.yy <oco.  (1.3.4)
0<t<T

The corresponding optimal control problem O.C.P.g 1.¢ is:

Minimize Jo .G (u, y) overall u € L2(0,T; U) (13.5)
where y is the solution of (1.2.1) due to u. o
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Assumptions (H.1)—(H.6) are in force throughout the present work and they can be
found in [30, pp. 766—767]. Assumption (H.5) and (H.6) will be needed for the rep-
resentation of the Riccati operator [value function] as a solution of the Differential
Riccati Equation. By using Bellman’s optimality principle, one may also consider the
optimal control problem starting at time s > 0.

Interval [s, T']. If the initial time for the dynamics (1.2.1) is t = s > 0, with cor-
responding initial condition y(s) = yp, the resulting solution is now denoted by
y(t) = y(t; s; y0), so that y(¢; 0; yg) may be simply denoted by y(¢; yp). The corre-
sponding optimal control problem O.C.P.; 1.c over the interval [s, T], T < o0, is
then:

Minimize the functional cost over allu € Ly(s, T; U) :

T ) ) , (1.3.6)
Biro = [ IRy + a9 |di + 16T IR,

Remark 1.1 By duality on (H.5) and (H.6), we obtain

T
(H.5%): The map v — / B*eA*’R*Rv(t)dt can be extended as a map continuous

0
L0, T;Y)—> U,

T
/ B*eN ' R*Ru(t)dt| < crllvllro.o.1:y)- (1.3.7)
0 U
(H.6*): Foreach0O <t < T,
B*AG*G € L(Y;U) and  sup HB*eA"fG*GH <00, (13.8)
0<t<T L(Y;U)

i.e., B*¢A'G*G € B([0, T): L(Y; U)) in the notation of [30, Remark 8.1.1].

The corresponding approximating assumptions of the discrete problem are (H.7) =
(2.2.1) and (H.8)=(2.2.2) in Sect.2.1.

Summary of known results. Results (1) through (4) below are in [30, Chapter 9, Theo-
rem 9.2.1, p. 773], under the sole assumptions (H.1), (H.2), (H.3), (H.4); while results
(5) and (6) below asserting that the operator Pr(-) satisfies the D.R.E. (1.3.21) and,
moreover, is the unique such solution to satisfy properties (1.3.10b), (1.3.19), (1.3.20)
are in [30, Theorem 9.2.2, p. 775] under the additional assumptions (H.5), (H.6).

(1) There exists a unique optimal pair {u(}(~; S5 50), yO(.; s; ¥o)} of the optimal control
problem O.C.P . 1.c in (1.3.6):

up (55 30) € La(s, T U); - yp (s 85 30) € C([s, T Y). (1.3.9)

(2) There exists an operator Pr(t) € L(Y), 0 <s <t, given explicitly by
T * *
Pr(t)x =f AR RY (15 1y x)dT + e TDG*GY(T 13 x) (1.3.10a)
t
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: continuous Y — C([0,T];Y), xe€Y, 0<s<t<T (1.3.10b)

such that
6
(5 53 y0) = —B*Pr()y(t, 53 y0) € La(s, T; U);  (13.11)
(ii)
Pr(t)=P;(t) >0, 0<s<t<T,; (1.3.12)
(iii)

T
(Pr()x, x)y =f [1RYD (@ 1501 + 1 es 13 01 | de 4+ 16y (T3 15001,
t

= Jt(?T;G(x) = Jr,T;G(M(%(-: £ x), y%('; t; X)). (1.3.13)
(3) Setting
Dr(t,s)x = y%(l; s;x)eC([s, T];Y), xeY (1.3.14)

(strong continuity in the first variable) @7 (¢, s) € L(Y) is an evolution operator
satisfying

Or(t,t)y=IonY;, &p(t,s)=r, 1)Pr(t,s), s<t=<r=<T. (1.3.15)

Moreover (see [30, Chapter 9, Eq. (9.2.24), p. 776]), the following transition
property holds true

Pr(t+o,t)x =Pr_4+(0,0)x € C(0, T]; Y). (1.3.16)
We also recall that [30, Chapter 9, Eq. (9.2.13), p. 774]

the map s — @7(-, s)x = y?(-, s; x) iscontinuouson Y, x € Y

(1.3.17)
(strong continuity in the second variable).
(4) Finally, the operator Pr(-) in (1.3.10) satisfies the uniform bound:
sup [Pr®Mllgyy <M < oo. (1.3.18)

0<t<T

by the Principle of Uniform Boundedness.
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(5) Moreover (under the additional assumption (H.5), (H.6)), the above operator Pr (t)
satisfies the following additional regularity properties

B*Pr(t) e L(Y;U), 0<t<T (1.3.19a)
or B*Pr(t) € B([0, T]; L(Y; U)) (1.3.19b)
B*PT(~)eA(‘_S)B : continuous U — Lz(s, T;U) (1.3.20)

for any 5,0 < s < T, with norm that may be taken independent of s.

(6) As a consequence of properties (5), the operator Pr(¢) is a solution of the Differ-
ential Riccati Equation with (-, -) = Y-inner product:for all x,y € D(A), 0 <
t<T

d
(EPT(I)L y) = —(R*Rx,y) — (Pr(t)x, Ay) — (Pr(1)Ax, y),

+(B*Pr(x, B Pr(t)y),, Vx,yeD(A), 0<r<T (1321

with the terminal data Pr(T) = G*G, and hence of the corresponding Integral
Riccati Equation

T
(Pr(t)x,y) = / (ReA(T_t)x, ReA(T_t)y>Z dt + (G*GeA(T_t)x, eA(T_t)y)
t

T
—/ (B*PT(r)eA(f—”x, B*PT(t)eA(T_t)y)Udr, Vi,yev.
t

(1.3.22)

In fact, such Pr(¢) is the unique solution of the I.R.E. (1.3.22) and hence of the
D.R.E. (1.3.21) to satisfy properties (1.3.10b), (1.3.19), (1.3.20).

Our goal is to introduce a finite dimensional approximation of the Riccati Equa-
tion which would produce a finite dimensional solution P,(t) € R", and a finite
dimensional control

up(t) = —B; Py(t)yn(t) € L2(0,T; U) (1.3.23)
which, when inserted into the original dynamics
Yh,it () = Ayp(t) + Bup(t) = Ayn(t) — BB, Py (t)yn(t) (1.3.24)
would provide an almost optimal performance. In order to accomplish this, we need
to first approximate the control problem.

Note that the algorithm allows to control the original plant (A, B), in a feedback
form with the gain operator B} P, where Py, is computed from a nonlinear ODE [the
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finite dimensional Riccati equation] and By, is a suitable approximation of the control
operator B. Note, we do not approximate the original plant (A, B)-and this is the
whole point. The diagram below provides an illustration of the process.

Remark 1.2 This remark is in response to questions raised by a referee.

1. The path or general strategy in the present hyperbolic work and in the parabolic
work [29, Chapters 4 & 5] is similar: we seek a finite dimensional approximation
of the Riccati operator which would produce a corresponding finite dimensional
feedback control, such that—once inserted into the original dynamics—produces
an almost optimal performance. However, very different techniques are needed in
order to implement the common strategy in the two cases. In a few words:

(i) Regarding the control-free dynamics: analyticity of the free dynamic semi-
group in the parabolic case versus the group or only semigroup in the hyperbolic
case;

(i) Regarding the controlled dynamics: the drastic difference of the optimal regu-

larity in the two cases with boundary control. More technically, in the parabolic
case, see Assumption (A.1) = (4.1.2.2) of uniform analyticity in the -domain
or the corresponding equivalent version in the frequency domain (4.1.2.3) at
[29, pp. 434—435]. And compare this against the discrete version of assumption
(B.1) = (1.5.8) (sharp regularity sometimes called admissibility) of the present
paper dealing with the hyperbolic case.
To further elaborate: the two main properties needed for feedback synthesis of
the optimal control with unbounded actuation are: (i) properties of the operator
B*eA"™" and (ii) properties of the operator Re“’. In both cases, the regularity
of these operators depends on the uncontrolled dynamics e4’. In the parabolic
case, said dynamics is described by an analytic semigroup. Hence the dynam-
ics itself regularizes the control/observation actions. In the hyperbolic case,
this is no longer true. Thus, one seeks “special properties” [e.g. cancellation
of singularities] which still will produce the assumptions postulated where
unbounded control or observation action is “mitigated” by the behavior of the
dynamics—without expecting regularization of the entire state. This has to do
with what is often called hidden trace regularity which can be discovered by
PDE methods [25] capable of capturing “better” regularity at the boundary
than can be inferred from the optimal interior regularity.

At the level of approximations, the issue becomes whether these “better”” properties
can be reconstructed uniformly with respect to the parameters of approximations.
In the parabolic case, the analyticity of the free dynamics is a strong enough prop-
erty which can be reconstructed on a majority of common approximation schemes
[splines, spectral methods, etc]. This, in turn, leads to the mentioned desirable
properties to be satisfied uniformly by the approximation schemes. In the hyper-
bolic case, instead, special care is necessary in order to have the reconstruction of
special “boundary behavior” represented by the “uniformly approximated hidden
trace regularity”. The examples provided in this paper deals with this hyperbolic
situation.
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2. We note that the present paper can be applied also to transport equations such as,
in the simplest case, a one dimensional first order hyperbolic system with Dirichlet
control. Here, the admissibility condition follows from energy method applied to
the controlled dynamics, see [30, Section 10.6]. And this property can be replicated
on typical approximations such as finite elements, spectral, or finite differences.

3. Tt is likely that the cases of using local spatial average or nodal measurements for
the system output may be included. The issue needs further attention.

1.4 Examples of Controlled Dynamics

In order to illustrate the type of PDE-controlled dynamics covered by the above abstract
setting (H.1), (H.2), (H.3), (H.4), we provide two canonical examples of hyperbolic
dynamics::one involving wave and another one a plate. Let £2 be a multi-dimensional
bounded domain in R" with sufficiently smooth boundary 052 = I' = Ip U I7,
F() NI =0, I 0 # 9.

Example #1: boundary damped wave equation in the unknown w(x, t) with Neumann
boundary control:

wy = Aw in2 x(0,7T) (1.4.1a)

wlp =0 in Iy x (0, T) (1.4.1b)

Jw

m +aw; =u onl1 x(0,T), a>0 (14.1¢)
v

w(0) = wo in H}«O(Q), w; (0) = w in Ly(£2). (1.4.1d)

The state space, control space, and state variable are
Y = Hf (2) x La(R); U =LyI): y= (w,wy), (1.4.2)
where
fetf@={ren@. =0}

With the dynamics given by (1.4.1), we associate the functional cost given by

T
Ju,y) = /0 (10130 + Nl | d + Iw(DI o) (143)

Appendix A will justify that: (i) the PDE-dynamics (1.4.1) (where the assumption
a > 01in (1.4.1c) is essential) can be re-written in the abstract form (1.2.1) while
satisfying the required dynamical assumptions (H.1), (H.2), (H.3); (ii) the cost function
(1.4.3) can be rewritten as in (1.3.1) with observation operators R and G satisfying
the regularity assumption (H.4) on the spaces Z = Zy = Y = HILO (2) x L2(£2).
Assumptions (H.5), (H.6) involve a combination of properties of the observations
operators R and G in the performance index and of the dynamics. Next, Appendix B
will provide a detailed account of the corresponding numerical approximation.
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Example #2 plate equation with boundary controls via moments

wy 4+ A%w =0 in2 x (0,T) (1.4.4a)
w:OandAw-i—a:—vw,:u (a>0) onI x(0,T) (1.4.4b)
wO=wy in HA()NH(R), w(0)=w in Lp(£2), (1.4.4¢c)

The dynamics is considered on the space ¥ = H2(£2)N HO1 (£2) x L (£2)[28] with
the functional cost given by

T
T(u,y) = /0 [||Vw||iz(m+||u||%m]dr+||Vw<T)||%2(Q). (1.4.5)

A continuous/numerical treatment is given in Appendix C.

What is the critical difficulty. Since we are dealing with PDEs with boundary control,
the operator B has its range in a large dual space, see (H.2), and thus can be more readily
identified via its adjoint B*. While it is natural to expect that the term B*y°(z, yo)
will be well defined (the latter follows from the optimality principle, see (1.3.8)), it is
not so natural to expect that B* Py (¢) will be well defined—even as a densely defined
operator. Though Py (¢) is sought to be finite dimensional, it is not clear whether its
range is included in the domain of B*, see the Orientation below. Not to mention
issues of convergence and suboptimality. This will become more appreciated during
the development of the approximation theory. Clearly, the continuous theory will have
a fundamental bearing on the approximating analysis.

1.5 Approximation of Continuous Dynamics and Related Properties
1.5.1 Orientation

Our goal here is to introduce a discrete finite dimensional approximation of the Riccati
operator, so that the control based on such approximated Py, (¢) through the formula

up(t) = — By Py (t)yn(t) (1.5.1)

would yield an almost optimal performance when applied to the original dynamics
{A, B}

Yh,t = Ayp + Buy = Ay, — BB Py(t) yp, (1.5.2)

where Pj, is a solution of a nonlinear ODE (finite dimensional Riccati Equation). See
Fig. 1.

1.5.2 Approximation Assumptions: Approximating Subspaces

We introduce a family of finite dimensional approximating subspaces Vj, C D(B*),
where 4 is a parameter of discretization, 0 < & < hg which tends to zero i | 0. Let
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up = =B}, Phyn = Yn
{4, B} feedback bl
ec ack problem
1.3.23), (1.3.24
B Pr (1.3.23), (1.3.24)

Original Continuous
Problem
{A, B, R, G}

D.R.E.; (1.5.28)
based on
{An, Bn, R, G}

Fig. 1 Illustration of the feedback form control algorithm

IT;, be the Y-orthogonal projection of Y onto V}, so that (ITyx, ¢p)y = (x, dn)y , x €
Y, ¢, € Vj, with the usual approximating property

[ Tpx —x|ly — 0, ash | 0, forallx € ¥ (1.5.3)

to be used freely below.
Approximation of A. Let Aj, : Vi, — V), be an approximation of A which satisfies the
following requirements (A.1) through (A.3):

(A.1): there exist constants C > 1, w; > 0 (independent of %) such that the
approximating semigroups are uniformly bounded:

<Ce“, t>0. (1.5.4)

HeAht <
L)

(A.2):

H (AT, — A HY —0ashl0, xeV. (1.5.5)

(Without loss of generality, we may assume that A;l e L(Vy), V h; indeed,
as noted in [30, Chapter 5], condition (1.5.5) may be equivalently formulated
at any point of the common resolvent set of A and Aj.)

(A.3): the adjoint operator A* satisfies the counterpart of assumption (A.2) for A, i.e.,

H[A;;—lnh - A*_l]yHY > 0ash |0, yeVY. (1.5.6)
(A.4):
H [AF T, A" — Hh]y”Y S 0ashl0, yev. (1.5.7)

Approximation of B. We shall assume that the operators B : U — [D(A*)]" and
By, : U — V), satisfy the following approximating properties:

@ Springer



34 Page12of45 Journal of Optimization Theory and Applications (2025) 205:34

(B.1): Given 0 < T < o0, there exists a constant cr > 0 such that the following
discrete version of (1.2.3) holds true, uniformly in 4:

fOT ”B;eAZ’Hthj]dt <crlxl?, xev; (1.5.8)

(B.2):
HA—l[Bh - B]uHY S 0ash |0, uel; (1.5.9)

(B.3):
H (A — nhA*‘]BhuHY S 0ash |0, ueU: (1.5.10)

(B.4):
H[B;;nh — B*]A*_leU S 0ash|0, xeY: (1.5.11)

(B.5):

HB;[A;—IH,, — nhA**l]xHU S 0ashl0, xeY. (1512

Remark 1.3 The usual duality argument as in [30, Chapter 7, Theorem 7.2.1, p. 648],
as applied to assumption (B.1) = (1.5.8), yields the following statement:

(B.1*): Forany 0 < T < o0, there exists a constant c; > 0 such that

<crlulry0,1;0), VY h. (1.5.13)
C([0,T];Y)

/ AT BLu(tydr
0

1.5.3 Consequences of Approximating Assumptions

In this section we collect, for easy reference in the sequel, some direct consequences
of the approximating assumptions of the preceding subsection. We begin with a well-
known, elementary consequence of the Principle of Uniform Boundedness, which we
state as a lemma for convenience (see, e.g., [20]).

Lemma 1.1 Let X; be Banach spaces, i = 1,2,3. Let S, € L(X1; X2), On €
L(X72; X3) converge strongly to S € L(X1; X3) and Q € L(X3; X3), respectively.
Then, Q,S, converge strongly to QS.

As a first application of Lemma 1.1, we have

Proposition 1.1 Assume hypotheses (1.5.3) and (B.2) = (1.5.9). Then (B.3) <—
(B.3"), where statement (B.3') is defined by
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(B.3):
A, — A" "Bjully — 0ash | 0, u e U. (1.5.14)
Proof Let u € U. Consider the identity
(A, — A NBuu = (A, — Ty A 1Bpu + [Ty — A7 Bypu.  (1.5.15)
By virtue of Lemma 1.1, assumptions (1.5.3) and (B.2) imply that [[T,—1A~' B, — 0

strongly; in which case, identity (1.5.15) readily yields the equivalence (B.3) «<—
(B.3). O

Proposition 1.2 Assume hypotheses(1.5.3),(B.2)=(1.5.9),and (B.3) =(1.5.10). Then
I[A;, "By — A~ 'Blully — Oash | 0, uel. (1.5.16)

Proof For u € U we estimate

1A, "By — A7 Blully
< IlA, "By — A7 Bylully + I[A™" By — A~ Blully — 0,
(1.5.17)

where convergence on the right-hand side of (1.5.17) stems from (B.3’) = (1.5.14) via
Proposition 1.1, and from (B.2) = (1.5.9). O

Proposition 1.3 Assume (1.5.3), (B.2) = (1.5.9) and (B.3) = (1.5.10). Then
||[A;1Bh - HhAle]tu —0ash |0, uel. (1.5.18)
Proof For u € U, we estimate

LA, ' By — My A~ Blully
<A, = TyA™" 1Byully + 11T, A7'[By — Blully — 0,  (1.5.19)

where convergence on the right-hand side of (1.5.19) stems from (B.3) and (B.2) via
[Ty || < const. by (1.5.3), via the Principle of Uniform Boundedness. O

Proposition 1.4 Assume (B.4) = (1.5.11) and (B.5) = (1.5.12). Then
B} A T, — B*A* Mx|ly — 0ash L0, xeV. (1.5.20)

Proof For x € Y, we estimate

B A; = 1Ty — B*A* x|y < 1BFIAL ' T, — My A* x|y + 1B} 1T, — B¥]A* x|y — 0,
(1.5.21)
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where convergence on the right-hand side of (1.5.21) follows from (B.4) and (B.5). O
Proposition 1.5 Assume hypotheses (1.5.3) and (A.4) = (1.5.7). Then

||AZH;,A*_1||£(Y) < const., V h. (1.5.22)
Proof Lety € Y. Then,as h | O,

IA; T A ylly — [Mpylly < I[AFITRA* ™ = aly[ > 0 (1.5.23)
by invoking (A.4) = (1.5.7) on the right-hand side of (1.5.23), which is therefore
uniformly bounded by a constant, say c,, depending on y but not on 4. Thus, from
(1.5.23) we obtain

| AT A* ylly < |Maylly + ey < const,y (1524)

via (1.5.3), and the Principle of Uniform Boundedness applied to (1.5.24) yields
(1.5.22). O

Henceforth, the basic assumption (1.5.3) on I7;, will be tacitly assumed.
1.5.4 Approximation of Continuous Dynamics and Control Problem

Discrete Optimal Control problem O C Pj,: Given the approximating dynamics yj, (t) C
V), satisfying the semi-discrete model

yr(t) = Apyn(t) + Bru(t), yp(s) = Iyo, (1.5.25)

minimize over all u € Ly(s, T; U) the cost functional

T
Js.7:6u, yn) = / URYA(, 53 Thyo)I7 + lu@IF1dt + 11Gyn(T 53 Thyo)lZ, -
N
(1.5.26)
It is a standard result (on Vj)—which is, in fact, contained in [30, Chapter 9,
Theorem 9.2.1 and Theorem 9.2.2] when specialized to the finite dimensional

V,—that problem (1.5.26) for the dynamics (1.5.25) admits a unique optimal pair
{MQ,T(-, 55 Iy yo), yg,T(-, s; Iy yo)} satisfying

Wl 1 (¢, 53 TThyo) = — By P (D) (1,55 Thyo) € La(s, 003 U),  (1.5.27)

where 0 < P, 7(t) = P; () € L(Y) is the unique, non-negative, self-adjoint
solution of the following discrete Differential Riccati Equation (D.R.E.) on V},

(Po.7()xn, z1n)y = — (Rxn, Rzn)z — (Po.T ()xn, Anzn)y — (Po.7(1)Anxn, zn)y
+ (Bj; Pn,r ()xp, B Po7(Dzp)u, ¥ xp,zn € Vy (1.5.28)
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(Pn,1(T)xp, z1)y = (G*Gxp, zn)y. (1.5.29)
Moreover, the optimal cost for problem (1.5.26) is given by

min Js r-¢(u, = Jr@® <o I ,0 s I
. 5.7:6(, yn) = Jr(uy, 7 ( hY0)s Y1 ( 1Y0))

= (Pn,r(s)pyo, pyo)y = (ITn Pp,7(s)h Yo, yo)y- (1.5.30)
Finally, Py, 7(¢)IT is explicitly given by the following formula

Py () px
T
=/ MO R*RY) £ (v, 15 Myx)dt + TV I1,G*Gyp) (T, t; Myx).

t

(1.5.31)

discrete version of formula (1.3.10) (see also [30, Chapter 9, Eq. (9.2.14)]). The
operator (recall (1.3.14)):

@7 (T,0xp = vy (1.1 x1), xp € Vy (1.5.32)
is an evolution operator on V}, satisfying properties such as (1.3.15), (1.3.16) in the
continuous case.

The main Result is near optimality of the construction: Jr (up, yn) — Jr (uO, yO) —
0,as h — 0 with uy (t) = —Bj Py(t)yn(t) and y, = Ay, + Buy,.

2 Main Results

2.1 Convergence of Optimal Solutions: Theorem 2.1

Our first approximating result is the following:

Theorem 2.1 Assume hypotheses (H.1) through (H.4) on the continuous dynamics

(1.2.1), as well as the approximating hypotheses (A.1) through (A.4) on the operator
A, and (B.1) through (B.5) on the operator B. Let

W) (. 5:50), YPC. 51 y0)} and {uf) (- 53 Ipyo), yh.7C. 55 Thyo)}
be the optimal solution pairs of the optimal problem (1.3.6) for the continuous dynam-
ics (1.2.1), and, respectively, of the optimal problem (1.5.26) for the corresponding
approximating dynamics (1.5.25). Then, for all yy € Y and h | 0O the folowing

convergence is uniform in s.:

(i) luf 7 Co 53 hyo) — (55550 Ly 7:0) — 0 (2.1.1)
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(ii) P, 7 (-, $)pyo — Pr (-, $)yollcs, 11 v)
= llyp 7C. 55 ayo) — 3. 530 lleqs, 1) = O (2.1.2)

(iii) J;, 7.6 (uf) 7 C. 55 o), o7 (o 83 Tpy0) = Jo. 726 @, 85 50), Y3(0 83 90))
(2.1.3)

Finally, let Py (t) be the (Riccati) operator defined by (1.3.10) (and satisfying (1.3.12)—
(1.3.13), and let P 7(t) be the unique, non-negative, self-adjoint operator satisfying
(1.3.21) and (1.3.22), given explicitly by (1.5.31). Then

(iv) I Pn,r (VI Ipyo — Pr()yollcqs,ri;v) = O0ash L 0, yoeY. (2.1.4)
2.2 Convergence of Gain Operators: Theorem 2.2

Regarding the discrete problem, we next state two additional approximation assump-
tions, invoking also the regularity properties of the observation operators R and G.
They are the approximating counterparts of the continuous assumptions (H.5) =(1.3.3)
and (H.6) = (1.3.4) in their dual version (H.5*) = (1.3.7) and (H.6*) = (1.3.8). The
corresponding assumptions, in the regular case, for the approximating problems are
(when written in the dual form corresponding to (H.5*) and (H.6™)):

. T * *
(H.7): ‘/ I:B;:eAhtHh — B*e? f] R*Ru(r)dt
0

U
0 ash L0,V ve Loo(0,T; ). 2.1
(H.8): sup_[[Bie® 11, — B*e"*] 6*Gx |
0<t<T U
50 ash 0, YxeV. 222)

Implications of (H.5), (H.6), (H.7), and (H.8). In view of the continuous hypotheses
(H.5*)=(1.3.7) and (H.6™) = (1.3.8), we readily see that the discrete hypotheses (H.7)
=(2.2.1) and (H.8) = (2.2.2) imply, respectively, the stability estimates

< ¢y, uniformlyin ,v € Loo(0, T Y); (2.2.3)

T *
/ B} e IT, R* Ru(1)dt
0 U

H BZeAZtHhG*GxH cy, uniformlyink, x €Y. (2.2.4)

<
Leo(0,T:U) —

These, then, in turn, imply by the Principle of Uniform Boundedness

T
/ B} e [T, R* Ru(r)dt
0

<crlvllLe©,1;7): (2.2.5)
U

sup HB;;eAZ’nhG*GxH <crlxlly. (2.2.6)
0<t<T Y
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Under these additional assumptions of smoothness, we may now claim convergence
of the gain operators.

Theorem 2.2 Asin Theorem 2.1, assume hypotheses (H.1) through (H.3) on the contin-
uous dynamics (1.2.1), as well as the approximating assumptions (A.1) through (A.4)
on the operator A, and (B.1) through (B.5) on the operator B. In addition, assume the
smoothing assumptions (H.5) and (H.6) for R and G, and the discrete versions (H.7)
and (H.8). Then, the operator Pr(t) [defined by (1.3.10), which is now the (unique)
solution of the integral/differential Riccati equation, as noted below (1.5.9)], and the
operators Py 1 (t) [defined by (1.5.31) and the (unique) solution of the D.R.E. (1.3.21)
and LR.E. (1.3.22)], satisfy the following convergence of gains operators

sup ||Bj; Py 7 ()T, — B*Pr(t)1x|ly — Oash | 0. 2.2.7)
0<t<T

and the original system when driven by the feedback control B Py (t) —see (1.3.24) —
converges, as h — 0, to the optimal solution: (i) up, — u®in Lo (0T; U); (ii) yp — y°
in C(10, T1, Y); (iii) J (un, yn) — J @, y°).

The reminder of the paper is devoted to the proofs of Theorem 2.1 and Theorem 2.2.

3 Background Material
3.1 Continuous Problem: Representation Formulae for Optimal Pair

Theorem 2.1 and 2.2 will generally follow, at the discrete level, the strategy of the
continuous theory presented in [30, Chapter 9]. Thus, for convenience, as well as to
emphasize the parallelism between continuous and discrete proofs, we shall collect
relevant quantities and relations from [30, Chapter 9] to be used in the sequel. With
reference to the optimal problem (1.3.6) on [s, T'], the following operators play a role

t
At-1) g -
{Lyru)(t) = /Se u(@de, s <t (3.1.1a)

0, O0<t<s

. continuous Ly (s, T; U) — C([s, T]; Y) with norm uniform,
(3.1.1b)

with respect tos, i.e. ||Ls,TM||C([s,T];Y) < CT”u”LZ(S,T;U) (3.1.10)

[30, Chapter 9, Eq. (9.1.17)] where the regularity in (3.1.1b) is a consequence of
assumption (H.3) = (1.2.3). Its adjoint L;"T in the Lo (s, T'; -)-sense is

T
* A*(t—t)
(Ly 7)) = /t Be fodr, s<t<T (3.1.2a)

0, 0<t<s

: continuous Li(s, T;Y) — Ly(s, T; U) with norm uniform w.r.t.s.,
(3.1.2b)
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[30, Chapter 9, Eq. (9.1.18)]. By specializing (3.1.1a) atr = T, we get

T
LsTyu E(LS,TM)(T)zf AT Bu(r)dr (3.1.3a)

N
continuous Ly (s, T; U) — Y with norm uniform with respect tos., (3.1.3b)

[30, Chapter 9, Eq. (9.1.20)]. with its adjoint

kA T-Dy  s<t<T, yeY

L7 t) = e T 3.14
(Lm0 [0’ 0=rs (3.1.42)
:continuous Y — Ly(s, T; U). (3.1.4b)

Hence, putting together (3.1.1) through (3.1.4) we get that

Agr =I5+ L:,TR*RLX,T + L?sT)G*GL(sT) (3.1.5a)
: isomorphism on Ly (s, T; U) with norms uniform w.r.t. s., (3.1.5b)
| As, 7l c(Lys,1:0)) < crTs ”A;IT”ﬁ(Lg(s,T;U)) <1, (3.1.5¢)

where I is the identity operator on Lz(s, T; U). Next, with reference to the optimal
control problem (1.3.6) over [s, T'], we have that the optimal pairin (1.3.9) is expressed
by the following representation formulae [30, Chapter 9, Eq. (9.2.2)],

—u(% (-, 83 50) = AS_IT [L’(‘}T)G*GeA(T_S)yo + L;TR*ReA('_S)yo} € Ly(s,T; U) 3.1.6)

Y53 30) = Pt 9)y0 = eV yo + {Ly 7 (55 30)HD) (B.1.7)
= A0 y0 — Ly 7 AT} (L G GeA T y0 +LE p R*ReA™50] € C(ls T8 ).
(3.1.8)

3.2 Discrete Problem

In order to describe the solution to the discrete problem (1.5.26), (1.5.25), we similarly
introduce the operators

t
Ap(t—1)
e Bpu(t)dr, s <t
{Lp;s,Tul(t) = [ (3.2.1a)
0, 0<t<s

:continuous Lo (s, T; U) — C([s, T1; Vy). (3.2.1b)
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T
Licistyin = (Lis 70)(T) = / A T=0 Bu(v)de (3.222)
s

: continuous Ly(s, T; U) — Vj, (3.2.2b)

and their L,-duals

T
f B eI, f(rydt, s<t<T

Ly 7 T )@ =1, (3.2.3a)
0, 0<t<s
:continuous Li(s, T;Y) — Ly(s, T; U). (3.2.3b)
B*eAZ(T_’)th, s<t<T,yeY
(L¥. Iy )={ " - = (3.2.4a)
BT HY 0, 0<t<s
:continuous Y — Ly(s, T; U). (3.2.4b)
Thus, from (3.2.1)—(3.2.4), we obtain the discrete versions of (3.1.5)
Apsr = Is + Ly o T R*RIDy Ly .7 + Ly (o) 0 G Gy Ly (57 (3.2.5a)
: self-adjoint isomorphism on L; (s, T'; U) with norms uniform w.r.t. s; (3.2.5b)
I AR st £(Lys.T;0)) =< €T3 HA;ZLTIIz:(Lz(x,T;U)) <L (3.2.5¢)
—up) 7 Coss Myyo) = Ay 7 [LZ;(ST)HhG*GeA“T—”nhyO
Ly TR RN T30 € La(s, T3 U). (3.2.6)
yS,T(I,S; I yo) = @p 7, s)pyo = MU= 50 + {Lh;s,Tu%T(-,s; Iy yo) (1)
3.2.7)
(by 3:26) = eI MTy30 = Ly 7 Ay [ Loy GG T 10
+Lj R R Ty 50 ] (3.2.8)

4 Convergence Properties of Control Operators

4.1 Convergence Properties of the Operators L. rand Ly, _ T,

Proposition 4.1 Assume the standing hypotheses (H.1), (H.2), (H.3) on the dynamics
as well as the approximating hypothesis (A.1) = (1.5.4). Then, for any 0 < T < oo,
the following convergence properties hold true as h |, 0:

(i) First, if (A.2) = (1.5.5) is assumed, then

e IMyx — e x| cqo.ryy = 0, x €Y. 4.1.1)

B
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(ii) 1If, instead, (A.3) = (1.5.6) is assumed, then

HeAZ’Hhx — eA*’xH -0, xevt. 4.1.2)
C(0,TLY)

Proof (i) Assumptions (A.1) and (A.2) allow us to invoke the Trotter-Kato Theorem

[P.1,p.85 Jon e4n! [T, and conclude with the convergence in (4.1.1). (ii) The adjoint

version of (A.l), along with (A.3) = (1.5.6), prove similarly conclusion (4.1.2) for
A%t

e n' [Ty, 0

The next lemma provides a stability result for Ly, .

Lemma 4.1 Assume the approximating hypothesis (B.1) = (1.5.8). Then, there is a
constant ct, depending on T but not on h or s, such that the following bounds,
uniform in h and s, hold true for the operators Ly.s 7 and Ly sy defined in (3.2.1)
and (3.2.2), respectively, as well as Ay 1 defined in (3.2.5):

(i) | Lps,rullcqo,r1:v) < crllull,.1:0); (4.1.3a)
hence,
1L} rvnllLy0.7:0) < erllvnllLy0.7:v); (4.1.3b)
(ii) ILp;sTyully < crllullr,o,1:0); (4.1.4a)
equivalently,
1L syl La0.1:0) < erllynllys  yn € Vs (4.1.4b)
(iii) | An.s,Tull Ly, 1:0) < crllull, s, 1,0y (4.1.5)

Proof We first show (4.1.3) with C([0, T']; Y) replaced by Lo (0, T; Y). To this end,
let feLi(0,T;Y)andu € L»(0, T; U). Then, we compute from (3.2.1),

T t
= ’/ (/ eAh(’—f)Bhu(r)dr,f(z)) dt
0 K Y

T pt
= ‘/ / (u(r), Bf e =0 f())yde di
0 K

T ( pt Lo . i
5/ {/ ||u(r)||%,dr} {/ ||B;eAh<f—f)f(z)||%,dz} dt (4.1.6)
0 K s

T
<cr ||M||L2(O,T;U)/(; IfOldt = crlullL,0,7:0)1f Ly 0,7:7) 4.1.7)

T
‘ /0 (Lps. 710) (1), f(0)ydt

T .
< /0 / lu(ly | BeAH= £ o)y dr di
5

by (1.5.8)), where in going from (4.1.6) to (4.1.7) we have used assumption (B.1) =
(1.5.8). Then (4.1.7) shows (4.1.3) with C([0, T']; Y) replaced by L (0, T; Y). But,
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foru € Ly(0,T; U), we already know from (3.2.1b) that L., 7u € C([0,T]; Y).
Thus, the desired estimate (4.1.3) is proved. Since Lj.s7yu = (Lp.s,7u)(T), see
(3.2.2), (4.1.4) is a specialization of (4.1.3). Finally, (4.1.5) is an immediate corollary
of (4.1.3), (4.1.4) via (3.2.5). O

The main results of this subsection are the following two theorems.

Theorem 4.1 Assume the standing hypotheses (H.1), (H.2), (H.3) on the dynamics.
Furthermore, assume the approximating hypotheses (A.1) = (1.5.4), (A.2) = (1.5.5),
as well as (B.1) = (1.5.8), (B.2) = (1.5.9), (B.3) = (1.5.10). Then, as h | 0, the
following convergence results hold true, uniformly in s:

(i) Lp,s,7u — Lg Tullcqo,ry;vy = 0, u € L2(0,T; U); (4.1.8)
(ii) ILp:.sTyu — Lmyully = 0, ue L0, T;U); (4.1.9)

Proof (i) We already know from (4.1.3) of Lemma 3.2, by (B.1), that the uniform
bound

Lps,7llcer,0.7:0).cq0,71:7) < €T (4.1.10)

holds true. Thus, in view of (4.1.10), in order to prove (4.1.8), it suffices to show that
the uniform convergence (4.1.8) takes place for all u in the subspace

D=C'(0,T]; V) 4.1.11)
dense in L»(0, T'; U). Accordingly, we show that

ILp.s,7u — L rullcqo,r);yy — Oash | Ouniformlyins, VYu e D.
4.1.12)

After this (i) is proved. To establish 4.1.12, we take u € D, and integrate 3.2.1a by
parts, thus obtaining

(Ligs r)(®) = [ = A7 07 B (o)

T t
+ / eI A B (2)d e
T=§ 5
= A e BLu(s) — A Bru(r)
t
+/ MDA BL(T)d T, u e D. (4.1.13)
N
[As noted below 1.5.5, we may assume without loss of generality that A,:l €
L(Vy), ¥V h.] Similarly, for u € D, we integrate 3.1.1a by parts, thus obtaining
(Ls.7u)(t) = A~ eAU=9 Bu(s) — A~'Bu(r)

t
+/ ADABU(t)dT, ueD, s<t<T (4.1.14)
N
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(where we recall A=! € £(Y) from (H.1)). Thus, for u € D, we obtain from (4.1.13)
and (4.1.14) after adding and subtracting A=) 11 A= Bu(s):

(Lizs,ru)(t) = (Ls,7u) (1) = I ps () + I ps(8) + I3 (0) + L ps (1) (4.1.15)

I ps(8) = e [A By — T, A7 Blu(s) (4.1.16)
Ips (1) = [T, — eAU=91471 Bu(s) 4.1.17)
L) =[A7'B — A Bylu(r) (4.1.18)

t
Ly s (1) =/ [ =D A By, — A" A7 Bli(r)d.
N

(4.1.19)

o [ ps(2). As to Iy ps(t), recalling hypothesis (A.1) = (1.5.4), we obtain from
(4.1.16):

I ns @ lly = e (A By — I, A7 Blu(s)|ly
< Ce'T|[A, By — M A7 ' Blu(s)lly, s<t<T. (4.1.20)

For fixed s, the right-hand side of (4.1.20) goes to zero as & | 0 by simply
invoking (1.5.18) of Proposition 1.3(which requires (B.2) and (B.3)). Moreover, for
u € D, {Qpu(s)}isan equicontinuous family on the compactinterval 0 <s < T,
where O = A;lBh — II,A'B: given € > 0, there exists 6 > 0 such that

1Qnu(s")y = Qru(s")lly < Cllu(s’) —u(s")llv <€

forall |s —s”| < 8, since u(-) € D is uniformly continuous on 0 < s < T, where
1Onrllzyy < C, by the Principle of Uniform Boundedness. Then, the equicon-
tinuous family Qju(s), which converges at each s to zero, converges uniformly
to zero on the compact interval 0 < s < T as h | 0 [38, Lemma 32, p. 176].
Returning to (4.1.20) all this means that

T Qpu()cqo.ry.yy — Oas h | 0, uniformly in s.

4.1.21)

1 1,nsOllcgs, vy < Ce

e I3 ;(t). Exactly the same argument above following (4.1.20), this time with Q =
A7'B— A,:lBh converging strongly to zero by (1.5.16) of Proposition 1.2, shows
that, as i | O,

1,0 llicqo,rryy = IA™'B — A/?lBh]u(‘)”C([O,T];Y) — 0. (4.1.22)

e [ ys(2). From (4.1.17) we obtain for s fixed,

1 E2.hs O llcs.rrvy = e M, — A NAT Bus) |l eqs.r1:v)
= M(s) - Oash | 0 (4.1.23)
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by recalling (4.1.1) and (H.2) = (1.2.2). To show that the convergence in (4.1.23)
is uniform in s € [0, T]; i.e., to show that

sup My(s) = sup 1L Olleqs.riyy — Oash L0, (4.1.24)

0<s<T 0<s<T
we set for convenience

Ont —s)=[e9, —eAU=91A7'B € L(U; Y), (4.1.25)
so that

My (s) = 1O (- — )us)llcqs,71:y) — Oash | 0. (4.1.26)

We next compute with s1 a point of [0, T']:

My (s) = |1 Qn(- — )[(s) —uls1) +uls)lllc@s. 1)
<N On(- = Muls) —uls)lllcqs,1:7)
+1Qn(- = )ulsDllcs.T1:v) (4.1.27)
< Crlluls) —uGsollv + 1@n(Hulslicqo,r1;v)s (4.1.28)

where in going from (4.1.27) to (4.1.28) we have recalled the uniform bound (A.1)
=(1.5.4) in (4.1.25). Now, as to the first term in (4.1.28) we have that u(-) € D is
uniformly continuous on 0 < s < T, while the second term in (4.1.28) converges
to zero as h | O by (4.1.1) via (4.1.25). Thus, given € > 0 and s1, there exist
constants . > 0 (independent of s1), and I;G, s; > 0 such that:

€

if |s — 51| < 6 = |lu(s) —u(sllv < o (4.1.29)
T

ifh < hes = [10nCOuls)llcqoryy) < €. (4.1.30)

Thus, using (4.1.29) and (4.1.30) in (4.1.28), we obtain
if [s — 51| < 8c and h < he s, = M (s) < 2e. (4.1.31)
There are finitely many intervals Z, s, of length . centered at suitable points

S1, ..., 8N, which cover the interval [0, T]: for each of them, the above argument
yields the counterpart of (4.1.31):

ifs € Ty, 5. and h < he 5, => M(s) < 2e. (4.1.32)
Taking h. = min{hc,, ..., he sy} > 0, we then obtain from (4.1.32),
ifh < he = sup My(s) < 2e, (4.1.33)
0<s<T

and (4.1.24) is proved.
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e I4ps(¢). Finally, regarding I4 ps(¢), we estimate by (4.1.19), after adding and
subtracting, with u € D, hence it € C([0, T]; U):
t
MansOlly = I f [e400=D A, By — AT A Bli(n)d |y
t
< [ MOm A By - AT Bl

t
-+l / (A=D1, — ACNATI B dT |y = ap (1) + b (0).
N

(4.1.34)
As to the first term aj, ¢ (f) in (4.1.34), we estimate
lansOllcasrin = | [ 0 mia;" B, — 47 Blie)de
s C([s,TLY)
(4.1.35)

(by (1.5.4)) < TCe” T |[A, ' By — A7'BlaO)llcqo.ryyy  (4.1.36)
— 0 as & | Ouniformly in s,

where in going from (4.1.35) to (4.1.36) we have invoked (A.1) =(1.5.4), and where
in asserting convergence to zero in (4.1.36), we have used the same reasons as in
(4.1.22) (orin (4.1.21)) withu € C([0, T']; U) there replaced by &t € C([0, T]; Y)
now: i.e., the family [A,;l B,—A~'Bli(r)is equicontinuous and converges to zero
at each ¢ in the compact interval [0, T'], so that uniform convergence is guaranteed
by [38, Lemma 32, p. 176]. As to the second term by, (¢) in (4.1.34), we estimate

bn,s Ollcgs,T1.v) =

/ [T, — eACDIAT Bu(r)dr
N

C([s,TLY)
T

5/ e 11, — eA"1A7 Bl (t) | e 5.7 v)d T (4.1.37a)
0

— 0 as k| O uniformly in s, (4.1.37b)

where convergence to zero is achieved by invoking the Lebesgue Dominated

Convergence Theorem along with (4.1.1) of Proposition 4.1 (for each t fixed).

Combining (4.1.36) with (4.1.37) in (4.1.34), we finally obtain
14,15 () llcs,T1;y) = Oash | 0, uniformly in s. (4.1.38)

To complete the proof, we return to (4.1.15) and use here (4.1.21) for I s, (4.1.22)
for I3 5, (4.1.24) for I js, and (4.1.38) for I4 ;s to obtain

\Lp.s,7u — Ls Tullcqs,73;v) = 0 ash | 0, uniformly in s,
YueD=CNl0,TLU). (4139
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Since {Lp.s 7u}(t) = {Ls7}(t) = 0for 0 < t < s, see (3.2.1a) and (3.1.1a),
respectively, then conclusion (4.1.39) proves (4.1.12), as desired. Thus, part (i) is
proved.

(i) Part (ii), Eq. (4.1.9), is a specialization of part (i), by virtue of the definitions
(3.1.3a) and (3.2.2a). Theorem 4.1 is proved.

The adjoint version of Theorem 4.1 is the following

Theorem 4.2 Assume the standing hypotheses (H.1), (H.2), (H.3) on the dynamics.
Furthermore, assume the approximating hypotheses (A.1) = (1.5.4), (A.3) = (1.5.6),
and (A.4) = (1.5.7), as well as (B.1) = (1.5.8), (B.4) = (1.5.11), and (B.5) = (1.5.12).
Then, as h | 0, the following convergence results hold true, uniformly in s.

(i) ”LZ;(sT)Hhx — L?ST)XHLQ(O,T;U) — 0, xeV; (4.1.40)
(ii) WLy oo Inf — LY 7 flly0.m0) = 0, f € L1(0, T;Y).  (4.1.41)

Proof The proof is conceptually similar (with some technical differences, however)
to the one of Theorem 4.1.

(i) From the definitions (3.2.4) and (3.1.4), we compute, for ¢ > s, and initially for
y € D(A*):

(L. sy ny}(®) — L)y} () = BT =0 I,y — BN T 0y
— BZAZ—IEAZ(T—I)AZth _ B*A*—leA*(T—I)A*y
= [Bi A}~ T, — B*A* e 770 A%y
+ By Ay T[T Ty — AT Ay
+ B AT AT AY T, — My A¥]y, 1 >5, y € D(AY), (4.1.42)
after adding and subtracting two quantities. Now, for each ¢ fixed in [s, T'], each of the
three terms in (4.1.42) goes to zero as & | O: the first term by virtue of the convergence
(1.5.20) of Proposition 1.4, whereby we use assumptions (B.4) and (B.5); the second
term by virtue of the convergence (4.1.2) (whereby we use (A.1) and (A.3)), and of
the uniform bound || B;A;Tl Iy |l v,y < const., which follows from (1.5.20) via the
Principle of Uniform Boundedness (whereby we use (B.4) and (B.5)); the third term
by virtue of the assumption (A.4) = (1.5.7), along with the uniform bound (A.1) and

the uniform bound of B;;‘AZ_1 on V}, just recalled above. Thus, we have just shown
that for each ¢t € [s, T'] fixed, we have

{LZ;(ST)th}(I) - {LZ"ST)y}(t) — 0ash | 0, y e D(A™). (4.1.43)

Moreover, by the preceding arguments on the three terms of (4.1.42), in particular the
uniform bound (A.1), we have

L. o7y Tny} (@) = (L y}Ollu < Cellylly, vy € D(AY).  (4.1.44)
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Thus, by (4.1.43) and (4.1.44), we can apply the Lebesgue Dominated Convergence
Theorem and obtain

T
L. o7y Tny = Ly 1 0.0 = fo L, o7y TTn Y} (@) — (L) YOIt

— 0ash | 0, uniformly ins, y € D(AY), (4.1.45)

as each term on the right-hand side of (4.1.42) does not depend on s, while for 0 <
t < s, the operator on the left-hand side of (4.1.42) is identically zero by (3.2.4a) and
(3.1.4a). But D(A*) is dense in Y, and by (4.1.4b) of Lemma 3.2 we have

LGy Trll £ev;Lo0,130)) < constr. (4.1.46)

Then, (4.1.45) and (4.1.46) yield (4.1.40), as desired.
(i1) To begin with, we already know from (4.1.3b) of Lemma 3.2 via(B.1) that

IL5. s 7 TTnll 2Ly 0.7:): Ly 0.7;U)) < const.r. (4.1.47)

Thus, in view of (4.1.47), in order to prove the desired convergence (4.1.41), it suffices
to show that the uniform convergence (4.1.41) takes place for all f in the subspace

S =L(0,T; D(A")) (4.1.48)
dense in L{(0, T; Y). Accordingly, we show thatV f € S,
1Ly 7T f — LY 7 flly©.1:0) — Oash | 0, uniformly ins.  (4.1.49)

After this, (ii) = (4.1.41) is proved. To establish (4.1.49), we take f € S and compute
from (3.2.3a) and (3.1.1a) for r > s:
T * *
(Liy 7T f)(0) — (L7 1 )(0) = / (B M I, — BN D] f(rydr
S
=ip1 () +in2(t) +in3(). (4.1.50)

T
in1(t) =/ (Bf AL, — B*A* 1 eh D A% £ (v)d;
t
(4.1.51)

T
ina(r) :/ B Ai U [0 Ty, — e TTDNAY f(2)d;
t
(4.1.52)

T
in3(1) =f By A} MDA T, — T, A*] f (T)d .
t
(4.1.53)
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In getting (4.1.50) via (4.1.51)—(4.1.53), we have used the same identity as in (4.1.42)
(with T and y there replaced by t and f (t) now). The argument given in part (i), from
(4.1.42) to (4.1.45), and based on the Lebesgue Dominated Convergence Theorem,
shows likewise that as & | 0 we have

lingOllv = 0; Nlin20lv — 05 Nlin 3@y — 0,
t>s,V feli(0,T; D(AY)); (4.1.54)

i.e., by (4.1.50) thatas & | O,

Ly 7 I fY@) = {LS 7 fYONlu — 0, t =5, VY f € L1(0, T; D(A™)).
(4.1.55)

But, for 0 < ¢ < s, the operator in (4.1.55) is identically zero by (3.2.3a) and (3.1.2a).
Thus, (4.1.55) yields the desired convergence (4.1.41) uniformly in s. Theorem 4.2 is
proved. O

4.2 Strong Convergence of I\;_‘s ;to I\s‘}

As a corollary of both Theorem 4.1 and 4.2, we obtain

Theorem 4.3 We assume the hypotheses of Theorem 4.1 and of Theorem 4.2; i.e., we
assume the standing assumptions (H.1), (H.2), (H.3) on the dynamics, as well as the
approximating assumptions (A.1) = (1.5.4) through (A.4) = (1.5.7), and (B.1) = (1.5.8)
through (B.5) = (1.5.12). Then, with reference to the operators Ay T in (3.2.5) and
Ag. 1 in (3.1.5), the following convergence results hold true as h | 0, uniformly in s:

(i) | Ap.s, 7 — Ag rullL,5.7:0) = 0, u € L0, T;U); (4.2.1)
(ii) 1AL pu— A bl .m0y — 0. w € Lo(0, T5 U); 4.2.2)
Proof (i) By (3.2.5) and (3.1.5), we rewrite the term in (4.2.1) explicitly as

| Aps,ru — As rullLy5,750)
= ||[Ls + LZ,S;THhR*RHth;s,T + LZ;(XT)HhG*GHth;(sT)]M
—[Is + L;TR*RLS,T + LTST)G*GL(ST)]M”Lz(S,T;U)
= ||[LZ,S;THhR*RHth;s,T — L;TR*RLS’T]M
L o7y ThG*G Ty Ly 57y — L1y G* G Lyl Ly 5,750 4.2.3)
<L}, 5.7 TTn R* Ry L5, 7 — LY 7 R*RLs 71l Ly 5,730
HILy. 7y T G* Gy Ly sy — L7 G*GL(s)ull Lys.7:0) — O,
“4.24)

uniformly in s, as desired, as it follows by applying the convergence results (4.1.8),
(4.1.41), for the first term in (4.2.4), and (4.1.9), (4.1.40) for the second term, along
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with Lemma 1.1 about the strong convergence of the product of strongly convergent
sequences of operators.
(i1) The usual identity (second resolvent equation)

(A7 ATl

sy — Ay plu = A}ZISYT[A&T — Aps.T) A pu (4.2.5)

allows us to fall into part (i), by use of (3.2.5b). Indeed, from (4.2.5) we readily
compute foru € L,(0, T; U):

||[A;;LT — A Pl Lys.re0) = ”A;;LT[AS,T — Aps.7) A pull Ly m0)
(by (3.2.5b)) < ||[As,7 — Ah;s,T]A;ITM||L2(s,T;U) -0, (4.2.06)

where uniform in s convergence as & — 0 takes place after invoking (4.2.1), since
A u € Ly(s, T; U) by (3.1.5b). O

5 Completion of the Proofs of Theorem 2.1 and Theorem 2.2
5.1 Proof of Theorem 2.1

We can now establish the main Theorem 2.1 as a corollary of Theorem 4.3.
Proof of (2.1.1) We rewrite here (3.2.6) and (3.1.6) for convenience, where yg € Y,

—uf) (.53 yyo) = A;;LT[L;;(_YT>nhG*GeAh<T*S>tho + Lj. T R*Re™n 0= [T, y0]

— u(% (85 50) = A;IT[LTXT)G*GeA(T_S)yo + L:f,TR*ReA('_S)yo]. 5.1

We now recall the (strong) convergence results (uniformly in s) (4.1.1) for eAh Iy
(4.1.8) and (4.1.9) for Lp;s,r and Lp;(st); (4.1.41) and (4.1.40) for Ly. 11 and

Ly s finally (4.2.2) for A,:;IS’T, along with Lemma 1.1 to conclude from (5.1.1)
that, as desired

IIMg,T(-, s1 Iy0) — uSh (-, 55 Y0) | (s, 750y — Oas ki | 0, uniformly in s.
(5.1.2)

Proof of (2.1.2) We rewrite here (3.2.7) for convenience

y;(,),r(u 53 Mpyo) = @p, 7, ) pyo = A 50 + Lh;s,ru2,7<~, s; Myyo)  (5.1.3)

A(t—s)

y%(us;yo) =®7(t,s)yo=¢ y0+Ls,Tu0T(-,S:y0)-

(5.14)
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We then recall the convergence results (4.1.1) on e Ty, (4.1.8) on Lp.s.7,and (5.1.2)
on "‘2,T along with Lemma 1.1, to conclude from (5.1.3) and (5.1.4) that, as desired

Iy 7G55 Tpyo) — 3. 83 Y0 leqs. vy = O, as k| 0, uniformly in s.
(5.1.5)

Proof of (2.1.3) By recalling from 1.5.26 and (1.3.1) that

T, 7:6 W) 1G53 Tpyo), i 7 Coosi IT3y0)) = Jphg 7. UTpy0)
T 0 2 0 2 0 2
=/ IRy, 7 (s 53 Yol 7z + llug 7 (&, 53 pyo)llglde + |Gy, (T 53 M yollZ s
N
0, .. 0, . _ 40
Js, 1,6y (o 8550), y7 (85 30)) = JS’T;G(YO)

T
= f [IRYP (253 y0) 15 + 1. 53 yo) )t + NGy (T 3 y0) I, (5.1.6)
we obtain a fortiori from (5.1.2) = (2.1.1) and (5.1.5) = (2.1.2) (with s = 0) that

(Pr. 1) TR0, ¥0) = i1 TTh¥0) = J{ 7.6 00) = (Pr()y0,0)  (5.1.7)

for yp € Y as desired, and (2.1.3) is proved, recalling (1.5.30) and (1.3.13).

Proof of (2.1.4) We first notice that, since IT, Pp 7(s)I1, and Pr(s) are self-
adjoint operators in £(Y), convergence (5.1.7) is equivalent to weak convergence
of ITy Py 7 (s)I1, = Pp 7(s)I to Pr(s). To obtain the strong convergence (2.1.4),
we use formulas (1.5.31) and (1.3.10) which we rewrite, with x € Y,

Py () Tyx = /T eAZ(T_”HhR*Ry,?,T(r; t; Myx)dt + eAZ(T")HhG*Gy,‘jYT(T, t; Myx)
t (5.1.8)
Pr(t)x = /T ATCDRFRY (v 15 x)d T + A T GHGYI(T, 13 ).
t (5.1.9)
We then invoke the convergence results (uniform in s, which in (5.1.8), (5.1.9) is
replaced by 7) (4.1.2) on eAZ'Hh; (5.1.5) on y;? 7 to conclude via Lemma 1.1 that

Py, 7(t)Iyx converges to Pr(t)x, uniformly in e [0, T], forx € Y;ie., (2.1.4).
Theorem 2.1 is fully proved.

5.2 Proof of Theorem 2.2

The proof is similar to that of (2.1.4) given above, and uses the additional assumptions
(H.5*) = (1.3.7) and (H.6™) = (1.3.8) for the continuous dynamics, and (H.7) = (2.2.1)
and (H.8) = (2.2.2) for the corresponding approximations. In fact, from (5.1.8) and
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(5.1.9), we obtain

T
B} Py (t)Mpx = / Bjie® O [Ty R* Ry (v, t; [Tyx)dt
t

+B; e T [1,G* Gy (T t; Myx) (5.2.1)

T
B*Pr(t)x =/ B*eA "D R* Ry (x, 15 x)dt
t

+B* A TG GyA(T, 1; x). (5.2.2)

Foreacht fixedin [0, T]and x € Y, formula (5.2.2) is well defined by (H.5%) = (1.3.7),
(H.6*) = (1.3.8), and (1.2.5), and yields B*Pr(¢t)x € L(Y; U), which, moreover,
acts continuously ¥ — Lo (0, T; U); see (1.3.19). Similarly, formula (5.2.1) yields
B Ppr (I, € L(Y;U) at each ¢, by use of consequences (2.2.5) and (2.2.6) of
assumptions (H.7) and (H.8), respectively. Indeed, even more, using (2.2.5), (2.2.6) in
combination with the convergence (2.1.2) uniform in s, we obtain from (5.2.1)

1B} Por () x|y < Crllyg 7ot Thx) e 1y (5.2.3)
(by (2.1.2)) < const.7||I[Tpx|ly < const.r|x]|y 5.2.4)

so that B;l“ Py ()11}, : continuous Y — L (0, T; U), uniformly in A. From (5.2.1)
and (5.2.2), we obtain, after adding and subtracting,

B Py 7 (1) [Tyx — B*Pr(t)x = 1;,(t) + 24,(t) + 35 (2) + 45(1). (5.2.5)

T
1(t) = / B} e DT, R*RIyj £ (v, 5 ITyx) — Y9(z, 15 x)1dT (5.2.6)
1
T *k *
24(t) = / (B e "0 T, — B*er TTDIR* Ry (¢, 1; x)dt (5.2.7)
t
3u(t) = Bye® "M, G*Glyj) (T, t: Iyx) — Y9 (T 1; x)] (5.2.8)
4,(1) = [Bie T =0, — B*eA" T=D1G*Gy) (T, 1; x). (5.2.9)

Starting from (5.2.6) and (5.2.8), and using consequences (2.2.5) and (2.2.6), as well
as the convergence (2.1.2) uniform in the initial time (as in (5.2.3)), we obtain

sup {[1x(Dllv + 13n(Dllu} (by (2.1.2))

0<t<T

< Cr sup ||y 7 Coti Iex) — y3C. 65 0)lleqrriyy — Oash | 0.
T

O=r=

(5.2.10)

Moreover, for each ¢ € [0, T'] fixed, assumptions (H.7) = (2.2.1) and (H.8) = (2.2.2),
along with (1.2.5) yield

2,(t) >0 and 4,(t)— 0 ash | O. (5.2.11)
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We proceed now as in the proof from (4.1.23) to (4.1.33). Moreover, from (5.2.9),
ift; € [0, 7],

140 lly < NBj e T=0 1, — B*eA" T=01G*GIy (T, t; x) — yH(T, t1; )]llw
+ 1B i T =011, — B*e" T01G* Gy (T, 11: ) v (5:2.12)
< CrlIY2(T, t; x) — Y2(T, 115 X) |y

+I[B e T T, — B*eY T=1G*Gy (T, 11 X) || Lo 0.7:0)
(5.2.13)

where in going from (5.2.12) to (5.2.13) we have used the uniform bound (2.2.6) and
(1.3.8). But, as to the first term in (5.2.13), we recall that the map ¢t — y(T)(T, t; x)is
continuous (in Y'), hence uniformly continuous for 0 < ¢ < T'; while the second term
in (5.2.13) converges to zero as h | 0 by (H.8) = (2.2.2). Thus, given € > 0 and 71,
there exists constants 8 > O (independent of #1), and ﬁ& # > 0 such that

. €
if |t —11] < 8 = YN, 15 %) — YNT, 11;0)|ly < s (5.2.14)

ifth < hey, =
1B e 701D, — B*e T 1G*GY)(T, 11 0 Loy 0.7:0) < € (5.2.15)

so that, using (5.2.14) and (5.2.15) in (5.2.13), yields that
if |t —t1] < 8cand h < ﬁe,,l = |4 (O)|lu < 2e. (5.2.16)

Using finitely many intervals of length §¢ and centered in #;,i = 1, ..., N, which
cover [0, T'], we obtain as below (4.1.31) that there exists 4, > 0 such that

ifh < he = sup [[4n ()|l < 2e. (5.2.17)
0<t<T

5.3 Proof of Feedback Finite Dimensional Suboptimal Convergence Parts (i)-(iii)
of Theorem 2.2

With the notation as above we compare the optimal response u°, y°

u’(t) = —B*P1)y° (1) (5.3.1)

t
yO(r) = e yo + f A9 By (s) ds (5.3.2)
0

t
=eMyy — / A BB*P(5)y°(s) ds = e yo + (Lu®) (1) (5.3.3)
0
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in (1.3.1) (in simplified notation). with suboptimal discrete version given by

up(t) = =By Pr()yp(1);

t (5.34)
(0 = My — fo A BBE Py () v ()ds = M yo + (Lup)(0).

We study the convergence of y;, (¢) to y9(1). In other words we look at
n =)0 = =L [(Bj Py — B P)ys] = LB P&)lyn =1 (53.5)
obtained after adding and subtracting B* P (s)yj. Setting z = y, — y°, we have
z=—L[B}P,— B*P]y, — LB*Pz. (5.3.6)
By assumption (H.3)=(1.2.4), L is bounded from L, (0, T; U) — C([0, T]; Y) while

B*P is continuous ¥ — L (0, T; U) by (1.3.19). Thus, a standard fixed point
[contraction] applies, yielding

lz®)lly < CrllBj Py — B*Pllciy—cwyllynllco- (5.3.7)

Thus, in view of the convergence in (2.2.7), z(t) — 0 aslong as ||y, ||c(y) is uniformly
bounded in 2 > 0. The latter follows from an aplication of the fixed point to the
equation

yi(t) = e*yo + L(B} Pyyn)(t) (5.3.8)

with the information that || B} Py, || £y v is bounded uniformly in time and /2 > 0.
Thus, we have

sup  lyn@®lly < Crllyolly. (5.3.9)
h>0, t€[0.T]

The convergence of suboptimal controls follows now in a straightforward way.

u® —up, = —=B*Py° + B} Phyn = —B*P[Y° — yu1 + B} P, — B* Plyn.
(5.3.10)

Finally, the convergence of the functional cost follows from the arguments above.

6 Conclusions

The continuous Optimal Control Theory with a Quadratic Cost Functional and cor-
responding Algebraic Riccati Equation (infinite time-horizon) or Differential/Integral
Riccati Equation (finite time-horizon) for hyperbolic-like dynamics defined on a multi-
dimensional bounded domain and subject to boundary control action and/or boundary
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sensing action has been available for many years now ([30] and the authors’ quoted
references). The purpose of the present paper was to provide a corresponding (rig-
orous) numerical approximation theory in the finite time-horizon case. The ultimate
goal is to introduce a finite dimensional approximation of the Riccati Equation, which
would produce a finite dimensional solution Py () € R", and a finite dimensional
control uy(t) given in feedback form by (1.3.23), such that, when inserted into the
original dynamics as given by (1.3.24) provides an almost optimal performance. This
means the convergence Theorem 2.1 for several basic quantities and the convergence
Theorem 2.2 for the gain operators. To this end, the assumptions are divided into
two groups. A first group includes assumptions (H.1) through (H.4) for the continuous
problem and the approximating hypotheses (A.1) through (A.4) for the operator A and
(B.1) through (B.5) for the operator B. This first group then yields the convergence
Theorem 2.1 for several basic quantities of the control problem, including the defini-
tion of the would-be Riccati operator, in terms of the original data. A second group
of assumptions (H.5) and (H.6) for the smoothing operators R and G and the discrete
versions (H.7) and (H.8) is then needed in order to guarantee three conclusions: (i)
that such operator is moreover the unique solution (within a specified class) of the
corresponding Differential/Integral Riccati Equation; (ii) the convergence of the gains
operators as in Theorem 2.2; (iii) the convergence of suboptimal solutions obtained
by applying finite dimensional feedback gain operator to the original plant [system].

The theory is illustrated by two genuine multidimensional PDE-dynamics: the
boundary damped wave equation of Example #1 (treated in Appendix B); and the
plate equation with moments boundary controls treated in Appendix C; where all the
required assumptions are dynamical properties.

Appendix A: Abstract Model for Problem (1.4.1) with Neumann Control

Verification of dynamical assumptions (H.1), (H.2), (H.3). Here we give a short account
producing (i) the abstract model of the damped wave equation PDE-dynamics (1.4.1)
with Neumann control. (ii) Moreover, we verify the required dynamical assump-
tions (H.1), (H.2), (H.3). For more extensive details we refer to [41]. Without loss
of generality, we take the damped constant a = 1 in (1.4.1b).

1. Let Ay : Lz(.Q) D D(AN) — L2(.Q) be the Neumann Laplacian operator
defined by

af
ov

Ay = —Af, D(AN)E{f€H2(Q):f|FO=O, =O}.(A.1)
I

Then, Ay is positive self-adjoint and has compact resolvent R(-, Ay) on L2(£2)
and Ay! € L(LA(R)), as {Ah =0in 2, hl, =% = 0} implies 7 = 0 by
Green’s theorem applied to (Ah, k) = 0.

@ Springer



34 Page34o0f45 Journal of Optimization Theory and Applications (2025) 205:34

2. Next, define the operator N by [30]

oh

h=Ng e 1Ah=0in®, hlp =0, =
v

:g} . (A.2)
I

Elliptic theory with I N I'] = ¢ gives [34]and [29] p.195

~ . 2 3 3_» 30
N : continuous L“(I'1) — H2(2) C H>""(2) =D(Ay "), p > 0,(A.3)
or
I-r 5 2 . 12 TR ) 2,00 72
AVON € (LA () LA(R) <= N*AL " e L(LX(2); LX) (A4)

where N* is the adjoint of N : (Nv,u)p20) = (v, ﬁ*u)Lz(pl). We have [29]
p/196

~ on I
N Any = {g‘ﬂ o rl . yeD(Ap). (A.5)
0

and (A.5 ) can be extended to all y € H3/2+e (£2) with g—ﬁ =0onljandy =0
on Ip.
3. Consider at first the following undamped case

Oy = A in 2 x (0, T] (A.6a)
¢lp, =0  inlpx(0,T] (A.6b)
B_¢ =g inlyx(0,T]. (A.6¢0)
ln

Using the definition (A.2) of N , we can rewrite Eq. (A.6a) as
¢ =Ap—Ng) or ¢y=—Ay@—Ng) inL*(£2) (A7)

as[¢p — Nglp, =0—0=0,and [p — Nglr, = g — g = 0. Let now Ay ext
denote the isomorphism extension Ay ext : Lz(.Q) — [D(Aj‘V ]/ = [D(Ap)] of
the original operator Ay in (A.1). Then (A.6) can be rewritten as the following
abstract second order equation

¢ = —And + AyNg in [D(AN)], (A.8)

where in (A.8) and below we use the symbol Ay to denote also the extension
AN ext, for simplicity of notation. Its first order system is given by

dl¢] [0 I[¢ 0
o) = Lhvalla)+ Lk 9
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4. Return now to the original damped problem (1.4.1a)—(1.4.1c) withu = 0,a = 1
(w.lo.g)and g = —w; = —N*Ayw; on I't x (0, T] by (A.5). Thus, via (A.8),
the second order abstract model for (1.4.1a)—(1.4.1c) is

wy = —Ayw — ANNN*Ayw,  in [D(AN)] . (A.10)

Its corresponding first order version is

d w B O I w w
dt |:w,] | —AnN —ANNJV*} |:w,:| =4 |:wt]’ (A.11a)
z] [0 I 2
A [Zz] = Ay _ANNN*ANi| [Zz} (formally),
[ 0 I||zi+ NN*ANZZ
AZ = ,
_—AN 0 ZZ

1
D) = {[z1. 2] € Vi 22 € D(A) = H} (@)
= {zZ e H'(2), 25 =0 on ro} :
~~ 1
a+NN"Avz e DUAw]. ¥ =D(AZ) x LAQ).  (Allb)

By Poincare inequality, we have

17211

1
_ 2 7012 — 2 _ 2
D(AIN/Z)_||A§,h||L2(Q)=/Q|Vh| A2 = |Vhljyg,. (Allc)

5. Finally, by (A.11) and (A.9), the abstract version of the original PDE Neumann
problem (1.4.1a)—(1.4.1d) is given by

dlwl_al®| 4By Bu=| O Q?/ A12
2 lw, |7 wt+u, ”_ANNME[D(A;V“’)]'(')

U*
},{| € Y and obtains

One readily solves A |:U1i| = |:
V2 v;

Al = [—NN*AN —A;l

I 0 :| e L(Y). (A.13)

Thus, (A.12), (A.13) imply foru € U = L3(I)

1, [-NN*Ay —Ay 0 7_[-Nu
A Bu_|: ; o avhul =1 0 [€7 @19

- 1
ie. Nu € D(A}) foru € L*(I).
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Next, let u € L2(1’1), f =1f1, f2], with f> € D(A). Then, via (A.12), from

(BM, f)Y = (ANNM’ fZ)LZ(Q) = (uv N*AN‘fz)LZ([‘l)
= (. B f) o (A.15)

we obtain

B* [fl}—ﬁ*A P e T 1)
2] NJ2= f2|1.,1 onl}’ NI ’

6. Verification of the abstract dynamical assumptions (H.1), (H.2), (H.3) for the
abstract model (A.12) of the damped PDE (1.4.1a)—(1.4.1d) with Neumann
boundary control, with

Y = D(AJ%V) = H},(2) x LX), U= L*I). (A.17)

(H.1): it is proved, e.g., in [41] that the operator A in (A.11a)—(A.11b) generates a
s.c. contraction semigroup e’ on Y, which moreover is uniformly stable.

(H.2): This assumption is verified in (A.14).

(H.3): The standard energy method of multiplying Eq. (1.4.1a) (we are taking a = 1

w.l.o.g.) by w;, and integrating in time and space after setting %%|w,|2 =
wy;w; and %%(Vw -Vw) = Vw - Vw;, yields the usual identity
2 2 2 r 2
Iy} = Vw122 o) + lw (D25 o) +2 /0 /F wid dt
1
= YOI} = IVwO)22 g, + w0122 - (A.18)
Hence (we are using a > 0), we obtain recalling B* in (A.16):
T T w 1P
2/ / w,zdndtzzf B*[ ] dt
0o Jn 0 W Jlly=r2r)
! A 2 2
=2 |Brettyo dr < [y (A.19)
/0 90[ oy, @ = YOI
Similarly for e4™':
! A* 2 2
2 HB* ' H dr < [y ()2, A20
[ e T T (A.20)
where in fact
0 —1
* ~ ~
A = |:_AN —ANNN*ANi|' (A.21)
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(A.20) verified assumption on (H.3) (due to a > 0).

Verification of dynamical assumptions (H.4), (H.5), (H.6) in the performance index
(1.4.3). We recall (1.4.3)

T
Ju,y) = fo 100y + 13y | + 10D ) (A22)
(H.4): Verification of assumption (H.4) for R defined as
-4 -4
Ry=R [yl} —|AvV|ez=v, R=|AN 0 ,y=[y‘]. (A.23)
y2 0 0 0 y2
In fact, we write via (A.23)
_1
HHI R
Wy 0 v
1

_1 o1
= Ay wl 1 = AyAN w2 = w2 (A.24)
N D(A%) NN L*(£2) L=(£2)

z=Y

as required by (A.22) via the abstract form (1.3.1). Then (A.23) implies

_1
R*=ReL(Z;Y)=L(®Y), R [yl} = |:AN5 yl} €Y, (A252)

)
_1
[yl} cy., R'=|Ay 0 (A.25b)
y2 0 0
and
-1 —1
R*R Bﬂ - [ANOyl] R*R = [A(I)V 8]. (A.26)

Similarly from (A.22) recalling the abstract form (1.3.1),
G =R, G* = R*. (A.27)
Thus assumption (H.4) has been verified.
(H.5): Verification of assumption (H.5) = (1.3.3a). Letu € U = L2(I'). We shall
show that
R*Re*Bu € C([0,T1; Y) (A.28)
and hence (H.5) = (1.3.3a) is a-fortiori verified. In fact, we first rewrite

R*Re"Bu = R*RAe* A~ ' Bu, (A.29)
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where by (A.14)

A By = [‘Q’“} cv. (A30)

1
Moreover, by (A.26) and (A.11) for [y, 217 € ¥ = D(A]Z\,) x L2(£2), we

compute
rraln]Z[AN O] O I 0[] _[0AR" ] [
y2 0 0][—Any —ANNN*] |y 00 J[»
-1
= [AA() yﬂ = [D(g’v)} cv. (A31)

Combing (A.31) with (A.30) in (A.29) shows (A.28).
(H.6): Verification of assumption (H.6) = (1.3.4) is the same via (A.27).

Appendix B: A Numerical Look at Example #1: Neumann Boundary
Control

LetVy, C H }O(Q) be the standard finite dimensional approximation space defined
either through splines defined on a quasiuniform mesh of £2 [11, 40] or through
nodal functions (eigenfunctions of Laplacian with appropriate boundary conditions
as in (1.4.1b)—(1.4.1c) with u = 0). Then, the dynamics of the wave equation is
defined through a standard variational form. We recall that (, ) denotes the L,($2)-
inner product, while ( , ) denotes the L,(I")-inner product. With 7, the orthogonal
L?(£2)-projection, one has

_| 0 TTh . L
Ap = [—Ah _thBZ] = approximation of A, (B.1)

where A;, = approximation of Ay, is given by
(Anvn, zn) = (Vor, Vzp),  vn, 20 € Vi (B.2)

(As a motivation, recall [21] that (Ayu,v) = (Vu, Vv),Vu,v € Hll“o (£2) implies

Ayu =0, or {Au =0in £, “|1},=0’ g—mn = 0}) and where

0 o [x) 0 on Iy !
Bhu = [BW] B; [x%} - { , [ig] €Vi=Vy x Vi, (B3)

2
Xj, xh‘n on I 0

counterpart of the continuous relation (A.16). It is reasonably straightforward to ver-
ify that the approximating assumptions in the group A and also the approximating
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assumptions (B.2)—(B.5) are satisfied. However, (B.1) [discrete abstract trace condi-
tion] requires an explanation. The discrete counterpart of (A.18) with y, = (wp, wi 1)
is

T
I (I )+ 10Ty + 2 [ el
= lwn O, + IVwr O, (0)- (B.4)

This is the same as

T
lyvn (DI} + 2a fo B} yuliZdt = llyn (05 (B.5)

In particular, since a > 0,

T
fo I Biiyn(0)2dt < Cllyn(O)3, (B.6)

which is a desired result testing the abstract trace condition of the discrete control
operator.

The above result is valid for any approximating scheme that is consistent [splines
or modes]. In the case of the second example—Dirichlet case—it is known that
the abstract trace condition may not hold for splines. It holds, however for nodal
[eigenfunction] approximations.

Next, define as in (A.23)

_1 -1
Ry, =TI, R |: Oh Oi| , SOR"R |: o ol B.7)

counterpart of the continuous relation (A.26). Thus, we compute (as in the continuous
case in (A.29)
Ri Rhe™ Byu = (R} Ry Ap)(e™)(A, ' Byu) € C([0,T1; Y),u e U, (B.8)

counterpart of continuous version (A.28). We shall show below that (B.8) is well
defined. With [x1, x2], [¥1, y2]1 € Vi = V) x V), we compute via (B.1)

—1(X1| _ N X1l _ yi| _ ThY2 = Y2
An [X2:| N |:y2] ’ [XZ:| = An |:y2] - [—Ahyl — BhBZyz] (B.92)

-1 % -1
Y1 — _Ah BhBh _Ah X1 — A;l X1 , (B9b)
y2 Th 0 X2 X2
counterpart of (A.13). Thus, by A;l in (B.9b) and Bju in (B.3), we obtain
—1 * —1 —1
1 _ | A BuB; A, 0 |_|-A, Buu
A, Bhpu = [ h 0 B | = 0 . (B.10)
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From (B.2), with v, = z;, € V), we have

1

‘Aﬁ vp|| = Vol = ||vh||H}0(g)- (B.11)
By (B.11),
1 _1
|47 B = HA,fAh‘Bhu = ”Ah 2 Bu (B.12)
Hp, (82) L2(2) L2(2)

Hence, by (B.10) and (B.12),

Ay 'Byu € Hf () x L*(2),  ue L*(I') (B.13)

as desired in (B.8). More specifically, by (B.3), for u € L), on € Vi,

_1 _1 _1
'('Athhu’ ¢h>‘ = <u BZAh2¢h> = <M Ahzfph\n>
L2(I)
_1
<cllullz2cm) HAh “on (B.14)
Hf, (2)
o1
= cllull 2y HA,iAh “on (B.15)
L2(82)
= cllullp2cmyyllenll 22y (B.16)
as desired.
Finally, from (B.7) on R} R, and (B.1) on A;, we compute
-1 _1
" x| _|-A," 0 ThX) = X3 _ | A x
Ry R Ay [xz] a |: 0 0i| [—Ahxl — BhBZx2i| - [ 0
€ [D(gh)} C Vi (B.17)

as desired (counterpart of the continuous relation (A.31)).
In conclusion, relation (B.8) is well-defined.

Appendix C: Plate Equation with Boundary Control via Moments

To the plate equation dynamics (1.4.4) with control via bending moment [28], we
associate the following performance index

w T w(t)
forio (“’y B [wD -/, [HR [wm}
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w(T)
e lnnll,
Y=H*(Q2)NH(2) x La(2), U=L*I), thusZ=YandZ;=Y
(C2)

2
(C.1)

according to the abstract model (1.3.1). In particular let’s consider the performance
index given by (1.4.5). The present example is essentially described and analyzed in
[30, Chapter 9 and 10], see details below.

1. Let Ap : L?>(£2) D D(Ap) — L?($2) be the Dirichlet Laplacian operator defined
by

Aph =—Ah,  D(Ap) = H*(2) x H} (). (C.3)

Then, A p is positive self-adjoint and has compact resolvent and ABl € L(L*(£2)).
2. Define the Dirichlet map D [30, p. 948]:

h=Dg <<= {Ah=0in2,h|, = g}. (C4)
Elliptic theory gives [30, p. 948]
1_
D : continuous L2(I") — HZ(2) C H?~2°(2) =D <A4D "), o> %c .
1_ 1_ ’
AL"D e LILA(D); LX(2)) &= D*AL " e LUL2(2); LA(I)),

where D* is the adjoint of D: (Dv, u) 2oy = (v, D*u) 2.
We have [29, p. 181]

dh
D*Aph=—--| . heD(Ap). (C.6)
r

3. The second order abstract model of the PDE-problem (1.4.4) is [28], [30, p. 1019]
wit + AL w +aApDD*Apw; = ApDu, (C.7)
where Ap denotes the isomorphic extension Ap ext : L2(.Q) — [D(A’B)]/ =

[D(Ap)Y of the original operator in (C.3). The corresponding first order equation
is

d d [w w
= — =A B C.8
a’ T ar [w,] [wJJr ! 8
[ i IR IR T P

~ |-A% —aApDD*Ap |’ “= | ApDu [D(A;g*"}

(C.9)
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Verification of the dynamical assumptions (H.1), (H.2), (H.3) witha > 0

(H.1): The operator A generates a s.c. contraction semi group ¢4 in Y.
(H.2): We have

-1 ) —1
A= gy — [—9AB' DD*Ap —A7, 0 7_[-Ap Du
1 0 ApDu 0

e {D(Aé_p)} cv. (C.10)
®

thus a-fortiori A~! B: continuous U — Y.

(H.3): Itis well-known by now that assumption (H.3) =(1.2.3) is satisfied in the case of
the plate equation with bending moment control (abstract trace regularity). This
is, in fact a purely PDE-property [28] which was established by PDE-methods,
see [25].

Verification of the observation assumptions (H.4), (H.5), (H.6) in the performance
index (1.4.3). It readily follows that with the choice of observation as above, the

operator R(w, w;) = [Al_)l/zw, 0] so that

ip_ |AD O
RR_[O o]’ (C.11)

then the L-condition (H.5) = (1.3.3) is satisfied. Similarly, choosing G so that

. A5 0
= 12
G*G [ 0 €12)
assumption (H.6) = (1.3.4) is then fulfilled. A-fortiori (H.4) = (1.3.2) is satisfied.

The verification of approximating assumptions follow now the same line of argu-
ments as before-in Appendix B. It suffices to notice that the discrete generator Ay
takes the form with (uy, vy) € Viy = V) x Vi € H*(£2) N HY(R2):

Ap(up, vp) = [_thuh —GZZBZ} (C.13)
where
(Anun, vp) = (Auy, Avp)
and

ouy,
B} = — .
5 () o |,
Remark C.1 For the construction of approximating space Vy, see [47-49].
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Remark C.2 Tt should be noted that the presence of @ > 0 is critical for the verifica-
tion of the approximating assumptions [approximate admissibility]. The role of this
boundary term is to “regularize” the dynamics from the boundary-see [30]. On the
other hand, this term also provides a stabilizing effect-so it can be i=used in the study
of Algebraic equations. From the numerical point of view, it can also be viewed as a
regularization parameter tending to zero. This approach has been explored within the
context of finite dimensional compensator designs [18].
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