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Abstract
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1. Introduction

In modern theory of integrable systems, the key conceptual role is played by the identification
of an integrable nonlinear PDE or ODE as a compatibility condition of a certain linear system-
Lax pair. Usually, Lax pairs are realized as matrix valued first order differential linear oper-
ators with respect to the basic dynamical time-space variables whose coefficients are rational
functions of the additional complex ‘spectral’ parameter. For the vast majority of integrable
PDEg, this spectral parameter varies on the Riemann sphere. For this case, the apparatus for the
analysis of integrable systems has been very well developed. The situation when the spectral
parameter belongs to an algebraic curve of a higher genera possess very interesting and seri-
ous challenges. We refer the reader to the 1981 work of Krichever and Novikov [KN81] and
the 1987 work of Hitchin [Hit87] for a detailed exposition of the specific algebra-geometric
features that the integrable systems whose Lax pairs are set on Riemann surfaces do possess.

The first example of an integrable system whose Lax pair ‘lives’ on a Riemann surface
with nontrivial genus is the classical Landau-Lifshitz (LL) equation whose definition we will
soon recall. The associated Lax pair representation was found in the late 70 s by E. Sklyanin
[Sk179] and, independently, by Borovik [BR81] and it is set on a torus, i.e. on an elliptic (genus
one) curve. Soon after this discovery, several authors had extended to the LL equation such
key ingredients of the standard inverse scattering technique as dressing procedure, finite gap
integration, and the Riemann—Hilbert representation. We refer the reader to the survey paper
[BBI14] for comprehensive descriptions of the concrete results obtained in 70-80 s (see also
the end of this introduction) and for a detailed history of the subject. We want to highlight
specifically the work of Mikhailov [Mik82] where the exact formulation of the associated
Riemann-Hilbert problem (RHP) on the torus was presented and the works of Rodin [Rod89,
Rod88, Rod84], where the solvability of this RHP was thoroughly analyzed. In our work, we
shall constantly use the results of [Mik82, Rod89, Rod88, Rod84].

2



Nonlinearity 38 (2025) 045023 H Desiraju et al

Since the above mentioned papers written in the 70-80 s not much of the further progress in
studying integrable systems on the algebraic curves has been achieved owing to the non-trivial
topological environment. It is only in recent years that we have seen a rigorous generalization
of some techniques such as Fredholm determinants [DDG23], Padé approximations [Ber21],
orthogonal polynomials [Ber22, DLLR24], and nonlinear waves [KT12, KT09, MT12] among
others, to genus 1 surfaces. We should specifically mention Bertola’s paper [Ber22] where
a key analytical apparatus of the theory integrable systems—the nonlinear steepest descent
method of Deift and Zhou, or, rather, its orthogonal polynomial version, has been extended to
the genus one curves. In our paper we are suggesting a similar extension of the PDE version of
the method (i.e. large time analysis of the solutions of Cauchy problems for integrable PDEs).
We take the LL equation as a case study. As has already been mentioned, the corresponding
Lax pair is set on the algebraic curve of genus 1. We show how one can extend the nonlinear
steepest descent method on this nontrivial genus situation and obtain the large time asymptotic
of the solution of the Cauchy problem in the Schwartz class.

As in the genus zero case, the two versions (orthogonal polynomials and large time PDE
analysis) of the nonlinear steepest descent differ in several methodological aspects. Hence,
in our analysis we cannot directly use the results of [Ber22]. In particular, to accommodate a
rather unusual symmetry-normalization of the RHP associated with LL equation, we have to
use, instead of the discussed in [Ber22] matrix Cauchy kernel, a very special Gusman-Rodin
Cauchy kernel ([GR62]) on the torus which creates certain extra difficulties in the analysis—
see section 3.1 for more details. It should be noted that the Gusman-Rodin kernel coincides
with the kernel considered in [Ber21] (see remark 3.1 for details). This scalar kernel should
be compared with the different matrix Cauchy kernel in [KT12, KT09, MT12] also used to
construct solutions of the RHP on the Riemann surface that satisfy the symmetry conditions.
We believe that the constructions of paper [Ber22] will be relevant and indeed very useful for
another important question in the asymptotic theory of PDE which is dispersionless limits.

We should also mention that the RHP on Riemann surfaces was used to construct explicit
solutions of model problems in terms of hyperelliptic functions for the necessities of Deift—
Zhou nonlinear steepest descent method; see [DIZ97, Kor04, PT22, Kam11, KT07, EMT18].
In a setting similar to ours, when the solution is constructed using the singular integral equation,
it appeared in [KT12, KT09, MT12]. It should though to be pointed out that in our case the
Riemann surfaces of nontrivial genus appear from the very beginning, from the Lax pair, while
in the just mentioned works the nontrivial genus comes from the specific class of the solutions
they consider—initial data on quasiperiodic background.

The large time behavior of the solution of the Cauchy problem for the LL equation in the
framework of the Riemann—Hilbert method has already been considered in the paper [BIS8].
In that paper, the asymptotics of the solution of Mikhailov’s RHP was obtained via the WKB-
analysis of the direct scattering problem for the space part of the Sklyanin—Borovik Lax pair.
This methodology has been used in the theory of integrable systems since the pioneering work
of Manakov and Zakharov [ZM76] and before the introduction of the nonlinear steepest des-
cent method. In [BI88], some of the steps of the analysis are not fully justified. In principle,
they could be made rigorous using the ideas of Kitaev’s paper [Kit89]. The nonlinear steep-
est descent technique we are developing in this paper not only provides a ‘short cut’ to the
rigorous derivation of the asymptotics of the particular problem associated with the particular
system—LL equations. We also believe that it can be used in the further analysis of the non-
trivial genus integrable systems, which have recently attracted a lot of interest. Specifically,
we are having in mind the already mentioned articles [DDG23, Ber21, Ber22, DLR24], and
[KT12, MT12].
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Figure 1. Torus.

The LL equation was introduced by Landau and Lifshitz in 1935 [LLO8] to describe the
time evolution of magnetism of ferromagnetic material or spin waves and since has become
a fundamental tool in the magnetic recording industry [Weil2]. It can be interpreted as the
continuum limit of the Heisenberg spin chain [QC82]. The LL equation in one space and
one time dimension (1+1) is the most general model of magnetism that is integrable and has
garnered much attention in the literature due to its applications in mathematics and physics. It
can be viewed as the universal integrable equation due to the appearance of several integrable
equations in appropriate limits [FT07, Lai22, Lai20], it has rich physical properties such as the
existence of soliton solutions [Bob83, GMI19] and the relation to classical mechanics [Ves83].
A rigorous analysis of its solutions is therefore consequential to a variety of fields.

The LL equation reads

(L (x,0)* =1 (1.1)
1

OL(x,t) = L(x,t) x O?L(x,t) + L (x,t) x JL(x,1);

3
j=

with

L(x,t) = (L1 (x,t) Ly (x,t) L3 (x,t)), J= diag(Jl7J2,J3) , J1<Jy < Js.
Here, the vector L(x,t) describes the magnetization of the material. It is immediate to note that
for J; = J, = J3, the above equation describes a continuous Heisenberg spin chain, whose Lax
pair integrability was established in 1978 by Takhtajan [Tak77], and in matrix form, it relates
to the nonlinear Schrodinger equation [ZT79]. The seminal papers by Sklyanin [Sk179] and

Borovik [BR81] showed that the LL equation is associated to the following linear system on
the torus (the Lax pair)

U (A x,1) = U (A x,0) U (A\,x,1), (1.2)
OV (A,x,t) =V(A\x,0) U (A x,1), (1.3)

where A € T? = {\: |Re(\)| < 2K, |Im()\)| < 2K’} shown in figure 1, and K,K’ are com-
plete elliptic integrals of moduli k, k" = v/1 — k? respectively.It is noteworthy that the linear
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system above takes values on the torus while the non-trivial topology is not reflected in the LL
equation. The matrices

U\ x,1): —120, (x,5)w; (N,

3

V(Ax,t) =1 Z oiLi (x, 1) Wy, (A IZUJ (x,5)w; (N),
Jymn=1

JjF#m#n
Pj(x,1) := (0L (x,1) x L(x,1)),

are written with o, being the Pauli matrices® and

1 dn (X k) cn (k)
A)= A)= A) = 14
wi(A) L ToWak w (A) Wil w3 (X) W (1.4)
The elliptic curve is given by
1
Wi =wi ) =—g (Ui= )i =123, (15)

and the parameter p and elliptic modulus & are given respectively by

:\/J3—J1 L J—
2 ’ Ji—Ji

The equation (1.1) then arises as the compatibility condition (Lax or zero curvature equations)
U (N, x,1) — 0. V(A x,1) + [U(A\x,1), V(A x,1)] = 0. (1.6)

The Cauchy problem for (1.1) was recast as a matrix Riemann—Hilbert boundary problem
in [Mik82, Rod84] using Jost solutions of the linear equation (1.2). In the pure soliton case,
this RHP can be solved by means of linear algebra, and the corresponding multi soliton solu-
tions were studied by several authors, see [BBI14, Bob83] and references therein. Finite-gap
solutions were constructed in [Bob85].

The asymptotic behaviour of soliton free solution of (1.1) for t — +o00 was then obtained in
[BI8S8]. The basic idea of the approach of [BI88] is the construction of the asymptotic solution
of the RHP from [Mik82, Rod84] using the asymptotic solution of the direct monodromy prob-
lem for an auxiliary linear system posed on the same torus. The solution of this direct mono-
dromy problem, in turn, uses certain prior information about the solution of the LL equation.
This approach is a genus one version of the method first suggested in [Its85] for the case of
genus zero of the mKdV equation and, as already mentioned, is not fully rigorous. In this
paper, as we have also mentioned above, we generalize the nonlinear steepest descent tech-
nique to the case of the torus and obtain rigorous large time asymptotics for the LL equation.

6 The Pauli matrices are given by

/(01 [0 i (1 0
=1 o0 ) 2= i o ) =0 -1 )
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We are now going to state the main results of this paper. For that, we need to introduce some
additional notation.

The general reference to the scheme we are following in our analysis is the inverse scattering
method (IST). This, in particular, means that our goal is to present the asymptotics of the
Cauchy problem for the LL equation in terms of the scattering data associated with the first
linear operator of the Lax pair, i.e. the x—equation (1.2). This is performed in two steps.
First, following [Sk179], we introduce the direct scattering map from the initial data L,—o =
L(x) to the reflection coefficient r(\) whose properties are described in detail in section 2. In
this first step, as everywhere else in the paper, we assume that the initial data L(x) satisfies
the soliton-free condition, i.e. that the corresponding transition coefficient a(\) has no zeros.
Then, following [Mik82, Rod89, Rod88, Rod84], we set the inverse scattering map formulated
as a certain RHP on the torus T? and defined by the given reflection coefficient r()). This is the
RHP 3.1 which is described in detail in section 3. The global in x solvability (and uniqueness)
of this RHP was proven in [Rod89]. This constitutes the first step in the construction of the
inverse scattering map r(A) — L(x). In our first main result, we complete the construction of
this map by analyzing the large |x| asymptotics of the solution of the RHP 3.1. This analysis
allows us to deduce the belonging of the ‘potentials’ L;(x),L,(x),L3(x) — 1 to the Schwartz
class and to establish that the corresponding reflection coefficient coincides with the given
function r(\).

Theorem 1.1. Ler Y(\,x) be the solution of the Riemann—Hilbert problem 3.1 with r(\) sat-
isfying properties (1)—(5) of section 2. Then the function L(x) constructed from it by formula

3
Y(0,%)05 (Y(0,2) ™" =) L;(x)0,
Jj=1
(see also (3.7)) belongs to the Schwartz class: Ly (x),Ly(x),L3(x) — 1 € S(R), and it defines
the initial data for the LL equation whose reflection coefficient is given by r(\).

Next, we are‘turning on’ the time which means passing from the Riemann—Hilbert problem
3.1 to the Riemann—Hilbert problem 4.1 of section 4. The solvability of this problem for all
real x and 7 > 0 is shown in [Rod89] and formula

3
Y(0,x,0)03(Y(0,x,0) 7 =Y Li(x,0) 05, (1.7)
j=1

where Y(\,x,1) is the solution of the RHP 4.1, determines the solution L(x,) of the Cauchy
problem for the LL equation whose initial data L(0,x) = L(x) corresponds to the reflection
coefficient r(\). Our second main result is the extension of the nonlinear steepest descent
method of Deift and Zhou to the RHP 4.1 and evaluation of the leading term of the large time
asymptotics of the corresponding solution L(x, ) of the LL-equation.

Theorem 1.2. Let Y(\,x,t) be the solution of the Riemann—Hilbert problem 4.1 with r(\) sat-
isfying the properties (1)—(5) of section 2 and let the vector function L(x,t) be determined by
equation (1.7). Then, L(x,t) solves the Cauchy problem for the LL equation characterized by
the reflection coefficient r(\) and its large time asymptotic behavior is given by the formulae

1 2v 12 2
Ly (x,t) = 5 (t%)) wa (Ag) cos (x,t) + O (fi) ,

6
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1 2v 1/2 2
M@ﬁ:p(wg »mu@mwmg+00ﬁ}

Ly(x,))=1— % (L} (x,1) + L3 (x,1)) + O (t_%> :

b
t— 00, ;:%, O<m<x<M,
where

2
0 (x,1) =2tp (Mo, ) + vlogr — % —argD'(iv) 4 argry —2¢y + vlog (Bﬁo) ,
0

(4.3) :p(A,32) = 22wz (A) = 2w (M) wa (A),

and the value of the stationary point Ay € [—2K,0] is determined by the equation (5.2):
Oxp(Xo, ) = 0. With such o, the parameter oo = —03p(Xo, ) is obtained from

(520) Lo = % (8W1 ()\()) wo ()\0) W% ()\0) + (W% ()\0) + W% ()\0)) (2W1 ()\0) w2 ()\0) — W3 ()\0))) s
the reflection coefficient

1
ro =r(No), @myy—zl%@+mﬂ.

7r
The remaining terms are determined as follows:

. _ o(A)o(A—2K) , . o (—2K)
(5-14): () = o (A +2iK") o (A —2iK' —2K)’ (5:15): fo:= o (2iK’) o (—2iK’ — 2K)’

1

(5.17):co = g‘/jd(logo +1r(n) |2)) logB(n—Xo),

where o () denotes the Weierstrass sigma function.

This theorem describes the asymptotic behavior of the solution of the Cauchy problem for
the LL equation with the initial data of the Schwartz class under the assumption of the absence
of solitons. As has already been mentioned, the asymptotic formulae presented in this theorem
have already been obtained in [BI88] using a different approach.

The paper is organized as follows. In section 2, we recap the formulation of the direct
scattering transform for linear system (1.2) through Jost solutions. In section 3 we define the
RHP associated with the inverse scattering transform for (1.2), and adapt the singular integ-
ral equation for our situation. Using it we provide the proof of theorem 1.1 and guarantee
that corresponding initial condition is from the Schwartz class. In section 4 we formulate
the time-dependent RHP associated with the solution of the Cauchy problem for the LL-
equation. In section 5, we perform the nonlinear steepest descent analysis and note that the
local parametrices are described by parabolic cylinder functions. In section 6, we obtain the
large time asymptotic behavior of L(x,#) and prove theorem 1.2. In the appendices A—C we
collect the facts about the elliptic functions and the parabolic cylinder functions. In appendix D
we provided the proof of more technical propositions related to the direct scattering problem.

7



Nonlinearity 38 (2025) 045023 H Desiraju et al

2. Direct scattering problem

We begin this section with a brief recap of the construction of the Riemann—Hilbert boundary
problem using Jost solutions for time # = 0 in [Mik82, Rod84, Sk179], and a study of its prop-
erties. We will then study the properties of the reflection coefficient for non-zero time. It will
then provide the motivation to construct the RHP for ¢ > 0 in section 4.

A starting point in this analysis is the assumption that the initial data for the Cauchy prob-
lem satisfies conditions L; (x), Ly (x),Ls(x) — 1 € S(R), where S(R) is the Schwartz class. In
particular

im L(x)=(0,0,1). 2.1)
Denote
I ={AeT?:Im(\) =0} I ={AeT?:Im(\) =2K'}.

We will restrict ourselves to A € I'y UT'; for now. Due to the condition (2.1) in (1.2) we can
define the following Jost solutions:

Fi(A\x)= e twns(Nas 4, (1), at x— to0 for relulys. 2.2)
The determinant of the above expression is given by
tr(U(\,x)) =0 = det(Fy(A\x)) =1, (2.3)

and symmetry properties of Jost solutions follow from the relations (A.4) of functions wy (),
wa(A), wa(A):

U(\,x) =0U (XN x) 02 = Fi (\x) =0F+ (\,x)0s. (2.4)

Since Jost solutions both solve the differential equation (1.2), they are related through the
scattering matrix

Fi(\x) =F_ (\x)S(\) Ael, Ul 2.5)

Furthermore, the identities (2.3) and (2.4) imply the following structure of the scattering matrix

—b(}) 2 2
500 = ( o) AP b =1,
b(A)  b(})
Here we used the fact that Jost solutions are periodic with respect to the shift by 4K, 4iK’ and

that A = \ — 4iK’ for A € T',.
For further analysis of the properties of the Jost solutions, we define the following functions

Ta () = F () @07 = (o) (02 0 (1))
Moreover, since F4 (A, x) solves (1.2), T4 (), x) solves the ODE

YL (Nx)=UAx) YL (A\x)+iws(A) Yo (A, x) o3, (2.6)
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and the asymptotic conditions (2.2) imply that

v?(z\,x):(é), x — Fo0 v@(z\,x):(?), x — +00.

Using observations above, we can obtain the alternative characterization of Y1 (A, x).

Proposition 2.1 ([Rod84]). The solutions @g) (\,x) of the integral equations

~ 1 i _ .
o (A x) = ( 0 >+ / I=om =) (7 (X 1) +iws (\) 03) B (A, 7) dr 2.7)

+oo

X
52 (A x) = ( ? >+ / eI+ (U (A7) +iws (V) 03) 08 (A, 7)dr,  (2.8)
+o0

solve the differential equation (2.6) and satisfies asymptotic conditions

(1)()\x) (é), X — £o00 A(Z)()\x) <(])), x — £o0. (2.9)
Proof. We compute the derivative
&CUi (Nx) = (U 7)+iws (/\)O";)’Ui (A7)
Fi(1—o3)ws(N) /j: ei(1=03)ws(A) (x—7) (U, 7)
+iws (A) O’3)Ui (A, 7)dr.

Replacing the integral term using (2.7) we get

05 (A9 = (UAT) +iws (o) 0 (A7) +i(L = 02)wa (V) <6$><A,x>— ( . ))
= (U7)+iws (V)DL (A, 7).
Similarly we note that
0L (\x) = (U(A7) — w3 (W) 0L (A, 7)
which gives (2.6). The check of asymptotic conditions (2.9) is trivial. ]

As aresult, we see that functions v(ij ) (A, x) satisfy not only differential equation (2.6), but
also the integral equations (2.7), (2.8). Let us now denote

Oy = {A:0<Im(\) <2K';[Re)| < 2K}, Q_ ={\:—2K' <Im()\) < 0;[ReA| < 2K}.

In the next step, we are willing to extend the function Y (A, x) in the domains Q. Using
properties (A.6), (A.7), and figure 8, we note that the elliptic function Im(w3(\)) satisfies the
following inequalities

—co<Im(ws(A)) <0 for AeQy; 0<Im(ws(N) <oo for AeQ_. (2.10)

Consequently, we get the following result. Notice that columns of Y 1 (A, x) are analytic in
opposite domains.
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Proposition 2.2 ([Rod84]). The functions vg)(/\,x), ngz) (\,x) are analytic in the domains
Q. and bounded in the domains Q4 respectively. In addition vg) (A, x), vg) (A,x) € C=(T)).

For reader’s convenience we present the proof of this Proposition in appendix D.
The integral equations (2.7) and (2.8) further imply the following result.

Proposition 2.3. The functions a(\), b(\) admit two alternative expressions.

(1) They can be written as the integrals

( o) ) = ( 0 )+ /_ O;e“"”’““’T(U(A,r)+iW3(A>03)UQ><A,T>dT.

(2.11)

(2) They can also be expressed as the following determinants
a(n) =det (v} (A1), 0% (0,x)), (2.12)
b()) = e2 (V)7 get (u<_‘> (), o) ()\,x)) . (2.13)

We refer the reader to appendix D for the proof.
With the above expressions we obtain the following result for the analyticity of the
coefficients.

Proposition 2.4. The coefficient b(\) € C>°(T"; UT',), and a(\) is analytic in Q.. Moreover,

o) —O(N"), A—0, VnmeN.

The fact that b(0) = 0 can be found in the literature, see [Sk179, (3.14)—(3.17)] and [Rod84,
(3.2)—(3.3)]. We refer the reader to appendix D for the proof.

Besides properties (2.3) and (2.4) we can also observe the following additional symmetry
properties of the Jost functions

Proposition 2.5. The function F4(\,x) has the following periodicity properties:
o3FL (A +2K,x) 03 = F+ (\,x), o1 FL (A +2iK' x) o1 = F+ (\,x). (2.14)
Proof. The relations (A.1)—(A.3) imply that

o3U(AN+2K,x) o3 = U(\,x), o UM +2iK' x) o1 = U(A\,x).

and formulae (2.14) follow. O

Furthermore, equations (2.14) lead to the following symmetry relations of the scattering
data,

a(A+2K)=a()), b(A+2K)=—b()\), (2.15)
a(\+2iK") = a(N), b(A+2iK") = —b(X). (2.16)

We conclude this section by introducing the reflection coefficient r(\) as the ratio of

a(\),b(\):
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The above established properties of the scattering data a(A) and b(\), (under the soliton free
assumption, a(A) # 0 !) imply the following list of the properties of r(\).

(1) r(A) € C>=(I'1 UTy)

(2) rA+2K) = —r()\)

3) r()\+21K') —r(\)
(4) 1(0) =

(5) L) — (’)(/\’"), A—0, VnmeN.

Remark 2.1. The last property follows from the fact that near A=0 the Lax pair we are
studying becomes effectively the Lax pair of the isotropic version of the LL equation which
is equivalent to the NLS equation and the behavior of the reflection coefficients r(\) at
A =0 mimics the behavior of the NLS reflection coefficient r(A) at A =oo (see [Tak77,
ZM76, FT07, Rod84] for more details).We should also notice that these properties hold near
A =2K,2iK’,2 K+ 2iK’ due to shift properties (2) and (3).

As it is usual in the scattering theory, under our standing assumption that a(\) has no zeros
in 24 we have that the reflection coefficient r(\) determine all the scattering data by the genus
1 version of the classical dispersion relation (see [Sk179]),

a()) ::exp{_l,/o log(1+|r(n)2)W3(77p—/\)dn}, req,. 2.17)

271'1 _2K

3. Inverse scattering problem

With the definitions

(1) )
x) = vy (M) 0@ O\ x O (0@ Oy vy (Ax)
Y+ ()‘7 ) . ( a(/\) y V- ()‘a )) ) Y_ ()‘7 ) . < ()\ ) P (5\) ) 5

the functions Y, (A,x) and Y_ (), x) are analytic in {24 and Q_, respectively. Also, using rela-
tion (2.5) we can write Y4 (A, x) in terms of T (\,x) as

L T a2 (M)
Y+<A,x>r+<x,x>< an  be )

0 a(N)

=0 ( e 9 ).

a()

The symmetry properties of F1 (A, x), a(\) and b(\) then imply that the function Y4 (), x) has
the following periodicity properties:

03Y+ (A +2K,x) 03 = Y4 (\,x), o1Y1 (A+2iK',x) o1 = Y5 (\,x).

We are ready now to formulate the RHP associated with the inverse scattering problem for the
linear equation (1.2). Define the piecewise analytic function

Y(/\ .X)_ Y+(>‘7x)a )\GQ+7
’ Y_(Ax), Aef_.

1



Nonlinearity 38 (2025) 045023 H Desiraju et al

~

N

Iy

A

—2K
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Y

—2iK’

Figure 2. Contours I'} and I';.

Then, under the assumption a(\) # 0 for A € {2, , we obtain that the piecewise analytic func-
tion Y(\,x) is solving the following RHP on the torus.

Riemann—Hilbert problem 3.1. (1) The function Y(\,x) is bounded, doubly periodic, and
piecewise analytic for A € T?/(I'; UT}). Orientation of the contours ', T is as specified
in figure 2.

(2) For A € I'}, T, the following jump condition holds

1 2 —2ixw3 ()
Yi(Ax) =Y_(Ax)G(A\x), G(A,x):<r($ler2%2(lA) r(A)e1 ) 3.1

(3) The function Y(\,x) satisfies the following symmetry conditions
O’3Y(/\+2K,X)U3:Y(>\,x), U]Y()\+2iK/7x)O'1 :Y()\,x). 3.2)

(4) Function Y(\,x) satisfies normalization condition det(Y(A,x)) = 1.

The inverse scattering problem for the linear equation (1.2) consists in the analysis of the
RHP (3.1). The latter includes, given the function r(\) satisfying the properties (1)—(5), to
show that:

(a) the RHP (3.1) is uniquely solvable for all real x,

(b) its solution is differentiable and yields the linear system (1.2) for the Schwartz class poten-
tials Ly (x), Lo(x), L3 (x) — 1,

(c) the reflection coefficient corresponding to these potentials coincides with the given func-
tion r(\).
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We shall start with a simplest part — uniqueness of the solution of the problem (3.1).
Proposition 3.1. Solution Y(\,x) of the RHP 3.1 is unique up to a sign.

Proof. Let us assume that there are two solutions of RHP 3.1 ¥(\,x) and Y()\,x). Then the
function

Y(Ax) (Y(Ax) "

is bounded elliptic matrix function, therefore constant. The symmetry conditions (3.2) further
imply that it is scalar. The determinant condition implies that it can only be +1. O

The nontrivial question of solvability of the RHP (3.1) has been positively resolved
in [Rod89]. Therefore we only need to concentrate on the properties of the solution Y(\,x)
as a function of x and establish the validity of theorem 1.1. To this end we need first to intro-
duce the relevant apparatus of singular integral equations associated with our RHP.

3.1 Singular integral equation for RHP on the torus

To study the solution of the RHPs on the torus, we will need the singular integral equation.
The first step to writing the singular integral equation is constructing an appropriate Cauchy
kernel. In general, the Cauchy kernel C(y, A)du is a meromorphic function in A and a one form
in u, with residues 1 at the poles of (i, i.e it is an Abelian differential of the third kind. On
the torus, such a function is not uniquely defined. For the purposes of this paper, we consider
the Gusman-Rodin kernel [GR62, Rod84]

C(p,A) :=C(p—A) = (p—iK') + (A = K —iK') + ((K), (3.3)

where ((.) is the Weierstrass (-function. It is important to note however, that the asymptotic
result is of course independent of the choice of the kernel. The Cauchy kernel above has the
following properties.

e The periodicity properties of the function ¢(.) (B.2)-(B.3) imply that
C(pu+4K,\) = C(pu,A+4K) = C(u+4iK',\) = C(u, A+ 4iK') = C(p, ).

e Ithas poles at p = A\, p = iK', A = K+ iK' with residues 1,—1, and 1 respectively.
e It has zeros for \ = iK', u = K+iK'.

Remark 3.1. We could compare the Cauchy kernel (3.3) with the kernel that appeared
in [Ber21, (2.2)]. They match after identification z= A —iK’,w = u —iK’,a = K. The shift
is justified by the fact that we would like to separate the singularities of the Cauchy kernel and
the singularities of function w3 () which lie in A = 0,2 K, 2iK’,2 K+ 2iK’ and appear in the
jump matrix G(X,x) of RHP 3.1. Other than that our choice is arbitrary and follows [Rod84].

Consider the following analog of RHP 3.1 with normalization at A = iK’.

Riemann—Hilbert problem 3.2. (1) The function ®(\,x) is bounded and piecewise analytic
for A € T?/(y UT,).
(2) For A € I'; UT',, the following jump condition holds

D (Ax) =D (A x)G(\x).

(3) We have the normalization ®(iK’,x) = 1.
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According to [Rod89] the RHP 3.2 has solution ®(A,x) under the soliton - free condition
a(A) # 0. We want to get singular integral representation for the solution.
With the Cauchy kernel (3.3), we associate the following Equation to RHP 3.2.

1
XAx)=1+-— X (1) (G (p,x) = 1) C(p, A — i0) dpa. (34)
1 U,

Proposition 3.2. Assume that r(\) satisfies properties (1)—(5) and the solution of (3.4) exists.
Then the solution of RHP 3.2 is described by

1
eAx)=1+5— . X (1) (G (p,x) — 1) C(p, A) de. (3.5)
Ul

Proof. From the expression for ®(\,x) it seems that it might have pole at A = K+ iK’. Let
us show that in fact it is not true. As it has already been mentioned the RHP 3.2 has solution
® (), x) under the soliton - free condition a(\) # 0. Denote the right hand side of (3.5) as
®(\,x). Consider ®(\,x) = ®(\,x) (P(\,x)) " .Functions ®(\,x) and ®(\, x) have the same
Jjump on the contour I'; UT. Therefore it is an elliptic function with a possible simple pole
at A = K+iK’. Since there is no elliptic function with a single simple pole, ®(A,x) has no
singularity at A = K +iK’, i.e the residue at the afore-stated point is zero. Therefore, the same
holds for ®(\,x) = ®(A,x)®(\,x). Hence the right hand side of (3.5) has no pole at A = K +
iK' and we can identify it with the solution of the RHP 3.2 since it satisfies the same jump
condition. O

We can use symmetrization to construct solution of the RHP 3.1.

Proposition 3.3. The solution Y(\,x), can be recovered through the following symmetrization
procedure of the solution of the above RHP 3.2

YA =—= (PN + 03P (A +2K) 03+ 01P (A +2iK') 01 + 02® (A + 2K + 2iK") 03),

Sl -

c=det(P(N\)+ 03P (A +2K) o3+ 01D (A +2iK") 01 + 02®P (A + 2K+ 2iK’) 02).
(3.6)

Proof. Using symmetries (2.15) and (2.16) we can get symmetries for the jump G(\, x,1):

G\ x,t) =03G(A+2K,x,t) 03, G(\x,t)=0,G " (\+2iK’ x,1) 01,

G(\x,t) = 02G™ (A + 2K +2iK’ x,1) 0.

They imply that the numerator of (3.6) has the same jump as ®(\, x, ). In particular, it implies
that its determinant does not depend on A and dividing by the determinant does not violate
jump and analyticity condition. As a result, we get the unimodular function Y(\,x,7). The
points where the determinant c is zero correspond to the singularities of the solution Y(\, x,1).
Based on the large x asymptotic of ®(\,x) obtained in the next section 3.2 we can tell that the
determinant c is not identically zero. O
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3.2. Reconstruction of the linear equation (1.2) from Y (A, x)

The solution of the RHP 3.1 solves the differential equation (1.2). We will omit the proof of
this statement and instead refer the reader to proposition 4.4 where we prove an analogous
statement for the time depended RHP , (4.1). Considering =0 case of it we can see that
solution of the RHP 3.1 denoted by Y (A, x,0) solves equation (2.6).

Proposition 3.4. Consider solution of the RHP 3.1 denoted by Y(\,x). It solves equation (2.6)
with L(x) appearing in the coefficients of the differential equation. It can be recovered from
Y(\, x) using the relation

3

Y(0,x) 03 (Y(0,x) ™ = "Li(x)o;. (3.7)

j=1

Proof. The above expression is obtained by considering asymptotic behaviour A — 0 of (2.6).
Precisely, according to figure 8 near A =0, the elliptic functions w,, behave as 1/ for all
a = 1,2,3. Therefore, comparing the coefficients of 1/ in (2.6), we obtain (3.7). O

Now, we are coming to the main part of this section.

Proof of theorem 1.1. To apply standard asymptotic analysis of RHPs to our case we need
to construct the analytic continuation of reflection coefficient r(\). We follow closely [DZ93,
DZ94].

Observing that w3 (\) is monotone function on the interval [0,2 K], we can introduce a new

variable © = w3(\) such that —oo < © < co. Denoting P(\) = %, let us now split P(\)
into analytic and decaying parts respectively

P(A(0))e®™© =Py (A(0),x) +Papa (A (O) ,x)

with

o0 X

Pdec(@,x)://P(s)ei(h—s)@d& Puna (©,x) = / P(s)el> 99,
ﬁ(s):i/P(A(@))eis@ar@. (3.8)
2

Since P(\(©)) € S(R), we have P(s) € S(R). It implies that Py (O, x) is decaying as x —
+oo faster than any power together with all its derivatives. We also observe that P,,,(0,x)
is analytic in © and decaying exponentially as x — oo for © € C™. Besides properties with
respect to variable x we can observe that Py, (0, x) and Py,q (O, x) behave as O(§ ) for © — oo.
We further note that the properties (2.10) imply that the function w3 () maps the neighborhood
of [0,2 K] in £+ to the neighborhood of real line in C.

15
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We construct the analogs of P,,,,(©(\),x) and Py (©()\),x) for the other parts of I'; UT,.
We can now factorize the jump in (3.1) as follows

1 0 1 0
o= ( Pua (O(N).0) 1 ) ( Puc(©(2)3) 1 )

YRR LV 1 Pac(O(N),) 1 Pua (0 (V) 1)
0 Toor 0 1 0 1 '

To get rid of the diagonal jump, we introduce the function

O —_
O(3) =exp [zjr / Jog(1+1r(mP?) W("p”dnl .

It satisfies the jump condition
N =6_(N)(1+[r(N)]?), Aeluly.

In particular, using the identity 1+ |r(\)[> = W, we can notice that

o) A€,
5(A) =
a(X), Aeq_.

which confirms relation (2.17). We can then define

. —e<Im(\) <0, and
—2K' <Im(\) < =2K'+¢, AeQ_

0<Im(\) <e, and

for
2K’ —e<Im(N\) <2K’, A€y

otherwise.
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The resulting jump for 7(%) (\,x) is given by G (\,x):

1 0 Im(\) =—¢, and
(0(A) *Paa(®(N),x) 1 )7 Im(A\)=—2K'+e, AeQ_

( 1 (6(N)*Pana (©(A),x) ) Im(\) =¢, and

Im(\)=2K'—¢, XeQ
GT(()) ()\,X) = ( ) +

1 0
( (5+ ()\)57 (A))ilpdec(g()‘)vx) 1 >
x( 16 (N)6- (A leec( (A),x) ) A€l UT,

0

Note that Gy (A,x) —1 is small for positive x and large ©, that is |Gpo — 1| =
(9(#&)‘), x — oo for any k € IN. We now use the singular integral equation and the sym-

metrization procedure to derive the asymptotic of L(x) following section 3.1. To begin with,
consider singular integral equation

1 .
O Nx)=1+— /2(0) X (11,x) (Ggeoy (%) — 1) C(p, A — i0) dps,

2ri
and
1
(I)(O) (Aax) =1+ — X(O) (,uax) (GT(O) (/J,,.X) - ﬂ) C(,u7)‘) d,u
271 Jsy 0
where

YO =1 U uU{Im(\) =, e Q, JU{Im(\) =2K' —e, € 0, }
U{Im(\) = -, € Q_}U{Im(\) = -2K'+e,1€Q_}.

According to [Rod89] normalized version of RHP 3.1 is solvable. Therefore the solution of
normalized version of RHP for T(®) (), x) is also solvable and solution is given by ®© (X, x).
We proceed with standard small norm theorem computation. The estimate for Gr© and the
boundedness of singular integral operator with Cauchy kernel in L, provides us with estimate
Ix© = 11,50y = O(x~*) for any k € N. We proceed to estimate (), x)

1
2O (Ax) - 1| < 5=
27

/z:a» (X(O) (1.) = ]l) (Groy (p,x) = 1) C (1, M) d#’ .

[ o ) =1 ) du‘
> (0)

1

2

Using the estimate for Gy we deduce that

3@ (A,x) — 1| = O (x ¥}, x — oo for anyk € IV and for dist ()\,Z(O)) > ﬁ
w3

17
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We can notice that function 7(® (X, x) can be obtained from ®(©) (), x) using symmetrization
procedure

1
7O ()) = 7 (<I><0> () + 038 (A +2K) 03 + 0,0 (A + 2iK") o
&
+0,8©) (A + 2K + 2iK") 0'2) :
¢ = det (q><0> () +030@ (A +2K) 03 + 5,0 (A + 2K’ oy

+0,8©) (A + 2K + 2iK") 02) .
and |TO(\,x) — 1| = O(x~*), for any k € IN and for dist(\, () > ooy - To obtain scat-
tering data corresponding to solution L(x) we look at x — oo asymptotics of Y(A,x) which we
just obtained and relate them to Jost solutions F (), x) corresponding to L(x). More precisely,

Yy (%) =T (A,x)6 (0) ((1) P (01 ,x>>

Y- (A0 =TV A9 (—Pm(é(m ) (1)> |

Here |[T(V(\,x) —1| = O(x*), x— oo for any k€ IN and for dist(\,X(?) > RV
Denote ‘

Yy (A»x) = (ygé) (A’x) aygf) ()\7)6)) :

Then from the computation above we can observe that

Fe ) = (5 (00 (61 00) 7 3@ () a- () e,
As aresult, we also can get decay properties of L(x) for x — co. Actually, we see that
Y(0,x) =T (0,x),

which follows from the relations P,,,(©(0),x) =0, a(0) = 1. The last relation follows from
the identity

0
a(0) =crp lzlm /_2Klog (L+Ir(m) ) WS;U) dn]

= exp l;Tl/o log (l +r(n) |2) W3p(77) d77‘| .

Here we used the symmetries A - —Aand A - A+ 2 K.
Similarly, for x - —oo we can use alternative factorization

B 1 r()\)e—ziXW3(>\) 1 0
G()‘ax) - ( 0 1 r()\)e2ixW3(/\) 1 .




Nonlinearity 38 (2025) 045023 H Desiraju et al

Now, instead of splitting P(\)e?*s(*) we split r(\)e? ™)) in decaying and analytic terms.
Repeating similar computations as above, we obtain the decay properties of L(x) for x — —oo.
Moreover, we can write the second Jost solution in terms of Y(A,x).

Foun) = (60 () 52 () ) e

Using the jump condition (3.1) we can check that Jost solution satisfy (2.5), with a(\) =
and b(\) =r(A)a()), as expected.

A
ke

4. Turning on time

We shall start with the fundamental (though conditional) fact established in [Skl179] that,
assuming that the LL equation has solution in the Schwartz class, the corresponding scattering
data evolve in a very simple way.

Proposition 4.1. ([SkI79]) Assume t > 0 is fixed and
Ly (x,1),Ly (x,7),L3 (x,1) — 1 € S(R).

Denote by F1 (\,x,t) the Jost solutions corresponding to L(x,t) with t > 0. Then the matrix-
valued functions

Jt ()‘7X7t) =F4 (A,X, l) eZiMI(A)WZ(A)U3

solves equations (1.2) and (1.3). Moreover the scattering data depends on time as
a(\,f)=a(\), b(\1)=b(\)e dmim=() (4.1

Proof. As (1.2) is the derivative w.r.t x, it is immediate that Jy (A, x,¢) solves it. To show
that (1.3) is satisfied by J4 (A, x,), denote

Wi ()\,XJ) = atJ:I: ()‘7X7t) - V()\,X, t) Jx ()\,X, t) .
Using compatibility condition (1.6) we can see that W (A, x, ) satisfies (1.2), which implies
that W (\,x,1) = F4 (A, x,1)C+ (), ) for some constant in x matrices C (), ). Using asymp-
totic condition (2.2) we see that C(\,7) = 0. This shows that J1 (A, x,¢) solves (1.3).
Finally, consider the scattering matrix

S()\,Z‘) _ eZirw]()\)wz()\)a; (J, ()\7)6’ t))il.,Jr ()\7x7 l) e—zitwl(/\)wz(/\)m_

Differentiating the expression above, we see that S(\, ¢) solves equation
S (A1) = =2iw (M) wa (A) [S(A\,1), 03],

which implies (4.1).
O

Proposition 4.1 shows that the RHP associated with the LL equation (1.1), i.e. whose solu-
tion yields the solution of the Cauchy problem for the LL equation, can be formulated in the
following way.
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Riemann-Hilbert problem 4.1. (1) The function Y(\,x,¢) is bounded and piecewise analytic
for A € T?/(T'; UT,), with T denoting the fundamental domain of a torus, and the contours
TI'y,T; as specified in figure 2. Note that Y(A,x,¢) is doubly periodic in A.

(2) For A € I'}, T, the following jump condition holds

Yo\ x,t) =Y_ (\x,0) G(\,x,1);

T rN )P (N e EruR)
G(/\,x,t) - <r()\,t) eZitp()\,%) 1 . (4.2)

where
(A 2) i=3ew3 (A) = 2wy (M) wa (N), 2= i; 43)

(3) The function Y(,x,1) satisfies the following symmetry conditions, as can be see though
the identities in (A.5):

o3 YA\ +2K,x,t) 03 =Y (\,x,1), o1 Y(A+2iK' x,t)01 =Y (\,x,1).

(4) Function Y(A,x,?) satisfies normalization condition det(Y(\, x,#)) = 1.
It is convenient for further computation to introduce notation
Y(0,x,1) = ¥y (x,1) 4.4
Proposition 4.2. The solution Y(\,x,t) of the RHP 4.1 is unique up to a sign.
Proof. The proof is similar to the proof of proposition 3.1(see also [Rod84]). O

Proposition 4.3. The RHP above is solvable for any r(\) satisfying properties (1)—(5) and the
solution is smooth function with respect to x and t

Solvability of the RHP 4.1 was demonstrated in [Rod89]. The smoothness in x and ¢ follows
from property (6) of the reflection coefficient r(\). Strictly speaking, this fact is a standard
properties of the Riemann—Hilbert problems posed on the Riemann sphere (see e.g. [Zho89]).
the extension to the Torus is quite straightforward and we omit it for the sake of not making
our paper too long.

As usual with the integrable equations, the RHP above is instrumental in studying the
asymptotics of the LL equation in the following way. First, it gives the solution to the linear
system (1.2) and (1.3). Secondly, studying its asymptotics will lead to the asymptotic beha-
viour of L(x,#) in (1.1). We start with the following results.

Proposition 4.4. The function
W (\,x,1) = Y(\,x,1) e P>

solves (1.2), (1.3) with Li(x,t) given by (1.7).

Proof. Let us begin with the logarithmic derivative of ¥(x,7) w.r.t x. We can notice that the
expression O, ¥ (A, x,1)¥(\,x,7)~! has no jump, i.e

AV, Ax, )V, (A x,0) ' =8,W_ (A x,0)¥_ (\x,0)"".
Therefore 0, ¥ (A, x,1)¥ (A, x,) ! is an elliptic function. We analyse its behaviour at A — 0:
AU (N x,) U (\x,0)" =0 YA\, Y(\x,0) " —iws A) YA, x,0) 03Y (A, x,0) "

20
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We rewrite it using notation
0T A, x, )T (A, x,0) " = —iws A Oy (5,0) 030 (x,0) '+ O(1), A—0.
We conclude that 9, ¥ (\,x,)¥ (), x,7)~! has a simple pole at A = 0 with residue

—iws A\) ¥, (x,0) 030, (x,0) "

Moreover, it satisfies the symmetries

030U (A +2K,x,0) U (A +2K,x,1) " o3 = 0,0 (A, x,0) U (A, x,0) ", (4.5)

100 (A + 2K’ %, ) W (A + 20K, x,0) " oy = 0,0 (A, x5, )W (A\,x,0) (4.6)
which imply the presence of simple poles at A = 2 K, 2iK’,2 K+ 2iK’ with residues

—igaws (N U, (x,0) 030, (x,0) o3, —ioyws (A) Uy (x,0) 030 (x,0) " oy,

—ioyws (/\)‘I’l (x,t) o3V (x,t)_l op)

respectively. Let’s write
3
-0y (x5, 1) 030 (x,0) " = —ich (x,1) ;. 4.7
j=1

Since the determinant of both the sides above is one, we deduce that ¢;(x,7) is a unit vector.
Using the properties (A.1)—(A.3) we can notice that the expression —i ?:1 cj(x,t)owi(A) is
an elliptic function which has the same residues as —iV; (x,t)o3 ¥ (x,7) "' at A = 0,2 K,2 K +
2iK’,2 K+ 2iK’. Therefore

3
AW (A\x, )W (Ax,0) " = =i ¢(x,1) oyw; (A) + const. (4.8)
j=1

Symmetries (4.5)—-(4.6) imply that the constant matrix above is diagonal. Since
det(W(\,x,1)) = 1, trace of the right hand side of (4.8) is zero and the constant matrix above
is zero.

We can carry out a parallel study for the ¢ derivative. The above properties (1) and (2) hold
and the logarithmic derivative

U (AN x,) U (\x,0) ' =Y\ x,0) Y(Ax,0) " +2iw; (N)wa (N Y (A, x,0)o3Y (Ax,0)
In the limit A — 0, we consider the subleading term

Y(OAx,1) = Uy (x,0) + AT, (x,1) + O (),
and substituting in the expression above, we obtain that

AW (N x, 1) U (A, x,0) " = 2iwy (A)wa (V) ¥ (x,18) 039, (x,1)
+ 2iAw; ()\) w2 (A) (\112 (x,t) o3 (x, t) -, (X,t) o3, (x,t)) +0O (1) .

21
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The expression 9, ¥ (A, x,1)¥(\, x,¢) ! therefore has terms with double poles and simple poles
at A=0. Along with (4.7) we write

20 (W5 (1) 3 U1 (x,1) — Wy (5,1) 035 (5,0) =i S b (,1) 0.

j=1
Producing the argument similar to above one gets the following form

Y (\x,0) W (\x,0)""
= 2icy (x,)) wa (M) w3 () o1 + 2ica (x, ) ws (A) wy (A) 02 + 2ics (x, 1) wi (A) wa (A) 03
+id, ()C, I) w1 ()\) o1 +id; (x, l) %) (/\) oy +1d; (x, I) w3 ()\) 03. 4.9)

The compatibility relation of (4.8) and (4.9) implies that d;(x,t) = (Oxc(x,1) x c(x,1)); and
cj(x,1) solve the equations (1.1). Therefore, c;(x,t) = Li(x,1), d;(x,f) = P;(x,7) and (4.7)
becomes (1.7). O

Proposition 4.5. The solutions of the LL equation Li(x,t) are real valued.

Proof. The solution of the RHP (4.1) has the symmetry
U ()\,)C, I) =10,¥ (X,x, I)JQ,

as can be seen through the symmetry of the matrix G(\, x, 7) in (4.2). Plugging in the behaviour
at A =0 we see that L;(x,) are real valued. O

5. Nonlinear steepest descent analysis

We are going to develop nonlinear steepest descent method to compute asymptotics of L(x,7)
ast—woocand0<m< = ’—t‘ < M. The procedure of nonlinear steepest descent involves con-
structing the solution of RHP with jump close to identity. This construction is performed in
several steps. First we construct the analytic continuations of jump matrices and use them to
open lenses. Then we construct global parametrix in section 5.2 using the fact that the cor-
responding jumps are diagonal. Finally we construct local parametrices in section 5.3 in the
neighbourhood of stationary points of characteristic exponent, which in the present case is
(A, 5¢) defined in (4.3). We then use the singular integral equation (3.4) and symmetrisation
formula (3.6) to implement the analog of small norm theorem in our setup (see Subsection 5.4).
The characteristic exponent p(\, ») has the periodicity properties

P(A+2K,3) =p(A,»), p()‘+2iK/>%):_p()‘7%)a (5.1
which can determined through the equations using identities (A.5). Compute the derivative
1
p (N, )= p (2w3 (A) (W () + w3 (A)) — 2w (A) w2 (N)) (5.2)

We are interested in the critical points which are zeroes of d\p(A, 3). It is an elliptic func-
tion with periods 2K, 2iK’ and pole of third order at A =0. Therefore it has three zeroes at
the quadrant —2K < Re(\) <0, 0 < Im()) < 2iK’. We are interested at the real zeroes. We
consider the ratio

w3 (A) (W (A) +w3(N)  en(Ak) (dn® (Ak)+1)

W)= wi (M) wa (V) R (M, k)dn (A k)
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® Im(p(A, x))>0
0 / B Im(p(A, x)) <0
tj\_/ U\_/ — Re(p(A %)) = pio, X)

Re(p(A, X)) = -p(4o, X)

0 2 3

)

Figure 3. Take »x =1,k = % We draw the following sign chart: the red and green parts
denote the negative and positive domains of the imaginary part of the characteristic
exponent Im(p(A, »)). We also draw the stokes lines Re(p(\, 5c) = p(Ao, 5) centered
at Ao, Ao + 2K with blue color and the stokes lines Re(p(\, 3¢) = —p(Xo, 5) centered at
Ao +2iK’, Ao + 2K + 2iK’ with orange color.

Using differential identities [DLMF, 23.13.1] and elementary identities [DLMF, 22.6.1] we
compute
3k*sn? (A, k) — 2 — k*sn® (), k)

sn2 (X, k)dn? (\,k)

W (X) =

The numerator of the expression above attains maximum of 2(k— 1) for sn?>(\, k) =k~ !,
which implies that W’'(\) < 0 and W(X) is monotone for —2K < A < 0. That means that we
have only one stationary point on the segment [—2K,0] C T';, which we denote .

8,\p ()\07/€) = 0, Ao < 0.

The periodicity properties of p(, 5) in (5.1) then imply that the points A\ + 2K, Ao + 2iK’,
Ao + 2K + 2iK’ are also stationary points of the characteristic exponent. We illustrate the sign
chart of Im(p(\, »)) on figure 3. We see that there is only one stationary point on the interval
[—2K,0]. We now restrict to the neighbourhood of the point Ay and define the subdomain to
the torus

T? (Xo) := {A: —2K <ReA <0, |Im)\| < K'}.

The lens opening procedure is then carried out by noting that the jump matrix G(A,x,?)
defined in (4.2) can be factorized in terms of upper triangular, lower triangular, and diagonal
matrices as
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1 7e 2w 1 0 =
G: < O 1 ) ( rezi[p l ) == UL (53)

1 0 1 r2 0 7,6—2“1)
— ( +o|| " > Ui Vv 54
I EAFR 0 1

In order to define the lens opening for generic reflection coefficient r, we need to introduce
the analytic continuation of the reflection coefficient in the upper and lower half-planes. Based
on figure 3 we can notice that the function p(\, »¢) maps the lenses to the upper and lower half-
planes respectively, and the segment [—2K, Ao] to the half line (—oo,p(Ao, »)].

Following [DZ93, DZ94] we now consider the Taylor polynomial of degree k of
r(A(p))(p +1)" at po = p(Xo, 5¢), n > k. Denote its error term by & (p). We then observe that
E(p) vanishes up to the kth derivative at po, and continue it by zero for p > py.

The analytic continuation can be implemented using Fourier transform in a similar way
to (3.8):

FNP) €™ = taee (P, 1) + Fana (P, 1) (5.5)

where

Fdec (P, 1) : /Rk (s,0)e iGr=9)p s,

e2itp k a] T - ; t/\ '
Fana (P 1) Z (p ))(po) v j!p()) + / Ric(5,1) P ds,

j=0

and the Fourier transform of the reflection coefficient

o0

Ri(s) =5 [ RGP0 ReAp)) =

— 00

& (A (p),1)
(p+i)"

We see that I, (p()),1) is analytic in the upper lens and ry..(p(\),1) = O(t7*), t — co. One
can now mimic [DZ94] and proceed with the lens opening procedure, by taking into account
the analytic part of r()) in the factorization of the jump matrix G.

In order to simplify the corresponding analysis, we shall, in fact, assume, from the very
beginning, that the reflection coefficient r(A) enjoys the proper analytic properties which would
allow us to use the factorizations (5.3) and (5.4) directly. That is, we would not need to use
splitting (5.5) for performing the lens opening. Following the same arguments as in [DZ94],
one can then show that the presence of ry. will not affect the given in theorem 1.2 leading
terms of the large time asymptotics of the Cauchy problem for the LL equations.

5.1 Lens opening considering analytic reflection coefficient

Assuming r is analytic in the upper lenses, we can open lenses in the usual way. The resulting
contour X is depicted in figure 4. We then have the following identification:

Y =%(N\o)+Z(No+2K)+ X7 (N +2iK") + X7 (N + 2K + 2iK”)
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0K + %K Ao + 20K’ , Ao + 2K + 2iK’
- + 2K 21K’

— 2K’ —2K — 2iK’'
—2K — 2iK’' Ao — 2K’ Xo — 2K — 2iK’

Figure 4. Jump contour X on the fundamental domain.

where X! () + 2iK’) and $7!(\g + 2K + 2iK’) have arrows inverted compared to 3 (Ao +
2iK’) and (Ao + 2K + 2iK"). Similarly, the torus T? is given by the sub-domain T2()\o) with
appropriate shifts

T? = T? (\o) + T? (Ao + 2K) + T? (Ao + 2iK") + T* (Ao + 2K+ 2iK’).  (5.6)

Contour X(\g) and domain T?()\g) are depicted in figure 5.
Restricting to ¥()\g) in the domain T?()\o) and define a piecewise analytic function
M(\, x,t) indicated with blue font on figure 5 where

Mi=L""', My=U, My=L, My=U".

where L, U, ,Z, U are indicated in (5.3) and (5.4). On other parts of torus it is defined by sym-
metries

M(\+2K,x,t) = o3sM (\,x,t) 03, M(\+2iK' x,t) = oM (\,x,t) 0y.
We can notice that

MAx)=1+0O0\), A—0. (5.7)
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Figure 5. Contour (o) in the sub-domain T2(\o).

Moreover

MAx,t)=1+0 ("), VKkEN t—00, X# Ao, o+2K,X\o+2iK', A+ 2K+ 2iK’.

We then define the function T (A, x,) as a ratio of M(\,x,¢) and the solution of the RHP 4.1:
TO\x,0) =Y\ x, )M\ x,1)"". (5.8)

Note that the contour in figure 4 is simply the contour 3()\g) defined in the figure 5 with
appropriate shifts by 2K, 2iK’, and 2K + 2iK’.
The following RHP is then solved by T(\,x,7).

Riemann-Hilbert problem 5.1. (1) The function T(\, x,?) is piecewise analytic on T?\,
(2) For X\ € %, it satisfies the jump condition

Ty (A x,1) =T— (A x,1) Gr (A, x,1),

with the jump Gr(\,x,t) defined through (5.3) and (5.4) on each of the shifted contours
X (Ao) as shown in the figures 4 and 5.
(3) The symmetries conditions hold

o3 T(AN+2K,x,t) 03 =T(\,x,t), o1T(A+2iK',x,t)01 =T (\x,1).
(4) The normalization det(T(\, x,#)) = 1 holds.
We can notice that
T(A\x,t) =¥ (x,))+O(N\), A—0.

Also, on the contour ¥ ()g), the jump matrix Gr approaches the identity as t — oco.
Consequently, the asymptotic analysis of the RHP 5.1 reduces to solving the corresponding
global and local parametrices.
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5.2. Global parametrix

The global parametrix T(¢)(\) solves the RHP below with the diagonal jump D defined
in (5.4).

Riemann-Hilbert problem 5.2. (1) The t-independent function 7(¢) () is analytic in
T2\ ([Ao, 0] U [Ao +2 K,2 K] U [Ag + 2iK’,2iK"] U [A\o + 2 K+ 2iK’,2 K + 2iK]),

(2) For A € [Ao,0] U [Xo+2 K,2 K]U[A +2iK',2iK'| U [Xo +2 K+ 2iK’,2 K+ 2iK’] it has
a diagonal jump

T ) =T () (1+r(V) )7 (5.9)
(3) The symmetry conditions hold
03T (A +2K) o3 = TD (N, o T (A +2iK") o = TED (). (5.10)

(4) The normalization det(7() (X)) = 1 holds.

The RHP above is solvable and its solution reads
TE () =a ()7, (5.11)

where
1 [0 -\
a() ::exp{zﬂ_i//\ log (1+r(n) [?) W(Z)dn}. (5.12)

Note that, in the above expression, the elliptic function w3(\) has a simple pole at A\ =
0,2 K,2iK’,2 K + 2iK’ (see figure 8). This fact together with the symmetries (A.3) of function
w3 () imply that () (\) satisfies jump condition (5.9) and symmetry conditions (5.10). Near
A=0,

Ao ws (1
a(O)—exp{—zjri/o log(1+r(77)|2)3p(l)dn}. (5.13)

We would like to deduce the behavior of the global parametrix (5.11) near point A = X\g. We
observe that using (B.1) and (B.6) the function w3(\) can be written as a total derivative:

25 _ g, (log s (M), BA) = J(HZI(?%Z&—;Q —2K)’

(5.14)

where o () is the Weierstrass sigma function. Furthermore, the behaviour of o(\) near A — 0
implies the following
.o\ . BA=X) o (—2K)
lim ———=1 = lim ——— = fo; = .
AZO A M T, 0 T ik g ok = 2K)
Using [DLMF, (23.9.7)] we see that o(2iK’) is pure imaginary. Using [Law89,
(6.2.18),(6.2.19)] we see that o(2 K + 2iK’) is also pure imaginary making 3, real.

(5.15)
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Integrating by parts, we can then rewrite «(\) in (5.12) as

0 —
a(d) = ‘”‘13{2;1/A log (1+r(n)[?) de}

0 P

0
= eXp{eri/,\ log(l +1r(n) |2)dlog6(n— )\)}

0

= eXp{_eri (log (14 r(Xo) |*) log B (o —)\))}

y exp{—;m/\ d(log (14 Ir (n)[2) ) log 8 (n — /\)}

0

) 1 0
(B(Xo— A))WeXp{Zﬂ'i/)\ d (log (1+1r(n)*)) log 8 (n — /\)}

0

(B =) e,

with the parameter

1
vi= ﬁlog(l +1r(M) %), (5.16)

and
0

co(N) ::—A d(log (14 1r(n)[*))log B(n—A). (5.17)

0

In the computations above we used the fact that r(0) = 0.
Finally, with the expression above, we have

TED (M) = (B (Mo — A))" 7 g0V, (5.18)

This alternative formula is convenient for studying the global parametrix near A = \y. We now
proceed to obtain the local parametrix, which in the proper asymptotic regime, should coincide
with 7€) ()).

5.3. Local parametrix

Before defining the local parametrix, we analyse the lenses contours in the neighbourhood of
Ao. In the vicinity of the stationary point )\, the characteristic exponential function behaves
as

e =i (A0) | =03 (P02 F3030 (020 A=20)) g (83p (Mo, %)) =,
where

%M%@:—%@mOM%W@M+WﬂM+%MM%MMmQ%%MQ»(M%
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The fact that 93p(Xo, 3¢) < 0 can be shown in the following way. First, we eliminate para-
meter s in the expression (5.19) using (5.2). Then rewrite it using (1.5) in terms of wy()\).
The result is

1
Ap (o, ) = 7 (4w5 (Xo) — 6K p*wi (o) +2k*p°.)

This expression has maximum —%k“(l —k*)p® at w3(\g) = k*p?, which confirms that
93p(No, 7) < 0. That motivates us to introduce notation for —93p (o, %)

0o = % (8w1 (Ao) w2 (Ao) w2 (Ao) + (w% (o) + w3 ()\0)) w1 (Ao)wa (Mo) — w3 (/\0))) (5.20)

A suitable conformal transformation to obtain the local parametrix is then defined by

(V) = V4t (p (Mo, 22) —p (A, 7)) = ™4/ 2100 (A = Xo) =712 (A= No), (5.21)
with the parameter
v i=e™*\/2¢,. (5.22)

Note that, although the local parametrix will be initially defined on the subdomain T(\y), the
symmetric extension to the torus T with the identification (5.6) is crucial to obtain our final
result. To this end, we note that the properties of p(\, ) in (5.1) imply that

EA+2K) =£(N),

and we need to introduce

E(N) == E(A+2iK"). (5.23)

We will use £()) in the neighborhood of Ao, Ao + 2 K and £(A) in the neighborhood of Ao +
2iK’, Ao +2 K+ 2iK’.

We would like to take the jump of the local parametrix near )y as shown on figure 6. Here
fo = r(Ao). In order to provide matching with the jump of 7(\, x, ) we need to take discs of local
parametrix of shrinking radius. Denote the disc near point Ay described by the condition |\ —
o] < 2t with 0 < e < % as D(Xg). We will introduce local parametrix on the collection of
its shifts

D=D(N\o)+D (N +2K) +D (N +2iK") + D (Ao + 2K+ 2iK"). (5.24)

We also introduce the notation 3(°¢) () for the jump contour for the local parametrix in the
disc D(\g). Now using the shift we can introduce the jump contour for the local parametrix

E(loc) — E(Ioc) ()\O) + E(Ioc) ()\() +2K) + (E(Ioc) (AO +21Kl)) -1 n (Z(loc) (>\0 + 2K+21K/))71 .
(5.25)

As the result on the \-plane, the local parametrix 7U¢) (X, x,7), solves the following RHP.

Riemann-Hilbert problem 5.3. (1) The function 7))\, x,7) is analytic on D\X(), with
the contour ¥.(°¢) given by (5.25), the collection of discs ID is given by (5.24) and contour
) ()\g) is shown on figure 6.
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1 Foe—2itp()\0,%)e§2/2
Uy = 1+]ro[?
0 1

1 2 0
m= (P 0 )

_1
1+(ro[?

1 0
LO = roezitp(xo,%)e—gz/z 1
1+|r0|2

~ 1

R

~ (1 Foe—2itp(>\g,%)e§2/2
%_Q 1

Figure 6. Contour X(*) (o) and the respective jumps in the disc D(\o).

(2) For \ € x(e)
7 (A x,1) = T (A, x,1) GV (A, x,1),

with the jump G\ (X, x, 1) piecewise defined on each ray of the contour £(°¢) as shown
on figure 6.
(3) The symmetry conditions hold

03T (N 42K, x,1) 03 = T?) (N x,1), 0T (AN +2iK',x,1) 01 = T (\,x,1).

(4) The normalization det(7(*¢)(\,x,7)) = 1 holds.
(5) In asymptotic regime A € D, r — oo we have

T ) =19 ) (140 (1)) =™ (140 (1) ).

Solution of the RHP 5.3 can be expressed in terms of parabolic cylinder functions paramet-
rix presented in appendix C. More precisely we compare RHP 5.3 with RHP C.1. Comparing
the jumps we see that the parameters a, b should be chosen as

iv2me= v - V2med™v : ,
= et (o) L = TFpe 2 (ox) b=iv. (526
al (—iv) o° ’ bT (i) ro¢ b=l (5:20)

The local parametrix 7U°?) (), x,7) near Ay can then be written in terms of parabolic cylinders
through the matrix D, 5 () defined in (C.1) as

2

79 () =a(N)7 (€ (V) " Dap()e” 7, AeD(h), T <arg(E(N)<

9
- (5.27)
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Using the behaviour of p(A, 5¢) in (5.1) along with the transformation £(\) defined in (5.23),
the local parametrix is determined to be

@ ()™ (€))7 D (957, A€D (),
73 (V)7 (§ (V) " Dy (€)e™ T %03, AED(Xg+2K),
(

—1V o3 z2

) (Ax,1) = § 1A+ 2K)7 (E)) T Dy (€)™ 5701, A€ D (M +20K"),

o2 (A+2K+2iK")” (E()) T Dy () e~ Fog,,
AeD (X +2K +2iK").

The final step in the nonlinear steepest descent analysis is the use of the small norm theorem.
5.4. Small norm problem

We denote the circle of the boundary of disc D(\g) by C(X¢), and the union of such circles in
each of the subdomains of the torus (5.6) is denoted by

C=C(X)+C(No+2K)+C(No+2iK') +C (N + 2K +2iK").

We define the ratio of the solution of the RHP 5.1and the local, global parametrices in (5.27),
(5.18) respectively as

) —1
T(Ax,1) (TED (X)), . AeT\D, (5.28)
T(\x,1) (T (\,x,1)) AeD.

It has the jump in the contour X.(®) () shown on figure 7(i)n T()\o). We also extend it to
T.

R(\x,1):= {

S® = 5® (X)) + 2B (Ag +2K) + 5P (Ao +2iK") " + 2B (Ao + 2K +2iK") "

Riemann-Hilbert problem 5.4. (1) The function R(\,x,?) is piecewise analytic on T2\ X (%),
(2) On the circles C, it has the jump

ReO0x,0) =R (A\x,0)GrAx,0),  Gr(Ax,0) =T (N) (7“"” (A,x, z)) - (5.29)

Inside the circles C, it has a piecewise jump on each of the rays. It is given by the expression
indicated on the figure 7(a)nd conjugated by () (A, x,1).
Outside the circles C, it has a piecewise jump

Gr (A1) =T () Gr (A1) (T ()

(3) The symmetry conditions hold

T3 R(A+2K,x,1)o3 =R(A\,x,t), o1R(A+2iK’x,) oy = TV (A x,1).
(4) The normalization det(R(\,x,7)) = 1 holds.
We can observe that Gg(A,x, 1) satisfies
Gr (A4 2K, x,t) = 03Gg (\,x,1) 03, Gr (A +2iK’ x,t) = 01Gg (A, x,1) 7y. (5.30)

An important step for our final analysis is the + — oo behavior of the jump Ggr(\,x,1).
which can be explicitly determined by the asymptotics of the matrix of parabolic cylinder
functions (C.2) on the circles C, and we have the following statement.
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Figure 7. Jump contour $® ()). It extends to the domain T(Xo).

Proposition 5.1. In the limit t — o, the jump Gg(\,x,t) for A € C(X\o) behaves as

_ 1 0 —ayedico) -2
Gr (A x,1) _1+£(A)< b le-2i ) 0 +O(£(A) )
2.\ iV
~ Y t) 2y
Yi=\|— € s (531)
(%

with co(N), Bo,&(N),7y,a,b defined in (5.15), (5.17), (5.21), (5.22) and (5.26) respectively.
Moreover let function F(X) be analytic in the neighborhood of A. In the asymptotics t — oo,
the integral of (Ggr(\,x,t) — 1)F(\) over C(\o) behaves as

) i 0 gt > ~
G )\,x,t —]lF)\iz]l‘f'i] ~_ 1 _2ic F)\ +Ot 5

$ G- 0F0 =t (e T RO o)
Co = Cg ()\0) . (5.32)

Proof. The asymptotic behaviour of T()(\,x,f) for r— oo, or equivalently & — oo, is
obtained from (C.2), (5.27):

T (A x,1) = (o (A) 7 €7 (]1 + % (2 _0“> +0 (52)> v,

The values of a, b are given in (5.26). Remembering the definition (5.18) of global parametrix
T() (\) we can see that for
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A= Xo| = O(r72%9)
T (3) = (o= N7 g™ (140 (r1+9) ), —r <arg(lo—A) <
= (A= 20)" e g™ (140 (44 0<arg(A— o) <27

1/2 —ivos
_ é-il/0'3 (’ytﬁ/ ) e7r1/03eico()\)03 (]1 +0O (tféJrE)) )
0

We deduce that the jump (5.29) then has the following behaviour in the same limit

§

1 _aezico(Asz (Lzzt) —iv
€ B; +0 (572) ’

pe—2ic0(N) =27y (th)iV 1
3 B3

G () = (€ (1= 1 0 (62) ) e (190 )

which, with the definition of 5 gives (5.31). Evaluating the integral using residues we
get (5.32). O

Note that the off-diagonal elements in (5.31) depend on 7 as r~5+/2_ but v is real, so we
can say

Gr(A\x,t)—=1=0(°), XeC
. . 2
Moreover for A € D\ (I'; UT,) we need to have jump terms r(\)e2?(A>) _ roe2i?(o.) =5

- . . 2
and r(\)e 2P\ _ Fe=2i(M0. ) o be small. With the expression for £(A) in (5.21), we

fA=Xof?

see that we want to minimize terms of type |A — Agle™ vT? . The maximal value for this
1

expression is achieved for |A — Ag| ~ TR We use this value to estimate the jump and arrive
at

Gr(M\xf)—1=0 (f%) . Ae (2<R> mD)) \ (I UT,).

On the DN (T'; UTY,) the estimate for the jump is given by O(A — Xg), so we get
Gr(Ax,1)—1=0 (f%+6) . Ae®ADN (T, Uly).

Outside of discs ID the sign of imaginary part of p(\, »r) guarantees the exponential decay
Gr\x,f) —1 =0 (e‘”'z’k) , Aex®\D.

Keeping in mind the vanishing properties of reflection coefficient we get the estimate

&

1
1=0(— — mi - n®), ,
Gr (A, x,1) (’)<1+|W3 (>\)|) , €] =min <5,2 5) , AE (5.33)
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Using the fact that domains DD are shrinking as t — co we can get other useful estimates

1 3 3
1 (Gr (A1) = 1) CA0) |y () = O (), &2 = min (4 +5,2- ;) . (5.34)
|| (GR (Avx’t) - ]l) C()\,O) HLI(Z(R)\C) =0 (t_H_zE) : (535

6. Proof of theorem 1.2

Let us start by recollecting the relation between the solution of the LL equation and the solution
of the RHP 4.1 given by (1.7):

3

Uy (x,0) 03 (U (0,0) " =D Li(x, )05 = L(x,1), (6.1)
j=1

where W (x,7) is the leading behaviour of the solution of the RHP 4.1 at A — 0, see (4.4).
Tracing the transformations so far we have

YO0 DT )M (0 x,0) P2 R (2,0 TE () M(Aox, 1),
and in the vicinity of A — 0 due to (5.7), (5.11) and (5.13)
W (x,1) = R(0,x,0) T (0) = R(0,x,7) o (0)”° . (6.2)

To determine the above quantity, we compute R(0,x, ) using the singular integral equations
following section 3.1

1
X(R) (/\axvt) =1+ T X(R) (,urxat) (GR (u,x,t) —]I)C(,u,)\—IO)du, (6.3)
™1 (R

and
1
R (A, x,0) =1+ 7/ X® (x,8) (G (p,x,8) = 1) C (11, ) da.
2ri SR

According to [Rod89] normalized version of RHP 4.1 is solvable. Therefore the solution of
normalized version of RHP for R(\,x, 1) is also solvable and solution is given by ®®) (\ x,7).
The estimate (5.33) implies that we can iterate equation (6.3). Using (5.34) we get

X 0x,) = Ly i = O (7). (6.4)
The symmetrization of ®®) (), x, 1) determines R(\, x,)

L
TV

+030®) (A +2K) a3),

R(N) (q><R> )+, 0® (A 1+ 2iK") o + 520® (A + 2K + 2iK’) 03

¢ = det (<p<R> (A) +018® (N +2iK") o1 + 0, 8®) (A + 2K + 2iK") 0,

+030® (X 4 2K) 03).
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Our final goal is to obtain the t — 400 asymptotics of the solution of the LL equation through
the identities (6.1) and (6.2). To this end, the term R(0) is given by

R(0) e = (q><R> (0) + 18P (2iK") oy + 038 ® (2K) 03 + 0, ") (2K + 2iK) az)

1
=41+ — X (11,x,) (G (p1,x,8) — 1) C(11,0) dps
271 Jxw
1
+o3— X® (11,x,1) (Gg (1,x,1) — 1) C (12, 2K) o3d s
2mi (R
1
+o15— X (1,x,1) (Gr(,x,1) — 1) C(11, 2iK Yoy dpa
2mi (R
1
+ 01— B (,x,1) (Gr(,x,1) — 1) C(1, 2K + 2iK" ) ord . (6.5)
2mi N(R)

So, for t — o0, using (5.34) and (6.4) we get

1
R(O0.x,0)ve=41+ — [ (Gg(y)—1)C(u,0)dp
2ri S(R)

1
toss (Gr (1) — 1) C(p,2K) o3dp
T S5 (®)

+o Gr(p) —1)C(p,2iK") o1dp

15 -
271 Jsw

1
+or— (Gr (1) — 1) C (1, 2K + 2iK") oadp + O (1722 .
27T1 SI(R)

On the next step we replace contour $®) with the collection of circles C. We use estimate (5.35)
and get

R(07x7t)ﬁ=4ﬂ+ﬁ/c(GR(u)—H)C(M70)du+0’3ﬁ/c(GR(u)—1)C(u72K)03du

1 .
+0’17/(GR(M)—]I)C(M,ZIK/)JldM

T Jc

1

+ors— / (Gr(p) — 1) C(p,2K+2iK") oodp+ O (75 72) + O (7 11%)
C

— A+ + L+ 1 +14+O(f%).

On the last step we took € = é, which corresponds to max min(1 — 2e,2¢,) = % and optim-

O<e<4
izes the error term. Let us expand the individual integrals above:

ol = /C (G (1) — 1) C(11,0)du

- ;ﬁ <GR<M>—n>c<u7o>du+y§ (Gr (1) — 1) C(41,0) dp
Ao Ao+2K

+ G- DCEOd P (Gr() -~ 1) 0)d
Ao+2iK7 Ao+2K+2iK’

- gﬁ (Gr (1) —n>c<u,o>du+g§ (Gr 11+ 2K) — 1) C (4 + 2K, 0) dp

Ao
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+§1§ (Gr(n+2iK") — 1) C(p+2iK’,0)dp
Ao
+§1§ (Gr(p+2K+2iK") — 1) C(p+ 2K + 2iK’,0)dp
Ao
(5.30)
= 5/5 (Gr(p) — 1) C(p1,0)dps + g§ 03 (Gr(p) — 1) 03C(u + 2K, 0)du
)\() )\0

+¢ o1 (Gr(p) — 1) o1 C(pu+ 2iK’,0)dp
Ao

+ y§ 0> (Grli) — 1) 02C(ju + 2K+ 2iK”,0)dy. (6.6)
Ao
Remaining integrals are computed in a similar fashion:

2mily ;:/Co—3 (Gr (1) — 1) 05C (1, 2K) dpa
(520)56 03(GR(;L)7]I)03C(;L,2K)du+§I§ (Gr () = 1) C(pu+ 2K, 2K) dpu
Ao Ao

+g§ 0> (G () — 1) 5>C (11 + 2iK", 2K) dp
Ao

+ 75 01 (Gr (1) — 1)1 C (1 + 2K + 2K, 2K) d,
Ao

2mily = / o1 (Gr (1) — 1) 01 C(u,2iK") dp
C
= 56 o1 (Gr () — ]l)01C(u,21K')dpL+§£ 02 (Gr(p) — 1) 02C (1 + 2K, 2iK") dp
)\0 >\0

+§£ (Gr(p) —1)C(p+2iK',2iK")dp
Ao

+¢ o3 (GR (/J,) — ]1)0'3C(/J,+2K+ ZiK/,ZiK/)dM,
Ao

2mily i = /Caz (Gr (1) — 1) 02C (11, 2K + 2iK") dp
_ ;AA 02 (Gr (1) — 1) 02C (11,2K + 2iK") d
0
+ §§A o1 (G (11) — 1) 01 C (1 + 2K, 2K + 2iK") dps
0
+ %A 03 (Gr (1) — 1) o3C (u + 2iK", 2K + 2iK") dy
0

+§§ (Gr(p) —1)C(pu+ 2K +2iK’', 2K + 2iK") dp. (6.7)
Ao

In order to simplify the computation of R(0,x,#), we group the terms in (6.6) and (6.7) by
introducing the following integrals. Define
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Is: = %AU (G (1) ~ 1) C 11,0 A%+ ygko (Gr (1) = 1) €+ 2K, 2K) ;Tfl

d
+ b (Grln) - )€+ 21826 51
Ao

T1

d
+y§ (Gr () —1)C(n+2K +2iK’ 2K + 2iK") @
Ao 2mi

= (Grl) =) (C0)+ €1+ 2K 2K)

d
+C(pu+2iK' 2iK") + C (1 + 2K + 2iK’, 2K + 2iK")) Zi

- 7% (Gr (1) — 1)f ()

27i’
where

flp):=C(p,0)+ C(pu+2K,2K) + C(pu+2iK’',2iK") + C(u+ 2K + 2iK’ 2K 4 2iK") .
(6.8)

Similarly, we define three other integrals

- ;z% (Gr () — 1) (C (1 + 2K, 0) + C (11, 2K)

+C (1 +2K +2iK'2iK") + C (p + 2iK’, 2K + 2iK")) %
TT1

— ¢ (Grlw - 1)+ 20 3
o i

orlo ;:yg (Gr(p) = 1) (C(n+2iK’,0) + C(p + 2K + 2iK’ | 2K)
Ao

d
+C (1, 2iK") + C (u+ 2K, 2K +2iK"))

T1

. d

¢ (Gew) - 1)+ 2K") 3

Ao T1
02150 ::yg (Gr (1) — 1) (C (11 + 2K +2iK’,0) + C (11 + 2K’ 2K)

Ao

. oy dp
+C(u+2K,2iK") + C(p,2K + 2iK ))%

d
_ jﬁm (Gr (1) ~ 1)f (u+2K+2iK") 3.

In terms of integrals above, (6.5) reads
R(o,x,t)ﬁ:ml+15+16+17+18+O(z—%). (6.9)
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We now compute each of the terms individually. Let us begin with

(532) 1 0 —a~e?ico _
ST AR ( by~ le~ 2 % )f(/\o)‘f'o(f . (6.10)

With similar computation, we have

1 0 a,yeZwo .
IG_W( _b%—le—Zico 0 )f()‘0+2K)+O(t )a

1 0 b’;y’—le—Zico . .
17 = W ( _aaezu‘o 0 f()\() + 2iK ) + 9] (f ) s

1 0 —byle ¥ : -
Igzwl/z( et 7 0 )f()\o+2K+21K’)+O(t ). (6.11)

Substituting the above expressions (6.10) and (6.11) in (6.9) gives us

4 1 :
R(O.x0 = ( - o >+O( ) (6.12)
where
A= —ae®F (f(\o) f(A0+2K))+be—2“'°~—1(f(A0+2iK’)—f(Ao+2K+2iK')),

=be 29T (f(No) —f( Mo+ 2K)) — ae® OF (f( g + 2iK") — f(No + 2K + 2iK")).
With (6.2) and (6.1) we get

o - (B0 M)

Substituting the explicit value of R(0,x,?) given by (6.12) in the equation above implies that
the solution of the LL equation for t — oo reads

(6.1) 1+(9<t_%> — A +(9<t_-%)
(o) ety

Element-wise, we have

L= LJAHD( ) in(fvbfﬁo(t%), (6.13)
nglf%(L%+L§)+O(f%>. (6.14)

As a final step, we simplify the terms above

A+B = (f(X) —f(Xo+2K) +f ()\0 +2iK")
—f(No+ 2K +2iK")) (b7 e 7% — aqe?i®),

B—A=(f(Ao) —f(Ao +2K) — ()\o +2iK")
(Ao + 2K+ 2iK")) (b7~ e 20 4 aeli®).
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Recall the definitions of the parameters

N 22‘ —iv )
5= < 272 > v =™\ 200, (6.15)
0

h=Y 2me’™” Q2itp (N0, 32)

_ V2 i)
rol (—iv) ’ Fol (iv) ’

a= r(>\0) =1y ab =iv,

Ao

0=5- d(log (14|70 (n)[*))log B (n—Ao).
T Jo

Using the identities

1
T = —log(1+|ro?) = [ro* = e™“2sinh (rv),
™

[T () P =T ()T (~iv) = s 2

we obtain the relations

2mre™ v
rivrm=——— T (iv)||roly ) — = e™*/2. 6.16
(iv) 7o PRSP | (W)Iloly/zﬂ e (6.16)

With all the expressions above, we simplify the following term appearing in L;:

ba’—le—Zlcg +Cl562160 _

mewueZitp()\o,u)—Zico (,Yth)iV N ime—Zilp(Ao,%)+2ic0 (’th) —iv

ToT (iv) B roT (—iv) 32
(6;5) 727(6#”/26% e—%GZitp(ko,%)—Zi co 2<pOt v
ToI' (iv) B2
+ e’ v2mem /2 o F o —2itp(No,2)+2ico 2001\ "
rol (—iv) B3
iv
(6;6) eiTﬂ V1/2 e—iw/4+iarg(l"(iy))+iarg( rg)e2itp()\o,;z)—2i co (2900t>
B
L gim/4—iarg(D(iv)) —iarg(r0) o ~2itp(X0, ) +2i co (2800t> -
h
:2e%yl/2cos9(x,t), (6.17)
where
0 B s . 200
(x,1) = 2tp (Mg, ¢) + vlogr — i argI' (iv) + argryo — 2¢y + vlog )
0

A similar computation gives the following expression for the term appearing in L, (see (6.13)
and (6.14)):
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be 2oz —1 _ gty = 2¢"F 1/ 25in6 (x,1) . (6.18)

With (6.17) and (6.18), L;, L, in (6.13) and (6.14) simplify as

1/2
L= 1 (2: t) cos 8 (x,1) (f(Xo) —f( Mo + 2K) — f( Ao + 2iK")

)\o—|—2K+21K))+O( ) (6.19)

H(
% ( ) sinf (x,1) (f(Mo) —f (Ao +2K) +f(No + 2iK")

—f(No+2K+2iK")) + O (r—%). (6.20)

The above expressions can be further simplified as follows. Substituting the Cauchy ker-
nel (3.3) in the expression for f{\g) in (6.8) gives

F(X0) =C(Xo) = (N —iK") + (=K —iK') + ¢ (K)
+C¢(Mo) —C(Mo+2K—iK')+((2K— K—iK') + ( (K)
+¢(No) —C(Mo+2iK' —iK') + ¢ (2K’ — K—iK') + ¢ (K)
+¢ (M) —C(No+2K+2iK' —iK') + ( (2K +2iK' — K—iK') + ( (K).

The identity below then follows

o) —f(Ro+2K) =4(C (M) — C (Ao +2K)) — (C (Ao —iK') — ¢ (Ao + 2K —iK"))
—(C(No+2K—iK') — (N +4K —iK'))
— (¢ (Ao +2iK" —iK") — ¢ (Mo + 2K+ 2iK' —iK"))
—(C(No+2K+2iK' —iK') — (Ao + 4K+ 2iK’ —iK"))
B7) 4 <W1 (Ao) + w2 ()\0)> .
2p

With the above expressions and the symmetry relations of wy, w; in (A.1) and (A.2) respect-
ively, the following terms in L;, L, given by (6.19), (6.20) further simplify

F(o) —f(No+2K) +f(Xo +2iK") — f(No + 2K + 2iK’) =

FR0) —f(No+2K) = f(Xo + 2iK") +f( Ao + 2K + 2iK") =

With the above equations, (6.19), (6.20) are

1/ 20\"? .
Li=—-| — 3
| p(tgo0> ()\o)cosﬁ(xt)+(9( )
and
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1 21/ 1/2 . _2
Lz:ﬂ(“ﬂo) wl()\g)sm9(x,t)+(’)(t 3)‘
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Appendix A. Jacobi elliptic functions

We write the properties of functions wy(A),wz2(A), w3 (), see (1.4). We start with periodicity
properties, see [DLMF, table 22.4.3]

w1 ()\ -|—2K) = —Wwi ()\), w1 ()\—FZIK/) =W ()\), w1 ()\—|—2K—|— 2iK/) = —Wwi (/\),

(A.1)

wa(A+2K)=—wr (A), wa(A+2iK') = —-wr(N), wa (A +2K+2iK") =wp (N),
(A2)

w3 (/\+2K) = w3 ()\), w3 ()\—I—ZIK/) = —w3 (/\), w3 (/\—I—ZK—I— 2iK/) = —w3 ()\)
(A.3)

The poles and zeros are detailed in the figure 8 below, see [DLMF, table 22.4.1], [DLMF, table
22.4.2]. The residues at A =0 are equal to 1, see [DLMF, section 22.10(1)].

The functions wy (), wa(A), ws(\) satisfy the identities with respect to complex conjuga-
tion and are odd functions, which can be derived from the Fourier series representations, see
[DLMF, section 22.11]

wi () =wi (3), w2 (\) = w2 (3), w3 (A) =ws (A).
wi (=) = —wi (N), w2 (=) = —w2(A), w3 (=) = —ws (). (A4

The derivatives are given below, see [DLMF, table 22.13.1]

dW1 Wwows dW2 wiws dW3 wiwp

P > DY (A->)

The addition theorem [DLMF, section 22.8(i)] and Jacobi’s imaginary transformation formulas
[DLMF, table 22.6.1] imply
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AK’ AK AK
= = =
. .
| |
1 ® 1 ° . .
|
2K ¥e---m- - R X 2K —2K Y- -mn--- R X 2K 2K X ---@---X--- e ---X 2K
|
|
4 ° 4 L] ° 1
|
|
— % o
K" 21K’ 2K’
(a) wn (b) ws (c) ws

Figure 8. Zeros and poles of w; (), wa(X), w3(A) in the fundamental domain of the
torus. Zeroes are denoted with color blue, poles with residue p are denoted with color
red, poles with residue —p are denoted with color

W (Re)\,k) wo (Im)\,k’) w1 (Im)\,k’) . W3 (ImA,k’) w3 (Re)\,k) wo (Re)\,k)

A k) = -
Wi (k) w2 (ReA k) + w2 (ImA, k) P W (Red k) w2 (ImA &)
(\K) wa (Re k) wi (ImA, k") ws (ImA, k’) w2 (ImA, k") ws (Re\ k) wi (Re), k)
w = _
2 w (ReA, k) + w2 (ImA, k') w2 (Re, k) + w? (ImA, k')
Wy (LK) = ws (ReA, k) wo (ImA, k") w3 (ImA, k) _iw1(Im/\,k’)wz(Re)\,k)wl(Re)\,k)
VR w3(Re, k) +wi(Im), k) w3(Re, k) +wi(ImA, k)
(A.6)
Special values are given below, see [DLMF, table 22.5.1]
wi (K) = 1, wa (K) =K', (A7)

Appendix B. Weierstrass zeta function
Weierstrass (-function can be written in terms of Weierstrass o-function, see [DLMF, 23.2.8]
¢(A) =0x(log (o (N)))- (B.1)

The Weierstrass (-function has the following periodicity properties, see [DLMF, section
23.2(iii)]

C(A+4K) — C(N) =2¢(2K), (B.2)
C(A+4K+4iK") — ¢ (A) =2¢ (2K +2iK") ,
C(A+4iK") — ¢ (\) =2¢ (2iK"). (B.3)

Combining [DLMF, 23.10.2], [DLMF, 23.2.7], and [DLMF, 23.2.10] we can see the identity
C(2K) + ¢ (2iK") = ¢ (2K +2iK") (B.4)

Following [Law89, chapter 8.11] and [DLMEF, section 23.6(ii)] we can derive the following
identities

42



Nonlinearity 38 (2025) 045023 H Desiraju et al

wi (A) = p(C(A) = C(AN+2K) = C(A+2K+2iK") + ¢ (A +2iK”)
+C(2K) + ¢ (2K +2iK") —  (2iK")) (B.5)
w2 (A) =p(C(N) = C(A+2K) + (A +2K+2iK") — ( (A + 2iK")
+((2K) — ¢ (2K+2iK") + ¢ (2iK"))
w3 (A) =p(C(A)+C(A+2K) — (A +2K+2iK") — (A +2iK")
—C(2K) + ¢ (2K +2iK") + ¢ (2iK")) (B.6)
Actually, using (B.2)—(B.4), figure 8, and the fact that ((\) is odd function we can notice that
left and right hand side of (B.5) and (B.6) have the same zeroes. Since their poles coincide too,
together with residues, we get the identities. They can be rewritten as
wi (A) +wa2(A)
2p ’
wa (A) +ws ()
2p

C(/\)_C(/\+2K+2iK/)—|—<(2K+2iK/): W

CA) = C(A+2K) +C(2K) =
C(A) = C(A\+2iK') + ¢ (2iK") =

)

B.7)

Appendix C. Parabolic cylinder parametrix

Following the ideas of [Its81] define the matrix

1 0
Da,b (5) = (5 1)
2a a

Dy (e 7€) Dow-1(8)) (5@ ¢ _ _
, [ ._im , , g <arg(§) <7,
Dy (e &) DL, (8) 0 —a
Da(e7F€) Dow1(e7mE)\ [eT@ o
’ — ’ ( —im ) ¢ —imab |’ % <arg (5) <,
Dah € 2 ﬁ D—ab—l (e 5) 0 ace
Dy (e7%'z) D_gpi(e7im¢ Bab 0
x / —3mi / ( —i ) <e —imab |’ ™ <arg (S) < 37#7
Dab e =2 g Dfabfl (e Tré') 0 ae
Da e 72”5 Dfabfl e—27ri§ Zlab
b i ( ) ) € 0 . . 37"<arg(£)<27r,
D(;b Cin D/—nb—l (6—21“6) 0 _ae727r1zlb
Dab ¢ 7{ D—nb—l 6727“5 Zlab 0
/ —=2 ’ ( —2mi ) ° —2miab |’ 2m < arg(g) < 97‘”’
Dab € 5 Dfubfl (e g) 0 —ae

(C.1

where D, (€) is the parabolic cylinder function. The matrix D, ;(£) solves the linear system

d%D“”’ (€) = 603 + <2 g)) D, (£),

and has the following behavior at infinity (see [DLMF, 23.9(1)])

D, () = (11 Tt Eto (53)) gt Eooe, T<ug(€)< . (€2
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e—iﬂab o
1 bI'(ab)
0 1
ie?wiab o
B Cai VT
al’(—ab) 0

e—27‘riaba'3

1 0
ie47riab o
al'(—ab) 1

1 . efi;;l:iab \/ﬁ
(ad)
0 1

Figure 9. Jump contour %) for RHP C.1.

where

B 0 —a B ab(ag—l) 0
m; = b 0/’ mp = 0 ab(a§+1) :

Using properties [DLMF, (12.2.19)] of parabolic cylinder functions one can show that
D, ,(§) satisfies the following RHP

Riemann-Hilbert problem C.1. (1) The function D, ;(£) is analytic for £ € C \ y(par),
(2) For A € (%) the boundary values satisfy the jump condition

Dop 4 (€) =Dap - (€)GP) (€),

with the jump G?*) (¢) piecewise defined on each ray of the contour ¥("*") as shown on
figure 9.
(3) Function D, 4 (£) satisfies the asymptotic condition at infinity

Da,b (@ :Da,b (5) — (]1 +0O (5_]))5”1"736%‘”, £_> 00

Appendix D. Proofs of propositions 2.2-2.4

Proof of proposition 2.2. For A # 0,2K,2iK’,2K 4 2iK’ we can obtain the result just by iter-
ating the integral equation. We will focus our analysis on function U(_l) (A, x) first. We write the
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Neumann series expansion

U(_l)()\,x) :i(v(_l))n(/\,x) (D.1)

n=0

M

where (U ) (A, x) are defined recursively

X
(U_l)) 1 (Ax) = / el(l=o3)ws () (x—) (UNT) +iws (\) 03) (U(_l)) (\,7)dr,
n+ — 00 n

(’U(_I))O()\,x)z ( (1) )

Observe that for A € QQ_ we have

(+2), 0| <1, ‘(U(,l))l()\,x)‘g/\U()\,T)+iW3()\)a3\dT:U,(x),
o (x)
2

‘(Ug))z()\7x)‘</|U()\,T)+iw3()\)g3|o—7(T)dT:

Here we denoted the Hilbert—Schmidt matrix norm by |M|. Then we have the following estim-
ates proven by induction

L e

That shows that the series (D.1) converges uniformly, function U(J) (A, x) satisfies (2.7) and is
analytic in Q_ for A # 0,2K,2iK’,2K + 2iK’.
Next, we construct 65_2) (A, x) using the Neumann series

Uf) (A\,x) = i (v@)n (A, x) (D.2)
n=0

with iterations given by
(1)_(’_2)),1-H (A,x) = 7/ e—i(l+o3)ws(A) (x—7) (UM, 7) +iws (\)o3) (U(—Z))n (A, 7)dr,
2 0
(Ug))o“’x) - ( 1 ) :

We can show similarly to above that the series (D.2) converges uniformly, function vf) (A, x)
satisfies (2.8) and is analytic in Q_ for X\ # 0,2K,2iK’,2K + 2iK’. This procedure can be
repeated for vg_l) (A\,x) and v (A, x).

Next, let us show that these functions are bounded at A = 0. We follow the idea of [Rod84]
to approximate solution at that point with the solution of Lax pair of NLS equation. The fact
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that isotropic degeneration of LL equation is equivalent to NLS equation was shown in [ZT79].
We introduce functions 0" (A, x), i}f) (A, x) as the solutions of the integral equations

o (x) = ( (1) ) +/ el(l=03)(x=7)p/A ((}()\77—)4_ wf’) o (A, 7)dT,
—00

;) 0 % i) o/ [ § ipa3\ . (2)
Cat ()‘7)‘7): 1 - € i U()‘vT)+T vy ()\,T)dﬂ

. L: .
where U(\,x) = —i ;:1 %. We form matrix v_ (A, 7) = (f}(_])()\,T),f}f)()\,T)). It sat-
isfies the differential equation
Ov_ (A, . i
% =U(\x)v_ (A x)+ IXpl (A, x) 03.

In other words, we replaced the coefficient matrix U(\,x) with the leading term of its asymp-
totics at A =0. This is part of the Lax pair for the isotropic LL equation. To deal with function

v (\,x) we consider f_ (\,x) =v_ ()\,x)e*qu“. It satisfies the differential equation

Y (\,x)

» )
o = U0 (A x)

We can notice U (A, x) has eigenvalues :I:iyp. Let’s diagonalize it. Its matrix of eigenvectors has
two forms

A

Ty (x Ly(x)+1 . if Ly (x) # -1,
3 (Li (x) +iLa (x)) 1
Ly (x) —1L, (x)
T, (x) = _ﬁ 2 (Ls ()= 1) . if Ly(x) # 1.
1 %(Ll (X)+1L2()C))

We can notice that T (x) = Ty (x) ﬁ

such that the sets {x : |L3(x) — 1] < e} and {x : |L3(x) 4+ 1] < ¢} are disjoint. We would like to
construct the eigenvectors using the partition of unity. We take nonvanishing infinitely smooth
function c¢(x) such that

o3
) . Since function L3 (x) — 1 is smooth, there is ¢ > 0

2

c(x)=1, if |L3(x)—1|<e, and c(x)zm,

if 0<|Ls(x) + 1] <e.

and define
T(x) =T (x)c” (x)d7 (x),

where function d(x) will be determined in a moment. We can check the identity
3
—1
(TN | DLW e | T(x) = o
j=1
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o

We introduce function s(\,x) = (T(x)) ' f_(\,x). It satisfies the differential equation

s (A, x) ip _,dT
=(—vo3—T  — |s(A D.3
It is already very similar to the Zakharov—Shabat system, which are part of the Lax pair of
dT
NLS equation. On the next step we would like to cancel the diagonal terms of 7! P For that
we can choose function d(x) to satisfy the equation

d'(x) _ ') Li(x)  (L{(x) +il) (1) (L1 (x) —iLa (x))

d(x)  c(x) 2 2(Ls(x)+1)

d'(x)  Li(x) (L) +ily (¥)) (L1 (x) —iLp (x))
d(x) 2 2(Ls (x) — 1) '

Since dd(%) — 0 as |x| = oo the function d(x) approaches to nonvanishing constants at +o0,

one of which we can choose. As the result we have equation (D.3) becoming Zakharov—Shabat

dar
system with spectral parameter % More specifically the off-diagonal elements of 7! p which

correspond to potentials are given by

0 B 1 (Ll(x)—iLz(x)>/
G W) (L ity s P

)™ (x X X)+1Lo (x
(L +1)" =4 (Emfl) 0

We can notice that the entries of the matrix above belong to the Schwartz class S(R).
Using standard methods of theory of NLS equation we can show that columns of s(\,x) =
(s (X,x),s®)(\,x)) admit the following integral representations, see [FT07, chapter 1,
(5.10)].

. X
ipx

s\ x) = (e ? > + / e 5T (x,7)dr, TW(x,7) € L;(—00,x)

0
—o0
O o0
5@ (\x) = (eap;> - /emTTF(z) (x,7)dr, T® (x,7)eL(x,00).

X

We can notice that s()\,x)eipTX‘” is bounded for A € Q_. Therefore since v_(\,x)=

T(x)s(\,x)e’ X 7 we see that v_(\,x) is bounded near A =0 as well.
Introduce the ratio between the matrix function v_(A,x) and original vector function

v\, x)
1M ) = (- (0) " 0 ().

47



Nonlinearity 38 (2025) 045023 H Desiraju et al

It satisfies the differential equation

an' (A\,x)

S = (i (A\x) ! <U(>\,x) — U\ x) +iws(\) — ‘f) b (00 (A x).

We see that the coefficient matrix does not have singularity at A =0 anymore. That implies
that repeating the iteration procedure for the corresponding integral equation we can show

that n(,l)(A,x) is bounded at zero. As result solution v'") (A,x) is bounded at zero as well, as
desired. The proof for Uf)()\,x), U$)(A,x), v(_z)()\,x) is similar. O

Proof of proposition 2.3. (1) Denote Ay (A,x) =™ M7 F, (A x) = (61 (A, x), 6 (A, x)).
In the limit x — 400, we have

lim Ay (\x) =1, lim Ay (A x)=S(N).

x—+oo x—Foo
‘We can then notice that

ngl) (/\’x) _ 61(1_03)XW3(>\)¢$) (/\’x) ,
vg) ()\,)C) — e—i(]l+a3)JcW3()\)¢$) ()\7)(:) )

The function ¢(_1) (A, x) can be expressed as the following integrals
X
0= (g )+ [ e ) i ) ()

Taking x — +oo limit of the above expressions, we get (2.11).
(2) Using (2.5) we can see that

ol (Ax) =0 (A x)a () + 0 (Ax) e M () (D.4)

We know that the Jost solutions are unimodular det(Y 1 (A, x)) = 1. Taking the determinant
of the right hand side of expressions (2.12) and (2.13) and using (D.4) we obtain the desired
result.

O

Proof of proposition 2.4. Equation (2.12) and proposition 2.2 imply that a()) is analytic in
24, while the expression (2.13) and proposition 2.2 say that b(\) € C>°(I"; UT,).

To obtain the behavior of b()\) at zero, we look at the integral representation (2.11). We
rewrite v\ (X, 7) using functions constructed in the proof of proposition 2.2:

o \T1)= T(T)s()\,T)eT‘”n(,l) (A7)

As the result we have
b(A) = / 2O (W) +iws (Vo) T(0)s (A, )e 570D (A7) dr.
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ipx .
where columns of s(\,x)e > 3 can be written as

0
s(l)()\,x)ei% = (é) + /e_%l“(')()gx—i-y)dy,

(o)
5@ (/\,x)e_% = (?) —/e%F(z) (x,x+y)dy

where functions T'(!) (x, 7), '® (x, 7) actually are infinitely smooth in both variables and decay
faster than any power as 7 — oo. The behavior of b(\) for A — 0 can be obtained using integ-
ration by parts. More precisely, denote

ipT

FOur) = [0 +im N o) T(D)s e Xm0 ()|

We can see that

b() S( 1>k e 2iws(M)T gk Fou) T=00
= —) 7= , T
i (—2iws ()\))kJrl drk .

(=" /Oo —2iwy ()7 4"
— WAIT — F (A, 7)d Vn € N.
+ E _Ooe dT”]:( ,7)dT, Vne

Since the function F (A, 7) belongs to the Schwartz class S(R) in variable 7, the substitution at
+00 vanishes. In the same time derivatives with respect 7 applied to F(\, 7) do not increase
the power of singularity at A =0. That provides as with decay of b(\) at A =0 faster than
any power. The derivatives with respect to A preserve F (A, 7) in the Schwartz class S(R) with
respect to the variable 7, which allows us to repeat integration by parts argument and get decay
of derivatives of b(\) as well. O
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