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ABSTRACT. This paper is the second part of our study of the asymptotic
behavior of the solutions of the cylindrical Korteweg-de Vries equation
{cKdV). In first part {[13]), we calculate the large time asymptotics using
the method based on the e priori information about the behavior of the
solution of the Cauchy problem for the ¢cKdV equation. In this work, we
will use the well-known Deift-Zhou nonlinear steepest descent method
for oscillatory Riemann-Hilbert problems({[8]). This method allows us
to avoid the use of any a priori information and derive the asymptotics
directly from the relevant Riemann-Hilbert problem. In the third part
of this study, we plan, using again the Deift-Zhou method, to investi-
gate the short time asymptotics of the solutions of the Cauchy problem
(which is fixed at # = 1} for cylindrical Korteweg-de Vries equation and
calculate the connection of the coefficients which correspond to the small
time and to the large time.
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1. INTRGDUCTION

As in our first paper, [13], we are concerned with the analysis of the large
time asymptotics for the solutions of the Cauchy problem for the cylindrical
Korteweg-de Vries equation (cKdV)
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(1.1) Up = Ugpgy + OVU, — LU e V=1 = 0(z).

Formally speaking, we are going to reproduce the result of [13], i.e. the
evaluation of the leading term of the large time asymptotics solution of the
mentioned Cauchy problem in terms of the Riemann-Hilbert data associated
with the given initial data. In this paper, however, we want to avoid the use
of any ¢ priori information about the large time behavior of the solutions
of the cKdV equation - the principle starting point of [13]. To this end, we
shall use a proper adaptation of the Defit-Zhou nonlinear steepest descent
method to a rather non standard case which is the cKdV equation. A
principal motivation to do this is that this direct approach seems to be more
suitable for attacking the small time asymptotics of the solutions of cKdV
equations. Also, an additional motivation is that by varying the Riemann-
Hilbert data we would expect to produce a wider class of the solutions of the
cKdV equations whose large and small time asymptotics can be evaluated
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our analysis to the broader class of the Riemann-Iilbert data that would
allow the presence of the osciilatory regimes in the asymptotics and, in
particular, will include the case studied in [6], [7]. Again, as with the small
time asymptotics, the Riemann-Hilbert setting we are considering here seems
to serve better to this goal than the direct scattering problem approach of
our first paper [13].

ACKNOWLEDGEMENTS

The research was supported by RSF (project No. 22-11-00070) and by
the NSF-grant DMS-1955265.

[1]
(2

=)

(4]

[10]
[11]
[12]

[13]

REFERENCES

M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions: with Formulas,
Graphs, and Muathematical Tables, Dover Publications, 1972.

M. Cafasso and T. Claeys, A Riemann-Hilbert approah to the lower tail of the KPZ
equation, Communiations on Pure and Applied Mathematics, val 75, Issue 3 {493-540)
24 January 2021

I. Calogero and A. Degasperis, Inverse spectral problem for the one-dimeniional
Shroedinger equation with an additional linear potentiol, Lettere Al Nuovo Cimento
vol 23 No 4 (143-149) 23 Settembre 1978

F. Calogerc and A. Degasperis Solution by the spectral-transform method of o non-
linear evolution equation, ncluding as a special case the cylindrical KdV equation
Lettere Al Nuovo Cimento vol 23 No 4 (150-154) 23 Settembre 1978

F. Calogero and A. Degasperis, Spectral Transform and Solitons: Tolls to Solve and
Investigate Nonlinear Evolution Equations, NorthHolland Publishing Company, Am-
sterdam, 1982.

M. Cafasso and T. Clagys. A Riemann-Hilbert approach to the lower tail of the Kar-
dar—Parisi— Zhang equation, Comm. Pure Appl. Math. 75 (2022), no. 3, 493-540.

T. Claeys, G. Clesner, G. Ruzza, 8. Tarricone, Jdnossy dentites and Darbuz trans-
formaotions for the Stark aond cylindrical KdV equotions, Communications in Mathe-
matical Physics vol 405 No 5, 25 April 2024

P. Deift and X. Zhou A Steepest Descent Method for Oscillaiory Riemann—Hilbert
Problems. Asymptotics for the MKdV Equation, Annals of Mathematics Second Se-
ries, Vol. 137, No. 2 (Mar., 1993), pp. 295-368

P. Deift and X. Zhou Long-time behavior of the non-focusing nonlinear Schrédinger
equation - a case study, Lectures in Mathematical Sciences, The University of Tokyo,
1994

A, R. Tts, V. Sukhanov, Riemann-Hilbert approach to the inverse problem for Stark
equation on the line, Inverse Problems, Vol. 32, Number 5.

A. P. Katchalov and Ya. V. Kurylev Fnverse scattering problem for a one-dimensional
Stark-effect Hamiltonian, Inverse Problems, 6(1),L1-L5, 1990.

P.M.Santini Asymptotic Behaviour (in t) of Solutions of the Cylindrical KdV Equa-
tion. - Il IL Nuove Cimente vol 57A No 4 (387-396) 21 Gingno 1980

Alts, V.Sukhanov Large Time Asymptotics for the Cylindrical Korteweg-de Viies
Equation. 1. Nonlinearity, Volume 33, Number 10, pp 5215-5245




28 AITS AND V. SUKHANOV

DEPARTMENT OF MATHEMATICAL SCIENCES, INDIANA UNIVERSITY INDIANAPOLIS IN
46202-3216, ST. PETERSBURCG STATE UNIVERSITY, UNIVERSITETSKAYA EMB. 7/9,
199034, ST. PETERSBURG, RUSSIA.

Email address: aits@iupui.edu

DEPARTMENT OF MATHEMATICAL PHYsICS, INSTITUTE OF Puysics, ST. PETERS-
BURG STATE UNIVERSITY, ULYANOVSKAYA STR. 1, ST. PETERSBURG - PETRODWORETZ,
198904, Russia

Email address: vvsukhanov@mail.ru




