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Many soft materials yield under mechanical loading, but how this transition from
solid-like behavior to liquid-like behavior occurs can vary significantly. Understanding
the physics of yielding is of great interest for the behavior of biological, environmental,
and industrial materials, including those used as inks in additive manufacturing and
muds and soils. For some materials, the yielding transition is gradual, while others yield
abruptly. We refer to these behaviors as being ductile and brittle. The key rheological
signatures of brittle yielding include a stress overshoot in steady-shear-startup tests and
a steep increase in the loss modulus during oscillatory amplitude sweeps. In this work,
we show how this spectrum of yielding behaviors may be accounted for in a continuum
model for yield stress materials by introducing a parameter we call the brittility factor.
Physically, an increased brittility decreases the contribution of recoverable deformation
to plastic deformation, which impacts the rate at which yielding occurs. The model
predictions are successfully compared to results of different rheological protocols from
a number of real yield stress fluids with different microstructures, indicating the general
applicability of the phenomenon of brittility. Our study shows that the brittility of
soft materials plays a critical role in determining the rate of the yielding transition and
provides a simple tool for understanding its effects under various loading conditions.
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Yielding is a process in which a soft material changes from being a viscoelastic solid,
where deformations are recoverable, to deforming plastically, where deformations are
unrecoverable under large applied loads. Such soft materials are known as yield stress
fluids (YSFs). The ability to yield is common among systems as disparate as microgel
suspensions, foams, emulsions, granular suspensions, and pastes (1-23). The ability of
materials to yield and unyield is important for a wide variety of applications including
direct ink writing (24-28), food and personal care products, filled rubbers, and many
other industrial, biological, and environmental materials (29-33).

In the field of solid mechanics, extensive research has been conducted on the variations
in failure mechanisms, distinguishing between ductile and brittle behaviors (34-306).
Ducitile failure is defined by the extent of plastic deformation sustained until fracture
occurs. A material is categorized as being brittle if it undergoes minimal or no plastic
deformation before fracturing. For soft materials, however, there is very little discussion
on brittle and ductile yielding.

Despite their possible structural differences, YSFs show a remarkable similarity in their
rtheology. When deformed at a constant shear rate from rest, all YSFs display viscoelastic
solid behavior at small stresses and strains and flow stably at large strains. However, the
transition between those two states, the process of yielding, may be accompanied by an
overshoot in the stress, the extent of which may be rate dependent and varies among
materials (37-49). Overshoots in the stress observed during steady shear startup have
been associated with brittle yielding (50-58).

Under application of constant stress, the viscosity of YSFs bifurcates about the yield
stress (59—66). However, YSFs vary in their transient behavior through which the viscosity
bifurcation is achieved. Some YSFs yield quickly under applied stress conditions, while
others take considerable time before flow is established. This is typically referred to as
“delayed yielding” (48, 60—62, 67—71) and is also associated with more brittle behavior
(61, 72). In cases of delayed yielding, the application of stress leads to an initial decrease
in the strain rate, indicating that the material may be tending toward cessation of flow.
After some delay, there is a sudden and pronounced increase in the strain rate as the
material yields.

When subjected to dynamic testing conditions achieved by oscillating the applied
strain, the behavior of YSFs becomes more complex. Under conditions of small-amplitude
oscillatory shear (SAOS), the dynamic moduli, which are proportional to the energy
stored and dissipated, are approximately independent of the applied frequency for high
volume fraction YSFs like glasses and jammed systems, while the response of lower
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volume fraction solids like gels shows frequency-dependent
behavior. As the applied strain amplitude is increased, an
overshoot is observed in the loss modulus, which can gradually
grow from small deformations, smoothly extending over a broad
range of amplitudes, or initiate abruptly, rising steeply over only a
very narrow range of amplitudes (23, 73-80). This phenomenon
has been linked to the interaction potential of the local structure
(23, 80). Across a range of materials, the overshoot in the loss
modulus has been shown to be caused by a transition in how
materials acquire strain, from predominantly recoverable at small
strain amplitudes to predominantly unrecoverable at large strain
amplitudes (79).

The response to oscillatory shearing from small to large
amplitudes has been widely used to characterize behaviors of
materials used as inks in direct ink writing, drilling fluids, and
foods (81-86), among others. Ductile and brittle yielding in
this experiment has been defined using the flow transition index
(FTT), which is related to the steepness of the onset of the
overshoot in the loss modulus. Steeper overshoots have smaller
values of the FTT and have been noted as indicating brittle
yielding. The applicability of the FTT is limited to average LAOS
behavior represented by amplitude sweeps.

To understand the statistical physics behind the ductile and
brittle yielding transition, theories have been put forth based
on a critical point; a directed percolation transition (87); a
spinodal (88-92); and a first-order transition in a replica theory
(93, 94). These studies define ductile behavior as a smooth
and gradual yielding transition, which is typically observed in
less annealed samples (51). A brittle behavior is defined as one
in which yielding occurs abruptly and catastrophically, as seen
for well-annealed samples. Recently, it was reported that brittle
yielding is accompanied by shear banding (51, 95, 96). Efforts
to characterize and understand ductile and brittle yielding have
been limited to protocols that apply either steady shear rates or
steady stresses.

Phenomena associated with the rheology of brittle yielding,
including stress overshoots in steady shear startup, delayed
yielding in creep tests, and the steepness of the overshoot in the
loss modulus under dynamic testing conditions, have primarily
been studied in isolation. Even though they have all been
identified as indicating brittle yielding, to date, no link has been
established between all three phenomena, either experimentally
or theoretically. The lack of a comprehensive understanding
of the relationship between these three phenomena presents a
significant challenge in predicting the mechanical behavior of
YSFs under different conditions.

In this work, we provide a unified understanding of the
variation in ductile and brittle yielding processes observed
in different materials in a comparative manner. To maintain
consistency with solid mechanics studies of failure mechanisms,
we define a soft material as being more brittle than another
if it undergoes a smaller amount of plastic deformation before
yielding. To describe the variation in ductile and brittle yielding,
we introduce a single parameter, which we call the brittility
factor, to a continuum model that unifies the rheological physics
above and below the yield stress by allowing elastic strain
to enhance plastic strains. Within our model, the brittility
factor modifies the contribution of rapid elastic deformation
to the acquisition of plastic strain. We demonstrate its ability
to accurately describe the behavior of a variety of YSFs with
different microstructures, including gels and glasses, across a
range of protocols. Our findings provide a practical approach
to quantifying the brittleness of YSFs by creating a spectrum of
ductile and brittle behaviors.
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At a continuum level, it is common to model the yielding
transition as an abrupt transition in terms of a critical yield
stress, below which it is assumed no plastic flow occurs. The
preyielding solid behavior is often described by different physics
than the flowing state, a concept known as the Oldroyd—Prager
formalism (97-100). A recently proposed model by Kamani,
Donley, and Rogers (101), which we refer to as the KDR model,
consists of a single differential equation that accounts for the
linear and nonlinear rheology of model YSFs. The 1D version of
the model is
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where G is the elastic modulus, #; is the structural viscosity, 7y is
the flow viscosity, and A(7) is the rate-dependent relaxation time
that is a result of combining the recoverable and unrecoverable
components,
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In the KDR model, the viscosity related to unrecoverable
plastic deformation, which we call the flow viscosity, 717, depends
on the total strain rate, which includes the rate at which
strain is acquired recoverably, 7(£) = ¥rec(#) + 7unrec(#). Rapid
elastic deformation therefore enhances plastic rearrangement by
decreasing the flow viscosity. This formulation implies nonlocal
physics. At the bulk scale, the model can acquire both elastic
and plastic strains simultaneously, but at a local level, the
strains must be mutually exclusive. That is, at any instant,
mesoscopic elements like glassy cages can only deform recoverably
or unrecoverably, but not both at the same time (102-104). The
elastic straining elements must therefore be spatially separated
from the elements deforming plastically. The enhancement of
plastic strain by rapid elastic strain therefore implies nonlocal
physics.

The formulation of the KDR model such that the elastic
deformation assists in plastic rearrangements allows it to capture
the transient behavior observed in a range of ductile YSFs. The
model predicts the rate dependence of experimentally observed
yield strains in steady shear startup, and transient creep and
avalanche behaviors, as well as the gradual overshoot in the
loss modulus seen in amplitude sweeps. However, there are
more brittle YSFs that show stress overshoots in steady shear
startup tests, delayed yielding in creep experiments, and steeper
overshoots in the loss modulus during amplitude sweeps than are
predicted by the KDR model. Experimentally, the difference in
oscillatory behavior has been shown to occur due to rapid changes
in unrecoverable processes (79), suggesting that the amount by
which elastic deformation contributes to plastic rearrangement
differs between materials.

We account for brittle behaviors by modifying the KDR model
to allow for variance in the contribution to plastic deformation
from elastic deformation using a parameter Bz, which we call the
brittility factor. With the addition of the brittility factor to the
KDR model, the flow viscosity that dictates how unrecoverable
deformation is acquired, and the rate-dependent relaxation time
shown in Eq. 2 become,
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A full tensorial version of the brittility model is presented
in ST Appendix. Inclusion of the brittility factor affects the rate
that governs the plastic flow behavior, which we refer to as the
effective shear rate Vet = Jrec/ Bt + Vunrec. If the brittility factor
is one, Br = 1, then the effective shear rate is simply the applied
shear rate. However, if the brittility factor is greater than one,
then the effective shear rate in a transient experiment where
both recoverable and unrecoverable strain is being acquired is
smaller than the applied shear rate. The reduction in effective
shear rate means that the flow viscosity is larger than the case of
a ductile response with a brittility factor of one. Larger brittility
factors, therefore, result in smaller amounts of plastic deformation
occurring under otherwise identical transient conditions.

G

Results and Discussion

In the main manuscript, our primary focus is on illustrating
how the brittility parameter enables us to effectively capture
the behavior of real materials across various test protocols. In
SI Appendix, we display the effect of systematically varying the
brittility factor while keeping the other five model parameters
constant.

Given that our brittility factor represents a modification
of the contribution to plastic deformation from rapid elastic
deformation, we propose that Br represents a separation of
mechanical responses over different length scales and that Br
represents the ratio of some mesoscopic local modulus to the
bulk modulus, Bt = Giocal/ Goulk- The brittility factor in our
model is similar to the cooperativity length that has been used
in fluidity models, which quantifies the spatial spreading of
plastic activity due to nonlocal elastic deformation (105-107).
If both the local and bulk moduli are similar, then the brittility
factor is close to one, and a ductile response is observed. In this
case, the local structure deforms as much as the bulk and rapid
elastic deformation fully contributes to plastic rearrangement.
However, if the local structure is stiffer than the bulk, these
local structures will deform less and be less able to propagate
a strain field that will promote plastic activity to other parts
of the material, and Br becomes large. When Br — oo, the
local modulus restricts deformation, which means there is no
mechanism for a gradual or ductile yielding transition and stress
builds up until a more abrupt brittle yielding event occurs.
Intermediate values of Bt between these extremes indicate the
extent of brittleness. When determining the local modulus for the
brittility factor, the length scale of individual particles becomes
relevant (23, 80, 108). Philosophically, it may be more attractive
to refer to the brittleness on a scale of zero to one as 1 — é
In this case, a brittility factor of one means that ductile yielding
is observed and the brittleness is zero. An infinite value of the
brittility factor means the brittleness is one and the material is
brittle.

Examination of Eq. 1 makes it clear that the large amplitude os-
cillatory shear (LAOS) protocol represents an ideal experimental
scenario for testing and validating the model predictions (109).
Although alternative protocols such as steady shear startup and
creep tests are also employed to induce nonlinear behaviors, they
do not probe the full constitutive relation and therefore present
less stringent tests. In steady shear startup, the derivative of
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the strain rate remains zero, and in creep tests, the derivative
of the stress remains zero. This means that the fourth and
second terms of the constitutive relation shown in Eq. 1 are
eliminated from the testing protocol, resulting in a less rigorous
test of the whole model. In contrast, all the kinematic terms in
Eq. 1 vary with time in the LAOS protocol and influence the
predictions. LAOS therefore provides a more rigorous evaluation
of the model’s predictive capabilities. Consequently, our initial
assessment focuses on testing the model predictions against both
average and transient LAOS data.

The model can be completely parameterized experimentally.
Two parameters are related to the way the model describes
acquisition of recoverable strain and are determined from the
linear viscoelastic response. Three parameters are related to
the unrecoverable acquisition of strain and are determined
from the steady-state flow curve. The brittility factor, which
governs how recoverable and unrecoverable parts interact, can be
determined either by using the reported value of local modulus
measured using AFM or by fitting the model predictions to
amplitude sweep data. In this work, once all six parameters have
been determined in this manner, they are fixed and we then
present predictions of the transient behaviors to LAOS, steady
shear startup, and creep tests. Other metrics derived from these
tests, including the size of the stress overshoots in LAOS and
steady shear startup, and the timing of delayed yielding are shown
for completeness in S Appendix.

We show in Fig. 1 how accurately the model predicts
the nonlinear rheology of a concentrated suspension of poly-
isopropylacrylamide (PNiPAM) microgel particles from the work
of van der Vaart et al. (108). In this case, the brittility factor
is determined to be 50 from atomic force microscopy (AFM)
measurements of the local modulus of the microgel particles and
conventional rheometry to measure the bulk modulus. As a com-
parison, we also show predictions using B = 1. An alternative
method to determine the brittility factor, when AFM or other
localized data are unavailable, is by fitting the model predictions
to a rheological response, including the amplitude sweep data.

In Fig. 2, we show a range of responses from 4 different
materials under oscillatory shearing. The data are presented in the
form of dynamic moduli, which physically represent the average
energy stored and dissipated per cycle (110). The brittility model
is able to account for the yielding behavior of each material,
including the change in slope and the overshoot in the loss
modulus. At small strain amplitudes, the moduli are independent
of the strain amplitude, while both moduli decrease at the largest
amplitudes. At intermediate amplitudes, an overshoot is observed
in the loss modulus, the onset of which can either be gradual,
as seen for Carbopol 980 with Bt = 1, or steep, as seen for the
soft glass made of a suspension of star polymers with Br = 20,
concentrated Ludox with Br = 100, and Xanthan gum with
Br = 1,000. The steepness of the onset of the increase in the
loss modulus is accurately captured by the model with different
values of the brittility factor. The decreased effective shear rate
with increasing brittility leads to a longer relaxation time, which
in turn results in more solid-like behavior at intermediate strain
amplitudes. The loss modulus therefore does not begin increasing
until larger amplitudes are applied. The extended linear regime
for more brittle materials has been reported as a design criterion
for inks to be used in direct ink writing (81). At the largest strain
amplitudes, the unrecoverable deformation is much larger than
the recoverable deformation, and the term y./Bt contributes
less to the flow viscosity, as evident from Eq. 3. The highest rate
behaviors are therefore similar.

https://doi.org/10.1073/pnas.2401409121
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Comparison of the dynamic moduli G'(yg) and G”(yp) between the experimental data (A) and the KDR model (B) with the brittility factor of Bt =

Giocal/Gpulk = 50, for suspension of poly-isopropylacrylamide (PNiPAM) microgel particles. The local modulus was determined using AFM. The model accurately
predicts the degree of steepness observed in the overshoot of the loss modulus. Blue lines show model predictions with a brittility factor of Bt = 1. Model
parameters are listed in S/ Appendix. Experimental data were taken from ref. 108.

Having determined the brittility factor by fitting model
predictions to the amplitude sweep behavior, and having already
determined the values of the remaining five parameters from the
frequency sweep and steady shear flow curve, we now keep all
parameters fixed and predict the transient behaviors. Although
the model accurately predicts the average response of the dynamic
moduli as seen in Fig. 2, a more rigorous assessment of the
model’s validity and applicability can be conducted by analyzing
the transient LAOS responses. This can be achieved by comparing
the Lissajous curves, in which the stress is plotted parametrically
against the total strain from an entire period, as shown in Fig. 3.
The model captures all of the features observed experimentally,
including the overall shape of the waveforms, as well as the
instantaneous slopes of the curves in different regions. This
includes stress overshoots near the strain extrema observed for
the soft glass made of a suspension of colloidal star polymers.
The peak of the stress overshoot has been referred to as the static
yield stress and is often interpreted as the stress that must be
overcome for flow to initiate. We show in ST Appendix that our

Glass: Multiarm

Gel: Carbopol 950 polybutadiene star

model predicts the same power-law increase in static yield stress at
large strain amplitudes, as observed in the experiments. Because
stress overshoots in particular have been associated with brittle
yielding, it is worth understanding how the model accounts for
them. The local extremum of the stress is found by substituting
6 = 0and ¥ = —@?y into Eq. 1 and solving for the stress,

0':'7f(}"+25")

G
O'y j’rec . 1 . Ns 2
= }.lm—_'i‘/@ ?t'i‘}’unrec (Y—ECUJ/>-
Br + Yunrec
(5]

If the brittility factor is one, Bt = 1, then the applied shear
rate ¥ and the effective shear rate governing the plastic flow
behavior are equal. However, the effective shear rate is smaller
than the applied shear rate for a material with a brittility factor
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Fig. 2. Comparison of the dynamic moduli G'(yg) and G”(yg) between the experimental data and the KDR model with the brittility factor for Carbopol 980
(A and B), multiarm polybutadiene star (C and D), concentrated Ludox (E and F), and xanthan gum (G and H). The value of the brittility factor for each YSF is
denoted in red text. The model accurately predicts the degree of steepness observed in the overshoot of the loss modulus for all YSFs. Model parameters are

listed in S/ Appendix.
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Fig. 3. Comparison of the elastic Lissajous curves from the amplitude sweep at v = 1 rad/s, between experiments and model predictions for Carbopol 980
(A and B), multiarm polybutadiene star (C and D), concentrated Ludox (€ and F) and xanthan gum (G and H). The model predictions are shown in red, and model

parameters are listed in S/ Appendix.

greater than one, such as the soft glass of colloidal star polymers.
The smaller effective shear rate leads to a higher flow viscosity,
ny resulting in smaller amounts of unrecoverable strain being
acquired for a given stress and an increased elastic response. The
smaller effective shear rate and larger flow viscosity mean that the
recoverable strain continues to grow to be larger than the flowing
case, which we call overstretching. This overstretching leads to
the stress overshoots, as shown in more detail in S7 Appendix.

The model’s ability to accurately predict the transient behavior
of the different YSFs indicates its effectiveness in capturing the
underlying physics of the yielding transition at a level that is
independent of microstructural information.

To display how brittleness affects the yielding transition during
oscillatory shear, we plot the rates at which strain is acquired
unrecoverably and recoverably against each other in Fig. 4. The
shaded region indicates when the recoverable rate is higher,
and the unshaded region indicates when the unrecoverable
rate is higher. This presentation allows us to determine how
and when yielding takes place. The model response changes
from acquiring strain recoverably to unrecoverably based on
the kinematics, rather than a particular value of the stress or
a feature in the evolution of the stress (111). In Fig. 4, we
show the effect of varying the brittility factor by 100 while
keeping other parameters constant, on an oscillatory shear test
with an applied strain amplitude of 10 strain units and angular
frequency of 1 rad/s. The component rate Lissajous curves are
shown in Fig. 4 A and C, and the corresponding traditional
elastic Lissajous curves are shown in Fig. 4 B and D. For a ductile
response, where the brittility factor is one, the model predicts
a sequence of four distinct behaviors corresponding to elastic
deformation, yielding, plastic flow, and unyielding. The same
four processes have been reported experimentally for a number
of systems (108, 111-118). However, as the response becomes
more brittle and the brittility factor becomes larger than one, the
model exhibits overstretching, which is characterized by a higher
maximum recoverable rate compared to the case of a ductile
material. Yielding then occurs at a faster rate than is observed
for more ductile materials, as indicated by the shallower slope
of the unrecoverable vs recoverable rate curve for process two
in Fig. 4 A and C. Following this rapid yielding, an additional
distinct process of recoil takes place, where the recoverable rate is

PNAS 2024 Vol. 121 No. 22 e2401409121

negative while the unrecoverable rate remains positive (119-121).
The overstretching and subsequent recoil appears as a stress
overshoot, as seen in the traditional elastic Lissajous curve, as
shown in Fig. 4D.

Given that the responses of YSFs have been studied under a
variety of protocols, it is important to see the model predictions
for the same experiments. In Fig. 5, we compare the model
predictions to experimental data from steady shear startup and
creep experiments on the soft glass made of a concentrated
suspension of colloidal star polymers. While the predictions of the
responses to these protocols act as an excellent test because of the
difference in kinematics, they are less rigorous tests than LAOS
because they do not probe all terms of the constitutive model.
Having established the ability of the model to describe the LAOS
rheology, we keep all parameters the same and show its accuracy
in predicting the steady shear startup and creep responses. When
determining the model response, the initial conditions for the
steady shear startup and creep tests were matched with those
observed experimentally. This is necessary because the preshear
protocol employed left the system in a reproducible but not
completely relaxed nor isotropic condition (122, 123). Details
can be found in S7 Appendix.

During steady shear startup tests, at early times across a range
of imposed shear rates, an elastic solid-like response leads to
a linear increase in the stress. At long times, the material has
yielded and is flowing plastically, with the stress taking the steady-
state value. The process of yielding determines the path between
these two states. At intermediate times for small imposed shear
rates, gradual transitions in the stress response with no overshoots
are observed. However, at intermediate and higher shear rates,
a distinct stress overshoot becomes evident. Our model with a
brittility factor greater than one predicts the same rate-dependent
stress overshoot responses. At small imposed shear rates, the
imposed shear rate and the effective shear rate are almost the
same. This means the imposed kinematics are extremely slow,
preventing the material from overstretching. At higher rates,
the model predicts a stress overshoot via the causes identified
earlier: The smaller effective shear rate that leads to an increased
elastic response and overstretching. An example is also shown
in ST Appendix for steady shear startup. The dependence of the

size of the stress overshoot on the applied shear rate has been
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Fig. 4. Comparison of the time-resolved strain decomposition analysis for
our model with brittility factor at y = 10 [-] strain units for two cases: ductile
(Bt = 1) and brittle (Bt = 100). All the model parameters except the brittility
factor are kept constant. The analysis results are presented using two types
of Lissajous curves: (A and C) a component rate Lissajous curve and (B and D)
a traditional “elastic” Lissajous curve. The black arrows indicate the trajectory
direction, and the numbers indicate the distinct transitions observed in the
ductile and brittle cases, as discussed in the accompanying text.

previously reported (42, 49, 100, 124, 125). In SI Appendix,
we demonstrate that our model predicts the same power-law
increase in the size of the overshoot with increasing shear rates
as observed in the experiments. No stress overshoot is observed
for ductile materials, such as the Carbopol 980, as shown in
the Inser of Fig. 5B, in SI Appendix, and in ref. 101. For such
ductile materials, the effective shear rate will always be equal to
the applied shear rate, preventing overstretching.

We have shown that our brittility model predicts stress
overshoots in LAOS and steady-shear start-up experiments. The
peak stress has often been reported as the static yield stress,
beyond which flow begins (49, 108, 112, 118). In SI Appendix,
we show that our model predicts the same power-law increase as
observed in both experimental protocols with the same model
parameters as determined earlier. At steady-state, the model
follows the Herschel-Bulkley flow curve with a dynamic yield
stress, 0, below which stable flow ceases. Our brittility model
accounts for both behaviors with only a single yield stress in
the constitutive behavior. It may therefore be generally true that
static and dynamic yielding are manifestations of the complex
kinematics of the experimental protocol acting on a constitutive
relation that has a single yield stress. While they present distinct
phenomena, their underlying cause can be understood in terms
of the same physics.

During creep tests in which a constant shear stress is applied,
the viscosity has been observed to bifurcate about the yield stress
at long times. Stresses larger than the yield stress often induce
avalanche behavior after some delay. We compare results from
creep experiments on colloidal star glasses and the predictions of
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the brittility model in Fig. 5 C and D, showing that the model
predicts delayed yielding. The creep response of the model can
be determined by substituting 6 = 0 into Eq. 1 and solving for
the evolution of the strain rate,

2 B ke
T -7 11_ [6]
% Fre . 5
(m + Al Bt + Vunrec|” )

The underlying physics that allows the model to predict delayed
yielding behavior for Br > 1 can be understood by breaking
the response down into distinct regions, the first of which is the
initial response where the strain rate drops and no flow is taking
place. Substituting Yynrec 2 0 into Eq. 6 gives,

. o Grec
yz( — n—l) Tree, 7]
Bto—y + B!k Vrecl M5

The rate at which the strain rate changes will be negative if the
fraction in the brackets of Eq. 7 is less than one, making the
denominator an effective yield stress. Initially, when all strain is
acquired recoverably, the effective yield stress is larger than the
equilibrium value by a factor proportional to Bz. Therefore, for
stresses greater than the equilibrium yield stress but less than
the effective yield stress, 6, < 6 < oy a brittle material
won’t yield immediately, and the strain rate will drop. As the
recoverable strain saturates and its rate of acquisition goes to
zero, Yree — 0, the model’s behavior undergoes a significant
transition, characterized by a steep increase in the total strain rate
with time, before reaching the steady state value. Substituting
7tec = 0 into Eq. 6 results in,
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Fig. 5. Comparison of the experiment (A) and model (B) predictions for
steady shear startup test at various applied shear rates for multiarm
polybutadiene star polymers. The Inset in (B) shows the model results for
the brittility factor Bt = 1. Comparison of the experiment (C) and model
results (D) for steady creep tests at various applied stress magnitudes. The
Inset in (D) shows the model results for the brittility factor Bt = 1. Model
parameters are listed in S/ Appendix.
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Having previously been larger by a factor proportional to Br,
when the recoverable strain rate drops, the effective yield stress
also drops back down to the equilibrium value o,. If the applied
stress is held constant above the equilibrium yield stress, the
strain rate will therefore eventually increase exponentially until
it reaches the steady state. The model therefore predicts delayed
yielding when the brittility factor is greater than one and when
the applied stress is less than the effective yield stress but greater
than the equilibrium value, as shown in Fig. 5D. As demonstrated
in ST Appendix and the Inset of Fig. 5D, no delayed yielding is
observed in ductile materials like Carbopol 980 (101), where
the brittility factor is one and the effective yield stress remains
fixed at the equilibrium value 6,. We show in S/ Appendix that
our model also predicts a power-law decrease in fluidization time
with increasing applied shear stress.

We have demonstrated a degree of universality in the spectrum
of yielding behaviors observed in soft materials by introducing
the brittility factor to a continuum elastoviscoplastic model.
We have treated the brittility factor as a material constant
and have shown, using the data of van der Vaart et al. (108),
that AFM measurements can be used to determine the local
modulus, and therefore, the brittility factor, providing a method
to determine all model parameters experimentally. The utility of
the framework allows the comparison of YSFs as being ductile
or brittle relative to one another. Our model accounts for a
range of yielding behaviors by modifying the contribution of
the recoverable strain to the plastic deformation, which impacts
the rate at which yielding occurs and the amount of recoverable
strain acquired prior to yielding. Therefore, the brittility factor
affects how the material yields without affecting the steady state
where strain is only acquired unrecoverably. Our model predicts
phenomena observed in a variety of flow protocols, and we
have shown that they can all be described with the addition of
a single parameter that indicates how far along the spectrum a
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before yielding, as determined by the steepness of the overshoot
in the loss modulus observed in amplitude sweeps, the size and
rate dependence of stress overshoots in steady shear startup and
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the same umbrella and, through its interpretation as a ratio of a
local to a bulk modulus, provides a possible design criterion for
the creation of new soft materials with specified rheology.

Materials and Methods
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to experimental rheological data collected from a simple YSF: a polymer
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TM-50, 42 vol%; and a multiarm polybutadiene star polymer system. The details
regarding rheological geometries and where the rheological data were taken
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