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Abstract: Compared to widely used likelihood-based approaches, the min-
imum contrast (MC) method offers a computationally efficient approach
for estimation and inference of spatial point processes. These relative gains
in computing time become more pronounced when analyzing complicated
multivariate point process models. Despite this, there has been little explo-
ration of the MC method for multivariate spatial point processes. There-
fore, this article introduces a new MC method for parametric multivariate
spatial point processes. In our approach, a contrast function is computed
based on the trace of the power of the difference between the conjectured
K-function matrix and its nonparametric unbiased edge-corrected estima-
tor. Under standard assumptions, we derive the asymptotic normality of
our MC estimator. The performance of the proposed method is demon-
strated through simulation studies of bivariate log-Gaussian Cox processes
and five-variate product-shot-noise Cox processes.
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1. Introduction

Presence-only (or event) data have become increasingly widely used in a number
of fields of study. Applications can be found in epidemiology [31], neuroscience
[1], ecology [46], meteorology [29], and political science [28]. These studies often
include more than one “type” of event or outcome of interest, for example,
multiple types of crime or species of plants. When these multi-type event data
are located in space (i.e., geo-located), they can be considered as a realization
of a multivariate spatial point process. As such, the development of tools to
effectively analyze multivariate spatial point processes needs to keep pace with
advancements in the collection of these data.

Maximum likelihood estimation (MLE) is widely used to estimate and infer
the parameters of spatial point processes. This is because the resulting MLE
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estimator has desirable large sample properties [37, 24]. However, one of the
biggest challenges with MLE is that the likelihood function is, in general, ana-
lytically intractable. As such, MLE requires an appropriate approximation for
the likelihood function. For example, in log-Gaussian Cox processes [LGCP;
34], the intractable likelihood function involves the expectation with respect to
the logarithm of the latent intensity field. To approximate this expected value
and, in turn, approximate the likelihood function, one can use Monte Carlo
simulation as in [29]. Alternatively, Bayesian inferential methods [e.g., 42] can
be implemented to obtain the approximation of the likelihood function of an
LGCP model.

However, these likelihood approximation methods present challenges in ap-
plication. First, for each alternative model considered, researchers need to re-
specify the point process model and corresponding algorithms, which itself takes
considerable time and effort. Second, as the model becomes increasingly complex
or the number of computational grids increases, the aforementioned likelihood
approximation methods are increasingly computationally intensive. Specifically,
drawing each sample of model parameters and latent random fields on grids (in
Monte Carlo simulations) or running long iterations to reach the convergence
of the Markov chain (in Bayesian methods) is computationally demanding. To
handle these computational issues, quasi-likelihood or composite likelihood ap-
proximation methods for point processes are proposed, such as [26] for Cox
processes and [39] for Gibbs point processes.

As an alternative to these likelihood-based methods, Minimum Contrast
(MC) estimation is a computationally efficient inference method for spatial
point processes. MC estimation selects the model parameters that minimize
the discrepancy between the conjectured “descriptor” of point processes and its
nonparametric estimator. For univariate point processes, a typical descriptor
functions are Ripley’s K-function [40] or pair correlation function (PCF). This
is because analytic forms of the K-function and PCF are available for many
point process models, such as the shot noise Cox process [32].

To elaborate, let Q(+;80), 8 € O, be a family of parametric descriptors of a
stationary point process and let @() be its estimator. Then, MC estimation
aims to minimize the integrated distance between Q(-; 8) and @() over the pre-
specified domain. For instance, if a univariate point process has the parametric
K-function as its descriptor function, that is, Q(h; 0) = K(h;0) for h € [0, 00),
then the MC estimator is defined as = arg mingeg U(0), where

R - 2
U(e) = / w(h) {|K (h:0)|° = |K ()} d. (1.1)

Here, R is a positive range, w(-) is a non-negative weight function, K(-;8)
and K (1) are parametric K-functions and their nonparametric estimator (see
Section 3.1 for precise definitions), and ¢ € [0,00) is a non-negative power.
Provided that K(h;0) has a known form and K(h) can be casily evaluated
for all h € [0,00), the MC estimator can be easily calculated using standard
numerical optimization methods. As such, the MC method has been extensively
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used to analyze univariate point processes in applications [e.g., 34, 35, 33, 11, 9].
There have also been developments in our theoretical understanding of these
univariate point processes. [22] studied the asymptotic properties of the MC
estimator for univariate homogeneous Poisson processes with ¢ = 0.5, and [20]
extended the distribution theory of the MC estimator to a fairly large class of
univariate point process models. When ¢ = 1, the MC procedure can be viewed
as a special case of the second-order quasi-likelihood estimator in the sense of
[12, 13].

Despite the increasing use of the univariate MC method in applications, there
is very little work on MC methods for multivariate point processes in both the-
ory and application. This is because, unlike the univariate model, for multiple
potentially related point patterns, one also needs to examine the cross-group in-
teractions between the different point processes. Therefore, the descriptor func-
tion Q(+; @) takes the form of a matrix-valued function. This requires the devel-
opment of a new way to measure the discrepancy between these matrix-valued
functions. Several approaches have been suggested in the literature, for example,
[46] proposed the least squares estimation of the parametric multivariate LGCP
model. Another general method to fit multivariate point processes is weighted
composite likelihood as proposed by [26]. Even for these suggested approaches,
however, there has been little theoretical justification given for these estimators,
for example, their large sample properties are largely unexplored.

In this article, we extend existing research on MC estimation for multivariate
point processes in at least three ways. First, we offer a new MC method to
analyze a fairly large class of multivariate stationary point processes, which
does not assume a specific structure of the point processes. Second, under the
increasing-domain asymptotic framework, we derive the asymptotic normality
of the MC estimator. Lastly, we propose a method to select the optimal control
parameters of the MC method, which improves over the ad hoc approaches
currently used in the literature.

The rest of this article is organized as follows. In Section 2, we provide back-
ground on the spatial point process and define the higher-order joint intensity
function of a multivariate spatial point process. In Section 3.1, we introduce
the marginal and cross K-functions and their nonparametric estimators. Us-
ing these K-function estimators, in Section 3.2, we define a new discrepancy
measure between the two matrix-valued functions. In Section 4, we investigate
the large sample properties of the MC estimator. In Section 5, we consider
the practical application of the MC estimator, including the estimation of the
asymptotic covariance matrix (Section 5.1), selection of the optimal control pa-
rameters (Section 5.2), and constructing a confidence region (Section 5.3). In
Section 6, we consider the bivariate LGCP and five-variate product-short-noise
Cox Process [PSNCP; 26] models and investigate their finite sample properties.

Finally, auxiliary results, proofs, and additional simulations can be found in
the Supplementary Materials (which we refer to as the Appendix hereafter). In
particular, in Appendix F, we apply our method to terrorism attacks in Nigeria.
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2. Joint intensity functions of multivariate point processes

In this section, we introduce the joint intensity function of m-tuple point pro-
cesses. To do so, we briefly review some background concepts that are used
throughout the article. For greater detail on the mathematical presentations of
point processes, we refer readers to [10].

Let X be a simple spatial point process defined on R?, where we observe the
sample of X in D C R?. For a bounded Borel set E C D, Nx(E) denotes the
random variable that counts the number of events of X within E. For n € N,
let A\, : D™ — R be the nth-order intensity function (also known as the product
density function) of X. Thus,

E [Nx(dml) c NX(dwn)]

A(®1, - xy) = lim 2.1

n(T1 n) |, |0 |y |- - - |da,,| (2.1)
for (z1,--- ,x,) € D™7 and zero otherwise. Here, D™7 denotes the set of all n
pairwise distinct points in D, and for i € {1,...,n}, de; denotes the infinitesimal

region in D that contains x; € D, and |dx;| denotes the volume of da;. Under
stationarity, we write A;(x1) = A1 for all 1 € D and

)\n(xla e amn) = /\n,red(m2 — &1, , Ty — xl); nec {2737 o } (22)

We refer to Ay, red as the n-th order reduced intensity function of X.

For a multivariate point process defined on the same probability space and
sampling window, we can naturally extend the concept of nth-order intensity
function and define the joint intensity function.

Definition 2.1 (Joint intensity functions of multivariate point processes). Let

X = (X1, -+, X,,) be an m-variate spatial point process defined on the same
probability space. Let D C R¢ be the common sampling window of X. Denote
n = (n1,...,Ny,) as a vector of non-negative integers and &; = (x; 1, -+ , i pn,) €

D™ for i € {1,...,m}. Then, the joint intensity function of X of order n, de-
noted by A, : DV — R (where N = Y7 n;), is defined as

A(xq,... 2, )= im
n(Z1r-o s Zm) R R L
E |TT/L, Nx, (dz1 ;) x -+ x [}, Nx,, (T ;) (2:3)
j=14"X1 1,j j=14"Xm \&m,j
H;il |day j| x -+ x H;ZH |dm,j
for (xi1, - xin,) € D"7, i € {1,...,m}, and zero otherwise. Following
convention, we let H? = 1. Sometimes, it will be necessary to consider the

joint intensity of a subset of X. In this case, for non-overlapping indices Z =
(¢(1),...,i(k)) Cc {1,...,m}, we denote

T _ .
)\ﬂ(%(1)w~~»%(k)) = I}im
[d2ic1y,1], wi(k),nj(k)l_)o

E [H?;(i) NX'i(l)(dwi(l)aj) X X H;L;Ulc) NXi(k) (dmi(k)vj)]
129 ldziqry 5] < - < TTEY |daigry 5

(2.4)
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as the joint intensity function of (X;(1), ..., X)) of order n = (n;(1y, ..., nig)).

If X is stationary, then analogous to (2.2), we have

Aﬂ(£17 ce 7£m)

= /\Q,red(fcl,z — L1155 L1n; — L1,1,L21 — L1150, Tmon, — 581,1)-

(2.5)

We refer to Ay reqa as the reduced joint intensity function of X of order n. For an
index vector Z = (i(1),...,i(k)) C {1,...,m}, the reduced joint intensity func-
tion of the subset process (X;(1),. .., X)), denoted by )\iyred, can be defined
similarly.

Finally, we introduce the joint cumulant intensity function, as we use this
concept in the proof of the asymptotic normality of the target random variables
(see Assumption 4.1). By replacing the expectation with the cumulant in (2.3),
we define the joint cumulant intensity function of X of order n = (nq,...,nm,),
denoted by v, (xq,...,x,,). Analogous to (2.5), if X is stationary, then

7@(%17"'7£m) (26)

= Vﬂy,«ed(ml,z —&11,---,L1n; —L1,1,L21 — L1115+ Lm,n, — L1 1)-

s

We refer to v, rea @s the reduced joint cumulant intensity function. For a subset
process X = (Xi@ys---» Xik)), we can define the joint cumulant intensity
function of X%, denoted by vi , and the reduced joint cumulant intensity function
of X%, denoted by 7%7red, in the same manner.

3. Minimum contrast for multivariate point processes

In this section, we use the marginal and cross K-functions to formulate the
minimum contrast method for multivariate point processes.

3.1. The marginal and cross K -function

The K-function is an important measure to quantify the second-order interac-
tion between two points. Following the heuristic definition in [8, page 615], the
K-function of a univariate stationary point process X is defined as

K(r):= Al_lE{Number of distinct points within distance r of a given point},
(3.1)
where \; is the homogeneous first-order intensity of X. A formal formulation of
K-function based on the second-order reduced Palm measure can be found in
[40].
Given a realization of X sampled within D,, € R? for n € N, a naive estimator
of K(r) is

~ “ -1
Ron) = (IDa33,) 7 Liocoylizn- (3.2)
xz,yeX
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where A;,, = Nx(D,)/|D,| is an unbiased estimator of the first-order inten-
sity of X, 14y is the indicator function, and || - || is the Euclidean norm. It is
well-known that IA(om(r) is negatively biased since it neglects the undetected
observations near the boundary of D,,. To ameliorate the boundary issue, we
consider the edge-corrected estimator of K(r), which can be written in the fol-
lowing general form:

~ N —1
Bo) = (IDa32,) 3 b y)locje yi<ry, €000, (33)
xz,ycX

Here, b(-,+) is an edge-correction factor which depends on the observation do-
main D,, and radius r. In particular, we assume that b(-, -) belongs to one of the
two commonly used edge-correction factors:

(i) Translation correction: we let by (x,y) = |Dy|/|DnN(D+x—1y)|, where for
aset A C R? and apoint ¢ € R?, A+x is defined as {y : y = a+z,a € A}.
(ii) Minus sampling correction: we let ba(x, y) = {|Dnl/|Donl}1{zeD,,}, Wwhere

Do ={x € D,,: inf ||x—yl| >r} (3.4)
y¢D,

For example, if D,, = By(x,s), a ball in R? with the center z € R? and
radius s > r, then Dg,, = By(x,s —r).

If we further assume that the underlying point process X is isotropic, then we
consider the above two edge-correction factors plus the following edge-correction
factor:

(iii) Ripley’s edge-correction [40]: we let by (x,y) = Ag—1{Ba(z, ||z—y|)} /Aa-1{

Bi(z, ||z — y||) N D,}, where A\g_1{-} is the (d — 1)-dimensional surface
measure.

We note that b € {by,b2} (or b € {b1,b,b3}, assuming X is isotropic) yields
/A\inKn(r) is an unbiased estimator of A3 K (r) for all n € N.

For a bivariate stationary point process, [21] extended the definition of (3.1)
and defined the cross K-function of (X;, X;) as

Kij(r) = ()\gj))_lE{Number of (distinct) points of X;

within distance r of a given point of XZ-}7 (3.5)

where /\gj ) is the (homogeneous) first-order intensity of X ;. The nonparametric
edge-corrected estimator of K;;(r) within the sampling window D,, C R? is

R N |
Rijn() = (IDAOAD) 3 Y by le iz, (36)
zeEX,; yeX;
(@)
1,n

function of X;, and 5\517)1 is defined similarly for Xj;.

where A"\ = Ny, (D,,)/|Dy| is the estimator of the marginal first-order intensity
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3.2. The discrepancy measure and minimum contrast estimator

Now, our aim is to fit a parametric multivariate stationary spatial point process
model using the marginal and cross K-functions. To establish the increasing do-
main asymptotic framework, we define a sequence of sampling windows { Dy, }.en

in R? such that D; C Dy C ... and lim,,_, |D,| = oco.
Before introducing our discrepancy measure, we fix the following terms: Let
K(r;0) = [K;;(r;0)]" 0 c o, (3.7

i,5=1

be the family of m x m matrix-valued parametric K-functions, where for i, j €
{1,...,m}, K;;(,0) is the conjectured marginal (if ¢ = j) or the cross (if ¢ # j)
K-function defined as in (3.1) and (3.5), respectively. An estimator of K (r;0)
based on the data sampled within D,, is

o~ ~

K (r) = [Kijn(r)]=1, (3.8)

where for 4,5 € {1,...,m}, IA(ijm(r) is the nonparametric edge-corrected esti-
mator of the true marginal (if ¢ = j) and cross (if i # j) K-function, defined
as in (3.3) and (3.6), respectively. We note that f(\n(r) is slightly biased for the
“true” K-function matrix due to the additional randomness in the estimation of
the first-order intensities. Therefore, we define the scaled parametric K-function

matrix (which we refer to as the @-function matrix hereafter) by
Q(r;0) = Diag NV, ... A" K (r;0)Diag AV, ... AI™), (3.9)

where for ¢ € {1,...,m}, )\(11') = /\@(9) denotes the first-order intensity of
X;, and Diag denotes a diagonal matrix. Therefore, a nonparametric unbiased
estimator of the true Q-function is

Qn(r) = Diag(j\(l)

1no-

- AMNE, (r)Diag(AL)

1,ns"

LA, (3.10)

With this notation, we propose our discrepancy measure between @ and Qn as

0 (0) - /ORw(h) - [(Q(h; 0)°C — @n(h)oc’) (Q(h;e)oC _ Qn(h)oc) T} dh.

(3.11)

Here, R is a positive range, w(-) is a non-negative weight function with
sup,, w(h) < oo, Tr denotes the trace operator, C' = [c; ;]";_; is a symmetric
matrix with positive entries, and A°¢ = [afff]%:l for A = [a;;]7%_; is the
Hadamard power of the matrix A to the power C. For computational purposes,
using the standard matrix norm identity, U, (6) can be equivalently written as

m R R 2
Un0) = 3 [ ) {[QUioy —Quliy Y an (312

ij=1

where for a matrix A, [A];; denotes the (7,j)-th element of A. It is worth
mentioning that when m = 1 (univariate case), then the form of U,,(0) is nearly
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identical to the discrepancy measure considered in [20]. One difference is that the
authors of [20] considered the @-function without edge-correction. See Appendix
A for the moment comparison between the two Q-function estimators.

Lastly, using the above discrepancy measure, our proposed minimum contrast
estimator for multivariate point processes is

~

0, = arg min Un(0). (3.13)

4. Sampling properties of the minimum contrast estimator

In this section, we study the large sample properties of the minimum contrast es-
timator defined as in (3.13). We note that in practical scenario, one can consider
the Riemann sum approximation

e = S u)m (e erc - . ye)

—1 0 0
(a0 @, |
B :m-i_lw(ﬁ){m(ﬁ 0)]5; — 1Qul O)Ef;’}g (4.1)

for some ng € N to obtain the feasible criterion of U, (@). However, in this
article, we will not study the asymptotic behavior of 8!, = argmingee U (0).

4.1. Assumptions

To derive the sampling properties of §n, we assume that the increasing sequence
of sampling windows {D,,} in R? are conver averaging windows (c.a.w.) that
satisfy

D, is convex, |Dy|oxn?, and X\g_1(dD,) ocn?t (4.2)

where a,, b, means that there exists C' > 0 such that C~! < inf, ey |an|/|bn| <
SUP,en |an|/|bn] < C. Condition (4.2) implies that D, grows “regularly” in
all coordinates of R?, which is important in our theoretical development. For
example, (4.2) implies that {D,} is regular in the sense of [36] and for an
arbitrary fixed r > 0, lim,, 00 |Don|/|Dn| = 1 and |D,, N D§,|/|Dyn| o n~t as
n — o0, where Dy, is defined as in (3.4). See [23]. These properties are used
to calculate the asymptotic covariance matrix of Q-function estimators. See
Appendices A and B.

The next set of assumptions concerns the higher-order structure and the a-
mixing condition (cf. [41]) of the point processes. For E;, E; C R, E; & E;
means I; and E; are congruent. For compact and convex subsets E;, F; C R,
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let d(E;, E;) = infg,cp; 2;ep, [|€i — %00, Where |[€[|o is the fo-norm (max
norm). Then, for p, k € (0,00), the a-mixing coefficient is defined as

o) = sup {IP(A;N4;) — P(4)P(4))] :
A A} Ei E;
A € F(E;), Aj € F(E;), E; = Ej, |E;| = |E;| <p,d(E;, Ej) > k}

(4.3)

Here, F(E) denotes the o-field generated by the superposition of X in E C R?¢
and the supremum is taken over all compact and convex congruent subsets F;
and Ej.

Assumption 4.1. X = (X4,...,X,,) is a simple, stationary, and ergodic mul-
tivariate point process on RY that satisfies the following two conditions:

(i) Let £ > 4. The reduced joint cumulant intensity of (X;(),..., X;u)) of
order n = (ny,...,ng) defined as in (2.6) is well-defined for any non-
overlapping subset (i(1),...,i(k)) C {1,...,m} and positive order n =
(n1,...,ng) such that Zle n; < £. Moreover, if 2 < Zf:l n; < £, then
the reduced joint cumulant intensity functions are absolutely integrable
on RN~! where N = Ele n;.

(i) There exists € > 0 such that sup,e (g o) ap(k)/ max(p,1) = O(k~%7¢) as
k — oo.

We require Assumption 4.1(i) (for £ = 4) to show the convergence of the
asymptotic covariance between the two empirical processes [G.,(h)]qs and
[Gr(h)]e,a (a,b,c,d € {1,...,m}), where

(GuW]is = 1Dl {[QuW)iy ~EIQu(M)i}, g €{Lcoom). (4.4)
Assumption 4.1(ii) together with

max supE|[én(h)]i,j|2+5 < oo for some §>0 (4.5)
1<i,j<m p

are used to show the multivariate CLT for {[C/\;'n(h)]”}z’;:1 When we choose b €
{b1, b2, b3}, then a sufficient condition for (4.5) (for § = 1) to hold is Assumption
4.1(i) for £ = 6. A proof for the sufficiency is similar to those in [27], Theorems
2 and 3. We refer interested readers to [47], Section 4, for various (univariate)
point process models that satisfy Assumption 4.1.

The last set of assumptions pertains to the parameter space. For i,j €
{1,...,m}, let

82
= 90007

VoQUhi0)]is = 5lQ( )], and (V3@ 6], QUh: 0]

(4.6)
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be the gradient and Hessian of [Q(hk; 0)]; ;, respectively. Further, let

~ h ~
[Qm(h)]i,j:/o w(u)[Qn (u)],;[Q(h; 00)12% 7 ~*[VoQ(u; 00)]; jdu,  (4.7)

where 6y € O is the true parameter of X.

Assumption 4.2. (i) The parameter space © C RP is convex and compact,
60 — Q(-;0) is continuous and injective, and the true parameter 8y lies in
the interior of ©.

(ii) For i,j € {1,...,m}, [V2Q(h;8)]; ; defined as in (4.6) exists and is con-
tinuous with respect to 6 € ©.

(iii) For 4,5 € {1,...,m}, let [Qin(r)];; be defined as in (4.7). Then, there
exists § > 0 such that

max || VIDa{ @un ()]s — B [@un(h)i] } ™ <o

4.2. Asymptotic results

In this section, we state our main asymptotic results. The first theorem addresses
the asymptotic joint normality of {[Qn(h)]:;}"—;. We first note that for b €
{b1,b2} (or, b € {b1,ba, b3}, assuming X is isotropic), [@n(h)]” is unbiased in
the sense that [E[@n(h)]]” = [Q(h; 60))i,;. Therefore, recalling (4.4), we have

(G (Wi = 1Dal 2 {[@u(W]is — Qs 00))is b inj € {1, m}. (48)

Since we take into account the asymmetric edge-correction factors, én() may
not be symmetric. Therefore, we consider the full entries of G,, and define

vec(Gn(h)) = ([Gn(h)]ij)1<ijem: € [0,00), (4.9)

as the m2-dimensional vectorization of @n(h) The following theorem shows the

asymptotic normality of Vec(én(h)).

Theorem 4.1. Let X = (Xy,...,X,,) be a multivariate stationary point process
that satisfies Assumption 4.1(i) (for £ = 2). Moreover, we assume that the
increasing sequence of sampling windows {D,} in R? is c.a.w., and the edge-
correction factor is such that b € {b1,b2} (or b € {b1,ba,b3}, assuming X is
isotropic). Then, for fited R >0 and i,j € {1,...,m},

sup |D,|7/? ‘[én(h)]i,j
0<h<R

= sup |[Qu(W)]iy — [Q(A:60)]is| -0 (4.10)
0<h<R

almost surely as n — oco. Furthermore, under Assumptions 4.1(i) (for £ = 4),
(i), and (4.5), we have

vee(Gp(h)) B N(0p2, £(h; 65)), (4.11)
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where 3 denotes weak convergence and N represents the multivariate normal
distribution. An expression for the asymptotic covariance matriz X(h;60g) can
be found in Appendiz B.

Proof. See Appendix C.1. O

The next theorem addresses the asymptotic normality of the minimum con-
trast estimator. To obtain the asymptotic covariance matrix of 8,,, we define
the following two quantities:

m R
B(go):iglci,a‘/o w(h)[Q(h; 80)l; ;7 " {[VeQ(h; 60)]i;} (4.12)

x {[VoQ(h; 80))i;} " dh

and

m R R
S60) = > A [ [ wEum, 50
i1,J1,12,J2=1 0 0
267;1,_7'1 72 2C12,]‘272

{1005 7 { 1@ 00))52 70
< {[VoQ(s:00)]i,.5 } {[VoQ(h; 00))i, 5, } ' dsdh, (4.13)

where for iy, ji,42,72 € {1,...,m},

0% srsngny (5:0) = Tim Cov {[Gu(s)]i, g1, (G ()]iz i } - (4.14)

Under Assumption 4.1(i) (for ¢ = 4), the limit of the right-hand side of (4.14)
exists and is finite for all indices 41, j1, 2, jo € {1,...,m} and fixed s,h > 0. An
exact expression of 0(21.1 Jiin j2)(s, h) can be derived using a similar technique

to calculate an expression of Y (h;0y) in Appendix B, but the form is more
complicated. R
Using this notation, we show the asymptotic normality of 8,,.

Theorem 4.2. Let X = (X1,...,X,,) be a multivariate stationary point pro-
cess that satisfies Assumptions 4.1 (for £ =4), 4.2(i), and (4.5). Moreover, we
assume that the increasing sequence of sampling windows {D,} in R? is c.a.w.
and the edge-correction factor is such that b € {b1,ba} (or b € {b1,b2,b3}, as-
suming X is isotropic). Then, 0, defined as in (3.13) uniquely exists and

6, — 6o almost surely as n — oo. (4.15)

We further assume Assumptions 4.2(ii) and (iii) hold and B(0y) defined as in
(4.12) is invertible. Then,

VIDu|(8, — 60) B N (0, B(60)"5(60)B(680) ). (4.16)
Proof. See Appendix C.2. O
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Remark 4.1. The univariate analogous results for Theorem 4.2 were proved in
[20], Theorem 4. However, they only showed the consistency of 0,,. As far as we
are aware, almost sure convergence of the MC estimator, even for the univariate
case.

Remark 4.2 (Application to the homogeneity testing). As a direct applica-
tion of our asymptotic results, let {x;; : i € {1,...,m},j € {1,...,n1;}} and
{yij i e{l,...,m},j€{l,...,n9}} be two independent configurations of m-
variate spatial point patterns on D, sampled from distributions Fy, and Fy,,
respectively, where 81,0, € © C RP. Now, we are interested in whether these
configurations are sampled from the same distribution or not. That is, we want
to test the hypotheses Hy : 81 = @5 versus Hy : 01 # 05. Let 01 n and 92 n be
the MC estimators based on the point patterns {;;} and {y”}, respectively.
For k € {1, 2}, let f)k,n be the consistent estimator of the asymptotic covariance
matrix of |D,,|~/ 2§k n (one example of the consistent estimator can be found
in Section 5.1 below) Then, from Theorem 4.2, under the null of homogene-
ity, T,, = |Dn, |(01 n— 02 n) (El n+ 22 )~ (01 I 02 ) converges weakly to
a chi-squared distribution with p degrees of freedom. Under the alternative, as
n — oo, T;, converges to the non-central chi-squared distribution with divergent
mean. Thus, T}, has statistical power.

5. Practical considerations
5.1. Estimator of the asymptotic covariance matriz

In this section, our aim is to estimate the asymptotic covariance matrix of én
Recall (4.16),

lim |D,[Var®,, = B(6,) "' S(6,)B(6,) " =: 2(6y). (5.1)

We first estimate B(6) defined as in (4.12). From its definition, provided that
Q(-;0) and VgQ(+; 0) have known expressions, Q( '00) and VoQ(+;80p) can be

easily estimated by replacing 6y with its estlmator 0 Therefore, this glves
a natural estimator of B(6,) and B(8y)~, denoted by B(8,) and B(6,)
respectively. Next, to estimate S(6), we use a Monte Carlo method, which we
will describe below.

Recall (4.13), (4.14), and (4.4). It is easily seen that S(6y) = nl;rr;o Var{V,,(6o)},

where

Va(6o) = 1Dl Z u/ {Qn irj [Q(h;90)h,j}{[Q(h;90)]?,cf’j2}

. x{[veQ(h;eo)]i,j}dh. (5.2)

To generate the Monte Carlo samples of V,,(8y), we simulate the multivariate
point process X from the fitted model based on 6,,. For each simulation, we
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estimate V,,(6y) by replacing 0y with 0, in (5.2). Therefore, an estimator of
5(8o), denoted S, (6y), can be obtained using the sample variance of the Monte
Carlo samples of Vn(én) Under the assumptions stated in Theorem 4.2, it
can be shown that B (én) and S, () are both consistent. Therefore, our final

consistent estimator of the asymptotic covariance matrix of §n is
n(60) = {B(8)} {5 (60) HB(6,)} . (5.3)

Remark 5.1 (Alternative estimation methods). As pointed out by the two
referees, there are alternative approaches to estimate B(68p) and S(8y). Firstly,
B(6)) can be estimated using Monte Carlo samples of B(6y) from simulated
spatial point patterns of X based on §n. Secondly, S(8p) can be estimated
using a subsampling method as described in [4] (see also [47], Appendix H). In
detail, we evaluate subsamples of Vn(an), denoted Vn(k) (§n), where the sampling

window is the subregions of D,, of the form D,gk) =k+[—an,a,]?, k € Z?. Here,
{a,} is an increasing sequence of positive numbers that satisfies lim,, oo arn/n =
0. We then estimate S(6p) using the subsampling variance of Vrfk)(é\n). Under
appropriate moment and mixing conditions such as conditions (S§1)—(S6) in [4],
one can show the consistency of the subsampling variance estimator. Further
details, including the sampling properties and empirical studies of the alternative
estimators of B(6y) and S(6p), will not be considered in this study.

5.2. Selection of the optimal control parameters

Selecting the control parameters is a challenging task in the MC method, even for
the univariate case. For a univariate point process with a discrepancy measure
U(0) defined as in (1.1), [14] suggested some empirical rules on the choice of the
control parameters. However, these choices are ad hoc. Moreover, to best of our
knowledge, there is no existing work on the selection of control parameters for
the MC method applied to multivariate point processes.

Now, using the asymptotic variance estimator, we propose a data-driven cri-
terion for selecting control parameters in multivariate point processes. Recall
(3.11) and (4.16), where the discrepancy function U, (@) and the asymptotic
covariance matrix of é\n depend on the weight w(-), the range R, and the power
matrix C' = [¢; ;|1 _;. Both w(:) and C control the fluctuation of Q... For sim-
plicity, we fix w(h) = 1 and allow C and R to vary. It is worth noting that
w(-) could be selected using the subsampling method proposed in [4], but this
method is not considered in our study.

By fixing the weight function to unity, we propose the following criterion for
selecting control parameters C' and R:

(Copts Ropt) = ar%r}r:clin det X(6y), (5.4)

where 3(6p) is the asymptotic covariance matrix of 6,, defined as in (5.1). We
refer to (5.4) as “optimal” in the sense that for a fixed level, (Copt, Ropt) provides
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the smallest volume of the confidence ellipse. In practical scenarios, our final
feasible criterion for selecting optimal control parameters is

(Copt, Ropt) = arg, Igm det S, (), (5.5)

where 3, (6o) is defined as in (5.3) and the minimum is taken over the finite
grids of (C, R).

5.3. Constructing confidence regions

Let (Copt, Ropt) be the optimal control parameters as in (5.4), and let S, be the
asymptotic covariance estimator corresponding to (Copt, Ropt) Then, by Theo-
rem 4.2, an asymptotic (1 —a) confidence ellipsoid using the optimal parameters
(Copts Ropt) is given by

{6 eRP:T(0) < x;(1—a)}, (5.6)

where T(0) = [D,|(8, — 6)T(£,)"" (6, — ), and x2(1 — a) is the (1 — a)th
quantile of the chi-squared distribution with p degrees of freedom. However,
as referees have pointed out, using (5.6) as a confidence region may produce
low coverage probabilities. Indeed, in our bivariate LGCP simulation study in
Section 6.1 below, we encountered this issue even for a large sampling window
size D,, = [—15,15]. A possible explanation for this phenomenon is that since
E yields the smallest determinant among all asymptotic covariance estima-
tors, using (Copt,Ropt) to calculate the asymptotic covariance estimator may
underestimate the true asymptotic covariance corresponding to (C’Opt, Ropt)

As a remedy, we consider a simulation-based confidence region to solve the
low coverage probability issue in finite samples. Let 6,, be the MC estimator
calculated based on the optimal control parameters (Copt, Ropt ). Next, we simu-
late i.7.d. replications of multivariate point patterns from the fitted parametric
model. Then, we estimate the simulation-based asymptotic covariance matrix

by 3% = (|D,|B)~! Zil(ég) - é_n)(@(f) - é_n)—'—, where B is the number of
replications, 57(11 ) is the MC estimator derived from the i-th replication, and

6, = B! Zf;l 6. Our final simulation-based (1 — @) confidence ellipsoid is
{0 eRP:T*(0) < xp(1— )}, (5.7)

where T*(0) = |Dy,|(6, — 6)T(£%)~1(6,, — 6). In the same bivariate LGCP
simulations, we observed that using (5.7) as a confidence region successfully
recovers the (1 — «) coverage rate for all window sizes. Therefore, for practical
purposes, we recommend using (5.7) to construct a confidence region.

6. Simulations

To validate our theoretical results and assess the finite sample performance of
our proposed method, we conduct simulation studies for bivariate LGCP and
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five-variate PSNCP models. Supplementary simulation results can be found in
Appendix E.

6.1. The bivariate LGCP model

For the data-generating process, we first consider the bivariate LGCP model,
which is also used to fit the real data in Appendix F. Let X = (X7, X2) be a sta-
tionary LGCP on R? driven by the latent intensity field A(s) = (A1(s), A2(s)) =
(exp(Y1(s)),exp(Ya(s))), s € R?, where Y;(+) is a stationary Gaussian random
field with the parameter restriction E[e*+(®)] = 1. To formulate the joint distri-
bution of Y7 and Y5, we consider the following additive structure:

G- (o) b8 ) (20) - (2 ) o

where b € {—1,1} indicates the positive (b = 1) or negative (b = —1) correlation
between Y; and Yz, and {Z;}?_, are zero mean independent Gaussian processes
on R? with isotropic exponential covariance functions. Therefore,

Cov{Z(s1), Zj(s2)} = 0%, exp(—||s1 — sl /dz,)Li=j, 1,5 €{1,2,3}. (6.2)

Here, for i € {1,2,3}, oz, and ¢, are the positive scale and range parameters
of the covariance function of Z;(-). We note that the bivariate LGCP under
consideration satisfies Assumption 4.1. See Lemma D.1 in the Appendix. Using
[8], Equations (8.3.32) and (8.6.10), and [34], Equation (4), the entries of K (r; 6)
are given by

(K (r:6)),, = 2 /Orhexp(Cij(h;G))dh, ije1,2), (6.3)

where 8 = (0z,,¢2,,02,,02,,02,,02,) " is the set of parameters of interest, and
C;j(h; 8) = Cov{log A;(s1),log Aj(s2)} for h = ||s1 — s2||. To further investigate
the correlation between X; and Xo, let

p = p(0) = Corr{log A1(0),log A2(0)}

be the cross-correlation coefficient of X and Xs. Explicit expressions for C;;(-; 6)
and p in terms of the model parameters can be found in Appendix E.1. The Q-
functions [Q(r; 0)]; ; for 4,5 € {1,2} can be calculated using (6.3) and (3.9).
Throughout the simulation study, we assume that the first-order intensities are
known to be equal to one. Thus, when utilizing the Q-function, the set of pa-
rameters of interest remains the same as that used for the K-function.

Now, we consider the aforementioned bivariate LGCP model with four dif-
ferent combinations of the true model parameters, denoted as (M1)—(M4), as
displayed in Table 1. For each model, we let b take values of either 1 or -1. Taken
together, (M1)—(M4) allow us to consider a range of bivariate point patterns, in-
cluding variation in the strength (increasing from (M1) to (M4)) and sign (b =1
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TABLE 1
Four different data generating processes of the parametric bivariate LGCP model. Note that
the reported cross-correlation coefficient p in the column is calculated based on the model
parameters and b € {—1,1}. See (E.3) in the Appendiz.

Model | 97z ¢Z1 925 ¢Z2 923 ¢Z3 | 4
(M1) 1 0.5 0.8 1 0.4 1.5 | £0.166
(M2) | 08 05 06 1 05 15| +0.339
(M3) 0.7 0.5 0.4 1.3 0.6 1 | £0.541
(M4) | 05 05 04 13 08 1| +0.758
or b = —1) of their cross-correlations. Figure E.1 in the Appendix illustrates a

realization of each model. For each model, we generate the bivariate point pat-
terns on the window D = [-WL/2, WL/2]? of window length WL € {10, 20, 30}.
Therefore, the expected numbers of points within the sampling windows are
100, 400, and 900, respectively. For each simulation, we estimate the param-
eters and correlation coefficient p using two methods: the minimum contrast
estimator (MC; see (3.13)) and the Bayesian inferential method for LGCP us-
ing the Metropolis-adjusted Langevin algorithm [BI; see 34, 44], with the latter
serving as our benchmark.

6.1.1. Processing the MC and BI estimators

For MC, we use Ripley’s edge-correction (which corresponds to b3(x,y) in Sec-
tion 3.1) to evaluate the @Q-function matrix estimator. Ripley’s edge-correction
is known to outperform Translation correction or Minus sampling correction in
simulations (cf. [15], page 565). To numerically approximate the discrepancy
measure of the MC method, we use a Riemann sum approximation with 512
equally-spaced grids as in (4.1). When selecting the optimal control parameters
for MC, we set the weight function as a unit constant and assume common
powers ¢; ; = c for ¢,7 € {1,2} in (4.1). This allows us to avoid introducing
excessive control parameters. Finally, we select the optimal control parameter
(¢, R) using the method in Section 5.2 on the grids ¢ € {0.1,0.2,0.3,0.4,0.5} and
R from 1 to 0.35 x WL with increment 0.025 x WL. For BI, we implement the
lgcp package in R CRAN [44] to compute the parameter estimates. Here, we
use 32 x 32 computational grid for WL = 10; a 64 x 64 grid for WL = 20; and a
128 x 128 computational grid for WL = 30 and the Markov chain in BI runs for
3.1 x 106 iterations. Lastly, for each model, we generate only 50 simulations for

BI due to its extensive computational cost, whereas we generate 500 simulations
for MC.

6.2. Results
6.2.1. Computation time

Table 2 presents the average computing time per simulation for evaluating the
two estimators for model (M1). Here, we vary the sign of correlation, the max-
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TABLE 2
Average computing time per simulation (unit: minute) for MC and BI estimator from (M1).
Here, we use the common power ¢ = 0.2 for MC.

Estimator | Correlation R WL=10 WL=20 WL=230

Negative 0.15WL 1.50 3.91 9.73
0.35WL 2.39 9.04 36.67

MC
Positive 0.15WL 1.78 5.02 12.09
0.35WL 2.73 10.17 33.03
BI Negative - 172.10 658.77 1276.82
Positive - 129.56 586.32 1195.05

imum range R (for MC only), and the window length (WL). The average com-
puting times for models (M2)—(M4) exhibit a similar pattern, so we omit those
tables. For the bivariate LGCP models under consideration, there is a significant
difference in computation time between the MC and BI methods. The fastest
computing time for BI is about 172 minutes for the negative correlation models
and 130 minutes for the positive correlation models. Whereas, the computing
time for MC remains under 36 minutes across all settings. Even when employ-
ing a grid search approach to select the control parameters in the MC method,
as discussed in the next section, the computation time for the MC estimator
remains much faster than BI. Please refer to Table E.1 in the Appendix for
details.

Now, we discuss the effects of the control parameters on the computation
time of MC and BI. As expected, for MC, a larger range R results in longer
computation times. As WL increases, the computation time of MC also increases
due to the increase in the number of observations. The computational time of
the BI estimation is affected by the number of grids. Regarding the sign of the
correlation, except for the case of (WL, R) = (30,0.35WL), the computation
time of the MC estimation for negatively correlated models seems to be slightly
faster than that for positively correlated models, whereas the opposite pattern
is observed for the BI.

6.2.2. Optimal control parameters for MC

In an effort to obtain more accurate parameter estimates for MC, we employ a
grid search method to select the optimal control parameters (¢, R). To do so,
we first fix the window D = [-5,5]? and determine the appropriate number
of Monte Carlo samples. Table E.1 in the Appendix summarizes the selected
optimal control parameters (¢, R) based on two independent realizations (Ex-
periment I and II) for each model, along with different numbers of Monte Carlo
samples of in(ao) in (5.3). Additional information such as the log determinant
of 3,,(6y) and the total computing time can also be found in the same table.
From Table E.1 in the Appendix, we observe that using 300 or more Monte
Carlo samples leads to consistent selection of optimal control parameters across
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different realizations. However, with only 100 Monte Carlo samples, the selected
optimal parameters from two different experiments lack consistency. This sug-
gests that using 300 Monte Carlo samples is often sufficient for selecting control
parameters, providing robust results without unnecessary additional computa-
tion.

Next, Table 3 below presents the optimal parameter (¢, R) based on 300
Monte Carlo samples for each model and window size. We observe that the
optimal parameter sets (¢, R) are consistent across two different realizations
(Experiment I and II). For models (M1) and (M4) with WL=10, the optimal
control parameters are stable across the sign of the correlations. Interestingly,
however, for models (M2) and (M3) with WL=10, these values vary between
the positively and negatively correlated models. As the window length increases
(corresponding to WLe {20, 30}), the effect of correlation becomes more promi-
nent. For instance, for models (M1), (M3), and (M4) with WL=30, the difference
in the selected maximum range R between positively and negatively correlated
models exceeds 3 units. Specifically, positively correlated models tend to require
larger R values compared to those of negatively correlated models. Moreover,
when WLe {20, 30}, models with larger absolute cross-correlation (|p|) tend to
require smaller ¢ values. For example, for models (M3) and (M4), the optimal
c is less than or equal to 0.3. This observation may be due to the fact that
larger |p|, which induces more fluctuation in the cross K-function, necessitating
a smaller ¢ to mitigate this fluctuation. However, we do not have a theoretical
justification for this finding.

TABLE 3
Optimal control parameters (c, R) for different models and different window sizes. Here, we
use 300 Monte Carlo samples to estimate the asymptotic covariance matriz.

Model ‘ Correlation WL=10 WL=20 WL=30

ar | Nemaive (05,2000 (02,5000 (05, 250)
Positive (0.5, 2.50) (0.5, 6.00) (0.5, 7.00)
ap2) | Nemive (05,350) (05,2000 (05, 3.25)
Positive (0.4, 2.50) (0.5, 4.50) (0.5, 3.25)
(M3) Negative (0.5, 1.00) (0.2, 5.50) (0.2, 6.25)
Positive (0.4, 2.50) (0.3, 6.50) (0.1, 10.00)
arp) | Nemaive (05,350) (03,7.00) (03,550
Positive (0.5, 3.50) (0.1, 5.50) (0.2, 8.50)

6.2.3. Parameter accuracy

Now, we assess the accuracy of both the MC and BI estimators. When im-
plementing the MC method, we consider two variants of the MC estimators:
one with the optimal control parameters obtained in Table 3 (referred to as
“MC_opt”) and another using fixed control parameters (¢, R) = (0.2,0.15WL),
where WL € {10, 20, 30} is the window length (referred to as “MC_ fix”). This
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Fic 1. Bozplot of parameter estimates from MC estimators (“MC_opt” and “MC_fiz”)
and BI estimator for positively correlated models (different rows) and different window sizes
(“WL107, “WL20” and “WL30” in each panel). True parameter values are marked with hor-
izontal dashed lines.

allows us to assess the improvements to the MC approach from using our grid
search method for control parameter selection.

Figure 1 displays boxplots of the parameter estimates from the three estima-
tors for positively correlated models. The corresponding boxplots for negatively
correlated models can be found in Figure E.2 in the Appendix. The mean ab-
solute error (MAE), standard deviation (SD), and root mean squared error
(RMSE) of the three estimators are also summarized in Tables E.2-E.5 in the
Appendix.

From Figure 1 (see also Figure E.2 in the Appendix), the BI estimator has
the smallest SD across all models and window sizes, with the differences being
more pronounced for the smallest window (WL=10) and the scale parameters
oz,;. This is because our estimator is constructed based on the nonparametric
estimator of the K-function matrix, which may require more observed points to
obtain reliable estimates (the average number of points in WL=10 is 100 for each
type). Moreover, we observe that as WL increases, the SDs of all parameters
for the MC estimators decrease and become comparable to those of the BI
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estimator. Furthermore, as window size increases, the root mean squared error
(RMSE) of both MC estimators in all parameter settings tends to converge to
zero, supporting the consistency result of the MC estimator shown in Theorem
4.2. For the largest window (WL = 30), boxplots of the scale parameters (oz,)
exhibit symmetric distributions with fewer than 3% outliers across all models,
suggesting the asymptotic Gaussianity of the MC estimator. However, when
evaluating the range parameters (¢z,), even for a large sampling window, the
distributions remain slightly right-skewed with up to 5% outliers. This may
indicate an overestimation of range parameters, particularly for those with large
true values. In cases where an accurate normal approximation is desired, one
can apply an appropriate transformation (such as a logarithmic transformation)
to the parameter values to obtain better approximation results.

Interestingly, for some parameters (e.g., 0z, and ¢, in positively correlated
models), the BI estimator exhibits significant biases, resulting in the largest
mean absolute deviation (MAD) and RMSE for these parameters. This may
indicate the difficulty of obtaining reliable estimates based on the current com-
putational grids and the length of the Markov chains. We find that the biases of
the BI estimator are reduced when using finer (128 x 128) computational grids
compared to coarser (32 x 32) grids. However, BI estimation on finer grids takes
approximately eight times longer than on coarse grids and still yields larger
MAD and RMSE values than the MC estimators.

Lastly, we focus on the relative performance of the two MC estimators.
Compared to the MC estimator results using the fixed control parameters, we
observe a clear improvement in terms of MAE, SD, and RMSE for all mod-
els and window sizes when using the optimal control parameters. These gains
are more appreciable for smaller sampling windows, as the variance of 8,, is
|D,,|713(00) +0o(| Dy |71) as n — oo, and smaller | D,,| implies a larger difference
in the variances between “MC__opt” and “MC__fix”. Since obtaining reliable pa-
rameter estimates is one of the top priorities in estimation, implementing the
optimal control parameter selection in MC estimation is worth the additional
computational time required by the grid search method.

6.3. Utilizing the MC method for multivariate PSNCP model

In addition to the bivariate LGCP models above, we also implement our MC
method to the multivariate PSNCP model which offers a flexible approach to
modeling spatial point patterns characterized by clustered intra-specific inter-
actions alongside positive or negative inter-specific interactions. Specifically, we
consider the five-variate PSNCP model X = (Xi,...,X;5) on R?, driven by
the latent intensity field A(x) = (A1(x),...,As(x)), where each A;(x) satisfies
Ai(z) = Si(x)Fi(z) for z € R? and i € {1,...,5}. Here, the shot-noise fields
Si(x) are given by S;(z) = ;' > yea; k(lz —yl)), where ®; is a homogeneous
Poisson point process with intensity x; € (0,00), and k(r) is the Gaussian kernel
function defined as

k(r) = 27r1w2 exp(—r?/(2w?)), rER. (6.4)
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S;i(+) accounts for the clustering within the i-th point process. Next, the com-
pound fields in PSNCP model are given by

KRGl g .
Fi(@) = | 3 kl(f;) LT {1+&htie—oh}. iefi....sh
i I#i yed;

(6.5)
Here, &; € (—1,00) and k(r) = k(r)/k(0), with k(r) defined as in (6.4). The
coefficients {;;} in (6.5) indicate whether X; is clustered around (&;; > 0) or
repelled by (&;; < 0) the latent process ®;. The compound field F;(-) captures
the combined effect of all other processes on the i-th process. We note that the
analytic expressions for the marginal and cross PCFs are given in [26], Equation
(10). Thus, straightforward computation of K- and @Q-function matrices are
available for multivariate PSNCP.

For the true data-generating process, we assume that the first-order intensi-
ties /\gz) are known and equal to one for all 4. Furthermore, for the interest of
parsimony, we use common parameters k; = £ = 0.2 and w? = n = 0.25 in the
shot-noise fields S;(«) and sparse interaction matrix {&;; }:

§12=81 =01 =07, & 5=E&,1=a=-08,
§35=E&,3=0a3=03, &s5=2~E4=as=05,

and & ; = 0 otherwise. Therefore, the parameters of interest are 8 =
(’ia 1, a1, 02, a3, O‘4)T'

Lastly, in simulations, we generate 500 five-variate spatial point patterns
from the above model and calculate two parameter estimators using (1) the MC
method and (2) the weighted composite likelihood (WCL) method as considered
in [26].

6.4. Results

Analogous to Section 6.2.2, we use 300 Monte Carlo samples to select the op-
timal control parameters of the MC estimator. The selected optimal control
parameters are (c, R) = (0.3,1.75) for D = [-5,5]%; (¢, R) = (0.5,1.00) for
D = [-10,10]%; and (¢, R) = (0.5,1.00) for D = [-15,15]?.

In Figure 2, we present boxplots of the parameter estimates from the 500 sim-
ulations. For the MC estimator, we consider both the optimal control parameters
(referred to as “MC_opt”) and fixed control parameters (¢, R) = (0.2,0.15WL)
(referred to as “MC_fix"). Results for the computation time and evaluation
metrics (MAE, SD, and RMSE) for the MC and WCL estimators are reported
in Table E.6 in the Appendix.

Regarding computation time, we observe that for the five-variate PSNCP
model under consideration, our MC method (both “MC_opt” and “MC__fix”)
is faster than the WCL method across all window sizes. As discussed in Section
6.2.1, the computing time of MC increases as the window size increases, while the
time required for the WCL estimator is not impacted by the sampling window.
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F1G 2. Bozxplot of parameter estimates from MC estimators (“MC_opt” and “MC_fix”) and
WCL estimator for different window sizes (“WL107, “WL20” and “WLS30” in each panel).
True parameter values are marked with horizontal dashed lines.

Turning to parameter estimation of the MC (either type) and WCL estima-
tors, we observe that both perform quite well across all window sizes. Specif-
ically, the biases and standard errors of both estimators tend to zero as WL
increases, and for a large window size (WL=30), boxplots are symmetric and
centered around the true values. These results indicate that both the MC and
WCL estimators yield satisfactory large sample properties. Now, we compare
their accuracies. As discussed in Section 6.2.3, the performance of “MC_ opt” is
superior to “MC__fix” for all parameters and windows, although the distinction
between the two MC estimators is not as clear as in the bivariate LGCP models
considered in Section 6.1. Interestingly, for parameters x and 7 that correpond
to the shot-noise fields S;(:), our estimator (both “MC_opt” and “MC_ fix”)
has smaller RMSE than the WCL estimator across all window sizes. However,
the WCL method performs better (in terms of RMSE) for the parameters in
the interaction matrix (aq,...,a4).

7. Concluding remarks and discussions

In this article, we propose a new inferential method for multivariate stationary
spatial point processes by minimizing the contrast (MC) between the matrix-
valued scaled K-function and its nonparametric edge-corrected estimator. When
the model is correctly specified, the resulting MC estimator has satisfactory
large sample properties. These enable us to conduct various statistical inferences
on multivariate spatial point processes, such as tests for the homogeneity of
multivariate spatial point patterns, as discussed in Remark 4.2. Moreover, the
proposed method is computationally efficient, and the form of the asymptotic
covariance matrix of the MC estimator provides insight into the selection of
optimal control parameters in the discrepancy measure.

From the results of our simulations, we believe that our method could serve
as a valuable alternative to the BI or WCL methods for analyzing multivariate
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spatial point processes. The significantly faster computing speed is the chief
advantage of our method, enabling researchers to obtain initial values, analyze
large samples, and evaluate numerous complex point process models efficiently.
Moreover, it is intriguing that under certain parameter settings, our estimator
outperforms those in the BI or WCL methods. Currently, we lack a theoretical
basis for explaining the relative efficiency of these estimators, but this appears
to be a good avenue for future research.

However, implementing our estimator for large-dimensional multivariate mod-
els requires some caution. Note that the “full” parameters in the m-variate
PSNCP model as in Section 6.3 increase with order O(m?). Therefore, even for
m = 5, numerical calculation of the MC estimator for the full model may not
be feasible without regularization methods. This limitation also applies to the
BI and WCL methods when analyzing large-dimensional multivariate models.
Indeed, we observe that both MC and WCL estimators become highly unstable
when the number of parameters in the five-variate PSNCP exceeds 10. In such
situations, it may be necessary to consider regularization methods as discussed
in [6, 25]. Details of the regularized MC method for multivariate spatial point
processes will be explored in future research.

Lastly, we discuss two possible extensions of our study. Firstly, the emphasis
of this paper is on using the scaled K-function matrix to construct a discrepancy
function. However, we believe that similar arguments as in Section 4.2 (also, Ap-
pendices B and C) can be applied to derive the asymptotic normality of the MC
estimator based on the PCF matrix G(z) = [gi,;()]{"; ;. Please see [3], Section
4.1 for some technical results when implementing the PCF. Secondly, in practi-
cal scenarios, the joint stationarity assumption is often too stringent. Therefore,
we may relax this assumption and consider the MC estimator for second-order
intensity reweighted stationary [SOIRS; 2] processes. Indeed, [46] proposed a
least squares estimation of the multivariate SOIRS LGCP process. See also [7]
for the quasi-likelihood approach to fitting multivariate SOIRS processes and
[18, 45] for theoretical developments.

Appendix A: A comparison between the two Q-function estimators

Recall (3.2) and (3.3). For i,j € {1,...,m}, we define the two marginal (i = j)
and cross (i # j) Q-function estimators as

[Qon(M)]i; =1Dnl™" D" > Locjayl<n (A1)
zeX; yeX;
and N
[Qn(r)]ig =1Dal™" D> ) 0@, y) L jo<m—y|<r}> (A.2)
reX; yeX;

where b(-,-) is an edge-correction factor. The following theorem addresses the
first and second moment bounds for [Qo,(r)];,; and [@Q,(r)]i ;. The proof tech-
nique is almost identical to that in [3], Theorems 3.5 and 4.1, so we omit the
details.
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Theorem A.1. Let X = (Xy,...,X,n) be a multivariate stationary point pro-
cess that satisfies Assumption 4.1(i) (for £ = 4). Moreover, we assume that the
increasing sequence of sampling windows {D,} in R? is c.a.w., and the edge-
correction factor is such that b € {by,ba} (or b € {by,ba, b3}, assuming X is
isotropic). Then, for i,j € {1,...,m}, the following three assertions hold:

]E[[Qoi(r)]i,j - [én@m =0(n™"), (A.3)
Var{[Qoa(r)]ij — [@n(]is} = O™ [Dal 1) = O™, (A4)
Var{[@.(r)]i;} = O(Du|™") = O(n™%). (A.5)

~

As a corollary, we show that the asymptotic covariance matrix of vec(G,,(h))
as in (4.9) is equal to that of a vectorization of non-edge corrected counterparts

(Gon()is = 1Da["2 {[@on()]is — ElQon(R): } - (A.6)

Corollary A.1. Suppose the same set of Assumptions and notation as in The-
orem A.1 holds. Fori,j € {1,...,m}, let [G,(h)];; and [Gon(h)];i; are defined
as in (4.8) and (A.6), respectively. Then, for a,b,c,d € {1,...,m},

lim_|Cov { (G ()]a, (G (W]t} = Cov {[Gon(W)as [Gon(B)]ea f| = 0.

n—r oo
Proof. By triangular inequality and Cauchy-Schwarz inequality, we have

|(COV(X1,Y1) — COV(XQ,YYQN < |(COV(X1 — XQ,Y])| + |(COV(X2,Y1 — }/2)|

< {Var(X; — Xo)}/}{Var(Y1)}V/2 + {Var(Y; — Y2)}/3{Var(X,)}/2
(A.7)
Let X1 = [Gr(MW)ap, X2 = [Gon(MW]ap, Y1 = [Grn(h)]e.a, and Ya = [Gon (7)) c.a-
Then, from (A.4), we have

Var(X1=X2) = | Du[Var{[Qon()]ap = [Qn(M)]ap} = O(n™"), n— oc. (A8)

Similarly, Var(Y; — Y2) = O(n~!) as n — oo. Moreover, from (A.4) and (A.5),
we have

VarX, < 2(Var(Xy — X1) + Var(X;)) = O(1), n — oo. (A.9)

Similarly, we have VarY; = O(1) as n — oo. Substitute (A.8) and (A.9) into
(A.7) gives

Cov{[Grn(M)]ap, [Gr(h)le.d — Cov{[Gon(h)]abs [Gon(h)]ea| = O(n~ 1)

as n — oo. Thus, we get the desired results. O
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Appendix B: Expression for the asymptotic covariance matrix

In this section, we provide an expression for the asymptotic covariance matrix

~

of vec(G(h)) in terms of the joint intensity functions of the underlying point
process X. For a,b,¢c,d € {1,...,m}, let

O ieaay(0) = Tim Cov { (G ()]aps (G ()] (B.1)

n—oo

Due to the asymmetry of the edge-correction, én(h) may not be symmet-
ric. Thus, calculations of O'(Qa bic d)(h) are cumbersome. As a remedy, for ¢,j €

{1,...,m}, let [Qon(h)]” be a nonparametric estimator of [Q(h;8y)]; ;, but
without the edge-correction as in (A.1). Let

77(2a,b:c,d) (h) = lim Cov {[éon(h)]a,bv [éon(h)}&d} ) (BQ)

n—oo

where [é’o”(h)]” is an empirical process of [Q(h;0y)];; defined as in (A.6).
Then, in Corollary A.1, we show

U(Qa,b:c,d)(h> = n(Qa,b:c,d)(h>7 a, b’ = de {17 s ’m}' (B3)

One advantage of using 77(2a b,y (R) over 0(2(1 bee,ay (R) is that éOn(h) is symmetric.
Therefore, the number of different cases to consider in the expression n(Qa bied) (h)
is significantly reduced. Below, we provide the complete list of expressions for
U(2a,b:c,d) (h’) '

Theorem B.1. Let X = (X1,...,X,,) be a multivariate stationary point pro-
cess that satisfies Assumption 4.1(i) (for £ = 4). Moreover, we assume that the
increasing sequence of sampling windows {D,} in R? is c.a.w. and the edge-
correction factor is such that b € {b1,b2} (or b € {b1,ba,b3}, assuming X is
isotropic). Then, 0(2(1 biend) (h) is well-defined for all a,b,c,d € {1,...,m} and
we have

U(Qa,b:c,d) (h) = O—(Qb,a:c,d) (h) = O—(Qa,b:d,c) (h) = 0-(2b,a:d,c)(h)' (B4)

Let i,7,k, ¢ be the distinct indices of {1,...,m} (If m < 4, then, we select at
most m distinct indices) and I() be the indicator function. Then, using (B.4),
we have seven distinct expressions for 0'(2a bic d)(h), which we will list below.

[case 1]: (a,b) = (¢,d) = (4,4);
@) = [[[ 10l <mI(lua) < h>{A§fled<u1,u2,uQ T us)
_)‘;fied(ul))‘g«ed(ui%) }dul duzdug
[ 10l < W1l <AL w1, w2)durdu

2 / I ]| < WA,y (1)
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[case 2]: (a,b) = (¢, d) = (4,]);
Pen® =[] 10 < 010l < 0] (1,2 4 )
—Agl;ij,zoed(ul))\gf’lj,)md(US)}dulduzdu:s
+ [l < 1l < {32 wr 0+ )
+A§{éi)16d(u1,ug)}dulduQ + /I(||u1|| <A (u)duy.
[case 3]: (a,b) = (i,1), (c,d) = (4, 7);
Fan® = [[[ 10l < 01Guall < A5 0102 2 4w
—Aﬁiiaxuq>AﬁﬂLm<us>}dulduzdug
[case 4]: (a,b) = (4,1), (¢,d) = (4,7);
0%y (h) = [UVNmsmmmﬂsm{ﬁﬁwwhmnm+w>
A (DAY (us) }dul dugdus
+ [[ 1t < rteal < DG w4 )
+A;ff7ied(u1,uQ)}du1du2.
[case 5]: (a,b) = (i,9), (¢,d) = (j, k);
g ® = [[[ 1l < w0l < {4 )
—Aé’;ied<u1>A§f’1’TZed(us)}dulduzdus
[case 6]: (a,b) = (3,7), (¢,d) = (i, k);
o2 sy (B) = /f/mmdShﬂNWHSM{%ﬁﬁMWmuum+uw
—Aﬁfhﬂun)Aﬁde@m>}duuhmdu3

[ [ 10wl < WIusl < AP wa)idus dus
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[case 7]: (a,b) = (c,d) = (k,0);
2 (,3,K,0)
1,51,k 1,1,1,1,red ) ’
i /// (Jual < W)l < {ASE) o, )
N A ) s,

Proof. Under (4.2) and Assumption 4.1, for i,5 € {1,...,m}, it is straightfor-
ward that the limit of Var[én (h)];,; finitely exists. Therefore, using the identity
Cov(X,Y) = § (Var{X + Y} — VarX — VarY), J(Qaﬁb:c,d)(h) also exists for all
a,b,c,d € {1,...,m}. Showing (B.4) is a direct consequence of (B.3) and the
symmetry of Gon (h).

Next, due to (B.3), it is enough to calculate 77(2a,b;c,d)(h) instead of U(Qa,b;c,d) (h).
As indexed by [case 1]-[case 7] in the statement of the theorem, there are seven
different expressions for 77(2@71):0, ) (h). Since [case 1] is shown in [20], Appendix
B, we only show [case 2]. The cases [case 3]-[case 7] can be derived in a
similar way. Let ¢(x, y) = I(J]z —y| < h), and we simplify the notation x € X;
tox € [i] for i € {1,...,m}. Using (B.1) and (A.1), for i # j, we have

Cov {[éon(h)]i,ja [(A;On(h)]i,j}

= |Dn|7lcOV Z ¢(m7y)7 Z d)(z?w)

z€li],ye(s] ze[i,welj]

= |Dn|T'E > b y)d(zw)

| z.z€[i]; y,we[j]

—D,TE ] Y bmy)]|E| D bz w)

Lz€lil, yeli] z€li], welj]

Since X is simple, P(x € [i] & « € [j]) = 0. Therefore, the above can be
decomposed as

Cov { [Gon (M]ijs [Gon ()3 | = A1+ Az + Ag + Ay, (B.5)

where

A = |D7L|71E ¢(x7y)2 )

| z€[i],y€[s]

A2 = |DTL|71E Z d)(:c,y)gi)(z,y) )

| e#z€[i],y €[]

A3 = |Dn|71E Z (b(x,y)(b(:v,w) ) and

| z€lil,yFwe(s]
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m=p el Y s

z#z€[i],yFwelj]

El Y senl|E] T sew }

z€lil, ye(i] z€[d], welj]

To represent each term above in integral form, we use the celebrated Campbell’s
formula which states that

# #
Y Y@= @ @
m1,17'~'7m1,n1€X1 mm,lv--vmmyanXm b

For any non-negative measurable function g : DV + R (N = ny + --- + ny,),

#
where > 2, . m.e

X and u(dzx) is a Lebesgue measure on RY. Using (B.6) and since ¢(x,y)? =
o(x,y), Ay is equal to

 1s the sum over the n pairwise distinct points @1, --- ,x, in

D7 [ 10—yl < DALY (@) oy,

Using change of variables: u; = y — ¢ and uy = @ and since )\glf)(m,y) =

Ay - ),

A = IDn|—1/ (/ I(||u1||gh)/\ﬁ’f’led(ul)dm) dus
Dn an’u/g
= |Dn|_1/ (N)dU2+|Dn‘_1/ (N)d'U:Q,
Don

n

where D,, —ug = {u1 —us : u; € D, }, Dy, is an inner window of D,, of depth
h as in (3.4), and E,, = D§,, N D,.

Next, we calculate each term in A;. When ug € Dy, then By(us, h) C D,,.
Thus,

/ I(lwr]] < WALy (us)duy = / I(llwa]| < WAV (ur)duy.
an’u.z Rd’

Therefore, the first integral in A is

D! / / (|| < WA (wr)dus du
Dor,,, D,Lf’u,z

| (B.7)

D n 7,9
on [t < WA )
|Dn| 4,
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The second integral in As is bounded with

D, | / / (ffua]] < WA, () duwy dus
En anuz

< IDal™t sup WG (w)] / /f(||m||§h>u1uz (B.8)
lull<h E,

E, _
:O<hd||D ||> =0, n— oo,

where the first identity is due to Assumption 4.1(i) and the second identity is
due to (4.2). Combining (B.7), (B.8), and using that lim, . |Don|/|Dn| = 1
due to (4.2), we have

Jim Ay = [1(fun] < DAY, ) dun.

Similarly, we can show

lim A, = // I || < W)I(Jfua]l < BIAGD y(ur, wr + ) dus dus,
lim 4; = //I(||u1|| <RI (Juall < WAV 4 (wr, us)duy dus.

Evaluation of Ay is slightly different. Again, using Campbell’s formula, we have

4 = D, ////D Iz -yl < WI(z - w] < h)

X {Agzg)(w, z,y,w) — )\gi”f)(w, y))\gl;’lj)(z, w)} dedydzdw.

By using the following change of variables: u; =y —x, us = z —x, us = w— 2z,
and wy = x, we have,

A4:\Dn|*1// / B
D, JD,—D, JD,—uy4

X (/ {)\(Qz;g,)wﬂed('l"’?» U, U2 + U'B)
D, —u3z—uy
_)‘gfij,)red (Ul))\ﬁi{led(us) }d’u2> duidusduy.

It is not straightforward that the above integral exists. However, in Lemma D.2,
we show that )\5672']7)1,6(1(“27 uy, Uz + U3) — Agiiled(ul))\%’ﬂled(ug) can be written
as a sum of the reduced joint cumulant intensities where each term contains ws.
Then, the absolute integrability of the above integral follows from Assumption
4.1(i) (for £ = 4). Therefore, we can apply Fubini’s theorem. Using the similar

techniques applied for the representation of A;, we can show that

Jim A= [[[ 10wl <w1(us) <0

X {)‘g;éj,)red(u% U1, Uz +U3) — /\gl;’lj,zﬂed(ul))‘(ll;’lj;)red(u?))} duzdu dug.
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All together with (B.5), we prove [case 2]. Thus, proves the theorem. O

Appendix C: Proofs of Theorems 4.1 and 4.2
C.1. Proof of Theorem 4.1

We first show (4.10). Recall (3.10). We have

Qs = o Y M@ locjeyis as helho) (CD)

zeX;,yeX;

Under ergodicity of X, we can apply [36], Theorem 1 and obtain

lim [@n(h)]i,j = E[Qn(h)hj =[Q(h;60)];; as. he0,00).

n— oo
The identity above is due to the unbiasedness of [Qn(h)]” when using the ap-
propriate edge-correction factor. Since both Q,, (h) and [Q(h; 00)]; ; are positive
and increasing functions of h € [0, 00), the uniform almost sure convergence of
the above on h € [0, R] can be obtained by applying standard techniques as in
[30], Proposition 5.24. Therefore, (4.10) follows.

Next, we show (4.11). Techniques to prove (4.11) are similar to those in [19],
Theorem 1, and [38], Section 3, so we only sketch the proof. Recall (4.8). To
show the central limit theorem of vec(é’n(h)), we use the so-called sub-block
technique. Let {Dé(n) : 1 <4 < kp} be the k, number of non-overlapping

subcubes of D,, with side length £(n) = n®, where
B e (2d/(2d+¢),1). (C.2)

Here, ¢ > 0 is from Assumption 4.1(ii). Since {Dé(n) : 1 <4 < k,} are non-
overlapping, we have

= knl(n)? = k,n% < |D,| < Cn?.

kn i
UiZ1 Dy

Here, the last inequality is due to (4.2). Therefore, we have

kn =049 as n— oco. (C.3)

Next, let {Dfn(n) : 1 <i < k,} be the subcubes of {Dé(n) 01 <i<k,}, where

forie {1,...,ky}, Din(n) is a subcube of Dé(n) with the same center and side
length

m(n) =n’ —n" <nf =0(n) for some n e (2d/(2d+¢),B). (C4)

Then, we have

d(Dé(n),Din(m) <n' for i#je{l,... kn}. (C5)
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Forie {1,...,k,}, let @g)(h), h > 0, be a nonparametric edge-corrected esti-
mator of Q(h;0y) defined similarly to (3.10), but within the sampling window
D? ) Forie{l,...,k,}, p,g €{1,...,m}, and h € [0, 00), let

m(n

(G (Ml = 1Dip |2 { QL Wy = QA3 O} (C:6)

kn kn
[Tlp,q = k;1/2 Z[Gg)(h)]nm and [Ty]p,q = k;1/2 Z[GSZ) (M]pq- (C.7)
=1

i=1

Here, [C:’gf)(h)]p,q represents independent copy of [ég)(h)}p,q.
Next, let vec(Ty) = ([Tnlp.q)1<p.q<m be the vectorization of {[T,],,} and

vec(T},) is defined similarly but replaces [T},], ¢ with [T},],, 4. Our goal is to show
that vec(G,(h)) and vec(T,) are asymptotically negligible, thus, having the
same asymptotic distribution. To prove this, we use an intermediate random

variable, vec(T,). We first show
vee(Gh(h)) — vec(T,) 5 0. (C.8)

To show this, we bound the first and second moments of the difference. Since

~

E[vec(G,(h))] = E[vec(T},)] = Opmxm, the first moment of the difference is zero.
To bound the second moment, we will show

lim Var {[Gp(Mlpg — Talpa} =0, pa€{l,...,mp.  (C9)

n—roo

Then, by Markov’s inequality, we can prove (C.8). To show (C.9), let [CAJOn(h)]%q
be the empirical process of Q(h;8y) without edge-correction as in (A.6). Simi-

larly, we define [(A;’(()Q(h)]p,q and [Ton]p,q as analogous no-edge-corrected estima-
tors to (C.6) and (C.7), respectively. Then, by the Cauchy-Schwarz inequality,
we have

Var {[Gu(W)lpg = [Tlpa } < 3(Var {1Gw ()] — [Gon ()] }

#7r {[Gon Wl ~ Finlpa} + Var {Tonly = [T} )

By Theorem A.1, the first and third terms above are of order O(n~!). The
second term converges to zero as n — 0o, due to the calculations in [38], page
4200 (details omitted). Therefore, altogether, we show (C.9) and thus, (C.8)
holds.
Next, we will show
vee(T,,) — vece(T,) 3 0. (C.10)

To show this, we focus on the characteristic functions of vec(T,) and vec(T,).
For n € N, let ¢, (t) and ¢,(t) be the characteristic functions of vec(7T,) and
vec(T},), respectively, where ¢t € R™*™. To show (C.10), it is enough to show

lim [6,(t) = $u(t) =0, tER™ ™. (C.11)
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Proof of (C.11) is standard method using telescoping sum. Let
UD = exp(ik; V2t vec(GP)), i€ {l,... kn},

where (-, -) denotes the dot product. Similarly, for i € {1,...,k,}, we can define
U by replacing [é%)(h)]pﬂ with [Gﬁf)(h)]p,q in the above definition. Then, by
definition,

ki

o

i=1

kn

[[ow

i=1

Pn(t) =E and ¢,(t) =E

Since ﬁé ) are Jomtly 1ndependent and has the same marginal distribution with
UT(LZ), we have ¢, (t) = H T ET” Hl 1EU(1) Therefore, using telescoping
sum argument (cf. [38], equation (13)), we have

kn—1 7
|6n(t) — n(t) < Y cov{H US%US*”H- (C.12)
j=1 i=1

Now, we use the a-mixing condition. We first note that Vec(égf )) €
(.F(Djn(n)))mxm, where for E C R?, F(E) is the sigma algebra generated by X
in the sampling window E. Therefore, for i € {1,...,k, — 1},
i o 1

[[U9 e F(U_\D},y) and UZHY € F(DI ).

i=1
Moreover, for j € {1,...,k, — 1}, we have: (1) |U;| < 1, (2) |Dfn'~£:1)| < U,
Di | = jm(n)?, and (3) d(u{lejn(n) D;j(;)) < n". Here, the third the
last inequality is due to (C.5). Therefore, using the a-mixing coefficient defined
as in (4.3) and the strong-mixing inequality (cf. [38], equation (9)), for i €
{1,...,k, — 1}, we have

J
Cov {H U, U,gf“)}

i=1

m(n)

< 4ajm(n)d(n") < ij(n)dn*"(d%),

where the last inequality is due to Assumption 4.1(ii). Summing the above over
j and using the bounds (C.3) and (C.4), we have

kn—1

Sy jm(n)tn~"d+e)
|6n(t) — dn(B)] < 4 g jm(n) (C.13)

< Ckim(n)dn_"(d+5) = O(ngd_'ﬁd_"(d"’s)).

Since 1) € (2d/(2d+¢), 8), we have for all t € R™*™ lim,, o |¢n (t) —dn(t)]| = 0.
Therefore, we show (C.11), thus, shows (C.10).
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~ ~

Back to our goal, combining (C.8) and (C.10), vec(G,,(h)) and vec(T,,) share
the same asymptotic distribution. Now, we find the asymptotic distribution

of vec(T},). Recall (C.7). We have vec(T},) = o /2 ngl Vec(égf)(h)), where
{vec(é,(,f)(h))} are i.i.d. mean zero random vectors. Since {D,} is c.a.w., we
let k, — oo. Therefore, under (4.5), we can apply the Lyapunov Central Limit

Theorem to conclude vec(T},) converges to the centered normal distribution. To

calculate the asymptotic covariance matrix of {vec(ég)(h))}, since {D;(n)}
satisfies (4.2), the asymptotic covariance matrix of {Vec(égll)(h))} is the same
as the asymptotic covariance matrix of vec(Gy,(h)), where the exact expression

can be found in Appendix B. Altogether, we prove the theorem. O

C.2. Proof of Theorem .2

First, we will show that 6, the minimizer of U, (0), exists for all n € N. To

demonstrate this, it suffices to show that fOR [Q(h; 0)];,; dh is continuous with re-
spect to 8. By assumption, Q(h; 0) is continuous in 0 for fixed h > 0. Moreover,
since © is compact and [Q(-;0)]; ; is a positive and monotonically increasing
function, we have

R
/ Sup[Q(h: 0)]s sdh < Rsup|Q(R; 0)]s,; < o
0 06€e 6cO

Therefore, by the Dominated Convergence Theorem, we show fOR[Q(h; 0));,; dh
is continuous with respect to 6. Consequently, U, () is continuous, ensuring
that 8, exists (which may not be unique) for all n € N.

Next, we show §n is uniquely determined up to a null set and satisfies (4.15).
Let 6, be one of the minimizers of U, (0). Decompose

Q:C (h) = Q7 (38,) = { Q3 () — Q@ (h: 60) }
+{@*(h:60) - @ (h:6,)} = A+ B.

Then, by definition of @,, we have [\'Tr(A + B)(A + B)TW(dh) <
fOR Tr AATW (dh), where W (dh) = w(h)dh. Expanding the above and using
that Tr BAT = Tr ABT, we get

R R
0< / Tr BB W(dh) < 2/ | Tr ABT|W (dh). (C.14)
0 0
For m x m symmetric matrix C, let \;(C) be the jth largest eigenvalue of C,
j€{1,...,m}. Since, Q°¢ is symmetric (here, we assume that C is symmetric),

by [17], Theorem 3, | Tr ABT| is bounded with

|Tr(ABT)] < max <|)\m(Z) Tr(B) — A (B) - {mAn(A) — Tr(A)} |,

|AL(A) Tr(B) — A (B) - {mA1(4) — Tr(A)} |)
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’/\ Z (B)_)\m(B)'{ /\ (Z) (A)}‘
+ A (@) Te(B) = A (B) - {mAi(A) — Tr(A)} ],

where A = (A+ AT)/2. We will focus on the first term and the second term
can be treated in the same way. Integrate the first term above, we have

R
/ |Am(A) Tr(B) = A (B) - {mAm(A) — Tr(A)} |W(dh)
0
R J—
< [ Pl THBW (an) (C.15)
0
R —_—
4 [ B o (A) — oA ().
0
Now, we bound both |\, (A)] and [mA,, (A) —Tr(A)|. Since [A]; ; = [Qn(h iy —
[Q(h; 00)]5" ‘7, from (4.10) and the continuous mapping theorem, we have
limy, 00 SUP1 <; j<m SUPg<p<r |[A]ij| = 0 almost surely. Consequently, we ob-
tain

lim sup max |[N\;(4)=0 as. (C.16)

Moreover, since Tr(4) = Tr(4) = Y1, Ai(A), we have |mA,(A4) — Tr(A)| <
mAm (A)] + 30 [Ni(A)| < 2mmaxi<j<im |Aj(A4)|. Therefore, from (C.16),

lim  sup |mAn(4) - Tr(4)] =0 as. (C.17)
N0 0<h<R

Substitute (C.16) and (C.17) into (C.15) and using the inequalities, |\, (B)| <
2 im1 [Ai(B)| and | Tr Bl < 3702, [A(B)], we have

R
/0 A (A) T(B) — A (B) - {mAm(4) — Te(A)} [W(dh)

R
< 0us.(1) / (ITe(B)| + [Am(B)]) W (dh)

R m
o ()x2 [ SN Wan),

where 0,5 (1) is a sequence of random variables that converges to zero almost
surely. Similarly,

R
/0 AL () Tr(B) — Am(B) - {ms (&) — Te(A)} [W(dh)
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Therefore, substitute the above two inequalities into (C.14) and using the Cauchy-
Schwarz inequality and Jensen’s inequality, we get

R R
0 g/ TrBB'W(dh) <0 < / w(h)| Tr ABT|W (dh)
0 0

R m
< o ()x [ ) wian)
o m 1/2
< on (VY X / S INBE L Wan)
— o“_(1)/R(TrBBT)1/2W(dh)
0
1/2
< oa,s,(l){/RTrBBTW(dh)} .
0

Therefore, [, Te(BBTW (dh)) = [Fw {Q°C(h 8,) — Q°C(h; 00)}2dh =0
almost surely as n — oo. Finally, since Q°“(+;0) is uniformly continuous with
respect to @ and 8 — Q°C(-; ) is injective, by the continuous mapping theorem,
we have 8,, — 6, almost surely as n — co. Therefore, we prove (4.15) and also
show that 0n is uniquely determined up to a null set.

Next, we will show the asymptotic normality of 0 By using Taylor expan-
sion, there exists Bn, a convex combination of 9 and 0y, such that

Uy o~ OUy 02U, = ..~
Now, we calculate the first and second derivatives of U, defined as in (3.12). By
simple algebra, we have

=23 g [ (@U@ a0}

1,j=1 (019)
x [Q(h;00))54 ' [VeQ(r; 00)): ;W (dh) = 2A,(6p),
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X [Q: 0.7~ {[vecxh;én)]i,j} {[VoQr: 8.} Wan)

2y / Qu(n)y — Q0.5 }

3,j=1

X [Q(h; 0[5 [Va(h: 0)]i W (dh). (C.20)

Since én, — 6 almost surely from (4.15), we also have 57,, — 09 almost surely
as n — oco. Therefore, using a similar approach as that used to show (4.10), we
have

R
lim  max / 1@u (s — QB |Wid) =0 as. (C2)
0

n—oo 1<4,5<m

Using the above and Assumption 4.2(ii), we can show the second and third term
in (C.20) are asymptotic negligible, also we have
0*U,
50067

where B(0p) is defined as in (4.12) and 0,4 s.(1mxm) denotes sequence of m x m

random matrices such that each entry converges to zero almost surely. Substitute
(C.19) and (C.22) into (C.18), we have

VD061 — 80) = {B(80) ™! + 0as.(Linxm) } VD | Ar (). (C.23)

Next, let

(gn) = 23(00) + Oa.s.(lme)7 (C.22)

2 (69) = ~E [Qu(R)):s] |

’J

<.

|| M3 J|| MS

{1Qu(r
/ —[Q(h; 60)):, }[Q(h, 00)]123?,]‘72 (C.24)

X [Vg (13 00)]i,;W (dh),

where [Q1,,(R)];; is defined as in (4.7). Since Q(k; ) is continuously differen-
tiable with respect to 6, for h > 0, there exist [Q*(h)]; ; between [Q,(h)]; ; and
Q(h; 90)]“ such that

Qu(MI = QU 00)]5 = ciy {[Qu(h)]iy — [QUA: 60 b Q" (M "
Therefore, the difference \/[D,[{A,(80) — A, (80)} is bounded with
VD3| A0 (80) — A,(00)1 < VIDa| > &2
i,j=1

R, 1
X/o Q) ~ [QUk: 00)]us | [[Q (M5 ™" — [@(As00))5 ™
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< |[QA: 00));7 | [IVeQ(r: 801, W (dh)
where for vector & = (z1,...,2p)", |2l = Y.7_, |2;|. Using similar argu-

ment as in (C.21), it can be shown that maxi<; j<msupg<p<r|[@*(h)]i; —
[Q(h;00)];,;] — 0 almost surely as n — oo and

\/|Dn |A 90 ( )|
Z % /D] / (@ (R)]ss — [Q(h: 80)]: ;| W (dh)

«3 / B)]iIW (dh),

1,j=1

(C.25)

where [C:'n(h)]” is defined as in (4.8). Using (4.5) and Jensen’s inequality, it
can be shown that

VIDull45(60) = Au(80) |1 = 0p(1)Oy(1) = 0p(1). (C.26)
Therefore, substitute (C.26) into (C.23) gives

\/|D |<9 —00 90 \/‘D A 90 +0p m><1) (027)

Next, we will show the asymptotic normality of \/[Dy| A, (6o). Recall (C.24). We
have E[A,,(6p)] = 0. Using similar techniques as those used to show the asymp-
totic normality of vec(G,(h)) in the proof of Theorem 4.1, we can derive the

asymptotic normality of the vectorization of 4/ |Dn|{[6)1n(R)]i,j —E[an(R)]i)j}
(details omitted). Here, we use Assumption 4.2(iii) to apply the Lyapunov Cen-
tral Limit Theorem for multivariate i.i.d. random variables. To calculate the
asymptotic covariance matrix of /|D,,|A,,(6y), we note that

|Dn |Var{/1n (00)}

m

- i [ [ wrumCor {[€alo)is Gl

91,41, 12,]2 1

x{[cxs 001,71 P 1QUhs o)z }

x{[VoQ(5:60))i1.j. } {[VoQ(h: 00)is o} dsdh.
Therefore, using the notion 0(2i1 Jrin.jo) (8> 1) and S(6o) defined as in (4.14) and
(4.13), respectively, we have lim,,_, oo \Dn|Var{gn(00)} = 5(0y) and thus,

VIDn A, (60) B N(0,,5(0)). (C.28)
Finally, combining (C.28), (C.27), and using the delta method, we have

V1D (6, — 60) B N(0,, B(8)~'5(6)B(6,) ).
Thus, proves (4.16). O
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Appendix D: Technical lemmas

In this section, we prove two auxiliary lemmas. The first lemma addresses the
conditions of the LGCP model in order to satisfy Assumption 4.1.

Lemma D.1. Let X = (X1,...,X,,) be an m-variate stationary LGCP. For
i,j € {1,...,m}, the cross-covariance process of the (i,j)th component of the
latent multivariate Gaussian random field is denoted by C; ;(s) for s € R%.
Then, the following two assertions hold:

(i) Fori,j € {1,...,m}, suppose C; ;(s) is absolutely integrable. Then, X
is ergodic and satisfies Assumption 4.1(i) for all ¢ € N. Therefore, (4.5)
holds for all § > 0.

(i) For i,j € {1,...,m}, suppose |C; ;j(s)| = O(||s||72¢=%) as ||s|| — o< for
some € > 0. Therefore, 4.1(ii) holds.

Proof. Proof of (ii) is a direct consequence of [16], Corollary 2 on page 59. To
prove (i), we note that by [34], Theorem 3, X is ergodic if |C; ;(s)| — 0 as
IIs]| = oo for all 4,5 € {1,...,m}. To show the (absolute) integrability of the
reduced joint cumulants, for 4,7 € {1,...,m} and sy, 82 € R?, let

g (s — 89) = )\8773'1))7red(81 — 82)/{ADNG)}

be the (reduced) cross pair correlation function. We will only show Assumption
4.1(i) for 'y((ijll?) (x1, T2, x3), where i, j, k are all distinct. The general case can
be treated in a similar way. Using the cumulant identity in [5], equation (2.3.1),
we have

ik ik Gk
7((17]171))(81’ $2,83) = )\Elfl,l))(sh 82,83) — {)‘( ))‘8,1;(327 s3)

+ADAG (@1, 85) + APAGT) (51, 8) ) (D.1)
4+ 22D\ \(F),

From [34], equations (2) and (12), the scaled joint intensities of the stationary
LGCP can be written in terms of the product of ¢(*7). For examples,

)\(Z‘J) (51 82)
1,1 ? i
( /\()z‘)/\(j) =9"(s1 - s2),
(1) ) (D-2)
’7171)1 81,82,83 i . i
( )\(z‘;A(ﬁ/\(k) = g9 (81 — 82)9VM (82 — 53)9" (83 — 81).

Substitute (D.2) into (D.1) and after some algebra, under stationarity, we get

L . . D.3
= 9" (81 — 82)g""M (82 — 83)g"") (85 — 51) (D-3)

— L gl (81 — 83) + g9H) (85 — 83) + g5 (85 — 31)} +2
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Let u; = sg — 51 and ug = 83 — 81 for s1, Sa, 83 € R%. Then, the scaled reduced
joint cumulant can be written as

7,7,k
7((1731,1)),7-%(“1, us)
A@D NG \(F) o

= g1(u1)g2(u1 — u2)gs(uz) — {g1(u1) + g2 (w1 — u2) + gs(uz)} + 2,

where g1 = g7, go = g and g3 = g%, We also note from [34], Theorem
1, that g1(u) = exp(C; ;(u)). Therefore, since we assume C; ;(-) is absolutely
integrable, we have |C; ;(u)| — 0 as ||u|| — oco. This implies that gi(u) — 1 as
|lu]| = oo. Similarly, go(u) and gs(u) converge to 1 as ||u|| — oo. Our goal is to
express the right-hand side in (D.4) as a function of hi(u) = gr(u) — 1. After
some algebra, we have

’y((i:]17,kl)),7‘ed(u1’ Ug)

AD NG \F)

= hi(w1)he(ur — uz)hs(uz) + {hi(ui)ha(us — usz) (D.5)

+ ha(uy — ug)hs(ug) + hy(ui)hs(uz)}.

Since |C; ;(u)| is bounded, for k € {1,2,3}, there exist Cj, M}, > 0 such that
hiw)] = | exp(Cw)) — 1] < Ci - |(Cw)| < My, € RY,

where C(+) is the cross covariance process which may varies by the value k €
{1,2,3}. Therefore, integral of the first term in (D.5) is bounded with

/ ) |h1(u1)h2(u1 — UQ)h3(U2)|dU1dU2
R2

<ot ([ nGunlaw ) ([ (i)

< M20103 (/ |Cl-7j(u1)|du1> (/ |Ck7i(’u,2)|d’U,2> < o0.
R4 R4

Similarly, all four terms in (D.5) are absolutely integrable, thus, [. \’y((ijlli)) real
w1, Us)|durdus < oo. This proves the Lemma.
Next, we require the integrability of the function of joint intensities, which is

used to derive the expression of the asymptotic covariance matrix
limy,— 00 Cov{[Gon(h)]i,j; [Gon(h)]i;}-

Lemma D.2. Let X = (Xy,...,X,n) be a simple multivariate stationary point
process that satisfies Assumption 4.1(i) (for £ = 4), and let {D, }nen on R be
the sequence of sampling windows that satisfies (4.2). For i # j € {1,...,m},

define )\gz;’;)md(-, - +) and Agllj)rcd() as in (2.5). Then, we have

sup ﬂ/\;éj,)red(“% U, Ug + Uz) — )\gf’lj;led(ul))\ﬁ’lj}red(u?,) duy < 0.

uy,uz ER?
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Proof. Let v, ,.q be the reduced joint cumulant intensity function defined as in
(2.6). This proof requires a lengthy cumulant expansion. Using the cumulant
expansions in [38], page 4196, and after lengthy calculation, we have

A o, wr g + ug) = AYY) G (un)AVY) (us)

= WSQJ)Ted(Uz, w1, up + uz) + AU [71 ’;Zed(ul — Uy, u3)

AAOG) (s +us —wy) + AC )'y§zijred(u1 —uy)]

+)‘(Z)7£Z2]2ned(u1> up +ug) + )\(3)7;1,1651('“2’ uy +ugz) + )\(j)Wélfled(Uz, uy)
) g (2) [0, g (a2 + s — ) + (AD)?]

N etz + us) (915 (= uz) + ADAD].

Under Assumption 4.1(i) (for £ = 4), each term above are absolutely integrable
with respective to us and the bound does not depend on u; and ug. Thus, we
get desired result. O

Appendix E: Additional simulation results

In this section, we supplement the simulation results in Section 6.

E.1. Explicit forms

Recall that (X7, X3) is driven by the latent intensity field (A1(s), Az(s)), where
the log-intensity field is Gaussian. Combining (6.1) and (6.2), it is easily seen
that the marginal and cross covariances of log A; and log A have the following
expressions:

Ciu(r;0) = o3 exp(=r/¢z,) + 0%, exp(=1/¢z,),

Coo(r;0) = 0%, exp(—1/¢z,) + 0%, exp(=1/¢z,),

Cia(r;0) = Co(r;0) = ba%3 exp (—r/¢z,), (E.1)
where the parameter of interest is @ = (0z,,0z2,,02,,$2,,02,,¢z,) " - The

marginal and cross correlation of log A; and log As has the following expres-
sions:

: 0
Corry1(r;0) = %,
Oz, + 03z,
. o 022(7"; 9)
Corrga(r; 0) = 2%+ ol and (E.2)
Ch2(r;0)

Corrya(r; 0) =

V0%, +02,)(0%, +0%,)

Lastly, using (E.1), the cross-correlation coefficient of X; and Xs, denoted by
p = Corr{log Ai(u),log Az (u)}, is
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p=p(0) =bo%,/\/ (0}, +0%,)(0%, +3,). (E:3)

Therefore, positive (resp., negative) sign in b indicates positive (resp., negative)
correlation between X; and Xs.

E.2. Additional figures and tables

Here, we provide additional figures and tables that are not displayed in Section 6.

N1 =339 N2 =305 N1 =408 - N2 = 440
N g g [ o
o ~ < 1
@ - o
(=] Q - 1
o
S s p 3
(a) (M1) with p=0.166. (b) (M1) with p=-0.166.
N1 =330 N2 = 291 N2 =395
b N : ©
© <
2 y -
< @ ©
o =} =]
(¢) (M2) with p=0.339. (d) (M2) with p=-0.339.
N2 = 434 © N1 =355 N2 =399
- S <
3 N - -
N - * bl
- o
3 g = 3
(e) (M3) with p=0.541. (f) (M3) with p=-0.541.
N1=311 N2 = 278 N1 =452 N2 =394
g o .
@ ~ -
(=} - —t
@ ©
o o

s
<)

(g) (M4) with p=0.758. (h) (M4) with p=-0.758.

Fic E.1. Realization of the parametric bivariate LGCP models that are considered in Section
6 (p: correlation coefficient; o: first process; A: second process; Ni: total number of points
of the first process; Na: total number of points of the second process). The heatmap indicates
the intensity function of the point process. Here, we use the sampling window D = [—10, 10]2

and the common first order intensities )\51) = )\52) =1.
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TABLE E.1
The optimal control parameter (¢, R), the log determinant of the estimated asymptotic
covariance matriz based on the optimal (c, R), and the total computing time of grid search
based on the two realizations (Experiment I and II) for different models from bivariate
LGCP in Table 1 and different Monte Carlo simulations to calculate asymptotic covariance
matriz. Here, the sampling window is set to D = [—5, 5]2.

Number of Monte Carlo samples of Vn(én)

Model | Correlation Experiment 100 300 600 1000
) i (0.5, 2.00) (0.5, 2.00) (0.5, 2.00) (0.5, 2.00)
Optimal (¢, R) Negative I (0.5, 2.00) (0.5, 2.00) (0.5, 2.00) (0.5, 2.00)
’ Positive I (0.5, 2.50) (0.5, 2.50) (0.5, 2.50) (0.5, 2.50)
I (0.5, 2.50) (0.5, 2.50) (0.5, 2.50) (0.5, 2.50)
Nogati I -34.03 -34.39 -34.46 -34.41
(M1) = egative I -34.60 -33.98 -34.26 -34.38
log det 2, (60) Positi I -10.69 -10.15 -10.05 -10.19
ositive I -10.61 -10.34 -9.97 -9.94
Negative I 56.36 158.03 313.80 514.89
Time (min) I 47.64 158.07 310.81 516.73
Positive I 36.82 108.59 210.18 370.70
11 33.29 123.43 216.95 347.79
" I (0.5, 3.50) (0.5, 3.50) (0.5, 3.50) (0.5, 3.50)
Optimal (¢, R) Negative I (0.5, 3.50) (0.5, 3.50) (0.5, 3.50) (0.5, 3.50)
’ Positive I (0.4, 2.50) (0.4, 2.50) (0.4, 2.50) (0.4, 2.50)
I (0.4, 3.25) (0.4, 2.50) (0.4, 2.50) (0.4, 2.50)
Negative I 32,77 -33.16 -33.16 -33.36
(M2) - g I -32.33 -32.71 -32.83 -32.98
log det 2y, (60) Positi 1 -17.98 -16.81 -16.61 -16.73
osttive I -16.58 -15.93 -16.12 -16.20
Negative I 41.01 118.57 220.71 386.21
Time (min) I 35.22 110.44 229.82 399.69
Positive I 37.72 108.65 211.62 351.63
11 34.16 106.01 211.83 352.45
) i (0.5, 1.00) (0.5, 1.00) (0.5, 1.00) (0.5, 1.00)
Optimal (¢, R) Negative I (0.5, 1.00) (0.5, 1.00) (0.5, 1.00) (0.5, 1.00)
’ Positive I (0.4, 2.50) (0.4, 2.50) (0.4, 2.50) (0.4, 2.50)
I (0.4, 3.00) (0.4, 2.50) (0.4, 2.50) (0.4, 2.50)
Negative I -31.22 -31.43 -30.97 -31.04
(M3) - g I -31.42 -31.25 -31.64 -31.56
log det %, (80) Positi 1 -21.76 -21.60 -21.75 -21.44
osttive I -19.98 -20.00 -20.57 -21.01
Negative I 45.76 128.01 253.18 411.64
Time (min) I 39.20 126.49 250.20 414.76
Positive I 39.24 114.95 227.93 362.86
I 34.63 111.82 219.91 354.70
) i (0.5, 3.50) (0.5, 3.50) (0.5, 3.50) (0.5, 3.50)
Optimal (¢, R) Negative I (0.5, 2.50) (0.5, 3.50) (0.5, 3.25) (0.5, 3.25)
’ Positive I (0.5, 3.50) (0.5, 3.50) (0.5, 3.50) (0.5, 3.50)
I (0.5, 2.50) (0.5, 3.50) (0.5, 3.50) (0.5, 3.50)
Nogati I -33.31 -33.40 -33.37 -33.31
(M4) - cgative I -32.40 -32.55 -32.99 -33.15
logdet Zn(60) I -25.69 -23.10 23.44 -23.55
ositive I -19.63 -24.39 -23.63 -23.48
Negative I 38.01 104.84 210.83 349.03
Time (min) I 33.22 107.95 223.86 350.76
Positive I 38.06 107.68 212.14 350.64
I 33.81 108.43 218.71 347.56




TABLE E.2. The MAE, SD and RMSE (8 columns from left to right for each parameter) of two MC' estimators and BI estimator from (M1) for
different sampling windows. Here, “Opt” stands for the MC estimator using optimal control parameters and “Fix” stands for the MC estimator

using fized control parameter (¢, R) = (0.2,0.15 WL), where WL is the window length.

Window | Correlation | Estimator | (c,R)

77, ¢z, 9Zo $Zq 9Z4q 74 P
| | [ opt [0.27 035 0.36]058 1.70 1.74 [ 0.20 037 039070 1.07 1.07 [ 0.29 033 033 | 109 7.75 7.75 | 0.24 0.28 0.30
Negati (MC)
| csaTve | | Fix | 0.44 051 0.59 | 2.08 3.56 4.08 | 0.52 0.44 061|203 270 3.23 | 0.40 0.45 048 | 236 7.63 7.67 |0.39 0.38 0.48
WE=10 | | @ | - ]o23 012 025|068 023 072|014 0.6 017|031 0.24 038|009 007 011 | 032 013 035 |0.12 007 0.14
| | | opt |0.27 0.36 0.37 ] 043 118 1.20|0.28 036 037|074 1.32 1.32 | 041 045 047 | 391 616 692 |020 030 035
Positi (MC)
| ostve | | Fix | 032 042 0.44]1.30 3.98 418|043 047 054|205 3.79 4.14 | 0.52 0.60 0.60 | 2,002 3.3¢3 3.3¢3 | 0.20 0.35 0.36
| | @®n | - ]o27 014 030|063 015 065|017 0.14 019|023 0.18 0.28 | 0.22 0.08 0.24| 023 022 027 |0.28 010 0.29
| | | opt |0.14 015 0.18]0.17 0.23 0.24 | 012 015 0.6 | 0.50 0.80 0.85 | 0.17 0.20 0.21| 047 042 052 |0.15 0.16 0.19
Negati (M©)
| csarive | | Fix | 014 016 0.18]0.27 0.36 0.41]0.14 019 019|072 094 1.09 | 021 027 028 | 048 041 052 |0.17 019 0.22
Wh=20 | | @®» | - ]os1 0o0s 032|055 021 059|014 010 017|046 0.32 0.55 | 0.05 0.06 0.07 | 026 021 030 |0.13 0.08 0.15
| | | opt | 015 021 0.22]0.21 038 0.33]0.14 019 019|042 060 061|020 023 025 1.06 3.8 4.03 |015 017 0.19
Positi (MC)
| ositive | | Fix |012 014 015|016 021 022|012 015 0.15| 043 0.68 0.69 | 0.34 0.36 039 | 482 598 7.45 |023 022 027
| | @y | - |oss 008 033|052 020 056|015 009 017|044 026 050 | 0.07 0.05 0.09| 028 030 031 |017 0.07 0.18
| | | opt |0.08 0.10 0.0 013 017 0.18]0.09 011 0.11]045 055 061|012 015 0.16 | 080 085 095 |0.09 011 0.11
Negati (M©)
| canive | | Fix |0.09 010 012|012 015 0.6 | 0.08 0.10 0.11 | 0.44 0.55 0.63 | 0.11 0.13 0.14 | 073 075 085 |o0.10 0.11 013
Wh=s0 | | @y | | 031 0.06 032|045 0.17 048] 0.6 0.06 0.17 | 0.47 0.28 0.54 | 0.05 0.06 0.06 | 0.8 0.21 022 |0.12 0.08 0.14
| | ey | opt | 010 0.14 014015 021 0.21]0.09 012 012]031 048 048|011 015 0.15| 203 4.07 420 |0.09 011 0.11
| Positive | | Fix |o0.08 009 009|010 012 0.2 008 0.10 0.10|0.25 038 038|017 022 023 | 355 596 6.68 |o0.12 0.13 0.15
| | @y | | 0.32 0.06 032047 0.15 0.49]0.15 0.06 0.16 | 0.55 0.27 0.61 | 0.05 0.06 0.06 | 0.22 0.25 0.28 |0.12 0.07 0.14
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TABLE E.3. Similar to

|

¢z I

Table E.2, but for (M2).

|

|

7Z3 I

I

| I (¢,R) oz, o7 bz, bz4 o
| | [ Opt [0.34 0.42 0.44]0.46 097 1.00]0.31 0.38 0.38]0.76 1.68 1.68 | 0.24 0.30 0.30 | 1.07 1.37 1.50 | 0.27 0.31 0.32
Negati (MC)
| carive | | Fix |047 051 057|290 3.84 476 | 0.49 0.60 0.65 | 9.56 21.6 23.5 | 0.36 043 043 | 1.93 418 421 | 039 039 043
Wh=10 | | @y | | 011 011 013|071 020 074|012 013 0.16 | 0.28 0.22 0.35 | 0.06 0.07 007 | 031 0.17 0.34 |0.06 0.07 0.07
Opt | 0.31 0.39 0.41 | 075 3.51 3.54 | 0.32 0.40 0.40 090 1.99 2.00|0.40 0.45 048 | 527 7.63 8.97 |0.32 033 0.36
Positi (MC)
| osve | | Fix | 035 042 0.46]1.99 572 6.01] 041 043 048|247 486 528|055 0.60 0.60 | 7.7e2 6.202 6.202 | 0.39 0.41 0.41
| | @y | - |o17 010 020|061 016 0.64]006 008 008|022 016 027|015 010 018 | 019 024 025 |0.19 0.10 0.21
| | | opt |0.14 019 0.18]0.47 069 0.77 | 0.10 0.25 0.25 | 0.89 1.22 1.33 | 0.13 0.18 018 | 081 1.07 1.09 |0.16 0.20 0.20
Negative (MC)
| cmanve | | Fix |0.16 022 023]0.59 079 0.93]0.20 026 0.27 | 1.06 1.20 1.53 | 0.16 0.22 0.23| 073 081 0.89 |0.19 021 0.23
Wh=20 | | @y | - |o21 009 023064 023 068008 009 010|041 034 051|005 006 0.07| 023 020 020 |0.00 0.10 0.11
| | | opt |0.16 022 022|022 037 037|015 020 020|049 071 071|014 018 020 | 216 3.50 3.84 |o0.15 0.18 0.19
Positi (ME)
| osve | | Fix |0.14 018 0.19]0.27 047 049 | 0.16 022 0.23 | 0.60 0.93 094 | 0.28 0.20 0.36 | 4.35 5.01 6.39 |023 0.21 0.27
| | @y | - |o2s 008 024]060 021 0.63]008 008 010|034 026 0.42]0.05 0.06 0.06| 028 033 034 |0.12 0.08 0.14
| | | opt |0.00 011 0.12]0.20 027 0.28]0.09 013 0.13]0.66 086 096|007 008 009 | 051 056 061 |010 012 012
Negati (MC)
| csaTve | | Fix | 011 011 014021 027 0.30]0.09 013 013|073 090 1.06 | 0.07 008 0.09 | 050 052 060 |011 012 0.14
Wh=50 | | @ | - |o24 007 025|049 019 052|010 0.05 011|040 0.30 0.49 | 0.06 0.07 0.08 | 0.17 020 028 |0.11 010 0.14
| | | opt |0.09 0.11 0.11]0.14 0.20 0.20 | 0.09 011 0.1 | 0.39 057 057|011 0.14 0.15| 060 075 0.76 |0.10 0.12 0.3
Positi (MC)
| ostve | | Fix | o0.08 0.10 0.0 013 0.18 0.19]0.09 011 0.11]0.35 050 050|011 015 016 | 062 077 082 |0.10 012 013
| | ® | - ]o=24 007 025|050 018 0.53]0.09 0.06 0.11 | 0.45 0.20 0.53 | 0.05 0.05 0.06 | 0.22 027 020 |0.11 0.08 0.13
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TABLE E.4. Similar to Table E.2, but for (M3).

I

I

I

I I 2 9z 9Zy 7y 9Z3 ?Z3 P
| | [ Opt [0.44 051 0.51[1.61 252 2.91 ] 0.46 051 0.52 | 7.14 20.7 21.7 | 0.32 0.35 0.39 | 1.44 8.50 3.57 | 0.34 0.36 0.39
Negati (MC)
| carive | | Fix |o0.48 050 0.55 | 2.68 3.06 4.03 | 0.42 047 049 | 105 247 267 | 0.34 041 041|120 320 3.33 | 0.35 0.38 0.39
W10 | | @y | | 0.09 0.11 0.11] 071 0.20 0.74 | 0.25 0.1 0.28 | 0.8 021 0.22 |0.12 007 0.4 | 0.19 0.15 0.23 | 0.20 0.07 0.21
| | | opt | 032 0.40 0.40 | 0.44 0.81 0.83 | 0.33 0.38 0.38 | 9.17 1.5e2 1.5e2 | 0.34 0.38 0.42 | 4.84 6.44 7.87 | 0.25 0.28 0.20
_— (MC)
| osmve | | Fix | 038 045 047|081 1.38 1.52 | 038 046 047|313 3.3c2 332 | 0.62 0.67 067 | 12,0 12.5 17.9 | 0.42 043 0.44
| | @y | - ]o12 008 014|063 014 0.64]017 009 019 ] 017 016 019 |011 011 0138|040 0.26 0.46 | 0.08 0.10 0.10
| | | opt | 019 0.26 0.28 | 0.30 0.67 0.71 | 0.22 0.27 0.28 | 0.86 1.42 142 |0.00 011 0.12|0.30 035 037 | 0.16 0.8 0.19
Nevative (MC)
| cpanive | | Fix | 0.18 0.25 0.26 | 079 1.17 1.35 | 0.27 0.32 033 | 121 1.99 2.0 |0.11 0.5 0.16 | 0.36 0.46 0.47 | 0.17 0.19 0.20
Wh=20 | | @y | - |o14 008 016|062 024 066|011 008 013] 0.25 033 032 |011 0.05 012|033 0.25 040|010 0.09 0.12
| | | opt |0.10 0.09 0.12]0.56 0.12 0.58 | 0.18 0.09 020 | 0.22 0.14 0.24 |0.09 010 0.10]0.16 018 022|000 007 0.11
_— Mo
| ostve | | Fix | 0.16 0.21 021|035 0.50 0.62 | 0.23 0.20 0.20 | 0.90 1.31 1.32 |0.20 0.24 0.20 | 1.36 1.84 2.19 | 0.17 0.18 0.20
| | @y | - ]ois 007 018|056 020 0.60|0.08 0.07 0.10| 0.21 025 025 |0.07 0.05 0.08|0.45 0.28 0.52|0.06 0.08 0.08
| | ey | opt | 013 015 017|021 020 030|015 018 0.20| 0.94 1.47 152 |0.06 0.07 008|028 027 020|018 012 015
| Negative | | Fix | 012 014 016|024 033 036|016 020 0.21] 099 1.64 1.72 | 0.06 0.07 0.08 | 022 0.25 027|012 013 0.15
WE=50 | | @) | - |o19 007 020|049 020 053] 0.04 0.04 0.05| 021 0.27 027 |0.10 005 011|040 0.19 0.44 | 0.07 0.08 0.08
| | | opt | 0.09 0.11 0.11]0.15 021 0.22 | 011 0.14 014 | 062 1.05 1.05 | 0.08 0.07 0.10|0.39 052 0.61]0.11 0.12 0.13
Positi (MC)
| osttive | | Fix | 000 012 012017 023 0.24]012 016 0.16| 077 1.24 1.25 | 0.06 0.08 0.08 | 0.48 0.65 0.76 | 0.09 0.11 0.11
| | ® | - ]o20 007 021|049 019 0.53]0.04 0.06 0.06| 021 0.26 0.26 | 0.09 0.04 0.10]0.43 0.21 048] 0.06 0.08 0.08
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TABLE E.5. Similar to Table E.2, but for (M4).

|

l

I

| | (cr) 77 ¢z 77y ) 92 ?23 d
| | [ Opt [0.37 042 043 ]0.51 1.18 1.20 | 0.35 0.39 0.39 | 0.91 1.23 1.32 | 0.16 0.22 0.22 | 0.49 0.91 0.93 | 0.19 0.24 0.25
Negati (MC)
| ceative | | Fix |o048 050 0.53|5.53 7.36 9.17 | 0.42 0.45 0.46 | 9.25 20.65 22.50 | 0.26 0.35 0.35 | 0.81 1.72 1.73 | 0.26 0.32 0.32
Wh=10 | | @y | | 0.19 0.10 021|071 0.16 0.73 | 0.20 0.12 0.32 | 0.16 0.20 0.20 |0.23 0.10 0.25 | 0.23 0.16 0.27 | 0.35 0.08 0.36
| | | opt | 0.39 0.41 042|050 2.84 2.84 | 0.35 039 0.39 | 1.48 5.34 534 |0.23 031 0.33 | 1.98 3.61 3.96 | 0.19 0.23 0.23
Positi (MC)
| ostive | | Fix | 038 044 045|488 261 265|038 047 047 | 1.81 557 561 |0.66 071 074 | 6.85 517 8.46 | 0.20 0.38 0.3
| | ®) | - ]oo0s 009 011|062 010 063|019 010 021 018 016 0.20 |0.10 0.13 0.13 | 0.41 0.26 0.48 | 0.13 0.11 0.16
| | | opt |0.28 020 033|050 0.94 0.97 | 0.22 0.26 0.27 | 096 178 1.78 | 0.08 0.09 0.09 | 0.26 0.20 0.31 | 0.12 0.14 0.14
Nevatie (MC)
| ceative | | Fix |0.28 036 0.37|1.33 2.27 258 | 0.20 0.33 0.34 | 1.35 2.68 281 |0.08 0.10 0.10 | 0.23 0.27 0.29 | 0.14 0.7 0.17
Wh=20 | | @®n | - ]o.06 007 007|067 021 070|013 0.08 015 022 0.20 0.29 |0.17 0.06 0.18 | 0.43 0.23 0.48 | 0.16 0.09 0.19
| | | opt |0.23 033 033|041 065 067|021 031 031] 071 079 0.86 |0.08 011 011|055 1.02 1.11 | 012 0.15 0.16
Positi (ME)
| osve | | Fix |0.23 032 032042 0.62 065|023 031 031 | 075 0.82 0.0 |0.13 020 021 | 1.52 284 3.17 | 0.11 0.14 0.14
| | @®n | - ]oo05 0.06 007|061 017 0.64|0.07 0.07 009 | 018 0.9 0.21 |0.12 0.06 0.13|0.52 0.28 0.59 | 0.08 0.07 0.10
| | E) | opt | 022 0.25 0.28 | 0.42 085 0.88]0.17 021 0.22| 078 114 1.14 |0.05 0.06 007|019 0.23 024|010 011 0.12
| Negative | | Fix |0.20 0.25 0.27]0.55 1.04 1.12]0.19 023 0.24| 080 1.18 1.19 |0.05 0.06 0.06|0.16 0.18 0.20 | 0.10 0.12 0.12
Wh=s0 | | @®» | - ]oo0s 007 009|057 017 0.60]|0.06 0.06 0.07 | 0.16 0.19 0.19 |0.15 0.05 0.16 | 0.51 0.16 0.53 | 0.08 0.07 0.11
| | o) | opt |0.13 0.17 0.17 ] 0.27 0.40 0.41]0.11 014 0.14| 058 0.80 0.81 |0.06 0.07 0.08|0.22 020 0.31]0.08 0.0 0.11
| Positive | | Fix |0.13 0.18 0.18]0.31 045 047|012 016 0.6 | 0.66 0.88 0.89 | 0.06 0.07 0.07 | 0.24 0.30 0.34 | 0.08 0.11 0.11
| | ® | - ]oo9 006 010056 020 0.60]0.05 0.07 0.07| 0.19 025 025 |0.13 0.04 0.14 | 0.52 0.18 0.55 | 0.05 0.06 0.07
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TABLE E.6. Average computing time per simulation (unit: minute), MAE, SD and RMSE (8 columns from left to right for each parameter) for MC
and WCL estimators from multivariate PSNCP Models for different sampling windows. Here, “Opt” stands for the MC estimator using optimal
control parameters and “Fiz” stands for the MC' estimator using fized control parameter (¢, R) = (0.2,0.15 WL), where WL is the window length.

MAE, SD and RMSE of estimators

Window | Estimator | (¢, R) | time | K | n | ag | Qg | as | Qg
e Opt | 2.65 | 0.08 0.12 0.14 | 0.10 0.23 0.24 | 0.33 0.39 0.43 | 0.19 0.23 0.24 | 0.32 0.39 0.39 | 0.31 0.37 0.39
WL = 10 Fix | 1.66 | 0.09 0.13 0.14 | 0.11 0.23 0.25 | 0.33 0.39 0.43 | 0.18 0.21 0.22 | 0.31 0.38 0.39 | 0.31 0.37 0.38
| woL |~ | 721|008 014 016|006 007 008|041 0.53 0.53 | 0.21 0.26 0.26 | 0.36 0.44 045 | 0.36 045 0.45
e Opt | 1.92 | 0.03 0.04 0.04 | 0.04 0.05 0.06 | 0.17 0.20 0.20 | 0.10 0.12 0.12 | 0.15 0.19 0.19 | 0.18 0.21 0.22
WL = 20 Fix | 2.75 | 0.03 0.03 0.04 | 0.04 0.05 0.05 | 0.18 0.21 0.22 | 0.11 0.13 0.13 | 0.17 0.22 0.22 | 0.19 0.23 0.24
| woL |~ | 600003 004 004003 005 005|020 025 0.25 012 015 015 | 0.18 023 023 | 0.19 0.23 0.24
e opt | 2.17 | 0.02 0.02 0.02 | 0.02 0.02 003|013 0.16 0.16 | 0.07 0.09 0.09 | 0.10 0.13 0.13 | 0.12 0.14 0.14
WL = 30 Fix | 7.42 | 0.02 0.02 0.02 | 0.03 0.04 0.04 | 0.15 0.18 0.18 | 0.08 0.10 0.10 | 0.12 0.15 0.16 | 0.14 0.16 0.17
| woL |~ | 761 ]002 002 002]002 003 003014 018 0.18|0.09 0.10 0.10 | 0.12 0.15 0.15 [ 0.13 0.16 0.16
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Fic E.2. Similar to Figure 1, but for negatively correlated models.

Appendix F: Application: Terrorism in Nigeria

In this section, we apply our methods to the bivariate point pattern data of
the 2014 terrorism attacks in Nigeria. Figure F.1 plots the point pattern of
terror attacks by Boko Haram (BH; 436 terror attacks) and Fulani Extremists
(FE; 156 terror attacks) in Nigeria during 2014 which is obtained from the
Global Terrorism Database [GTD; 43]. In the raw data, there are several events
with identical spatial coordinates which occur at different times. Thus, we add
random Gaussian noise with a standard deviation of 1072 degrees (°) to both
coordinates to distinguish these events. We observe in Figure F.1 that the BH
attacks are mostly concentrated in the northeast corner of the country’s border,
while the majority of the FE attacks are located in the middle of the countryside.
This indicates repulsiveness between the two sources of terror attacks.

Now, we fit our data using the bivariate LGCP model with negative cross-
correlation. As referees criticized, since the point pattern data may indicate that
the first-order intensities are not homogeneous over the domain, it is more appro-
priate to fit inhomogeneous point process models (e.g., inhomogeneous bivariate
LGCP model) to describe the nature of the given point pattern data. However,
the likelihood-ratio based inhomogeneity test for both marginal point patterns
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Fic F.1. Point pattern of terror attacks by Boko Haram (BH; 436 terror attacks) and Fulani
Extremists (FE; 156 terror attacks) in Nigeria during 2014.

of BH and FE did not reject the null hypothesis of homogeneity of the first-order
intensity. Moreover, one can still obtain meaningful information on the second-
order interactions within and between BH and FE by fitting the (homogeneous)
bivariate LGCP model as in Section 6.1. To elaborate, intriguingly, under the
SOIRS framework, we show that the non-edge corrected @-function estimator
as in (A.1) estimates the second-order structure of the (stationary) intensity-
reweighted point process. Therefore, the fitted scale and range parameter values
in Section 6.1 may have interpretation even in the case when the process is in-
homogeneous. Details on this work will be reported in future research.

Back to our bivariate terrorist attack data, let 8 = (oBu, ¢BH, OFE, OFE,
UCOmmon,¢COmmon)T be the set of parameters of interest, where the indices
“BH”, “FE”, and “Common” correspond to Z1, Zs, and Z3 in (6.2), respectively.
Since it is apparent from the figure above that BH and FE repel each other, we
set b = —1 to indicate negative cross-correlation. Using the methods in Section
5.2 (see also Section 6.2.2), we search for the optimal control parameters over
the grids ¢ € {0.1,0.2,0.3,0.4,0.5} and R € {60km, 80km, ..., 500km}, where
the sampling window is approximately D = 1,347 x 1,088km?. Consequently,
we select the optimal parameters (¢, R) = (0.1,420km).

In Table F.1, we report the parameter estimation, asymptotic standard error
estimator, and two 95% confidence intervals (Cls): asymptotic and simulation-
based, as described in Section 5.3. When reporting parameter estimates, we
also include the cross-correlation coefficient p between BH and FE (see, (E.3)).
From the results in Table F.1, we observe that both the 95% asymptotic and
simulation-based CIs suggest no significant difference in the scale (opg and
org) and range (¢py and ¢pg) parameters associated with BH and FE. The
appearance of negative values in the lower bound of the asymptotic confidence
interval is due to the large standard error. However, both 95% CIs of the cross-
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TABLE F.1
Estimated parameter value (EST), asymptotic standard error (SE), and 95% asymptotic
and simulation-based confidence intervals (CI) for the minimum contrast method to fit the
terror attacks in Nigeria in 2014 by BH and FE. Units of ¢ (x € {BH, FE, Common}) are
in kilometers.

Param. | EST  Asymptotic SE  95% asymptotic CI  95% simulation-based CI

oBn 1.28 0.41 (-0.47, 2.09) (0.22, 1.58)

éBH 63.99 58.04 (-49.77, 177.75) (5.32, 158.62)

OFE 1.94 0.46 (1.05, 2.83) (1.15, 2.47)

PFE 12.68 24.72 (-35.77, 61.13) (1.68, 45.48)
Common | 1.33 0.44 (0.48, 2.19) (0.58, 1.54)
GCommon | 370.43 305.90 (-229.12, 969.99) (46.46, 400.95)

p 041 0.17 (-0.74, -0.08) (-0.62, -0.11)

correlation coefficient p lie on the negative side, suggesting significant repulsion
between BH and FE attacks.
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