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In quantum many-body spin systems, the interplay between the entangling effect of multi-qubit
Pauli measurements and the disentangling effect of single-qubit Pauli measurements may give rise
to two competing effects. By introducing a randomized measurement pattern with such bases, a
phase transition can be induced by altering the ratio between them. In this work, we numerically
investigate a measurement-based model associated with the (2+1)d Z» Fradkin-Shenker Hamiltonian
that encompasses the deconfining, confining, and Higgs phases. We determine the phase diagram
in our measurement-only model by employing entanglement measures. For the bulk topological
order, we use the topological entanglement entropy. We also use the mutual information between
separated boundary regions to diagnose the boundary phase transition associated with the Higgs or
the bulk SPT phase. We observe the structural similarity between our phase diagram and the one in
the standard quantum Hamiltonian formulation of the Fradkin-Shenker model with the open rough
boundary. First, a deconfining phase is detected by nonzero and constant topological entanglement
entropy. Second, we find a (boundary) phase transition curve separating the Higgs=SPT phase
from the rest. In certain limits, the topological phase transitions reside at the critical point of
the formation of giant homological cycles in the bulk 3d spacetime lattice, as well as the bond
percolation threshold of the boundary 2d spacetime lattice when it is effectively decoupled from
the bulk. Additionally, there are analogous mixed-phase properties at a certain region of the phase
diagram, emerging from how we terminate the measurement-based procedure. Our findings pave
an alternative pathway to study the physics of Higgs=SPT phases on quantum devices in the near

future.

I. INTRODUCTION

Entanglement plays a central role in quantum physics.
There are numerous examples of quantum many-body
systems that exhibit intricate patterns of entanglement
in their ground states. An outstanding example of such
entanglement properties is the long-range entanglement
(LRE) [1, 2]—also known as the topological order—
possessed by Kitaev’s toric code [3], the string-net models
[4], and so on. In the absence of LRE, a state is said to
have short-range entanglement (SRE). Such a state may
have a nontrivial entanglement pattern if one imposes
global symmetries, giving rise to the notion of symmetry-
protected topological (SPT) order [5-12]. Classification
of entanglement in the low-energy regime of quantum
many-body systems has been one of the major subjects
in condensed matter physics over a decade [13].

In recent years, there has been growing interest in the
study of phase transitions in entanglement under evolu-
tion involving both unitary operators and non-unitary
operators such as measurements [14-17]. The interplay
between multi-qubit entangling unitary gates and single-
qubit measurements exhibits competing effects on en-
tanglement and can lead to phase transitions when the
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rate of projective measurement is varied, which is known
as measurement-induced phase transitions (MIPT) [18-
22].  Some studies have focused on special classes of
unitary gates, such as the Clifford gates or Majorana
fermions, which can be efficiently simulated classically
in combination with Pauli measurements due to the
Gottesman-Knill theorem [18-20, 23-39]. These investi-
gations have provided insights into the critical behavior
of MIPT with fairly large system sizes. Other works have
mapped MIPT circuits, including both Clifford and ran-
dom (Haar) unitary circuits, to classical statistical mod-
els, such as the percolation model [28, 29, 34, 35, 38-45],
which describe the underlying entanglement structure in
spacetime.

Interestingly, the competition between entangling and
disentangling effects can arise not only from unitary gates
and measurements. In fact, phase transitions can also be
induced by non-commuting single-qubit measurements
and multi-qubit measurements [32, 33, 35, 41, 46-55],
even in the absence of independent unitary gates. This
scenario is termed as a measurement-only (MO) circuit
(MOC) or a projective model in the literature. For in-
stance, Lang and Biichler explored a model called the
projective transverse-field Ising (pTFI) model in Ref. [47]
(see also its generalizations [30, 48-53]). In this model,
the projective measurement bases consist of the single-
qubit X basis and the two-qubit ZZ basis for adjacent
sites. Each quantum trajectory of the state evolves ac-
cording to a randomized measurement pattern with these



bases, and the entanglement measure, such as the von
Neumann entropy, is computed for each trajectory, fol-
lowed by an average over samples of randomized mea-
surement patterns. The averaged entanglement measure
reaches an equilibrium (with respect to time steps), and
the measurement ratio determines whether the state is
in the trivial order or in the Greenberger-Horne-Zeilinger
(GHZ) order on average. It was shown that this (14 1)d
PTFI model can be mapped to the 2d classical bond per-
colation model. The criticality extracted from the mu-
tual information was shown to be consistent with this
observation.

From a broader perspective, MOC models may be seen
as specialized models of Measurement-Based Quantum
Computation (MBQC) [56-60]. Indeed, Nielsen showed
that the universal quantum computation can be achieved
by single- and multi-qubit measurements alone [61] (see
also the review [60]). We remark that MOC models uti-
lize measurements with the Pauli or Pauli product basis,
and as such, they do not require adaptive determination
of parameters for measurement bases unlike in the uni-
versal MBQC. The perspective from MBQC, although
not our main focus, will be used at some point in our
paper.

In parallel to the development in MIPT, the Higgs
phase of gauge theory with matter has gained interest
from the viewpoint of the landscape of quantum phases.
The phase diagram of the gauge-Higgs model contains the
confining, deconfining, and Higgs phases [62, 63]. For the
model without boundaries, Fradkin and Shenker showed
that there is no clear transition between Higgs and con-
fining phases; the two are analytically connected. If we
consider the model with certain types of boundaries, how-
ever, the Fradkin-Shenker model was recently shown to
experience a phase transition [64]. The model hosts de-
generate modes on the boundary of the lattice when the
model parameters are so that the open Wilson line op-
erator, whose endpoints are attached with charges, has
non-vanishing values in the bulk. The Higgs phase of the
gauge theory has recently been interpreted as an SPT
phase protected by matter and magnetic symmetries [64].
A salient feature of the model, in particular, in two di-
mensions is that the supporting mechanism of the bound-
ary degeneracy involves the so-called higher-form symme-
try, which is absent in one dimension. In this work, we
address whether such deconfinement-confinement-Higgs
phase transitions featured in two dimensions can be ob-
served in an MIPT/MOC setup.

Let us review previous studies related to this ques-
tion. Lavasani et al. [25] has studied, in a certain pa-
rameter limit where no unitary gates are involved, a
measurement-only circuit in (14+1)d with measurement
bases mimicking the Hamiltonian terms in the 1d cluster
SPT Hamiltonian, whose criticality can be mapped to
two copies of the 2d bond percolation. Refereces [36, 53]
also generalize this to the XZZX model. More recently,
Kuno and Ichinose [49] also studied a generalized setup
in (141)d but emphasized the ‘Higgs=SPT’ perspective.

Lavasani et al. [28] also extended their work to (241)d,
and studied entanglement transitions involving intrinsic
topological orders, i.e., the toric code. It was shown
that their MOC model can be mapped to a percolation
model on the 3d cubic lattice. Another intriguing study
in Ref. [65] found a boundary entanglement transition in
the toric code state undergoing a single round of single-
qubit projective measurements.

Our work here studies the entanglement transitions in
the (2+1)d measurement-only circuit after sufficiently re-
peated measurement rounds. The main contributions of
the present work are to map out the entire phase dia-
gram in a two-dimensional (probability) parameter space,
which involves both bulk and boundary entanglement
transitions, and to relate their criticality to that of perco-
lation. Combining detailed numerical analysis in key lim-
its with an overall scan over the entire parameter space,
we map out the phase diagram of the Fradkin-Shenker
MOC (FS-MOC) entanglement transitions.

More concretely, we study an MOC whose measure-
ment bases mimic the Hamiltonian terms in the (2 + 1)d
Fradkin and Shenker’s gauge-Higgs model on a 2d lattice
with a boundary. We obtain a phase diagram, parame-
terized by two measurement ratios, that contains three
phases as in the Hamiltonian model—the topological or-
der (deconfining phase), the SPT order (Higgs phase),
and the trivial order (confining phase); see Fig. 1 for
the summary. As a diagnostic of the topological order
in the MOC, we compute the topological entanglement
entropy [66, 67] in the bulk and show that there is a re-
gion with constant topological entanglement and a clear
phase transition separating this region from the rest. As
a diagnostic of the SPT order, on the other hand, we will
essentially diagnose a GHZ state induced at the bound-
ary of the lattice. To do so, we compute the mutual in-
formation between a pair of boundary regions; our idea
traces back to the original study by Lang and Biichler,
who studied the phase transition in (1+ 1)d pTFI model
using the mutual information [47]. Our numerical re-
sult shows a clear phase boundary separating a param-
eter region corresponding to the Higgs phase from the
rest, which is in agreement with the recent proposition of
‘Higgs=SPT’ [64] in the Hamiltonian picture. We stress
that existence of such a parameter region is a non-trivial
result in this work.

We further provide more detailed understandings on
some key limits in the phase diagram. Namely, critical-
ity in certain limits extracted from our numerics repro-
duces some of the results in previous works. Below we
summarize them:

e In alimit (an SPT-trivial transition), the boundary
system can be viewed as decoupled from the bulk
through a duality map. We show that the criticality
is consistent with that of the (1 + 1) pTFI model
by Lang and Biichler [47], which is underpinned by
the 2d bond percolation on the 2d square lattice.

e In another limit (a deconfining-Higgs transition),
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FIG. 1.

A schematic structure of the phase diagram in the projective gauge-Higgs MOC model.

Deconfining phase:

Transitions from the deconfining phase to others are probed by the topological entanglement entropy. We claim that the
transition point (ps,prx) = (0.25,1) (see Fig. 7 and Fig. 22) is described by the bond percolation on the 3d cubic lattice. We
also claim that the transition point (ps, px) = (0,0.75) (see Fig. 8) is described by the so-called homological percolation on the
3d cubic lattice. Higgs phase: Transitions from the Higgs phase to others are detected by the boundary mutual information.
We claim that the transition point (ps,px) = (1,0.5) (see Fig. 12) is described by the bond percolation on the 2d square
lattice. It is not conclusive in this study whether or not the Higgs phase meets the deconfining phase or the self-duality line

pxk =1—py.

the Fradkin-Shenker MOC model reduces to the
(2 + 1)d pTFI model [47], where we find that the
criticality exhibited is consistent with that of the
bond percolation on the 3d cubic lattice.

e In yet another limit (a deconfining-confining tran-
sition), the Fradkin-Shenker MOC model reduces
to a pure gauge MOC model. We numerically
find that the critical threshold is consistent with
that of the so-called homological percolation on
the 3d cubic lattice. Theoretically, we relate the
pure gauge MOC and the homological percola-
tion using MBQC in Appendix C; namely, we ex-
plicitly give an MBQC realization of the (241)d
pure-gauge MOC model as sequential, randomized
single-qubit measurements on the 3d cluster state
by Raussendorf, Bravyi, and Harrington [68]. It
is then geometrically evident that the transition is
driven by the surface percolation in the 3d cubic
lattice.

Regarding the last point, we comment that the full
Fradkin-Shenker MOC model in the main text can be
derived by generalizing the discussion in Appendix C to
a 3d state constructed by one of us in Ref. [69], where
various but different theoretical aspects in single-qubit
projective measurements on the 3d entangled state were
discussed.

Apart from the main entanglement analysis, we will

also show that our MO circuit hosts a “mixed phase”—an
analogue of the water-vapor phase (it should be distin-
guished from the so-called mixed-state quantum phase)—
which is characterized by alternating appearance of the
cluster state and the product state in the bulk (at one
specific corner of the phase diagram), depending on how
we end our circuit. This will be detected by a non-local
bulk quantity. Remarkably, this observable exhibits con-
tinuity between the Higgs limit and the confining limit,
whereas it also shows a clear separation from the de-
confining phase—a picture consistent with the original
proposition by Fradkin and Shenker. In Appendix C, we
discuss an alternative MOC that has a random temporal
structure.

This paper is organized as follows. In Section II, we
describe our Fradkin-Shenker MOC problem. We first
define our setup and then discuss the diagnostics of quan-
tum orders in our MOC. In Section 11 C 3, we provide our
numerical results and present our interpretation in terms
of percolation. Section IV is devoted to conclusions and
discussion.

II. PROJECTIVE-GAUGE-HIGGS MOC

A. Review: Hamiltonian formulation of the
Fradkin-Shenker model



Let us first briefly review the Fradkin-Shenker model in
the quantum Hamiltonian setup and fix some notations.
We will introduce our Fradkin-Shenker MOC model in
the next subsection.

Let X and Z be the Pauli X and Z operators, respec-
tively. We denote their eigenvectors as

Z|0) = 10),  Z[1) = —[1), (1)
X)) =1+, X[=)=-I-) (2)

V2 V2
The Hilbert space is defined as the tensor product of
qubits placed on vertices V and edges E of the 2d square
lattice; this is also called the Lieb lattice. We consider
primarily the Lieb lattice with the so-called rough bound-
ary so that the boundary of the lattice consists of edges
perpendicular to it. (We have also considered the smooth
boundary condition but remark that the rough boundary
allows us to better detect the transition via mutual infor-
mation. The choice of the rough boundary was motivated
by the setup in the work ‘Higgs=SPT’ by Verresen and
collaborators [64].) We have three types of cells: plaque-
ttes P, edges F, and vertices V. When clarification is
needed, we use subscripts B and 9 to indicate the set of
cells is restricted to the bulk and the boundary, respec-
tively. For instance, Ep denotes the set of all edges in
the bulk, Ey denotes the set of all edges on the boundary,
FEps denotes the set of all of those in the bulk or on the
boundary, and so on. See Fig. 2 for illustration of our
setup.
We introduce the following notations:[70]

We=2. ]2 =222 VYecEp (4
vCe
Z
By=|[%=2 7z VpePbs (5)
eCp z

The term W, describes a coupling among the gauge de-
grees of freedom on an edge and the two matter degrees
of freedom on the vertices adjacent to it. Note that we do
not introduce such a term for edges on the rough bound-
ary, as each of them only contains a single vertex. On the
other hand, the term B, is the plaquette term, which de-
scribes the magnetic interaction in the gauge theory. The
plaquette term in the bulk is the product over the four
gauge degrees of freedom around a plaquette. On the
rough boundary, we define it as the product over three
gauge degrees of freedom. At the four corners of the lat-
tice, we define it as the product over the two edges that
sit at the corner. We also write the Gauss law divergence
operator as

X
Go=X,[[Xe= xxx . (6)
edv X
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The Hamiltonian of the (2+1)d Fradkin-Shenker model
is given by [62]

H=—J Z We—hlsz

e€Ep veV
~K > B,—hy Y X (7)
pEPBos e€FEpy

The model on a periodic lattice was shown to possess the
deconfining phase at the large (hy, K) limit, which is said
to have a long-range topological order [2, 71], and other
two (confining and Higgs) phases that are smoothly con-
nected. The model corresponds to a 2d quantum model,
which is a toric code in external fields obtained by fixing
the state to the so-called unitary gauge.

The phase diagram of the corresponding 3d classical
model was studied by Jongeward et al. [72] and the quan-
tum model was later investigated with different meth-
ods [63, 73, 74]. Additionally, there was a study from
the perspective of the wave function deforming the toric
code [75]. We mention that the corresponding 3d classical
statistical model is also discussed from the perspective of
percolation [76, 77].

When the FS model is put on a lattice with the rough
boundary, Verresen et al. [64] recently showed that the
model exhibits a phase transition between the Higgs (in
the region with large (J, K)) and the confining phases
(in the region with large (hi,ha)), which is signaled by
a spontaneous symmetry breaking detected by a local
order parameter placed at the boundary. As we will re-
view later, the disorder parameter of the Higgs phase is
a non-local, gauge-invariant order parameter in the bulk,
and it is regarded as a string order parameter for an SPT
phase [78]. From the perspective of the lattice gauge the-
ory, it is an open Wilson line operator, which is a prod-
uct of W, over several edges. On the other hand, from
the modern condensed matter or quantum-information
theory perspective, it is a product of stabilizers of the
so-called cluster state. Indeed, the Higgs=SPT limit de-
scribes the 2d cluster state on the Lieb lattice.

B. Our setup: Fradkin-Shenker measurement-only
circuit

Now, we introduce a stabilizer circuit implemented by
a set of local measurements that mimic the terms in the
above Hamiltonian. We do so by writing the projectors:

P =10 ey, ®)
PR = +2We Ve € Ep, )
Py = ! +2Xe Ve € Epo, (10)
Py, = X vpev, (11)
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where the measurement outcome was fixed to +1 by set-
ting the coefficients of the operators to be +1, for the
reason we explain below. Note that all the projectors
commute with the Gauss law generator: [P.('), G,] =
for all v € V, and therefore, the Gauss law is preserved
in our simulation (provided we start with a state respects
it).

Indeed, we initialize the state on the 2d Lieb lattice as

[ins) = [+)2F]+) €Y, (12)

which satisfies the Gauss law constraint G, = 1. In other
words, we take the initial stabilizer generators as

5[0] = (X, Xc|v € V,e € E). (13)

Now the measurement pattern for gauge-Higgs MOC is
as follows (see Fig. 2 for illustration):
Algorithm (projective-gauge-Higgs MOC)

(0) Initialize a 2d
)V +)®E.

(1-1) Associated with each face, we perform the measure-
(1)

ment in PB)p

state in the product state

with probability pg.

(1-2) Associated with each edge, we perform the mea-
surement in PIEIE)E with probability p;.

(2-1) Associated with each edge, we perform the mea-
surement in P)(g )e with probability 1 — pg.

(2-2) Associated with each vertex, we perform the mea-
surement, in P)(é )v with probability 1 — p;.

(3) Repeat (1)-(2) for Ny rounds.

(4) Compute entanglement measures on the resulting
state.

(5) Repeat (0)-(4) for Ng (N: the number of samples)
times. Compute the average of the entanglement
measures over the samples.

The MOC starts with a Pauli stabilizer state and
evolves by measurement of Pauli operators, so it is
described by the so-called stabilizer circuit (see e.g.
Ref. [24]), and it can be efficiently simulated on classical
computers. The state after the each measurement-based
evolution (1)-(3) is again a stabilizer state. The precise
stabilizers of the state depends on both which measure-
ment basis was chosen at each randomized measurement
and which measurement outcome we obtain (+1 or —1;
with probability 4 each when not deterministic). The
latter dependency of 4+ outcomes, however, does not af-
fect the value of entanglement measures (such as the en-
tanglement entropy) since the difference in measurement
outcomes can be accounted for by applying local Pauli
operators on the stabilizer state with all +1 outcomes.
This is why we can restrict our projectors to those with
+1 measurement outcomes in our simulations.

C. Phases and their diagnostics

Let us explain how we characterize phases in our FS-
MOC problem.

First, when px ~ 1 and p; ~ 1 so that measurements

with P,(;) and P(Q) dominate, the simulated state would
flow to an SPT state This is a state whose stabilizers are
W, and G,,. (Note that W, = +1 for all e € Ep implies
B, = +1.) Up to the Hadamard transformation, this is
the same as the cluster state on the Lieb lattice, which
possesses an SPT order protected by Zs[1] x Z3[0], see
[64, 79-81] for examples. This SPT phase was recently
interpreted as a Higgs phase by Verresen et al. [64]. As
we already mentioned, the confining and the Higgs phases
are smoothly connected in the quantum Hamiltonian for-
mulation without boundaries, and there is no clear phase
boundary between them as far as bulk observables are
concerned. On the other hand, the Higgs=SPT phase,
which is separated by a phase boundary from the rest
of phases, can be diagnosed by a robust degeneracy at
the rough boundary in the quantum Hamiltonian spec-
trum [64]. Motivated by the quantum Hamiltonian per-
spective, we detect the Higgs=SPT phase in our projec-
tive model with what we call bondary mutual informa-
tion.

Secondly, when px ~ 1 and p; ~ 0, the simulated state

would keep being measured in the bases P(1; and P)(;l 1)7

and the state flows to a product of the trivial state on
vertices and the toric code on edges. This state exhibits
a non-trivial topological order. In the quantum Hamilto-
nian formulation, the deconfining phase is robustly char-
acterized by its underlying topological data. Hence, we
employ the topological entanglement entropy to detect
an analogous phase in the measurement-only setup.

Thirdly, when pg =~

ments with P)(() and P)(() are performed often, the state

would flow to a trivial product state.

Finally, at the limit px ~ 0 and py ~ 1, the boundary
degrees of freedom are frozen to X, = 1, while the decou-
pled bulk alternates between the cluster state at Steps (1-
1) & (1-2) and the product state at Steps (2-1) & (2-2).
This ‘mixed-phase’ regime corresponds to the highly frus-
trated ground state in the Hamiltonian (7) with the W,
term and the X, term being both present, the latter of
which explicitly breaks the magnetic 1-form symmetry
Zs[1]. The mixed phase in our model appears artifi-
cially as we separate non-commuting terms in Hamito-
nian into different measurement rounds. The alternating
bulk states will be exhibited by another (step-sensitive)
operator (the open Wilson line operator), which we in-
troduce below as well.

Later, we will numerically show that the mixed-phase
behavior characterized by alternating bulk states does
not show up in the topological entanglement entropy and
the boundary mutual information, i.e., the essential fea-
tures of them do not change significantly whether we stop
after full cycles (after Steps (1-1), (1-2), (2-1), and (2-2))

0 and p; ~ 0 so that measure-
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FIG. 2. Setup of our projective gauge-Higgs MOC model. (a) Step (1-1) of the algorithm. Each plaquette is activated with
probability px (blue) and then the operator B, is measured. At the rough boundary, the B, operator is three bodies on sides
and two bodies at the four corners. (b) Step (1-2) of the algorithm. Each edge is activated with probability ps (red) and
then the operator We is measured. Note that the rough boundary is not involved in this measurement. (c) Step (2-1) of the
algorithm. Each edge is activated with probability 1 — px (blue) and then the operator X, is measured. (d) Step (2-2) of the
algorithm. Each vertex is activated with probability 1 — ps (red) and then the operator X, is measured.

or stop at the middle (after Steps (1-1) and (1-2)). We
illustrate our schematic phase diagram characterized by
the robust entanglement measures in Fig. 1.

1. Topological entanglement entropy

To detect the topological order, we compute the topo-
logical entanglement entropy, in particular, the setup
by Kitaev and Preskill [66], which is a tripartite en-
tanglement measure among three regions, A, B, and C.
Let Sk be the entanglement entropy for the region R
(R € {A, B,C}). Then the topological entanglement en-
tropy (TEE) is given by

Stopo =S4 + S +Sc —Sap — Spc — Sac + Sarc-
(14)

We illustrate our setup of regions A, B, and C in Fig. 3.
In the toric code limit (p; ~ 0, px =~ 1), each entan-
glement entropy term contains the area law term as well
as the constant ~ that characterizes the topological or-
der, but in Siopo the area terms cancel one another so
it reduces to the topological constant v = —1 (in base 2

of logarithm). As explained in Ref. [16, 82] and in Ap-
pendix B, calculation of the entanglement entropy can be
done efficiently for stabilizer circuits.

2. Boundary mutual information

Now we explain that the mutual information between
two regions, each of which are at the vicinity of rough
boundaries, can be used to detect the Higgs=SPT phase.
To derive it, we begin by reviewing the idea by Verresen
et al. [64].

The Higgs phase is characterized by the non-vanisning
open Wilson line operator

)0

(

with an open line I' C Ep and the endpoints of I' being
v and v'. In the context of SPT phases, this is the string
order parameter whose endpoints are charged under the
matter Zy symmetry generated by P = [, oy X,. In the
same phase, we also have the magnetic 1-form symmetry
generated by the operators on a line or a loop v C Epj:

Zy - H Zo+ Ty
eel’

(15)
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(1,

FIG. 3. The set up for the topological entanglement entropy Stopo. We label vertices by integer coordinates. The above figure is
for (L., Ly) = (12,6). The region A is bounded by the square whose southwest corner is at (2, L, +~2+ 1) and northeast corner
at (Ly — 1, Ly — 1). The region B is bounded by a square whose southwest corner is at (2,2), southeast corner at (L, + 2,2),
and appends gauge qubits below the region A. The region C is bounded by a square whose southeast corner is at (Ly — 1,2)

and fills the quadrant formed in the southeast of A and B.

W. = [l.e, Ze, which is a product of B),’s. Note that v is
either a closed loop in the bulk or a line that terminates
on the rough boundary.

Let us consider a particular open Wilson line operator
whose endpoints are close to the rough boundary:

7 gi ® ® ® gi 7
171z 2z
® ® ® ® ®

Following Ref. [64], we use the magnetic symmetry (both
in the bulk and along the boundary) in the SPT phase
to rewrite the above operator. Then, we get the follow-
ing operator that has non-vanishing vacuum expectation
value:

region A region B
Z . . . ° . Z
Z Z

We denote it as Z(A, B) = Z(A)Z(B), where Z(A) =
Zy(a)Zeay for the small region A = {v(A),e(A)} and
a similar definition for B. Here, v(A) and e(A) are the
vertex and the edge that constitute the region A, respec-
tively.

We also observe that our initial state and the measure-
ment bases are symmetric under both the local Gauss law
generator and the global P symmetry generator. Hence,

we get a boundary global symmetry [64]

1=Px [[Go= ][] Xe=: P, (16)

veV ecky

which can be depicted below.

X X X X X

One can also directly show that Py is a symmetry of all
the measurement bases.

Each local product Z(A) or Z(B) is individually
charged under the matter’s symmetry generator Py —
a hallmark of the symmetry-breaking boundary degener-
acy in the Higgs=SPT phase.

The discussion above indicates that there are Bell-like
pair creations on the boundary. Indeed, the situation is
comparable to the 1d GHZ state whose stabilizers are
given by Z;Z; (i < j) and [], X;, except our effective
Z operator includes a Z at the rough boundary and the
Z next to it. On the other hand, in the study by Lang
and Biichler, the mutual information was used to detect
the GHZ long-range order in the 1d pTFI model. This
motivates us to use the mutual information between the
two separate regions close to the boundary, written as
I(A : B), as the diagnostic of the SPT phase. It is defined
as

I(A:B) =S4+ Sp — Saus, (17)

and it becomes I(A : B) ~ 1 in the Higgs=SPT-phase
limit (ps, pr) =~ (1,1). We call this diagnostic the bound-
ary mutual information (BMI); see Fig. 4 for the illus-
tration of the setup.
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FIG. 4. Our setup for the boundary mutual information I(A :
B).

8. Open Wilson line operator in the bulk

In the ground state problem in the quantum Hamilto-
nian formalism, the open Wilson line operator serves as
an order parameter of the Zy[0] x Zy[1] SPT phase [64];
see Ref. [25, 49, 65] for studies on MOCs using this opera-
tor and its generalization. In this work, we use it to char-
acterize the mixed phase rather than the ‘Higgs=SPT’
phase in our projective model.

When all the measurement outcomes are +1, then the
expectation value of this operator would be a good mea-
sure of the SPT phase. However, the non-trivial mea-
surement outcomes change the sign of the Wilson line
operator. (Note that difference in induced states corre-
sponding to different measurement outcomes can be ac-
counted for by applying Pauli operators to the state with
the all +1 outcomes.) As such, we measure the ensem-
ble average of the absolute value of the expectation value
E|(W,)].

We expect that, if we run full cycles the expectation
value E|(W,)| is non-zero in the regime close to the clus-
ter state limit, (ps,pr) =~ (1,1). On the other hand, if
we stop after a half cycle, E|[(WW,,)] is unity along the en-
tire line p; = 1 since the operator W, is always measured
right before the expectation value is computed.

4. Comments on temporal structure and potential variants

In our setup, measurement rounds alternate between
the Z-operator round and the X-operator round. Some
readers may find our ZX-alternating temporal structure
peculiar, even though such a choice is also utilized in e.g.
Ref. [47, 49]. Here, we make a few comments on this.

The entanglement measures are expected to behave
differently depending on whether we compute quanti-
ties after the X-basis round (i.e., after full cycles) or
the Z-basis round (i.e., after an additional half cycle)
as measurement itself is known to alter criticality in gen-
eral (see Refs. [83-86]). Rather unexpectedly, for some
cases (such as results in Appendix C), we find the critical

exponent extracted from TEE agrees between both sce-
narios. However, we do not claim that this agreement in
entanglement measures always holds and we simply keep
in mind that this subtlety could exist in general. We will
see in some data below possible discrepancy in threshold
probabilities and critical exponents.

Despite this ‘disadvantage,” we show that our ZX-
alternating setup is natural from the MBQC perspec-
tive because it can be derived as a quantum circuit sim-
ulated by sequential, randomized single-qubit measure-
ments on the Raussendorf-Bravyi-Harrington state [68],
which is explained in Appendix C. From this MBQC
perspective—resonating with the Bell cluster picture
in Lang and Biichler [47]—our similar ZX-alternating
MOC supports an underlying spacetime lattice and hence
gives rise to close connection to percolation problems.
Nonetheless, one could alternatively study a setup where
the choice between the Z- or X-type measurements round
itself is randomized according to an additional probabil-
ity (c.f. Refs. [28, 30]). We briefly discuss such a setup
in Appendix C.

III. NUMERICAL SIMULATIONS

A. Simulation results

Having understood the overall structure of the phase
diagram, we intend to investigate the whole parameter
region via numerics on the three diagnostics. We first de-
scribe the lattice. The bulk consists of vertices which are
placed on integer points (z,y) € {1,...,L;} ® {1, ..., Ly}
and edges connecting between adjacent pairs of them.
The rough boundary consists of edges. In total, there
are Ny = 3L, L, + L, + L, qubits.

1. Topological entanglement entropy

For the topological entanglement entropy Siopo, We
take three bulk regions in such a way that they scale
with the system size, see Fig. 3.

We scanned the 2d parameter space with (L, L,) =
(12,7), Ny = 10, and N, = 1500 to confirm the over-
all picture in Fig. 1. We refer to Fig. 5 for our results.
Non-zero TEE, i.e., the existence of topological order,
is displayed in a finite region close to (ps,prx) = (0,1).
Our key observation here is that the essential structure
does not differ between the N, = 10 full-cycle scenario
versus the measuring TEE in the middle after a further
half-cycle with (1-1) and (1-2). The TEE is a robust mea-
sure of the deconfining phase of our MOC model, in this
sense. We will see below that the precise phase boundary
changes slightly as we increase the system size.

We performed our numerical computation along vari-
ous regions given in Fig. 6 with increasing system sizes;
see Figs. 7, 8, 9, and 10 (see also Fig. 22). We set the
number of measurement rounds to be N; = 30, so the
spacetime volume of our system can be viewed as three
dimensions. We checked by numerics that the entan-
glement measures converge to their equilibrium within
N; ~ 10 time steps, away from transitions.
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FIG. 5. Topological entanglement entropy for our model with (L, Ly) = (12,7), Ns = 1500. (a) After 10 full cycles. (b) After
10 full cycles and a half cycle with steps (1-1) and (1-2). Both scenarios exhibit the deconfining phase at the top left corner.
We conjecture that the regions from the two different temporal slices match in the thermodynamic limit, and the bottom-right
corner of the deconfining phase sits on the self-duality line px =1 — p.
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FIG. 6. In this schematic phase diagram, we show various cuts
and regions in the two-dimensional parameter space where we
have performed numerical simulations.

As we increase the lattice sizes, the boundary of the
topological order becomes sharper. To summarize key
features, we have observed:

e Along (i) [Fig. 7 and 22], we see a critical point at
pG ~ 0.25 along pr = 1.

e Along (ii) [Fig. 8], we see a critical point at p§ ~
0.75 along py = 0.

e Along (iii) [Fig. 9], we see a transition point at
p% which is slightly smaller than 0.75, indicating a
‘cusp’ of the plateau of the deconfining phase pen-
etrating towards the center of the phase diagram.

e Along (iv) [Fig. 10], we see a dip at p; ~ 0.25,

consistent with the picture that a cusp exists at
the right bottom corner of the deconfining phase.

2.  Boundary mutual information

To compute the boundary mutual information I(A :
B), we take regions A and B in such a way that they
contain the vertices at (z,y) = (2,1) and (z,y) = (L, —
1,1), respectively. Each of the regions also contains the
adjacent edge on the rough boundary. We illustrate the
setup in Fig. 4. We choose L, ~ 2L, so as to gain longer
distance horizontally between two regions A and B in
calculating the BMI I(A, B).

Similarly to the TEE, we scanned the 2d parameter
space with (L, Ly) = (12,7), Ny = 10, and N, = 1500 to
confirm the overall picture in Fig. 1. We refer to Fig. 11
for our results. The region with the non-zero BMI is ex-
hibited over a finite region that contains the cluster state
point (ps,px) = (1,1). We observe that the essential
structure does not differ between the N; = 10 full-cycle
scenario versus the measuring BMI in the middle after
a further half-cycle with (1-1) and (1-2). Although the
actual values of the BMI itself differ between the two
scenarios, the onset of nonzero values agree roughly. We
believe that the phase boundaries from the two scenarios
match in the large system limit. It is worth mention-
ing that the BMI measured at the full cycles plus a half
appears sharper; see Fig. 11.

We also performed our numerical computation with
increased system sizes in Figs. 7, 10, 12, and 13. From the
behavior of the BMI, we have observed a second-order-
like phase transitions. As we increase the lattice sizes,
the curve appears identical for different lattice sizes to
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pG = 0.28(2). See also a companion result in Fig. 22.
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the precision of our numerics. We have observed:

e Along (i) [Fig. 7 and 22|, we see a critical point close
to p§ ~ 0.25 along px = 1. We have not excluded
a possibility that there is an intermediate phase
between the deconfining phase and the Higgs=SPT
phase, but we conjecture that the two boundaries
match.

Along (iv) [Fig. 10], we see a critical point at pG =~
0.3. This can be compared with the non-zero TEE
in the corresponding region. This is consistent with
a picture that the Higgs phase and the deconfining
phase are mutually exclusive.

e Along (v) [Fig. 12], we observe a critical point at
PG = 0.39(1) along px = ps + 0.25.

e Along (vi) [Fig. 13], we see a critical point at p§, ~
0.5 along p; = 1.

8. A mized phase: open Wilson line operator in the bulk

Next we probe different phases appearing alternately
in the protocol. We run numerical simulations for the

system with (L, L,) = (12,7) with N, = 10 full cycles.
We measure the open Wilson line operator inserted at
the middle of the lattice extended in the x direction with
length 7; see Fig. 14.

First, we computed the expectation value E|(W, )| af-
ter the Ny = 10 full cycles. We observe non-zero expec-
tation values concentrated around the cluster state point
(ps,pr) = (1,1), see Fig. 15(a). This is intuitive: The
more away from the cluster state point, the more X-basis
measurements occur, which remove the cluster state sta-
bilizers W,.

When we stop at a half cycle (after several full cycles),
the measured Wilson line operator becomes surprisingly
sharper and nonzero in a much wider region. First, the
region with non-zero expectation value extends all the
way to (ps,pr) = (1,0) point. This can be understood
because the expectation value is unity along the line p; =
1 since the operator W, is always measured before the
expectation value is computed. Second, it also reaches
close to the deconfining phase, see Fig. 15(b). Overall,
the upper-right non-zero region in Fig. 15(b) matches the
region with non-zero BMI in Fig. 11.

We also computed the dependence on the length of
the Wilson line operator, and found that the smaller the
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v = 0.72(5).
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length is, the larger the non-zero value region becomes;
see Fig. 16.

In particular, we refer to the region near (ps,pr) =
(1,0) as a mixed region, as it exhibits either more Higgs-
like property or more confinement property, depending
how we stop the measurement cycle. This is in some
sense analogous to mixture of water-vapor phase in the
first-order transition. In contrast, near the other three
corners, the properties seem stable regardless of how we
stop the procedure.

B. Bulk phase transition, percolation, and duality

We have obtained the transition point px ~ 0.75 at
pys =0and py >~ 0.25 at px = 1 from the topological en-
tanglement entropy. Below, we provide some explanation
of the above results from the viewpoint of percolation and
duality.

1. Scanning (i)

We first look at the transition point along the p; = 0
line. What is effectively simulated along this line is the

MOC with Pg; (measuring the magnetic plaquette op-

erator) and P)((3 ?3 (measuring the electric link operator),
as the vertex degrees of freedom is frozen to X, = 1 as a
separate product state. This is a pure-gauge MOC model:
(0) Initialize a 2d state in the product state |[+)®¥. (2)
Associated with each plaquette, measure B, with prob-
ability pr. (3) Associated with each edge, measure X,
with probability 1 — px, and so on. The simulated state
obeys the Gauss law constraint A, = 1 for all v € V,
where A, is the star term in the toric code,

X
Ay =][Xe=x+x WeWV (18)
edv X

In Appendix C, generalizing the relation between the
bond percolation and pTFI, we argue that a phase tran-
sition in the pure gauge MOC can be described by a ho-
mological percolation [87, 88] of surfaces in the 3d square
lattice. Indeed, the surface percolation in 3d lattice is
dual to the bond percolation with a relation in thresh-
olds phond 4 psurface — 1 (see [87, 88]). According to
Refs. [89, 90], pbond = 0.2488126(5), so a phase transi-
tion is expected at px ~ 0.75.

We show our numerical results for cut (ii) in Fig. 8.
We observe the transition at px ~ 0.74(1). On contrary,
depending on whether we compute the topological en-
tanglement entropy after full cycles or after an additional
half cycle, the critical exponents seem to differ somewhat
slightly. Given our argument above, the criticality would
be described by some three-dimensional conformal field
theory, but we are not aware of existing values for critical
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FIG. 11. Boundary mutual information for our model with (L, Ly) = (12,7), Ns = 1500. (a) After 10 full cycles. (b) After 10
full cycles and a half with steps (1-1) and (1-2). Both scenarios exhibit the Higgs=SPT phase at the finite region in the top
right area. We conjecture that the regions from the two different temporal slices match in the thermodynamic limit. We have
not excluded the possibility that the Higgs=SPT phase touches the self-duality line px =1 — p;.
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FIG. 14. A setup for the open Wilson line operator W, .

exponents for the homological percolation problem in the
literature which we can compare with.

2. Scanning (i)

For the transition along the px = 1 line, we use a
duality to consider an equivalent model. Consider a map
® = (%Y H CXye, (19)

(e,v)

where H<e ) is the product over adjacent pairs of ver-

tices and edges and C'X, 4 is the controlled-X operator,
CXap=10)(0]o ® I + |1)(1]4 ® Xp. Then, the measure-
ment bases on the px = 1 line are mapped as follows:

X, A,
s (w|=|z]| = (20)
Bp BP

Thus the projective gauge-Higgs MOC model with bases
(Xv, We, Bp) and probability assignment (1 — py,ps,1)
is equivalent to that with (A,,Z., Bp) and probability
assignment (1—py,ps,1). By further transforming them
using the Hadamard transform and viewing the terms as
those in the dual lattice, we have an MOC model with
(Bp+, X+, Ay+) and probability assignment (1-py, ps,1).
It is the pure-gauge MOC model that we described above
(with a different initial state), and thus the transition
point is expected at 1 — p; = piwface g0 p; = phond,
This is consistent with our critical point, py ~ 0.25.

We note that there is another map that we can make
use of. The map is simply a projector

A = (0|%F, (21)

Essentially, the operator A forces to solve for the Gauss
law constraints in the gauge theory and leaves us a model
without gauge redundancy but with the Zy global sym-
metry. We get

X, X,
A (w =L A (22)
B, I
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with Le = [],c. Zv being the Ising interaction,
Le=[]%2.=-2—2%. (23)
vCe

Therefore, the projective gauge-Higgs MOC model with
measurement bases (We, X,,, B,) and probability assign-
ment (ps,1 — py,1) is equivalent to that with (X,, L.)
and probability assignment (p s, 1—p;). The latter model
is the (2 4+ 1)d pTFI model, which was also studied by
Lang and Biichler. Their numerical result and the per-
colation picture indicated that the transition point is at
the 3d bond percolation threshold 24 = 0.2488126(5)
for the square lattice. Our finite size scaling analysis in
Fig. 7(b) indicates p§ = 0.25(1), and further we estimate
the critical exponent as v = 0.87(5), which is consistent
with v = 7/8 (see e.g. [90]).

We note that a map to a bond percolation model was
constructed also by Lavasani et al. in Ref. [28], where
a ‘pure gauge MOC’ was studied extensively. We stress
that our pure gauge MOC model is different from theirs
in detail; their circuit does not have the Z X-alternating
temporal structure as in ours. As such, we obtain a dif-
ferent threshold probability.

3. Cut (i) vs Cut (i1)

We point out an open question regarding our numer-
ical result. We notice that we obtained different crit-
ical exponents in Figs. 7 and 8. On contrary, Cut (i)
and (ii) seem to be directly related to each other. First,
we showed above that the projective measurement pat-
tern along Cut (i) is mapped via X to the (2 + 1)d pure
gauge MOC model. Second, the model along Cut (ii) is
nothing but the (2 + 1)d pure gauge MOC model. The
tension between the analytical understanding versus the
numerical result may be attributed to either numerical
insufficiency (although the data collapses are seemingly
perfect) or something more subtle. Regarding the latter
scenario, we notice that the map ¥ was recently used in
Ref. [91] to study entanglement spectrum in the gauge-
Higgs model and its dual, and they show that there is in-
deed difference in entanglement spectrum. Although we
don’t have a concrete argument, we leave that the duality
map may cause subtle effects in entanglement criticality
as a possibility of explaining the discrepancy.

C. Boundary phase transition and percolation via
screening

Next, we unmask the physics behind the boundary
phase transitions. Along the px = 1 line, we had a tran-
sition at p; = 0.28(2) as indicated in Fig. 7(c), consistent
with the fact that an SPT phase is short-range entangled,
so it cannot coexist with the deconfining phase.

How about the p; = 1 line, where we observed a tran-
sition at px ~ 0.57 Below, we claim that the effective
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values. The two scenarios show different structures, exhibiting the mixed phase.

(a) Nt=30
¥
L}
(]
¢ 3
_ ()
A [}
§>~
V 1p-1 )
10
T )
¥ (p.px)=(0.9,0.8)
¥ (p.px)=1(0.9,075) }
¥ (p.px)=(0.9,0.9)

5 6 7 9 10 11

8
Length of y

1
(O)N, =30+~
2
10°
=
/\> i
=
v
w10t 3
? (p.px)=(05,0.5) i
¥ (p.px)=(0.75,05)
¥ (p.px)=(08,0.5) {
(py, px) = (0.9, 0.5)

5 6 7 9 10 11

8
Length of y

FIG. 16. Length dependence of the open Wilson line expectation value. The simulation is performed with L, = 16, L, = 7,
and N; = 1000. (a) The expectation value measured after 30 full cycles. Away from the cluster state point (ps,px) = (1,1),
the expectation value decays exponentially as the length of the open Wilson line increases. (b) The expectation value measured
after 30 full cycles and one half cycle. Away from the cluster state line p; = 1, the expectation value decays exponentially as
the length of the open Wilson line increases. Qualitative features in (a) and (b) are consistent with the corresponding diagrams

in Fig. 15.

theory is a boundary (1 + 1)d pTFI model and the bulk
is effectively decoupled, so the critical point is that of the
(14 1)d pTFI in disguise.

To derive the effective theory, we use the cluster state
entangler

C= H CXv,e- (24)
(ev)

Then the measurement bases relevant in the p; = 1 line

are transformed as

G ecEp  (25)
Z . | Z

Z z <>z 7 PEDs (26)
Z Z

X & x e€ Epp.  (27)

The measurement with the basis (25) occurs with the unit
probability in the bulk (due to p; = 1 in the original



theory), so the Z measurement round is trivial in the
sense that the plaquette operator By, is locked to B, = 1.
Therefore, the bulk system in this basis experiences no
entangling dynamics; it is simply a cycle of (1) reset to
Z. =1 (2) measure X, with probability 1 — pk.

The plaquette opeator on the boundary, on the other
hand, is non-trivial. We get

C

ZoZ. . > gz .z . =.Z Z

Z z +1
(28)

for p € Py. In the equality, we used the condition Z, = 1
(e € Ep) from the bulk measurement with unit proba-
bility. The measurement with the basis (28) occurs with
the probability px, and that with the basis X, (e € Ey)
takes place with the probability 1 — px. Hence, we con-
clude that the effective theory related to the projective
gauge-Higgs MOC model at p; =1 via C is:

e the decoupled bulk system with a cycle of single
qubit measurement of X, and resetting to Z, = 1,

e the boundary (1 + 1)d MOC circuit with the Ising
basis (28) with probability px and the single-qubit
basis X. with probability 1 — pg, i.e., the 1d pTFI
model.

We support the above map to the (14 1)d pTFI model
by the following two numerical results. First, the critical
measurement rate of the (14 1)d pTFI is 0.5 (the perco-
lation threshold on the 2d square lattice), and our result
of critical px ~ 0.5 along p; = 1 is consistent. Second,
the work [47] reveals the criticality of the (1 + 1)d pTFI
model to be a conformal field theory (CFT) whose vertex
operator has a scaling dimension such that one can de-
termine I(i,j) ~ a/|i — j|* for two points on the 1d peri-
odic chain with « a non-universal coefficient and x = 2/3
the critical exponent. In Fig. 17, we show a plot of the
boundary mutual information over varied distances be-
tween subsystems, denoted as d(A, B). Via fitting to data
from simulating the (L, L,) = (20, 10) system, whose 1d
boundary system is still small, we obtain the exponent
k = 0.73(4) and it does not contradict with the CFT pre-
diction k = 2/3. Larger sizes would likely improve the
agreement.

To demonstrate the boundary criticality away from the
above (1 4+ 1)d pTFI limit, we initially estimate crit-
ical points as probability coordinates where the BMI
curve start to rise along cuts. Despite that BMI has not
been useful to perform finite size scaling analysis, just
as above, we instead show criticalities by demonstrat-
ing algebraic decay of BMI as a function of distance, see
Fig. 18. The fitting indicates the following. First, it is
likely that the critical theory shifts as we move along
the boundary entanglement transition from the (1 + 1)d
pTFTI limit at (ps,prx) = (1.0,0.5) to the (2 + 1)d pTFI
limit at (ps, px) = (0.28,1.0). We indeed see the critical
exponent  shifts along the transition line. Second, there
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remains the possibility that, along the cut (i), there is
a finite region 0.25 < py; < 0.28 which does not belong
either to the SPT phase or to the deconfining phase. Fur-
ther numerical analysis with larger system sizes is again
desired to confirm this point.

D. Self-duality line

Finally, we give some remarks on the fascinating fea-
ture of the gauge-Higgs model; namely, the self-duality.
We considered measurements of (B, W, X, X,) with
the probability profile (px,ps,1 — pr,1 —ps). The du-
ality map (see e.g. [69] for an operator that realizes this
map) transforms this model into another model of mea-
surements (X,, X, W, Bp) with the probability profile
(pr,ps, 1 — pr,1 — py) on the dual 2d square lattice.
On a line px = 1 — py, the original model and the dual
model become identical up to differences in boundaries:
Roughly, the FS-MOC model is self dual on this line.

In Figures, we draw the self-duality line in our FS-
MOC model. From Fig. 5, we conjecture that the ver-
tical and horizontal phase boundaries of the deconfin-
ing phase merge into the self-duality line. In Fig. 11,
it is elusive whether or not the Higgs=SPT phase meet
the self-duality line. A scan along cut (v) in Fig. 12
shows that the Higgs=SPT phase does not meet the self-
duality line along this cut; another scan along cut (iv) in
Fig. 10 also shows the same. However, we have not ex-
cluded the possibility that the Higgs=SPT phase touches
the self-duality line in between cuts (iv) and (v), i.e.,
0.25 < py < 0.375. We leave in-depth studies of this in-
teresting region, where the three topological phases and
the self-duality line may merge, as a future exploration.

We also performed numerical simulation with Cut (iii)
along the self-duality line as shown in Fig. 9. There,
finite size scaling with TEE shows a critical exponent
v = 0.72(5). In the literature, on the other hand, the
standard statistical mechanical gauge-Higgs model has
been studied intensively around the multi-critical point.
We notice that work [92] obtained v = 0.669(4), which
does not contradict with our estimation. Intriguingly,
their numerical method is based on mapping of the statis-
tical mechanical partition function to a percolation prob-
lem of anyon worldlines. It would be interesting to relate
their mapping to our homological percolation picture in
the MBQC method partly explained in Appendix C.
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FIG. 17.

The boundary mutual information at (ps,px) = (1,0.5) as a function of the distance between subsystems A, B.

The curve shows an algebraic decay I(A, B) ~ «/d(A, B)*. The data are shown for simulations with L, = 20, L, = 10, and
N, =10000. (a) After 30 cycles. The fitting shows x = 0.73(4). (b) After 30 and a half cycles. The fitting shows x = 0.76(1).
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(b): Cut (v) at (p, px) = (0.39,0.64)
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(a) The boundary mutual information as a function of distance shows an algebraic decay. (a) At (ps,px) = (0.28,1.0),

the curve is fitted with x = 1.25(15). The data are shown for simulations with L, = 20, L, = 10, Ny = 30+1/2, and N, = 17000.
(b) At (ps,pr) = (0.39,0.64) the curve decay with x = 1.01(9). The data are shown for simulations with L, = 20, L, = 10,

N; =30+ 1/2, and N, = 18000.

IV. CONCLUSIONS AND DISCUSSION

In this work, we considered an MOC model inspired
by the Fradkin-Shenker model. We computed the topo-
logical entanglement entropy to diagnose the topologi-
cal order in the simulated state, and we found a clear
phase transition across varied measurement rates. Fur-
ther, motivated by the recent finding of the boundary
symmetry-breaking order, we diagnosed such a boundary
long-range order by mutual information. The structure
of our phase diagram is consistent with the one obtained
from the corresponding models via the numerical DMRG
method [64], for example.

The above two topological phases, either intrinsic or
symmetry-protected, are robust entanglement orders of
our MO Fradkin-Shenker model. We also showed that
our MO circuit exhibits a mixed phase, which corre-
sponds to the parameter regime with frustrated terms in
the quantum Hamiltonian picture. The bulk open Wilson

line operator detects states alternating over measurement
rounds, wherein we saw a continuity between the Higgs
limit and the confining limit as well as a clear separation
from the deconfining phase.

Our results suggest that it will be possible to real-
ize the Higgs=SPT phenomenon on quantum devices in
the near future. Recent progress in quantum technology
has allowed us to program mid-circuit measurements in
quantum devices, such as superconducting or trapped-
ion processors. Some of other devices that allow mid-
circuit measurements, such as reconfigurable atom ar-
rays, may not support the universal quantum computa-
tion, but they would still be useful for realizing MOC
models. Although quantum operations are still noisy as
of present, it is worth noting that one can translate an
MOC model into an MBQC model, as discussed in Ap-
pendix C. There, the resource state (in one dimension
higher) can be prepared with a constant-depth unitary
circuit, and an MOC circuit can be simulated by Pauli-
basis measurements in the bulk, with the output state



induced at the boundary of the resource state. Crucially,
one can perform the bulk measurements simultaneously
as we do not need to implement SU(2) gates, which will
reduce the circuit complexity to constant. Hence, it is
speculated that studies of MOC models on experimental
platforms are not so far-fetched within the near-future
technology. A related idea was explored by Liu et al. [38].
In Ref. [69], one of us constructed a resource state for
the Fradkin-Shenker model in the context of Hamiltonian
quantum simulation. Omne can simulate our FS-MOC
model by appropriately choosing the bases used to mea-
sure the resource state, generalizing Appendix C, where
we explain how to obtain the pure-gauge MOC from mea-
surements on the Raussendorf-Bravyi-Harrington state.
One intriguing open question is whether there is a
multi-critical point in the MOC phase diagram as found
in the 3d Euclidean lattice field theory of the Fradkin-
Shenker model [63]. Answering this question, of course,
requires much more numerical effort. It would also be
useful to understand the relation between the ordinary
3d Euclidean path integral and the replica manifold for
entanglement entropy of MOCs, as well as the role of
the duality in entanglement spectrum [91]. We hope to
advance our study in this direction in the future.

Note added: Recently, a paper appeared on arXiv [77],
where authors made the connection between the gauge-
Higgs model and percolation. We deduced a connection
to percolation based on an MBQC picture. After the
submission of this work (arXiv: 2402.11738) to arXiv,
there was a closely related work [93] (arXiv: 2403.13435),
which studies two particular diagonal cuts in the corre-
sponding toric code in external fields via MOCs and their
results agree with ours in where they overlap.
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Appendix A: Stabilizer update algorithm

The algorithm for updating stabilizers can be found in
Ref. [24], for example. Consider a state uniquely specified
by stabilizers S = (g1, ..., gp) and measuring an operator
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g. (That is, g = B, in the measurement (1-1), for exam-
ple.)

(1) Search in {g1,...,9p,} an element that anti-
commutes with g. Let gi be that operator and go
to 3.

(2) This is the case when § commutes with all the el-
ements in S. If g or —g is an element in S, then
the measurement outcome is deterministic and the
resulting stabilizer set remains S. Otherwise, up-
date the stabilizer set to {g1, ..., gp, (—1)™ g}, where
m = 0,1 is the measurement outcome. When the
size of the stabilizer generators is the same as the
number of qubits, then the second operation does
not take place since the number of stabilizer should
not increase.

(3) Swap ¢1 and gg.

(4) For j = 2,...,p, check if § anti-commutes with g;,
and if it does, update g; — ¢1g;. (After this, g; is
the only operator non-commuting with §.)

(5) Measure g with a random outcome m. (Both out-
comes appear with an equality probability of 1/2.)
Update the stabilizer set to {(—1)™g, g2, ..., gp }-

Example. If we start with a four-edge, four-
vertex product state on a square, we have
S = (X1, Xo, X3, X4, X1, X2, X3, X4). We have repre-
sented the edge d.o.f. with tilde. Consider measuring the
plaquette operator g = Z1Z5737Z4. Then the algorithm
goes as follows. (1) We find an anti-commuting element
Xl, {Xl,g} = 07 i.e., “gk: = Xl.” (3) Swap g1 = X1 with
gk — Xl. We have S = <X1, XQ, X3, X4, Xl; XQ, Xg, X4>
(4) In the right of the first element, we find X, X3, X4
anti-commute with g = 21222324. _We update
as S == <X1,X2,X3,X4,X1,X1X27X1X3,X1X4>.
(5) Now we replace g; with g due to the mea-
surement, and all the other elements are un-
affected since they commute with g S =
(m1)"Z1Z3 2574, Xo, X3, X4, X1, X1 X2, X1 X3, X1X4),
where m denotes the measurement outcome.

Appendix B: Entanglement entropy from stabilizers

To compute the entanglement entropy from stabilizers,
we can employ the result by Hamma et al. [82]. Here, we
follow the description in Appendix C of Ref. [16]. Con-
sider a subsystem A, and let I4 be the number of inde-
pendent stabilizers when restricted to the region A. The
entanglement entropy is given by the following formula:

Sa=14—]|A]. (B1)

Let us express the stabilizer using a Zo = {0, 1} vector
as

S; = XU z% (B2)



with ¥;,w; € {0,1}" being row vectors. We construct a
vector

85 = (1, @) - (B3)
Now we have a matrix at each time step
W(t) = (517,577, 5151y (B4)

Each column is a stabilizer and each row represents a
Pauli. Now I, is equivalent to the rank of the matrix
W 4 after deleting rows corresponding to A.

Ia=rank(U(t)a) . (B5)

Appendix C: Pure-gauge MOC by measuring the
RBH model

In this Appendix, we consider the pure-gauge MOC cir-
cuit and relate it to the 3d surface percolation via a per-
spective of Measurement-Based Quantum Computation
(MBQC) [56, 58] on the Raussendorf-Bravyi-Harrington
(RBH) state [68]. We consider the 3d cubic lattice, and
place qubits in the eigenstate |+) on faces and edges of it.
We adopt a notation where the bold font denotes cells in
the 3d lattice, while the ordinary font represents a cell in
the xy-plane projected to the z direction. For instance,
we write f = f ® {z = 0} for a face within a zy-plane at
z=0,and f =e® [0, 1] for a face extending in the z di-
rection; we also write e = e ® {z = 0} for an edge within
a xy-plane, and e = v ® [0, 1] for an edge extending in
the z direction. Then the RBH state is defined as

[YrBH) = H CZeg|+) %8 |+)®F.
(e.f)

(C1)

More precisely, we consider an open lattice with the range
z € [0, L] and remove qubits on faces in the slice z = L,.

We claim that the following measurements on the RBH
state simulate the pure-gauge MOC model:

e Measure each of the E qubits in the X basis with
the unit probability.

e Measure each of the F qubits in the X basis with
the probability px; otherwise measure the qubit in
the Z basis.

e The E qubits at z = L, remain unmeasured, where
the simulated state is induced.

As in the main text, we can restrict our attention to the
quantum trajectory with all the measurement outcomes
being +1.

To see the correspondence, let us consider the RBH
state with qubits in z < ¢ < L, having been already
measured. We can write

[YrBm ()

= [ CZesl )51, @19(0)e = @ [junk),
(e,f), 234

(C2)
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where |junk) is the normalized post-measurement prod-
uct state in z < ¢ and |®(¢)) is the state on which we
simulate the pure-gauge MOC. It satisfies the condition
A,](6)) = [©(0)).

We set the bra state associated with the measurement
within ¢ < z < £+ 1 to be

My<zcoq1 = <H<+| H {+ H <O|) ‘e§z<£+1'

ecE feFx feF
(C3)

Here Fx (Fz) denotes the subset of faces where the mea-
surement with the X (Z) basis occurred. Then the state

My<.<e+1]trBu(?)) is equal to the state |¢Yrpu (€ + 1))
with the simulated state having evolved as

sery= I 0. [T

eX[l,ZJrl]GFZ eX[f,lJrl]EFX

1+He UZ€ He
e e e

S

veV ecE

1 1+ B
< I 5z 1 Fe(0)
fx{t}eFz fx{t}eFx

1
= — x
661_1E \/g eX[Z,H]EFZ

< I % 11 1+2Bf|<1>(z)>.

fx{L}eF fx{€}eFx

Y %

ex [Z,ZJrl]GFX

(C4)

Thus one obtains a model where the measurement with
By occurs with probability px and that with X, with
probability 1 — px. We denote the entire measurement
sequence as M = Hze{o,...,Lz—l} My¢<z<¢+1, so that the
simulated state in the end is M|Yrpu).

We mentioned that the simulated state obeys the
Gauss law constraint A, = +1. The long-range order
would be supported in coordination with the vacuum ex-
pectation value with respect to a non-local operator, i.e.,
(W(v)) with W (y) a product of Z operators along an ar-
bitrarily large closed loop. We note that the RBH state
is symmetric under a transformation supported on rela-
tive cycles z, which is a sum of elements in F such that
its boundary is a closed loop on z = L, (a closed surface
in 3d which terminates on the boundary as a loop), i.e.,
0z = :

Wi(z) = [[ Xe x W(v), (C5)
fez
W(z)|YrBH) = [YrBH), (C6)

where, in the second equality, we have used that W (z) is
a product of stabilizer operators of the RBH graph state.
The condition is also known as the 1-form symmetry of
the RBH state, see e.g., Ref. [94]. Hence, if a subset of
Fx in our measurement forms relative cycles, it enforces
correlation in the simulated state. Namely, if z can be
formed by the cells in Fx, then

MW (z)|¢rer) = MW (7)[YrBH) = M|[¢)rBH), (CT7)



so that W () becomes enforced in the simulated state.

Our equation (C7) implies that if faces in Fx can form
large cycles (closed surfaces, except those that terminate
at the boundary), it is likely that the 2d simulated state
hosts the deconfining order supported by large Wilson
loops (W(y) = 1 for a large ). Roughly speaking,
the formation of giant cycles (closed surface consisting
of faces) by cells each of which is activated with prob-
ability px is the mathematical problem called homolog-
ical percolation. One of its simplest versions in lower
dimensions, e.g. in 2d, is the bond percolation prob-
lem, which is the underlying mechanism of the MIPT
in the pTFI model [47]. The spacetime picture we pro-
vided here is a generalization of theirs, phrased in the
language of MBQC. We speculate that the transition to
the deconfining phase occurs as the consequence of the
homological percolation formed by X measurements on
the RBH state.

In Ref. [69], a generalization of the RBH model was
constructed in the context of quantum simulation of (uni-
tary) real-time dynamics in the Fradkin-Shenker model.
Analogously to the discussion in this Appendix, one can
generate the FS-MOC in the main text by perform-
ing single-qubit projective measurements on the resource
state in Ref. [69], where the choice between the X and Z
basis is randomized.

f=f®{z=0}

[+ ' '//o 0’/‘\e=e®{z=0}

| . =’U®[O,1]
% % f_e
o
o
‘ o k/f=e®[071]

FIG. 19. The unit cell in the RBH state. Qubits are placed
on the edges and faces of the 3d cubic lattice, and CZ gates
are applied to adjacent qubits as drawn in green. Note that
we place z = 0 at the top and the simulated time direction
goes from the top to bottom.

Appendix D: ZX-randomized Fradkin-Shenker MOC

In the FS-MOC model in the main text, we consider
measurement circuits alternating between the Z-bases
measurements and the X-bases measurements. As in-
dicated by our numerical result, the entanglement mea-
sures and the Wilson operator expectation values exhibit
different behaviors depending on whether we evaluate
them after the Z-type measurements or after the X-type
measurements. An alternative MOC model that resolves
this dependency would be an ZX-randomized Fradkin-
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Algorithm 1 ZX-randomized Fradkin-Shenker MOC

for s=1,...,Ns do
Initialize |+)V|+)%.
fort=1,...,N: do
if rand() < pzx then
Z-bases measurement round. (The W, term with
probability ps, and the B, term with probability px)
else
X-bases measurement round. (The X, term with
probability 1—py, and the X, term with probability 1—px)
end if
end for
Compute physical quantities (entanglement measures
and the Wilson line operator).
end for
Compute the average of physical quantities.

Shenker MOC. (See e.g. Refs. [28, 30] for related se-
tups.) Namely, one can introduce another independent
probability 0 < pzx < 1, and at each round the Z bases
measurements take place with probability pz; otherwise,
the X bases measurements are performed. Here, we in-
vestigate such a model with pzx = %; the detail of the
phase diagram would change as we vary pzx, but simu-
lation over varying pzx is beyond scope of our study in
this work. We present a pseudo-code in Algorithm 1.

We present data of our numerics with Ny = 1000 and
N, = 30 in Fig. 20 and in Fig. 21. We summarize
some observation below, and conclude that the essen-
tial feature is consistent with the recent proposition of
Higgs=SPT.

The phase diagram charted in Fig. 20(a) indicates that
the deconfining phase detected by the topological entan-
glement entropy qualitatively matches that of the origi-
nal FS-MOC model. However, details of the phase dia-
gram changes; e.g., the non-zero TEE is exhibited in a
smaller region and the cusp is less prominent. For ex-
ample, the scan given in Fig. 21(b) and the finite size
scaling in Fig. 21(c) indicate a transition along px = 1
at p. = 0.14(2) with critical exponent v = 1.6(2).

The phase diagram charted in Fig. 20(b) indicates
that the Higgs=SPT phase detected also qualitatively
matches the original FS-MOC model. However, it is ex-
hibited over a larger region as indicated by Fig. 21(a),
which shows that the transition along px = 1 take place
at pyj = 0.12(2). The four different lattice sizes show the
same curve to the precision of our numerics.

The phase diagram charted in Fig. 20(c) shows an aver-
aged version of the mixed phases as exhibited by the open
Wilson line operators. The longer the line is, slightly
sharper the non-zero region becomes.

Appendix E: Entanglement measures after a half

cycle

In Fig. 22, we provide data on simulations where we
computed entanglement measures after a half cycle after
N; = 30 full cycles. We examine the scan (i) along the



pr = 1 submanifold. We find that Fig. 22(b) indicates
a phase transition at p§ = 0.25(1) with critical exponent
v = 0.87(5), which is consistent with the 3d bond per-
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colation as in the full cycle case. The BMI in Fig. 22(c)
also shows that the threshold probability is consistent
with the full cycle case.
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