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ABSTRACT. We define a local homomorphism (Q, k) — (R, ¢) to be Koszul if
its derived fiber R®'&2 k is formal, and if Tor® (R, k) is Koszul in the classical
sense. This recovers the classical definition when @ is a field, and more gener-
ally includes all flat deformations of Koszul algebras. The non-flat case is sig-
nificantly more interesting, and there is no need for examples to be quadratic:
all complete intersection and all Golod quotients are Koszul homomorphisms.
We show that the class of Koszul homomorphisms enjoys excellent homological
properties, and we give many more examples, especially various monomial and
Gorenstein examples. We then study Koszul homomorphisms from the per-
spective of Aso-structures on resolutions. We use this machinery to construct
universal free resolutions of R-modules by generalizing a classical construction
of Priddy. The resulting (infinite) free resolution of an R-module M is often
minimal, and can be described by a finite amount of data whenever M and
R have finite projective dimension over Q. Our construction simultaneously
recovers the resolutions of Shamash and Eisenbud over a complete intersection
ring, and the bar resolutions of Iyengar and Burke over a Golod ring, and
produces analogous resolutions for various other classes of local rings.
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1. INTRODUCTION

The phenomenon of Koszul duality has been observed in many forms across alge-
bra, geometry and topology. It provides explicit computational tools for answering
homological questions and opens up deep connections between a number of seem-
ingly unrelated areas of mathematics. The goal of the present work is to develop a
relative theory of Koszul duality in local commutative algebra, and to give concrete
applications for understanding infinite free resolutions.

For a finite homomorphism ¢:  — R of commutative noetherian local rings,
the derived fiber F' = R ®LQ k, where k is the residue field of @, is a differential
graded k-algebra that encodes important ring theoretic properties of ¢. We define
¢ to be Koszul if F' is formal (see 2.3), and if its homology H(F) = Tor®(R, k) is a
Koszul k-algebra (see 2.1). This recovers the classical definition when the source is a
field. Through the looking glass that connects local algebra with rational homotopy
theory, the definition is directly analogous to Berglund’s notion of a Koszul space.

Flat local maps that have a Koszul fiber are natural examples of Koszul ho-
momorphisms, but the non-flat case is significantly more interesting: all complete
intersection and all Golod quotient homomorphisms are Koszul, and we give many
other monomial and Gorenstein examples. In particular, there is no need for the
homomorphism to be quadratic in any sense.

The definition also has structural consequences connecting the homological al-
gebra over R and ). Our main theorem provides an algorithmic way to transfer
free resolutions over () into free resolutions over R. To achieve this we introduce
a slightly stronger “strictly Koszul” property (see 7.2) that is satisfied in our main
examples. These ideas borrow from a long history, and we will discuss the context
and technology behind the construction following this summary of our main results.

Theorem A. For any strictly Koszul local homomorphism ¢: Q@ — R there is a
non-negatively graded, degreewise finite rank free Q-module C' such that:

(1) For each finitely generated R-module M with a minimal Q-free resolution
G — M, there is a differential 07 on the graded R-module R® C ® G such
that the resulting “twisted tensor product” complex

(RRC®G,0") — M

is an R-free resolution of M. If R and M have finite projective dimen-
sion over @, then both C' and the twisted tensor product differential can be
explicitly described in their entirety with a finite amount of data.

(2) Assume that ¢ is small (a central case of interest is (Q, mg) reqular and
ker(p) C m2Q) The twisted tensor product complex is minimal for the
residue field k of R. More generally, the resolution is minimal whenever M
is inert with respect to @, in the sense of Lescot. In particular,

> ranke (C))t" = % .
P(t)
The following homomorphisms are strictly Koszul:

(a) Surjective complete intersection homomorphisms.

(b) Surjective Golod homomorphisms.

(¢) Surjective Gorenstein homomorphisms of projective dimension three or less.

(d) Cohen presentations of compressed artinian Gorenstein rings having char-
acteristic zero, odd embedding dimension, and socle degree not 3.
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Part (1) of the Theorem, with an explicit description of the twisted tensor prod-
uct differential, is Theorem 7.8, while part (2) is contained in Theorem 7.11. The
examples (a)—(d), and several more, are introduced in Section 3 and treated again
in Section 8, with a complete description of the corresponding C' in each case.

Universal resolutions, that is, free resolutions over a ring that are defined in
a uniform way for all finitely generated modules, have been of central interest in
homological commutative algebra since at least the 60s, often importing tools such
as Massey operations and bar resolutions from algebraic topology.

Let ¢: @ — R be a local homomorphism. Shamash constructed universal res-

olutions for R-modules when ¢ is a hypersurface quotient [ |, and these were
clarified and extended to complete intersection quotients by Eisenbud using the
theory of higher homotopies | ]. Burke recognized in | ] that the higher

homotopies are a manifestation of certain A-structures (we will return to these
later in the introduction). In the presence of a Q-free differential graded algebra
resolution A — R, and a Q-free differential graded A-module resolution G of an
R-module M, Iyengar constructed a bar resolution for M over R [ ]. By en-
dowing A with an A-algebra structure, and G with an A,.-module structure over
A, Burke constructed a bar resolution even when associative multiplicative resolu-
tions do not exist | ]. The resulting resolution is minimal when M is Golod
with respect to ¢, and is otherwise typically far from minimal. Theorem A recovers
both the resolutions of Shamash and Eisenbud, when ¢ is a complete intersection
quotient, and the bar resolutions of Iyengar and Burke, when ¢ is a Golod quotient.

In parallel, the universal resolutions introduced by Priddy over Koszul algebras
[ | have had far-reaching impact, not least as a computational tool. Our the-
ory directly builds on and recovers his construction, while providing a common
framework for the universal resolutions above.

The technical foundation for our universal resolutions is in Section 6. Here we
develop a general theory of twisted tensor products over a commutative ring Q.
The data that goes into this construction is a curved differential graded coalgebra
C over ), a quasi-isomorphism Q(C) — R from the cobar construction of C' to
R, and a differential graded module structure over Q(C) on G. These terms are
defined in Section 4. From this, in Theorem 6.5, we construct a canonical resolution

R"C® G=(R®C®G,0") — M.

The key to proving Theorem A is to show that C' can be defined in an explicit,
canonical, and minimal way when ¢ is strictly Koszul. We will return to this at
the end of the introduction, with more context in hand.

We turn our attention back to the Koszul homomorphisms. The first half of this
work develops the theory of these maps; this part of the paper does not involve
A o-structures, using only ordinary differential graded algebras.

Similar Koszul-type conditions have been considered by other authors | ,

, , ], and we compare our definition with theirs in Remark 2.18.
We motivate our condition as well by drawing connections with other areas, such as
rational homotopy theory (Remarks 2.5 and 3.18) and toric topology (Remark 3.27).

We pay particular attention to the case that @ is regular. In this situation, the
resolutions constructed in Theorem A essentially depend only on the ring R, and
they are always finitely determined. When R is a local ring such that every Cohen
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presentation ¢: QQ — R is a Koszul homomorphism, we say that R is Cohen Koszul;
see Section 2.8. These rings enjoy excellent homological properties while being
surprisingly abundant; they behave in many ways like classical Koszul algebras
despite not necessarily being quadratic.

We show that Cohen Koszul local rings have rational Poincaré series that can
be computed explicitly from their Koszul homology:

(1+1¢)° '
> i (1) ranky, (H; (K7) () )t

Py(t) =

see Proposition 2.11, where the notation is explained.

Section 3 is devoted entirely to examples, and we prove that surjective com-
plete intersection homomorphisms are Koszul (Example 3.2), along with surjective
Golod homomorphisms (Example 3.5), and surjective Gorenstein homomorphisms
of projective dimension three (Example 3.12). We exactly determine the local rings
of codepth three or less that are Cohen Koszul in terms of the classification into

the types described in [ |; we find that in every type except one the local
ring is Cohen Koszul (Theorem 3.10). Graded local rings having an almost lin-
ear resolution in the sense of [ ] are also Cohen Koszul (Remark 3.17). We

treat monomial rings in Section 3.20, making connections with combinatorial com-
mutative algebra and with the topology of moment angle complexes. Monomial
rings are classically Koszul exactly when they are quadratic | |, while Cohen
Koszul monomial rings need not be, and we produce many nontrivial examples in
Proposition 3.22. We further give examples that illuminate how the Koszul condi-
tion relates with classical Koszulity, formality, being quadratic, and various other
technical conditions.

One of our main examples is a class of rings that we call almost Golod Gorenstein,
treated in Section 3.13. Within the class of Gorenstein local rings, these display
extremal homological behavior analogous to Golod rings within the class of all
local rings; cf. Proposition 3.19. In Theorem 3.16 we establish a characterization
in terms of the derived fiber that is similar to Avramov’s characterization of Golod
rings [ |, and, under some additional technical assumptions, we deduce that
almost Golod Gorenstein rings are Cohen Koszul.

Y

In the second half of the paper we study Koszul homomorphims from the per-
spective of A -structures on resolutions. An A, -algebra is a complex A equipped
with multilinear operations m,,: A®™ — A for n > 2 that together satisfy certain
associativity conditions generalizing the definition of a differential graded algebra
(which one recovers by assuming m,, = 0 for n > 3). These objects were introduced
by Stasheff to characterize loop spaces in algebraic topology | ].

Koszulity is well-known to be connected with formality (Remark 2.5), and in turn
it has been understood since | ] that formality can be made visible through
A o-structures. In the present context, these structures are important because they
carry the information necessary to construct the universal resolutions in Theorem A
while being flexible enough that all resolutions can always be given A, -structures.

An introduction to A.c-algebras and A..-modules over commutative rings is
given in Section 4. In Section 5 we prove some quite general transfer results, in
particular, constructing A.c-structures on minimal resolutions of local rings and
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modules. Burke was one of the first to develop and apply the theory of A..-
algebras over a commutative ring (rather than over a field) | , ], and our
treatment owes a substantial intellectual debt to his work.

We develop the theory of cyclic A,.-algebras over commutative rings in Sec-
tion 5.6. These were introduced by Kontsevich as part of his homological mirror
symmetry program [ ]. These A.-algebras possess extra structure that takes
advantage of the Poincaré duality on the minimal resolution of a Gorenstein ring,
and we apply this theory to almost Golod Gorenstein rings.

With this perspective in hand we return to Koszul homomorphisms in Section 7.
The next result shows that, at the derived level, Koszul homomorphisms may be
thought of as deformations of classical Koszul algebras. A more precise and more
general statement is given in Theorem 7.1. We write T(V') for the tensor algebra
D,.>0 VE2" on a graded Q-module V.

Theorem B. A surjective local homomorphism ¢: Q — R is Koszul if and only
if there is a positively graded, degreewise finite rank free Q-module V, a direct
summand W CV ®q V, and an A -structure {m,} on A=T(V)/(W) such that

(1) the induced quotient A — R is an A -algebra quasi-isomorphism,
(2) modulo the maximal ideal of Q, the A-structure {m,} on A agrees with
the usual algebra structure on T(V)/(W), that is,

Mm@ k=pRqk and m,®qk=0 for n#2,

where p is the usual product on the quotient of a tensor algebra,
(8) the k-algebra T(V ®q k)/(W ®q k) is Koszul with this algebra structure.

Coming full circle, we are now able to describe the coalgebra C that appears in
Theorem A. Fixing a Koszul homomorphism ¢ with V' and W as in Theorem B,
we define

C=@P( N VEagWag V).
" Nit24j=n
This is modeled on the work of Priddy | |. By construction, the graded @Q-dual
CV is the quadratic dual T(V")/(W) of the algebra T(V)/(W). The strict Koszul
condition introduced in Section 7.2 guarantees that the A.-structure on A induces
the structure of a curved differential graded coalgebra on C'; see Definition 7.3. We
think of C as Koszul dual to R relative to @, as justified by Theorem 7.6.

We conclude the paper with a reexamination of examples, in Section 8. We
start by showing that certain deformations of classical Koszul algebras yield strictly
Koszul homomorphisms, and we obtain resolutions that directly deform the original
resolutions of Priddy. We study surjective Golod homomorphisms in Example 8.2;
in this case C' = B(A) is the bar construction of the A -algebra A, and we recover
the bar resolution of Iyengar and Burke. In Example 8.4 we show that surjective
Gorenstein homomorphisms of projective dimension three are strictly Koszul, and
describe C' as the dual of a noncommutative hypersurface. We show that surjective
complete intersection homomorphisms are strictly Koszul in Section 8.7, and we
show that C is the free divided power algebra on V; our twisted tensor products
encode the theory of higher homotopies, and the resulting resolutions recover those
of Shamash and Eisenbud. We end by treating almost Golod Gorenstein rings
in Section 8.15; this requires a substantial amount of machinery, and the result
is a large class of interesting Gorenstein rings over which we have explicit, small,
universal resolutions.
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2. K0SzulL, HOMOMORPHISMS

In this section we discuss the Koszul property in various settings, starting from
the classical notion for an algebra over a field and leading up to a definition of
a Koszul local homomorphism. Examples have been collected in the Section 3.
While later sections exploit the machinery of A, -algebras, this section requires
only knowledge of differential graded (dg) algebras; a suitable reference for the
latter is | ]

We fix a field k, and work with local rings having residue field k. We also consider
modules with two Z-gradings, the weight grading and the homological grading. The
weight grading is denoted M = M(,) and the corresponding shift M (d) is given
by M(d)w)y = M(ytay- For the homological grading we write M = M, and the
suspension LM is given by (X¢M); = M;_4. The homological degree of an element
m € M is denoted |m|. We assume that the two gradings are compatible in the sense
that M is bigraded by its submodules M; (,,) = M; N M. If M is a complex, the
differential 9™ should preserve the weight grading and decrease the homological
grading by one, and we equip XM with the differential 0> := —9M,

Definition 2.1. An augmented k-algebra K is Koszul (over k) if it admits an
algebra grading K = @w>0 K (), known as a weight grading, such that Ky = k
and such that the minimal resolution of k is linear with respect to this grading.

Remark 2.2. Definition 2.1 is essentially the classical definition of a Koszul algebra
due to Priddy | , Section 2], see also | , |, except that we do not
consider the weight grading to be part of the given data. We emphasize that the
additional grading may be different to the given one; cf. Remark 3.3. By | ,
Secton 2.3] a Koszul algebra is quadratic with respect to this new grading; that is,
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generated as an associative k-algebra by elements of weight one, subject to relations
of weight two. For example if U is a graded vector space then the trivial extension
algebra K = kx U is a graded augmented algebra, and the weight grading K o) = k
and K1y = U makes K Koszul; see Example 3.4.

Next we define a Koszul property for dg algebras. This definition appears im-
plicitly in the work of Berglund [ ], where it is applied to Sullivan models for
topological spaces; it is not the same as the Koszul property introduced in | 1,
which is too general for our purposes.

2.3. Let A and B be dg k-algebras. Recall that A is quasi-isomorphic to B, denoted
A ~ B, if there exists a zig-zag of quasi-isomorphisms of dg k-algebras connecting
A and B. A dg k-algebra K is called formal if it is quasi-isomorphic to H(K).

Definition 2.4. An augmented dg k-algebra K is Koszul if it is formal and H(K)
is Koszul in the sense of Definition 2.1.

Remark 2.5. Tt is well-known that formality is closely related with the Koszul
property. In fact, an augmented k-algebra K is Koszul in the sense of Definition 2.1
if and only if the dg k-algebra RHom (k, k) is formal; see | ] and also | ,
2.2] and | , Theorem 2.9]. This condition is sometimes called coformality of
K. From this perspective, a dg k-algebra K is Koszul in the sense of Definition 2.4
if and only if it is both formal and coformal.

Before introducing the Koszul property for local homomorphisms, we need to
recall the notion of the derived fiber. Let ¢: @ — R be a local homomorphism of
commutative noetherian local rings having maximal ideals mg and mg, respectively,
and common residue field k.

Let A — R be a dg algebra resolution of R over Q; that is, A is a dg algebra
concentrated in non-negative degrees, such that A is degreewise a free @-module,
and A — R is a morphism of dg algebras inducing an isomorphism in homology.
The derived fiber of ¢ is the dg k-algebra

Repk=A®qk.

Up to a zig-zag of quasi-isomorphisms of dg k-algebras, R®b k is independent of the
choice of A. For more information see | ]. We remark that one can equally well
use a different species of model for the resolution A, such as simplicial algebras or
A -algebras, and obtain an equivalent definition of Koszul homomorphism. Indeed,
we make use of A,,-models in Section 7.

Definition 2.6. Let ¢: Q@ — R be a finite local homomorphism. We say that ¢
is Koszul if R ®'@ k is a Koszul dg k-algebra; that is, R ®'@ k is formal and its

homology Tor? (R, k) is Koszul in the sense of Definition 2.1.

According to Definition 2.1, when ¢ is Koszul, the Tor algebra Tor® (R, k) admits
a quadratic presentation, albeit not necessarily generated by elements in homolog-
ical degree one.

Taking Q = k to be a field, we recover the classical definition: The homomor-
phism k& — R is Koszul if and only if R is a Koszul k-algebra; cf. Definition 2.1.

The examples given in the next section show that Koszul homomorphisms are
extremely common. In particular, this class includes all flat local homomorphisms
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whose fibers are (classically) Koszul; all complete intersection and all Golod homo-
morphisms; Cohen presentations of most local rings having codepth at most 3, and
of generic Gorenstein rings.

Remark 2.7. When the minimal Q-free resolution A of R admits a dg algebra struc-
ture, the derived fiber R ®b k = A®pg k has zero differential, and is automatically
formal. This is the case for complete intersection homomorphisms (Example 3.2)
and when projdimg(R) < 3 (Theorem 3.10). When ¢ is Golod the minimal res-
olution typically does not support a dg algebra structure, cf. Remark 8.3, but
nonetheless R ®b k is formal (Example 3.5). The monomial rings presented in Ex-
amples 3.6 and 3.24 yield non-Koszul homomorphisms; the corresponding minimal
resolution does not admit a dg algebra structure in the former example (see |
2.2]), but it does in the latter example.

)

2.8. Cohen Koszul local rings. Recall that every local ring R admits a Cohen
presentation, that is, a surjection ¢:  — R from a regular local ring @), and one
may assume that ¢ is minimal in the sense that ker(y) C mQQ.

Definition 2.9. A local ring R is Cohen Koszul if every homomorphism ¢: Q — R
is Koszul, where @ is a regular local ring and ¢ is surjective with ker(y) C mé. In
other words, every minimal Cohen presentation of R is Koszul.

Remark 2.10. For equicharacteristic rings the minimal Cohen presentation @) — R
is essentially unique. In this situation, if R is already a quotient of a regular local
ring, then by Proposition 2.16 there is no need to complete R to determine whether
R is Cohen Koszul.

If we assume that R contains its residue field k, then the Koszul complex K
on the maximal ideal of R is a dg k-algebra. It is well-known that

KR~ Rahk

as dg k-algebras, see for example | , Theorem 8.1]. Therefore in this situa-
tion we can say that R is Cohen Koszul exactly when K% is a Koszul dg k-algebra.

If R does not contain its residue field, the fact that K is not a dg k-algebra
introduces subtleties. The distinction between formality of dg k-algebras and for-
mality of dg rings means that it is not clear whether Definition 2.9 is independent
of the choice of Cohen presentation. In all of our examples however, the choice will
be irrelevant.

Complete intersection rings are Cohen Koszul by Example 3.2, Golod rings are
Cohen Koszul by Example 3.5, and most rings of codepth 3 are Cohen Koszul
according to Theorem 3.10.

Cohen Koszul local rings have rational Poincaré series. Recall that the Poincaré
series of a finitely generated R-module M is

P (t) = rank,(Torf (M, k))t".
neZ
Proposition 2.11. Let R be a Cohen Koszul local ring with embedding dimension

e and residue field k. Fir a weight grading making the Koszul homology H(K ™) a
Koszul k-algebra. Then

(1+1t)°
> i w(=1)w ranky (H; (K F) () )tite

)

Py (t) =
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Remark 2.12. We note that since H,(KF) is generated in weight 1, the rank of
H; (K, is equal to the rank of [Hso(KH)® /Hyo(K )T, Therefore is is not
necessary to choose a weight grading to calculate the Poincaré series above.

Proof. Let T = H(K ), bigraded by homological degree and by weight, and write

Hr(s,t) == Zrankk(Ti)(w))tisw and PP(s,t) = Zrankk(Tor (k,k)i)t's™ .

T, W T,Ww

In Tor? (K, k);, the index w is the usual homological grading of Tor, and 7 is the
extra grading that comes from the homological grading on T'. Since T is Koszul
with respect to its weight grading, the usual computation of the Poincaré series of
a Koszul algebra shows that Hp(s,t) Py (—s,t) = 1; see | ].

Let Q — R be a minimal Cohen presentation. Formality of R ®'@ k implies that

the spectral sequence | , 6.2.1] is degenerate, and so from | , 6.2 (b)] we
obtain the first equality below, which yields the desired series
1+t)°
PR() = (140 PL(t, 1) = D" O
k() ( + ) k(a) HT(—t,t)

Proposition 2.11 recovers the known Poincaré series for complete intersection
rings, Golod rings, and almost Golod Gorenstein rings; see Section 3 for the latter.

There are a number of results that apply to certain subsets of Cohen Koszul
rings, motivating the study of whether such a property holds for these rings in
general. We highlight a couple instances below.

Remark 2.13. Recently, Brown-Dao—Sridhar have shown that over complete inter-
section and Golod rings, the ideals of minors of differentials in minimal free res-
olutions are eventually two-periodic [ ]. It would be worthwhile, and seems
plausible (in light of the structural result in Theorem 7.8), to determine whether
(strictly) Cohen Koszul rings satisfy this property more generally.

Remark 2.14. Lower bounds on the Loewy length of the homology module of perfect
complexes are of interest in both algebra and topology; see, for example, |
, ]. For Cohen Koszul rings one can establish such bounds.
Let Rbea local ring with residue field &, and let k[x1, ..., x»] denote a maximal
polynomial subalgebra of the graded k- algebra Extp(k, k), generated by elements in
even degree. For example, if R is complete intersection, then n is the codimension
of R. If R is Cohen Koszul, then for any finite free R-complex F with H(F) # 0
one has the inequality

)

> URH,(F) > n+1.

ne”z

One can use similar ideas to those in | ], as well as | ], to establish
this bound; here, however, formality of the derived fiber of a Cohen presentation of
R is a main ingredient. Moreover, when R is complete intersection it agrees with
the common bounds from | ) ].

2.15. Properties of Koszul homomorphisms. Before moving on to examples
we establish some basic change of rings properties for Koszul homomorphisms.
First, we note that being Koszul is invariant under certain flat base changes, and
in particular under completion.
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Proposition 2.16. Given a finite local homomorphism ¢: QQ — R and a flat local
homomorphism : Q — Q' inducing an isomorphism on residue fields, @ is Koszul

if and only if @ Q": Q' = R®¢g Q' is Koszul.

Proof. The natural map R ®LQ k— (Reg Q) ®'@, k is a quasi-isomorphism of dg
k-algebras. Indeed, if A is a dg algebra resolution of R over ), then A ®¢g @’ is a
dg algebra resolution of R ®¢ Q' over @', and (A ®q Q') ®q k= AR®q k. O

The next proposition will often be useful in reducing the dimension of @) or R.

Proposition 2.17. Let ¢: Q — R be a finite local homomorphism, and let x € mq
and y € mp.
(1) If © is regular on Q and y is regular on R, with ¢(x) =y, then ¢ is Koszul
if and only if the map of quotients Q/(x) — R/(y) is Koszul.
(2) If y is regular on R then ¢ is Koszul if and only if the composition Q@ —
R/(y) is Koszul.
(3) If p(x) = 0 and x generates a free R-module summand of ker(y)/ ker(¢)?,
then ¢ is Koszul if and only if the induced map Q/(x) — R is Koszul.

Proof. For part (1), let A = R be a dg algebra resolution of R over Q. The
assumptions on = and y imply that A ®¢g Q/(z) is a dg algebra resolution of R/(y)
over @/(x). In particular there are quasi-isomorphisms

RRgk~A®qk=(A0q Q/(1) ®q)@) k~ R/(Y) ®g, ) k

of dg k-algebras, and the claim follows.

For part (2), if A is is a dg algebra resolution of R over @, as above, then there
is an element § € mg Ay mapping to y € R. Taking an exterior variable e of degree
1, and setting d(e) = ¢, the extension A(e) is then a dg algebra resolution of R/(y)
over Q; see | , 6.1]. We see that

R/(y) ®g k = Ale) ®@q k = (A®q k) @i Ax(e) = (R @ k) @k Ar(e),

where Aj(e) is the exterior algebra over k on the degree 1 variable e. Hence it
remains to note that the tensor product of dg k-algebras is formal if and only if
both of its factors are formal, and hence Koszul if and only if both of its factors
are Koszul; see | , Theorem 2] for the latter.

For part (3) we invoke | , Proposition 2.1] to obtain a dg algebra resolution
A of R over  and an isomorphism of dg k-algebras A ®¢g k = W ®y, Ax(e), where
W is a dg subalgebra of A ®q k and Ag(e) is the exterior algebra on a generator
of degree 1 (this result is based upon André’s theory of special cycles | D-
Moreover, the proof in [ ] identifies the inclusion Ag(e) - A ®¢g k with the
natural map Q/(z) ©g k — R g k. It follows that

L L L ~

As in part (2) we may deduce that R ®5/(w) k is Koszul dg k-algebra if and only if
Rogk~ (R ®'52/(1) k) @k Ax(e) is as well. O

Remark 2.18. Many other Koszul-like properties have appeared in the literature.
Within local commutative algebra, Herzog, Reiner, and Welker introduced a notion
of Koszul local ring in | ], and the same condition is investigated in | ]
The local ring k[, y] /(22 —y?) is Koszul in the sense of these references, but it is not
a Koszul k-algebra according to Definition 2.1, since it does not admit a quadratic
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presentation. However, the same ring k[z,y]/(2? — y?) is Koszul as a k[y]-algebra
by Example 3.1, and it is Koszul as a k[z,y]-algebra by Example 3.2—in other
words, it is Cohen Koszul.

Myers studied a Koszulity condition in | ] that is closely related to ours.
That work begins with a standard graded k-algebra R, and its Koszul homology
H(K %) is said to be strand Koszul if it is Koszul with respect to the induced weight
grading by strands: H(K)(,) = Ditjmw H;(KF); (the total of the homological
and internal gradings). According to | , Theorem B] the Koszul complex K%
is automatically quasi-formal; this is a weakening of formality defined in terms
of the degeneration of a certain Eilenberg—Moore spectral on its second page, see
[ , 2.3]. In contrast, R is Cohen Koszul if K% is formal and H(K ) is Koszul
with respect to some weight grading. In the next section we see that there are many
natural examples for which H(K ) is Koszul with respect to a different grading than
the strand grading.

The authors of [ ] have also investigated how the Koszul condition on a
local ring affects the algebra structure of the Koszul homology H(K ). While this
is connected to the present work, we note that there are many examples of local
k-algebras that are Cohen Koszul but not Koszul as k-algebras.

Remark 2.19. We end this section with remarks on the generality of Definition 2.6.

We have chosen to focus on the setting of finite ()-algebras because this is nec-
essary to meaningfully talk about transferring homological information from @ to
R. However, the notion of Koszul homomorphism can be extended fruitfully to all
local homomorphisms, with some additional technicalities. In particular, to accom-
modate non-finite algebras, Definition 2.1 should be adapted to require that the
completion of K at its augmentation ideal is isomorphic to Hw>0 K (), and that k
admits a linear resolution over the corresponding graded ring @w>0 K ().

For @ non-local, one can say a Q-algebra R is Koszul at a prime p € Spec(Q)
if k(p) ®b R is a Koszul dg algebra over k(p) = Qp/pQp. From this perspective
it is natural to replace R with a sheaf of algebras on some scheme; examples re-
lated to this have appeared in the literature, such as the sheaf of Clifford algebras
constructed by Buchweitz in | , Appendix].

In this work we focus on applications to commutative algebra. The natural
generalization to non-commutative algebras is interesting as well, using exactly the
same definitions.

3. EXxaMPLES OF K0OSZUL HOMOMORPHISMS

This section contains examples (and counterexamples) demonstrating the ubig-
uity of the Koszul condition. The first class of examples generalizes the class of
Koszul algebras over a field in a straightforward manner.

Example 3.1 (Flat homomorphisms with Koszul fiber). A flat finite local homo-
morphism ¢: @ — R is Koszul if and only if its fiber R®g k is a Koszul k-algebra.
Such examples are readily constructed by deforming presentations of known Koszul
algebras. For example, the k-algebra k[x]/(2?) is Koszul, and so the homomorphism

Q — Qla]/(2® — az — b)

is Koszul for any a,b € mg.
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We will see that the non-flat case is significantly more interesting, and crucially
there is no need for the map ¢: Q@ — R to be quadratic in any sense, as the fol-
lowing examples demonstrate. Nonetheless, later we return to the idea that Koszul
homomorphisms look like deformations of classical Koszul presentations; cf. Theo-
rem 7.1.

Example 3.2 (Complete intersection homomorphisms). Let ¢: @ — R be a sur-
jective, local, complete intersection homomorphism of codimension c¢. That is,
ker(¢p) is generated by a Q-regular sequence f = fi,..., fc. In this case, the Koszul
complex A = Kos?(f) is a dg algebra resolution of R over Q. Then

Repk=A®qk=NA(SA1 ®q k)

is the exterior algebra on a k-space of rank ¢ in homological degree one, with zero
differential. Thus the derived fiber of ¢ is clearly formal, and it is well-known to
be a Koszul k-algebra with its weight homological gradings coinciding; cf. | ,
Examples 2.2(2)]. In particular, a local complete intersection ring is Cohen Koszul.

Remark 3.3. For a Cohen Koszul ring R, the homological and weight grading on
H(K %) coincide if and only if R is complete intersection. Indeed, the reverse im-
plication was indicated in Example 3.2, and the forward implication follows from a
Theorem of Wiebe | |; see also | , Theorem 2.3.15].

Example 3.4 (Trivial extension algebras). Given a graded ring B and a graded
B-module U, let B x U denote the trivial extension of B by U. This is the graded
module B & U with multiplication

(byu) - (b, u") = (bb',bu’ + b'u),

and zero differential. The main case of interest is that B is augmented to k, and U
is a graded k-space thought of as a trivial B-module. If B is also a k-algebra, then
B is a Koszul if and only if B x U is by | ]

In particular, for any k-space U the local k-algebra k x U is Koszul. It is also
Cohen Koszul, according to Example 3.5.

For a surjective local map ¢: Q@ — R and R-module M there is the following
coefficientwise inequality of Poincaré series:

PS (1)
1—t(PE(t) 1)

This fact is due to Serre; see, for example, | , Proposition 3.3.2].

(3.4.1) PI(t) <

Example 3.5 (Golod homomorphisms). Let ¢: @ — R be a surjective, local,
Golod homomorphism. That is, the Serre bound (3.4.1) is an equality for the
residue field M = k.

Avramov proved that a surjective, local homomorphism is Golod if and only if
there is a quasi-isomorphism of dg algebras

Repk~kxU,

where U is a positively graded vector space over k. This follows by applying | ,
Theorem 2.3] to a (possibily non-minimal) dg k-algebra model for R ®'@ k. The
trivial extension algebra k x U is Koszul by | , Proposition 3.4.9], see also
Example 3.4, and hence ¢ is Koszul.
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The examples above provide many instances of Cohen Koszul k-algebras appear-
ing in local commutative algebra, and some of these examples are Koszul in the
classical sense: for example a local complete intersection k-algebra is Koszul if and
only if it is quadratic; see | , 3.1]. We give a small example of a local k-algebra
that is neither Koszul nor Cohen Koszul.

Example 3.6. Suppose R = k[a,b,c]/(a? bc,ac + b*). A computation shows
Ag(e1,e2,e3)/(erezes) is an algebra retract of H(K); one could, for example, use
Macaulay?2 [(:5] for this calculation. In particular, H(K?) has a relation of weight
3 in any weight grading, and so H(K ) cannot be a Koszul k-algebra. Thus, R is
not Cohen Koszul. Moreover, R is the completion of a quadratic algebra that is not
Koszul in the classical sense. One can see this by computing the third differential
in the minimal free resolution of k over R; alternatively, see | ].

In Theorem 3.10, we see that this is part of an exceptional class of non-Cohen
Koszul local rings among rings having embedding dimension at most three.

Example 3.7 (Short Gorenstein local rings). A local ring R with maximal ideal
mp, is called short Gorenstein if it is Gorenstein and m% = 0. Equivalently, these
are the local rings having Hilbert series Hg(t) = 1 + nt + t? for some n. This is
an important class of local rings that occurs frequently in what follows. If R is
also a k-algebra, then R is Koszul by | ] or | | (this follows as well from
the slightly earlier computations in | ]). Short Gorenstein rings are also Cohen
Koszul by Example 3.15.

3.8. Rings of small codepth. Recall that for a local ring R with maximal ideal
mp and residue field k, its codepth is

codepth(R) := ranky (mg/m%) — depth(R) .

This value is a measure of the singularity of R in the sense that codepth(R) = 0 if
and only if R is regular. The next result illustrates that a local ring of small codepth
is almost always Cohen Koszul. First we remind the reader of the structure theorem
on Koszul homology for rings having codepth three.

3.9. Assume R has codepth three and fix a minimal Cohen presentation ¢: Q — R.
The minimal Q-free resolution A of R supports a dg algebra structure; see, for
example, | ]. Hence, ﬁ@'@ k is formal and the algebra structure of its homology
T = Tor®(R, k) = H(K®) has been classified as follows.

Fix bases {e1,...,ee}, {f1,---, fm} and {g1,...,9n} for T1, T> and T3, respec-
tively. By | |, there are non-negative integer parameters p, g, r, satisfying

pgg—lu qgm_pu Tgmln{fum}u

such that T is one of the graded-commutative algebras determined below, where
products between the basis elements not listed are zero:

CI: €162 = fg, €1€3 = f2, €g2€3 — fl, el-fl- =01 for i = 1,2,3.

TE: eiex = f3, ereg = fo, esez = fi.

B: eiex = f3, e1f1 = g1, e2f2 = 1.

G(r): e;fi=gifori=1,...;rand r > 2

H(p,q): epr1e; = fifori=1,...,p, and epy1fprs =g; fori=1,...,q.
In each case, let T’ denote the corresponding subalgebra on the basis elements
appearing in the multiplication table above. If U is the k-space spanned by the
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basis of elements of T not recorded in the same multiplication table, then note that
there is an isomorphism of graded k-algebras

(3.9.1) T~T xU.

Finally, as a matter of terminology, we say a local ring R belongs to one of these
classes if T' = Tor?(R, k) has the corresponding algebra structure.

Theorem 3.10. A local ring of codepth two or less is Cohen Koszul. A local ring
of codepth three is Cohen Koszul if and only if it belongs to CI, B, G(r) or H(p, q).

Proof. Let R be a local ring of codepth ¢ with residue field k. Fix a minimal Cohen
presentation ¢: Q — R and set T = TorQ(}A%, k).

If ¢ < 2, then R must be complete intersection or Golod; that is, ¢ is a com-
plete intersection or Golod homomorphism. This follows from the Hilbert—-Burch
theorem (see [ ], as well | , Theorem 1.4.17]) combined with a result of
[ , Theorem 2.3]; see also | , Proposition 5.3.4]. Therefore by Exam-
ples 3.2 and 3.5 R is Cohen Koszul in either case.

Now assume ¢ = 3. The simplest case is when R belongs to CI, since in this
case R is complete intersection and so R is Cohen Koszul; cf. Example 3.2.

For the remainder of the proof we adopt the notation from 3.9 and analyze the
graded algebra structure of T. By Example 3.4 and (3.9.1), T is Koszul if and only
if T" is, and so we replace T by T” in what follows.

If T is H(p, q), then it is the tensor product of a trivial extension algebra on
€1s---s€ps fp+1,- -, fp+q and the exterior algebra on e, 1, where each of these have
weight 1. Hence, T is a tensor product of Koszul k-algebras and so it is Koszul.

If T is G(r), we give {e;} and {f;} weight one and g; weight two. Then T is a
short Gorenstein k-algebra and hence Koszul; see Example 3.7.

If T is B, then we give T" weight grading

k w=0

T ket ®kesdkfrdkfo w=1
7Y kfs @ kgy w=2
0 w >3

As an algebra T is the quotient of the exterior algebra

T = Ag(er, ea, f1, f2)/(e1f2, e2f1, f1fo,e1f1 —eafa).

The graded k-algebra T" is Koszul since its defining ideal has a quadratic Grobner
basis, and is therefore Koszul by | ]

Finally, if T is type TE, then T is not quadratic with respect to any weight
grading. Indeed, the products in 3.9 force ey, es, e3 to all have weight one, as well
as the minimal relation ejeses = 0. Hence, T is not Koszul. [l

Remark 3.11. Theorem 3.10 deals with the ‘absolute’ case. That is to say, when a
local ring is Cohen Koszul. However given a surjective map of local rings ¢: Q — R
one has that this is always Koszul for projdimg(R) < 2. Indeed, in this case ¢
is either a complete intersection homomorphism, or a Golod homomorphism. For
the case projdimg (R) = 3, the structure theorem on T' = Tor®(R, k) discussed in
3.9 can be applied assuming that ker(y) is a perfect ideal. In this case ¢ is Koszul
except in the case that T" belongs to TE.
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A surjective local homomorphism ¢: @) — R of finite projective dimension is
Gorenstein of projective dimension d if

R i=d

(3.11.1) Extt(R, Q) = {0 id.

For example, Gorenstein rings of codimension d are exactly those whose mini-
mal Cohen presentations are Gorenstein of projective dimension d. If d = 3 then
TorQ(R7 k) belongs to G(r) and the dg algebra structure on the minimal resolution
of R over @ can be described explicitly; one can hence verify directly, as is done
below, that such maps are Koszul.

Example 3.12 (Gorenstein homomorphisms of projective dimension 3). Assume
that ¢ is Gorenstein of projective dimension 3. Buchsbaum and Eisenbud con-
structed the minimal free resolution of R over Q in | , Theorem 2.1 & 4.1]:

A=0-Q - Q" 5 Q" > Q—0

where 7 > 3 is odd and the first and third differential of A depend on Pfaffians of
submatrices of the alternating matrix . Furthermore A is a graded-commutative
dg algebra with the following multiplication: We fix bases {e;}i_;, {fi}i_;, and {g}
for A, Ao, and As, respectively. The multiplication is determined by
e;ej = Z(ﬂ:l) pf(l/)ijg)f[ for i < 7, el-fj = 51]9 and f’LfJ =0
r=1

where 1);;0 is the submatrix of ¢ obtained by deleting the ith, jth and ¢th row
and column, and §;; is the Kronecker delta function. The exact description is not
important for the sequel, see [ , Example 2.1.3] for detail.

When r = 3, it follows that A is a Koszul complex on three elements and so ¢
is a surjective complete intersection map, hence ¢ is Koszul by Example 3.2.

When r > 5, we have that pf(¢;;,) € mg for any 4, j and ¢. Hence the only
non-zero products in the graded algebra A ®¢ k are

eifi=fiei=g forl<i<r.
Giving A ®¢ k the weight grading

Ao@@k w=20
A k A k =1
(A®qk)w) = 541®Q )& (428 k) w_
3®qk w=2
0 else,

it belongs to G(r) in 3.9. The fact that A®gk is a Koszul k-algebra was established
in the proof of Theorem 3.10. Thus ¢ is a Koszul homomorphism.

3.13. Almost Golod Gorenstein rings. We discuss here a large class of local
Gorenstein rings displaying interesting homological behavior, that has been studied
before in [ , Section 6].

Definition 3.14. We say that an artinian local ring R is almost Golod if the socle
quotient R/soc(R) is Golod. A general local ring is almost Golod if it is Cohen—
Macaulay and R/(x) is an almost Golod artinian ring, where « is a maximal regular
sequence that is part of a minimal generating set for mp.
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Example 3.15 (Almost Golod Gorenstein rings). Let R be an almost Golod local
ring that is also Gorenstein of codepth d.

Fix a minimal Cohen presentation ¢: QQ — R and set T = TorQ(IAE, k). Since Q
is regular and R is Gorenstein, T is a Poincaré duality algebra by | ]. That is
to say, for each 0 < ¢ < d the multiplication maps

Tix Ty > Tg=k

are perfect pairings. Furthermore, by | , Theorem 1] the quotient T/T} is
a subalgebra of the trivial extension algebra Tor®(R/soc(R), k), and hence is it-
self a trivial extension algebra. It follows that T' is a short Gorenstein k-algebra.
Moreover, prescribing T" with the following weight grading

T(O) = T07 T(l) = @?:_11111', and T(Q) = Td

makes T a Koszul k-algebra, with the multiplication of T' being equivalent to a
perfect pairing on 7(y); see the proof of Theorem 3.10.

We prove that these rings are Cohen Koszul under the assumption that R con-
tains a field of characteristic zero and d is odd, by giving a characterization anal-
ogous to Avramov’s characterization of Golod rings [ ]. We do not know
whether the assumption on the characteristic or on d is necessary (but see Re-
mark 5.10).

Theorem 3.16. Let R be a local with a minimal Cohen presentation @) — R. If
there is a quasi-isomorphism of dg k-algebras R ®'@ k ~ T, where T is a short
Gorenstein graded k-algebra, then R is almost Golod Gorenstein. Assuming that
R contains a field of characteristic zero, and that codepth(R) is odd, the converse

holds as well. In particular, almost Golod Gorenstein rings (of characterstic zero
and odd codepth) are Cohen Koszul.

Proof. If R is almost Golod Gorenstein, we have already seen that T = Tor® (R, k)
is a short Gorenstein algebra, and in particular Koszul. The proof that R ®b k is
formal under the stated assumptions will be given in Theorem 5.7 and Lemma 8.17.

Conversely assume that f%@'@ k is quasi-isomorphic to a short Gorenstein algebra
T, and write e for the embedding dimension of R. By Proposition 2.11,

1+t)°

Pi(t) = (

k() 1— (Hp(t) — 1 —te)t +te+2

and hence as a consequence of | , Proposition 6.2], R is almost Golod. (]

Remark 3.17. The prototypical example of an almost Golod Gorenstein ring is a
short Gorenstein local ring R. In this case R/soc(R) = R/m% is Golod by [ ]

Among the complete intersection local rings, the almost Golod Gorenstein rings
are exactly those having codimension two or less; see Theorem 3.16. If R is a
Gorenstein local ring of codimension 3 that is not complete intersection, then R is
almost Golod Gorenstein by Example 3.12 and Theorem 3.16.

By [ , Proposition 6.3] every Gorenstein compressed local ring of socle degree
at least 4 is almost Golod Gorenstein. Moreover for fixed emdedding dimension
and socle degree, the generic Gorenstein local k-algebra is compressed by | ,
Theorem I]. Hence the almost Golod Gorenstein condition is extremely common.

Recall that if @) is a standard graded polynomial algebra, a homogeneous quotient
R = Q/I is said to have an almost linear resolution over @ if the ideal I is generated
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by forms of degree e, and for all 0 < i < projdimg(R) we have Tor?(R, k); =0
unless j — ¢ = e — 1; confer | ]. Graded Gorenstein rings with almost linear
resolutions are always almost Golod Gorenstein. This will be justified later in the
paper, in Example 8.19, along with the fact that such algebras with e > 3 are also
Cohen Koszul; this is done without the assumptions on characteristic and codepth
in Theorem 3.16.

Remark 3.18. In rational homotopy theory, Golod rings correspond to spaces that
are (rationally) homotopy equivalent to a wedge of spheres, while Gorenstein rings
are analogous to manifolds, or more generally Poincaré duality spaces; see the
looking glass [ ] for more information.

To be more precise, if M is a simply connected manifold and the punctured
space M ~ {pt} is rationally homotopy equivalent to a wedge of spheres, then
the cohomology ring H*(M;Q) is an almost Golod Gorenstein ring. In | 1,
Stasheff proved such spaces are formal, and therefore they are Koszul in the sense
of Berglund [ ]. A well studied class of manifolds satisfying this property
are the highly connected manifolds, that is, those M with H(M;Q) = 0 when
0<i< [dim(M)/2].

Since Gorenstein rings that are not regular or hypersurfaces are never Golod, the
Serre bound (3.4.1) must be strict for such rings. However, a tighter bound can be
established for Gorenstein local rings, as we show now. The case of equality below
is equivalent (when d = 0) to the formula for P (t) given in | , Proposition 6.2],
and our proof is essentially equivalent to that of loc. cit.

Proposition 3.19. Let R be a local ring having dimension d and embedding di-
mension e, with residue field k and Koszul complex K®. If R is Gorenstein but not
reqular or a hypersurface, then there is a coefficientwise inequality

PE(t) - (1+t)e¢
(L+8)d —2PF(t) 1 —2(1 4 t)e=d 4 te—d+2 — 3 rank H, (K R)ti+!

and equality holds if and only if R is almost Golod.

While the left-hand side is not equal to Pf(t), it increases monotonically with
PJ(t), and so it directly measures the growth of the resolution of k. Therefore
within the class of Gorenstein local rings, almost Golod rings display extremal
behavior analogous to Golod rings.

Proof. As R is Gorenstein, prime avoidance yields a regular sequence € = 1, ...,7q
that is part of a minimal generating set for mp, so that R = R/(x) is artinian
Gorenstein and of embedding dimension e—d. By Nagata’s theorem | , Section
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27] we have Pf(t) = P,}j(t)(l +t)? and so the first equality below holds:

PL(t) PR
(1+t)d —2PE(@t)  1—2PE()
=P )
- N0
B 1 - t(Pg/ SOC(R) (t) - 1)

_ PE(1)
L= HPR(H) =t~ + PR () — o741 —1)

The second equality holds using [ 3, Theorem 2], the coefficientwise inequality
is the Serre bound (3.4.1) for R/soc(R), and the last equality holds using [ ,
Theorem 1]. Since P(t) = (1 + ¢)°~¢ and P2(t) = 3275 rank, Hy (K )¢/, we
obtain the claimed inequality. It remains to note that R is almost Golod if and
only if R/ soc(R) is Golod, if and only if equality holds in the third line above. O

Later, in Section 8.15, we explicitly construct resolutions over almost Golod
Gorenstein rings that achieve the bound of Proposition 3.19.

3.20. Monomial rings. In this subsection we consider rings of the form R = Q/I,
where Q = k[z1,...,z,] and I is generated by monomials my, ..., m,. By Froberg’s
theorem | ], R is Koszul as a k-algebra if and only if each m; is quadratic.
However, the condition that R is Cohen Koszul is more common and more subtle.

Example 3.21 (Almost linear monomial ring). As discussed in Remark 3.17,
graded Gorenstein rings having almost linear resolutions are Cohen Koszul. To
give an explicit example, let I be the ideal in Q = k[z1,. .., xg] generated by

L2X4T5, L1T3L6, L2X5L6, LIL5L6, L1LILT, T1L4LT, L2X4LT, L2LELT,

L3TLeX7, LALELT; L1XLIL8, L1L4TG, L2XL4L8, L1L5L8, L2L5L8, L3T5T-
The Betti table of R = Q/I is

0

1l - ..
2| 16 30 16
3 e

a0l - . 1.
Of course, this example was found with the help of Macaulay2 [GS]; it is the

Stanley—Reisner ring of a triangulation of the 3-sphere, taken from the enumeration
compiled by Lutz | ].

An exact combinatorial characterization of which monomial rings are Cohen
Koszul would be very interesting; this seems possible but likely non-trivial. We
describe a special case that produces a large number of explicit examples.

Let Q@ = k[x1,...,2,] be a polynomial ring over a field k. A monomial ideal
I is called dominant if it is generated by a set of monomials G such that for all
m € G there is a variable x; and an integer a such that z{ divides m and z{ does
not divide any monomial m’ € G \ {m}; see | , Definition 4.1].
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Proposition 3.22. If Q = klx1,...,x,] be a polynomial ring over a field k and I
is a dominant monomial ideal in QQ then R = Q/I is Cohen Koszul.

Proof. The Taylor resolution A of R over @ has a basis {e;} indexed by subsets
IC{1,...,n}, with e; in homological degree |I|, and the differential is defined by

m
d(er) = Z +—1 er{i}

ier TN}

where my = lem {m; |i € I'}; see | | for details and signs. The hypothesis of
the proposition exactly guarantees that the Taylor resolution is minimal by | ,
Theorem 4.4].

Gemeda | ] proved that the Taylor resolution has a dg algebra structure

with product
mipm.gj

ejey = & eruJ

mruJ
when I NJ = &, and with ere; = 0 otherwise. By Remark 2.7 it follows that
R ®'@ k= A®q k is formal.

It remains to show that A ®g k is a Koszul k-algebra. Let M be the graph with
vertices {1,...,r} and an edge connecting ¢ and j if and only if ged(m;, m;) # 1.
From the description of A above it follows that
kler | I € M connected]

(erey | ged(myp,my) #1)°

where k[e;] is the free graded-commutative algebra on the indicated e;; compare
this with | , 6.2]. Assigning each e; weight 1, we are done because quadratic
monomial quotients of free graded-commutative algebras are Koszul by Fréberg’s

theorem [ ] (such rings belong to class B in | , Section 3|, and Fréberg
constructs linear resolutions of the residue field for all rings of class B). g

A®Qk:

Remark 3.23. One can readily exhibit monomial rings satisfying the hypothesis of
the proposition, and not falling into the other classes described above. For example,
R = Ek[a,b,c,d, e, f]/(abe, cd, ae, acf).

The next examples are k-algebras that fail to be Cohen Koszul; the first is a
Koszul k-algebra and the second has H(K®) a Koszul k-algebra. Both examples
fail to be Cohen Koszul since in each case K® admits a nonzero triple Massey
product, and hence is not formal; cf. | ] for more details on Massey products.

Example 3.24. The k-algebra R = k[a, b, ¢, d]/(a?, ab, be, cd, d?) is the completion
of a Koszul k-algebra (in the classical sense) by [ , Corollary 1]. However, the

map kfa,b,c,d] — R is not Koszul. Indeed, by [ , Example 5.1.4], K has a
nonzero triple Massey product, and so KT is not formal.

Example 3.25. Let Q = k[a, b, ¢, d, €] and consider the quotient map
©: Q= R:=Q/(ab’, cd? €3, abcd, d*e? b%e?, ace, b d%e) .

In | , Theorem 3.1], it is shown that H(KF) is a trivial extension that admits
a nonzero triple Massey product; the latter is an obstruction to the formality of
KT while the former justifies that H(K ) is a Koszul k-algebra.

Remark 3.26. To any monomial ideal I C () one may associate a square-free mono-
mial ideal 7° in a larger polynomial ring Q°, known as the polarization of I. Froberg
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[ | proved that there is a regular sequence of linear forms y1, ...,y in the quo-
tient R° = Q°/I° such that R = R°/(y1,...,y:). From Proposition 2.17 it follows
that R is Cohen Koszul if and only if R° is Cohen Koszul.

A simplicial complex A on [n] = {1,...,n} is a nonempty family of subsets of [n],
closed under taking subsets. The Stanley—Reisner ring associated to A, denoted
k[A], is the quotient of k[z1, ..., x,] by the ideal generated by monomials z;, - - - 2,
such that {i1,...,4:} ¢ A. Every square free monomial ring is the Stanley—Reisner
ring of some simplical complex, and so by Remark 3.26 we may restrict to such
monomials rings.

Remark 3.27. We make some remarks about the connections to toric topology; for
precise definitions and background on this area the reader may consult | ].

To a simplical complex A on [n] one also associates the moment angle complex
Za, afinite CW-complex with an action of the torus (S1)™. The homotopy quotient
DI A = Za//(S1)™ is known as the Davis-Januszkiewicz space of A. By | ,
Theorem 4.8] and | , Theorem 4.8] the cochain algebra of this space is formal,
and quasi-isomorphic to the Stanley—Reisner ring;:

C*(DT aik) = k[A],

where the variables z; are given cohomological degree 2. From this it follows that
k[A] is a Koszul k-algebra if and only if DJ A is a Koszul space in the sense of
[ ]. As remarked in | , Example 5.8], this happens exactly when k[A] is a
quadratic algebra, or equivalently if A is a flag complex, that is, the minimal faces
not belonging to A are all edges.

The question of when Za is a Koszul space seems to be more interesting. By
[ , Lemma 3.1] there is a quasi-isomorphism of dg k-algebras

C*(Za3k) = k[A] @ k.

Thus k[A] is Cohen Koszul if and only if Za is a Koszul space, since the latter means
that C*(Za; k) is formal with Koszul homology algebra. The related condition that
Za is formal has been investigated in | , .

The almost Golod condition is also connected with the minimally non-Golod con-
dition for simplicial complexes introduced in [ ]. Indeed, the proof of | ,
Theorem 1.1] shows that if M = Za is a moment angle manifold, and if M ~ {pt}
is rationally homotopy equivalent to a wedge of spheres, then A is minimally non-
Golod (over Q).

4. BACKGROUND ON A ,-ALGEBRAS AND COALGEBRAS

Stasheff introduced A -algebras in topology to characterize loop spaces | ,
|, and they have since proven a powerful tool in algebra as a flexible gener-
alization of dg algebras; for an overview see [ ]. In our context, the minimal
Q-free resolution of a finite @-algebra R can be equipped with an A -algebra
structure (see Section 5), and this will be leveraged to characterize Koszul ho-
momorphisms in terms of presentations similar to the quadratic presentations for
classical Koszul algebras (see Section 7).
From now on @ is always a local ring with maximal ideal mg and residue field
k, and unadorned tensor products and Hom sets are taken over Q.
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4.1. An A -algebra is a graded @-module A equipped with @-linear maps
Mp: A" - A forn>1
of degree (n — 2) satisfying the Stasheff identities

(4.1.1) Z (—1)""*'my 140 (1d¥7 @ms ®1d®) = 0.

r+s+t=n
r,t>0,s>1

Taking n = 1 this says that m; is a degree —1 square zero endomorphism of A, so
we can (and will) make A a complex with = m;. Taking n = 2 yields a product
satisfying the Leibniz rule 0my = mo(0 ® id +id ®9). The next Stasheff identity,
for n = 3, can be interpreted as saying that ms is associative up to a homotopy
given by ms, that is,
ma(id ®ma — mae ®1d) = Imgz + m3(0 ® id®id+id ®9 ® id + id ® id ®9) .

If for some n the Stasheff identity (4.1.1) holds for every integer less than n, then
the obstruction
(4.1.2) obs? = Z (=) *'m, 14 (1d® @m, ® id®)

r+s+t=n
rt20,n>s>1

is a chain map A®™ — A; see | , Corollaire B.1.2].
A morphism of A -algebras p: A — B consists of Q-linear maps

cpn:A®"—>B forn>1

of degree (n — 1) satisfying

Z (=) o1y (Id®" @md @ id®")

r+s+t=n
r,t20,s>1
(4.1.3) .
=2 > (0 Im e @ @)
p=1 aG‘N
where o = (av1,..., ) and |a| = > _; oy, with v(a) =Y 8 _, (p — k)(ax — 1).

If for some n the Stasheff identity (4.1.3) holds for every integer less than n, then
we define

Obsi = Z (—1)T+St(pr+1+t (id®T ®m? X id®t)

r+s+t=n
r,t>20,s>2

_ZZ U(a)m @a1®"'®@ap)-

p=2 aeNP
|a|=n

Then the Stasheff identity (4.1.3) holds if and only if
obs? = myp, + (—1)"on(m1 ® id®=1 4 q®-D) ®my) .

A morphism ¢ of A-algebras is a quasi-isomorphism if the chain map ¢; is a
quasi-isomorphism of complexes. The morphism ¢ is strict if ¢, =0 forn > 1. In
this case (4.1.3) simplifies to

(4.1.4) prmy =mp (o1 ® - ® p1).
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The composition of morphisms ¢: A — B and ¢: B — C' is defined by

(o) = Z Z (_1)v(a)¢p(<ﬂa1 & ‘Pap) .
p=1 aeN?
|a|=n
4.2. An A-algebra A is strictly unital if there exists 14 € Ap such that
ma(lg®a)=a=me(a®1ly) forallae A and

4.2.1
( ) Mp(a1 ® - Qa1 Q14 ®a;41 Q- Ra,) =0 forall<i<n

for any ai,...,a, € A and n > 2. A morphism of strictly unital A.-algebras
@: A — B is a morphism of A-algebras such that

v1(la) =1 and

4.2.2
( ) on(a1®  ®a1®14R a1 Q- ®a,)=0 foralll<i<n

for any a; € A and n > 1.

4.3. An A .-algebra is connective if it is concentrated in non-negative degrees. If
A=Q® Ais a graded module and 14 a free generator of the direct summand Q,
then A is an A -algebra with a split unit.

A split unital Ac-algebra structure on a graded module concentrated in non-
negative degrees is equivalent to the existence of Q-linear maps

Mp: A" 5 A forn>1
of degree (n — 2) and Q-linear maps
hi: A= Q and hy: A% = Q

of degrees —1 and 0, respectively, such that for n # 2,3 the Stasheff identities
(4.1.1) hold when replacing m; by m;, and for n = 2,3

Z (=) 7,414 (1d®” @ @ id®) + (hy_1 @ id —id®h,_1) =0,
r+s+t=n
rt>0,s>1
and additionally
himi =0, himo — ho(m ®id+id®my) =0 and

the former replaces the second and third Stasheff identity and the latter supplements
the first three Stasheff identities. In particular, for n > 2 the maps m,, are the
appropriate restrictions of m,,. For n = 2, we obtain ms by ms+hs and additionally
enforcing (4.2.1). For n = 1, we have my = my + hy. This treatment is similar to
[ , Section 3], but is slightly more general since we allow 4y # 0 and hence
need hy as well as hy. If A were not connective then we would also need maps h,,
for n > 3. Taken together the h,, will correspond to the curvature term on the bar
construction of A; see 4.7.

Remark 4.4. Let A be a connective A .-algebra with a split unit. Then the projec-
tion A — @ onto the free summand containing the unit need not be a morphism of
strictly unital A..-algebras. In fact, this happens if and only if Ay = 0 and he = 0.
Such A.-algebras are called augmented.
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4.5. Fix a graded coalgebra (C, A). Recall C' is counital if there exists a counit
map €: C' — @ such that

(id®e)A =id = (e ® id)A.
We say C is a curved dg coalgebra it is equipped with a coderivation 0 of degree
—1 and a curvature term h: C' — @ of degree —2 such that
0= (h®id—id®h)A and hd=0.

A curved dg coalgebra C' is connected if it is non-negatively graded, counital and
Co = Q. In this setting, we write C = Q & C for C' = ker(e) and set

A=(CocHoec—Cal),
0= (C’—>CE>C—>C') and h = (C’—>C£>Q)
for the restrictions to C'. These maps satisfy the same relations as A, 9 and h.

4.6. The tensor algebra T%(V) on a graded @-module V' has underlying graded
module T(V) :== @,,5, V®", and the multiplication

M((Ul®"'®Uk)®(vl1®"'®vz)) :zvl®---®vk®v'1®---®v2.

The tensor algebra is bigraded by T‘(ln)(V)i = (Ven),.

The tensor coalgebra T¢(V) on a graded @-module V has underlying graded
module T(V), and the comultiplication

A @ Qvp) = (0@ ®0;) ® (Vig1 @ @ ).
i=0

The tensor coalgebra is bigraded by T¢,, (V)i = (V®");. The data of an A .-algebra
can equivalently be encoded as a differential on a tensor coalgebra, as we see next.
4.7. Let A be a split unital connective A-algebra. Then the tensor coalgebra
T¢(XA) has an induced curved dg coalgebra structure. The curvature term has
components

his ' T(H(BA) = Q and ho(s71)®2: Ty (BA) = Q
and zero otherwise. The coderivation 0 has components

(-1) > (1d® @mm(z ) @id®): T, (DA) = T, 41y (SA)

i+j=n—k
1,j20

k(k+1)
2

for k > 1, and zero otherwise. The map 0 is well-defined since A is concentrated
in non-negative homological degree. With this structure T¢(XA) is a connected
curved dg coalgebra, and we call

Bio(A)e = (T (SA)e, 1, 0,4)

the bar construction of A. For aq,...,a, € A we write
[a1]...|an] = (fa1 ® - -- ® £a,) € B,y (4).

For a split unital connective A..-algebra the canonical projection and inclusion
induce a degree —1 map of graded modules

B(A) » XA YA A.
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Let C be a connected curved dg coalgebra. Then the algebra T¢(X~'C) has an
induced dg algebra structure. The differential m; has components

—hs: T (E7I0) = Tl (271C0), —x710%: T((E71C0) = Ty (2710)
and (x~)®?Ax: Tf,(X71C) = Ty (B710);
and zero otherwise. With this structure T¢(X~1C) is a split unital connective dg
algebra, and we call

Q) (C)e = (T?*)(E_lé).,ml,mg)
the cobar construction of C. For c1,...,c, € C we write
(.- Jen) = 57 e @ @5 e) € Q) (€).

For a connected curved dg coalgebra the canonical inclusion and projection maps
induces a degree —1 map of graded modules

C—Y1C—»271C— Q).
Remark 4.8. The bar and cobar constructions define an adjoint pair of functors
when restricted to split unital connective dg algebras and connected curved dg

coalgebras; see [ , Section 3]. It remains an adjunction when restricted to
augmented connective dg algebras and connected dg coalgebras.

4.9. A morphism ¢: (C,A,e,0,h) — (C',A';¢',0',h') of connected curved dg
coalgebras consists of @Q-linear maps
0o: C—Q and ¢: C—(C’
of degree —1 and 0, respectively, satisfying
e=cp1, Npi=h—pod+ (po® o)A,
'o1 =010+ (po @ p1 — 1 @ o)A and  A'py = (o1 @ p1)A;
see | , Chapter 4]. This induces a map of dg algebras Q(p): Q(C) — Q(C"),
and we say ¢ is a weak equivalence if Q(y) is a quasi-isomorphism.
4.10. Let A be an A.-algebra. An A, -module over A is a graded module M
equipped with maps
mf\l/[: A=V @ M s M forn>1
of degree (n — 2), satisfying

S D mM L ([P eme @id®) + Y (—1)'mM, (1d®T eml) =0,

r4+s+t=n r4+s=n
r>0,s,t>1 r>0,5>1

If A is strictly unital, we say an A,,-module M over A is strictly unital if
me(la®@m)=m forallme M and
Mp(a1 ® Qa1 R®14Qa;411 Q@ Rap,—1®@m)=0 forall <i<n—-1
for any a,...,a,—1 € A and m € M with n # 2.

If A is connective and has a split unit, then a strictly unital A .-module structure
over A on M is equivalent to the existence of maps

m,ﬂf:zé_l®("_l)®M—>M forn>1

of degree (n — 2) such that for n # 2,3 the Stasheff identities hold when replacing
m by m, and for n = 2, 3 there is an extra curvature term h,,_; ® id similar to 4.3.
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4.11. Let A be a split unital connective A -algebra. The data of a strictly unital
A -module structure over A is equivalent to that of a strictly unital dg module
structure over Q(B(A)). Explicitly, if {ml} is a strictly unital A,.-module struc-
ture on a graded module M, then the dg module structure on M is given by the
same differential m?/, and the multiplication Q(B(A)) ® M — M induced by

(=) M (O @ idar): N By (A) @ M — M.

Moreover, this construction is natural in A and M, and any quasi-isomorphism of
A -modules over A yields a quasi-isomorphism of dg modules over Q(B(A)).

5. TRANSFER OF A ,-ALGEBRA STRUCTURES

In this section, as above, ) is a local ring with maximal ideal mg and residue
field k. Let R be an A,.-algebra over @), and let A — R be a quasi-isomorphism
of complexes over (). We would like to know whether the A, -algebra structure
on R induces an A-algebra structure on A. This is well-understood in the case
that @ is field, so that A — R is a homotopy equivalence; the first result is due to
Kadeishvili | | when A = H(R). For general homotopy equivalences this was
studied, for example, in | ]. Burke has shown that if R is a quotient of @ and
A is a Q-free resolution of R, then the product on R lifts to an A.-structure on A
[ , Proposition 3.6]. We give a proof in a more general situation.

Proposition 5.1. Let R be a strictly unital connective A -algebra and e: A — R
a surjective quasi-isomorphism of complexes over Q, with A degree-wise free and
concentrated in non-negative degrees. Then there exists an A~-algebra structure
with a split unit on A such that € is a strict quasi-isomorphism of A -algebras.

Proof. Since ¢ is surjective we may choose a splitting A = A @ Q such that ¢
maps the free generator of @ to the unit of R. We inductively construct higher
multiplication maps m,, on A satisfying the nth Stasheff identity. To begin with
we set my = 0 where 0 is the differential of A.

For n = 2 we consider the commutative diagram

ARQ+Q® A — A
®2 T ®2
A = B — R

The morphism of complexes m‘24: A®? 5 A exists because ¢ is a surjective quasi-
isomorphism and the left vertical arrow is injective in each degree and the cokernel
in each degree is projective; see for example | , Section 7]. The morphism m3'
satisfies the desired properties by construction.

For n > 2, the obstruction obs? from (4.1.2) is a chain map. We have a short

exact sequence of complexes

0= > A¥ QA% I A" — A" 0.

i+j=n—1
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By direct computation we obtain obs;i1 Nn = 0. So the obstruction obs;i1 factors
through A®™. We consider the diagram

A®n
-7 !
/a/, obs# 0
138 v
1 ~
Y~ 'cone(e) —— A —— R.

Since A®" is, as graded modules, a direct summand of A®", and the higher mul-
tiplications mf‘ for ¢ < n commute with e, the right triangle commutes up to the
homotopy mfe®". Then there exists a chain map « such that the left triangle
commutes up to a homotopy o. Since ¢ is surjective, we may assume me®" = co
by [ , Proposition 1.3.1]. That is

mA = (A®” — A% 2 A)
satisfies the nth Stasheff identity (4.1.4). O

5.2. In the setup of Proposition 5.1 we can also transfer A.,-module structures: If
M is a strictly unital A,-module over R and with semifree resolution v: G — M
over (), in the sense discussed later in 6.2, then there exists a strictly unital A .-
module structure on G over A and ~ is a strict morphism of A, ,-modules; compare
with [ ]. When the homology of M is bounded below (for example, if M is an
honest module), one can take G to be a bounded below complex of free @-modules.

Proposition 5.3. Lete: R — S be a surjective strict quasi-isomorphism of strictly
unital Ao-algebras over Q. Further let A be a split unital, connective, degree-wise
free Aso-algebra and ¢: A — S a morphism of strictly unital A -algebras. Then
there exists a morphism of strictly unital Ao -algebras 1v: A — R such that o = €.

Proof. The unit Q — S factors through e and ¢1, so by | , Section 7], there is
a chain map 1 : A — R such that ¢1 = eyp1 and ¥1(14) = 1.

Let n > 2 and assume that for i < n the chain maps ¥;: A®* — R exist, the
ith Stasheff identities (4.1.3) and (4.2.2) hold, and e%); = ;. A computation shows
that obs’ and obs? vanish when any of its inputs is 14. Hence we can view obsY
and obs? as maps on A®". Taking homology classes in Hom (A®", S) we have

elobs?] = [obs?] =0,

since aobsﬁ = obs? and ¢ is a morphism of strictly unital A-algebras; cf. 4.1.
Since € is a surjective quasi-isomorphism, and using the assumptions on A, the
induced map Hom(A®", R) — Hom(A®",S) is a quasi-isomorphism and hence
obs” is a boundary in Hom(A®", R). That is, there is ¢, : A®" — R such that

obsy, = mithy + (1) (mf' @1d®" 4 - +id®" @m{') .

Setting 1, == (A®" — A®" LN R), we now have v, . .., ¥, satisfying the required
identities (4.1.3) and (4.2.2), completing the induction. O

It is well-known that A..-algebras can be used to characterize formality of dg
algebras over fields | ]. We record the following generalization in local algebra.

Proposition 5.4. Let ¢: Q — R be a finite local homomorphism and lete: A — R
be the minimal Q-free resolution, equipped with an A -structure making € a strict
quasi-isomorphism of As-algebras. The A -algebra A®gk is quasi-isomorphic, as
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an Ao -algebra, to the derived fiber R ®b k defined as a dg k-algebra in Section 2.
Moreover, R ®LQ k is formal as a dg k-algebra if and only if A admits an As-
structure {my} as above that also satisfies mp, @qg k =0 for n > 3.

Proof. Suppose that the minimal @Q-free resolution A of R has an A-structure
{my} with the stated property. If A’ is a Q-free dg algebra resolution of R, then A
and A’ are quasi-isomorphic as A-algebras over ) by Proposition 5.3. Therefore
A®qgkand R ®b k = A’ ®q k are quasi-isomorphic as A-algebras over k.

If m, ®gk = 0 for n > 3 then A®gk is a graded algebra, canonically isomorphic
to TorQ(R7 k). Two dg k-algebras are quasi-isomorphic as dg algebras if and only
if they are quasi-isomorphic as A.-algebras [ ], and we can conclude that
R @, k is formal.

Suppose conversely that R ®'@ k is formal. By Proposition 5.1 the minimal Q-
free resolution A of R admits an Ao-structure {m/,}. Using the same reasoning as
above, since R ®'@ k is formal A ®¢ k and Tor? (R, k) are quasi-isomorphic as A -
algebras over k. By the uniqueness of minimal models (that is, A.-algebras over a
field having zero differential; see | ]) there is an isomorphism of A.-algebras

¢ (Tor®(R, k),0,1,0,...) = (A®q k,0,mh @ k,mh @k, ...),

where p is the ordinary product on Tor® (R, k). We may make the identification
A®qg k = Tor“(R,k) and choose lifts ¥;: A®* — A with ¥; ®¢g k = ;. By
Nakayama’s lemma W is an isomorphism and we can inductively define operations
my,: A®" — A by the formula m,, =

\I}Il( . Z (—1)T+St\1}r+l+t (id®r QM @ id®t) + Z (_1)v(a)m;‘1,®a> '
r+s+t=n p,a€NP
r,t>0,s>1 la|=n
By construction the map ¥: (A,{m]}) — (A,{m,}) now satisfies the Stasheff
morphism identities (4.1.3), and it follows that (A4, {m,}) is an A, -algebra, iso-
morphic to (A, {m],}). Finally, from ¥ ®qg k = 1 it follows that ms ®¢ k = p and
my, ®g k =0 for n > 3, as stated in the proposition. ([l

The following technical lemma will be used later to help generate examples, by
showing that certain A.-operations are minimal.

Lemma 5.5. Let ¢: A — T be a map of connective split unital A~ -algebras, where
T is a trivial algebra. If for some N the map (v1)<n: Acn — T<n is injective,
then the Aoo-structure of A wvanishes in degrees less than N, in the sense that
(M (A®™)); =0 for alln > 1 and i < N.

Proof. We prove this by induction on n. It is clear for n = 1 since ¢; is a chain
map. For n > 2, since m! = 0 for all s, we can rearrange the Stasheff morphism
identities (4.1.3):

P1My = — Z (1) 3, 1144 (1d®" @M, ®1d®7) .
r4+s+t=n
r,t20,s>1
We can assume by induction that (ms(A®%))<ny = 0 for s < n. Since each ¢,
increases degree by r — 1, this implies that the the right-hand side above is zero in
degrees i < N. Since (¢1)<n is injective, it follows that m,,(A%")).n = 0. O
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5.6. Cyclic A -algebras. For Gorenstein algebras the minimal resolution satisfies
a Poincaré duality property that allows us, in favorable situations, to construct A .-
resolutions with additional duality properties.

A cyclic A -algebra of degree d over @ is a complex A of finitely generated free
@-modules with a perfect, @Q-bilinear pairing

(=, —): A® A— ¥Q,
and an Ao-structure {m,} on A such that for each n
<mn(al7 ceey an)u an+l> = (_1)77«*'1"&1|(|0«2|+"'+‘¢1n+1|)<mn(a2, LY 7an+1)7 al> )

see [ ].
There is for each n an isomorphism of complexes

cyc: Hom(A®", A) =N Hom (A® D 50Q)  cye(f) = (f(—), —).

We give A®("+1) the action of the cyclic group Cp 41 = (c) with generator acting
by c- (al R ® an_,’_l) = (—1)'“1‘(‘a2‘+”'+|an+l‘)(a2 R R An+1 X al)' P‘rom this
perspective, an A.-structure {m,} is cyclic if and only if

cyc(my,) - ¢ = (=1)"cyc(m,) for all n.

Let ¢: @ — R be a surjective local Gorenstein homomorphism of projective
dimension d, and let A be the minimal resolution of R over Q. Let 1: A®? — A be
a chain map lifting the product on R; we can assume that p is unital and graded-
commutative by | , 3.4.3]. The Gorenstein condition (3.11.1) guarantees that
A®q k = Tor?(R, k) is a Poincaré duality algebra with the product induced from
u; see [ , Theorem)]. It follows from Nakayama’s lemma that A; = @Q and we
obtain a perfect pairing

(5.6.1) (=, =) A AL A 3iA, =%4Q.

Theorem 5.7. Let QQ — R be a surjective local Gorenstein homomorphism of odd
projective dimension d. Assume that Q) contains a field of characteristic zero. The
minimal resolution A of R over Q admits the structure of a split unital, cyclic As-
algebra of degree d, making the map A — R a strict A -algebra quasi-isomorphism.

We first need a lemma about projective resolutions.

Lemma 5.8. Let M be a finitely generated Q-module of projective dimension d > 0,
with a projective resolution A — M, and set V = Acy4/Ag. Then for any n we have
H;(V®+1) = 0 whenever i > n(d—1)+1 and i # (n+1)(d — 1).

Proof. We show this by inducing on n. Since A is a projective resolution of R, the
homology of V is concentrated in degrees 1 and d — 1, and there is an exact triangle
»i1Q* —V — N,
of complexes of Q-modules, where N = ker(Ag — M) and Ay = Q4. This justifies

the case n = 0, and for each n > 1 yields another exact triangle

Ed—l(v@n)@s — V®n+1 — Ev®n ® N .
Clearly H;(XV®" @ N) = 0 for i > n(d — 1) + 1, so by the long exact sequence
in homology the map H;(X4~1V®Mn—1)®s 5 H, (V") is surjective for i > n(d —
1) + 1. By the induction hypothesis H;(2¢ " 'V®"-1) = 0 if i # n(d — 1) and
i> (n—1)(d—1)+ 1. From this we conclude that the lemma holds for n. O
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Proof of Theorem 5.7. Recall from (5.6.1) that the pairing on A was defined from

a unital and graded-commutative product u: A®? — A. This restricts to a perfect

pairing on V = A_4/Ap, and we start by constructing operations m) : V& — V.
If |a| + || = d + 1 then p(a ®b) =0 in A, so

p((a) ®b) + (1) p(a® (b)) = d(u(a® b)) = 0.
Using graded-commutativity of u, this is equivalent to the cyclic identity
<m¥(a)7 b) = (_1)1+|allb‘ <m¥ (b)7 a),

where m} = 0.

Next, we truncate p to obtain pV : V¥2 — V_ and we define m} by symmetrizing
1Y with respect to the Cs-action:

v

cye(my ) = cye(u") -

(14+c+c?).

Wl =

The obtained md satisfies the required cyclic property by construction. However,
the Stasheff identity (4.1.1) does not hold for n = 2, and instead

(5.8.1) (my (a,b)) —my (9(a),b) — (=1)1lm (a,8(b)) = (a,0)d(w),

where w € Aq is the generator with (w,1) = 1. Nonetheless, since (—, —) is a chain
map, the same computation as in (4.1.2) shows that the obstruction obsg is a chain
map, that is, a cycle in Hom(V®3 V).

We proceed to construct m) for n > 3 by induction, satisfying the Stasheff
identities (4.1.1) for n > 3, and all satisfying cyc(mY) - ¢ = (—=1)" cyc(m) ). The
argument is similar to the proof of Proposition 5.1. If m} have been constructed
for ¢ < n with required cyclic symmetry, a computation shows that the obstruction
obsY from (4.1.2) is cyclic as well:

cyc(obs) ) = (=1)" cyc(obs) ) - c.

Since Hom (V®™, V) = ¥4y ®(+1) we can use Lemma 5.8 with M = R to con-
clude that

H; (Hom(V®",V)) =0 fori>1-nandi#d—n—1.

Since d is odd, it is impossible to have | obs,‘: | =n—3 = d—n—1, hence the complex
Hom (V®™ V) is acyclic in degree n — 3, and the class [obs,, | vanishes. This shows
that there is an operation 7 in Hom(V®™ V), 5 such that d(7n) ) = obs” , and
we symmetrize this to define m.,,:

B n _1)int
cyce(my, ) = cyc(iny, ) ZO( e

=

By construction m) has the required cyclic symmetry. We note that

d(cye(mY)) = cyc(obsy) - > CHTE = cyc(obs),).
=0

=

Therefore d(m)) = obs! and the operations {m) } satisfy the nth Stasheff identity.
This concludes the induction.
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To finish the proof we define the following operations on A:

mY (ai,az) if |ai|,|az| > 0 and |a1| + |az| < d,
ma(ai,a2) == ¢ (a1, az)w  if |ai| + |az| = d,
ajas if |a1| = 0 or |az| =0,

and for n > 3

mp(at,...,a,) = {

The n = 2 Stasheff identity for A is equivalent to the identity (5.8.1) above.

To verify the nth Stasheff identity, with n > 3, we need to divide into cases
depending on the inputs: when any of the inputs have degree zero; when the output
has degree less than d; and when the output has degree d. The first two of these
cases follow easily from the Stasheff identities for {m} }. To check the third case,
we suppose that |ai| 4+ -+ + |an| + n — 3 = d, and we compute

Z (=)' myp1 4y (id@r @ms ® id®t) (a1,...,a,) =
r+s+t=n

(_1)|a1\(n—1)+1 <a17 mr‘{fl(aQa B aan)> + (_1)n_1<m7‘1/71(a17 R anfl)a an> ;

and this vanishes by the cyclic symmetry condition for m) ;.

It follows that A is an A.-algebra with the operations {m,,}. Finally, the cyclic
oy . V . . . .
symmetry condition on {m,, } implies A is a cyclic A-algebra. (I

my (a1,...,a,) ifall |a;| >0 and |ai| + -+ |as] < d,
0 if la1| + - -+ + |az| = d or any |a;| = 0.

Remark 5.9. The construction in the proof yields a bijection between unital cyclic
A -algebra structures on A and nonunital cyclic A.-algebra structures on V', but
with a modified version of the second Stasheff identity in the latter case. The cyclic
condition is necessary to make this correspondence work.

Remark 5.10. In work to appear, Alexander Berglund constructs cyclic A,-algebra
structures in significantly more generality than Theorem 5.7. In particular, his
argument shows that the restriction to odd d is unnecessary. We note the case
d = 2 modulo 4 can obtained by a more careful analysis of the proof of Theorem 5.7,
but the general case seems to require more machinery.

6. TWISTED TENSOR PRODUCTS

Twisted tensor products are an important tool in homological algebra, especially
in the construction of resolutions. In this section we develop their theory over a
commutative ring, producing universal resolutions via the resolution of the diagonal
that will be applied to Koszul homomorphisms in later sections. However, our
method of construction is new even when the base ring @) is a field. Similar results
have been obtained using different methods in unpublished work of Burke [Bur]. We
do not explicitly use the language of twisting cochains, but these objects are present
implicitly; and the reader may consult | , Section 2.1] for more information on
twisted tensor products and twisting cochains.

Let C be a connected curved differential graded (dg) coalgebra over @ that is free
as a graded module. For a right dg module M and a left dg module N over Q(C),
we construct a complex M ®™ C' ®™ N, with a “twisted” differential; we call this
complex a twisted tensor product. First, we define a dg bimodule Q(C)®™C®™Q(C)
over Q(C).
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Construction 6.1. Ignoring differentials for now, there is a well-known exact se-
quence of graded Q(C)-bimodules

(6.1.1) 05 Q)2 ICeC) 5 QAC)Q((C) B Q@) =0,

where ((z® (c) ®Yy) = p(z, () @12y —r® 12 u((c),y) for c € C and z,y € Q(C),
and p the multiplication map.
We give Q(C) @ X71C @ Q(C) the unique differential 9* making ¢ a chain map,
and we set
Q(C) @ C R Q(C) :=cone(QC)@E1C®QC) = Q(C)2Q ®2(0)).
We write 07 for the differential on Q(C)®™ C @7 Q(C), this is a dg Q(C)-bimodule
whose underlying graded bimodule is Q(C) ® C' ® Q(C), using the evident multi-

plication by Q(C) on either side.
For a right dg Q(C)-module F and a left dg Q(C)-module G, we define

FTCRTG:=FQqu) 2C)® Ca” QC)®qu) G.
Explicitly its underlying graded module is ' ® C' ® G and the differential is
0" = 9" ®ide ®idg +idp ®9° @ idg +idr @ ide @0
+ (u(idr @27 'p) @ ide ®idg — idr ®ide @u(= P ®ide)) (idr ®A ® idg)

where p: C' — (' is the natural projection and we use yu for the right action of Q(C')
on F and the left action of Q(C') on G.

6.2. Given a dg algebra A, recall that a dg A-module F' is semifree if it admits an
exhaustive filtration

0=F(-1)CFO0)CF1)C...CF

where each subquotient F(i)/F (i — 1) is a sum of shifts of A. As a matter of
terminology, a semifree dg A-bimodule is a semifree dg module over A ® A°P.

Every dg A-module M admits a semifree resolution in the sense that there exists
a surjective quasi-isomorphism F' =y M, with F a semifree dg A-module. Such
resolutions are unique up to homotopy; see | , Chapter 6] for this fact, as
well as other details regarding semifree dg modules.

Lemma 6.3. The map Q(C) @™ C @™ Q(C) — Q(C) induced from (6.1.1) is a
semifree resolution of Q(C) as a dg Q(C)-bimodule.

Proof. By construction, (6.1.1) is a short exact sequence of dg Q(C')-bimodules, and
so it induces an exact triangle in the derived category of dg Q(C)-bimodules. We
obtain the quasi-isomorphism by comparing this triangle to the triangle associated
to the cone construction for Q(C) @™ C ®™ Q(C).

The dg module Q(C) @™ C @™ Q(C) is semifree as a dg Q(C)-bimodule since C
is free as a module over () and non-negatively graded. ([

6.4. Let ¢: @ — R be a finite local homomorphism with A — R a free resolution
of R over Q. Fix an R-complex M and a semifree resolution v: G — M over ). By
Proposition 5.1, there exists a split unital A-algebra structure {m,} on A and a
strictly unital A,.-module structure {m&} over A on G. Then by 4.11, this induces
a dg module structure over Q(B(A4)) on G.

Suppose further that C is a connected curved dg coalgebra with counite: C' — @,
equipped with a weak equivalence of connected curved dg coalgebras C' — B(A);
cf. 4.9. Then R and G each have an induced dg module structure over Q(C).
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Theorem 6.5. In the setting of 6.4, the map
RRTCQXTG— M given by r®c®g— re(c)y(g)
is a semifree resolution of M over R.

Proof. The map G — M is a quasi-isomorphism of A,,-modules over A, and by
4.11, it is a quasi-isomorphism of dg modules over Q(B(A)), and thus over Q(C).
From Lemma 6.3, we obtain the quasi-isomorphism of (left) dg Q(C)-modules

B:QC)e"Ce"G=Q(C)8" Ca" QC)®qc) G = QC)®q(c) G=G.

Since G is semifree over @, it follows that Q(C) ®” C ®" G is semifree as a left dg
module over Q(C).
The claimed quasi-isomorphism fits into the commutative diagram below

QC) @™ CeT G

2

RRTCRTG M,

where « is the map induced by the quasi-isomorphism of dg algebras
(6.5.1) Q(C) = Q(B(A)) = A = R;

where the fact that second map is a quasi-isomorphism follows from the derived
version of Nakayama’s lemma since, upon applying — ®¢g k, the map becomes a
quasi-isomorphism | , Section 2.2.1].

As the composition in (6.5.1) is a quasi-isomorphism and Q(C) ®” C ®" G is
a semifree resolution of M over Q(C), it follows that a is a quasi-isomorphism.
We have already justified that § and ~ are quasi-isomorphisms, accounting for the
downward arrow on the right. As both legs of the triangle in the diagram above
are quasi-isomorphisms the horizontal map is a quasi-isomorphism, as claimed. [l

7. Ao-ALGEBRA PRESENTATIONS FOR KOSZUL HOMOMORPHISMS

We now have the machinery to show that Koszul homomorphisms admit presen-
tations analogous to those of classical Koszul k-algebras. The next result lifts these
classical quadratic presentations to local algebra, and explains how one may think
of Koszul homomorphisms as A,.-deformations of Koszul algebras over fields.

Theorem 7.1. A finite local homomorphism ¢: Q — R is Koszul if and only if
there is

(1) a non-negatively graded, degreewise finite rank free Q-module V, and a
direct summand W CV @V,

(2) an A -structure {m,} on the Q-module T(V)/(W) with grading induced
from the grading of V, and

(3) a Q-linear map Vo — R,

such that

(i) the k-algebra T*(V @k)/(W k) is Koszul with respect to the tensor algebra
weight grading,

(i1) {mn} agrees with the algebra structure on T*(V)/(W) modulo mq; that is

me®@k=puk and m, k=0 for n+#2,

where p is the usual product on the quotient of a tensor algebra, and
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(i11) with the structure {my,}, the induced map T(V)/(W) — R is a strict Aso-
algebra quasi-isomorphism.
Moreover, V' can be taken to be finite rank whenever R has finite projective dimen-
sion over Q.

Proof. If the stated conditions hold then R ®LQ k is formal by Proposition 5.4, and

Tor®(R, k) = TV @ k) /(W ® k) is Koszul, therefore ¢ is Koszul by definition.
Assume, conversely, that ¢ is Koszul. Since TOI’Q(R, k) is Koszul, it admits a

compatible weight grading making it quadratic. That is, we have an isomorphism

Tor® (R, k) uw) = ( () (V) (W),

identifying the product on Tor with the product on the quotient of the tensor
algebra, where V = Tor?(R, k)@ and W C V ®; V is a graded subspace.

Let V be a free graded Q-module such that V ® k = V, and choose a direct
summand W C V ® V such that W ® k = W. If we define A := T(V)/(W), then
A is a free, bigraded @-module and

ARok=TWV)/(W)®k=T(V)/(W) = Tor®(R, k).

Therefore we may equip A with a differential making it the minimal Q-resolution of
R. We have constructed (1) and (3) satisfying condition (i). Since R®'@ k is formal,
by Proposition 5.4 there is an A-structure on A as required for (2), inducing the
algebra structure on Tor(R, k) and satisfying the conditions (i) and (iii). O

In Section 8 we illustrate Theorem 7.1 in detail using the examples in Section 3.

7.2. Strictly Koszul presentations. For a local homomorphism ¢: Q — R, The-
orem 6.5 allowed us to obtain free resolutions over R starting from free resolutions
over @. The main input to this theorem was a curved dg coalgebra C over @) with
quasi-isomorphism Q(C) — R. Our philosophy is that when ¢ is Koszul C' should
have a simple description. In this section we introduce additional technical assump-
tions that will allow us to explicitly construct C, mimicking a classical construction
of Priddy.

Definition 7.3. Let ¢: @ — R be Koszul. Recall from Theorem 7.1 that R admits
an A-algebra resolution A over @ with a quadratic presentation A = T(V)/(W)
satisfying the conditions (i)—(iii). The data (A,V,W) is called a strictly Koszul
presentation for ¢ if, in addition to these conditions,
(7.31)  m(V)CV and m,( m VIRWeV®)CV forn>2,
i+2+j=n

where we have used the inclusion ﬂi+2+j:n VO QW @ Ve C Ver C A®" to
apply the A.-operations 1m,, of A. If the homomorphism ¢ admits a strictly Koszul
presentation, then ¢ is called strictly Koszul.

In this setting, we define

Coy(VW) =[] EV)® @ W & (SV)® C B, (A).
i+2+j=n
By definition, the curvature term, the coderivation and the comultiplication on

B(A) restrict to maps on C(V,W), and hence C(V,W) is a counital curved dg
coalgebra. We call C(V, W) the Priddy coalgebra associated to (A, V,W). If the
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presentation is clear from the context, we say it is the Priddy coalgebra of ¢, and
we write

Clp) = CV, ).

7.4. Let o have a strictly Koszul presentation (A, V, W), and let (—)V denote graded
Q@-linear duality. In this setting, one can directly compute from the definition of
the Priddy coalgebra of ¢ that

(7.4.1) Clp)V =T VY /(272w
where Wt = {f € (V® V)V | f(W) = 0}; this uses that V is freeand W CV @ V

is a summand.

What we call the Priddy coalgebra first appeared, for algebras over a field, in the
work of Priddy [ , Section 3|, where it is called the Koszul complex. See also
[ , Section 2.6] and | , Chapter 3] (where our notation is taken from).

In Section 8 we show that complete intersection and Golod homomorphisms are
strictly Koszul, as well as Cohen presentations of almost Golod Gorenstein local
rings. In fact, we are not able to construct surjective Koszul homomorphisms that
are not strictly Koszul, therefore we ask:

Question 7.5. For a surjective Koszul homomorphism ¢: @ — R, is it always
possible to construct a strictly Koszul presentation (A, V, W) as in Definition 7.37

We think of R and C(¢)" as being Koszul dual to each other relative to Q.
The next result justifies this, and in particular it says that this specializes, at the
maximal ideal of @, to classical Koszul duality over k.

Theorem 7.6. Let o: Q — R be a strictly Koszul homomorphism. Then C(yp) is
minimal in the sense that 9(C(p)) C moC(y), and the inclusion C(p) — B(A) is a
weak equivalence of connected curved dg coalgebras. Moreover, both T = TorQ(R, k)
and E =Hom(C(p), k) are Koszul k-algebras and there k-algebra isomorphisms

Extp(k,k) 2 E and Extg(k k) =T.

Proof. We fix a strictly Koszul presentation, so that C(p) = C(V, W).

By Theorem 7.1 the A,-structure on A satisfies m, ® k = 0 for n # 2, and
Ak =TV ®k)/(W®k) is a quadratic algebra. It then follows from | )
Proposition 3.3.2] that the differential of C(V, W)®k = C(V@k, WQk) C B(A®K)
is zero. Therefore C(V, W) is minimal.

Since T = A ® k is Koszul by assumption, C(V @ k,IW ® k) = B(A® k) is a
weak equivalence by [ , Theorem 3.4.6]. Since V is free and W C V®V is a
summand, Q(C(Vek, W®k)) = Q(C(V,W))®k and Q(B(A®k)) = Q(B(A))®k, so
it follows from the the derived version of Nakayama’s lemma that C(V, W) — B(A)
is a weak equivalence as well.

Since C(¢) is minimal, the coproduct induces the structure of a graded k-algebra
on Hom(C(yp), k), with zero differential. Using 7.4, it follows that

E=Cl)Vok=T2"VWek)/(ZWtak).

Therefore E is the quadratic dual of T' = T*(V®k) /(W ®k), and the final statement
follows from [ , 2.10]. O
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7.7. The Priddy resolution. We have arrived at one of the main applications of
our techniques. The next result provides explicit “universal resolutions” for mod-
ules over the target of a strictly Koszul homomorphism. It recovers the Shamash
resolution in the case of complete intersection homomorphisms, and the bar resolu-
tion of Iyengar and Burke in the case of Golod homomorphisms. We present these
and other examples in the next section.

Theorem 7.8. Let ¢: Q — R be a Koszul homomorphism with a strictly Koszul
presentation (A, V,W). Assume that M is an R-complex with a semifree resolution
G — M over Q and that G has a strictly unital Ao -module structure over A. Then

RRTC(V\IW)®™ G — M
is a semifree resolution over R, with differential given by

= Y (-7 idp ®(d® @zm,(x )P ©1d®) @ ide

r4+s+t=n
r,t>0,s>1
I Z (_1)(1‘71)2(3'72) idR®id®i ®’ﬁ’LJG(():_1)®(j_1) ®ldg)
i+j=n+1
120,521
Proof. By Theorem 7.6 we can apply Theorem 6.5 to obtain the result. O

We call R®™ C(V, W) ®T G the Priddy resolution of M associated to the strictly
Koszul presentation (A,V,W). We emphasize that (as long as M and R have
finite projective dimension over @) there is only a finite amount of data needed to
construct the Priddy resolution. Therefore, it would be especially interesting to give
an effectively computable answer to Question 7.5.

7.9. For any surjective map ¢: @ — R of local rings with common residue field k,
and any finitely generated R-module M, Lescot | ] established the coefficient-
wise inequality

P (1) - PR (1) < PR (1) - PE(H).
If equality holds, M is said to be inert by .

7.10. A surjective map ¢: @ — R of local rings with common residue field & is

called small if the induced map Tor®(k, k) — Tor®(k, k) is injective | ]. For

example, any minimal Cohen presentation is small. When ¢ is small, there is an
L

equality PO(t) - Py @" (1) = PE(t) by | , Corollary 5.3].

The next result addresses the (non-)minimality of the Priddy resolution.

Theorem 7.11. Let ¢: Q — R be a surjective map of local rings with common
residue field k. If ¢ is small and strictly Koszul with Priddy coalgebra C(p), then

P
rankg (C(p)i)t! = =22
> i
Moreover, for any finitely generated R-module M there is a coefficientwise inequality
PR(t) - PE()
PE(®)
Equality holds if and only if M is inert by ¢, if and only if its Priddy resolution

with respect to ¢ is a minimal resolution. In particular, the Priddy resolution of
the residue field k is minimal.

Py (t) <

3
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Proof. We may compute He(t) := ), rankg(C();)t" as follows:

_ Pl
PE(H)

the second equality follows from that last statement in Theorem 7.6; the third uses

formality of R ®'@ k; and the last uses the small hypothesis, explained in 7.10.
Theorem 7.8 directly yields the inequality

(7.11.1) PR (t) < PR () - He(t)

with equality if and only if the Priddy resolution is minimal. At the same time, the
computation of Hc¢(t) above transforms (7.11.1) into the inequality stated in the
theorem, and equality holds there by definition when M is inert; see 7.9. ([l

He(r) = 3 ranky (Hom(C(g)i. k) = PR 00 (1) = pI%e% ()

%

Remark 7.12. Theorem 7.11 recovers Lescot’s bound in 7.9 for the homomorphisms
considered. One cannot directly recover the former from the latter using manipu-
lations of formal power series as the coefficients of PkQ (t)~! can be negative.

8. EXAMPLES OF STRICTLY KOSZUL PRESENTATIONS

In this final section we will apply the theory developed above in a series of
examples, obtaining explicit resolutions for modules over various classes of rings.
We also survey how these constructions relate to known resolutions in the literature.

We fix a local ring @) with residue field k.

| AO A1 AQ | AO Al A2 | AO Al AQ
Aoy | V2 0 0 An | 0 0 A’V An| 0 0 0
(A) Flat Koszul map, cf. (B) Complete intersection (¢) Golod map, cf. Exam-
Examples 3.1 and 8.1 map, cf. Example 3.2 ples 3.5 and 8.2

and Section 8.7

FIGURE 1. Illustration of the weight and homological gradings of
the A,o-resolution A for various examples.

Example 8.1 (Flat Koszul homomorphisms). We begin with a presentation for a
commutative Koszul k-algebra:

K = k[Il,...,.In]/(fl,...,fm),
where f1,..., fm are quadratic polynomials. To deform this presentation, we con-
sider the Q-algebra Q[z1, ..., z,], weight graded by polynomial degree. We choose
elements Fi, ..., F,, such that for each ¢
Fi = Fi o)+ Fiq) + Fi o) with F ) € Q@1 Zn](w)
and such that modulo mg, in k[z1,...,z,], we have
Fi2)=/fi and F; ) =Fj@) =0.
By construction, the homomorphism
Qlz1, ..., xn)

: — R =
p: Q (F1,... Fm)
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is flat, and its fiber K = R®q k is Koszul. Therefore ¢ is a Koszul homomorphism,
as in Example 3.1.
To show that ¢ is strictly Koszul, we take V' = Q[z1, ..., 2,](1) and

W = ({z; @ 25 — 25 © 2:}ij, ﬁl,(2)7 o Fp @) CVeV,
where ﬁi@) are preimages of I 5y in V ® V. Then T*(V)/(W)® k = K, so we

may choose a compatible isomorphism of @-modules
RTYV)/(W)

that restricts to the identity of V.

We obtain a presentation satisfying the conditions of Theorem 7.1, using A = R
with only mo nonzero. To show that the presentation is strict we note that since
R is commutative

m2($i®$j —xj ®$i) =0,

and we note that since F; = 0 in R,
ma(F; () + Fi1) + Fy ) = ma(Fi o) + Fyy @ 1+ Fy ) ®1) = 0.
This shows that
ma(W) C <F17(1), ceey Fm7(1)> cV.
We can conclude that (R, V,W) is a strictly Koszul presentation for ¢. In Fig. la
we illustrate the grading of A.

Example 8.2 (Golod homomorphisms). This is the primary example treated by

Burke in [ ], at least when @ is regular. Continuing Example 3.5, let o: Q — R
be a surjective local Golod homomorphism, with a minimal resolution A of R over
Q. By | , Theorem 6.13], for every A-algebra structure {m,,} on A one has

my, ®g k =0 for n # 2. Then
Repk=A®qk=kxU=T"U)/(UU)

where U is the graded k-vector space A>1 ® k. In particular, lifting this isomor-
phism to @ we obtain A & T*(V)/(W) with V = As; and W = V ® V. This
presentation satisfies the conditions of Theorem 7.1. Further, the data (A4, V, W) is
a strictly Koszul presentation, and the Priddy coalgebra of ¢ is the bar construc-
tion C(V,W) = B(A). In this case the Priddy resolution of a module M recovers
the bar resolution R ®” B(4) ®” G from | , Theorem 3.13]. Comparing 7.9
with (3.4.1), the resolution is minimal if and only if M is inert with respect to ¢,
if and only if M is a ¢-Golod module (i.e. the Serre bound (3.4.1) is an equality),
by Theorem 7.11.

Remark 8.3. There are many examples of Golod (in particular, Koszul) homomor-
phisms ¢: @Q — R such that the minimal resolution A of R over @) does not admit
a dg Q-algebra structure. In fact, this behavior seems to be typical. One way to
construct them is as follows.

Let I be an ideal in a local ring P, and consider the map ¢: Q — R with

Q= P[x](mp,;v) and R= Q/(II)

By [ , Theorem 2.4], see also | ], ¢ is Golod. If B is the minimal resolution
of P/I over P, then the minimal resolution A of R over @ can be described as

A;=B;®pQ, with 0f'=2-07®pQ and 05,=0%,®pQ.
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If A were to admit a dg @-algebra structure, then localizing would produce a dg
P(z)-algebra structure on

A®Q Q(mp[x]) =B Qp P(J:),

and this is a minimal resolution of P(z)/I(x) over P(x).

However, we can start with examples of P and I such that this is impossible.
To be concrete, Example 3.24 (replacing k& with k(z)) shows that there is no such
dg algebra structure when P(x) = k(z)[a, b,c,d] and I(z) = (a?,ab, b, cd,d?). Tt
follows that the homomorphism

k[[a” b7 C’ d’ I]]

(a®x, abx, bex, cdx, d?x)

v: kfa,b,c,d, z] —

is Golod and there is no dg algebra structure on the minimal resolution of the target
over the source.

Example 8.4 (Gorenstein homomorphisms of projective dimension 3).  Assume
that ¢: Q@ — R is a surjective local Gorenstein map of projdimy(R) = 3. In
Example 3.12 the dg algebra resolution A of R is described, with bases {e;}, {f:}
and {g} for A1, Az and Aj respectively. The multiplication induces a perfect pairing

(= =) A® A — T3 A3 = ¥3Q

that makes A a cyclic Ax-algebra. We take V = A1® Az and W = ker({(—, —)|vev);
alternatively, W is freely spanned as a graded QQ-module by

{ei®e;, i@ fjei@ fi— fi®@ejhi;Ulei® fi, fi @ ejtizg .

The short Gorenstein description of A ®¢ k lifts to an isomorphism of graded
Q-modules A = T(V)/(W) satisfying the conditions of Theorem 7.1.
Using the explicit description in Example 3.12

mi(V)C A CV, mg(W)CA CV and m,=0 forn>3.

Therefore the homomorphism ¢ is strictly Koszul, using the presentation (A, V, W).
The corresponding Priddy coalgebra is given by

Cony(V,W) = {Zvl ® - QUp | Y01 @ (Vi Vig1)Vig2®- - QU =0, 1 <0 < n}

Alternatively, C(V, W) can be described explicitly using the basis of W above. We
also note that the Priddy coalgebra is dual to the non-commutative hypersurface

C(V,w)" =T*(VY)/(p),
where p=ef @ fy + fy ®ef + -+ el @ f/ + [y ®e).

Remark 8.5. In | , Example 3.10], Burke examines the specific Gorenstein ring
R = Q/I, of codimension three, where

Q=k[z,y,2] and [I= (2% yz,ay+ 2% 22,9°).

In particular, Burke explicitly computes the A,-module A-structure on K% and
uses this to obtain the (non-minimal) bar resolution R @ B(A4) ®” K% of k. In
comparison, by Theorem 7.8 the Priddy resolution R®7 C(V, W) ®™ K© of k, with
respect to (A, V, W) in Example 8.4, is minimal by Theorem 7.11.
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Remark 8.6. A similar argument to Example 8.4 shows that if ¢: @ — R is a min-
imal Cohen presentation for an almost Golod Gorenstein ring, and if the minimal
Q-free resolution of R admits a dg algebra structure, then ¢ is strictly Koszul. The
minimal resolution is known in the case of a compressed artinian Gorenstein ring
[ ], and it is suspected to carry a dg algebra structure.

In Theorem 8.18 we will generalize this substantially, showing that it is only
necessary for the minimal resolution to admit a cyclic A.-algebra resolution.

8.7. Complete intersection homomorphisms. Next we show that surjective
complete intersection homomorphisms are strictly Koszul, and that the result-
ing Priddy resolution recovers a well known construction of Eisenbud | ] and
Shamash | ]. The latter uses systems of higher homotopies to obtain free
resolutions over the target of a surjective complete intersection homomorphism,
starting from data over the source. We first recall this story, which provides con-
text for some of the results in this subsection. We then proceed to verify that
such maps are strictly Koszul, and conclude by laying out the connection between
A o-structures and systems of higher homotopies.

In what follows, we return to the setting of Example 3.2. Namely, ¢: @ — R is
a surjective, local homomorphism where ker ¢ is generated by a Q-regular sequence
f=/fi,...,fe, and A =Kos?(f).

8.8. Let M be an R-module and G — M a free resolution over Q). A system of
higher homotopies, corresponding to f, on G is a collection of maps o(®): G — G,
one for each o € N§, of degree 2|ax| — 1 such that:

(1) 0(® = 9% where 0 = (0,....,0);

(2) 0@g(e) 4 550 = fidg where e; = (0,...,0,1,0,...0);

(3) for any o € N§ with | > 1 one has 37, 5. oP ) = 0.

Such a system of maps always exists by [ , Section 7]. The utility of this data
is summarized in the following construction: if D denotes the graded Q-linear dual
of Q[x1,---,Xe], where each y; has homological degree —2, then the R-complex
R® D ® G with differential ZaeNg 1®x*®0(® is a free resolution of M over R;
see | , Section 7] for more details.

When M is an R-complex, one can take e: G — M to be a semifree resolution
over () and impose also the following condition to obtain analogous results:

(4) e0(® =0 for |a| > 0.
Such a system of maps exists and can be used to transfer semifree resolutions over

Q to ones over R, by an argument similar to the classical one in [ |; this will
be contained in future joint work of Grifo with the first and fourth author.

Remark 8.9. Let M be an R-module and G — M a free resolution over Q). In
[ |, Burke notes that when ¢ = 1 an A,-module structure on G over A is
equivalent to a system of higher homotopies on G. Furthermore the bar resolution
of M in Burke’s paper agrees with the Priddy resolution of M, introduced above.
Such maps are also Golod, and so we are also in the setting of Example 8.2.

For arbitrary codimension ¢ the bar resolution is not minimal. However, in
unpublished work, Burke constructs an acyclic twisting cochain D — A and uses
this to transfer a semifree resolution of an R-complex M over () to one over R that
agrees with the construction of Eisenbud and Shamash; cf. 8.8 (see also | ,

). The connection between higher homotopies and A -structures is also
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implicit in Burke’s work. We will give an explicit description of how these structures
relate in Theorem 8.12.

8.10. The narrative above is subsumed by the one in this article. Specifically,
the dg algebra resolution A = KOSQ( f) of R over  has a quadratic presentation
T*(V)/(W), with

V=A4,=%Q° and W= {a®aleea, U{a®@b+b®Da}apea,) C V.

The graded module V is concentrated in degree 1, and the weight and homological
gradings agree. It is straightforward to check that this presentation satisfies the
conditions of Theorem 7.1. By construction,

(8.10.1) m1(V)=0, me(W)=0 and m, =0 forn=>3.
Hence ¢ is strictly Koszul.

To conclude that the constructions in 8.8 and Remark 8.9 are recovered by
Theorem 7.8, we end this subsection with the following analysis.

8.11. Let S, be the symmetric group. For @ = (o;) € N§ with |a| = n we let
Se ={reSy|Tlar+-+a+1)<---<71(ar+-+ap1) for0<i<e—1}

denote the subgroup of ac-shuffles | , Chapter 1V, §5.3].

The symmetric group S,, acts on (XV)®" by permuting simple tensors, there are
no signs appearing since XV is in degree 2. The module of symmetric tensors on
YV is the graded module I'(XV) = P,,5 ¢ I'(n) (EV), with

L) (ZV) = Ty (EV)5n.

The coalgebra structure on T¢(XV) restricts to a coalgebra structure on I'(XV).
We call this the coalgebra of symmetric tensors on XV and denote it by I'¢(XV).

We denote the basis of 3V = X2Q° corresponding to fi,..., fe by y1,...,¥c. A
basis of I'(XV) is given by

y =" r P @ @ yPY) €Tf ) (BV).
TESa

Theorem 8.12. Let p: Q — R be a surjective complete intersection homomor-
phism with kernel generated by a Q-regular sequence f = f1,..., fe, and let M
denote an R-complex.

(1) ¢ is strictly Koszul and its Priddy coalgebra is the curved coalgebra of sym-
metric tensors D¢(X2Q°), with curvature term (f1,..., fo): X2Q° — Q.

(2) Given a semifree resolution G — M over Q there exists a strictly unital
Aoo-module structure {mS} over A = Kos®(f) making G — M a strict
morphism of A -modules over A, where A acts on M wvia restricting scalars
along the dg algebra map A — R. Then setting

o le] (o] =) C1v@lal (@) o
o(@ = (-1)" % m ()P g id)

for a € N§ and y1,. . .,y. the standard basis for ¥2Q° defines a system of
higher homotopies on G corresponding to f.

(3) Moreover, the Priddy resolution from Theorem 7.8 recovers the Eisenbud—
Shamash resolution described in 8.8.
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Proof. We saw in 8.10 that ¢ is strictly Koszul. Using the same notation we first
show that C(V, W) =T'(XV). Indeed for the nontrivial element 7 € Sy one has

S = ker (SV @ 2V 1L 5V @ BV) =g (V).
and so using the transposition 7; = (i i+ 1) € S,, we obtain
(EV)® ! @ 92 W @ (SV)2" ! = ker ((EV)®" Timid, (2V)®") .

Since S,, is generated by the transpositions 7;, it follows that C(V, W) =T'(XV).
The coalgebra structure on C(V, W) is inherited from B(A), and this coincides
with the coalgebra structure on T¢(XV) because of the compatible inclusions

C(V,W) =T(SV) C TY(XV) C T¢(SA) = B(A).

The differential on C(V,W) is zero by (8.10.1). It is straightforward to see that
the curvature term on C(V, W) is (up to a shift) the first differential of A. This
completes the proof of (1).

For (2), such an A,.-module structure making G — M a strict morphism exists
by 5.2. Then, by definition 8.8(1) holds. The fact that 8.8(2) holds follows from us-
ing the second Stasheff identity from 4.10. Another computation using the Stasheff
identities, the unital structure on G, and the fact that A is graded-commutative
show that 8.8(3) holds. The verification of 8.8(3) for & = e; + e is illustrative of
the proof for the general case and so we sketch this case below.

Fix basis elements e; € A; with 94 (e;) = fi, and note that

(8.12.1) (=% — ) @eg+er e .
Observe that for {i,j} = {1,2} one has
m§ (e; @m (ej ®id) — (e; - ¢) ®id)
=9mS(e; @ e; ®id) + M (fi @ e; ®id —¢; @ fi @ id +e; ® ¢ ® I9)
=9mT (e; ® e ®id) + mS (e; ® e; ®1d)07
where the first precomposes the third Stasheff identity from 4.10 with e; ® e; ® id,

while the third equality uses that {m&} is a strictly unital A,.-module structure.
It follows that

9°m§ (e;@e;@id) —mS (e;@mS (e;@id)) +m§ (e;-¢; ®id)+m§ (e;@e;®id)0% =0,
and so adding these expressions for (4,j) = (1,2) and (4,7) = (2,1), and recalling
(8.12.1), we obtain
Z cB e £ mf(er - ex @id) + m§ (ez - €1 ®@id) = 0.
Bty=a
It now remains to observe that since A is graded-commutative
m$ (e1 - ex @id) + mS (ex - €1 ®id) =mS§ ((e1 - ea +ea-€1) ®id) =0.
Thus 8.8(3) holds for @ = e; + es.
The condition 8.8(4) holds since € is a strict morphism, and since M is a dg
A-module where the e;’s act trivially. This completes the proof of (2).

It remains to show (3). By | , IV.§.5.11] we have a natural isomorphism of
algebras

Qlx1, .-, xe] 2T(X2Q%)Y = C(V, W)Y
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determined by x; — y,’; this correspondence can also be seen via (7.4.1):
C(V,W)Y = THT72(Q)")/(Z~'WH) = Sym(S7%(Q%)") = Q[x1, - -, Xal

where Wt = {f@g—g® f ‘ frg9 € 27HQ*)Y}, identifying (y(@))V with x* for
each ¢ € Nf. As a consequence, dualizing the correspondence above yields an
isomorphism of graded @-modules D = C(V, W) inducing an isomorphism of graded
R-modules

V:ROD®G — ReC(V,W)®G.

It remains to observe that

Yo 3 x*@o® = (-1)"TEF T mG((x )P ®id)

re | (32Q0)®G
o =n—1 (o (FQ0®

Therefore v is compatible with the differentials of its target and source, and so it
is an isomorphism of R-complexes; cf. Theorem 7.8 and 8.8. O

Remark 8.13. The higher homotopies o(®) with |a| = n induce a T'¢(X2Q°)-
comodule structure on I'°(¥2Q°) ® G; in fact conditions 8.8(1-4) are equivalent
to this. On the other hand an A,-module structure on G is equivalent to a B(A)-
comodule structure on B(4) ® G. Hence a system of higher homotopies on G
captures the ‘symmetric’ part of an A,,-module structure on G over A.

Remark 8.14. Moving beyond finite projective dimension, complete intersection
homomorphisms fit into the well-studied class of quasi-complete intersection ho-
momorphisms; cf. | , ]. In residual characteristic zero and two, it is
straightforward to check that such maps are strictly Koszul; this provides more ex-
amples of strictly Koszul homomorphisms of infinite projective dimension. In odd
characteristic the presence of divided powers prevents Tor® (R, k) from admitting
a quadratic presentation.

8.15. Almost Golod Gorenstein rings. To end the paper, we return to the class
of almost Golod Gorenstein rings that we studied in Section 3.13. We show that
these rings are strictly Cohen Koszul, i.e. every Cohen presentation is a strictly
Koszul map, and we thereby obtain concrete free resolutions for all modules over
such rings, using the machinery developed in Section 7.2.

The next lemma is a general construction in the homological algebra of Goren-
stein rings, building on work of Avramov and Levin | ]

Lemma 8.16. Let R be a zero dimensional Gorenstein ring of codimension d, with

a minimal Cohen presentation Q@ — R, and let A = R be the minimal Q-free
resolution of R. The inclusion of the socle lifts to a chain map

K@ —eeemsy > A
~| 1=

soc(R) — R
where K@ is the Koszul complex of Q. The subcomplex
A = cone(Kgd — A~y) C cone(K@ — A)

is then a minimal Q-free resolution of R/ soc(R).
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Proof. By the exact sequence of homology groups H, (cone(K® — A)) is isomorphic
to R/soc(R), concentrated in degree zero. The proof of | , Theorem 1] shows
that the map KZQ ®qg k = A; ®¢g k is an isomorphism for ¢ = d and zero for
i < d. The former fact implies that the inclusion A’ C cone(K®? — A) is a quasi-
isomorphism, and the later implies that A’ is minimal as a complex. Altogether
this shows that A’ is the minimal resolution of R/ soc(R). O

Lemma 8.17. Let R be an almost Golod Gorenstein ring of codimension d having
a minimal Cohen presentation Q — R. Assume that the minimal Q-free resolution
A of R is equipped with a cyclic A -structure. Then (m,(A®™)); C mgA; for all
i <d, and (m,(A®"))y =0 for n > 3. In particular R ®'@ k is formal and Koszul.

Proof. We first address what happens in degree d, and for this we use the fact that
A is a cyclic Ax-algebra. If n > 3 and my,(a1,...,a,) has degree d, then

(mp(ay,...,an), 1) = (=1)"(m,(1,a1,...,64n-1),a,) =0

since A is strictly unital. But (—, 1) is the projection onto the (rank 1) degree d
part of A, so this implies my,(a1,...,a,) = 0.

For the rest of the argument we need to reduce to the case that R has dimension
zero. We may find a sequence x that is part of a minimal generating set of mg,
and that maps to a maximal regular sequence in mg. All of the hypotheses, and
the remaining assertions to prove, are unchanged if we replace @}, R and A with
Q/(x), R/(xR) and A® (Q/(x)) respectively, using Proposition 2.17 for the Koszul
conclusion. Therefore we may assume that R has dimension zero.

We now use the notation and results of Lemma 8.16. Since A’ = cone(Kgd —
Acq) is the minimal Q-free resolution of R/soc(R) there is a splitting

J/UE=IN cone(K? — A),

and we define ¢, to be the composition A — cone(K? — A) — A’. By construction
(p1)i: A; = Al is asplit injection for i < d. Since R/ soc(R) is Golod we may endow
A’ with a strictly unital A,-structure {m/,} satisfying m!/ (A’®") C mgA’ for all
n > 1by | , Theorem 6.13]. Having done this, the chain map ¢; can be
extended to a strictly unital map of A-algebras using Proposition 5.3. We apply
Lemma 5.5 to the morphism A ®qg k — A’ ®¢ k to deduce that the A, o-structure
of A satisfies (m,(A®")); C mQ/L- foralln >1 and all 7 < d.

Since the induced higher A o-structure on A ®g k vanishes, R ®LQ k~A®qgkis
formal by Proposition 5.4. It also follows that A ®g k is a short Gorenstein ring,
and in particular it is Koszul by Example 3.7. (I

We are finally able to prove that almost Golod Gorenstein rings satisfying cer-
tain technical assumptions are strictly Cohen Koszul, as promised in the proof of
Theorem 3.16, and substantially generalizing the class of Gorenstein local rings of
codimension three covered by Example 8.4.

Theorem 8.18. If R is an almost Golod Gorenstein ring of odd codimension d,
containing a field of characteristic zero, with a minimal Cohen presentation ¢: QQ —
R, then @ is strictly Koszul. More precisely, if the minimal resolution A of R admits
a cyclic A -structure, then (regardless of d or the characteristic) A = T(V)/W
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where
(8.18.1) Vz@f:_ll A; and W =ker ((—,—): VoV - 32Q),
and (A, V,W) is a strictly Koszul presentation for ¢.

Proof. Since d is odd and R is Gorenstein of characteristic zero, we may endow A
with a cyclic A-structure by Theorem 5.7.

The pairing (—, —) defined in Section 5.6 is nondegenerate, and this implies that
W is a summand of V ® V. We know that A® k = T*(V ® k)/(W ® k) since
A®Fk is short Gorenstein. It follows from Nakayama’s lemma that A = T(V)/W as
graded @Q-modules. The assertion (m,(A®"))y = 0 from Lemma 8.17 implies that
my(VE™) C V for all n, and therefore the presentation (A, V, W) is strict. O

Taking an almost Golod Gorenstein ring R, with @) and A as in the theorem, we
can describe the Priddy coalgebra explicitly:

C(n)(V, W) = {Z’Ul K@Uy Z’Ul(g)' : '®<'Ui; vi+1>vi+2®~ QU = O, 1 g 1< TL}

This is also the dual of a noncommutative hypersurface, as in Example 8.4.

If we let M be a bounded complex of finitely generated R-modules, then there is
a finite free @-resolution G — M, and G can be given a strictly unital A,,-module
structure over A by 5.2. All of this data can be constructed with finitely many
computations, and it can be assembled into a resolution

R C(V,W)®™ G — M

with an explicit differential given in Theorem 7.8 in terms of the A,-structures of
A and G. When M = k is the residue field and G = K€ is the Koszul complex of
@, the Priddy resolution is minimal by Theorem 7.11.

The last example provides a class of almost Golod Gorenstein rings where we
verify they are Cohen Koszul without any assumptions on the characteristic of k
or the parity of the codimension.

Example 8.19. Let @) be a standard graded polynomial ring over k£ and let R =
Q/I, where I is an ideal generated by forms of degree e > 3 admitting an almost
linear free resolution, as in Remark 3.17. We further assume that R is Gorenstein
of codimension d.

Writing T ; = Tor?(R, k); = H;(K®);, we have, by assumption, 7; ; = 0 when
0 <i<dand j—i# e—1. The only other nontrivial components are the unit
To,0 = k and the socle Tyo.—24q = k. The product on 7" must preserve both
gradings, and it follows that T is a short Gorenstein ring.

Let A = R be the minimal graded free resolution of R over Q. In this setting
there exists an A.-algebra structure {m,, } on A that is homogeneous of degree zero
with respect to the internal grading. In particular the induced operations m,, ®¢ k
on T restrict to maps

El)jl ®k T ®k Tin;jn — 117‘1++7An+7l_27]1++]n :

If some iy, = d the map above is zero for (homological) degree reasons, and so we
may assume each iy is strictly smaller than d. Therefore each j, — iy = e — 1 and

i+ tgn) =+ +intn—2)=nle-1)—n+2.

For m,, ®¢g k to be nonvanishing on this component, this expression must equal
e —1 or 2e — 2. In the former case we find (n — 1)(e — 1) = n — 2, which cannot
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hold; in the latter case (n — 2)(e — 1) = n — 2, and this cannot hold when n and e
are not 2. Hence m,, ®¢ k = 0 for n # 2.

Thus we may apply Theorem 7.1 with V = EB?;ll A; and W as in (8.18.1) to
conclude that @ — R is Koszul. Finally, it follows from Theorem 3.16 that R is
not only Cohen Koszul, but also almost Golod Gorenstein.
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