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Abstract

In Gaussian graphical model selection, noise-corrupted samples present significant challenges.
It is known that even minimal amounts of noise can obscure the underlying structure,
leading to fundamental identifiability issues. A recent line of work addressing this “robust
model selection” problem narrows its focus to tree-structured graphical models. Even within
this specific class of models, exact structure recovery is shown to be impossible. However,
several algorithms have been developed that are known to provably recover the underlying
tree-structure up to an (unavoidable) equivalence class.

In this paper, we extend these results beyond tree-structured graphs. We first characterize
the equivalence class up to which general graphs can be recovered in the presence of noise.
Despite the inherent ambiguity (which we prove is unavoidable), the structure that can
be recovered reveals local clustering information and global connectivity patterns in the
underlying model. Such information is useful in a range of real-world problems, including
power grids, social networks, protein-protein interactions, and neural structures. We then
propose an algorithm which provably recovers the underlying graph up to the identified
ambiguity. We further provide finite sample guarantees in the high-dimensional regime for
our algorithm and validate our results through numerical simulations.

1 Introduction

Probabilistic graphical models have emerged as a powerful and flexible formalism for expressing and leveraging
relationships among entities in large interacting systems (Lauritzen, [1996). They have found application in
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a range of areas including signal processing (Kim & Smaragdis, 2013; |Ott & Stoop, 2006; Murphy et al.
[2013), power systems (Anguluri et al., [2022; |[Deka et al., 2020; [2015), (phylo)genomics (Zuo et al., 2017
Dasarathy et al.l [2014; 2022), and neuroscience (Bullmore & Bassett, 2011; [Vinci et al.| [2019). Gaussian
graphical models are an important subclass of graphical models and are the main focus of this paper; our
techniques do apply more broadly, as discussed in Section [7}

In several applications, we do not know the underlying graph structure, and the goal is to learn this from
data — a problem dubbed graphical model selection. This is important because the graph structure provides
a succinct representation of the complex multivariate distribution and can reveal important relationships
among the underlying variables. See, e.g., Drton & Maathuis (2017); [Maathuis et al. (2018) and references
therein for more on this problem. Here, we focus on a relatively new but important task where samples
from the underlying distribution are corrupted by independent noise with unknown variances. This occurs
in a wide variety of applications where sensor data or experimental measurements suffer from statistical
uncertainty or measurement noise. In these situations, we refer to the task of graph structure learning as
robust model selection.

This problem was recently considered by [Katiyar et al. (2019) and a line of follow-up work
[2020; (Casanellas et al., [2021; Tandon et al., 2021) who show that unfortunately the conditional independence
structure of the underlying distribution can be completely lost in general under such corruption; see Section [3.1]
for more on this. The authors show that even in the often tractable case of tree-structured graphical models,
one can only identify the structure up to an equivalent class. In fact, the assumption that the underlying
uncorrupted graphical model has a tree structure is critical to the techniques of this line of work. As
astutely observe, when the random vector associated with the true underlying graph is corrupted
with independent but non-identical additive noise, the robust estimation problem reduces to a latent tree
structure learning problem. We improve on the algorithmic and theoretical results of this line of work by
considering the robust model selection problem for general graphs. Our main contributions are summarized
below.

e« We establish a fundamental identifiability result (c.f. Theorem for general graphs in the
robust Gaussian graphical model selection problem. This confirms that the identifiability problem
is exacerbated if one considers more general graphs. More importantly, this also generalizes the
identifiability results from earlier lines of work and identifies an equivalence class up to which one
may hope to recover the underlying structure.

o We devise a novel algorithm, called NoMAD (for Noisy Model selection based on Ancestor Discovery),
that tackles the robust model selection problem for general graphs extending the results of
let al.| [2019; [2020; [Casanellas et al.| [2021; [Tandon et al., [2021). Our algorithm is based on a novel
“ancestor discovery” procedure (see Section [3.4) that we expect to be of independent interest. It is
worth observing that the tree-based algorithms previously proposed fail, often catastrophically, when
there are loops in the underlying graph.

o We show that NoMAD provably recovers the underlying graph up to a small equivalence class (c.f.
Theorem and establish sample complexity results (c.f. Theorem for partial structure recovery
in the high-dimensional regime.

e We also show the efficacy of our algorithm through experiments on synthetic and realistic network
structures.

2 Related Work

Several lines of research have tackled the problem of robust estimation of high-dimensional graphical models
under corruption. This includes graphical modeling with missing data, outliers, or bounded noise, see, for
instance, Loh & Wainwright| (2011); |Chen et al. (2013); Wang et al. (2014); Nguyen et al. (2022) and references
therein. For the missing data problem, several other algorithms have been proposed for estimating mean
values and covariance matrices from the incomplete dataset available to the learner [RJa & Rubin| (1987);
[Schneider (2001); [Lounici| (2014). [Zheng & Allen| (2022) considered a variant of the missing value problem
where instead of missing values, the measurements are irregular; that is, different vertex pairs have vastly
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different sample sizes. [Vinci et al.| (2019); |[Chang et al. (2023); Dasarathy| (2019) explored the situations
where one is only able to obtain samples from subsets of variables, possibly missing joint observations from
several pairs. |Sun & Li (2012) and [Yang & Lozano| (2015) proposed algorithms for handling the outliers.
There is another line of work that treats this problem using the error-in-variables lens (see the books and
papers [Hwang (1986); |Carroll et al. (1995); [Iturria et al.| (1999); Xu & You (2007) and references therein).
For the problem of model selection from bounded noisy measurements, see (Wang et al.| (2014); Ollerer &
Croux| (2015); |[Loh & Tan (2018); |Chen et al. (2015).

However, these papers do not consider the setting of unknown additive noise and the corresponding implications
on the conditional independence structure. Recently, Nikolakakis et al.| (2019) considered recovering forest-
structured graphical models assuming that noise distribution across all vertices is identical. In contrast, our
setting allows for unknown and non-identical noise. The robust model selection problem, as considered here,
had not been adequately addressed even for the tree-structured graphical models until the recent work by
Katiyar et al.| (2019; 2020) who showed that the structure recovery in the presence of unknown noise is possible
only up to an equivalence class. These studies also proposed algorithms to recover the correct equivalence
class from noisy samples. Using information-theoretic methods, Tandon et al.| (2021) improved the sample
complexity result of |[Katiyar et al.| (2020)); Nikolakakis et al. (2019) and provided a more statistically robust
algorithm for partial tree recovery. Finally, Zhang & Tan| (2021) studied the structure recovery problem under
noise when the nodes of the GGM are vector-valued random variables. However, these results are limited to
tree-structured graphical models, as they inherently use the additive distance metric property to learn the
full (or partial) structure. However, the additive distance metric does not hold for general structures (see
more on Section . The results of this paper significantly extend this line of work, and are applicable to
general graphs.

3 Preliminaries and Problem Statement

Graph theory. Let G = (V| E) be an undirected graph on vertex set V' (with cardinality p) and edge set
E C (). Foravertex v e V, let N, £ {u € V : {u,v} € E} be the neighborhood of the vertex v € V and
degree deg(v) be the size of N,. A vertex v is said to be leaf if deg(v) = 1. A subgraph of G is any graph
whose vertices and edges are subsets of those of G. For V/ C V the induced subgraph G(V') has the vertex set
V' and the edge set E' = {{u,v} € E : u,v € V'}. A path between the vertices u, v is a sequence of distinct
vertices v1 = u, va,...,v; = v such that {v;,v;41} € E, for 1 <i < k. We let P,,, denote the set of all paths
between u and v. If Py, is not empty, we say u and v are connected. The graph G is connected if every pair
of vertices in G is connected. A set S C V separates two disjoint subsets A, B C V' if any path from A to B
contains a vertex in S. We denote this separation as A 1L B | S. The resemblance of this notation to that of
the conditional independence of random variables in the graphical model will be made clear later.

Gaussian graphical models. Let X = (X3, X»,...,X,,) € R? be a zero-mean Gaussian random vector
with a covariance matrix > € RP*P. Compactly, X ~ A(0,3), where 0 is the p-dimensional vector of all
zeros. Let G = ([p], E) be a graph on the vertex set [p] £ {1,2,...,p} representing the coordinates of X.
Let K £ %71 is called the precision matriz of X. The distribution of X is said to be a Gaussian graphical
model (or equivalently, Markov) with respect to G if K;; = 0 for all {i,j} ¢ E E In other words, for any
{i,j} ¢ E, X; and X; are conditionally independent given all the other coordinates of X (see Lauritzen
(1996) for more details). In the sequel, we will use a generic set V' to denote the vertex set of our graph with
the understanding that every element in V' is uniquely mapped to a coordinate of the corresponding random
vector X. For a vertex v € V, with a slight abuse of notation, we write X, to denote the corresponding
coordinate of X. Similarly, we write ¥,, to mean the covariance between X, and X,.

3.1 The Robust Model Selection Problem

In this paper, we consider a variant of the model selection problem, which we refer to as robust model selection.
Formally, let X ~ N(0,3) be a Gaussian graphical model with respect to an unknown graph G = (V| E).
In the robust model selection problem, the goal is to estimate the edge set E (or equivalently the sparsity

1Hence, the sparsity pattern of K is represented by the edge set of G
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pattern of K = ¥~!) when one only has access to noisy samples of X. That is, we suppose we have access

to the corrupted version Y of the underlying random vector X such that Y = X + Z, where the noise

Z ~ N(0, D) is independent of X and D is assumed to be diagonal with possibly distinct and even zero

entries. In other words, the noise is assumed to be independent and heteroscedastic while potentially allowing
A

for some coordinates of X to be observed uncorrupted. Observe that Y ~ N(0,X°), where ¥° = ¥ + D.
Indeed, D is assumed to be unknown.

Unfortunately, such corruption can completely obliterate the conditional independence structure of X. For
instance, suppose that D = ejef, where e; is a vector of zeros except in the j'* entry where it is one. By the
Sherman-Morrison identity (see e.g., Horn & Johnson, [2012), we have (£°)~! = K — cKejejTK for some ¢ > 0.
The term K ejejTK can be dense in general and, hence, can fully distort the sparsity of K (the conditional
independence structure of X).

In view of the above example, the robust model selection problem appears intractable. As outlined in Section
recent studies show that this problem is partially tractable for tree-structured graphs. Notably, as |Casanellas
et al.|(2021) astutely observes, one can reduce the problem of robust structure estimation of trees to the
problem of learning the structure of latent tree graphical models, which enjoy several efficient algorithms and
rich theoretical results (see, e.g., |Choi et al.| (2011); |[Erdos et al. (1999); |Semple et al. (2003); Dasarathy et al.
(2014)). To see this, suppose that X is Markov according to a graph G = (V = [p], E) that is tree-structured.
Let the joint graph G’ denote the graph obtained by creating a copy of each node in G and linking the
copies to their counterparts in G. Formally, we define G* = (V”’, E?), where V’ 2 V U {1¢,2¢ ... p°} and
E’ 2 EU{{i,i®} : i € [p]}. In subsequent sections, for any vertex subset B C 2", we let B¢ denote the
vertices associated with the noisy observations from B and call it the noisy counterpart of B.

Notice that with this definition, if we associate the coordinates of Y to the newly added leaf vertices,
the concatenated random vector [X;Y], obtained by stacking X on top of Y, is Markov according to G”.
Casanellas et al.[(2021) then uses the fact that when given samples of Y, one can reconstruct a reduced
latent tree representation of G”, which in turn can be used to infer an equivalence class of trees that contains
the true tree G. Indeed, the equivalence class thus obtained is the same one identified by Katiyar et al. (2019;
2020)). We next state our general identifiability result after introducing some more graph-theoretic concepts.

3.2 An ldentifiability Result

A connected graph G is said to be biconnected if at least 2 vertices need to be removed to disconnect the
graph. A subgraph H of G is said to be a biconnected component if it is a maximal biconnected subgraph of
G. That is, H is not a strict subgraph of any other biconnected subgraph of G. The vertex set of such a
biconnected component will be referred to as a block. A block is non-trivial if it has more than two vertices.
For example, in Fig. E, the vertex set {1,2,3,4} and By U {6,8} are non-trivial blocks where B is an
arbitrary set of vertices such that the subgraph on B; U {6,8} is a biconnected component, whereas, the
set {10, 8} is a trivial block. In what follows, we will often be interested in the vertices of such non-trivial
blocks and toward this we write BT to denote the set of all vertex sets of non-trivial blocks in G. From these
definitions, it follows that trees (which are cycle free) do not have any non-trivial blocks. It also follows that
two blocks can share at most one vertex; we refer to such shared vertices as cut vertices. In Fig. [Ta, the
vertices 4 and 10 are cut vertices. The vertices in B"" which are not cut vertices are referred to as non-cut
vertices. In Fig. the vertex 1 is a non-cut vertex.

With these definitions, we now introduce a novel representation for a graph G that will be crucial to stating
our results. This representation is a tree-structured graph T,sr(G), which we call the articulated set tree of G,
whose vertices correspond to (a) non-trivial blocks in G, and (b) vertices in G that are not a member of any
non-trivial blocks. Vertices in this tree-structured representation are connected by edges if the corresponding
sets in G either share a vertex or are connected by a single edge. The vertices in the original graph that are
responsible for the edges in the representation are called articulation pointaEL We formally define this below.
For example, for G in Fig. the articulated set tree is illustrated in Fig. where the sets {1,2,3,4} and

2Articulation (points) vertices are cut vertices that separate non-trivial blocks from the rest of the graph.
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Figure 1: (a) a true underlying graph where both By U {6,8} (B2 U {7,9}) are non-trivial blocks where
By (Bs2) is an arbitrary set of vertices such that the subgraph on By U {6,8} (B2 U {7,9}) is a biconnected
component, (b) joint graph G”; noisy vertices associated with the non-trivial blocks containing By and Ba,
and some other vertices are not numbered to reduce the clutter, and (c) the articulated set tree Trsr(G).

{17,18,19} are associated to vertices in the articulated set tree representation, and 4,6,7,14, and 17 are
examples of articulation points.

Definition 3.1 (Articulated Set Tree). For an undirected graph G = (V, E), the articulated set tree
Tast(G) is a tuple (P,E, A) where (a) the set P = {B: B € B""} U {{v}:v € V\UpepwB}; (b) an edge
{P,P'} € £ if and only if (i) vertices v,v" € V are such that v € P,v' € P', and {v,v'} € E or (%) there
exists a vertex v € V such that v € PN P, and (c) the articulation function A : E — V XV returns the
articulation points of each edge.

Notice that the articulated set tree (AST), as the name suggests, is indeed a tree. Otherwise, by
definition, the set of non-trivial blocks BT would be incorrect (we show this formally in Lemma [B.1 in
the Appendix). Readers familiar with graph theory may have observed that the AST representation is
quite similar to the block-cut tree representation (see e.g., Harary, |1971; Biggs et al., [1986), but unlike
a block-cut tree, the subgraph associated with any non-trivial block does not matter in the articulated set tree.

We will now define the equivalence class of graphs up to which robust recovery is possible. Let L(G) denote
the set of all leaves in G (i.e., all vertices of degree one). A subset R C L(G) is said to be remote if no two
elements of R share a common neighbor. Let R be the set of all remote subsets of L(G). For each R € R,
define a graph G on V by exchanging each vertex in R with its (unique) neighbor.

Definition 3.2 (Equivalence Relation, ~). Two graphs G,H are said to be equivalent if and only if
3R € R such that Tysr(Gr) = Tasr(H). Symbolically, we write as H ~ G.

We let [G] denote the equivalence class of G with respect to ~. It is not hard to verify that Definition is
a valid equivalence relation. Furthermore, it can be readily checked that this notion of equivalence subsumes
the ones defined for trees in Katiyar et al. (2019); Casanellas et al. (2021). Fig. [2|illustrates three graphs from
the same equivalence class. Notice that G; can be constructed from G by: (i) exchanging the labels between
the leaf vertices {13,17,15} with their corresponding neighbors {10, 21, 14}; (ii) adding an edge {2,4} inside
a non-trivial block. Similarly, G5 can be constructed from G by: (i) exchanging the labels between the leaf
vertices {11,20} with their corresponding neighbors {10,21}; (ii) removing an edge {1,4} from a non-trivial
blockﬂ Therefore, for any two graphs in the equivalence class, the non-cut vertices of any non-trivial block
remain unchanged, whereas, the edges in the non-trivial block can be arbitrarily changed; the labels of the
leaves can be swapped with their neighbor. In the following we will show that our identifiability result also
complements the equivalence class. Finally, notice that with the similar operation described above, given a
Tasr which equals to Trsr(G), one can recover all the graphs in [G].

We now state our unidentifiability result, which establishes that the true covariance matrix of any graph in
the equivalence class [G], under the noise model of Subsection will result in the same observed covariance
matrix ¥°.

Theorem 3.1 (Undentifiability). Fiz a covariance matriz ¥* whose conditional independence structure
is given by the graph G. Suppose we are given a noisy covariance matriz 3° = ¥X* + D where D =

3Notice that the sets {13,17,15} and {11,20} are remote according to Definition
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(c) G2

Figure 2: An illustration of three graphs from the same equivalence class of GG in Fig. For all three graphs,
B, U{6,8} (B2U{7,9}) can have any induced subgraph as long as subgraphs on By U {6,8} (B2 U {7,9}) is
a biconnected component.

diag(D11,...,Dpp) > 0. Then, for any H € [G] where H # G, there exists matrices ¥y, Dy such that
¥° =¥y + Dy, Dy is a diagonal matriz with non-negative entries, and the sparsity pattern of (Sg)~! is
described by H.

This theorem is proved in Section [D] Notice that this undentifiability result shows it is impossible to uniquely
recover GG as there are other confounding graphs whose noisy observations would be indistinguishable from
those of G. However, this theorem does not rule out the possibility of recovering the equivalence class
to which G belongs since all the confounding examples are confined to [G]. In Section we devise an
algorithm that precisely does this. Before we conclude this section, we introduce the notion of partial
structure recovery and discuss how recovering the equivalence class still reveals useful information about the
true graph.

Partial Structure Recovery of G. Given the noise model described in Subsection we know that any
graph is only identifiable upto the equivalence relation in Definition This is not only the best one can
do (by Theorem , but also preserves useful partial structure of the graph. In particular, such a partial
structure recovery is able to identify the (non-cut) constituents of the non-trivial blocks and the set of leaf
vertices (and neighbors thereof). As the following examples illustrate, we conclude this subsection by arguing
that even such partially recovered graphs are instrumental in several application domains.

1. Electrical distribution networks usually have radial (or globally tree-like) network structures.
Recently, several parts of such networks have become increasingly locally interconnected due to
the adoption of technologies like roof-top solar panels and battery power storage that enable more
flexible power flow. Nonetheless, practitioners critically rely on (learning) the global structure for
most operations and maintenance tasks, such as state estimation, power flow, and cybersecurity.

2. Neuronal networks. Network models are commonly used to describe structural and functional
connectivity in the brain [Sporns (2018). An important property of networks that model the brain is
their modular structure; modules or communities correspond to clusters of nodes that are densely
connected (and are presumably functionally related). Such modular structure has long been regarded
as a hallmark of many complex systems; see [Herbert et al.| (1962)) for more details. Module detection,
that is, understanding which nodes belong to which modules can yield important insights into how
networks function and also uncover a network’s latent community structure.

3.3 The Robust Model Selection Algorithm

We now present an algorithm that can recover the partial structure of a graph G for
which only noisy samples are available based on the setup from Subsection Before
we describe our algorithm, we introduce a few more concepts that will play a key role.
We start with a well-known fact about the factorization of pairwise correlations for a
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faithfu]ﬁ Gaussian graphical model. First, recall that for two random variables X; and
X, the correlation coefficient is defined as p;; = i/ /i X

Fact 1 (see e.g., |Soh & Tatikonda| (2014)). For a faithful Gaussian graphical model,
X WL Xy|X; if and only if pi = pij X pjk-

We now define information distances, which play a vital role in designing our algorithm.

Definition 3.3 (Information distances). For (Xi,...,X,) ~ N(0,%), the information
distance between X; and X; is defined by d;; £ _log lpij| > 0, where p;; is the pairwise
correlation coefficient between X; and X;.

For tree-structured Gaussian graphical models, the strength of the correlation dictates

the information (or graphical) distance between vertices ¢ and j. Higher the strength, the smaller is the
distance, and vice versa. In fact, the information distance defined this way is an additive metric on the
vertices of the tree. Although the graphs we consider are not necessarily trees, we still refer to this quantity
as a distance throughout the paper for convenience. We now define the notion of ancestors for a triplet of
vertices using the notion of minimal mutual separator.

Definition 3.4 (Minimal mutual separators, Star triplets, Ancestors). Fiz a triplet of vertices U € (‘g)
A wvertex set S CV is called a mutual separator of U if S separates each pair i,j € U; that is, every path
m € Pi; contains at least one element of S. The set S is called a minimal mutual separator of the triplet U
if no proper subset of S is a mutual separator of U. We let Syin(U) denote the set of all minimal mutual
separators of U. U is said to be a star triplet if |Smin(U)| = 1 and the separator in Smin(U) is a singleton.
The unique vertex that mutually separates U is called the ancestor of U.

For instance, for the graph in Fig. E the set {2,4,7,8,3,5} is a mutual separator for the triple {1,6,9}.
Further notice that minimal mutual separator set may not be unique for a triplet: here, the sets {2,3,7} and
{4,5,8} are minimal mutual separators of the triple {1,6,9}. In Fig. for the triplet {1,11,12}, minimal
mutual separator Smin ({1,11,12}) = {10}. Further, notice that an ancestor of U can be one of the elements
of U. In Fig. E, the vertex {10} is the ancestor of triplet {4,10,11} £ U. Notice that for triplet U, the
distance between 10 and the ancestor is zero.

For a star triplet {4, j, k} with ancestor r, it is clear that the following holds true based on the relationship
between graph separation and conditional independence: X; 1l X; | X,, X; 1L X | X, and X; 1l X | X,.
As a consequence, from Fact [1|and Definition the pairwise distances d;;, dix, and d;j, satisfy the following
equations: dj; = dir + dyj, dit = dir + dpi, and dj = djr + dpi,. Some straightforward algebra results in the
following identities that allows us to compute the distance between each vertex in {, j, k} and the ancestor
vertex r. In particular, for any ordering {x,y, z} of the set {i,j, k} notice that the following is true:

dwr = 05 X (dwy + dwz - d’t/z) (1)

A

For a triplet U = {i, j, k}, we will let d¥ £ %(dij + di, — dji). If U is a star triplet, then dY reveals the
distance between i and the ancestor of U. However, we do not restrict this definition to star triplets alone.
When U is not a star triplet, d” is some arbitrary (operationally non-significant) number; in fact, for non-star
triplets this quantity may even be negative. Notice that all vertex triplets in a tree are star triplets. Hence,
for a tree-structured graphical model, we can choose any arbitrary triplet and if we can find a vertex r for
which dY = d;,.,i € U, then we can identify the ancestor of U. If such a vertex does not exist, we can deduce
the existence of a latent ancestor. Therefore, iterating through all possible triplets, one can recover the true
(latent) tree structure underlying the observed variables. In fact, several algorithms in the literature use
similar techniques to learn trees (see e.g., [Saitou & Nei (1987); Krishnamurthy & Singh (2012); |Choi et al.
(2011); Dasarathy et al. (2014).
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Figure 4: (a) The joint graph G’, (b) the leaf clusters and internal clusters of G’; B (B$) denote the set of
noisy vertices associated with the vertices in By (Ba); Also, recall that clusters are a set of vertices; grey
vertices are identified but unlabeled articulation points associated with the clusters, (c¢) non-trivial blocks and
trivial blocks along with the identified and labeled articulation points, and (d) the edges between different
articulation points.

3.4 The NoMAD Algorithm

In this section, we introduce our algorithm NoMAD, for Noisy Model selection based on Ancestor Discovery,
for robust model selection. We describe NoMAD in the population setting (i.e., in the infinite sample limit)
for clarity of presentation; the modifications required for the finite sample setting are discussed in Section
In the population setting, NoMAD takes as input the (exact) pairwise information distances d;;, for all 4, j in
the observed vertex set V°, and returns an articulated set tree Top £ (Pop, Aop, Fop) (see Definition . A
high level overview of the algorithm is given in Algorithm [I. Its operation may be divided into two main
steps: (a) learning P, and Agp; and (b) learning E,p,. These steps are summarized in the following. A formal
algorithmic listing and a full description can be found in the Appendix.

(a) Learning P,, and A,,. Inspired by the aforementioned ancestor based tree reconstruction algorithms,
NoMAD first identifies the ancestorsﬂ in G’, and learns the pairwise distances between them. Notice that
finding the ancestors in G’ is challenging for the following reasons: (a) since G’ is not a tree, some vertex
triplets are not star triplets (e.g., {1¢,3¢,11¢} in Fig. [1b), and (b) a subset of vertices (which may include
ancestors) in G’ are unobserved or latent. Hence, we can not guarantee the identification of a star triplet
following the procedure for trees. NoMAD instead uses a novel procedure that compares two triplets of vertices
to identify the ancestors; we call this the TTA (Test Identical Ancestor) test which is defined as follows:

Algorithm 1 NoMAD

1: Input: Pairwise distances D = {d;; }i jevo.

2: Output: Top = (Pop, Aops Fop)-

3: IDENTIFY ANCESTORS(Subroutine . Accepts: D; Returns: (I) A set Aops (Ania resp.) of observed
(hidden resp.) ancestors, and the corresponding collection of vertex triplets Uobs (Vhia resp.), and (II)
The set of pairwise distances {d;;} for each pair ¢,j € VU Apiq

4: LEARNCLUSTERS (Subroutine . Accepts: Aops, Ania, and D; Returns: A collection of (I) leaf clusters
L, and (IT) internal clusters Z.

5: VERTEXSET-A ST(Subroutine.Accepts: L and Z; Returns: (I) the vertex set Py, (II) the articulation
points Agp, and (III) a subset of the edge set Eqp.

6: EDcESET-AST (Subroutine [§). Accepts: Pop and Ayp; Returns: Eqp.

Definition 3.5 (TTA Test). The Test Identical Ancestor (TIA) test accepts a triplet pair U, W € (g), and
returns TRUE if and only if for all x € U, there exists at least one pair y,z € W such that dY + dy = dgy
and dY +d¥V =d,..

4The global Markov property for GGMs ensures that graph separation implies conditional independence. The reverse
implication need not to hold. However, for a faithful GGM, the reverse implication does hold.
5We say that a vertex r is an ancestor if there is a triple U such that r is an ancestor of U.
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In words, in order for a pair of triplets U, W to share an ancestor in G”, each vertex in one triplet (say, U)
needs to be separated from at least a pair in W by the (shared) ancestor in G’. We now describe the fist step
of the NoMAD in three following sub-steps:

Identifying the ancestors in G”’. In the first sub-step, NoMAD (a) uses the TIA test to create the set

PV ={VC (‘g) : each U € V has the same ancestor }, (b) it then assigns each triplet collection V € U to
either Uops or Yhiq; the former is the collection of vertex triples whose ancestor is observed and the latter has
ancestors that are hidden, and (c¢) identifies the observed ancestors and enrolls them into a set of observed
ancestors Agps. Furthermore, for each collection V; € Upiq, NoMAD introduces a hidden vertex, and enrolls it
in Apiq such that, |Apig| equals to the number of hidden ancestors in G’. For example, consider the joint
graph G’ in Fig. [fal In G’, the vertex {4} is the observed ancestor of the pair {1¢,4¢,10} and {3¢,4¢, 8¢},
and the vertex {8} is the hidden ancestor of the pair {3¢,8%,9¢}, {1°,8%, 7¢}. Complete pseudocode for this
step appears in Subroutine [3|in Appendix.

Extending the distance set {d;;}; jevo. In the next sub-step, using pairwise distances {d;;}; jevo, and Aniq,
NoMAD learns the following distances: (a) d;; for all ¢, j € Apia, and (b) d;; for all 4, j € ApiqUV°. For learning
(a), notice from the last sub-step that each a; € Apiq is assigned to a collection of triplets V; € LVpiq. In order
to compute the distance between two hidden ancestors (say ap,aq € Anida), the NoOMAD chooses two triplets

Vp € Vp and V; € V,, and computes the set Ap, as follows: Ap, = {dmy - (d;/p + d;‘jq) rxeVpy € VZI}
Then, the most frequent element in A, i.e., mode(A,,), is declared as d,;. We show in Appendix that

NoMAD not only correctly learns the distance set {d;;}i je A, but also learns d;; for any ¢ € Apiq and
j € VO. A pseudocode for this step appears in Subroutine |3|in Appendix.

Learning P,p, and Aop. In the final sub-step, NoOMAD learns the clusters of vertices in V° \ Aqps using the

separation test in Fact E which eventually lead to finding P,, and A,,. Specifically, NoMAD learns (a)
all the leaf clusters, each of which is a set of vertices that are separated from the rest of the graph by a
single ancestor, and (b) all the internal clusters, each of which is a set of vertices that are separated from
the rest of the graph by multiple ancestors. For example, in Fig. the set {17¢,18¢,19¢,20%,21¢} is a
leaf cluster— separated from the rest of the graph by the (hidden) ancestor ag. The set BS is an internal
cluster— separated from the rest of the graph by the set of ancestors {as, ag,a7}. Next, NoOMAD uses the
clusters to learn P, and Ao, for 7o, by applying the TIA test on each cluster to identify the non-cut vertices
and potential cut vertices in it. For example, for the leaf cluster {17¢,18¢,19¢,20° 21}, 18 and 19 are
non-cut vertices, and a vertex from 17,20, and 21 may be declared as a cut-vertex arbitrarily (see Fig. .
A pseudocode for this step appears as Subroutine ] and Subroutine [6] in Appendix.

(b) Learning E,,. In this step, NoMAD learns the edge set E,,. Notice from Definition that any two
elements of P,;, are connected with each other through their respective articulation points. Hence, in order
to learn Fop, NoMAD needs to learn the neighborhood of each articulation point in G. To this end, NoMAD
first learns this neighborhood for each articulation point in G using Fact [l} Then, in the next step, NoMAD
creates an edge between two elements of P, if the articulation points from each element are neighbors in G
(dotted lines in Fig. . A pseudocode for this step appears as Subroutine |8 in Appendix.

4 Performance Analysis of NoMAD in the Population Setting

In this section, we show the correctness of NoMAD in returning the equivalence class of a graph G while having
access only to the noisy samples according to the problem setup in Section We now make an assumption
that will be crucial to show the correctness of NoMAD. This is similar to the faithfulness assumption common
in the graphical modeling literature |Choi et al.| (2011); [Kalisch & Bithlman (2007)); |{Uhler et al.| (2013]), and
like the latter, it rules out “spurious cancellations”. To that end, let Vgiar C (g) be the set of all star triplets
in G (see Definition . Let Viep C (‘3/) be the set of triplets V' such that one of the vertices in V' separates
the other two vertices.
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Assumption 4.1 (Ancestor faithfulness). Let U W € (‘g) \ Vistar U Vsep- Then, (i) there are no vertices
v €U and a € W that satisfy d¥ + dY = dya, and (i) there does not exist any vertexr € V and x € U for
which the distance dy, satisfies relation in equation [I.

Notice that Assumption [4.1]is only violated when there are explicit constraints on the corresponding covariance
values which, like the faithfulness assumption, only happens on a set of measure zero. We next state the
main result of our paper in the population settings.

Theorem 4.2. Consider a covariance matriz X* whose conditional independence structure is given by the
graph G, and the model satisfies Assumption[4.1. Suppose that according to the problem setup in Section[3.1,
we are given pairwise distance d;; of a vertex pair (i, j) in the observed vertex set V°, that is, d;; = —log|psjl
where p;; = ij/ 27,59, Then, given the pairwise distance set {di;}ijevo as inputs, NoMAD outputs the
equivalence class [G].

Proof Outline. In order to show that NoMAD correctly learns the equivalence class, it suffices to show that it
can correctly deduce the articulated set tree Top. Given this, and the equivalence relation from Definition
the entire equivalence class can be readily generated. Our strategy will be to show that NoMAD learns 75p
correctly by showing that it learns (a) the vertex set Pop, (b) the articulation points A,p,, and (c) the edge
set Fop correctly. We will now establish (a) and (b).

e From the description of the algorithm in Section it is clear that NoMAD succeeds in finding the
ancestors, which is the first step, provided the TTA tests succeed. Indeed, in the first stage of our
proof, we establish Lemma in Appendix which shows that the TIA test passes with two triplets
if and only if they share a common ancestor in G”.

e Next, we show in Lemma and Claim |3|in Appendix that NoMAD correctly learns the distances
d;; for all vertices i, j that either in the set of observed vertices V© or in the set of hidden ancestors
Apiq. Propositionmestablishes the correctness of NoMAD in learning the leaf clusters and internal
clusters, and in learning P,, and A,p. The proof correctness of this step crucially depends on
identifying the non-cut vertices in G from different clusters which is proved in Lemma

Finally, we outline the correctness of NoMAD in learning the edge set E,,. Recall that NoMAD learns the
neighbor articulation points of each articulation point. Proposition [B.14/in Appendix shows that NoMAD
correctly achieves this task. Using the neighbors of different articulation points, NoMAD correctly learns the
edges between different elements in Pgp,.

5 Performance Analysis of NoMAD in Finite Sample Setting

In describing NoMAD (cf. Section and in the analysis in the population setting (cf. Section , we
temporarily assumed that we have access to the actual distances d;; for the sake of exposition. However, in
practice, these distances need to be estimated from samples {Y1,...,Y,}. In what follows, we show that
NoMAD, with high probability, correctly outputs the equivalence class [G] even if we replace d;; with the

Z/J\Oij/\/iziii;jj , where i\oij is the (¢, 7)-th element in %Zfil Y, Y7, We recall from

Section that the subroutines in NoMAD depend on the TIA test, which relies on the distances d;;. Thus,
we establish the correctness of NoMAD in the finite sample setting by showing that the empirical TTA (TIA
with estimated distances) correctly identifies the ancestors in G” with high probability. We begin with the
following assumptions.

estimate (Z-j = —log

Assumption 5.2. [y-Strong Faithfulness Assumption] For any vertex triplet i,j,k € (‘go), if i L jlk, then
|dij — dzk — djk| > .

~-Strong Faithfulness assumption is a standard assumption used in the literature (Kalisch & Biihlman| (2007);
Uhler et al. (2013)). 0-Strong-Faithfulness is just the usual Faithfulness assumption discussed in Section
This motivates our next assumption which strengthens our requirement on “spurious cancellations” involving
ancestors.

10
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(a) Synthetic graph, Gsyn (b) IEEE 33 Bus Graph

Figure 5: Synthetic graph and IEEE-33 Bus system considered for our simulation

Assumption 5.3 (Strong Ancestor consistency). For any triplet pair U, W € (g) \ Vstar U Vsep and any
vertex pair (x,a) € U x W, there exists a constant { > 0, such that {drU +d¥V — dm| > (.

Assumption is in direct analogy with Assumption As we show in Lemma [B.7, for any pair
UW e (‘;) \ Vstar U Vsep (i-€., any pair that would fail the TIA test), there exists at least one triplet {z, a, b}
where z € U and a,b € W such that dyq —dY —dYY # 0 and dyp, — dY — d}¥ # 0. This observation motivates
us to replace the exact equality testing in the TIA test in Definition with the following hypothesis test

EU,(QZV‘, (Lbf@]f@;‘/’}gg. Weset§<%.

against zero: max {’dm —d

Furthermore, in order to learn the distance between two hidden ancestors in Ay;q, the mode test introduced
in Subsection needs to be replaced with a finite sample version; we call this the e;-mode test and this is
formalized in Appendlx |§ Finally, for any trlplet (z J, k)€ (‘g ), in order to check whether i L j|k, the test

o~

in Fact |: needs to be replaced as follows: |d1] dlk djx| < . We now introduce two new notations to

state our main result. Let puin (p) = min, ;¢ (p|pi;| and n( ) =108((16 + (pmin(p))” €2)/(16 — (pumin(p))” €2)),

where €5 = min(ﬁ, v), where v is from Assumption

Theorem 5.3. Suppose the underlying graph G of a faithful GGM satisfies Assumptions [5.215.5. Fix
any 7 € (0,1]. Then, there exists a constant C > 0 such that if the number of samples n satisfies n >

C (H(p)) max (log ( 2) ,log (ﬁ)), then with probability at least 1 — 7, NoMAD accepting Eij outputs the

equivalence class [G].

Remark 5.1. Theorem [5.3 indicates that the sample complezity of the NoMAD is dependent on the absolute
minimum and mazimum pairwise correlations pmin and pmax, the number of vertices p, and the magnitude of
the quantity from Assumption[5.3 Specifically, in regimes of interest, we see that the sample complexity scales
as a logarithm in the number of vertices p and inversely in p2.. (p) and €3, thus allowing for robust model
selection in the high-dimensional regime. Further note that our sample requirement can have an exponential
dependence on p based on the degree of G. However, we expect that this dependency can be improved; see
Section[7 for more on this avenue for future work.

6 Experiments

We perform experiments on both a synthetic graph and an IEEE 33 bus system, which is a graphical
representation of established IEEE-33 bus benchmark distribution system (Baran & Wu, [1989), to assess
the validity of our theoretical results and to demonstrate the performance of NoMAD. In particular, our
experiments demonstrate how an unmodified graphical modeling algorithm (in this case GLASSO |Friedman
et al.| (2008)) compares to NoMAD. The synthetic graph Gsyn we consider and graph associated with the
IEEE-33 bus system are given in Fig. [pa and Fig. respectively. As a first step, we need some new
performance metrics to make a fair comparison in light of the unidentifiability of the underlying graph
structure from noisy data. In the following we will introduce some sets, and show that if an algorithm can
recover all these sets, then the output graph (from that algorithm) is in equivalence class.

11
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Figure 6: Performance of GLASSO and NoMAD for various degree of noises. Up to the values of 2.5 and 1.5
dollars for Gy and IEEE-33 Bus, respectively, GLASSO successfully reconstructed an equivalent graph. To
investigate this influence, we conducted the experiment with a fixed sample size across 15 trials. In contrast,
NoMAD consistently demonstrated its ability to recover an equivalent graph under various noise influences.

1. Families. For a vertex 4, define its family F; as {v : deg(v) = 1 and {v,i} € E(G)} U {i}. Notice
that the subgraph associated with each family is a tree. For synthetic graph Ggyn, the sets {1,2,3},
{8,9,10} are some of the families in Ggyn; For IEEE 33 Bus Graph {15, 16, 17,18}, {30, 31, 32,33}
are some of the families. Let F = (J;cy Fi-

2. Non-Cut Vertices. For graph G, let Byon.cut be the set of all non-cut vertices in a non-trivial
block B. Define Byop-cut = U BenyT Bnon-cut, where BNT is the set of all non-trivial blocks. Recall
from Section [3] that in all the equivalent graphs the set of non-cut vertices remain unchanged.

3. Global Edges. Let K be the set of cut vertices who do not share an edge with a leaf vertex in
G. For any vertex k € K, let a family Fj, € F be such that there exists a vertex f € Fj such that
{k, f} € E(G). Now, we will note two following condition for any neighbor i € N(k): (a) if i € K,
then {i,k} € E(G), and (b) otherwise, there exists a vertex j € Fj such that {j,k} € E(G). If
condition (a) and condition (b) are met, global edge associated with ¢ are recovered correctly .

In Lemma we demonstrate that if an algorithm learns these sets correctly, and the conditions associated
with the global edges are met, then an equivalent graph can be recovered.

Experimental Setup. We now describe our experimental setup. We generated precision matrices associated
with Ggyn, and for IEEE-33 bus system, we added some loops. We then inverted the corresponding precision
matrices to obtain the respective covariance matrices in the population setting. Next, we added a diagonal
matrix of random positive values to the population covariance matrices at each entry to generate the
corresponding noisy covariance matrices.

We will now compare the performance of 0-1 loss of NoMAD to GLASSO under the influence of noise. In
order to compare, our goal is to compare NoMAD with the best GLASSO. Our protocol for selecting the best
GLASSO is as follows: for a fixed maximum allowable diagonals, we selected the regularization parameter
for which the output graph given the noise covariance matrix to GLASSO is in equivalence class. Then, for
that fixed regularization parameter we report the performance of GLASSO for varying numbers of (increased)
maximum allowable diagonals. Notice that the maximum allowed values of the diagonal elements of the
matrix D (which is being added to the generated covariance matrix) contain information about the potential
influence of the noise in the setup. In order to study this influence we ran the experiment for a fixed sample
size over 15 trials. In Fig. |§, we observe that up to the value of 2.5 and 1.5 for Gy and IEEE-33 Bus,
respectively, GLASSO was able to recover an equivalent graph. On the contrary, NoMAD was able to show a
consistent performance in recovering an equivalent graph with various influence of noises.

12
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7 Conclusion and Future Directions

Conclusion. In this paper, we consider model selection of non tree-structured Gaussian graphical models
when the observations are corrupted by independent but non-identically distributed noise with unknown
statistics. We first show that this ambiguity is unavoidable. Finally, we devise a novel algorithm, referred to
as NoMAD, which learns structure up to a small equivalence class.

Future Directions. This paper opens up several exciting avenues for future research. First, our novel
ancestor testing method can be used to identify the ancestors for other graphical models (beyond Gaussians)
where information distance satisfies the factorization property in Fact [1; e.g., Discrete graphical models,
where the random vector X takes values in the product space XP, where |X| = k. For any 4,j € [p], let
T;; € R¥** denote the tabular representation of the marginal distribution of the pair (X;, X;) and Ty
denote a diagonal matrix with the marginal distribution of X; on the diagonal. Then, it is known that the
det(vis) _ can be taken to be the information distance. We refer the reader to

Semple et al.| (2003) for more on this, including a proof of an equivalent version of Fact E Note that the
Ising model is a special case, and our results naturally extend to them. Second, it is well known that pmin
could scale exponentially in the diameter of the graph; this could imply that the sample complexity will
scale polynomially in the number of vertices p even for balanced binary trees, and as bad as exponential
for more unbalanced graphs. Now, notice that in Subroutine [3, NoMAD identifies all the star triplets for
any ancestor in G’. Hence, this identification procedure in quite computationally expensive. As we reason
this in theoretical section of the appendix that this computation is required in order to learn the pairwise
distances d;; for each pair (i,7) such that ¢ € V° and j € Apiq, where V© and Apiq is the set of observed
vertices, and hidden ancestors, respectively. A promising future research work is to develop a TTA test which
can obtain {d;; }i jevoua,,, without iterating all the triplets in (‘g). Furthermore, the Subroutine |4| can be
redesigned to a computationally efficient one by learning the clusters in divide and conquer manner. Another
promising avenue for future research work is to obtain an upper bound on the diagonal entries D;; for which
the underlying graph G is identifiable. Finally, future research can be done to understand to understand the
behavior of the hyperparameters v and ¢ using the stability selection method (see Meinshausen & Biithlmann,
2010) in finite sample settings.

following quantity: d;; =
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Appendix
Robust Model Selection of Gaussian Graphical Models

A Algorithmic Details

In the population setting, NoMAD takes as input the pairwise distances d;;, for all ¢, 7 in the observed vertex
set VO, and returns an articulated set tree Top = (Pop, Aops Eop) (see Definition . Its operation is divided
into two main steps: (a) learning P, and A,p; and (b) learning E,,. These steps are summarized in the
following.

A.1 Learning P,, and A, for 7,

In Phase 1, Subroutine E identifies the ancestors in G” using the pairwise distances d;; for all 4, j € V°. In
this phase, it returns a collection U of vertex triplets such that each triplet collection V € U contains (and
only contains) all vertex triples that share an identical ancestor in G’. The key component for this is to use
TIA (Test Identical Ancestor). In the Phase 2, Subroutine E enrolls each collection in U to either Y, or
Vhid, such that Vops (Vnia) contains the collection of vertex triplets for which their corresponding ancestors
are observed (hidden resp.), and observed ancestors are enrolled in the set Aops. For identifying the observed
ancestors from U, Subroutine |3| does the following for each collection V € : it checks for a vertex triplet T’
in V for which one vertex in the triplet 7" separates the other two. In the final phase, Subroutine [3|accepts d;;
for each pair ¢,j € V° and Ynia, and learns the pairwise distance d;; for each i € V° and j € Apiq by finding
a vertex triplet 1" in a collection V; € Wyiq such that T' contains ¢. Then, in the next step, Subroutine E
learns d;; for each 7,5 € Apiq by selecting the most frequent distance in A, as defined in Section

We next present Subroutine [4] for clustering the vertices in the
set VO \ Aops. It accepts Aobs, Anida, and {d;; bievo jean,, and
enrolls each vertex in VO \ Agus either in a leaf cluster (see
Phase 1 of Subroutine @ or in an internal cluster ( see Phase L oo A

2 of Subroutine . Now, for the collection of leaf cluSters £,  2: © ¢ forall 2 € U, 3 at loast a pair y, = € W such that
cach cluster L € L is associated to a unique element a € A such ﬁ;f}:;:zy and d +d37 = da then
that Ly is separated from A\ a by a. Each cluster I € T is 451 endif '
associated with a subset of ancestors I; C A, such that I is  6: end procedure
separated from all other ancestors in A \ I; by ;.

Procedure 2 TestIpENTICALANCESTOR (TIA)

Procedure 7 NoxBLoCKNEIGHBORS

Subroutine 8 Learning Eqp for Top

1: Input: An ancestor vertex u, Cy, Aop, and the extended distance

9 set Doxt - 1: Input: The collection of leaf clusters £ and internal clusters T,
. Output: Neighbors §(u) of u such that they do not belong to the clruT bset & £ B,
clusters that contains u. 2. Aa subse 1}e;f of op
3: Initialize: 5(u) £ Aop \ U C3. ! Output: An edge set Eqp for Top.
oce 3: Initialize: Eop + Elgaf-
€Cu 4: for each u € Aop do
4: for cach = € 6(u) do P
5. 3 box b € Co\ 5.t dug = dop | dy, th 5: Let C € C be the cluster such that C3 3 u
X ! & vertex ul &b Guz = Cub ba then 6: Get §(u) from NONBLOCKNEIGHBORS(u, C, Aop)-
6: S(u) « 5(u) \ = 7.
7 ) : for ecach Py € Pop s.t. Py 3 u do
: end if .
8: end for 8: for each v € §(u) do
9: for cach k, £ € (5(2“)) do 9: Eop + Eop U (Pu, {v}, u,v)
10: end for
10: if dyp + dp = dyy then 11: end for
11: 5(u) < 5(u) \ £. 12: end for
12: end if 13: Return The edge set Eop for Top.-
13: end for

We now discuss NONCUTTEST appears in Procedure |5} The goal of NONCUTTEST is to learn (a) the non-cut
vertices, and (b) potential cut vertices of a non-trivial block from a leaf cluster. NONCUTTEST accepts a
set W C VO s.t. |W| > 3, and partitions the vertex set W into Ceyt (the set of potential cut vertices) and
Chon—cut (the set of vertices which can not be a cut vertex). Then we use Subroutine |§| for learning (a) vertex

17



Published in Transactions on Machine Learning Research (03/2025)

Subroutine 3 Identifying Ancestors and Extending the Pairwise Distance Set

1: Input: Pairwise distances D = {dij}; jeyo, where VO is the set of %g else‘
observed vertices. : Thid < Yhida YV
2: Return: A collection of vertex triplets Ugpg (Vpiq resp.) with ob-  17: end if
served (hidden resp.) ancestors, the set Agp (Apjq resp.) of observed 18! end for
(hidden resp.) ancestors, the set of pairwise distances {d;;} for each 19: _Set Ahid 4 {a;li € [|mhid |]} > introduce one vertex for each element
pair i,5 € VO U Apiq. in Vhid
3: Initialize: Y pg, Vpid> D> Dhiq — 0, collection of vertex triplets Phase 8 — Learning the pairwise distance set {dij}; jeyvoya,,,
s (VO 20: for each V; € Vy;q do
Vv = 3 , counter n = 1 0
21: for each j € VO do
Phase 1 — Clustering Star Triplets 22: Find a triplet U € V; s.t U 3 j > c¢f. Claim [i
4: for cach U € V do . =~ = U
5 Vi 2 {W C V: TIA (U, W) is TRUE} U U 23: D“DU((’*’)‘%‘)
6: if V| > 1thenn=mn+1 24: end for
T end if 25 end for
8: B+ VB UVp > enrolling the collection Vy to U 26: for cach p # q € Apiq do
9: end for v 27: Pick a pair of triplets Up € Vp, Uq € Vq.
L= . . . U,
10: Return: U = {v C (q) : each U € V has the same ancestor }, 28: Apg = {dwy _ (dIP + dlgr) fw € Up,y € Uq} X
Phase 2 — Labeling Ancestors 99 ¢ F ¢ el
: Dhi Dpia U ((p, @) , mode(a, most frequent element
T1: for cach collection V € U do hid < Phid ((p a) , mode( P‘l)) e q
12: if 3 a triplet V £ {u, v, w} € V s.t. dyy + dyw = dyw then in Dpq
13: Dobs + Vobs UV 30: end for
14: Aobs = Aobs U v 31: Return Vg, Vpiq. Agbs: Anids D and Dpiq-
.
Subroutine 4 LearRNCLUSTERS
1: Input: Agp . Apjq, and D, and A2 Ajp U Apiq. Phase 2 - Learning Internal Clusters
2: Output: A collection of leaf clusters £ and internal clusters Z. 16: for cach = € VO \ Ay, do
. sae . .y A - -
3: Initialize: c = (L1, Lg,L3), T = (Iy,12,13), and  ]7: for each A C 24 s.t. |A| > 1 do
Ly,Lg, Ly, Iy, Ia,13 « 0. i
- 18: for each pair k, £ € do
Phase 1 — Learning Leaf Clusters 2
T for cach @ € VO A,p, do , ) ift}tlhere exists a pair (k,£) s.t. dgp + dgg = dgp or dyp +
: i - ’ ¢k = dgj then
5: if Ja € A such that dga + dgor = dyqr foralla’ € A\ {a} then o0 o if
6: if 3 L € £ such that L| = a then 21 Break
T Ly + Ly U {z} %% end for
8: else H end for _
9: L2 (a,{z},0) 24: if 3a ¢ T such that Iy = A then
10: L+ LUL 25: Ip « Ip U {z}.
11: end if 26: else _
12: VO« VOO {z} 27: I2 (A {z},0)
13: end if 28: T+« ZTuUIl
14: end for R 29: end if
15: Return £ = {L: Ly € 2V \Aobs 30: end for o
s.t. Lo is separated from A\ L by Ly where |[L1| = 1}. 31: Return T = {I:15 €2V \Aobs
s.t. I is separated from A \ Iy by I where [I1| > 1}.
Procedure 5 NonxCurTest
1: Input: A leaf cluster L € £ such that [Lo| > 2. 18: end if
. A :
2 Output: A set Cout, Cnon—cut = L2 \ Ceut, L3 € L. 11: greake Ceut \ {z} b @ is not a non-cut vertex
3: Initialize: Cgyy with Lo. 12 ond g cut
4: for cach « € Lo do 13: end for
5: for each pair y, z € Ly \ {«} do . 14: if (1Coue) > 1 A (L1 ¢ Aobs) then
6: Pick any arbitrary pair aq, ag € VO \ L.
7 Ui 2 {2, 9,01} and Uj 2 {a, 2, a}. ig Pick an arbitrary vertex a from Cgyu¢ and set Lg £ a.
. o I ! end if
8: if TIA(U,, Uj) is FALSE then 17 Return Ceutr Cnon—cut. and Lj.

18
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Subroutine 6 Partitioning and learning local edges (PALE)

1: Input: The observed vertex set VO, the collection of leaf clusters £ and 18: for each L € L s.t. (ILg| = 1) A (L1 € Agpg) do > ancestor in the leaf
internal clusters Z. cluster is observed.
2: Output: The vertex set Pop, the articulation points Agp, and a subset 19: Pop < Pop U L2 ULg
Eleaf of the edge set Eqp for Top. Each element E € E]g,¢ is an ordered 20: Eleaf « Eloaf U (L2, L3, Lo, L)
quadruple such that Eq, Eg C VO, and Eg € Eq, B4 € Fy. 21 end for on
3: Initialize Pop, Aop, Elear < 0- 22: for each L € £ s.t. (|[L2] > 1) A (L1 € Agpg) do b ancestor in the leaf
4 Acluster = {e € Ly:e€ Aops) 23: clusa:rt léobseged and L3 from NoNCuTTEST(L)
. S . cut’ “non—cut 3 B
5! Pop « Pop U (Agbs \ Acluster)s Aop = Aobs- 2. Set B 2 ¢ UL
Phase 1 — Partitioning and Local Edge Learning w.r.t. the Leaf Clusters 25' non-—cut 1
: Pop «— Pop U BU v}.
6: for cach L € L s.t. (|L2| < 3) A (L1 ¢ Agpg) do > ancestor in the °pP P ol
. leaf cluster is not observed. vECcut
: Pick an arbitrary vertex a € Lo, L3 <+ a, Ly <+ Lg \ {a}, .
Aop + Aop U {a}. 26: Eleaf  Eleaf Y U (B, {v}, L3, v)
8: Pop < Pop U Lo ULg vECeut
9: Eloaf < Eleat U (L2, L3, Ly, L3) 27: end for
10: end for Phase 2 — Partitioning w.r.t. the Internal Clusters
11: for each L € £ s.t. (|La| > 3) A (L1 ¢ Agpg) do b ancestor in the leaf 5%
cluster is not observed. 8: for each I € z do
12: Get Ceuts Crnon—cut and Lz from NoNCUTTEST(L). 29: for each i € Iy do
13: Agp « AgpUL3 g? if i & Agps then
14: St B2 Cyon_cut U L3 > Cnon—cut #nd Ly contains the non-cut 55 Find the L € £s.t. Ly =i
vertices and cut vertex, respectively. . I3 = I3 Ui, Aop + Aop U {i}
15: Pop — Pop U B U U {v} b Coyt can contain multiple cut %2 de?d if
: end for
. vECut\L3 35: Pop + Pop \ I3
| vertices. 36: B2 {I3 U I3} and Pop « Pop U B. b B is an internal non trivial
16: Eleaf = Eleaf Y U (B, {v}, L3, v) block.
vECeut\ L3 %g end for
17: ar . Return Pop, Aop, and a subset Ejg,¢ of Eop-
. en or

set Pop, (b) articulation points Aoy, and a subset of the edge set E,, for 7op. The Subroutine |§ learns (a),
(b), and (c) from both leaf clusters and internal clusters. In the following, we list all the possible cases of leaf
clusters Subroutine [6] considered in learning Py, and Agp: Leaf clusters contains 1. At most two vertices with
hidden ancestor, 2. More than two vertices with hidden ancestor, 3. One vertex with observed ancestor, and
4. More than one vertex with observed ancestor. For each I € Z, Subroutine [6] checks whether i € Agp,g. If
1 ¢ Agps, then the subroutine finds the leaf cluster L s.t. Ly 3 4.

A.2 Learning E, for 7,

The next goal of NoMAD is to learn to learn the edge set E,, for Aop. Precisely, NoMAD learns the neighbors
of each articulation point in A,p. The learning of E,p, is divided into two steps: (a) Learn the neighbors of
each articulation points (appears in Procedure 3), and (b) use the information obtained from (a) to construct
E,, (appears in Procedure 4).

B Theory: Guaranteeing the Correctness of the NoMAD

In this section we will prove that NoMAD correctly learns the equivalence class. We star this section by
restating Theorem [4.2] from Section

Theorem B.1. Consider a covariance matrix ¥* whose conditional independence structure is given by the
graph G, and the model satisfies Assumption[4.1. Suppose that according to the problem setup in Section[3.1,
we are given pairwise distance d;; of a vertex pair (i, ) in the observed vertex set V°, that is, d;; = —log|psj]
where p;; = Efj/ 22,29, Then, given the pairwise distance set {dij}ijevo as inputs, NoMAD outputs the

equivalence class |G).

Proof Outline. We show that NoMAD correctly learns the equivalence class by showing that it can correctly
learn 7op. Given this, and using Definition the entire equivalence class can be readily generated. We
show that NoMAD learns 7, correctly by proving that (a) the vertex set Pop, (b) the articulation points Aop,
and (c) the edge set E,, are learnt correctly. Following is the outline for (a) and (b). From Section it is
clear that NoMAD succeeds in finding the ancestors, which is the first step, provided the TTA tests succeed
(established in Lemma E).Then, Proposition @ establishes that NoMAD learns P, and A, correctly.
The proof correctness of this step crucially depends on identifying the non-cut vertices (c.f. Lemma .
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Then, for establishing the correctness of NoMAD in learning E,,, NoMAD learns the neighbor articulation
points of each articulation point. Proposition shows that NoMAD correctly learns .

Lemma B.1. Let G be a graph on vertex set V', and Trsr(G) be the corresponding articulated set tree of G.
Then, Tasr(G) is a tree.

Proof. We prove T,sr(G) is a tree by showing that 7, is connected and acyclic. Suppose on the contrary that
Tast(G) contains a cycle B’. Then, B’ is a non-trivial block in G with no cut vertex. This would contradict
the maximality of the non-trivial blocks contained in the cycle B’. Hence, any cycle is contained in a unique
non-trivial block in T,sr(G). We now show that 7o, is connected. Recall that vertices in Trsr(G) can either
be a non-trivial block or a singleton vertices not part of any non-trivial block. Consider any vertex pair (u, v)
in Tasr(G). We will find a path from u to v. Suppose that u and v are non-singletons, and associated with
non-trivial blocks B, and B, respectively. Since, G is connected, 3 a path between the articulation points
of B, and B,. Hence, u and v are connected in T sr(G). The other cases where one of them is a singleton
vertex or both are singleton vertices follows similarly.

O

We now show that NoMAD correctly learns [G]. For the graph G on a vertex set V, let G' = (V' E') be
defined as in Subsection Let A’ be the set of ancestors in G”. Recall that NoMAD only observes samples
from a subset V© C V’ of vertices. NoMAD uses {d;;}i jeve to learn 7, which in turn will output [G].
Hence, each theoretical section first states a result of G’ assuming that the pair (V’, E’) is known.

Correctness in Learning P,, and A,,. We first establish that NoMAD correctly identifies ancestors in G”.
In the following, we first identify the vertices in G which are ancestors in G'. Then, in Lemma [B.5| we show
the existence of at least two vertex triplets for each ancestor in G”. Finally, in Proposition [B.10, we show
that Subroutine [3| correctly identifies the star triplets in G’. We start with introducing uw-separator.

Definition B.2 (uw-separator). Consider an arbitrary pair u,w € V in the graph G. We say v € V' \ {u, w}
s a uw- separator in G if and only if any path m € Py, contains v.

Lemma B.3. A verter a € V' is an ancestor in G’ if and only if a is an uw- separator in G, for some
u,w e V.

Proof. (=) Suppose a € V"’ is an ancestor in G’. Then, we show that a is an uw- separator in G. Fix a triplet
T = {a§,a$,a§} € V,, where V, = collection of all triplets with ancestor a in G’. Then, any path 7 € ’Pa:;a;;
contains a in G’, for 4,5 = 1,2, and 3. Thus, af 1L a§|a7 and a is an uw-separator with u = a7, and w = aj.
Furthermore, for a joint graph following is true for any vertex w and its corresponding noisy samples u°:

u® 1L v|u for all v € V7 \ {u,u®}. Hence, we can conclude that a; I a; | a, and a is an uw-separator in G.

(<) Suppose that 3 u,w € V for which a € V' is an uw- separator in G. Then, we show that v is an ancestor
in G’ by constructing a triplet 7' with ancestor a. This construction directly follows from Definition and
Definition 3.4l

O

Lemma B.4. Let Vi be the set of all cut vertices in G. Then, there does not exist any pair u,w € V' such
that b € V' \ Veut 4s an uw- separator in G.

Proof. Let b € V' \ V.u. Then, notice that b can be either (1) a non-cut vertex of a non-trivial block or a (2)
leaf vertex in G. For (1), by the definition of a block, any non-cut vertex ceases to be a uw-separator for any
u#band w#bin V. For (2), since b is a leaf vertex, its degree is one, and hence, cannot be a uw-separator
for any u #band w # b in V. O

Lemma B.5. Let A’ be the set of all ancestors in G’. Then, for each a € A’ there exists at least two triplets
UW e (‘g ) for which a is the ancestor in G”.
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Proof. We construct two triplets for any ancestor in G’. Lemma [B.4 states that only a cut-vertex in G
is an ancestor in G’. First, let ¢ be a cut-vertex of a non-trivial block B in G. Pick any two non-cut
vertices x,y € B\ {c}. Then, consider the following two triplets in V° : {x¢ ¢% af} and {y°, c®, a5}, where
a1,y € V' \ B. Then both {z¢ ¢, af} and {y¢, ¢, a5} share the ancestor ¢ in G'. Now, let ¢ be a cut
vertex which is not in any non-trivial block. Consider two blocks B; and B; such that B; 1L B; | c. Then,
consider the following pair: {i1,¢, j1} and {is,c,j2} s.t. i1,i2 € B; and ji, j2 € B;. Notice that {if,c?, j§}
and {i§,¢%, j5} in (V;) share the ancestor ¢ in G’. Finally, if G is a tree on three vertices, then G has an
unique ancestor.

O

Claim 1. Let (a) {i,j,k} be a vertex triple in G, and (b) i€ be the corresponding noisy counterpart of i.
Then, j separates i and k if and only if j separates i¢ and k in combined graph G’

Proof. The forward implication directly follows from the construction of joint graph. For the reverse
implication suppose that in G, i¢ 1L k|j. We show that this implies ¢ 1l k|j and k in G. Suppose on the
contrary that ¢ . k|j. That means 3 a path m between ¢ and k that does not contain j. Now, notice that
mU{i,i%} is a valid path between ¢ and k in G’ that does not contain j, and it violates the hypothesis.

O

The following lemma relates an observed ancestor in a triplet 1" with the remaining pair.

Lemma B.6. Suppose that a triplet T € (‘go) is a star triplet in G’. A vertex v € T is an uw— separator
foru,w € T\ v if and only if v is the ancestor of T.

Proof. Suppose that a vertex v € T is an uw— separator for u,w € T \ v. We show that v is an ancestor. As
v is an ww— separator, i.e., u 1l w|v. Suppose on the contrary that v’ # v is the ancestor of T in G’. We
show that v is not an uw— separator for u,w € T\ v. As v’ is the ancestor of T', u 1L wlv’. (according to
Definition . This contradicts the hypothesis that v 1l w|v. Thus, v and v’ are identical. Therefore, v is
the ancestor of {u,v,w}. The reverse implication follows from Definition O

We will now prove the correctness of the TTA test. We proceed with the following claim.

Claim 2. Suppose that U and W & (V;) are star triplets with non-identical ancestors r,, and 1., resp. Then,
there exists a vertex w € U and a pair, say wa,ws € W, such that all paths m € Py, for i =1,2 contain both
Ty and ry,.

Proof. Without loss of generality, let W = {wy, ws, ws}. We prove this claim in two stages. In the first stage,
we show that for each vertex u € U there exists at least a pair wq, w3 € W such that u 1L {ws, ws}|ry,.
Then, in the next stage we show that there exists a vertex u € U such that u 1L r,|r,. For the first part,
suppose on the contrary that there exists a vertex u € U and a pair we, w3 € W such that there exists a path
T2 € Puw, and a path w3 € Py, such that r,, ¢ w2 and r,, ¢ 73. Then, one can construct a path between
wo and ws that does not contain r,,, which violates the hypothesis that W is a star triplet. Now, in the next
step of proving the claim, we show that there exists a vertex u € U such that u L ry|r,. Now, suppose that
for all u € U there exists a path between u and r,,, that does not contain r,. We will next show that this
implies there has to be a path between w; and ug (u1,us € U) that does not include r,,. We will show this
constructively. Let s be the last vertex in the path m,,,, that is also contained in m,,,, . Note that m,,s and
Tyu,s are valid paths in the graph, and that their concatenation is a valid path between u; and wug. This proves
that u; and us are connected by a path that is not separated by 7., and hence contradicting the hypothesis
that U is a star triplet. Finally, let v’ € U be the vertex for which «' I r,, | 7,. Then, there exists a triplet
{w', wq, w3} such that both r, and r,, separates u’ and wq, and both r, and r,, separates v’ and ws. O

Using Claim |Z we now show the correctness of our TIA test. Recall that the TIA (U, W) accepts triplets
U,W € (%), and returns TRUE if and only if U and W share an ancestor in G. Also recall the following
assumption: Let U, W € (‘g) \ Vstar U Vsep- Then, (i) there are no vertices € U and a € W that satisfy
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dY +d¥ = d,,, and (ii) there does not exist any vertex r € V and = € U for which the distance d,, satisfies
relation in equation

Lemma B.7. (Correctness of TIA test) Fiz any two vertex triplets U # W € (V;) TIA(U, W) returns
TRUE if and only if U and W are star triplets in G’ with an identical ancestor r € V.

Proof. From Subroutine [2 returning TRUE is same as checking that for all z € U, there exist at least two
vertices y, z € W such that both of the following hold

4+ df = d, @)
dV +dV =d,.. (3)

Suppose that U and W are star triplets with an identical ancestor r € V. We prove by contradiction. Let
a € U and assume that there is at most one vertex x € V such that d¥ + d¥V = d,,.. Therefore, one can find
two vertices y1,y2 € V such that

A +d}) # day,, i=1,2. (4)

However, from our hypothesis that U and W are star triplets with the common ancestor r, we know that
d¥ =d,, and d?‘fi/ =dyy,, for i = 1,2. This, along with equation {4} implies that r does not separate a from y;
or yo. For i = 1,2, let mq,, be the path between a and y; that does not include r. We will next show that this
implies there has to be a path between y; and y, that does not include r. We will show this constructively.
Let s be the last vertex in the path m,,, that is also contained in 7,,,. Note that m,, s and 7y, are valid
paths in the graph, and that their concatenation is a valid path between y; and y,. This proves that y; and
yo are connected by a path that is not separated by r, and hence contradicting the first hypothesis.

For the reverse implication, we do a proof by contrapositive. Fix two triplets U and W. Suppose that U and
W are not star triplets with an identical ancestor in G’. We will show that this implies that there exists at
least one vertex in U for which no pair in W satisfies both Eq. equation [2) and Eq. equation 3| To this end,
we will consider all three possible configurations for a triplet pair U and W where they are not star triplets
with an identical ancestor in G’: 1. U and W are star triplets with a non-identical ancestor in G’, 2. Both
U and W are non-star triplets in G’, 3. U is a star triplet and W is a non-star triplet in G’. Then, for each
configuration, we will show that there exists at least a vertex x € U for which no pair in W satisfies both Eq.
equation 2] and Eq. equation

U and W are star triplets with non-identical ancestors. Let U and W be two star triplets with two
ancestor 7, and r,, respectively, such that r, # r,. As U and W are star triplets, dJ and dZV returns the
distance from their corresponding ancestors d,,, for all x € U, and d,,, for all y € W, respectively. Now,
according to the Claim [2| there exists a vertex triplet, say {u, w1, w2} w.l.o.g., where u € U and wy,ws € W
such that u is separated from w; for ¢ = 1,2 by both r, and r,,. Furthermore, the same u identified above is
separated from r,, by 7,. This implies that dyw, = dur, + dr,w;, = dur, + dryr, + dryw, for i =1,2. As we
know that r, and r, are not identical, d, ,, # 0, which implies that dy., # dur, + drw,;, Where i = 1,2.
Thus we conclude the proof for the first configuration by showing that there exists a vertex v € U and a pair
w1y, wy € W such that the identities in equation |2| and equation |3| do not hold.

U is a star triplet and W is a non-star triplet in GJ. We show that there exists a triplet {y, a, b} where
y € U and a,b € W such that identities in equation [2 and equation [3 do not hold. Let W be a non-star
triplet, and U be a star triplet with the ancestor » € V in G’. Now, as U is a star triplet, d¥ returns the
distance from its ancestor d, for all x € U. Suppose that there exists a vertex pair x € U and a € W for
which d,, + d¥ = d,,. We know that for a non-star triplet W, the computed distance d?V # d,,. for any
a € W from Assumption Thus, for the pair {z,a}, dg + dar # dyo. This implies from the Fact E that
x Y a | r. Similarly, we can conclude that x 4L b | r. Then, y 1l a | r and y IL b | r. Otherwise, one can
construct a path between y and x that does not contain r which violates the assumption that U 2 z,y is a
star triplet with ancestor r. Asy 1L a | r and y 1L b | r, using the Fact E we have that dy, + d,q = dyq and
dyr + dpp = dyp. As a € W, and d,, # dW, thus, dy,. + d? # d,. Similarly, for the pair {y,b}, we have that
dyr + dV # dyp. Thus, for the triplet {y, a, b}, the identities in Eq. equation [2/and equation [3[do not hold.
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U and W are both non-star triplets in GJ. The proof for this configuration follows from the Assump-

tion 4.1l

Notice that these three cases combined proves that the TTA test returns TRUE if and only if the triplets
considered are both start triplets that share a common ancestor. O

Now recall that the first phase of Subroutine [3|identifies the star triplets in G”, the observed ancestors in G,
and outputs a set Apjq such that |Apiq| equals to the number of hidden ancestors in G”’. Formally, the result
is as follows.

Proposition B.8 (Correctness of Subroutine E in identifying ancestors). Given the pairwise distances
i Vi scvo, Subroutine |3 correctly identifies (a) the star triplets in e observed ancestors in an
{di;j }i,jevo, Subrouti @ tly identifies (a) the star triplets in G’, (b) the ob d t n G’, and

(b) introduces a set Apiq such that |Apa| equals to the number of hidden ancestors in G’

Proof. Combining Lemma [B.5 and Lemma [B.7, we prove that the Subroutine [3 successfully cluster the
star triplets in G”’. Then, it partitions U into U,ps and Ypiq s.t. following is true: for any triplet collection
Vi € Yobs (V € Vg resp.), the ancestor of the triplets in V; is observed (hidden resp.) Finally, Subroutine
outputs a set Apiq s.t. |Anid| = |Dhid- O

We show the correctness of Subroutine |3|in learning (a) {d;; }iccvo jeang, and (b) {dij}ijcan.-

Claim 3. Fix any a € A’, where A’ = set of all ancestors. Let V, be the collection of vertex triplets which
shares common ancestor. Then, any i € A’ is s.t. at least one triplet in V,.

Proof. Fix any ancestor a € A’. Construct a triplet T; for a fixed vertex i # a € V’ s.t. a is the ancestor of
T; in G’. From Lemma @ a is a cut vertex in G. Thus, fixing ¢ and a, find another vertex w € V such
that a separates i and w in G. Hence, from Lemma [B.3] we can conclude the following: a is the ancestor for
the triplet T; = {i,a,w} in G’. O

Claim 4. Let U; and U; be both star triplets with ancestor i and j respectively, and i # j. Let x € U; and
y € U; be a vertex pair such that x 1L yli and x )L y|j Then, x L 5.

Proof. x 1L y|i implies any path between z and y contains ¢. = J{ y|j implies 3 a path 7 between x and y
that does not contain j. Notice that, the path 7 contains i. As 7 contains both x and 4, 3 a path between
2 and ¢ which does not contain j. Hence, x L i|j. O

Lemma B.9. For any pair of distinct ancestors i, j € A’, pick arbitrary triplets U; € V; and U; € V;. Define
the set D(U;,Uj;) as follows:

A(Uian)é{dxy*(dgiﬁLdij) 5$€Ui7yEUj} (5)
The most frequent element in A(U;,Uj), that is, mode(A;;) is the true distance d;; with respect to G”.

Proof. To aid exposition, we suppose that U; = {21, 22,23} and U; = {y1,y2,y3}. We also define for any
zeU;andy € Uj: A(w,y) £ dyy— <dgf + dgj). Observe that according to the Claim for two start triplets

U;,Uj; € (‘go) with non-identical ancestors, there exist a vertex, say x; € U; and a pair, say y1,y2 € U; such
that following is true: x; 1L y;|é and 21 1L y;|j for ¢ = 1,2 Furthermore, the same z; (identified above) is
separated from j by i, that is, 1 1L j|¢. This similar characterization is also true for a vertex triplet where
one vertex is from U; and a pair from U;. Now observe that

A(xlayl) = dfblyl —dyyi — dylj = dfblj + dylj —dgyi — dylj = dﬂ?lj —dgyi = dij‘

Similarly, it can be checked that A(z1,y2) = d;;. The similar calculation can be shown for the other triplet
(where one vertex is from U; and a pair from U;). In other words, we have demonstrated that 4 out of the 9
total distances in D(U;, U;) are equal to d;;. All that is left to be done is to show that no other value can
have a multiplicity of four or greater.
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Now, our main focus is to analyze the five remaining distances, i.e., A(zs,ys), A(xs,y1), A(zs, y2), Alx1,y3),
and A(xs,y3), for two remaining configurations: (a) x5 is separated from y3 by only one vertex in {4, j}, and
(b) 3 )L ys|i and x5 L ys|j. For configuration (a), consider without loss of generality that x5 Ll ys|i and
23 L y3|j. Then, according to Claim [4] we have the following two possibilities:

1. xg W ysli,zs U ys|j, and x3 1L jli: As x3 )L y3|j, it must be the case that x5 1L y,|j for v = 1,2.
Otherwise, one can construct a path between y; and y, which does not contain j, and that violates
the hypothesis that U; = {y1,y2,ys} is a star triplet. Next, notice that in this set up, x3 1L j|i. Now,
notice the following:

A(x3,Yp) = duyy, — degi — dy,j = desj +dy,j — doyi — dy,j = dpyi + dij — deyi = dij.
Therefore, for this set up, six distances are equal to d;;.

2. x3 1L ys|i,x3 I yslj, and 3L jli: As x3 )L ys|j, it must be the case that x3 L y,|j for v = 1,2.
Otherwise, one can construct a path between y; and y, which does not contain j, and that violates
the hypothesis that U; = {y1,y2,ys} is a star triplet. A(zs,yy) = dogy, — dagi —dy,; = doyj +dy,j —
dyyi — dy,j = dgyj — dgyi. Now, dyyj — dgys equals to d;; implies that x3 1L jli which contradicts the
setup. Therefore, A(xs,y,) not equals to d;;. Therefore, for this set up, even if three remaining
distances are equal, correct d;; will be chosen.

In the following we will analyze the distance between A(zs,ys) and A(zs,y,) using the following assumption
common in graphical models literature: For any vertex triplet 7, j, k € (‘g ), if i L j|k, then |d;; — dix — dji| >
.

A(ws,ys) — A3, yv) = dagys — degi — dysj — dagy, + dagi + dy, 5,
=dogi + dyzi — dagi — dyz5 — dayj — dy,j + dagi + dy, 5 = dyzi + dagi — dysj — dayj = dagys — dyzj — day;-

Now, as x3 )L ys|j according to Assumption |A(x3,y3) — A(xs,y,)| > v for v =1, 2. For configuration
(b), we analyze the five remaining distances, i.e., A(xs,y3), A(zs,y1), Alxs,y2), A(z1,ys), and A(za,ys3),
and show that these five distances can not be identical which in turn will prove the lemma.

x3 L ys|i and x3 UL ys|j. For this configuration we note the following two observations:

O1 As xz3 L ys|j, it must be the case that z3 Il y,|j for v = 1,2. Otherwise, one can construct a path
between y; and y, which does not contain j, and that violates the hypothesis that U; = {y1,y2,y3}
is a star triplet.

02 Similarly, as x3 ) ys|i, it must be the case that z, 1L ys|i for v = 1,2. Otherwise, one can
construct a path between x; and x, which does not contain ¢, and that violates the hypothesis that
U, = {x1,z2,23} is a star triplet.

Recall that our goal for configuration (b) is to analyze the distances A(zs,ys), A(xs,y1), A(zs, y2), Alx1,y3),
and A(z,ys). We start with the distance pair A(zs,y,) and A(xs,ys3) for v =1, 2.

(@)
A(x3,yy) = dugj + dy,j — dugi — dy,j = dugj — duyis

where (a) follows from the O1. Furthermore, the distance A(z3,y3) = dyyys — dysj — dagi- Now, A(zs,yy)
equals to A(xzs,ys) implies that dg,; — dpyi = dayys — dy,j — dggs Which is equivalent to saying that dg,; + dy,;
equals to dy,y,. Then, dy,; + dy,j = dy,y, will imply xzs 1L y3|j — which contradicts the hypothesis of the
configuration that x3 U ys|j.
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Thus, A(zs, y3) is not equal to A(zs,y,) for v =1,2. (based on O1). Similarly, (based on the 02) A(zs,ys3)
is not equal to A(z,,ys3) for v = 1,2. Thus, the distance A(z3,ys3) is not equal to any of the following
distances: A(z3,y1), A(73,92), A(z1,y3), and A(x2,y3).

Now all that remains to prove the lemma is to show that the 4 (remaining) distances A(zs,y1), A(zs, y2),
A(z1,ys), and A(xg,ys) are not identical. To this end, we analyze two distances: A(x1,y3) and A(zs,y1).
First notice from the O2 that A(x1,y3) = dgyi + dagi — dagi — dy,j equals to dy,; — dy,j, and A(zs,y1) =
Ayyj + dyyj — duyi — dy,j equals to dy,;j — dy,i. As neither ¢ nor j is separating 3 from ys, the event that
dy,i — dy,; equals to dg,; — dy,; happens only on a set of measure zero. We end this proof by computing the
distance between A(zs,ys) and A(zs,y,.

A(zs,y3) — A3, Yo) = dasys — dysj = dagi — dagj — dy,j + dosi + dy,j = dagyy — dysj — doyj-
Now, as x3 U ys|j, according to Assumption |A(z3,y3) — A(zs,y,)| > for v =1,2. O

Lemma B.10 (Correctness in extending the distances.). Given {d;;}i jevo, Subroutine[3 correctly learns (a)
{dij}ijeveua and (b) {dij}ijea,,, where A= AgpsU Apiq.

Proof. Follows directly from Claim [3]and Lemma O

Lemma B.11 (Correctness in learning clusters). Subroutine |Z correctly learns leaf clusters and internal
clusters.

Proof. As the distances {d;;}ijeay and {di;}i jevoua,, are learned correctly by Subroutine [3, where V°
and Apjq is the set of observed vertices, and hidden ancestors, respectively, the correctness of learning the
leaf clusters and internal clusters follows from Fact [1 O

Lemma B.12. Let L C 2" be a subset of vertices in G s.t. only noisy samples are observed from the
vertices in L. Then, 3 a vertex v € L, where v € Veyy, s.t. v separates L\ {v} from the remaining vertices
v € Veur \ {v} Let L be the noisy counterpart of L. The noiseless counterpart of x© is a non-cut vertex if
and only if 3 at least a pair y©, z¢ € L\ {a°} such that TTA ({x°,y°, a5}, {z°, 2%, a5}) returns FALSE, where
af,af € VI Le.

Proof. (=) Suppose that x is a non-cut vertex of a non-trivial block in G. We show the existence of a pair
y¢,z¢ € L\ {z°} in V"’ such that TTA ({z¢,y°%, a1}, {2 2% a§}) returns FALSE, where af,a§ € V' \ L°.
From Section [3 we have that any non-trivial block in G has at least three vertices. Hence, there exists
another vertex y© € L° for which the noiseless counterpart is a non-cut vertex. We will show that one
of {z°,9° a5} and {z°, 2%, a5} is not a star triplet, where 2¢ € L\ z°,y°, and af,a5 € V' \ L°. Then,
the TTA ({z°,y%, at},{z%, 2% a3}) being FALSE will follow from Lemma [B.7. As x and y both are non-cut
vertices, there does not exist a cut vertex that separates x and y in G, which implies that there does not exist
an ancestor a in G’ s.t. x° 1L y®|a. Hence, {z¢,y°, a5} is not a star triplet in G’. Then, the proof follows
from Lemma [B.7]

(<= ) Notice that the pair ({z°,y°, o}, {2 2°, a5}) can not share an ancestor, as it would violate the claim
that {z°,y°, 2%} is in a leaf cluster. Then, from Lemma [B.7 we have that if TTA ({2, y° af}, {2 2% a5})
returns FALSE, then at least one of the triplets is a non-star triplet, which rules out the existence of star
triplets with non-identical ancestor. Suppose that {z¢, ¢, a$} is a non-star triplet. As af ¢ L¢, an ancestor
separates ¢ and af, and y° and af. Then, the ancestor identified above does not separate x¢ and y°. Hence
in G, there does not exist a cut vertex that separates z and y. O

Unidentifiability of the articulation point from a leaf cluster. According to Lemma [B.12]the NONCUTTEST
returns the non-cut vertices of a non-trivial block from a leaf cluster, and the nexi%mediate) step is to
learn the cut vertices of the non-trivial blocks. We now present a claim which shows a case where identifying
the articulation point from a leaf cluster is not possible. This ambiguity is exactly the ambiguity (in robust
model selection problem) of the label swapping of the leaf vertices with their neighboring internal vertices of a
tree-structured Gaussian graphical models Katiyar et al.| (2019).
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Claim 5. Let (i) a vertex v € Vet separates a subset L C 2V of vertices from any v’ € Ve \ v where L
contains at least one leaf vertex, and (i) L¢ be the noisy counterpart of L. Then, there exist at least two vertices
x§,x5 € LU {v°} such that TTA({z®,y°, a5}, {z°, 2%, a5}) returns TRUE for any pair y¢,z¢ € L° U {v°}
where z¢ € {x$,25}, and af,as € V' \ LU {v°}.

Proof. As v is a cut vertex, v¢ 1L y¢|v, v¢ 1L af|v, and y¢ 1L af|v. Here, v is a unique separator since no other
cut vertex (or ancestor in G) separates v® and y°. Hence, v is the ancestor of {v®, y¢, a$} in G”'. Similarly, one
can construct another triplet {v¢, 2¢, o } which has an ancestor v in G’. Hence, TTA({v®, y°, a}, {v, 2%, a5})
will return TRUE. Now, let us consider a leaf vertex x1 in L. Now, z§ 1L af|v, 2§ 1L y°lv, and af 1L y¢|v.
Hence, v is the ancestor of {z§,y°, a$}. Similarly, one can construct another triplet such that v is the ancestor
of {z§, 2% a§}. Hence, TTA({z$,y°, a5}, {z§, 2%, a§}) will return TRUE. O

Proposition B.13. Suppose that Subroutine[6 is invoked with the correct leaf clusters and internal clusters.
Further suppose that NONCUTTEST succeeds in identifying the non-cut vertices of a non-trivial block. Then,
Subroutine [6 correctly learns Pop and Aop for Top.

Proof. According to Lemma Subroutine [6] correctly learns the non-cut vertices of any non-trivial block
I with more than one cut vertices. If the cut vertex is observed, then it is identified in Subroutine [3} and
declared as one the articulation points of the vertex I in P,p. Otherwise, the noisy counterpart belongs to a
leaf cluster associated with an hidden ancestor, and the cut vertex be identified by selecting the label of the
leaf cluster which is associated with the hidden ancestor (unobserved cut vertex of non-trivial block.)

O

We now establish the correctness of NoMAD in the learning the edge set E,p, for 7o, This goal is achieved
correctly by Procedure NONBLOCKNEIGHBORS of NoMAD.

Proposition B.14. Suppose that Procedure 4 is invoked with the correct Pop and Aop. Then, Procedure 4
returns the edge set Fop correctly.

Proof. Procedure NONBLOCKNEIGHBORS correctly learns the neighbors of any fixed articulation point in
Aop by ruling out the non-neighbor articulation points in 75,. First, the procedure gets rid of the articulation
points which are separated from the articulation points of the same vertex in A,,. Then, from the remaining
articulation points it chooses the set of all those articulation points such that no pair in the set is separated
from each other by the fixed articulation point. Then, Procedure 4 creates edges between vertices which
contains the neighboring articulation points. O

Constructing the Equivalence Class. Finally, in order to show that we can construct the equivalence
class [G] from the articulated set tree 7o, we note some additional definitions in the following. For graph
G, let Bhon-cut be the set of all non-cut vertices in a non-trivial block B. Define Bpon-cut = U Benyt Bnon-cut,
where BNT is the set of all non-trivial blocks. Let a set F; referred as a family be defined as {v : deg(v) =
L and {v,i} € E(G)} U {i} where E(G) is the edge set of G, and let F = (J,cy Fi. Let K be the set
of cut vertices whose neighbors do not contain a leaf vertex in G. For any vertex k € K, let a family
F, € F be such that there exists a vertex f € Fj such that {k, f} € E(G). For example, in Fig. E,
F ={{10,11,12,13}, {14, 15,16}, {17,20,21}}; two sets {1,2,3},{18,19} in Bpon.cut, and K = {4,6,7,8,9}.

Also, for example, Fy = {10,11,12,13}. For any arbitrary graph G, let Byon-cut(G), F(G), and K(G) be the
corresponding sets from G.

Now, notice that in 7, each vertex k € K has at least an edge in T,,. Let Ny (k) be the neighbors of
k € K in the edge set Eop, returned for 7.,. Now, notice that as as long as Bhon-cut, F, and K are identified
correctly in 75p, and the following condition holds in E,), for any i € N (k) for each k € K: (a) if i € K,
then {i,k} € E(G), and (b) otherwise, there exists a vertex j € F, such that {j,k} € E(G). Informally,
identifying Bpon-cut and F correctly, makes sure that vertices that constructs the local neighborhoods of any
graph in [G] are identical; identifying K correctly, and satisfying the above-mentioned condition makes sure
that the correct articulation points are recovered. Notice that the sets Bhon-cut, F, and K are identical in all
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the graphs in Fig. 2. Following proposition shows that the sets Bpon-cut, F, and K are identified correctly
from Top.

Lemma B.15. Let G be an arbitrary graph. Then, Ge [G] if and only if the following holds:

1. Bron-cut(G) = Bron-cut(G), F(G) = F(G), and K(G) = K(G).

2. For any verter k € K, let a family Fy, € F be such that there erists a vertex f € Fj such that
{k, f} € E(G). Now, for any neighbor i € N(k): (a) if i € K, then {i,k} € E(G), and (b) otherwise,
there exists a vertex j € Fy, such that {j,k} € E(G).

Proof. (=) The forward implication follows from Definition

(«=) For the reverse implication, notice that the first condition is associated with the equality between sets.
Bnon_cut(G) = Buon-cut (G) implies non-cut vertices are identified correctly, and F (G) = F(G) implies families
are identified correctly. The second condition implies that an edge associated with a vertex k € K will have
an ambiguity when the other vertex is from a family. Recall that from Definition the label of a cut vertex
can be swapped with it’s neighbor leaf vertices. O

The reverse implication of the above-mentioned proof can be understood as follows: Identifying Byon-cut and
F ensures that essentially the local structures are identical between G and G. Recovering K correctly and
satisfying the second condition ensure that these local structures are correctly attached at the appropriate
points.

Proposition B.16 (Correctness in Learning the Equivalence Class). Suppose that Pop, Aop, and Eqp returned
by Top is correct. Then, following is true: (a)The sets Bpon-cut, F, and K are identified correctly, and (b) the
condition is true for Ng.(k) for each k € K.

Proof. We first show that NoMAD correctly identifies the sets Buon-cut, F, and K. By Lemma [B.12,
Subroutine [6] correctly identifies the set Byon-cut- Now, recall that each F' € F is a set of vertices constructed
with a cut vertex and its neighbor leaf vertices. Hence, each family F' € F is captured in one of the leaf
clusters returned by Subroutine [f. As Subroutine[6 correctly identifies the non-cut vertices from each leaf
cluster, F is identified correctly. Finally, by Claim [5| the ambiguity in learning an articulation point is
present only when a cut vertex has leaf vertex as it’s neighbor; but K does not contain such cut vertices.
Hence, Subroutine [6 correctly learns K. We now show that above-mentioned condition is satisfied for the
neighbor articulation points in Ny (k) for any k € K. As K are identified correctly by Subroutine E, and
the Procedure 4 returns correct Ny, (k), it is clear that if any neighbor articulation point ¢ € Ny (k) N K,
then {i,k} € E(G). Now, suppose that i ¢ Nu(k) N K. Then, from Definition the label of a cut vertex
can be swapped with it’s neighbor leaf vertices. As each family F' € F are identified correctly, there exists a
vertex j € F) (which is an unidentified cut vertex in G) such that {i,j} € E(G). O

C Sample Complexity Result

Recall that NoMAD returns the equivalence class of a graph G while having access only to the noisy samples
according to the problem setup in Section But, in the finite sample regime, instead of the population
quantities, we only have access to samples. We will use these to create natural estimates p;;, for all ¢,j € V°

~

of the correlation coefficients given by p;; = %, where i;” == Zk 1 y(k) (k) . Indeed, these are

£04:50;
random quantities and therefore we need to make slight modifications to the algorithm as follows:
Change in the TTA test. We start with the following assumption: For any triplet pair U, W € (g) \ Vstar U
Vsep and any vertex pair (x,a) € U x W, there exists a constant ¢ > 0, such that ’dg +dV — dm‘ > (. As

we showed in Lemma, E for any pair U,W € 21/\ Vitar U Vsep, there exists at least one triplet {x,a,b}
where z € U and a,b € W such that d,, — dJ — # 0 and dyp — dY — d}¥ # 0. Hence, the observation
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in Lemma motivates us to replace the exact equality testing in the TTA test in Definition [3.5] with the

c?m—cfg—da gxb—%—ggv‘}§§7f0rsome§<%.

following hypothesis test against zero: max{

)

Change in the Mode test. In order to compute the distance between the hidden ancestors in the finite
sample regime, we first recall from (the proof of) Lemma @ that there are at least 4 instances (w.l.o.g.)
A(z1,11), A(z1,y2), Alze, y1), and A(ze,y2) where A(x,y) where z € U; and y € U; such that equals to d;;.
We also showed that no set of identical but incorrect distance has cardnilaity more than two. Hence, In the
finite sample regime, we replace the mode test in Subroutine [3| with a more robust version, which we call the
€4 — mode test, where €5 < min(f—47 ) based on the following definition.

Definition C.1 (¢4 — mode). Given a set of real numbers {ry,...,r,}, let S1,..., Sk be a partition where

each r,1’" € S; is such that |r — 1’| < eq for each i. Then, the e4-mode of the this set is defined as selecting an
arbitrary number from the partition with the largest cardinality.

In the finite sample regime, we run NoMAD with the mode replaced by the e;-mode defined above such that
€q < min( 5—4, v). We will call this modified mode test as the e4-mode test.

Change in Separation test. For any triplet (i, j,k) € (‘g), in order to check whether 7 1L j|k, instead of

the equality test in Fact |1} we modified the test for the finite sample regime as follows: |c/l\U — (/i;k — c@k\ < %‘1.

We now introduce two new notations to state our main result. Let ppin(p) = minije(p)|pij| and k(p) =
) 2

10g((16 + (pmin(p))? €2)/(16 — (Pmin(p))? €2)), where €4 = min(ﬁ, ), where v is from Assumption
Theorem C.3. Suppose the underlying graph G of a faithful GGM satisfies Assumptions [5.2{5.3. Fix
any T € (0,1]. Then, there exists a constant C > 0 such that if the number of samples n satisfies n >
C (%p)) max (log (é) ,log (ﬁ)), then with probability at least 1 — 7, NoMAD accepting c?ij outputs the
equivalence class [G].

Proof. First, there are (at most) seven pairwise distances to be estimated in terms of
Em - c/lg - &L’V ‘ , ‘&;b - c/ly — d}’v ‘ } Therefore, the probability that our algorithm fails is bounded

above by the probability that there exists a pairwise distance estimate that is £/14 away from its mean. To
this end, let us denote a bad event B; ; for any pair ¢, j € V° as the following:

max {

Bij = {|dij — dij| > e} (6)

Then, the error probability P[[Taigo] # [G]] is upper bounded as

P ([Targo] # [G]) sp( U Bi,j> < Y P(Biy), (7)

i,jEVO i,jEVO

where [Ta1g0) is the output equivalence class. We now consider two following events: K; ; £ {|p;;| < 22} E
and R;; = {|pi; — pij| < 2224}, We will upper bound P(B; ;) for any pair i, j using P(K; ;) and P(R; ;).
Before that, notice the following chain of implications:

Y min X ”y min 7 |‘Pt|7 /p\z
(Ipij — sl < Lm==d) = ([lpig| — |pigl| < Lmiget) = (dij —dy| < m> =
~ D ~ Pmin ~
( dij —dij| < ”m> = ( dij — dij| < %) = ( dij —diz| < ed). These implications establish

that R, ;NK¢, C B

C
6j = g
Now, we can write the following bound:

Notice that as R; ; ﬂKf’j C Bf,jﬂKf’j,

it will imply that P(Bf;NKf,) > P(Ri;NK{;).

P(Bi ;K ;) < P(R; ;| KS ;). (8)

6for notational clarity we write pmin instead of pmin(p)
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Then, P(B;;) can be upper bounded as follows:

P (Bi;) =P (Bi;|Kij) P (Kij) + P (Bij|Ki;) P (K;), (9)
< P(Bij|Kij) P (Kij) + P (R |K;) P(KG) (10)
< (Lx P(Kij)) + (P(Ri,|K7,) x1). (11)

Then, P ([Taigo] # [G]) can be further bounded as
P([Tago] #[G) < > P(Biy) < > P(Kij)+ Y P(RSIKE).
i,jEVO 1,jEVO i,jEVO
Because P (Ry ;| K ;) <P (R ;)/P(Kf;), we note that

P ([Taigo] # [G]) < Z P(Ki,) + Z P(Rf,j)

P (K.c ) ’
i,jEVO 1,jEVO Y

We now find the required number of samples n in order for P ([Taiso] # [G]) to be bounded by 7. Before
computing n we note an important inequality from |[Kalisch & Biithlman (2007) which we use in bounding all
the following events. For any 0 < e < 2, and sup, ., |pi;| < M < 1, following is true.

P(|/7z'j—pz‘j>6)§0p(n—2)exp< (n— )log<i+;)>7 (12)

for some constant 0 < C, < oo depending on M only.

We now note the following assumption on bounded correlation which is a common assumption in learning the
graphical models: 0 < ppin < pmax < 1. Now notice that, (|ﬁ”| < ”‘“T“) together with |p;;| > pmin implies
that |pij| — |ﬁ” > Pmin — 3= = 222 since pmin > 25=. Furthermore, |pi; — pij| > [pij| — |pij| implies that
|pij — Pij| > 5. Then, we have the following:

~ min 16+ r2n1n
P(Ki,j)ﬁp<|/)ij—ﬂij|2p2 )<C (n— )eXP< (n —4)105%(16'0))' (13)
Eq. equation [I3] follows from Eq. equation Now, According to Claim [6]
20, (%)
log ( £ )
n1 >max (Cl " X G > ,log G o +4 (14)
log (16 me> (01 _ 1) log (16 pnun) (Cl _ 1) log ( meu)
implies ) P(K;;) < %,
i,jEVO
log (1 T/>
n3 >max <C1 . 7 6’2011 X x log Cy - 44 (15)
log (16 me> (C1 _ 1) log (16 me> (Cl _ 1) log (16 me)
implies P(KY ;) > 7', where 7/ > 1 — C,, and
2C, (%)
log ( 7:"2 )
N4 > max <01 o 7 CzCi — x log Cy —— +4 (16)
log <167pnnn€§> (Cl _ 1) lOg (167011'111)6%) (Cl _ 1) log (167 Imneg)
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implies P(Rf ;) < 2%') Now, notice that no = max (ns3,n4) implies % < ﬁ Therefore, acquiring at
2 3 2
least no samples will imply > ggﬁéj % < Z. Finally, for P([Taigo] # [G]) to be upper bounded by 7, it is
i,jeve tbI
sufficient for the number of samples n to satisfy n > max (nq,ng). O

Claim 6. There exist positive constants T, C, and & such that if n > max (T, C'x aloga), then n—alog (n) > T.

Proof. We start the proof with the following claim: Suppose that there exists a constant C7,Cy where
C1 < Cs such that Cymlogm < n < Cemlogm. Notice that for m sufficiently large (m > Cs), we can

show that n > mlogn. Therefore, for some constant C1,Cy, n > Cy X (Clcill)alog ((C 1)a> implies

n > ﬁlog( n). Now, suppose that max (Cl ; (C )log ((Clcill)O)) = C1T. Then, n > C{T implies

n > Cy X (Cljl)alog ((lel)a)' Then, from the initial claim we have that n > ﬁlog( n). Then,

n(cé?i:l) > Llog (n ) and n — Llog(n) > o~ As & > T, we have that n — Llog(n) > T. Further, suppose

that max (01 \ (C log (will)a)) = (gff;) log ((Clc—ll)a)' Then, from the initial claim we have that
n > (gf L )log(
which will imply n — flog( ) > & ->T. Setting a equals to (C — proves the result. O

) 1mplies n > (Clcill)alog( n). Also, n > (52 1 log((clcll)a> implies n > C1T

1)a

D Identifiability Result

Proof. We first consider the case where there is only one non-trivial block B¥7 inside G and that the block
cut vertices of B¥T do not have neighboring leaf nodes. As a result, BNT contains exactly two block cut
vertices by and by connected to the cut vertices p; and ps, respectively. Thus, we express the vertex set V' of
G as a union of disjoint sets Vi U {p1}, Va U {p2}, and Viyr—the vertex set of BNT.

Without loss of generality, let ViU{p1} ={1,...,p1}, Var = {p1+1,...,p2— 1}, and VoU{p2} = {p2, ..., p}.
Also, let by = p1 + 1 and by = po — 1. Because G, it follows that V3 U {p1} 1L V3 U{p2} | Vnr. In words,
Vnt separates Vi U {p1} and V2 U {ps}. Furthermore, b; shares an edge with p; and b2 shares an edge with
po. From these facts, K* = (X*)~! can be partitioned as in equation [17| (see below). Let K, K7, and Ko
be the first, second, and third diagonal blocks of K* in equation Let e; be the canonical basis vector in
RP. Then, we can express K* in equation [17] as

* . T T T T
K" = Blkdiag(K1, Kn1, K2) + €p+1€p, Kpi+1,p1 + €p1€py 41Kp1 pi+1 + €po—1€5, Kpy—1,p5 + €ps€py 1 Kpy,py—1- (18)

Recall that X° = ¥* + D. Decompose the diagonal matrix D as D = D) + D) where

DY = Blkdiag(0, D\, 0), (19)
D® = Blkdiag(D1, D3, Ds), (20)
i K11 Kl,pl 0 0 T
Kphl KP1,P1 KP1+17P1 s 0
0 K;D1,P1+1 Kp1+1,p1+1 Kp1+1,p271 0 0
K" = : . : : . : : . : (17)
0o ... 0 Kpyipit1 - Kpyipo1 | Kpy1py - 0
0 s szmzfl KP27P2 s sz,p
L 0 - 0 Kp,pz Kp,p |
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and the dimensions of D1, DNT, and Dy are same as those of K7, Ky, and Ko, resp. Furthermore,

(1)T =diag(0, X, ..., x,0) and DNT =diag(x,0,...,0,x). Here x can be a zero or a positive value. Let
24 =¥%*+DW and D? = D@, From the above notatlons, we have 30 = ©*4+D = 2*+ DWW 4 D@ = a4 Da,
We show that there exists a decomposition of D into D; and D5 such that the inverse of %9 2 v+ 4 pi)
has different structure. It suffices to show that (39)~! exactly equals the expression of K* in equation @,
except for the second diagonal block Ky in Blkdiag(K7, Kn7, K2). Recall that different values of Ky

yield different subgraphs on the non-trivial block, and consequently, different graphs in [G]; see Definition
Consider the following identity:

(=97 = (57 + DY) = (14 (27 DW) 7 E) T = (1 4+ KT D) K (21)

We first evaluate (I + K*D())~1. Note that €pi+1; €p1s Epa—1, and ey, lie in the nullspace of DM and
K*DW . Using this fact and the formulas in equation and equation we can simplify (I + K*D(l)) as

(I + K*DW) = Blkdiag(I, I + Kyr D\, 1), (22)

where, K Nt 2T+ K NTD( %, is a positive definite matrix, and hence, invertible. This is because K NTD(l)
and (DJ(\%)I/QK}V/;K}V/;(DS)TPQ are similar matrices, where we used the facts that Ky is positive definite

and D](\}gp is non-negative diagonal. Thus,
(I + K*DW)~1 = Blkdiag(Ip,, Ky Tp—pys1)- (23)

Also, note that the null space vectors e,, 11, €p,s €py—1, and e, of K*DW are also the eigenvectors of
I+ K *D(l))‘l, with eigenvalues all being equal to one. Putting together the pieces, from equation @,
equation and equation [23| we have (29)~! = (I + K*D™W)~1 K* which equals to the following:

= Blkdiag(K1, KybKnr, K2) + ep1+1eprl+1 I eplemHKm i1t epa 1ep, K¢

p2—1,p2

+ €po €P2 1K

p2,p2—1°

Moreover, KNTKNT =T+ KNTD(I) VKN = (ENT + D( ) 7)1, where Snr = KX,lT is the covariance of
the random vector associated with BN T Thus, K* in equation and (£9)~! are identical, except in their
second diagonal blocks, as required. Furthermore, in order for the subgraph associated with K ~NT to be a tree
the entries in X9 needs to be such that it matches the correlation factorization propert of a tree-subgraph.
Using similar arguments, we can handle multiple internal blocks with block cut vertices that are not adjacent
to leaf nodes. In the case where blocks have leaf nodes, we can combine the construction above with the
construction in (Katiyar et al.| [2019] Theorem 1) for tree structured graphical models. Combining these two,
we can show that we can choose a decomposition D = D; 4+ D5 such that (a) the structure is arbitrarily
different inside blocks, and (b) the block cut vertices are preserved (i.e., same as the ones in G), except they
may be swapped with a neighboring leaf. O
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