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A CONSERVATIVE EULERIAN FINITE ELEMENT METHOD FOR TRANSPORT
AND DIFFUSION IN MOVING DOMAINS

MAXIM OLSHANSKII∗ AND HENRY VON WAHL†

Abstract. The paper introduces a finite element method for an Eulerian formulation of partial differential
equations governing the transport and diffusion of a scalar quantity in a time-dependent domain. The method
follows the idea from Lehrenfeld & Olshanskii [ESAIM: M2AN, 53(2): 585-614, 2019] of a solution extension
to realise the Eulerian time-stepping scheme. However, a reformulation of the partial differential equation
is suggested to derive a scheme which conserves the quantity under consideration exactly on the discrete
level. For the spatial discretisation, the paper considers an unfitted finite element method. Ghost-penalty
stabilisation is used to realise the discrete solution extension and gives a scheme robust against arbitrary
intersections between the mesh and geometry interface. The stability is analysed for both first- and second-
order backward differentiation formula versions of the scheme. Several numerical examples in two and three
spatial dimensions are included to illustrate the potential of this method.

1. Introduction

Mathematical models from biology, chemistry, physics and engineering often include partial differential
equations (PDEs) posed on evolving domains. Examples of such problems are fluid flows in or around moving
structures such as wind turbines [39] or particle-laden flows [46], biomedical applications such as blood flow
through the cardiovascular system [48] or tumour growth [18] and multi-phase flows such as rising bubbles [25]
or droplets in microfluidic devices [10].

Computational methods for such problems face the challenge of dealing with both inherently Eulerian
quantities, such as concentrations and temperature, and inherently Lagrangian quantities, such as displace-
ments. Many methods that deal with PDEs on evolving domains are based on the Lagrangian or arbitrary
Lagrangian–Eulerian (ALE) formulations [24]. Lagrangian and ALE methods can be based on a reference
configuration, into which the problem is mapped and in which it is then solved using either standard time-
stepping schemes or space-time Galerkin formulations; see, e.g., [32, 47]. An advantage of this approach
is that fitted and adapted meshes of the reference geometry can be used, leading to good resolution of the
moving interface. However, the approach becomes more limited when the deformation gets large and fails in
the case of topology changes. To avoid these issues, purely Eulerian methods can be considered. This will
also be our approach.

Within the framework of finite element methods (FEM), unfitted finite element methods have gained
traction in the past decade. These include the eXtenden finite element method (XFEM) [16], CutFEM [9],
the finite cell method [38] and TraceFEM [35]. These methods are of particular interest in situations of
complex geometries, where mesh generation can be a difficult task, as they separate the mesh from the
geometry description. As such, they are well suited to moving domain problems, where complex geometries
can easily arise. While these methods have been extensively studied for problems on stationary domains,
unfitted finite element methods for moving domain problems are less established. One difficulty in the context
of evolving domains is due to the approximation of the Eulerian time-derivative

∂tu ≈ 1
∆t

(u(tn) − u(tn−1)).

When the domain of interest Ω changes in time, then u(tn) is defined on Ω(tn) ⊂ Rd and u(tn−1) on Ω(tn−1).
Consequently, the difference u(tn) − u(tn−1) may no longer be well-defined.
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Several approaches have been developed to try and remedy this problem. These include characteristic-
based approaches [20], applying the ALE approach within one time step and projecting the solution back into
the original reference configuration [11] and a Galerkin time-discretisation using modified quadrature rules
to recover a classical time-stepping scheme [14]. However, these approaches require expensive projections
between domains at different timers. A different and widely studied approach is to use space-time Galerkin
approaches [3, 19, 21, 29, 36, 40]. Space-time methods require the solution of d + 1-dimensional problems
and are consequently computationally expensive.

In this work, we will focus on CutFEM as our spatial discretisation. To this end, we consider a static
background mesh of our computational domain, and we assume that the volume domain of interest Ω(t)
evolves smoothly within this static computational domain. To handle instabilities arising due to arbitrary
‘cuts’ between Ω(t) and the background mesh, CutFEM uses ghost-penalty stabilisation [6]. For the temporal
discretisation, we modify the Eulerian time-stepping scheme suggested in [28], based on implicit extensions
of the solution to a neighbourhood of order O(∆t) using ghost-penalty stabilisation.

The idea of using the extension provided by ghost-penalty stabilisation in CutFEM to enable an Eulerian
time-stepping scheme for moving domain problems can be traced back to [44]. However, the method there
was limited to a geometric CFL condition ∆t ≤ c h, as the extension was computed in a separate step.
Furthermore, the method was not analysed. The more general method in [28] was then extended and analysed
in a number of different settings. In [30], the method was expanded to higher-order geometry approximations
using isoparametric mappings. The method was extended to the Stokes problem on moving domains in [7]
and [51] using stabilised equal order and Taylor-Hood elements, respectively. In [34], the approach was
extended to the linearised Navier-Stokes problem in evolving domains and the a priori error analysis was
improved upon. Furthermore, in [49, 50], the approach was analysed for a parabolic model problem for
coupled fluid-rigid body interactions. All these approaches were based on a backward differentiation formula
(BDF) discretisation of the time-derivative. In [15], the approach has been extended to a Crank-Nicolson
discretisation of the time-derivative for the heat-equation on moving domains. However, while the latter
study is the first work to extend the approach to non-BDF time-stepping schemes, the analysis required a
parabolic CFL condition ∆t ≤ c h2 not needed for the BDF-type scheme.

In this paper, we revisit the equations governing the conservation of a scalar quantity with a diffusive
flux in a domain passively evolved by a smooth flow, as in the original work [28]. While optimal order of
convergence with respect to the spatial, temporal- and geometry-approximation was proved in that paper,
the method was not optimal in the sense that the conservation of total mass can be violated by the discrete
solution. The focus of this work will, therefore, be to develop a modification of this Eulerian time-stepping
scheme to preserve the mass of the scalar variable exactly on the discrete level.

The main idea of our approach is to rewrite the PDE problem using an identity derived from the Reynolds
transport theorem. Using this identity as the basis of our finite element method, we arrive at a scheme for
which we can show that the discrete solution conserves the total mass. The stability analysis presented is
similar to that of [28].

The remainder of this paper is structured as follows. In Section 2, we briefly present the PDE problem under
consideration, cover the temporally semi-discrete version of our scheme and analyse the unique solvability of
the problem and the stability of the scheme. In this semi-discrete setting, the method applies the extension
to the test function in the problem formulation, whereas the method in [28] and subsequent works use an
extension of the solution into the next domain. In Section 3, we then cover the fully discrete method. We
present the fully discrete scheme based on both BDF1 and BDF2 formulas to discretise the time-derivative
in the scheme. Furthermore, we consider the discrete stability of both schemes. Finally, in Section 4, we
consider a number of numerical examples in two and three spatial dimensions. In examples with a given
analytical solution, we investigate the numerical convergence of the schemes with respect to mesh refinement,
time-step refinement and combined mesh-time step refinement.

We finally note that a rigorous error analysis of the method remains an open problem. Numerical exper-
iments demonstrate optimal convergence rates in some examples and slightly sub-optimal rates in certain
cases as demonstrated in Section 4. The latter observation warrants further investigation of conservative
unfitted FEMs.
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2. Problem setup and preliminaries

Let us consider a time-dependent domain Ω(t) ⊂ Rd, with d ∈ {2, 3}, which evolves smoothly and for all
time t ∈ [0, T ], T > 0, stays bounded and embedded in an background fixed domain Ω̃, Ω(t) ⊂ Ω̃ ⊂ Rd. We
further assume that the evolution of Ω(t) is a passive transport by a smooth flow field w : Ω̃ × (0, T ) → Rd,
i.e., the Lagrangian mapping Ψ(t) : Ω0 → Ω(t) is given by Ψ(t, y) that solves the ODE system

(1) Ψ(0, y) = y,
∂Ψ(t, y)

∂t
= w(t, Ψ(t, y)), t ∈ [0, T ], y ∈ Ω(0),

where we assume the reference domain Ω0 is piecewise smooth and Lipschitz.
The conservation of a scalar quantity with a diffusive flux in Ω(t) and no mass exchange through the

boundary is governed by the equations

∂tu + div(uw) − ν∆u = f in Ω(t),(2a)
∇u · n = 0 on Γ(t),(2b)

where ν > 0 is a constant diffusion coefficient, Γ(t) := ∂Ω(t) is the boundary of the domain, and n is the
unit normal vector on Γ(t). The well-posedness of (2) is addressed, for example, in [2].

The quantity u is globally conserved up to the total contribution of the source term f . This is easy to see
using Reynolds’ transport formula, equation (2a) and the no-flux boundary condition (2b):

d
dt

∫
Ω(t)

u dx =
∫

Ω(t)

∂

∂t
u dx +

∫
∂Ω(t)

(w · n)u ds =
∫

Ω(t)
(∂u

∂t
+ div(uw) ) dx =

∫
Ω(t)

(ν∆u + f) dx

=
∫

∂Ω(t)
ν∇u · n ds +

∫
Ω(t)

f dx =
∫

Ω(t)
f dx.

(3)

This is a fundamental property, which we would like to preserve in a numerical method.
More generally, for any v ∈ H1(Ω̃), we have

d
dt

∫
Ω(t)

uv dx =
∫

Ω(t)
∂tuv dx +

∫
Γ(t)

w · nuv ds =
∫

Ω(t)
((∂tu + div(uw))v + uw · ∇v) dx,

which follows from Reynolds’ transport formula and the observation that v is time-independent. This yields
the identity

(4)
∫

Ω(t)
(∂tu + div(uw))v dx = d

dt

∫
Ω(t)

uv dx −
∫

Ω(t)
uw · ∇v dx.

Therefore, multiplying (2a) with a test-function v ∈ H1(Ω̃), integrating by parts and using (2b) and (4) gives
the following identity satisfied for a smooth solution to (2) and any v ∈ H1(Ω̃)

(5) d
dt

∫
Ω(t)

uv dx +
∫

Ω(t)
(ν∇u(t) − u(t)w(t)) · ∇v dx =

∫
Ω(t)

f(t)v dx for t ∈ [0, T ].

This identity will form the basis of our discretisation.

2.1. Temporal semi-discretisation. To elucidate our numerical method construction, we first formulate
a semi-discrete method. For this, we need a smooth extension operator

E : L2(Ω(t)) → L2(Ω̃),

such that the function remains unchanged in the original domain Ω(t) and it holds that

∥Eu∥
Hk(Ω̃) ≲ ∥u∥Hk(Ω(t)) and ∥∇Eu∥Ω̃ ≲ ∥∇u∥Ω(t).

We refer to [28] for the details of the explicit construction of such an extension operator based on the classical
linear and continuous universal extension operator for Sobolev spaces from [45].

Let us consider a uniform time step ∆t = T/N for a fixed N ∈ N. We denote tn = n∆t, Ωn = Ω(tn) and
un ≈ u(tn), and define

an(u, v) :=
∫

Ωn

ν∇u · ∇v − u(wn · ∇v) dx and fn(v) :=
∫

Ωn

f(tn)v dx.
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Using an implicit Euler (or BDF1) discretisation in time of (5) then leads to the problem: Given un−1 ∈
H1(Ωn−1), find un ∈ H1(Ωn) solving

(6) 1
∆t

[∫
Ωn

unv dx −
∫

Ωn−1
un−1Ev dx

]
+ an(un, v) = fn(v),

for all v ∈ H1(Ωn). Note that unlike [28] and subsequent studies, the extension operator in the semi-discrete
method acts on the test function rather than on the solution.

In what follow, we shall denote the inner-product for functions in L2(S), for some domain S as (·, ·)S .
Similarly, ∥ · ∥S will denote the L2(S) norm. Furthermore, we use the notation a ≲ b, iff there exists a
constant c > 0, independent of ∆t, h and the mesh-interface cut position, such that a ≤ cb. Similarly, we
write a ≳ b, iff a ≥ cb, and a ≃ b, iff both a ≲ b and a ≳ b hold.

For the bilinear form an(·, ·), we have the following Gårding’s inequality:

Lemma 1. Let w∞ := maxt∈[0,T ] ∥w(t)∥∞. It holds that

an(u, u) ≥ ν

2 ∥∇u∥2
Ωn − w2

∞
ν

∥u∥2
Ωn ,

i.e., we have unique solvability of the problem (6) in every time step, if
∆t < νw−2

∞ .

Proof. Follows by applying the Cauchy-Schwarz inequality and a weighted Young’s inequality. □

Remark 1. The above time step can be limiting. In practice, we have not found such a time-step restriction
to be necessary. Indeed, one can show that the problem is uniquely solvable for ∆t > νw−2

∞ , if 1/∆t does not
belong to the spectrum of the operator A corresponding to the bilinear form an(·, ·) [1, 5].

It would also be instructive to check the stability of the semi-discrete scheme. We have the following
stability result.

Lemma 2. The solution of the semi-discrete scheme in (6), fulfils the stability estimate

∥uN ∥2
ΩN + ∆t

N∑
n=1

ν

2 ∥∇un∥2
Ωn ≤ exp(cL2T )

∥u0∥2
Ω0 + ∆t

N∑
n=1

2
ν

∥fn∥2
H−1(Ωn)

 ,

with a constant cL2 > 0 independent of ∆t, N and u, once ∆t is sufficiently small.

Proof. Define the δ-strip around the moving domain boundary as
S±

δ (Ω(t)) := {x ∈ Rd : dist(x, Γ(t)) ≤ δ},

and the δ-strip outside of the physical domain as
S+

δ (Ω(t)) := S±
δ (Ω(t)) \ Ω(t).

We choose δ ≃ ∆t but sufficiently large such that Ωn−1 ⊂ Ωn ∪ S±
δ (Ωn) for all n. Testing (6) with an

appropriate extension of the solution v = 2∆tEun leads to

2∥un∥2
Ωn − ∥Eun∥2

Ωn−1 − ∥un−1∥2
Ωn−1 + ∥Eun − un−1∥2

Ωn−1 + 2∆tν∥∇un∥n
Ωn − 2∆t(un, w · ∇un)Ωn

= 2∆t(fn, un)Ωn .

Therefore, using the Cauchy-Schwarz inequalities, we have

∥un∥2
Ωn + ∥un∥2

Ωn\Ωn−1 + ∥Eun − un−1∥2
Ωn−1 + 2∆tν∥∇un∥2

Ωn

≤ ∥un−1∥2
Ωn−1 + 2∆t∥fn∥H−1(Ωn)∥∇un∥Ωn + 2∆t

√
2w∞∥un∥Ωn∥∇un∥Ωn + ∥Eun∥2

Ωn−1\Ωn .

With two weighted Young’s inequalities, we then get

∥un∥2
Ωn + ∆tν∥∇un∥2

Ωn ≤ ∥un−1∥2
Ωn−1 + 2∆t

ν
∥fn∥2

H−1(Ωn) + 4∆t

ν
w2

∞∥un∥2
Ωn + ∥Eun∥2

Ωn−1\Ωn .

Since Ωn−1 \ Ωn ⊂ Sδ(Ωn), we have the estimate
(7) ∥Eun∥2

Ωn−1\Ωn ≤ ∥Eun∥2
Sδ(Ωn) ≲ (1 + ε−1)δ∥un∥2

Ωn + δε∥∇un∥2
Ωn ,
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S±
δh

K ∈ T n
h \ T n

S±
δ

K ∈ T n
S±

δ

F ∈Fn
h

Γn
h

Figure 1. Sketch of the different sets of elements and facets used in the discrete method.

see [28, Lemma 3.5] for the proof of the second estimate. With the choice of δ ≃ ∆t, we may set ε, such that

∥un∥2
Ωn + ∆tν

2 ∥∇un∥2
Ωn ≤ ∥un−1∥2

Ωn−1 + 2∆t

ν
∥fn∥2

H−1(Ωn) + ∆t

(
4w2

∞
ν

+ c(ν−1)
)

∥un∥2
Ωn .

Summing over n = 1, . . . , N and applying a discrete Grönwall’s estimate, cf. [23], for ∆t sufficiently small
such that ∆t

(
4w2

∞ν−1 + c(ν−1)
)

< 1, gives the result. □

3. Discrete Method

We now formulate a fully discrete counterpart to (6). For the spatial discretisation, we use unfitted finite
element, also known as CutFEM [9]. We consider a quasi-uniform simplicial mesh Th of Ω̃ with characteristic
element diameter h > 0. Thus, the mesh is independent of Ω(t). On this background mesh, we define the
finite element space

Vh := {v ∈ C(Ω̃) : v|K ∈ Pk(K), for all K ∈ Th}, k ≥ 1,

where Pk(K) is space of polynomials of order k on K. In each time step, the domain Ωn is approximated by
Ωn

h, which is computed by an approximated level set function, see Section 3.2 below. We denote the boundary
as Γn

h := ∂Ωn
h. For a the discrete formulation, we now consider at each time step δh-extensions of the discrete

domains:

(8) Oδh
(Ωn

h) := {x ∈ Ω̃ : dist(x, Ωn
h) < δh}, δh = cδw∞

n ∆t,

with some cδ ≃ 1 defined later. Using this extension, we define the active mesh in each time step as the set
of elements with some part in the extended domain

T n
h := {K ∈ Th : dist(x, Ωn

h) ≤ δh, x ∈ K}.

Consequently, we define the active domain as

Ω̃n
h = {x ∈ K : K ∈ T n

h }.

A sketch of this can be seen in Figure 1. With above choice (8), we then have the essential property for our
method, that

Ωn−1
h ⊂ Ω̃n

h.

Finally, in each time step, we then take the restriction of the finite element space to the set of active elements

V n
h := {v ∈ C(Ω̃) : v|K ∈ Pk(T ), for all K ∈ T n

h }.



6 M. OLSHANSKII AND H. V. WAHL

3.1. Finite element formulation. To formulate the discrete problem, let us define the (bi-) linear forms

an
h(u, v) =

∫
Ωn

h

ν∇u · ∇v − u(wn · ∇v) dx, and fn
h (v) =

∫
Ωn

h

fnv dx.

Furthermore, let sn
h(u, v) be a stabilisation bilinear form which acts in a strip S±

δh
around Ωn

h, such that
Ωn+1

h ⊂ Ωn
h ∪ Ω̃n

h. In practice, this is a ghost-penalty operator, see Section 3.1.2 below.
Using an implicit Euler discretisation of the time-derivative, the fully discrete scheme then reads as follows:

Given u0, find un
h ∈ V n

h , for n = 1, . . . , N , such that

(9) 1
∆t

[∫
Ωn

h

un
hvh dx −

∫
Ωn−1

h

un−1
h vh dx

]
+ an

h(un
h, vh) + νsn

h(un
h, vh) = fn

h (vh),

for all vh ∈ V n
h .

Remark 2 (Conservation). The scheme presented in (9) is conservative, if the stabilisation term vanishes for
constant test functions. Testing with vh ≡ 1, for which an

h and the ghost-penalty term vanishes and summing
gives ∫

Ωn
h

un
h dx =

∫
Ω0

h

u0
h dx + ∆t

n∑
k=1

∫
Ωk

h

fk dx,

which is the discrete counterpart of (3).

3.1.1. Higher order in time. A simple extension of the above method is to use a second-order backward-
differentiation formula (BDF2) for the time derivative. This then reads as follows: Given u0, compute u1

h

using (9) and find un
h ∈ V n

h , for n = 2, . . . , N , such that

(10) 1
∆t

[
3
2

∫
Ωn

h

un
hvh dx − 2

∫
Ωn−1

h

un−1
h vh dx + 1

2

∫
Ωn−2

h

un−2
h vh dx

]
+ an

h(un
h, vh) + νsn

h(un
h, vh) = fn

h (vh),

for all vh ∈ Vh. By increasing the width of the extension strip to by a factor of two in (8), this is then well
posed.

Remark 3. Same as (9), the BDF2 scheme conserves the scalar quantity, up to forcing terms. Analogously,
the BDFk finite difference methods for k > 2 can be applied to discretise the time derivative while ensuring
conservation. The authors of [30] noted that the stability analysis of BDF3 and BDF4 for a non-conservative
formulation can be conducted similarly to that of BDF2. This is likely also true for the conservative formu-
lation; however, we will not pursue this more technical analysis here.

3.1.2. Stabilising bilinear form. In problem (9), the extension into the active domain is realised through the
stabilising form sn

h(·, ·). We shall take sn
h to be a ghost-penalty stabilisation operator [6]. The original aim for

this kind of stabilisation is to prevent stability and conditioning problems occurring in unfitted finite elements
in the presence of so-called bad cuts, i.e., elements where |K ∩ Ω| is very small, by giving a stable solution
on the whole of each cut element. Ghost-penalty stabilisation additionally provides us with an implicitly
extended solution outside of the physical domain. By applying this stabilisation in a strip around Γn

h, as first
proposed in [28], we obtain the necessary discrete extension for our Eulerian time-stepping scheme. To this
end, we define the set of boundary strip elements as

T n
S±

δ

:= {K ∈ T n
h : dist(x, Γn

h) ≤ δh, x ∈ K},

and the set of facets of these elements, that are interior to the active mesh
Fn

h := {F = K1 ∩ K2 : K1 ∈ T n
S±

δ

, K2 ∈ T n
h , K1 ̸= K2, measd−1(F ) > 0}.

A number of different versions of the ghost-penalty operator exist, the most common version being based
on normal derivative jumps across relevant facets, see for example [7, 8, 13, 15, 31]. We prefer the so-called
direct-version, introduced in [40], since this extends more easily to higher-order spaces. For a more detailed
overview, we refer to [28, Section 4.3].

To define the direct ghost-penalty operator, let EP : Pk(K) → Pk(Rd) be the canonical global extension
operator of polynomials to Rd, i.e., for v ∈ Pk(K) it holds that EP(v)

∣∣
K

= v. For a facet F = K1 ∩ K2,
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K1 ̸= K2, we define the facet patch as ωF = Int(K1 ∪ K2). The volumetric patch jump of a polynomial
vh ∈ Pk(Th) is then defined via

JvhK
∣∣
K1

= vh|Ki
− EP(vh|Kj

), for i, j ∈ {1, 2} and i ̸= j.

The direct version of the ghost-penalty operator is then defined as

sn
h(uh, vh) := γs

∑
F ∈Fn

h

1
h2

∫
ωF

JuhKJvhK dx,

with a stabilisation parameter γs > 0. For this operator to provide the necessary stability, the stability
parameter needs to scale with number of facets which need to be crossed to reach an element interior to
the physical domain from an element in the extension strip [28]. This number L depends on the anisotropy
between the mesh size and time step by L ≲ (1 + δh/h) ≃ (1 + c∆t/h). Accordingly, we set
(11) γs = cγL, with cγ > 0 independent of h and ∆t.

See also [28] for further details to this choice.

Assumption 1. For every cut or extension element
K ∈ T n

S+
δ

:= T n
S±

δ

\ {K ∈ T n
h : K ⊂ Ωn

h},

there exists an uncut element K ′ ∈ T n
S±

δ

\ T n
S+

δ

, which can be reached by repeatedly crossing facets in Fn
h .

We assume that the number of facets that must be crossed to reach K from K ′ is bounded by a constant
L ≲ 1 + δh

h . Furthermore, we assume that each uncut element K ′ ∈ T n
S±

δ

\ T n
S+

δ

is the end of at most M such
paths, with M bounded independent of h and ∆t.

Remark 4. We briefly comment on the validity of Assumption 1 if the domain boundary is smooth and
sufficiently well resolved by the mesh, cf. [28, Remark 5.4]. Let xK be the circumcenter of a cut or extension
element K ∈ T n

S+
δ

. Furthermore, let p : Oδh
(Ωn

h) → Γn
h be the closet point projection onto the boundary. We

know map xK towards the interior by y = xK + δh(p(xK) − xK). There is an uncut element K ′ ∈ T n
S±

δ

\ T n
S+

δ

that contains the point y or that can be reached from y by crossing a finite number of facets, which for fine
enough mesh depends only on the minimal angle condition. This construction defines a mapping B : T n

S+
δ

→
T n
S±

δ

\T n
S+

δ

. Now, due to the assumed shape regularity of the mesh, the number of facets L crossed by the path
{xK + s(p(xK) − xK) : s ∈ [0, δh]} is bounded by c(h + δh)/h. Furthermore, we have from the geometrical
construction and the assumed boundary resolution that only a few elements K ∈ T n

S+
δ

are mapped to the
same element K ′ ∈ T n

S±
δ

\ T n
S+

δ

.

The key result for the ghost-penalty operator is the following ghost-penalty mechanism.

Lemma 3. Under Assumption 1 and with the ghost-penalty parameter choice (11), it holds for uh ∈ V n
h that

(12) cL3a

(
∥∇uh∥2

Ωn
h

+ sn
h(uh, uh)

)
≤ ∥∇uh∥2

Ω̃n
h

≤ cL3b

(
∥∇uh∥2

Ωn
h

+ sn
h(uh, uh)

)
,

with constants cL3a, cL3b > 0 independent of the mesh size and mesh-interface cut configuration.

See [28, Lemma 5.5] for a proof thereof.

Remark 5. Note that we can choose a smaller, necessary, set of facets for the ghost-penalty stabilisation form,
to avoid couplings between all elements with a facet in Fn

h , considered for example in [4, 22]. However, we
keep the above, sufficient, set Fn

h here for simplicity.

3.2. Geometry description. We assume that the discrete geometry Ωn
h is represented by a discrete level

set function. That is,
Ωn

h := {x ∈ Rd : ϕh(x, tn) ≤ 0},

where ϕh is a piecewise-linear interpolation of a smooth level set function ϕ. See also [9, Section 4] for
further details of geometry descriptions in CutFEM. The piecewise linear level set approximation introduces
a geometry approximation error of order h2. However, we will only consider piecewise-linear finite elements,
i.e., k = 1; consequently, second-order convergence is optimal. Higher-order geometry approximations for level
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set geometries can be achieved in a number of different methods, see, e.g., [17, 26, 33, 37, 41]. In particular,
the isoparametric approach [26] has also been analysed in the Eulerian moving domain setting [30]. We note
that because our method evaluates every un

h only on Ωn
h, we expect the isoparametric geometry approximation

analysis for this method to be significantly simpler than in [30], where functions defined with respect to a
mesh deformation have to be evaluated accurately on a mesh with a different deformation.

3.3. Stability. Using the ghost-penalty mechanism, we obtain a similar stability result as for the temporally
semi-discrete scheme.

Lemma 4 (Discrete stability for BDF1). For the solution of the finite element method (9), we have for
sufficiently small ∆t and h2, the stability estimate

∥uN
h ∥2

ΩN
h

+ ∆t
N∑

n=1

ν

2cL3b
∥∇un

h∥2
Ω̃n

h

≤ exp(cL4T )

∥u0
h∥2

Ω0
h

+ ∆t
N∑

n=1

2
ν

∥fn
h ∥2

H−1(Ωn
h

)

 ,

with a constant cL4 independent of h, ∆t, N and the mesh-interface cut configurations.

Proof. Testing (9) with vh = 2∆tun
h gives

2∥un
h∥2

Ωn
h

− 2(un−1
h , un

h)Ωn−1
h

+ 2ν∆t∥∇un
h∥2

Ωn
h

− 2∆t(un
h, wn · ∇un

h)Ωn
h

+ 2∆tsn
h(un

h, un
h) = 2∆t(fn

h , un
h)Ωn

h
.

As in the proof of Lemma 2, we use the Cauchy-Schwarz inequality to get

∥un
h∥2

Ωn
h

+ ∥un
h − un−1

h ∥2
Ωn−1

h

+ 2ν∆t∥∇un
h∥2

Ωn
h

+ 2∆tsn
h(un

h, un
h)

≤ ∥un−1
h ∥2

Ωn−1
h

+ 2∆t∥fn
h ∥H−1(Ωn

h
)∥∇un

h∥Ωn
h

+ 2∆t
√

2w∞∥un
h∥Ωn

h
∥∇un

h∥Ωn
h

+ ∥un
h∥Ωn−1

h
\Ωn

h
.

Dropping the positive term ∥un
h − un−1

h ∥2
Ωn−1

h

on the left-hand side, using two weighted Young’s inequalities
and taking the ∥∇un

h∥2
Ωn

h
terms to the left-hand side, as in the proof of Lemma 2, and using the ghost-penalty

mechanism (12), we get

(13) ∥un
h∥2

Ωn
h

+ ν∆t

cL3b
∥∇un

h∥2
Ω̃n

h

≤ ∥un−1
h ∥2

Ωn−1
h

+ 2∆t

ν
∥fn

h ∥2
H−1(Ωn

h
) + 4∆t

ν
w2

∞∥un
h∥2

Ωn
h

+ ∥un
h∥2

Ωn−1
h

\Ωn
h

To bound the solution on the extension strip, we use a discrete version of (7). In particular, it holds under
Assumption 1, that for all uh ∈ V n

h and any ε > 0

(14) c1∥uh∥2
S+

δh
(Ωn

h
) ≤ δh(1 + ε−1)∥uh∥2

Ωn
h

+ δhε∥∇uh∥2
Ωn

h
+ δhL((1 + ε−1)h2 + ε)sn

h(uh, uh),

with c1 > 0 independent of h and mesh-interface cut configuration, see [28, Lemma 5.7]. With the choice of
ε < νc1(2cδh

w∞
n cL3b)−1 and h2 sufficiently small, we have

∥un
h∥2

Ωn−1
h

\Ωn
h

≤ ∥un
h∥2

S+
δh

(Ωn
h

) ≤ c2∆t∥un
h∥Ωn

h
+ ν∆t

2cL3b
∥∇un

h∥2
Ω̃n

h

,

with c2 > 0 independent of h and mesh-interface cut configuration. Inserting this in (13) then gives

(15) ∥un
h∥2

Ωn
h

+ ν∆t

2cL3b
∥∇un

h∥2
Ω̃n

h

≤ ∥un−1
h ∥2

Ωn−1
h

+ 2∆t

ν
∥fn

h ∥2
H−1(Ωn

h
) + ∆t

(
c2 + 4

ν
w2

∞

)
∥un

h∥2
Ωn

h
.

Summing over n = 1, . . . , N and applying a discrete Grönwall’s estimate for ∆t ≲ νw−2
∞ sufficiently small

gives the result. □

We can also prove a similar result for the BDF2 method eq. (10). First, we define the discrete BDF2
tuple-norm as
(16) ∥(un

h, un−1
h )∥2

n := ∥un
h∥2

Ωn
h

+ ∥2un
h − un−1

h ∥2
Ωn−1

h

.

This definition follows the spirit of only evaluating (discrete) functions on their original domains and domains
from previous time steps, rather than domains from future time steps. As this norm and our time-stepping
method uses domains from different time step. The polarisation identity leads to the inequality from the
following lemma.
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Lemma 5. Let uh ∈ V n
h , vh ∈ V n−1

h and wh ∈ V n−2
h . Then, with the BDF2 tuple-norm, we have for any

ε1, ε2 > 0 and constants cL5a, cL5b > 0 independent of ∆t, h and the mesh-interface cut configuration

(17) 3
2(uh, 4uh)Ωn

h
− 2(vh, 4uh)Ωn−1

h
+ 1

2(wh, 4uh)Ωn−2
h

≥ ∥(uh, vh)∥2
n − ∥(vh, wh)∥2

n−1

− cL5aδh(1 + ε−1
1 )∥uh∥2

Ωn
h

− cL5aδhε1∥∇uh∥2
Ωn

h
− cL5aδhK((1 + ε−1

1 )h2 + ε1)sn
h(uh, uh)

− cL5bδh(1 + ε−1
2 )∥vh∥2

Ωn−1
h

− cL5bδhε2∥∇vh∥2
Ωn−1

h

− cL5bδhK((1 + ε−1
2 )h2 + ε2)sn−1

h (vh, vh).

Proof. We first observe
∥uh − 2vh + wh∥2

Ωn−2
h

= ∥uh∥2
Ωn−2

h

− 4(uh, vh)Ωn−2
h

+ 4∥vh∥2
Ωn−2

h

+ 2(uh, wh)Ωn−2
h

− 4(vh, wh)Ωn−2
h

+ ∥wh∥2
Ωn−2

h

,

and
4(uh, vh)S = 2∥uh∥2

S + 2∥vh∥2
S − 2∥uh − vh∥2

S .

Consequently, we may rearrange terms to find
6(uh, uh)Ωn

h
− 8(vh, uh)Ωn−1

h
+ 2(wh, uh)Ωn−2

h

= ∥uh∥2
Ωn

h
+ ∥2uh − vh∥2

Ωn−1
h

+ ∥vh∥2
Ωn−1

h

− ∥2vh − wh∥2
Ωn−2

h

+ ∥uh − 2vh + wh∥2
Ωn−2

h

+ 4
(

∥uh∥2
Ωn

h
− ∥uh∥2

Ωn−1
h

)
+
(

∥uh∥2
Ωn

h
− ∥uh∥2

Ωn−2
h

)
+ 4
(

(uh, vh)Ωn−2
h

− (uh, vh)Ωn−1
h

)
= ∥uh∥2

Ωn
h

+ ∥2uh − vh∥2
Ωn−1

h

− ∥vh∥2
Ωn−1

h

− ∥2vh − wh∥2
Ωn−2

h

+ ∥uh − 2vh + wh∥2
Ωn−2

h

+ 2∥vh∥Ωn−2
h

+ 5
(

∥uh∥2
Ωn

h
− ∥uh∥2

Ωn−1
h

)
+
(

∥uh∥2
Ωn−2

h

− ∥uh∥2
Ωn−1

h

)
+ 2
(

∥uh − vh∥2
Ωn−1

h

− ∥uh − vh∥2
Ωn−2

h

)
.

Now the first four terms correspond to the desired tuple norm (16). The next two terms are positive and can
be dropped. Furthermore, observing that ∥uh∥2

S − ∥uh∥2
K = ∥uh∥2

S\K − ∥uh∥2
K\S , we find with a triangle and

Young’s inequality for the final term and after dropping positive terms on the left-hand side that
6(uh, uh)Ωn

h
− 8(vh, uh)Ωn−1

h
+ 2(wh, uh)Ωn−2

h

≥ ∥(uh, vh)∥2
n − ∥(vh, wh)∥2

n−1 + 5∥uh∥2
Ωn

h
\Ωn−1

h

− 5∥uh∥2
Ωn−1

h
\Ωn

h

+ ∥uh∥2
Ωn−2

h
\Ωn−1

h

− ∥uh∥2
Ωn−1

h
\Ωn−2

h

+ 2∥uh − vh∥2
Ωn−1

h
\Ωn−2

h

− 2∥uh − vh∥2
Ωn−2

h
\Ωn−1

h

≥ ∥(uh, vh)∥2
n − ∥(vh, wh)∥2

n−1 − 5∥uh∥2
Ωn−1

h
\Ωn

h

− ∥uh∥2
Ωn−1

h
\Ωn−2

h

− 4∥uh∥2
Ωn−2

h
\Ωn−1

h

− 4∥vh∥2
Ωn−2

h
\Ωn−1

h

.

(18)

The final four norms in (18) are over subsets of the strips S±
δh

around Ωn
h and Ωn−1

h , respectively. Therefore,
the result follows by applying (14). □

Lemma 6 (Discrete stability for BDF2). Let the fully discrete BDF2 scheme (10) be initialised by a single
step of the fully discrete BDF1 method (9). For ∆t and h2 sufficiently small, we then have the stability
estimate for the BDF2 scheme

∥(uN
h , uN−1

h )∥2
N + ∆t

N∑
n=1

ν

2cL3b
∥∇un

h∥2
Ω̃n

h

≤ exp(cL6T )

6∥u0
h∥Ω0

h
+ ∆t

N∑
n=1

10
ν

∥fn
h ∥2

H−1(Ωn
h

)

 ,

with a constant cL6 independent of h, ∆t, N and the mesh-interface cut configurations.

Proof. Testing (10) with vh = 4∆tun
h, using the Cauchy-Schwarz inequality, weighted Young’s inequality and

(17), we get

∥(un
h, un−1

h )∥2
n + ∆t2(ν∥∇un

h∥2
Ωn

h
+ νsn

h(un
h, un

h)) ≤ ∥(un−1
h , un−2

h )∥2
n−1 + 8∆t

ν
w2

∞∥un
h∥2

Ωn
h

+ 4∆t

ν
∥fn

h ∥2
H−1(Ωn

h
)

+ c∆t(1 + ε−1
1 )∥un

h∥2
Ωn

h
+ c∆tε1∥∇un

h∥2
Ωn

h
+ c∆tL((1 + ε−1

1 )h2 + ε1)sn
h(un

h, un
h)

+ c∆t(1 + ε−1
2 )∥un−1

h ∥2
Ωn−1

h

+ c∆tε2∥∇un−1
h ∥2

Ωn−1
h

+ c∆tL((1 + ε−1
2 )h2 + ε2)sn−1

h (un−1
h , un−1

h ).
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Using the ghost-penalty mechanism and choosing ε1, ε2 sufficiently small, we have for h2 sufficiently small

∥(uh, un−1
h )∥2

n + ∆t
ν

cL3b
∥∇un

h∥2
Ω̃n

h

≤ ∥(un−1
h , un−2

h )∥2
n−1 + ∆t(c1(ν−1) + 8

ν
w2

∞)∥un
h∥2

Ωn
h

+ 4∆t

ν
∥fn

h ∥2
H−1(Ωn

h
)

+ c2(ν−1)∆t∥un−1
h ∥2

Ωn−1
h

+ ∆t
ν

2cL3b
∥∇un−1

h ∥2
Ω̃n−1

h

.

Summing over n = 2, . . . , N , and using the triangle inequality for the BDF2 tuple norm

∥(uN
h , uN−1

h )∥2
N + ∆t

N∑
n=2

ν

2cL3b
∥∇un

h∥2
Ω̃n

h

≤ 5∥u1
h∥Ω1

h
+ ∥u0

h∥2
Ω2

h
+ ∆tν

cL3b
∥∇u1

h∥2
Ω̃1

h

+ ∆t
N∑

n=1

(
c1(ν−1) + c2(ν−1) + 8

ν
w2

∞
)
∥un

h∥2
Ωn

h
+ ∆t

N∑
n=2

4
ν

∥fn
h ∥2

H−1(Ωn
h

).

We then add ∆tν
2cL3b

∥∇u1
h∥2

Ω̃1
h

to both sides and use that u1
h is the solution from a single step of the BDF1

method, which allows us to bound the u1
h terms by the initial condition and data using (15) with n = 1.

Finally, observing that ∥un
h∥2

Ωn
h

≤ ∥(un
h, un−1

h )∥2
n, the result follows for ∆t sufficiently small from a discrete

Grönwall inequality. □

Remark 6 (Error analysis). Following standard lines of argument for the consistency error of our method
requires a suitable bound of

d2

dt2

∫
Ω(t)

u(t)vh dx,

with vh from the finite element space. Using Reynolds transport theorem, cf. (4) as well as the hyper-surface
version thereof, see, e.g., [12, Lemma 2.1] leads to the identity

d2

dt2

∫
Ω(t)

u(t)vh dx = d
dt

(∫
Ω(t)

vh∂tu dx +
∫

Γ(t)
w · n(uvh) ds

)

=
∫

Ω(t)
vh∂ttu dx +

∫
Γ(t)

vhw · n∂tu ds∫
Γ(t)

vh∂t(w · nu) + w · ∇(w · nuvh) + vhw · nu divΓ w ds.

To bound the right-hand side of this, we require control of w · ∇(w · nuvh) on Γ(t), i.e., we need vh ∈ H3/2,
which is not given. Consequently, deriving an error estimate for our suggested scheme is not obvious, even
for the BDF1 case, and remains on open problem.

4. Numerical Examples

We implement the method using ngsxfem [27], an add-on to Netgen/NGSolve [42, 43] for unfitted finite
element discretisations. Throughout, for a given spatial norm ∥ · ∥X , we measure the error in the discrete
space-time norm

(19) ∥ · ∥2
L2(X) =

n∑
i=1

∆t∥ · ∥2
X .

Throughout our numerical examples, we shall consider k = 1.

4.1. Example 1: Travelling circle. As our first example, we consider the simple geometry of a travelling
circle, taken from [28].
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Table 1. Convergence results for the BDF1 scheme in the L2(L2) norm for the translating
circle test case in Section 4.1

Lt \ Lx 0 1 2 3 4 5 eoct

0 1.17 × 10−1 4.10 × 10−2 2.04 × 10−2 1.54 × 10−2 1.39 × 10−2 1.32 × 10−2 –
1 1.06 × 10−1 3.57 × 10−2 1.34 × 10−2 8.42 × 10−3 7.18 × 10−3 6.79 × 10−3 0.96
2 1.00 × 10−1 3.32 × 10−2 1.09 × 10−2 4.88 × 10−3 3.74 × 10−3 3.47 × 10−3 0.97
3 9.72 × 10−2 3.18 × 10−2 9.64 × 10−3 3.38 × 10−3 2.01 × 10−3 1.78 × 10−3 0.96
4 9.57 × 10−2 3.12 × 10−2 9.03 × 10−3 2.70 × 10−3 1.20 × 10−3 9.27 × 10−4 0.94
5 9.50 × 10−2 3.09 × 10−2 8.74 × 10−3 2.39 × 10−3 8.20 × 10−4 5.03 × 10−4 0.88
6 9.46 × 10−2 3.07 × 10−2 8.60 × 10−3 2.26 × 10−3 6.55 × 10−4 2.96 × 10−4 0.76

eocx – 1.62 1.84 1.93 1.79 1.14
eocxt – 1.68 1.78 1.84 1.72 1.47

Set-up. We consider the background domain Ω̃ = (−0.7, 0.9) × (−0.7, 0.7) over the time interval [0, 0.2]. The
geometry and transport-field are given through

(20) ρ(x, t) =
(
(sin(2πt)/π), 0

)T
, ϕ(x, t) = ∥x − ρ(x, t)∥2 − 0.5, w(x, t) = ∂tρ(x, t),

and the exact solution is set as
(21) u(x, t) = cos2 (π∥x − ρ(x, t)∥2

)
.

The viscosity is chosen as ν = 1, and the forcing term is set according to (2a). The initial mesh size is
h0 = 0.4, and the initial time step is ∆t0 = 0.1.

Convergence Study. We consider a series of uniform mesh and time-step refinements. To this end, we con-
struct a series of meshes with h = 2−Lxh0 together with time steps ∆t = 2−Lt∆t0, for Lx = 0, . . . , 5 and
Lt = 0, . . . , 6. Experimental order of convergence rates in the mesh size eocx and in time step eoct are
then computed by comparing the resulting errors between two levels, where the other parameter (time step
or mesh size) is the most refined available. Combined rates (eocxt) are computed by comparing vales after
refining both the mesh size and time step.

The resulting errors of the BDF1 scheme can be seen in Table 1 for the L2(L2)-norm, in Table 2 for
the L∞(L2)-norm and in Table 3 for the L2(H1)-norm. In the L2(L2)-norm, we observe optimal linear
convergence in time on the finest mesh (eoct ≈ 1) and close to second-order convergence in space with the
smallest time step (eocx ≈ 2). The errors in the L∞(L2)-norm are very similar to those in the L2(L2)-
norm, with linear convergence in time on the finest mesh and initial second-order convergence in space using
the smallest time step. In the L2(H1)-norm, we observe no further time step convergence after the first
refinement on the finest mesh. However, we observe optimal, linear convergence for both mesh refinement
with the smallest time step (eocx ≈ 1) and for combined mesh and time-step refinement (eocxt ≈ 1).

The errors resulting from the BDF2 scheme in the L2(L2)-, L∞(L2)- and L2(H2)-norm are presented in
Table 4, Table 5 and Table 6, respectively. In the L2(L2)-norm, we observe between first and second-order
convergence with respect to the time step on the fines mesh. Nevertheless, we observe optimal second-order
convergence with respect to the mesh size with the finest mesh size and for combined mesh and time-step
refinement. As in the BDF1 case, the L∞(L2)-norm results are very similar to the L2(L2) results, with some
suboptimal convergence in time on the finest mesh, but optimal rates in space and for combined refinement
(eocx ≈ eocxt ≈ 2). Concerning the error in the L2(H1)-norm, it appears that the spatial error again
dominated with very little time step convergence on the finest mesh. Nevertheless, we again observe optimal
linear convergence in space with the smallest time step and optimal second-order convergence when refining
the time step once and the mesh twice (eocxxt ≈ 2), i.e., comparing the error from (Lt, Lx) with that from
(Lt − 1, Lx − 2).

Finally, we look at the conservation of mass resulting from the scheme in Figure 2 for both the BDF1
and BDF2 schemes on the coarsest mesh. We see that mass is conserved up to machine precision for both
schemes, as expected.

4.2. Example 2: Kite Geometry. As a second example, we consider a case where the geometry translates
and deforms in time. This example follows from [21]. The geometry starts as a circle and changes into a
kite-like geometry over time. An illustration of this is given in Figure 3.
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Table 2. Convergence results for the BDF1 scheme in the L∞(L2) norm for the translating
circle test case in Section 4.1

Lt\Lx 0 1 2 3 4 5 eoct

0 3.15 × 10−1 1.04 × 10−1 4.73 × 10−2 3.58 × 10−2 3.27 × 10−2 3.16 × 10−2 –
1 3.17 × 10−1 9.62 × 10−2 3.26 × 10−2 1.99 × 10−2 1.77 × 10−2 1.71 × 10−2 0.88
2 3.15 × 10−1 9.43 × 10−2 2.76 × 10−2 1.17 × 10−2 9.34 × 10−3 8.99 × 10−3 0.93
3 3.15 × 10−1 9.32 × 10−2 2.57 × 10−2 8.17 × 10−3 5.00 × 10−3 4.64 × 10−3 0.95
4 3.15 × 10−1 9.30 × 10−2 2.49 × 10−2 6.83 × 10−3 2.92 × 10−3 2.39 × 10−3 0.96
5 3.15 × 10−1 9.28 × 10−2 2.46 × 10−2 6.34 × 10−3 2.01 × 10−3 1.26 × 10−3 0.92
6 3.15 × 10−1 9.25 × 10−2 2.44 × 10−2 6.17 × 10−3 1.68 × 10−3 7.27 × 10−4 0.80

eocx – 1.77 1.92 1.98 1.88 1.21
eocxt – 1.75 1.88 1.91 1.76 1.47

Table 3. Convergence results for the BDF1 scheme in the L2(H1) norm for the translating
circle test case in Section 4.1

Lt \ Lx 0 1 2 3 4 5 eoct

0 5.60 × 10−1 3.30 × 10−1 2.05 × 10−1 1.34 × 10−1 9.75 × 10−2 8.04 × 10−2 –
1 5.54 × 10−1 3.19 × 10−1 1.80 × 10−1 1.06 × 10−1 6.67 × 10−2 4.83 × 10−2 0.74
2 5.42 × 10−1 3.16 × 10−1 1.77 × 10−1 9.33 × 10−2 5.22 × 10−2 3.23 × 10−2 0.58
3 5.36 × 10−1 3.15 × 10−1 1.76 × 10−1 9.13 × 10−2 4.68 × 10−2 2.56 × 10−2 0.33
4 5.32 × 10−1 3.14 × 10−1 1.75 × 10−1 9.03 × 10−2 4.58 × 10−2 2.33 × 10−2 0.13
5 5.31 × 10−1 3.14 × 10−1 1.74 × 10−1 8.98 × 10−2 4.54 × 10−2 2.29 × 10−2 0.03
6 5.30 × 10−1 3.14 × 10−1 1.74 × 10−1 8.96 × 10−2 4.52 × 10−2 2.27 × 10−2 0.01

eocx – 0.76 0.85 0.96 0.99 0.99
eocxt – 0.81 0.85 0.96 0.99 1.00

Table 4. Convergence results for the BDF2 scheme in the L2(L2) norm for the translating
circle test case in Section 4.1

Lt \ Lx 0 1 2 3 4 5 eoct

0 1.16 × 10−1 4.68 × 10−2 2.57 × 10−2 1.68 × 10−2 1.30 × 10−2 1.13 × 10−2 –
1 1.06 × 10−1 3.65 × 10−2 1.41 × 10−2 7.46 × 10−3 5.20 × 10−3 4.35 × 10−3 1.38
2 1.01 × 10−1 3.35 × 10−2 1.02 × 10−2 3.91 × 10−3 2.06 × 10−3 1.51 × 10−3 1.53
3 9.78 × 10−2 3.23 × 10−2 9.41 × 10−3 2.61 × 10−3 9.32 × 10−4 5.06 × 10−4 1.58
4 9.60 × 10−2 3.14 × 10−2 8.96 × 10−3 2.36 × 10−3 6.16 × 10−4 2.12 × 10−4 1.26
5 9.51 × 10−2 3.10 × 10−2 8.72 × 10−3 2.25 × 10−3 5.67 × 10−4 1.45 × 10−4 0.54
6 9.47 × 10−2 3.08 × 10−2 8.59 × 10−3 2.19 × 10−3 5.47 × 10−4 1.37 × 10−4 0.09

eocx – 1.62 1.84 1.97 2.00 2.00
eocxt – 1.66 1.83 1.99 2.06 2.05

Table 5. Convergence results for the BDF2 scheme in the L∞(L2) norm for the translating
circle test case in Section 4.1

Lt\Lx 0 1 2 3 4 5 eoct

0 3.11 × 10−1 1.11 × 10−1 6.21 × 10−2 4.36 × 10−2 3.47 × 10−2 3.02 × 10−2 –
1 3.16 × 10−1 9.83 × 10−2 3.26 × 10−2 2.13 × 10−2 1.67 × 10−2 1.45 × 10−2 1.06
2 3.16 × 10−1 9.49 × 10−2 2.63 × 10−2 1.04 × 10−2 6.80 × 10−3 5.76 × 10−3 1.33
3 3.16 × 10−1 9.44 × 10−2 2.54 × 10−2 6.57 × 10−3 2.82 × 10−3 2.03 × 10−3 1.51
4 3.15 × 10−1 9.32 × 10−2 2.49 × 10−2 6.31 × 10−3 1.58 × 10−3 7.63 × 10−4 1.41
5 3.15 × 10−1 9.31 × 10−2 2.47 × 10−2 6.21 × 10−3 1.55 × 10−3 3.84 × 10−4 0.99
6 3.15 × 10−1 9.29 × 10−2 2.45 × 10−2 6.13 × 10−3 1.53 × 10−3 3.81 × 10−4 0.01

eocx – 1.76 1.92 2.00 2.00 2.01
eocxt – 1.74 1.90 2.01 2.03 2.02
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Table 6. Convergence results for the BDF2 scheme in the L2(H1) norm for the translating
circle test case in Section 4.1

Lt \ Lx 0 1 2 3 4 5 eoct

0 5.53 × 10−1 3.69 × 10−1 2.48 × 10−1 1.66 × 10−1 1.16 × 10−1 8.87 × 10−2 –
1 5.49 × 10−1 3.23 × 10−1 1.93 × 10−1 1.16 × 10−1 7.20 × 10−2 4.78 × 10−2 0.89
2 5.47 × 10−1 3.17 × 10−1 1.77 × 10−1 9.91 × 10−2 5.60 × 10−2 3.24 × 10−2 0.56
3 5.39 × 10−1

✿✿✿✿✿✿✿✿✿
3.16 × 10−1 1.76 × 10−1 9.13 × 10−2 4.86 × 10−2 2.61 × 10−2 0.31

4 5.34 × 10−1 3.15 × 10−1 1.75 × 10−1
✿✿✿✿✿✿✿✿✿
9.07 × 10−2 4.57 × 10−2 2.36 × 10−2 0.14

5 5.31 × 10−1 3.14 × 10−1 1.75 × 10−1 9.02 × 10−2 4.55 × 10−2 2.28 × 10−2 0.05
6 5.30 × 10−1 3.14 × 10−1 1.74 × 10−1 8.98 × 10−2 4.53 × 10−2 2.27 × 10−2 0.00

eocx – 0.76 0.85 0.96 0.99 1.00
eocxxt – – 1.63 1.80 1.95 1.99
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Figure 2. Mass conservation error for the travelling circle example on the coarsest mesh
Lx = 0.

-1 1

Figure 3. Discrete solution for the kite geometry at times 0.25T intervals with h = 0.4 ·2−2

and ∆t = 0.5 · 2−6. Extension elements in T n
S±

δ

are marked in green.

Set-up. We take the background domain as Ω̃ = (−1.5, 2.5) × (−1.5, 1.5) and T = 1. The level set function
and transport field are given by

ρ(x, t) =
(
(1 − x2)2t, 0

)T
, ϕ(x, t) = ∥x − ρ(x, t)∥2 − R, w(x, t) = ∂tρ(x, t),

with R = 1. The right-hand side forcing term is taken such that the exact solution is
uex(x, t) = cos(π∥x − ρ(x, t)∥2/R) sin(tπ/2).

The viscosity is chosen to be ν = 0.2. The initial mesh size and time step are h = 0.4 and ∆t = 0.5,
respectively.

Convergence Study. Again, we consider a series of uniform refinements in space and time. The results for the
BDF1 scheme can be found in Table 7, Table 8 and Table 9 for the L2(L2)-, L∞(L2)- and L2(H2)-norms,
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Table 7. Convergence results for the BDF1 scheme in the L2(L2) norm for the kite geometry
test case in Section 4.2

Lt \ Lx 0 1 2 3 4 5 eoct

0 6.08 × 10−1 4.60 × 10−1 4.25 × 10−1 4.17 × 10−1 4.15 × 10−1 4.14 × 10−1 –
1 3.45 × 10−1 2.55 × 10−1 2.27 × 10−1 2.20 × 10−1 2.18 × 10−1 2.18 × 10−1 0.93
2 2.50 × 10−1 1.45 × 10−1 1.23 × 10−1 1.17 × 10−1 1.16 × 10−1 1.16 × 10−1 0.90
3 2.05 × 10−1 9.43 × 10−2 6.70 × 10−2 6.23 × 10−2 6.14 × 10−2 6.14 × 10−2 0.92
4 1.82 × 10−1 6.99 × 10−2 3.83 × 10−2 3.28 × 10−2 3.19 × 10−2 3.18 × 10−2 0.95
5 1.71 × 10−1 5.82 × 10−2 2.40 × 10−2 1.74 × 10−2 1.64 × 10−2 1.62 × 10−2 0.97
6 1.66 × 10−1 5.34 × 10−2 1.74 × 10−2 9.56 × 10−3 8.43 × 10−3 8.24 × 10−3 0.98

eocx – 1.63 1.62 0.87 0.18 0.03
eocxt – 1.25 1.12 1.03 1.00 0.99

Table 8. Convergence results for the BDF1 scheme in the L∞(L2) norm for the kite geo-
metry test case in Section 4.2

Lt\Lx 0 1 2 3 4 5 eoct

0 7.73 × 10−1 5.70 × 10−1 5.11 × 10−1 4.95 × 10−1 4.89 × 10−1 4.86 × 10−1 –
1 4.96 × 10−1 3.50 × 10−1 2.98 × 10−1 2.84 × 10−1 2.81 × 10−1 2.81 × 10−1 0.79
2 3.97 × 10−1 2.15 × 10−1 1.72 × 10−1 1.60 × 10−1 1.58 × 10−1 1.58 × 10−1 0.83
3 3.41 × 10−1 1.51 × 10−1 9.90 × 10−2 8.80 × 10−2 8.61 × 10−2 8.59 × 10−2 0.88
4 3.14 × 10−1 1.19 × 10−1 6.01 × 10−2 4.75 × 10−2 4.55 × 10−2 4.51 × 10−2 0.93
5 3.01 × 10−1 1.04 × 10−1 4.04 × 10−2 2.60 × 10−2 2.37 × 10−2 2.32 × 10−2 0.96
6 2.95 × 10−1 9.68 × 10−2 3.14 × 10−2 1.50 × 10−2 1.23 × 10−2 1.19 × 10−2 0.97

eocx – 1.61 1.62 1.06 0.29 0.06
eocxt – 1.21 1.12 1.06 1.01 1.00

respectively. The results for the BDF2 scheme are presented in Table 10, Table 11, and Table 12 in the same
norms.

For the results of the BDF1 scheme in the L2(L2)-norm, we again observe optimal linear convergence in
time on the finest mesh and linear convergence for combined mesh and time-step refinement, indicating that
the temporal error is dominating in this case. In the L∞(L2)-norm, we see linear convergence in time, with a
small drop in the rate for large time steps, and optimal linear convergence for combined mesh and time-step
refinement. In the L2(H1)-norm, the convergence with respect to the time step is less than optimal, with
both eoct = eocxt ≈ 0.7.

For the BDF2 scheme, we see that for the L2(L2)-norm error, the order of convergence in time (eoct) starts
sub-optimal but increases to 1.84. This is also reflected in eocxt, which is only around 2 after the first level
of refinement. This suggests that the time step really needs to be taken sufficiently small. The L∞(L2)-norm
results are again similar to the L2(L2) results. Convergence in time on the finest mesh is slightly suboptimal,
with a fraction lower rates than in the L2(L2)-norm. Similarly, we observe optimal second-order convergence
for combined refinement after the first refinement level. Regarding the error L2(H1)-norm, we again have
sub-optimal convergence in time on the fines mesh with eoct ≈ 1. However, we see that eocxxt approaches
the optimal value of 2 under refinement. This again suggests that the time step is not sufficiently small on
the coarser time levels and that optimal convergence in time can only be realised in combination with mesh
refinement.

4.3. Example 3: Colliding circles. This more advanced example consists of two circles that collide and
separate again [28]. Consequently, this includes a topology change in the geometry and a discontinuous
transport field. Here we do not have an analytical solution, However, we can track the conservation of our
scalar quantity.

The geometry is described by the level set function

ϕ(x, t) = min{∥x − s1(t)∥2, ∥x − s1(t)∥2} − R, with s1(t) = (0, t − 3/4)T , s1(t) = (0, 3/4 − t)T .
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Table 9. Convergence results for the BDF1 scheme in the L2(H1) norm for the kite geo-
metry test case in Section 4.2

Lt \ Lx 0 1 2 3 4 5 eoct

0 2.40 1.93 1.88 1.91 1.94 1.98 –
1 1.71 1.40 1.33 1.34 1.37 1.42 0.48
2 1.45 1.04 8.99 × 10−1 8.65 × 10−1 9.01 × 10−1 9.54 × 10−1 0.57
3 1.32 8.58 × 10−1 6.21 × 10−1 5.46 × 10−1 5.65 × 10−1 6.20 × 10−1 0.62
4 1.26 7.76 × 10−1 4.77 × 10−1 3.59 × 10−1 3.45 × 10−1 3.81 × 10−1 0.70
5 1.23 7.41 × 10−1 4.16 × 10−1 2.53 × 10−1 2.18 × 10−1 2.27 × 10−1 0.75
6 1.22 7.28 × 10−1 3.93 × 10−1 2.10 × 10−1 1.41 × 10−1 1.40 × 10−1 0.70

eocx – 0.74 0.89 0.90 0.58 0.00
eocxt – 0.72 0.75 0.79 0.72 0.64

Table 10. Convergence results for the BDF2 scheme in the L2(L2) norm for the kite geo-
metry test case in Section 4.2

Lt \ Lx 0 1 2 3 4 5 eoct

0 6.20 × 10−1 4.95 × 10−1 4.27 × 10−1 3.85 × 10−1 3.62 × 10−1 3.51 × 10−1 –
1 4.16 × 10−1 2.56 × 10−1 1.90 × 10−1 1.64 × 10−1 1.52 × 10−1 1.46 × 10−1 1.27
2 2.45 × 10−1 1.33 × 10−1 7.80 × 10−2 6.02 × 10−2 5.45 × 10−2 5.22 × 10−2 1.48
3 2.01 × 10−1 7.15 × 10−2 3.49 × 10−2 2.06 × 10−2 1.68 × 10−2 1.59 × 10−2 1.71
4 1.81 × 10−1 5.88 × 10−2 1.89 × 10−2 8.23 × 10−3 5.07 × 10−3 4.46 × 10−3 1.84
5 1.71 × 10−1 5.41 × 10−2 1.55 × 10−2 4.41 × 10−3 1.85 × 10−3 1.25 × 10−3 1.84
6 1.65 × 10−1 5.13 × 10−2 1.41 × 10−2 3.57 × 10−3 9.80 × 10−4 4.20 × 10−4 1.57

eocx – 1.69 1.87 1.98 1.86 1.22
eocxt – 1.65 1.92 2.09 2.15 2.14

Table 11. Convergence results for the BDF2 scheme in the L∞(L2) norm for the kite
geometry test case in Section 4.2

Lt\Lx 0 1 2 3 4 5 eoct

0 7.52 × 10−1 6.04 × 10−1 5.10 × 10−1 4.43 × 10−1 4.01 × 10−1 3.79 × 10−1 –
1 5.79 × 10−1 3.54 × 10−1 2.53 × 10−1 2.09 × 10−1 1.88 × 10−1 1.77 × 10−1 1.10
2 3.78 × 10−1 1.99 × 10−1 1.09 × 10−1 7.79 × 10−2 6.80 × 10−2 6.44 × 10−2 1.46
3 3.38 × 10−1 1.16 × 10−1 5.36 × 10−2 2.81 × 10−2 2.09 × 10−2 1.93 × 10−2 1.74
4 3.10 × 10−1 1.01 × 10−1 3.29 × 10−2 1.29 × 10−2 6.65 × 10−3 6.22 × 10−3 1.64
5 2.99 × 10−1 9.60 × 10−2 2.83 × 10−2 7.79 × 10−3 2.83 × 10−3 1.96 × 10−3 1.67
6 2.94 × 10−1 9.25 × 10−2 2.60 × 10−2 6.57 × 10−3 1.73 × 10−3 6.12 × 10−4 1.68

eocx – 1.67 1.83 1.98 1.93 1.50
eocxt – 1.54 1.89 2.06 2.19 2.21

Table 12. Convergence results for the BDF2 scheme in the L2(H1) norm for the kite
geometry test case in Section 4.2

Lt \ Lx 0 1 2 3 4 5 eoct

0 2.62 2.20 2.03 1.96 1.97 2.02 –
1 2.02 1.45 1.23 1.17 1.17 1.22 0.73
2 1.46 1.02 7.66 × 10−1 6.42 × 10−1 6.06 × 10−1 6.17 × 10−1 0.98
3 1.33

✿✿✿✿✿✿✿✿✿
8.04 × 10−1 5.46 × 10−1 3.69 × 10−1 2.98 × 10−1 2.92 × 10−1 1.08

4 1.27 7.59 × 10−1 4.28 × 10−1
✿✿✿✿✿✿✿✿✿
2.56 × 10−1 1.64 × 10−1 1.43 × 10−1 1.03

5 1.24 7.38 × 10−1 4.03 × 10−1 2.06 × 10−1 1.16 × 10−1 7.68 × 10−2 0.90
6 1.22 7.26 × 10−1 3.90 × 10−1 1.95 × 10−1 9.74 × 10−2 5.37 × 10−2 0.52

eocx – 0.75 0.90 1.00 1.00 0.86
eocxxt – – 1.42 1.65 1.89 1.94
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-1 1

Figure 4. Discrete solution for the colliding circles test case in Section 4.3 at intervals of
0.1T . Extension elements in T n

S±
δ

are marked in green.

-1 1

Figure 5. Discrete solution for the colliding sphere test case in Section 4.4 at intervals of
0.2T . Extension elements in T n

S±
δ

are marked in green.

The radius is chosen as R = 0.5 and T = 1.5, such that ϕ(x, 0) = ϕ(x, T ). The transport field is given by

w =
{

(0, −1)T if (x2 > 0 and t ≤ T/2) or (x2 ≤ 0 and t > T/2)
(0, 1)T if (x2 ≤ 0 and t ≤ T/2) or (x2 > 0 and t < T/2).

The background domain considered is Ω̃ = (−0.6, 0.6) × (−1.35, 1.35) and diffusion coefficient is chosen to be
0.1. Finally, the initial condition is given as u0 = sign(x2).

We take h = 0.07, ∆t = T/80 and use the BDF2 scheme. The results at intervals of 0.1T can be seen in
Figure 4. Visually, these results match those presented in [28]; however, here we conserve the total of our
scalar quantity up to machine precision in every time step. As in [28], mass is exchanged between the two
domains, as soon as the ghost-penalty extension domains overlap, rather than when the domains overlap.

4.4. Example 4: Colliding spheres. Finally, we extend the previous example to three spatial dimensions.
The geometry is now described by the level set function

ϕ(x, t) = min{∥x − s1(t)∥2, ∥x − s1(t)∥2} − R, with s1(t) = (0, 0, t − 3/4)T , s1(t) = (0, 0, 3/4 − t)T .

The radius is chosen as R = 0.5, the end time as T = 1.5, and the transport field as

w =
{

(0, 0, −1)T if (x3 > 0 and t ≤ T/2) or (x3 ≤ 0 and t > T/2)
(0, 0, 1)T if (x3 ≤ 0 and t ≤ T/2) or (x3 > 0 and t < T/2).

The background domain is Ω̃ = (−0.6, 0.6) × (−0.6, 0.6) × (−1.35, 1.35), ν = 0.1 and u0 = sign(x3).
We again take h = 0.07, ∆t = T/80 and use the BDF2 version of our time-stepping scheme. The results

at intervals of 0.2T can be seen in Figure 5. We again observe the same behavior as in the previous two-
dimensional behavior, and the total of the scalar quantity is preserved up to machine precision in every time
step.
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