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Abstract

Approximating functions of a large number of variables poses particular challenges
often subsumed under the term “Curse of Dimensionality” (CoD). Unless the approx-
imated function exhibits a very high level of smoothness the CoD can be avoided
only by exploiting some typically hidden structural sparsity. In this paper we propose
a general framework for new model classes of functions in high dimensions. They
are based on suitable notions of compositional dimension-sparsity quantifying, on a
continuous level, approximability by compositions with certain structural properties.
In particular, this describes scenarios where deep neural networks can avoid the CoD.
The relevance of these concepts is demonstrated for solution manifolds of parametric
transport equations. For such PDEs parameter-to-solution maps do not enjoy the type
of high order regularity that helps to avoid the CoD by more conventional methods in
other model scenarios. Compositional sparsity is shown to serve as the key mechanism
for proving that sparsity of problem data is inherited in a quantifiable way by the solu-
tion manifold. In particular, one obtains convergence rates for deep neural network
realizations showing that the CoD is indeed avoided.
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Constructive Approximation

1 What this Is About

We first aim to destill several questions that guide the subsequent discussion in this
paper.

1.1 High Dimensional Approximation, Solution Manifolds, and Operator Learning

The need to approximate functions of a large number of variables arises in variety of
contexts, most notably maschine learning, partial differential equations (PDEs) like
Schrodinger equations, Kolmogorov equations, Fokker-Planck equations, describing
the evolution of probability distributions in high dimensional phase spaces, see e.g [3].
Third, and this will be a focus in this paper, in Uncertainty Quantification (UQ) one
typically deals with PDEs (in low dimension) whose coefficients, constituitive laws
or other input-data depend on parameters whose range is to ensure that corresponding
parameter dependent solutions cover the range of physically viables states of interest.
In abstract terms this can be formulated as: for each parameter (vector) y € ), a
typically high dimensional parameter domain, find a solution u in a suitable trial
space X such that

Fu,y)=0. (1.1)

Here F (-, y) stands for a Differential operator in residual form that dependson y € ).
Thus, a solution # = u(x, y) becomes a function of the spatio-temporal variables x
(or (t, x) if one wishes to distinguish the time variable from the spatial ones) in a com-
putational domain €2, say, as well as on the parametric variable y € ). Applications
concerning this setting require exploring the corresponding solution manifold

M={u=uly)eX:yel},

comprised of all states in X that arise when traversing the parameter domain ). In
essence this amounts to efficiently evaluating the parameter-to-solution map y >
u(y) € X, for instance, by generating surrogates for this map. Hence, this boils down
to approximating functions over the high dimensional domain © x ). Determining
such surrogates can be interpreted as nonlinear model reduction or operator learning,
depending on how the approximation is fabricated. The latter viewpoint is a currently
vibrant research field, see [21] and the references cited there.

We adopt here a wider notion of solution manifold that arises in the context of
operator learning. Rather than confining the discussion to finite dimensional parameter
domains ) C R%, Y could be viewed as a class of functions, accommodating, for
instance, initial or boundary conditions, or right hand sides, which can be viewed as
infinite paramater arrays. In computations the elements of ) need to be approximated
as well, (or truncated) in balance with the overall target accuracy. In the present paper
we keep ) finite dimensional and use a different notation for those problem data that
are infinite dimensional fields (see Theorem 4.9). At any rate, operator learning is
therefore intrinsically high (even infinite) dimensional.

A notorious obstruction encountered in any high-dimensional approximation task
is the so-called Curse of Dimensionality (CoD). It roughly expresses an exponential
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dependence of computational complexity on the number of variables the approximand
depends on. One should keep in mind, that one can quantify approximation perfor-
mance in X only for elements of some compact model class K in X. Thus, being able
to avoid the CoD or not, depends on both, the model class of functions one wishes to
approximate in quantifiable terms, and the approximation system (polynomials, ratio-
nal functions, splines, wavelet systems, frames and even more general dictionaries, or
neural networks) one wishes to employ for this purpose. This raises the question:

(Q): which model classes capture the properties of solution manifolds well and
what are suitable approximation systems?

This issue is relevant for describing both the domain and the range of (solution)
operators in operator learning.

A powerful concept for understanding the interplay between model class and
approximation systems is the notion of approximation classes. Roughly, A* =
A% (2, X) collects all elements in a Banach space X that can be approximated in
X by elements from the given approximation system %, with arate O (n~*). A central
theme in approximation theory is then to characterize A* by intrinsic properties of its
elements like Sobolev- or Besov-regularity. This has been very successful for systems
based on spatial localization (splines, wavelets) (nearly) characterizing the classes
A* as such smoothness spaces X* suggesting corresponding unit balls = UX® as
suitable model classes, see [9]. A prototype estimate for the best approximation of a
function v € X*, a subspace X* of smoothness s in X, by piecewise polynomials of
order at least s on partitions with N cells reads

lv—vnlx < CN~*/4

lvlxs, N eN. 1.2)
Thus, to achieve target accuracy ¢ > 0 requires the order of £ ¢/* degrees of freedom,
which is intractable for large d and fixed s. In brief, using Sobolev- or Besov-balls in
high dimensions as model classes in conjunction with localization based approxima-
tion systems is subject to the CoD. The diminished relevance of classical smoothness
in high dimensions is further underlined by the results in [28] saying that the necessary
number of functional evaluations of a function f in C*°([0, 119), with all derivatives
bounded by one, to recover f within a given tolerance, is exponential in d. As a con-
sequence, regardless of the type of the operator, operator learning is a priori doomed
to suffer from the CoD if the model classes for the data fields have in essence the same
entropy numbers as classical smoothness classes in high dimensions. In that sense one
could say that a principal shortcoming of the current theory on operator learning is
the lack of appropriate model classes for the operator domain that, on the one hand
are “thin” enough to avoid the CoD, but still fit relevant application scenarios—one
of the central objectives in this paper.

Thus, (Q) requires looking for different types of model classes. One angle is to
determine the Kolmogorov n-widths of M. More generally, for a given compact set
K C X (the model class) in a Banach space X they are defined as

d,(K)x := inf sup inf |v — v,|x,
V":”UGIC”’IEV"

@ Springer



Constructive Approximation

quantifying how well each v € K can be approximated by elements from a single
linear space.

Addressing a central question in Uncertainty Quantification (UQ), it turns out that
when (1.1) is a second order elliptic model where the diffusion coefficients depend
affinely on the parameters, dy (M) p1 ) decays exponentially and, under suitable
summability conditions of such parameter expansions, even robustly in the parameter
dimension dy. Infact, it can be shown that under such circumstances the map y > u(y)
iseven holomorphic, see [8] and the references cited there. Thus, at least indirectly very
high smoothness comes to aid and approximation systems like sparse high dimensional
polynomial expansions in y or Reduced Basis methods can be shown to avoid the CoD,
see e.g. [4].

Unfortunately, for a wide range of PDE models (1.1) holomorphy of y +— u(y)
does not persist to hold and the Kolmogorov widths exhibit a poor dimension depen-
dent decay. This is, in particular, the case for non-dissipative models describing wave
propagation or transport, see Sect. 1.3 for more details.

Apparently, for such scenarios linear approximation, i.e., approximating the objects
in a model class from a single linear space (although determining such a space and
a concrete approximation from that space could be a nonlinear process) is no longer
adequate. Instead, nonlinear approximation, i.e., the approximation system consists
of functions that depend in a nonlinear way on its degrees of freedom, as a basis for
nonlinear model reduction, might offer advantages. A prominent example of a highly
nonlinear approximation systems are (Deep) Neural Networks ((D)NNs) which play
a central role also in what follows.

To put this into proper perspective, as a benchmark for the ability of approximating
a compact set (a model class) by elements from a nonlinear system, several variants
of nonlinear n-widths have been proposed, based on factoring the construction of a
nonlinear approximation as follows

8,(K)x = inf sup [[v— D, (E,v)|x. (1.3)

nsPnyelC

Here the infimum is taken over all encoder-decoder pairs E, : £ — R", D, : R" —
X. To exclude practically meaningless pairs, for instance, based on space filling curves,
one subjects E,, D, to stability conditions whose choice gives rise to several variants
of such widths, such as manifold widths, stable withds, Lipschitz widths, see [5, 11,
30]. The stability requirements in the latter two variants are somewhat stronger than
mere continuity originally required for manifold widths in [11]. As a consequence,
one is able to establish the validity of a version of Carl’s inequality. This means that a
certain decay rate of those nonlinear widths implies a certain decay rate of the entropy
numbers e, (K)x. They mark the smallest radius that can be attained by covers of /C
consisting of at most 2" X-balls (which means that the centers of such covers can be
encoded by n-bits), see e.g. [9, 26].

A first interesting consequence of these findings is that, if one insists on one of
the above stability requirements on nonlinear approximation the possible gain of non-
linear approximation over linear approximation is in some sense sandwiched by the
discrepancy between the respective rates of entropy numbers and Kolmogorov widths.
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In particular, when the entropy numbers already suffer from the CoD, as is the case
for the classical smoothness based model classes UX?, nonlinear approximation offers
little benefit. This motivates the following refinement of question (Q):

(Q*): What are model classes K in high dimensions d, that are in the above
sense relevant for approximating solution manifolds, and for which nonlinear
approximation can avoid the CoD while linear approximation can’t. Specifically,
for which model class there holds for instance

d,(K)x = O™y while 8,(Q)x = 0(d*n™P), n — oo,

where § is independent of d? Specifically, what is the role of DNNs in this
context?

1.2 Approximation by DNNs and New Model Classes

There is by now a substantial body of work on the approximation properties of shal-
low and deep neural networks, in modern jargon on their expressive power. A wide
range of results is obtained by “emulation” using that the building blocks employed
in conventional systems permit (exponentially accurate) representations in terms of
small neural networks. These findings show in essence that (perhaps up to /og-factors)
DNN approximation can match the performance of a diversity of conventional meth-
ods, meeting in particular the n-widths benchmark in numerous scenarios, see e.g. [7,
10, 14, 17, 19, 23, 31, 37]. Given the well-known pitfalls of DNNs with regard to a
notorious uncertainty of optimization success, this may look disappointing at a first
glance and offers little help with regard to (Q*). Nevertheless, an advantage is seen
in the fact that a single approximation system can match the performance of other
specialized methods in a diversity of scenarios, covering not only finite smoothness
but the ability to simultaneously approximate fractal functions and holomorphic map-
pings very well, see e.g. [29, 37]. In addition it has also been shown that the actual
approximation spaces for DNNs for algebraic approximation orders are significantly
larger than the corresponding smoothness classes on which such an order has been
established, [14].

In a different direction there are stunning results on super-convergence for DNN
approximation on smoothness classes. Roughly speaking, when s is the degree of
smoothness, the classical rate O (n ™%/ d) (see (1.2)), canbe doubled, i.e., DNNs achieve
the rate O(n_ZS/d), n — 00, see [33, 35, 37]. Unfortunately, this is not enough to
delineate DNN's from other approximation systems regarding the CoD.

Regarding new model classes, A. Barron’s result in [1] has played a pioneering role
for high dimensional approximation. The so called greedy construction of shallow
neural networks with a single hidden layer [1] represents an instance of nonlinear
approximation process that realizes dimension independent approximation rates when
the model class is a Barron class, see e.g. [2, 34]. Note though that this model classes
become “smaller” with increasing dimension. In fact, the defining conditions on the
Fourier transform entail L-Besov smoothness of order d /2. Moreover, Barron spaces
turn out to be approximation spaces for shallow (2-layer) networks, i.e., their elements
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can be characterized through approximability by shallow networks at Monte Carlo
rates, [12].

Barron spaces do, however, not characterize deep networks and are still subject to
smoothness constraints. It should not come as a surprise that the expressive power of
deep networks is closely tied to compositions of mappings, as DNNs themselves are
special compositions. Several recent works are concerned with model classes based
in different ways on compositional structures.

The authors in [27] characterize limits of compositions defined through sparsely
connected graphs in the context of approximations on (high dimensional) Euclidean
spheres. The important insight is the connection between the sparse graph-connectivity
and the ability to avoid the CoD. This is also an important aspect in the approach to
high dimensional nonlinear regression discussed in [32] which is actually closer in
spirit to the present paper.

The authors in [12] propose so called compositional spaces as model classes to
(nearly) characterize the approximation spaces for ReLU residual networks based on
neural ODEs. As the authors mention themselves it is not so easy to see in a concrete
application whether the target objects belong to these composition spaces. While these
spaces describe certain limits of ReLU ResNet networks itis less clear how this pertains
to the CoD.

In the present paper we propose a different approach to compositional model classes
as described next.

1.3 Contributions and Layout

Our findings in response to the questions (Q), (Q*) revolve around two different yet
intertwined main contributions:

(I) We propose and analyze a new notion of compositional approximation spaces
to serve as model classes for high dimensional operator learning. They represent a
certain “structural sparsity” or “regularity” in a broad sense that can help to avoid or
mitigate the CoD, see Sect. 2.

(IT) We apply these concepts to characterize the complexity of solution manifolds
of parameter dependent linear transport equations (see Sect. 3) and show that the
CoD can indeed be avoided when approximating corresponding parameter-to-solution
maps.

We proceed putting (I) and (I) into proper perspective. Regarding (I), the perhaps
main difference from previous works is that the regularity notion under (I) describes
closeness of a given function to compositions with certain desirable structural as well
as stability properties, see Sect. 2.4. We stress that these objects are still compositions
of (continuous) functions that are not determined yet by a finite number of degrees
of freedom. There is also no reference to specific neural network architectures or
activation functions. In brief, the elements of the approximation classes are regularized
limits of such tamed compositions, see Sect. 2.

Computational approximations take place at a second stage where the structural
properties of the continuous objects can be exploited to arrive at a finitely parametrized
DNN approximations, see Theorem 2.16 in Sect. 2.6. This approach is somewhat
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motivated by [6] where tensor approximation spaces are shown to overcome the CoD
when approximating solution manifolds of high dimensional diffusion equations in
the following sense. It is shown there that a certain rate of “tensor-approximability” of
the right hand side implies a “certain tensor approximability” of the solutions which
can be viewed as a regularity theorem in a broad sense. Analogous results for DNN
approximation form a further central objective in the present paper.

The specific taming conditions on compositions in the present context can to some
extent be motivated through the celebrated Arnold—Kolmogorov Superposition The-
orem, Sect. 2.2.

Although the primary application is to solution manifolds of transport equations, the
reason for considering first compositions on a continuous level is to potentially widen
the range of applicability. In general, elements of solution manifolds, as solutions to
operator equations, can often be described in a constructive way as limits of iterative
processes which naturally tie into limits of compositional structures, see also Sect. 5
for further comments.

Concerning (I), our interest in transport equations stems from the fact that they
are a prototype of PDE models for which established methods for model reduction
like Reduced Basis Methods (RBMs) fail. As explained above in Sect. 1.1, this is in
stark contrast to elliptic models where the Kolmogorov n-widths decay robustly with
respect to the parametric dimension.

Instead, for linear transport equations holomorphy of parameter-to-solution maps
can only be established under very restrictive (and unrealistic) conditions on the con-
vection field and the domain, see [20]. This appears to call for strictly nonlinear model
reduction approaches and, to our knowledge, the authors in [24] are the first to explore
DNN approximation for parametric transport equations. One should note though that
the convergence rates established there still reflect the full CoD. As functions of spatial
and parametric variables the constructed DNNs A/, satisfy

m+1+dy

lu—Nelle,, <&, #Neme @, e—0, (1.4)

wherem+1, d, denote the number of space-time and parametric variables and « repre-
sents the smoothness of the solutions resulting from suitable smoothness assumptions
on the problem data (initial conditions, right hand sides, convection coefficients). The
reason is that the authors assume only a certain degree of smoothness of the prob-
lem data which, in view of the comments in Sect. 1.1, the results are in essence best
possible.

This indicates, in particular, that all one can expect is to leverage the properties
of the PDE to derive a “regularity theorem” of the type mentioned above for tensor
approximation in [6]. In brief: a certain regularity of the problem data—in the present
situation, dimension sparse compositional approximability—implies a certain related
degree of regularity (in the same sense) of the solutions.

Results of this type, concerning (II), are presented in Sect. 4. Recalling the way how
solutions to transport equations depend on characteristics, the key to understanding
compositional approximability of solutions is to quantify first compositional approx-
imability of characteristics which is the subject of Sect. 4.1. For instance, when the
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parameter dependence of the convection field is affine (a simple instance of dimension-
sparse compositional approximability), the characteristics, as functions of m spatial
and d, parametric variables, can be approximated by DNNs as follows

LT LT

e m+1 e 2
lz — NSHLDO([O,T]xnyng) <eg, #Ne = dy(T) ‘logz T

s

avoiding, in contrast to (1.4), any exponential dependence on the large dimension d.

Based on these results, we present in Sect. 4.2 similar results that bound the com-
plexity of solution operators as mappings on parameter dependent convection fields,
initial data, and right hand sides, avoiding the CoD.

In Sect. 5 we close with indicating several directions of future research suggested
by the present findings and their bearing on a wider problem scope.

All proofs are deferred to Sect. 6.
Notational Conventions: In what follows we often write a < b to indicate that a
is bounded by a constant multiple of b where the constant is independent of any
parameters a and b may depend on, unless specified otherwise. Accordingly a ~ b
meansa < bandb =< a.

For notational brevity and convenience we will use, for any pair of finite dimensional
metric spaces X, Y and any continuous function g : X C Rdb — Y c RY, the
shorthand notation

lglix = lIgllLex;y)y =sup  sup [gi(x)] = sup |g(x)]oo,
xeXi=l,...,d; xeX

when the particular domains and ranges don’t matter.
Likewise we use the domain- and dimension independent notation ||g||Lip, » | - |Lip,
to denote the full Lipschitz norm, respectively semi-norm

._ lg(x) — g(@)]
|8ILip, = sup ————

o lIgllLip, == max{liglloc, [&Lip}-
x,zeX |x - Z|oo

Our default meaning of | - | for vector-valued arguments is the max-norm.

We consistently denote generic scalar- or vector-valued functions by v. Composition
factors are denoted by g, &, their compositions by G (which could be scalar- or vector-
valued), spatial variables in R™, m € {1, 2, 3} by x,z, w € R™. In particular, z =
z(+, -) as a function of time and space denotes a field of characteristics in R”. We
reserve u to denote the solution of a PDE while f stands for corresponding right hand
side. We use superscripts to index vector-valued quantities while subscripts enumerate
their components.
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2 Compositions

2.1 Compositional Representations

We will interpret “compositions”—denoted in what follows by the symbol “o” in
(goh)(z) := g(h(z)), in a broad sense, covering iterated applications of global oper-
ators as well as pointwise compositions of continuous functions. Here dimensional
compatibility is always implicity assumed, i.e., dimrange 2 = dim dom g. Specifi-
cally, we consider compositions of mappings

¢! :Dyc R RN gt RN S RE =2 .. n,

where we always require that the last factor is linear, i.e., for some o; € R, i =
1,....d,1

dy—1
n n—1
8§ = Zaig,‘ .
i=1

It will be convenient to abbreviate the ordered array of such dimension compatible
mappings by g = (g’ )’]’.:1 to provide a particular realization

G(z) =(g" o 0g")(2) =: Gy(), 2.1)

of a mapping from Dy C R% — R We sometimes simply identify g with Gg. A
prominent example of compositional representations are DNNs whose formal defi-
nition can be found in numerous texts, see e.g. [7, 10, 15, 19, 29, 37]. Here we are
content with mentioning that DNN realizations (denoted by N) are (in their simplest
feed-forward version) of the form (2.1) with factors g/(-) = o (A/ - +b/) where
Al e R4*dj-1 pi e RY, and the activation function or rectifier ¢ acts compo-
nentwise. An important example is the ReLU rectifier o (#) = max{0, ¢t} =: t;. The
entries in A/, b/ or in the linear output layer are called weights and their number #\/
is the size or complexity of the DNN A, There are numerous important “architectural
variants”like ResNet structures. We will address those as well as slight generalizations
later below when the need arises.

2.2 The Arnold-Kolmogorov Superposition Theorem

The role of compositions, albeit not being emphasized as such, made an early appear-
ance in the celebrated Arnold—Kolmogorov Superposition Theorem. In a variant
established by G. G. Lorentz [26], it states that every continuous function G on
Dy = [0, 1]¢ has an exact representation

2d d
Gxr,ox) = 3 O( D bgp(xp),
q=0 p=1
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where @, ¢, , are continuous functions. Thus, G = g*og?0g?og!, where g'(x) =
2d
@g.pCepDpol e di = Qd+1)d, 82@) = (X0, zq,p)q_o,i.e.,dz —2d+1,

23(2) = (P(zg)2y, d3 = 2d + 1, g*(z) = Y22 z4. Hence, every G € C([0, 11%)
has a compositional representation of depth at most n = 4. Moreover, the structure
of this composition is an instance of what is defined below as a 1-dimension sparse
representation because composition factors are either affine or its components depend
only on a single variable.

In principle, approximations to the univariate functions ¢, , and an approximation
to the univariate function ® would produce an approximation to the high dimensional
function G. While the ¢, , can be made Lipschitz continuous, one can unfortunately
not assert any additional smoothness of ® beyond just continuity, even when G is
assumed to have some positive degree of smoothness. So, realizing any target approx-
imation accuracy for @ could be arbitrarily expensive. This limits the direct use of the
Superposition Theorem for practical purposes, see [ 13, 22] for somewhat controversial
views in this regard.

From a positive perspective, as soon as ® has some extra smoothness one would
be able to defeat the CoD since only approximations to functions of a single variable
would be required. This shows that dimension sparsity is in some sense a key property
but by itself not sufficient to avoid the CoD.

The idea, underlying the following sparsity notion, is simply to relax “exact” to
“approximable”, allow for a larger depth, but keep the requirement that the composi-
tional factors, unless having a simple explicit computable representation, depend only
on a few variables, whose number stays much smaller than d. Moreover, to estimate
accuracy of compositions one needs to quantify (at least a low degree of) smoothness
of composition factors. These structural constraints give rise to what will be termed
as tamed compositions.

2.3 Compositional s-Dimension Sparsity

Since
fog=(foho(hog) = fog,

a mapping G may have infintely many compositional representations. In slight abuse
of terminology we sometimes write g5 to express that g is a representation of the
mapping G. Hence, one can always “reshape” compositional factors where the factors
in the new represenation could have unfavorable regularity or stability properties, or
in fact vice versa. Thus meaningful notions of compositional approximability require
specifying some preferred structural properties. In the light of the discussion of the
previous section, we impose two types of constraints:

(C1) We allow only representations g of a given G where all factors g/ are Lipschitz
continuous.

(C2) We require the existence of a representation g which is dimension sparse in the
sense described next.
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We note that constraint (C2) draws some motivation also from the work on nonlinear
regression in [32].

To that end, we quantify next the “cost” associated with a scalar valued function
v : RY — R, in particular, taking the number of “active variables” into account.
Define

S(v) :=0, ifv(xy,...,xq) =x; forsomei, S(v):=1, ifv ismulti-linear,
otherwise
S(v) := mig{EII C{l,....,d}:#1T =S,V j¢1I, v(xj:j¢Z)isaconstant}.
s<
2.2)

In other words, we don’t charge any cost to v if it just reproduces the value of one of
its input-variables. It is charged one cost unit if it already has a finitely parametrized
explicit represenation. In all other cases the cost attached to v is the number of variables
it explicitly depends on.

Then, given a dimension compatible ordered array g = (g/ )’;:1 let

Soo(g) —maxmaxs(g )

j<n i<
Definition 2.1 A representation g of a mapping G of the form (2.1) is called s-
dimension sparse if Seo (g) < S.

This gives rise to the following measure for the compositional complexity of a
representation g

N(g) —ZZs(g ><Zd/ 1d;.

j=li=1

Remark 2.2 Thus, when g represents a DNN A/ dimension-sparsity corresponds to
sparse connectivity and 91(g) ~ #/N which will be frequently used in what follows.

We say that two representations g, g’ are dimensionally compatible (in this order) if
Gg. Gy are, i.e., if the output dimension dj, () agrees with the input-dimension do(g’).

Remark 2.3 For any two dimensionally compatible representations g, g/, the compo-
sition G := Gg o Gy has a representation § = (g'|g) satisfying

N(@) = N(g) + N(g). (2.3)

Likewise, when g, g’ have equal in- and output dimension, i.e., do(g) = do(g') and
dn(g) = dn(g), the sum G = Gg + Gy has a representation § = ( ) satisfying

N(E = N(g) + N(g). 2.4
This follows easily by (what in the DNN context is called) parallelization (as hinted

at by the notation ( gg,)), upon possibly inserting identity factors in the representation
of smaller depth.
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Given any integer S,

Cysi={G :3g6 st M@ = N, sx(e) <5}

denotes then the collection of mappings with S-dimension-sparse representations of
complexity at most N. When the input-domain D C R? and output-dimension d’
matters we write €y (D, d’).
Cn s is of course not a linear set but, by Remark 2.3, one has (for compatible in-
and output dimensions)
Cns+Cys CENLN s (2.5)

Likewise for mappings G € €y s(D,d"), G € QN/,S(R”’/, d") we infer from (2.3) that
GoG eCyoys(D,d". (2.6)

The following remarks motivate the discussion in the next section.

Remark2.4 When S > dy, D C R% the constraint of S-dimension sparsity is, of
course void. In this case one simply has that € s(D, d") = Lip, (D; R4, In fact, any
G € Lip;(D, d’) has a trivial representation

Gx)=(fogh(x), g =G, i=1,....d ¢ =idy.

So, s-dimension-sparsity with S < d = dj is essential for such a framework to offer
interesting information.

2.4 Tamed Compositions and Approximation Classes

Since the classes €y s need not be closed, approximation by elements in €y s needs
to be regularized. Assume that R : g — R(g) € R4 complies with addition and
composition in the sense that

R(:) < max{R(g). R(g)}. R(GgoGy)
< max {R(g), R(g), R() - R()}, @7

where we assume dimensional compatibility in the second relation. We discuss
instances of R, based on (C1), later below.
Then for any G € €y s let

IGlvs. = = IGlN.s = inf {R(®) : Gg =G, s®) <5, N@ = N|. 28)

We supress reference to R when this is clear from the context. We refer to || - || v s, as
“compositional norm” although it is not a norm but close to one. In fact, the following
relations follow from Remark 2.3, (2.5) and (2.6), combined with (2.7).
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Remark 2.5 For any G € ¢y s and Gec & s With the same in- and output dimensions
one has ~ y
G +Glly; 5.5 = max{liGlins. 1G5 s}- (2.9

Similarly, for dimensionally compatible mappings G; € €y, s, i = 1, 2, one has

G2 0 Gillny+n,,s = max {IIIGl Ivy.ss 1G2llny.ss NGl s - |||G2|||N2,s}~ (2.10)
In the spirit of [6], consider the “K-functional”

Ks(v,N,8) = inf [v—Gllr, +lGlns. (2.11)
GE@N,S

Obviously, Ks(v, N, 8) < C8 means that for some G € Cn sonehas || v—G ., < Céo
and ||G|| N.s < C,i.e., accuracy 8 is achieved with a controlled “composition-norm”.

Interrelating N and § is then a way to define collections of functions with a certain
quantifiable compositional approximability. A (smooth) strictly increasing function
y : Ry — Ry with lim_, o y(s) = 00, is called a growth function. Its inverse y !
exists and is also a growth function. This is to be distinguished from y H1=1 /v ().
Given such a growth function y, we consider the compositional approximation class

AP = {v € Xt [vllars = [lvlloo + 0] ars < 00},

where |v] grs 1= supyen ¥V (N)Ks(v, N, y(N)™).
Since trivially

v = GnllLe <y 'y {ilv = Gyllie + YN IGNIINs) < v (N) vl ars,

we will use the information v € AYS often in the form that for each N € N there
exists Gy € €y s such that

lv = Gnlle < y(N) ' vlars, lIGwlns < llvllars, NeN. (2.12)

To put it differently, realizing target accuracy ¢ by a composition Gg, is achievable
within a complexity N = N, of the order

N, = ’7)/1('1)'“:%5)—‘. (2.13)

Remark 2.6 Finer scales A”-#S, 8 € (0, 1], of approximation classes can be obtained
by defining |v| 4y.5.5 := SUp, ey y(N)ﬁ Ks(v, N, y(N)_l). This implies the existence
of Gy € €y ssuchthat [v=GyllLy, < ¥ (N) || gy, whiley (NP |Gy lln.s <
[lv]| av.s. So, for B < 1 the composition norms are allowed to grow like at most
y(N)!=# N e N. Since in subsequent applications a uniform control on composition

norms matter, we confine the discussion henceforth to the special case § = 1
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2.5 Choices for R and Basic Properties of ¢y s and AY>S
Although other variants of R are conceivable we focus here on
R(g) = max {Ig"ILip,, Lin@.e+11® : €= 1,...,n@},  (2.14)

where Li,(g).¢+1)(g) denotes the Lipschitz constant of the partial compositions g"® o
-- 0 g“‘l. One easily verifies that R satisfies (2.7). Controlling || - || 5,s, obviously
constrains representations of elements further. In particular, for R, given by (2.14),

IGliLip, = IGlins, G € &ns. (2.15)

Remark 2.7 Tt will be at times useful to consider alternate weaker regularizers. A
natural alternative would be

R°(g) := max {|Ig"llLip, : ¢ = 1,...,n(g)} (2.16)

so that trivially
IGllN s.Re < IGlln.s R < max{L, IGIY s go)- (2.17)

Remark 2.8 The definition of .A”-S makes sense for any regularizer satisfying (2.7). If
we want to specify any other regularizer than the default one (2.14) we indicate this
by a corresponding subscript such as e.g. AL,

Another way of weakening || - ||y s is to replace the compositional Lipschitz con-
stants Ly, (g),¢+11(g) in (2.14) by £(N)Liu(g),e+11(g), where {(N) — 0. This would
permit some growth of the L, g),¢+11(g) and hence no longer forces compositions to
stay in Lip;. In view of the applications to come, we focus in what follows on the
stronger version (2.14), which implies (2.15), see also Remark 2.6.

Proposition 2.9 For any fixed constant B < oo and any S € N the set

Cys(B) :={G € &y : |IGllns = B}
is compact in Lo := Loo(D) for either regularizor R or R°. Hence, a minimizing
representation in (2.8) exists.

The proof of Proposition 2.9 is given in Appendix A. Again, in view of Remark 2.4
and (2.15), compactness of €y s(B) is trivial when S > dp or R is given by (2.14).

We briefly discuss some basic consequences for the approximation classes A5,

Again, on account of Remark 2.4 the classes Ay’s, A%’zf agree with Lip; when
S > dyp and hence do not provide any useful information. In particular, by (2.15) and
(2.12), balls in these classes are compact when S > dy. Since [|v|Lip, < ”v”A%‘S for

all s € N, precompactness of K, s(B) is also immediate. Since in general A%/zf need
not be contained in Lip; for S < d the following claim requires an argument provided
in Appendix A.
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Remark 2.10 The unit ball
UA"S :={v e A" : [v||lars < 1}

is for any S € N compact in C(D).
We record a few elementary properties of the classes A?S.

Remark 2.11

(a) Obviously one has
y() S 7)) = AV A,
(b) Whenever y satisfies y (N) > ¢,y (2N) for N € N, one has A"S + A" C A",

Remark 2.12

(a) Foreach N € N (fixed) €y s C AY*S for every growth function .
(b) Assume that y < y and y(N) > ¢,y (2N) for a fixed ¢, > 0. For respective

equal input- and output-dimension and R according to (2.14), A5 is closed
under composition with elements from .A”-5. An analogous statement holds when

veAS(D,d), w e Agz’f(D/, d"), dim D' = d’. The growth range covers any
polynomial growth.

Proof (a) is obvious.

Regarding (b), forv € A”Sandw € A", N € N, thereexist G, G, € €y s (with
respective in- and output-dimensions), such that [|[v — G|, < V|| 4rs y(N)~!, and
lw—GuyllL, < ||lU||A}7,s)7(N)_1. Thus, since by (2.6), G, o G, € oy 5, We use
(2.15) to conclude

[wov=GuoGullLy < 1w =Gu) o vliLy + 1Gu®) = Gu(Go)lLy
< wll 4757 N~ + G lLip, 1vl]arsy (N) !
=c' ||w||,4f‘s{1 + IIUIIAr,s}y(zN)”.

Since by (2.10) and (2.12), Gy o Gyllan,s < max {|wl 47, [Vllars, [wll g7.s -

vl 4vs}, (b) follows. ]

2.6 From Continuous to Discrete

2.6.1 Lipschitz-Stable Neural Network Approximation

The approximation classes introduced above characterize approximability by “tamed”
or “regularized” compositions which themselves are not yet described by finitely many

parameters. However, the compositional structure leads, in a second step, to a finitely
parametrized approximation, see also [32] for an approach in the same spirit. The
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relevant property is the first constraint (C1) and the control of Lipschitz norms enforced
by the above choices of R, see (2.14), (2.16), and their role in (2.12).

Specifically, perturbing a tamed composition, by approximating all or some of its
components, (C1) allows one to estimate the overall error. The following is a simple
folklore perturbation bound. Consider dimensionally compatible Lipschitz functions
g, h with constants Lo, Lj, and &, &, accurate approximations g, h. Then

lgoh—gohllL, <lgoh—gohl,+lgoh—gohlL,
< Lgep + &g. (2.18)

Given a compositional representation G4 of the form (2.1), we denote for k < n by
Link] = Lin.x)(g) the Lipschitz constant of partial compositions g" 0 g" ! o - .- o gk.
It will be convenient to set L{;, ,41] = 1. Then, using the above argument inductively
yields the following familiar facts. see e.g. [32].

Remark 2.13 Assume that we have mappings g/ : R4-1 — R%, j =1,...,n, such
that
lg! =&/l <ej j=1,....n.
Then
n—1 n
lg"o-og' =g 0 0@ Iy Sent+ D &Lt =Y &Linji
j=1 j=1

By a symmetric argument we can replace L, j+1](8) by Lin, j+11(8).

In terms of the individual Lipschitz constants, one has, of course, L{, x] < ]_[;fzk Lj.
Finally, the estimates remain valid for more general iterated applications of operators
as long as an estimate like (2.18) holds.

An important context where this will be used later is the following result.
Proposition 2.14 For any § > 0, and any v € Lip,((0, 1)%), there exsist a ReLU
network N such that

lv = Nslloo <8, IINslILip, < e3(1 + [vlloo) [V]ILip, » (2.19)

and
1 1
#AG = cillvlfip, 8" logy 5. depth of N < 2 logs 5. (2.20)

where the constants c1, c3.c3 depend only on S. Using if necessary Lipschitz-stable
continuation from bounded domains to hypercubes, analogous results hold for more
general domains under mild geometric constraints (see e.g. [19]).

Giihring et al. [19] establishes the existence of ReL.U networks that approximate
functions of higher Sobolev regularity in weaker Sobolev norms without compromiz-
ing the standard complexity bounds. If we imposed more regularity than just g € Lip,
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these results would imply (2.19) with a constant tending to one. In the present con-
text we prefer to avoid assuming such “excess regularity” and sketch corresponding
arguments in Appendix A for completeness, building on some of the concepts in [19].

Remark 2.15 Lipschitz functions of S variables are known to be approximable by deep
networks at a super-convergence rate. That is, one achieves accuracy ¢ at the expense
of O (¢7%/?) rather than O (¢~5) weights, see [33, 35, 37]. In the present context it will
be important though to limit depth and to control in addition the Lipschitz stability of
approximating networks. We refer to the discussion in [10] regarding the compatibility
of super convergence and stable approximability. Besides, even the super-convergence
rates would not avaoid the CoD. Therefore, we are content with the above non-optimal
rates.

2.6.2 Implanting Finitely-Parametrized Components

“Implanting Lipschitz-stable neural networks” means that every component (non-
trivial) g/ in a factor g/ with S(g/) > 1 is replaced by a neural network (with in- and
output-dimension one), so as to produce an expanded composition whose factors are
either at most bilinear or neural networks. So in total they form a finitely parametrized
function which we still refer to as a neural network. Note that this approximation does
preserve S-dimension-sparsity.

The next result reflects the underlying guiding principle.

Theorem 2.16 Assume that v € A”*S, then for every ¢ > 0 there exists a DNN N,
such that
lv—NellLy, <, (2.21)

where

~

2
#M < 25(||U||8V4y.s)8(y_l<2|v|v4y‘s))s+1

£
2 : 2 ,
max{logz M,logz yfl( |U|Ays)}. (2.22)
€ £
Moreover, one has
INeln,s < T0ls Ne sy~ (2lvlars/e), (2.23)

while for the weaker regularization R° one has ||Nelln, s e < Ilv | q7:s.

) R
Thus, unless ||v|| 4».s hides an exponential dependence on the large input dimension
dp, unit balls U A" are model classes for which DNN approximation avoids the Curse

of Dimensionality when S < dp.
It is instructive to specialize these estimates for two types of growth functions

(alg): y(r) = Cyr%, or (exp): v(r) = C.e*", (2.24)
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for some @ > 0. (With a bit more technical effort the arguments extend to more refined

scales like y (r) ~ e*” ’ ,forsome 0 < B < 1.) For convenience we record for frequent
future use

=1/ 1/« ~ .
]/_I(S) = {Ca s ’ J/ (alg)a o Z 050 > Ov (225)

éln C%’ y ~ (exp), a > 0.

Hence (2.22) takes the form

s(a+D)+1

oSy ("a) 7 flogy a2,y ~ lg),
2 S 2+s

(—A—HUHE M) log, _Lllv\lg v , ¥ ~ (exp).

When y ~ (exp) strong stability in (2.23) deteriorates only slowly according to
|Ing|

ol s

Iﬁél general, the stronger the algebraic growth order the closer the dominating com-
plexity factor comes to the rate ¢S which is attained for exponential growth (up to
logarithmic factors). This rate is what one can expect for Lipschitz functions of S
variables.

The assertion of Theorem 2.16 hinges on the following Lemma which we state here
for later reference in several applications of similar type.

Lemma 2.1 Assume that for some S < do, the mapping G belongs to €y s, i.e., is
S-dimension-sparse (see Definition 2.1). Let G = Gg € €y 5. Let the DNN N be

obtained by replacing each component gij of each factor g/ with s(g/) > 1, bya 8 |
accurate Lipschitz stable network /\/'l.] ,Le.,

lg! =M llLw: <8,

IV ip, < e3(1+ 1187 loo)llg] lILipy. i =1.....dj. j=1.....n(g) — 1.

Then one has

n(D)—1
IG —NliLy, <én+ Z 8;iLin(D), j+11s
j=1
n(D)—1
#N < D 118l Iipd 87 og, 8. (2.26)
j=1
and
#N < N|IGII}, ¢ max _ 87%|1og, 8. (2.27)
> j=1,..n(D) /

Proof : The first relation in (2.26) follows from Remark 2.13 while the second one is a

consequence of Proposition 2.14 together with Remark 2.2. Since Z;’(:gi di <9(g),
(2.27) follows from the definition of the compositional norms. ]
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We return to the proof of Theorem 2.16. By (2.12) we can find for each N € N a
Gy € €y satisfying (2.12). Given & > 0, (2.13) says that Ny = y~!(2|v] 4r:s/¢)
(we ignore the ceil-opertor) suffices to ensure that

&
”v - GNg”Loo S 5-

Let \V; N,,s denote the DNN, obtained by Lemma 2.1, with implant-tolerances § = §;
all equal. to conclude that for any minimizing representation gy, of Gy,

& g
v —=Nn,sllLs < 3 +on(DENIGN, lIN,.s < 3 + Ned|vll ars.
Choosing § = §(¢) := &/(2N¢||v]| 4rs), produces a network N := Ny, s() satis-
fying (2.21). Regarding (2.22), we infer now from [|G y. lIn.,s < IVl 4»s and (2.27)

that

_ _ A
#N, < Nellvll3ys8(e) S| log, 8(e)| = 25[[0]1%,.s6 SN 5| log, ———A%2 ],

Since N, = y ! (2|U|Ay,s/8), the assertion (2.22) follows.
Finally, regarding the stability of the networks N, we employ the (possibly over-
pessimistic) estimate (2.17) to obtain (2.23). O

Remark 2.17 Time-stepping in discretized dynamical systems is not the only context
where one can expect to encounter compositional sparsity. More generally, solutions
to operator equations can often be approximated by iterative processes such as fixed-
point iterations that may help to assert membership to a compositional approximation
class. This is exemplified next for a specific scenario where standard reduced modeling
concepts suffer from slowly decaying Kolmogorov widths.

3 Linear Parametric Transport Equations
3.1 A Model Problem

We consider the Cauchy problem for a linear (scalar) transport equation in m spatial
dimensions (m € {1, 2, 3}, say) with parameter dependent data

Ou(t,x)+a(t,x,y) Veult,x) — f(t,x,y) =0, xeR"™, re]l0, 7"\), yey,
u(0, x,y) =uplx,y), xeR" ye), 3.1

which is a standard format for models with uncertain data. We assume for convenience
that supp ug = ‘D x Y where D is a bounded domain. Hence, for a fixed time horizon T
the solution, as a function of 7, x can take values different from zero only in a bounded
subset of [0, 7) x R™. In what follows 7 should be viewed as fixed finite but possibly
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large whose order of magnitude is expected to affect the complexity of the envisaged
parameter-to-solution maps y — u(y).

We shall sometimes view u(y) foreach y € ) as a function of (¢, x) € [0, 7‘\) x R™,
i.e., as a “point” in Lo ([0, f) x R™).

To generate in the end efficient surrogates for the parameter-to-solution map, it will
nevertheless be useful to view u as a function of all variables (z, x, y)

u:Q:=1[0,T) xR" x Y — R,

so that for high parameter-dimensionality ) C Ry, dy > 1, one faces approxima-
tion problems in high dimensions. Since we are interested in conditions other than
smoothness that may help avoiding the Curse of Dimensionality we impose only low
or moderate smoothness conditions on the problem data. Specifically, we assume
throughout:

a € C(0,T;Lipi(R" x 1)), lallLo@rm = A,
|a(tv 23 )’) - a(tv Z/v y/)| = Lmax{|Z - Z/|v |y - y/|}a (tv 2, y)v (ta Z/v y/) € Q.
3.2)
In addition we require at times Lipschitz-in-time continuity of a

a e Lip (0, T; CR" x V), [aC, w)l iy 0.7 =< Li- (3.3)

We separate the Lipschitz-conditions (3.2) and (3.3) because (3.3) is, under certain
circumstances not necessary, see Remark 3.1 in the next section.

To see what one can expect regarding sparsity of solutions, the very special case,
where a is independent of ¢, x, is instructive. E.g. when f = Othe solution u(¢, x, y) =
uo(x —ta(y), y) is asimple composition of ug with a linear function in (¢, x) involving,
however, a y-dependent coefficient. Even when u( does not depend on y but a(y) can
be any element in Lip; () the solution can be in essence an arbitrary Lipschitz function
and, as pointed out in Sect. 1.1, stable approximations will suffer from the CoD. The
same holds, if a(y) = a is constant but uo(-, y) is an arbitrary element in a Lip; ()))-
ball. Analogous considerations apply to the right hand side f when only smoothness
conditions are imposed. This is in agreement with the findings in [24] where the only
conditions on the convection field are given in terms of classical smoothness properties.

In conclusion, more specific structural constraints on the data are needed to ensure
that # can be approximated without suffering from the Curse. In brief, all one can
expect is a “heredity” effect where some structural sparsity of the data leads to a
structural solution sparsity that allows one to avoid the CoD.

3.2 Dimension-Sparse Compositional Convection Fields
In the light of the preceding comments we consider convection fields a that belong
to the Bochner-type space of functions that are continuous in time with uniformly
controlled values in A”*S = AJ;Q’S, R given by (2.14)

a € Loo([0, T); AS(R™ x V; R™)). (3.4)
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The regularization (2.14) is used in the definition of A”*S because, under the above
assumptions, solutions and characteristics belong to Lip; (£2).

Here and below m < S < m + 1 + d, marks some dimension-sparsity with respect
to the total number of variables. The fact that we do not assume a € AY-5(Q; R™)
indicates that the time variable receives a special treatment.

Remark 3.1 Time-Lipschitz continuity (3.3) is not always necessary. For our purposes
it would suffice to know that compositional approximability is inherited by time-
averages a;(Z; y) == |I|7! [a(s, Z; y)ds € A5, ie.,

1

lazllars < llall,_o7.arsy ¥ 1CI0,TL 3.5)
This condition holds e.g. in the case of affine parameter dependence, introduced next,
orwhena(t, x; y) = Yi_ a(H)a! (x; y).

A particular case of interest concerns affine parametric expansions for the convec-
tion field

dy
a(t,xiy) =Y yja;(t.x), Y=[-11", (3.6)
=1

ie.,a: Rmtl+dy s RM Syuch representations arise, for instance, from Karhunen—
Loéve expansions of random convection fields in which case the a; have some decay
properties. Notice that the second relation in (3.2) now reads

dy
lall Lo = sup Y laj(t.x)| < A. 3.7)

(t,x)eR i=1

More specifically, we choose the following representation format that allows us later
to explore several possible regimes

a;(r,w) = wjaﬁ(t» w), ”a;”Loo([O,f]me) < A°,

A= max [a5(t,)|Lip, "), (3.8)
j=1,...dy
1€[0,7]
where
dy
d,
o= (1,...,04) €ERY, |0l =) o, sothat A=|[A°.

j=1
Then, one has for all (x, y), (x', ) e R" x Y

dy

la(r, x:y) —a(. x5 y) < Y 1y — yillaj (0] + y/lla; (. x) — a;(t, x|
Jj=1
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< Aly =Y+ Alwlilx — x|,

and therefore

sup |a(r, - )lLip; R xy) = A+ Alwl = L (3.9)
1€[0,7]

is a valid Lipschitz constant permitted in (3.2). Note that we do not require here the
validity of (3.3).

Note also that (3.7) is possible even when w; = 1, i.e., |@|1 = dy in which case
A and L are proportional to dy. The case |w|; = 1 ensures a dimension-independent
boundedness and regularity of the convection field.

However, in either of the two “extreme” regimes (R1): || =1, (R2) : ||} =
dy, the convection field a is m-dimension sparse. More specifically, one has:

Remark 3.2 Assume that the convection field a is of the form (3.6), satisfying (3.7)
and (3.8). Then a has an m-dimension sparse compositional representation of depth
two

at,;) € Cy,m, depth(a) =2, Np:=9N(a) =dy(1+m>+1, (3.10)

and
lacz, -, Hlinm < A+ Alwli, N > Na. (3.11)

Hence a belongs to L (0, f; AY-"™) for every growth function y.

To see this, note that
. _ 2 1 .
a(t,x;y) = (g 0g ), x;y),
where, in view of (2.2), for S4 1= {(r!, ..., r®) e R4y Z?‘:] Irl| < A},

gli(t.x,y) > (y,a1(t,x), ..., a4,(t; x)) € ROITM,

dy , N@) = dy(1 +m?) + 1.
gz:(y,rl,...,rd.V)eyxSA»—>Zj'=1yjr-/, Y

This shows (3.10). Moreover, we infer from (3.9) and (3.7) that
18" ILip, < max{1, A}, 1g°ILip,Wxsy) < (A + Alwh) max {|r —r'|, Iy = y'I}.
Since by assumption |gZog'|Lip, = lalLip, < (A+Alwli) = L we see that uniformly

in ¢, as a function of x, y, one has a € €y, ,, where N, :=N(a) =d,(1 + m?) + 1.
This confirms (3.11). O

Remark 3.3 To reduce technicalities when tracking the dependence of constants on
problem parameters we assume from now on that

1<L,A<L, (3.12)
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because a large L will be seen to have the most adverse effect. Finally, recall that, by
definition
AL < lall,_ o745 = lal. (3.13)

where this latter notational abbreviation will be used whenever reference to y, S is
clear from the context.

3.3 Characteristics

The field of characterics, given by the family of ODEs
z(t) =a(t, z(t); y), z(0) =x, (3.14)

plays a pivotal role in what follows. Note that the characteristics have a natural
semi-group property, namely that they can be obtained by composing individual char-
acteristic segments. More precisely, suppressing the dependence on y for a moment,
we consider the solution of the more general initial value problem

z(t,t;z7) = at, z(1)), z(r) =1z (3.13)

Later concatenations of characteristic segments necessitates including a specific initial
time 7 in the notation. If T = 0 and there is no risk of confusion we often abbreviate
z(t, 0; z) = z(t; z). Thus, one has for any t

2(t,x) = z(t, T5 2(r5 0)) =2 (2(3 73 +) 0 2(+3 05 2)) (1) (3.16)

In slight abuse of terminology we refer to this as composing characteristic segments.
There is a second angle regarding compositional approximations to characteristics,
namely that (3.14) is equivalent to the fixed-point relation

t

2T x5 y) =x+/a(s,z(s;r;x;y>;y)ds. (3.17)

T

Both, the semi-group property and the fixed-point relation will be combined to con-
struct compositional approximations to the characteristics.

Under the above assumptions characteristics don’t cross, i.e., the value of the solu-
tion to (3.6) can be determined by tracing back along characteristics. In fact, in view
of (3.14), one has for the solution u of (3.1) (suppressing again the dependence on y
for a moment) %u(t, z(t)) = f(t,z(r)). Hence, recalling that u(0, z(0, x; y); y) =
uo(x; y),

t
u(t, z(t, x;y), y) = uo(x; y) + / f(s,z(s, x; y))ds, (3.18)
0
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or equivalently, using (3.16) and noting that when x = z(#, 0; x) one has z(s, 0; x) =
z(—(t —9),t;x) = z(s — t, t; x), (3.18) takes the form

t
u(t,x,y) =uo(z(—t,t;x,y),y)—/f(s,z(s—t,t,x;y))ds. (3.19)
0

In summary, if the charateristics have “good (pointwise) compositional approximabil-
ity”, for f = 0, the solution results from one additional compostion.

The central objective in what follows is to construct finitely parametrized surrogates
N(t, z, y) for the map

(t,z,y) € Q> ult,z,y),

that are determined by possibly few degrees of freedom. The general flavor of the
following results is: membership of the problem data (convection field, initial condi-
tions, right hand side) to an approximation class (see Sect. 2.5) implies membership
of characteristics and solution to a certain approximation class.

4 Main Results

In view of the representations (3.18), (3.19) of solutions to the parametric trans-
port equation (3.1), the first group of results in Sect. 4.1 is devoted to establishing
dimension-sparse compositional approximability of parametric characteristic fields,
provided that the convection field permits dimension sparse compositional approxima-
tions. It is perhaps worth stressing that these results are not obtained by discretizing
the characteristic ODE (3.14) which would yield much weaker results, see related
comments in Sect. 6.1 below.

Section 4.2 is then devoted to the main “regularity theorem" quantifying how
dimension-sparse approximability of the problem data implies dimension sparse
approximability of the solution.

The basic architecture of the proofs in Sect. 4.1 is to first quantify, dimension sparse
compositional approximability of characteristics by combining the semi-group prop-
erty (3.16) with the fixed point property (3.17). Note that the lengths of the underlying
characteristic segments—macro time steps, so to speak—depends only on problem
parameters L, A, ||a||, but not on the target accuracy which determines the number of
fixed point iterations.

In favor of an easier interpretability we focus on the exemplary types of growth
functions y ~ (alg) and y ~ (exp), defined in (2.24).

Since the spatial dimension m is fixed and at most three we do not always mark
the dependence of estimates on m. The general message is that compositional approx-
imability of the problem data (convection field, initial condition, right hand side) is
inherited by the characteristic fields and solutions. These results can be viewed as “reg-
ularity theorems” in a broad sense. They culminate in quantifying approximability of
solution operators.
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The proofs of the following results can all be found in Sect. 6.

4.1 Compositional Approximability of Characteristic Fields

The point of the first result is to establish “regularity” of characteristics from “regular-
ity” of the convection field, both times in terms of S-dimension sparse compositional
approximability.

Theorem 4.1 Let I := [0, f] and assume that the convection field a satisfies (3.4) as
well as (3.5) or (3.3) for some growth function y of either type in (2.24). Abbreviating
as before ||a|| := ”a”Loo(lA;A%S)’ one has

~

2 € Lipy (@) N Lo A7), izl Giarsy < €?I7.

where
rCl/a)HLu< rcle\\ T
~ <——“ log, | =% )) ¥~ (alg),
vy =1\ AT 3 AT “.1)
%%(logz (%%)) ; y ~ (exp).
In particular, the parameter dependent characteristic field satisfies
inf |z —Clroe < e Plyw)~!, NeN (4.2)

EQ:N,S
IClN, s=<e 2l

The tamed compositional approximations in (4.2) are not yet characterized by a
finite number of degrees of freedom which is done in a next step similar to Theorem
2.16.

In what follows we adopt a generous understanding of deep neural networks regard-
ing the dependence on the time variable 7. We allow in essence layers that are piecewise
affine in # and hence still enjoy the basic properties of DNNs regarding evaluation and
back-propagation.

Theorem 4.2 Under the same assumptions on the convection field a and growth func-
tions y according to (2.24) there exists for each ¢ > 0 a deep neural network (DNN)
Nz such that

lz — NellLo@:rm) < &,

and

A+s)(14a) ~
clal?

—3 ( eal? « 2
Ca ( € ) ‘10g2< c )‘ , YV ’\“(alg),
lalT ) |3+S
log, ( - )

. ¥~ (exp).
It is instructive to reformulate Theorem 4.2 in terms of convergence rates.

#N. < AT2%|a|

A 4.3)
~ _a laf 7\ 145
o (+s)(eT)
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Corollary 4.3 For each N € N, there exists a DNN N of complexity #Ny < N, such
that

lz = NNllLo@rmy < ET”"IHN(N) L

where

~ B r o0 |log, r m when y(r) ~r®
7o) = |log, | y) (4.4)

3+
Car1+S|log r\ when y(r) ~ €%

with

L o o~
B = C VT (AT al*) " T0@, € = (AT2°]a]*) T

Remark 4.4 In both theorems the exponential case can be seen as a formal “limit
a — oo” of algebraic rates. For S = m + d, the obtained rate would reflect the
full CoD. The above bounds do not show an explicit dependence on the parametric
dimension dy. In particular, the CoD does not show in the rate, i.e., through a d-
dependent power of . However, a dependence on dy could be hidden in the quantity
llall, defined in (3.13). A related example is detailed in Corollary 4.6 below.

Remark 4.5 1t seems that one cannot expect in general a uniform bound on the com-
position norms [|JN; [l4n7, s, see Theorem 2.16 and the comments preceding Lemma
6.7 in Sect. 6.4, unless the compositional approximations of a(z, -; -) have uniformly
bounded depth. For the growth-types (alg) and (exp) in (2.24), the following holds

L.T
|~A/5|L1p1([0T R %)) < max{l, ||a]l}, |||~A[s|||#/\/'€ S e, >0,
where

1/ lallT /e

1 _
(c3(1 + A)|la|)@/Ca®e , incase y ~ (alg),

Le = 1 _
(c3(1 + A)Ilall)a(“neH”a”T), in case y ~ (exp).

Here c3 is the constant from (2.19). Thus, Lipschitz continuity with respect to x, y
degrades when ¢ decreases, the less though, the stronger the growth order of y.
Recall that convection fields with affine parameter dependence arise, for instance,
through (truncated) Karhunen-Loeve expansions of random convection fields. Remark
3.2 says that a belongs then to C(I; AY"™) for any growth function y. A related first

result follows from Theorem 4.2 and Corollary 4.3 by a judicious choice of y.

Corollary 4.6 Assume that a is of the form (3.6) and satisfies (3.7) and (3.8). Then,
lall = llall, 7 am < 24+ Aloh, @.5)
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and the characteristic field belongs to Lip; (2) N C (T; AY) vwhere

r r -2 -
yr) = A‘ lo A‘ .z A g < eCATARIDT
Y d,AT g2 dyAT I ”Loo([O,T],.AV )

Moreovery, for each N € N there exists a network Ny such that
O 3+m
Iz = MvllLa@xy) < dyFePATAEDTNTmT [log, N T, (4.6)

where F = (AT2"(2A + Alw|;)") .

While the rates do not suffer from the CoD, to gain traction, N has to exceed d ;"H.
Although this delay effect is only algebraic in dy, this dependence is not optimal since
the choice of any growth function for a does not fully exploit the special structure
(3.6), see the proof in Sect. 6.5. A more direct reasoning yields the following better
results with regard to the stability of the networks, the scaling in T, and the dependence
ond,y.

Theorem 4.7 Assume that a is of the form (3.6) and satisfies (3.7) and (3.8). Recall
from (3.9) that
L:=A+ Alw|;. 4.7

Then, for any & > 0 there exists a DNN N such that

9 eLT m+1 eL? 2
Iz = NelLwrm <& #Ne < dym AT(T) ‘logz?‘ . 48

Moreover; there exists a DNN Ny with complexity #Ny < N such that

Iz = Nyllg@rm < e“TP(N)7IL, N eN,

1 2
~ r N\ m¥1 r | =ms1
70— c(5) s 1]

d,

log, —
0g> dy

, 4.9)

where C = (Afmz)_m%l. The networks belong to Lip ([0, f]; C(2; R™)) and are

stable with |\Nyllnm = eiT where L < A + 7'+ c3(1 + A°)A|w|1 whenever
e <l1.

Remark 4.8 1f, on the other hand, we consider regime (R2) ||| = d, the Lipschitz

constant |lal| > L scales like d, so that the constant CTlal depends exponentially on
dy (see (3.9)). Hence, the CoD still strikes through an exponential delay in gaining
accuracy.
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4.2 Approximability of the Solution Operator

We discuss next approximability of the parameter dependent solutions themselves.
The following result quantifies approximability of the data-to-solution operator S
(a, ug, f) — u and shows under which conditions on the data approximating S avoids
the CoD.

Theorem 4.9 Under the same hypotheses on the convection field a as in Theorem 4.7
assume that the data uy, f satisfy

upe A", f e Loo(T; A7™) N Lipl(/I\; CR™ x))), y@r)~r?, (4.10)

and let |
B = max{l,ﬂ . @.11)
o

Then, for any & > 0 there exsits a DNN N, ¢ such that for the exact solution u of the
transport equation (3.1)

TL LT
e (m+1+p) e 2
=Nl & #Niw < By ()" |l —|.  @12)
where B depends on m, L, a, max{1, |[uo|l, || fllo} with ||uo|l := lluoll_avm, || fI :=
I f Nl (7 army-
Moreover, for N € N there exists a stable DNN Ny with #Ny < N such that

LT e e N |wtes

||u —NN”LOO(Q) < e (dyB)™¥F N m+1+P | log, 3 , (4.13)

=P

with |Nyllv.m < max{1, |uoll, ||f||}eLT. Thus, for y defined in (4.13), we have u €

C(T; APy NLip; (T; C(R™ x ))). In other words, dimension sparse approximability
of the problem data implies a certain quantified dimension sparse approximability of
the solution.

Remark 4.10 Although irrespective of the CoD the rate (4.13) becomes arbitrarily bad
(B becomes arbitrarily large) when the algebraic order o gets small below the space-
time dimension m + 1. The smallest value 8 = 1 for « > m + 1, as opposed to a value
tending to zero when « grows as in (4.4), is due to the additional time-integration
on the source field f. If one replaces the algebraic order y (r) ~ r* in (4.10) by an
exponetial growth order y (rr) ~ ¢*" one can show that

TL

LT
e e
lu = NuellLwe <& #Nue < de<7

log, —
gzg

2

)

)(m+2)‘

(corresponding to B = 1) with the same dependencies of B on problem parameters.
Finally, we could have replaced f € Lip;(/; C(R™ x ))) by an assumption like (3.5).
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5 Comments and Outlook

The common trait of the above results is a uniform approximation rate for the char-

acteristic field close to s‘ﬁ (the closer the stronger the approximability order of
the convection field). This is the rate one can expect for a ball in Lipl(f x D; R™),
i.e., functions of m + 1 variables. For the solutions themselves it seems that one can-
not quite benefit from increasing algebraic growth orders beyond @« = m + 1. Since
again the range of possible solutions u is dense in a Lipschitz ball of Lipl(f x D)
the obtained rate in Theorem 4.9 seems to be close to optimal. Moreover, whenever
the problem data have some compositional dimension-sparsity, in all scenarios the
constructed approximations avoid the CoD. In general, emphasis has been on weak
dependence on dy not on high order rates which, from the perspective of practical
realization would be a questionable goal anyway, [18] (see also further comments
later below).

We conclude with indicating some ramifications of the preceding findings whose
detailed treatment is postponed to forthcoming work. Let M (a, )) denote the set of
characteristic fields z(-, -; y) obtained when y traverses ) for a fixed given convection
field a, while the solution manifold M(a, ug, f, V) is comprised of all solutions to
(3.1) for fixed data a, ug, f. To capture stability with respect to those data as well, let
denote the set of all convection fields with fixed bounds for L, L;, A, ||a]| Loo (T2 AVS)-
Likewise let § denote the set of all (ug, f) with ||uoll_4r.m, ||f||Loo(1A;A%m) < M.
Obviously, 2, § are compact in C(€2). For the Lipschitz-regularizer R from (2.14)
the preceding results say that all sets

M@, D), M@, uo, f,3), M) = Uy M@ D), 5

M(Q[ X 3§, y) = U(a,uo,f)EQlXS:M(av uo, fs y)v ’
are contained in bounded balls of spaces of the type Loo(T; AV$) N Lip, (2) for some
growth function ¥.

As indicated earlier in the introduction, a common way of characterizing the com-
plexity of these collections is to determine their metric entropy or suitable versions of
nonlinear widths, among those so-called (nonlinear) manifold widths, introduced in
[11], see (1.3). Denoting by fy.. € R" the collection of weights defining the respec-
tive DNN approximations N N.z» N, ~.u in Theorems 4.2, 4.7, 4.9, respectively, the
functions

Dy (t,x;0n(a; y) := Ny (t, x; y;0§2),
DN(t5 -x; GN(a, ya MO, f)) = NN,M(ta-x; y; QN,u(uO; .f))a

are valid candidates for encoder-decoder pairs Dy o En, where Ey(a,y) =
On(a;y) € RN, Ey(a, y,uo, f) = On(a, y,uo, f)) € R¥, are the mappings that
take z(-, -; y), respectively u(-, -; y) into Oy (a; y), On(a, y, ug, f). Confining the dis-
cussion to a according to (3.6), for K € {M(a,)), M(2, D))} the continuity of
En, Dy can be established based on the presented results. In fact, continuity in y
follows from the constructive proofs which is all that is needed for fixed a € 2. As a
next step, continuity in a € 2 follows from the continuity of the construction of the
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implanted Lipschitz stable networks from Proposition 2.14, as can be seen by inspect-
ing the proof in Appendix A. To extend these arguments to the remaining sets in (5.1),
one yet has to establish the existence of continuous metric (or near metric) selections
on the level of dimension sparse compositional approximations prior to implanting
Lipschitz stable DNNS. In particular, this would yield bounds for the manifold widths
of compact sets of the type (2.11).

Knowing the manifold-widths does not allow one to infer directly on the entropy
numbers of the sets in (5.1) (and hence on the number of bits needed to encode the
centers of respective e-covers). For a strenghtened version of manifold widths, so
called stable widths, introduced in [5], a version of Carl’s inequality is known which
asserts that an algebraic order of stable widths implies the corresponding algebraic
order of the entropy numbers. These stable widths require both factors Ey, Dy to be
Lipschitz continuous. For fixed a, ug, f, the above findings assert (uniform) Lipschitz
continuity of the compositions Dy o E y (for a of the type (3.6)). It is known that DNNs
are Lipschitz continuous with respect to the weights under size constraints on the
weights, see e.g. [30]. In general corresponding Lipschitz constants are expected to be
very large which impedes an inference from approximation rates to entropy numbers.
This gives rise to the notion of Lipschitz widths studied in [30]. There, among other
things, bounds on entropy numbers are derived from DNN approximation rates which
are (necessarily) somewhat weaker than those in Carl’s inequality, see [30, § 6.2].
Since they are derived under specific architecture constraints (either widths or depths
stay bounded) they do not apply directly to the scenarios discussed here. Specifying
(and perhaps refining) such results to the current situation would be interesting as they
may shed light on how the entropy numbers of the solution manifolds in (5.1) relate
to those of the accommodating balls of type (2.11).

Finally, dimension-sparse DNN-approximability implies compositional approx-
imability with the same dimension sparsity. By Theorem 2.16, the converse is also
true. However, the respective growth orders y don’t necessarily match. It would be
interesting to further narrow this gap.

In a different direction, in principle, the framework allows us to treat even less
regular data leading to solutions that are no longer Lipschitz continuous. This may
require weaker regularizations than (2.14) or refined notions of approximation classes
that allow gradually increasing Lipschitz constants in compositional approximations,
as indicated in Remarks 2.7, 2.6. Remark 2.17 already indicates a wider scope of
applications. For instance, it would be interesting to apply the above concepts to
nonlinear conservation laws by exploiting their equivalent kinetic formulations as
linear parametric transport equations, see [25]. An obvious obstacle here is that the
right hand sides are measure-valued. However, solutions do satisfy linear transport
equations with zero right hand side on regions separated by shocks. Alternatively, one
may consider constructing compositional approximations generated through the fixed-
point iterations considered in [36]. Splitting methods for more involved kinetic models
may serve as another starting point for generating compositional approximations.
Finally, the above concepts apply as well to high-dimensional transport equations and
solution manifolds induced by source terms and initial conditions. Aside from their role
in Fokker-Planck equations, the correspondence bewteen nonlinear high-dimensional
dynamical systems and linear transport PDEs opens another interesting perspective.
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Finally, one may consider the case of smooth data for which one could expect better
rates. However, in the end one may have to resort to training concepts, typically based
on point samples to determine DNN approximations, perhaps in combination with
pre-structured architectures suggested by the constructive proofs. It has been shown,
however, in [18] that there is no hope then to realize higher convergence orders.

6 Proofs for Sect. 4
6.1 Road Map

The proofs are organized in two groups of intermediate results:

(A) technical prerequisits (Sect. 6.2);

(B) the actual proofs of the results in Sect. 4 (Sects. 6.3-6.6).

We collect in (A) several tools that are used repeatedly in (B). Here is a brief
overview:

Section 6.2.1 provides a mechanism how to reformulate e-accurate error bounds in
terms of convergence rates O ((N)~!) with a corresponding growth function .

Section 6.2.2: The analysis of compositional approximability of the characteris-
tics is based on two constituents, namely the semi-group property of solutions to
the characteristic ODE (3.14) and on the fact that the characteristics solve a fixed
point equation (3.17). In this section we construct an approximation to characteris-
tics through an appropriate number of fixed point iterations on judiciously chosen
characteristic segments. We stress that the length of these segments depends only on
properties of the convection field, not on the target accuracy. Hence, the resulting com-
positional approximation is not obtained by discretizing the ODE in a straightforward
way.

The resulting composition of operators needs to be approximated by compositions
of pointwise mappings which is done, step by step, in the subsequent subsections.

Section 6.2.3: Remark 2.13 will later be used to control the error incurred by approx-
imating the operator composition. This requires bounds for the Lipschitz constants for
iterates of the fixed point operator on each characteristic segment which are derived
in this section.

Section 6.2.4: Integral operators arise in the fixed point relation for characteris-
tics but also in the solution representation (3.18) or (3.19). This section presents
approximation of integral operators by pointwise compositions, based on elementary
quadrature. This is shown to generate approximations of the fixed point operator by
compositions of pointwise mappings.

Section 6.2.5: These approximations still involve the exact convection field. In a
further approximation step the convection field is approximated by a dimension sparse
compositional approximation. This is used in Sect. 6.3 as well as later as the starting
point for implanting DNNs for the proof of Theorem 4.2 in Sect. 2.3, always using
Remark 2.13.

Section 6.2.6: This section provides Lipschitz bounds for the final compositional
approximation to the characteristic field, which are later needed in the proof of Theo-
rem 4.9.
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With the above prerequisits at hand, the proofs of the results in Sect. 4 are presented
(in their order) in Sects. 6.3—6.6. Specifically, the proof of Theorem 4.2 builds on the
regularity theorem 4.1, again making use of Remark 2.13 and Lemma 2.1.

Section 6.5 is devoted to the more special convection fields with affine parameter
dependence. As shown in Corollary 4.6 this can be viewed as an application of Theorem
4.2. However, in view of the importance of this case, we provide in addition the
derivation of sharper results (Theorem 4.7). The techniques are similar in spirit but
require separate arguments.

6.2 Some Technical Prerequisits
6.2.1 “Inverting” Growth Functions

Remark 6.1 Given v € X, suppose we have found for each ¢ > 0 an approximation
v, depending on at most N, degrees of freedom, that satisfies |[v — vy, [|x < €. If
N, = ¢(Q/¢) for some strictly increasing function ¢ of at most algebraic growth,
then one has

lv—wylx £ Qy(N)™', NeN, (6.1)

where y (r) is any growth function satisfying

v(@(s)) =s. (6.2)

We often briefly write then y = ¢~!. This will be repeatedly used as follows: Suppose
the vy in (6.1) belong to €y s and [lgnllnvs < O forall N € N. Then v € A5

with ||v|| 4»s < Q. To see the last conclusion, just note that y(N){ lv —onllx +
y () lowllvs) < 20

Appropriate “near-inverses” y will be needed for growth functions ¢ of the follow-
ing form.

Lemma 6.1 Assume that for positive by, by, ¢ and real
_ ¢ B
@ (s) = bis*|logy bas|”, s > s9 > 0.

Then
B
[ 9

¢ r) = by VS ePlE T [logy S /b)) TS, ¢ = rg > 0, (6.3)

Proof Making the ansatz ¢~ (r) =~ Fr% | logz(Qr)le, we have
-1 _ ¢ B\t ¢ 'NE
s =07 () = F(b15| logyb29)| ") | log, (015 [10gyb29)]")|

0
| log, | log, (bas) |ﬂ

| log, (Qb159)|

= F(b15¥ | logy (b2s)| )7 29| log, ((Qb1)7 )| |1+
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—1 ¢
Equating coefficients yields F = b, ‘rr, Q= b—f, 6 = —g, which confirms the
claim. O

Note that in the above situation the proportionality constants in (6.2) tend to one
when the argument increases. For our purposes uniformly bounded proportionality
constants suffice so that in later applications we can drop the constant ¢#/¢ in (6.3).

6.2.2 Fixed-Point Iterations and Composition of Characteristic Segments

In what follows we denote by I := [z, 7] a fixed time interval whose length |I| :=7—1
depends on L. We fix the “macro-time-step” |/| so that

1
1 =-. 6.4
(lllall = 7 (6.4)

For a given time horizon T one then needs K := f?/ [1]] such steps and we assume
for convenience that K = T /|I| is already an integer. In addition we denote by

Q) :=IxR"xYcCQ

the spatio-parametric time-slab determined by 1.

To find approximate compositions we recall the fixed-point relation (3.17) and con-
sider the corresponding mapping @ ; : Loo(2(1); R™) — Loo(2(1); R™), defined
by,

t

D (. z3y)i=x —i—/a(s,Z(s), yYds, tel=][tr1]. (6.5)

t
A natural strategy is to approximate the fixed point of (3.17) or (6.5) by iterates of
the mapping @, 7 (¢, -; y). In this case the arguments x, z sometimes depend on each
other. In fact, a natural initialization would be the constant-in-time function

Zx()=x, sel, (6.6)

i.e., the initial value x is frozen in time throughout /. Then, we always use the notational
convention

OF (1, % y) 1= 0u s (1, P4 (L2 )i y), Z€ Lao(I;R™).

Condition (6.4) and L < ||a|| say that ®,  is a contraction in Z since

t
|Pr1(t, 23 y) — Pu g (1,75 9)] < / la(s, Z(s); ) —als, Z'(s); y)lds
t

<t —0LIZ = ZllLo:rm
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I _
< Ellz — Lo (1 R7)- 6.7)

Since by (3.2), |z(t, x; y) — x| =

| < @—na < A1) < L, his

implies

l2(t, x3y) — DX (2, 205 ¥)]
=@y (6, 205 x): y) = Do s (t, L L 20 )
< 27MIz(, %3 y) = 2@ L rirmy < 27FAIT] < 2751

where we have used A < L (see (3.12)) and (6.4). Hence, by (6.4), it takes roughly
| log, n| steps to achieve accuracy n

2 x ) = O IS (xR =) = [ log, @71

In view of (3.16), it is natural to concatenate next iterates ®" ; in time for successive
time intervals /. To that end, consider (for simplicity) an equally spaced partition

kT
[0, 7] = U[l‘k Lt =

where K is chosen in compliance with (6.4). Along with the sequence of intervals
consider the vector of tolerances with corresponding sufficient iteration numbers

=) €RE, = pOn), k=1,..., K. (6.8)
Then define, for j < k, w € R™

Wi, 1, ws y) = ‘Pff,iﬁl:j,l[k(t, Zwey 3 V) Wk—1,j = Y-t j)(te—1, w3 ), t € I,
Wi w ) = @) (1 2w ),

(6.9)
i.e., ui iterates of ®.; are applied to the result of a px—;-fold application of ®. ;
evaluated at the last time-junction #;_1.

Specifically,
Wy (@, x3y) = Yo, x5 y)

is a natural candidate for approximating z(-, x; y) on Ij.
To estimate |z — W, «| on I we invoke Remark 2.13. Viewing W, as a perturbation

of the characteristic field, we need bounds for the Lipschitz constants of the exact
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characteristics z(#, w; y). Recall that under the above assumptions on the convection
field a, it follows from a classical Gronwall inequality that one has

= L|I = 1/2 =
IzCy x5 9) = 2Co & W lLgrmy < eHx — 5| < e |x — 7|,

so that in terms of Remark 2.13 we have Ly j11) < elU#1V-VD = (L=t —
e*k=ND/2 Thus, fork < K, 1 € I,

k1
|2(t. x3y) = Wt x: )| < me + Z nje®=D2,

j=1

It remains to choose the intermediate tolerances 7 ;. The simplest option is to take
them all equal

nj=ne) =" - Dee X2 j=1,... K, (6.10)
which yields
lz(-, x5 y) — \IJnk(t,x; Y)”Loc(lk;R’") < 8€(k_K)/2 <e k=1,...,K. (6.11)

In summary, we have

K

Iz = ZellLa@mm <& where Ze(t,x;y) = ) x5 (OW(t, ). (6.12)
k=1

6.2.3 Lipschitz Bounds

The mappings Z, from (6.12) are still global operators. To analyze their approximation
by pointwise compositions via Remark 2.13, we need to bound the Lipschitz constants
of partial compositions.

Lemma 6.2 Under the above assumptions one hasfork € N, 7,7 € Loo(I; R™), y, y’

ey
|DX (. 2 y) — %, (. 7)) < e Pl — X

—k

2 - -
o max{[|Z — 2l Lo :rm), [y — V') (6.13)

In particular;, one has for all (t, x, y), (t',x’, y") € Q(I)

|X /(1.2 y) — @, (. 20 Y < Aly — |
+max{[x —x'[, |y — y'|}e!/?, k eN. (6.14)
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Proof : By our assumptions (3.2) on the convection field, we conclude that for t € /
[Py (2,2 y) — Pu (1,25 Y0 < (¢ =)L max{[1Z — 2|l Lo :rmys 1y — Y1),

sothat |®, /(t,Z; y) =Dy 1 (2,25 Y| < |x x|+~ L max{[|z—Z"|| Loy (1;Rm), [y~
y'|}. Hence

qu,I(t? (Dx,l(" Zv Y), )’) - q>x’,l(t, cD)C/,]('r Z’v y/)v y/)
t N

=x —{-/a(s, (x —i—/a(s’, Z(s)); y)ds’))ds

1 N

— {x’ —{-/a(s, (x’ +/a(s’, 7'(s); y’)ds’))ds}.

L

I~

This yields

[ 1 (1, Pr (5239 ¥) = P (1, Do (- 75 95 )

<|x—x|+/( /a(s 2"); )ds'))
—a(s, (x +fa(s RACHN y)y/)ds’»‘ds

t

t K
/ / I o=, N, !zl NG ) /
5x—x|+fL|x—x|+L/|a(s,z(s),y)—a(s,z(s),y)|dsds

<1+ @ -0L)x - x| +L2/fmax 2(s) = 2/, |y — y'}ds'ds

(( - ) )2 - - /
<+ @ —=pL)x —x'|+ Tmax{ﬂz—l||Loo(t;Rd)»|)’—)’|}-

One then easily verifies inductively that

1

k = k =/ [)L)V /
D% (1,25 y) — Y, (1,75 Y)] < Z x—x

ok
_I_(L(t 1))

o maxillz - 2 Lorirmys [y = Y1} (6.15)
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which implies (6.13). Specifically, when z(s) = z,(s) = x for s € I, (6.15)gives

k
_ _ (t =)L)’
D% (1,2 y) — @, (1,205 )] £ ) ————max{lx — x|, [y = V']}
’ =0 V!

< max{|x — x|, [y — y'|}e"V],

from which (6.14) follows for t = ¢’ since L|I| < 1/2.
Since (for #' < 1), keeping (3.2) in mind, |®y ;(t,Z;y) — @y /(.2 y)| <
[ 1a(s, Z(s); y)lds < Alt —t'|, we have

t
D% (1.2 y) — DX (. 2 y) s/\a<s,<1>§j,‘(s,z; )i y)lds
[/

<Alt—=1t|, t,t'el, (6.16)

proving (6.14) and hence the assertion. O

To approximate the W[, ;1 by pointwise compositions we need the following bounds.
Corollary 6.2 For (¢, x, y), (t', x', y') € Q(It), one has

Wi, j1(t, w; y) — W, 1, w's ¥
< |t — |+ e D2 max{jw — w'|, |y — y'|}. (6.17)

Moreover, for Z. defined by (6.12), one has

|Ze(t,x,y) — Ze(t', X, Y| < Alt — /| + max{jx —x', [y — y'[}e!?IT. (6.18)

Proof Since

Ik

. I - . e rs oy
Wik, j1t ws y) — W 1@, w's y') = q)wkq.j,lk(t’ Zwg—,3 Y) — P v’]k(t Py, Y ),

k—1,j

where w1, ; = Wk—1,j1(tk—1; w; y), we infer from (6.16) that

Wik, (1, w; y) — W (07, w's y)| < Al — 1)

+ max {|Wp—1,j1(tk—1, w; ¥) — Wie—1, ) (tr—1, w's Y1, [y — y/l}el/z-

Again one concludes inductively that

e max{|Wi_1,j(t—1, w; ) — W1, j1(te—1, w's Y, |y — y'l}

< e"/? max {61/2 max {[Wik—2, j) (tr—2, w3 ¥)

— Wi jy(te—2, w's Y 1y = Y1} |y — y/l}
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< e TR 1 w3 9) = Wi e w01y = Y1,
and since

/ /

Wi+ 11, w; ¥) — Y, 1, ws Y|
Hj+1 = . Hj+1 L=
:|¢’wf1_/+l(fj+l»ZwJ)—q’wj/,ljﬂ(fjﬂ,zw’,y)l

< e'Pmax{lw —w'l, |y — y'I},

(6.17) follows.

Concerning (6.18), recall from (6.4) that k < K < 2||a||f Then, (6.18) follows
for any t,7" € Iy, k < K, from (6.17). The general case is again obtained by using
the triangle inequality and inserting intermediate time-segments. This completes the
proof. O

6.2.4 Pointwise Compositions

We wish to pass from compositions of global operators (integral operators) to com-
positions of pointwise mappings. Consider an equidistant partition of I = [z, 7] with
breakpoints t; = t; ({1, q) :=t +i|l|/q, for some g € N. Let & denote the respective
midpoints of the intervals [t;_1, ;] =: J; = Ji(I,q) C I,i =1, ..., q, and define

t

pi,1(t) = pi(t) == / XxJ; (8)ds.

t
The following simple facts will be used frequently.

Lemma 6.3 Adhering to the above notation, the following holds:

(a) Fort € Iy

d - k1|
Do)=Y il+t—mu < —, (6.19)
im1 im1 q
and fort,t' €1
q
Y loi) = pi) <t =), (6.20)
i=1
(b) Assume thatv € Loo(I) and let vy, := [Ji] ! fv(s)ds, i=1,...,q. Then,
Ji
t q I
‘/v(s)ds - Zpi(t)v,,.‘ <Ml oy 6.21)
i=1 2q
/ -
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(c) Assume that v € Lip, (I) with Lipschitz constant L'. Then

(6.22)

|I|2L/
2q

13
q
| [ vrds = 3 e <
7 i=1

The proof is elementary and given for completeness in Appendix B.
We approximate now &, ; in a first step by the piecewise affine-in-time function

q
Porg(t,Zy) =x+ Y pi(Da;(Z(E); y),

i=1
where, depending on our hypothesis on a, we set

a&,z;y), (A1) in case (3.3) holds,
a;(z;y) = ay,(Z;y) := |4i|7! [a(s, Z; y)ds, (A2) in case (3.3) holds.  (6.23)
Ji

We record for later use that, by (6.19), the following analog to (6.7) holds

|Pe.1,q(t, w5 y) — Py gt w; y)l <sz(t)laz(w(&) y) —a;i(w(&); y)l

i=1

i

< Lilw —wlL

—||w — W)

where we have used (6.4), L < ||a||, and the fact that for either version of a; Lipschitz
constants with respect to R x ) are preserved.
Next we estimate the deviation between ®, ;j and Py j 4.

Lemma 6.4 Assume that (3.2) holds and that 7 € Lo (I; R™) satisfies

All|
Iz —Z2CED Lo i Rmy < 2 (6.24)

Then one has

(1+A)L|I| =
, when a; = a(§;),
1, 2,9) — Pr1g, 2 )‘ <
Dy, V)= Py y (L|IH—1)A|I| when a; = aj,.
All 1
< q_ 2 (6.25)

The second but last inequality is relevant when L > A so that |1| is correspondingly
small.
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Proof : Let z(§) denote the piecewise constant zZ(§)|;, = z(&;) to obtain from (3.2)
and (3.12)

[®01 (15 3) = Perg(t.%9)|

< |00, ) = @06, 2E); V)| + |01 2E) ) = Pyt 5 9|

IA

ILIZE) = 2l Rm>+)<1>x1<r 2E): ) = Porg(t. )]

LA
< S [ 2@ -

where we have used (6.24). In case (A2),i.e.,a;(-; -) = ay, (+; -), (6.21) yields, in view
of (3.12),

All|
[P (7))~ Perg (50| = 5
Thus, in this case
(LI + DA|T]

‘Cbx 1, 259) = Pergt, 23 y)) 2g

Now suppose (Al),i.e.,a;(-; -) = a(§;, -; -) under assumption (3.3). Then, we apply
Lemma 6.3, (c), to v(s) = a(s, Z; y) and, by (3.3) and (3.12), (L’ < L), obtain

L1
2q

[©01(LZ©): ) = Perg 5| =

which confirms the first inequality. On account of the assumption 1 < A < L (see
(3.12), (3.13)), (6.4) ensures that the first case is bounded by A|l|/(2g) while the
second case is bounded by A|7|3/(4q). Again (6.4) concludes the proof. O

Remark 6.3 The hypothesis (6.24) in Lemma 6.4 is valid in the following cases:

(i) z = Zy for some w € R™ on I;
(i1) zresults from applying @, j,i.e.,z2(t) = &, ;(t, w; y) forsome w € Loo(I; R™),
ye.

(iii) z(t) = Px 1,4(t, w; y) results from applying Py ; , to some w, y as above.

In fact, in case (i) one has Z,,(s) — Zy (&) = 0. In case (ii) one has for s € J;

[ All
26) = 2601 = @6 wi3) = @ps G wi )] = | [ aGs wi: s = 2'—q

where we have again used (3.12). Finally for (iii), we have for s € J;, by (6.20) and
(3.12),

[z(s) — z(&)| = |leq(s w;y) — xlq(Ezaw I
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q
< Z Lok () — o (€D ag (w(Ex); y)
k=1
All|
< —.
=24

which confirms the claim. O
Compositional representation of Py 1 4: Note that P. j , can be written as a composi-
tion
- 2 1 -
Perg(t,2,y) = (87108 (1t x,2; y). (6.26)
In slight abuse of notation we identify a piecewise constant z with the vector z(§) :=

(z(&1), ..., 2(§))) € R when writing

gl (tx, 7 y) > (0100, ooy pg (D), x, 21 (Z(ED; Y), . .., 2g(Z(Ey); y)) € RUTDmHa
and the bi-linear map

k
g2’q : (rl,...,rq,x,wl,...,wq)|—>x+2r,~wi e R™.

i=1
6.2.5 Dimension-Sparse Approximation

The approximation Py j, to ®, ; still involves the functions a;(z; y) which even-
tually need to be approximated by finitely parametrized expressions. Here we use
the structural assumptions on the convection field. In case (Al) from (6.23) a €
Loo ([0, 7"\]; A”>S) immediately implies that a; (-; -) = a(&;, -; -) belong to A5, uni-
formlyini = 1,...,9,q € N. Hence, foreachi = 1,...,¢9, N € N, there is a
composition AN,,- € ¢y s such that

(max (8 y) = AviE ]Sy Nallggars. BAxilys < lal.

recall ||a|| := ||allz 7. 4v). In case (A2), the same conclusion holds, due to (3.5).

Lemma 6.5 We adhere to the definitions a;(-; -) = a(§;, -; ) or a; = ay;, when (3.3),
respectively (3.5), hold and let

q
ActgN(E 3y =x+ Y pi(DAN G y). (6.27)
i=1
Then, for either version of a; one has

i i A lal
Pes(t.59) = vz )| = NS+ 2],
* o g vV
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In particular, choosing

2A|1| _1
qg=q():= |’ N =N()=T[y  Clllal/o)1, (6.28)
we have
[Py (2, 2;Y) — Ax 190N V) S T (6.29)
In what follows we write briefly Ay 1.v := Ay 1,4(x),N(x) With dimensionality vector
Dx,[,r-

Proof : For (A1) it follows from (6.25) and Lemma 6.3, (a), (see also (3.2))

Alll < s
- > pi0aiE:y) — A iy
i=1
All 1 A
_ Al ]al —|1|{ la] }

g y(N)

IA

o r (1.2 9) = A1 g N (1.5 )]

q y(N)
The remainder of the assertion is an obvious consequence. O

Remark 6.4

(a) Suppose that D; j 4 v is the dimensionality vector of A ~.i- Then, a correspond-
ing realization of Ay ;4 n results from parallelization of the A ~.i- One easily
concludes from Remark 2.3 that the resulting dimensionality vector Dy ; 4 ny of
Ax.1,4,N 18 bounded by

N(Dx,1,4,N) < q i:Irllanm(Di,l,q,N) <gN. (6.30)

.....

Thus, by (6.28), one has for an absolute constant (depending only on m)

24y~ @l lall/7) - Ay~ (/o)
T — llallz

NDy,10) < gy (al2lIl/7) <

where we have used (6.4).

(b) A.j 4~ has a compositional representation analogous to (6.26), obtained by
replacing a(§;, -, -) by A~N7,~. Since by assumption S > m, one can see from (6.26),
that s-dimension sparsity of the A ~,i is inherited by the mappings A. ; , v and
hence by their compositions.

6.2.6 Lipschitz Continuity of Pointwise Compositions

As a final prerequisit, to eventually control the stability of compositions of Ay 7 4 N,
we need bounds for the Lipschitz constants of such compositions. To that end, suppose
that B 5 :

Avi=Ay)" o0 (Av)', i=1,....q, (6.31)
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where, by definition of € g, each component (A N’i){,, 1 <v <d;dependsforj < n;
only on at most S variables or is at most multi-linear.

To proceed, recall also that the Lipschitz constants of the factors in A ~.i as well as
the Lipschitz constants Ly, ;| (AN,,-) of the partial compositions (AN,,')'” o-- 'O(AN,i )/
are controlled by

[nax AN illv Lip < lall == lallL,:a75)- (6.32)

Lemma 6.6 Foranyq € N, k € N, andt € I, one has

Ak =, Ak = V| < (”a”l”)k P
| x,l,q,N(l, 25 y)_ x,l,q,N(t’Z vy )| = Tmaxﬂy—y I, 12—z ||LOO(I;RW)},

for x € D,Z(g), Z(&_‘) € R™4. Similarly, when 7 = 7., 7 = Z,, one has for all
x,x" e D,

AL N2 ) — AL (@ 2 )
< llalllt — ¢'| + max {|y — ¥/, |x — x| }e/*II7], (6.33)

Finally, the A(‘ Lq.N belong to Cciyn s, where C is a fixed constant.

The reasoning is analogous to the proof of Lemma 6.2 based on the smoothing effect
of multiple integration, here in terms of multiple summation. The proof is therefore
deferred to Appendinx B.

6.3 Proof of Theorem 4.1

Step 1 - construction of an e-accurate pointwise composition: Given the g-accurate
approximation of the characteristic field by compositions of global operators Z,
from (6.12), we construct now a pointwise compositional counterpart. Specifically,
we define approximations \Tl[k, 15 \Tlnk = \Al;[k,g] to the (global) counterparts W ;.
W, k. from (6.34), (6.35). We adhere to the meaning of ¢, nx from (6.8), and replace
<I>;,1 by Ay1,c = Ax1,N(1)q(r)- Precisely, let for j < k, w € R™, and for a new
vector of tolerances

1 K)

= (,...,r°), withsections L":(rl,...,rk), 1<k<K,

yet to be chosen. We define for ¢t € I

"I'[[k]](t wy) _Allll)i 1,j» I, Tk(t Zwk 117 Y)
Wi—1,j 1= Wt 1 Wi ), (6.34)

Hj+1

pjr 1, ws y) o= Aty (6 Zws V)

We denote as before ~ _
Wi (t, x3y) == Wik 01(7, X3 ¥). (6.35)
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We choose t; = t all equal so that for n, given by (6.10),

| (8, 2y y) — ARE (2w ) <k, k< K.

w, I w, Ik, Tk
Since, by Lemma 6.2, (6.13), the Lipschitz constants L, ;) of kK — j partial composi-

tions of ®,, ; in Remark 2.13 are bounded by % we conclude

k=l A
O, (1, 2t ¥) — A (4703 )] = 2
Ty — ALY (T ST T Y < tell.
o =

On account of (6.10), choosing T = t(¢) such that rel? < n(e) from (6.10), i.e.,
(e =16) = Pne)=ce K20 -V, k=1,...,K, (6.36)
yields via the same reasoning as in (6.11)
Wk ey = Pake) (@t < - (6.37)

In summary, we obtain as before

K
Iz = Zell Loy <26, where Z(t,x;y) = Y xp (1) Wk (1, x5 y). (6.38)
k=1

Step 2 - Complexity of Z,: Tt follows from Remark 2.3 that

K

NZe) < Y me©N(A g ) (6.39)
k=1

On account of (6.10) and (6.8) we have (recall |I;| = T/K and K/2 = f||a|| by
(6.4))

K2
(&) = ‘logz (2(31/2 _ 1)g>‘ ~ ‘logz (

Furthermore, (6.36) in conjunction with Remark 6.4 yields (for the range of y under
consideration, see (2.25))

clal?

) ‘ (6.40)

Aek /2 K /2 AelalT
MN(A.. ~ _1< ) ~ _1<
Aston@) = Y T 172):) © Tage ¥

Substituting this into (6.39), yields

olall?

=)

lallT

=)

- lalT
N(Z.) = K‘ log, ( -

)‘Aem? e
al
llalle
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Nl | lalT olall7

)| ="(5)

~ AT‘ log, (
By (2.25), we obtain

Ca—l/ae\laﬂf/agfé, for y ~ (alg),
éln (ere”;)’ for y ~ (exp).

y—l(euaufg—l) — {

We conclude that for y ~ (alg), (see (2.24))

Ml Tlal

)()

For exponential growth y ~ (exp) (since ||a|| > L > 1, (3.12)) we obtain

a+l
o

= gug (117 /2). (6.41)

N(Z:) = AC; /" T log, (

lallT ol

))2< : ) = dep €17 /), (6.42)

el

NZe) ~ éA?(lo&(

provided that C, 2 1.

Remark 6.5 On account of Remark 6.4, (b) and Lemma 6.6, we conclude that Z €
&cn,,s for some uniform constant C and || Z¢ ||y, s < el2IT for N, defined by the
respective right hand sides in (6.41), (6.42).

Step 3 - Convergence rates: To determine the convergence rates, corresponding to
(6.12), we apply Remark 6.1 and Lemma 6.1 t0 Ny = @aig/exp (e”“”T/s) from (6.41)

and (6.42). (4.4) follows then by straightforward calculations.
The following statement follows now from Remark 6.1 and the above observations.

Remark 6.6 In summary we have shown that for each N € N there exists an s-
dimension-sparse compositional representation Zy satisfying

Iz = Znlro@rm < e®TH(v)~!, NeN,

with ¥ from (4.1). This confirms (4.2).

Step 4 - Stability of Z,: It follows from Lemma 6.6, (6.33), that the Lipschitz con-
stants of partial compositions of the approximations W_« from (6.35) remain uniformly

bounded by ||a|| + eIkl Specifically, -
1Ze(t.x.y) = Ze(t, 2"y < max{lx — x|, 1y — el 1 € (0,7,

ie.,
WZe(t, -, Hliy..s < €T, refo, T].

Moreover, the growth functions y satisfy y (N,) ~ ¢. By Remark 6.1, this finishes the
proof of Theorem 4.1. O
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6.4 Proof of Theorem 4.2

The main step is to invoke Lemma 2.1 and Proposition 2.14 to approximate each
ANJ- (z,y) € €y s in (6.27) by a DNN. In essence we follow the same steps as in the
preceding section.
Approximation of data—accuracy: Recall from (6.31) that A ~.i has a compositional
representation AN,,- = (AN,,‘)"" 0---0 (AN’i)l of some depth n; < ‘JI(AN,,‘).

For a given tolerance § > 0, we construct next anetwork \V; s y 4(Z, y) approximat-
ing A ~.i with accuracy ||a||§. Specifically, we approximate each component (A N.)bs

v=1,...,d;,inthe jth composition factor by a §/n;-accurate neural network N )1{.
One infers from Lemma 2.1, (2.26), (6.32), that (since ||a]| > 1)

n,-—l

IAN: = Nis.NgllLo®nxy:Rmy < ﬂ,-_l{5 + Z 5L[n,-,r+1](AN,i)}
r=1

ni—1

<n {5+ 11 ) o]
r=1
<lalé, i=1,...,q. (6.43)
On the other hand, we invoke (2.27) in Lemma 2.1 to conclude
#NisNg < Cs||a||SNn,$8_S‘|log2 8| +logymi|, i=1,...,q, (6.44)

where the constant Cs depends only on S. Now we define in analogy to (6.27)

q
Nergnstzy)=x+Y piONisng@y), tel, (6.45)
i=1

G=Dl/|

where we recall I = [1,7], J; = Ji(l,q) = £+[ 7

] and pio) =

t
[ xJ;(s)ds. Taking
t

Nirc(t5259) .= Ny 1,g/2) N /2).80) (85 23 Y),

with ¢(t/2), N(t/2), defined according to (6.28), and

T

§=9§ = —
= 2al

we conclude that ||Ay 7 — Ny s ¢ l2.oc2r); Rmy < T/2. Hence, by (6.29),

@, (1, z5y) — N (t,z59)| <t
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To estimate the complexity of Ny ;.; we use (6.44) and bound the depths n; by
N(z/2) ~ y~'(41])lall/7) = y~'(2/7). Arguing as in (6.30) and recalling (6.28),

A
al\r)

we then have (since g(7) = 2Al|l|/t = T

#Ny1r~q(t/2)  max  #Ni s/ NE)2)
i=1,..,q(t/2)

2A
~——al®y~'2/0) 58 (x) 5| log, 8(v)| + log, N(z/2)|

lallz
- _ 2|jally " (2/7)
= A25||a||25 IT (1+S)y I(Z/T)1+S 10g2 f‘

For algebraic growth y (r) = Cor® we obtain y~!(2/7) = (2/C,)"/*t~1/*, and

log, ¥ ~1(2/7) ~ &' log,(2/Cat), sothat ‘ log, 2laly @/

2llally~12/7)
T

2|ja]| In(2/Ce7)
- ot Thlls,

For y ~(exp), we have ‘ log, = log,

—1/a (l+a)(1+s)

Sian2s—1) Cq T |log, T|, when y ~ (alg),
#Nx [ T ~ A2 “a” { _(S+1)‘L' (S+1)|10g 7:|2+S When y N (exp) (646)

where werecall that C, = 1, accepting alogarithmic dependence of the proportionality
constant on ||a|| (or assume that T < tg(]|al|)).

We can now define @[k,j](t, w; y) in analogy to (6.34) with Ay 1 ¢ (, Zw; y)
replaced by Nw,l,fk (t, Zw; ¥) and likewise @Tk = "I;[k,Ol in analogy to (6.35), with
the same tolerances 7 (¢) = 7(¢), given by (6.36). The same reasoning as in Sect. 6.3
yields (see (6.37)

Wik ey = Vi) Iy = & k=1,..., K,

and hence

K

Iz = NellLp@irm <26, Ne(t,x1y) = D x0Tk (o) (1, x5 ).
k=1

Complexity: It remains to bound #A/,. Invoking Remark 2.3 as before, one obtains
from (6.46) with g (e) from (6.40) (see also (6.8), (6.10))

elalT

K
NG = 3 e (@N g ~ Klog2(2” ® N Lo
k=1

N olalT
= A2%|a|®T log (—)
>\2]alle

_1 _ Utais)
0 [logy T(e)l, v ~ (alg), (6.47)
o (S'H)r(s) (S+1)|log2 r(s)|2+s, y ~ (exp).
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By (6.36),
l/a (e )_(1+ )(H)|log2r(8)| _ 1/a<ﬂ Ata)(l+9) log, (ellalf),
while
a0 (e)~6+D | log, 7 (e) 7S = a(s+l)<£)_(1ﬂ) log, (e|z|?>‘2+s.
Inserting these estimates into (6.47), confirms (4.3). O

The convergence rates stated in Corollary 4.3 follow now in the same way as before
by applying Remark 6.1 and Lemma 6.1 to the bounds on DX(N\;), given in (4.3).

Regarding the stability of the networks N, there is a principal obstacle related to
the fact that the precise dimension-vectors of the compositions A Ni = A i .. 0

A}\,’ ;» especially their depths 7n;, are not known. Although, the Lipschitz constants

of the implanted networks in each factor AX,’I. are controlled by |la|| it is not clear
whether the Lipschitz constants of their compositions also remain controlled by ||a||.
Such network approximations exist by Proposition 2.14 but need no longer be S-
dimension sparse. So, the only guaranteed general bound for the Lipschitz constants
of the partial compositions is, in view of Proposition 2.14, L[ni’j_‘_l](./\[i’g’]\/"q) <
(c3(1 4 A)|la])™ /. Hence,

Ly = max Lin, j+11(Nisv.g) < (e3(1+ Allap™, (6.48)

where we have applied the (perhaps too pessimistic) bound n; < N. If on the other
hand, the depths n; remain uniformly bounded by 7, say, one obtains a uniform
Lipschitz-bound Ly s < (c3(1 + A)|lal])".

Lemma 6.7 The network approximations N. 1 4 n.s from (6.45) have the following
Lipschitz continuity properties: for (t,x,y), (t',x',y) € QU), 7,7 € Loo(I; R™):

|N IqNa(tZy) NIqN(s(tZ )’)|

L l
f( N,8| |) {|y

T =V 11z = Zllzsa:rm ), (6.49)

where Ly s is given by (6.48). Similarly, when 7 = Z,, 7 = Zy/, one has

|N IqNS(t e y) — N/qu(;(t Zx,,)’)|
< (1+dllalllr — '] +max {|y = y'|, |x —x[Jef ¥l (6.50)

Proof : Recall from (6.45) that Ny 1 4 v s(t, 25 ) i= x + > iy pi (ONi5.8.4(Z, ¥).
Then, we have fori =1, ...,q,

|M,8,N‘q(27 y) _M,S,N,q(z/y y/)|
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= =/ /
< |Nis.N.qlLip, & xy) max{l|z — Z'll L rrmy, [y = ¥}

By the comments preceding the lemma, we obtain

‘/\/;c,l,q,N,é(t» Zy) = Nergns@, 25 y)

q
<Y piLysmax{lZ — 7| Lya:rmy. [y — Y1}

i=1

Hence, we are in the same situation as in (6.77). Finally,
‘Nx,l,q,N,(S(t, 2y) = Nergns', 2 y)

q

< lalllt =1 + Y oi(t) = pi ()|a; Ei y) = Nis.n.gEED: )
i=1

< (1 +d)alllt — '],

where we have used (6.43). Therefore, the claim follows by the same arguments as
used in the proof of Lemma 6.6. O

Regarding Remark 4.5, recall that N (g) ~ y‘l(Z/r(s)), where 7(8) =~ ge—llalli
3(e) = t(e)/2|a|l so that by (6.48),

l - o a T o .
(c3(1+ A)flaf)@/Caree e fip case y ~ (alg),
(c3(1 + A)IIaII)é(| 1“€|+”3”T), in case y ~ (exp).

L)) ~

This confirms Remark 4.5. O

6.5 Proof of Corollary 4.6 and Theorem 4.7

We first prove Corollary 4.6. To apply Theorem 4.2 and Corollary 4.3 note first that con-
dition (3.5) is applicable, i.e., version (A2) can be used. In fact, a; (t; -) = wja‘; (t,") e

Lip; (R™), uniformly in ¢ € [0, ?], immediately implies thata; ; = a; j, = ja‘j?’ I
belongs to Lip; (R™), fori =1, ..., g, with the same Lipschitz constants Aw; from
(3.13).

Next we recall from Remark 3.2 thata € €y, ,, with Ny = 1+4+d, (1 + m?). Hence,
the simplest compositional approximations Ay (z, -) to a is

0, N < N,

ANt x:y) = {a(t,X; ¥), N > Nj.

In view of Remark 3.2, (3.11), one obtains for y (r) = C.e* and all ¢ € [0, T],
lall .. Grny <maxy (V) { 1) = AN D)L @rxyizen + 7 N AN O I |
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< ACeeaN + (A + Alwl1), N < Na,
A+A|(L)|]’ N ZNa

Takmg =N, Loc,=1, yields [|la]| < L:= 2A+A|w|1. By (3.10), onehasa ~
~1 (with m- dependent proportionality). Theorem 4.1 yields then z € LOO(I AV
w1th

(2A+A|a)\1)T

r ro|—2
vr) = ~| 1o A‘ .z m
y(r) dyAT’ g2 d,AT Izl L o, 7347 m) =

and hence (4.5). Now (4.6) and the expression for F follow from Corollary 4.3. O
We now turn to the proof of Theorem 4.7 approximating &, ; in a first step by

dy

Perg(t.Z:y) —x+Zy,sz(r)a,f(z(s,>) a; () = Ile./a (s, -)ds,

j=1 i=l

recalling that J; = J; (1, q¢) = £+[(i_;)‘1| 1\1\] and p; (t) = [ xs<:(s)ds. For L from
Ji

(3.9) and 7 asin Lemma 6.4, we infer from (6.25) that |®, ; (¢, Z; y)—Px 1 4(t, Z2; ¥)| <

Al Invoking Proposition 2.14, we approximate the low-dimensional functions

a;’.‘ () by finitely parametrized functions such as neural networks. Specifically, there

exist networks (suppressing the reference to I) N ; s of depth < log, 8 ~! such that

forj=1,...,dy,i=1,...,q,
a5 ;, = NjisllLa@mrm <8, #Njis < A™8"|log,él. (6.51)
Then

dy

A/;clqa(t Zy) —X+Zy/ sz(t)wj j.i.6(z i), (6.52)

j=1 i=l

is indeed an m-dimension-sparse neural network. To that end, we keep viewing ¢
as a parameter and the input-variables x, y are passed across layers, formally in a
“skip-connection” format. Thus, formally we have

-/\/;C,I,q,(s(ta Zv }’) = (G2 o Gl)(ta xa Zv }’)

For better readability the following representation groups variables in a formally incor-

rect way and should be viewed as a 7-dependent mapping into R!*"+dy+mqdy
X, ya ,Ol(t), s »/Oq(t)
01N1,1,6@2), - - @a,Na, 1,5(2),
1 (X, 2, y) o € Rtmtdytmady (g 53)

01N1,45@), ..., 0a,Nay 4.52)
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which is obviously m-dimension sparse. Hence G itself is a neural network whose
depth is bounded by log, & ~1. The tri-linear factor G, reads then

q dy
Ga: (X, .71, ey rg ¢ 2D (x +Zh‘2)’j§“) e R™.

i=1 j=I

Assessing the accuracy of Ny 4.5 follows in essence the same lines as before. In view
of (6.25) and (6.51),

[y 1(t, 25 y) = Na1,gst. 29| < [P (8,23 y) — Prpg(t, 2 y)|
dy q A|I|
+ Y il Y piDwj NG sEED) — a5, GE))| < = T lehins.
j=1 i=1

Thus, given any target tolerance T > 0, choosing

(r)—[w] 5(1) = ——— (6.54)
=T BRI '

and abbreviating Ny 1 ¢ := Ny 1 4(1),5(r), We obtain
1Dy (t.2,y) = Nag (Y| <7, x€R", Z€Loo(I;R™), r€1.

Regarding the complexity of N, ; . we see from (6.53) that W(G) = m + d, +
q -+ qdymz, N(G2) = 1 because of bilinearity. Thus, N1(G2 0 G1) = mzqdy so that
by (6.51) and (6.54),

#NG 1ot ) < mPdyg(T)A™8(T) | log, 8(7)]
2A1 2IIA n
md, 1] I Alwl1)

T T

2|1 |wly
log, . ,

tel. (655)

A

In view of (3.11), the earlier role of ||a| is now played by (see (3.9)) llally,.m =
A+ Alw|1 =: L, and since by (6.4), |I|L = %, we obtain from (6.55)

(6.56)

2|1
Nt ) < mzdyA|I|-5*(m+l)‘log2 | IIQll‘_
T

Thus, with the same number u = w(n) > | 10g2(2n)_1 | from (6.8) we get |z(¢, x; y) —
@f’l(t, Zx; ¥)| < n. Hence, the same Z,, defined by (6.12), based on tolerances 7(¢)
from (6.10), provide e-accuracy of time-catenated iterates of ® ; where the number
K of macro-time-steps still equals 2T L. We can therefore choose the same vectors
of tolerances t¥(g) from (6.36) (i.e., T(e) ~ n(e) ~ e~ K/?) as well as tolerances
d(n(e)) = ee’K/z/(2|I||Q|1). We then define N, in complete analogy to Z, from
(6.38), with Ay, 1 7(¢) replaced by Ny 1 z(e) to obtain ||z — Nl L (:rm) < 26.
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Hence, on account of (6.56), since |I|K = f, K/2 = LT

2|1||Q|1‘

#Ne < 7(¢e)

~

m2dy K p(1(e) Al ()" log,

2|1||Q|1‘
T(¢e)

mil) 211l )
)" oy ==

< Afmzdyr*(’”“) ) log,

~)

~ el
< ATmld,(“—
&

~)

R LT i1 LT
ATmzdy(e—) ‘logz e—‘
& &

LA

LT

~o(%)

where we have used that, by (6.4), 1 < |I|A|w|; < 1/2. This confirms (4.8).
We apply Remark 6.1 and Lemma 6.1 to conclude that (surpressing a logarithmic
dependence on ATm?)

__2
r m+1

1

~ e _ 1 r m+1
= (ATm?) " m (—) “og, —
y(r) = (ATm") a ngdy

satisfies Y (¢ (s)) ~ s. Hence, there exixts a network Ny with #\y < N such that
Iz = MvlLg@rn < 77!, NeN,

where the constant depends only on m. This proves (4.9).
It remains to estimate || Nz ||y, .n Where N := #N.

Lemma 6.8 For /\f.,l,q,g(t, -3 ) from (6.52) the following statements hold: Let
Ls:= (A+ (A +8)|wl), A:=c3(1+A%)A, (6.57)
with c3 from (2.19) (see also (3.8)). Then, for (t,x,y), (t',x',y") € Q),

4 =, £ =l
Wetgs@ 59 =Ny g, 5250

14
_ Ll

= {ly =¥ 112 = 2l L :mm }- (6.58)

Similarly, when 7 = 7y, 7 = Z, one has forall x,x' € R™, t,t' € I,

N s 2 ) = NG s 205 V)] < (A4 |@hd)le — 1]
+max {|y — y'|, |x —x'|}e"e! 1], (6.59)
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Proof : Recall from (6.52) that Ny q5(1,2;y) == x + Y 1 l,ol(t)z LYo
./\/J i.5(z&)), Where./\/] ;.5 are Lipschitz stable DNNs approximating a i (- ) (Propo-
sition 2.14). Thus, by (3.7),

d," d)
Y 0N EEDI <)Y laj 5 CED] + o)lal  GED) — NjisEED)
Jj=1 Jj=1
< A+ |w|é, (6.60)

while, by Proposition 2.14, (2.19),
NGis(@ —Njis@) < AlZ—Z lleoa:rmy, Z,Z € Loo(I; R™),

uniformly ini = 1,...,dy, j=1,...,dy, with A from (6.57). Then

N6 25 3) = Not g6, 25 Y)

MQ

r)Zw,(y, 5.8GED) — ViNG s G ED)

MQ

(t)[zwjly, VilING.isGED
i=1
d‘-

w1} ING 18 GED) = Njis @ €)1
D (r){(A+|w|1a>|y ¥+ Alelillz = 2w |
q
<Y piLsmax{ly = y'I, 12 = Z'll Lo r:mm))-

Similarly, for 7,1’ € I

q dy
War.q.6 (2 3) = Nergs@ 2201 < Y 10i@) = pi ()Y 1yl NG i s GED)]

i=1 j=1
< (A+|whd)l -1,

where we have used (6.20) and (6.60). Applying this to 7 = N ZI_ ;, 5 extends this to
iterates of \V. 7 4 5.

Hence, we are in the same situation as in (6.77). Therefore, (6.58) and (6.59) follow
by the same arguments as used in the proof of Lemma 6.6. O
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Now recall that §(¢) ~ Slellli)l Hence, §(¢)|w|1 = Sezlfl/z < T leKe K2 <
8/T. Then

Lsey <A+ Ao +T 'e <L :=A+Alw|;, A:=maxA+T ¢,

and the same arguments as used earlier provide
Wt (o) (1, %, 3) = Wpa o) (0% Yoo < Al — /| + Lmax{lx — x|, |y — y']}.

From these observations it follows that [|NVelln,.m < elT and for y(r) =

1 <
O\
N

Y(N)Km(z, N, y(N)™H < y(No)llz = NellLo@) + INellye.m < eET + et T,

2
ro| T mFl
10g2 d_y

which confirms the remainder of the assertion. O
6.6 Proof of Theorem 4.9
By assumption, given & > 0, there exists an fz € LOO(T; CN:(f),m) NLip, (T; CR™ x

Y)), piecewise affine in time, and a composition ug z € En; (ug),m, SO that (identifying
for notational convenience in what follows mappings and representations)

luo — uozllLo@®nxy) < &,
_ ~ 1 _
Nuoz) < v~ (luollarm /&) = luoll 4end ™", (6.61)

and likewise, since M(fx(t, ) <y~ (£ (1, )|l arn /&), forr € T

R

If = filloGre@meyy <& N ) < 1@ HIE.E e (6.62)

Next, we use that the compositional factors in u z, fz are Lipschitz continuous with
constants controlled by [|ug]|l := |luoll_arm, || f1 := ”f”Loo(IA;AV"”)’ respectively. We
employ Lemma 2.1 to implant n-accurate Lipschitz controlled DNNs into ug z, fz,
respectively. Invoking Remark 2.13, we obtain

n(D(ug,z))—1

0.6 = Nugzala@myy <n{l+ D luoll} < n9wopluoll,  (6.63)
j=1

as well as

n(D(fz)—1
150, ) = N ey < {1+ 2 Aol
j=1

<INEfoll. tel. (664
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By Proposition 2.14, (6.61), and (6.62), it follows that

#Nuog 1 = lluo, e|||fn(”0 )m‘ﬁ(uo an- m|10g2 nl
< lluo "= &= n™" | logy n, (6.65)

and, uniformly in¢ € I,

#Nfg,i’)(tv ) = |||f§(f ')|||nsy1t(fs(;)) m Lip‘ﬁ(f::(t))n_ml 10g2 r]|
= ||f||’"+55_577 "|log, nl. (6.66)

Employing again a time-discretization of size ¢, (3.19) suggests the following DNN
approximation to # which yields, on account of Lemma 6.3,

’ ‘ Vil
| / fg<s,w,y)>ds—Emt)fg(si,w,y) <o (6.67)
0 =

Finally, we know from Theorem 4.7 that there exists a DNN A, ;_that approximates
the characteristic field z within accuracy &, i.e., in view of (4.8),

eL

Iz = Nl <& #Mes < & T(5)" flogs (5

2

’

)

where we suppress in what follows the dependence on A, m and where L is given by
4.7).

In summary, the network N, z ,, formed by composing the DNNs N, z .
/\/fé,n(g,', 9,1 = 1,...,q, with the approximate characteristics ./\[Zg satisfies, on
account of (2.4), (2.3), (6.65), and (6.66),

#Nu,é,n,q = #(Nuo,é,n o -/\[z??) +q '_rnax #(Nfg,n(giv ) OA/’z,?:)

= #Nypzy +#N ; +q( max #Nfgn(sl, )+ #N 5)

1.1 ,~_l —
< (ol <z Ly g “ )" logy )

)

LT

+ (1 +q)dy T( )mH‘logz( '

Fa () e ()

where we set M := max{l, |lug|l, || fII}. To determine 1, we have by (3.19),
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Nt ) = Nuzng ()l Lse@nxy) < luo(=t. 1.+ )
_N”()sg‘ﬁ O'/\/Z,g‘(_tv t, - ')”Loc(Rmxy)

i=1

t
q
+ sup /f(s,za—s,r,x;y);y)ds—Zm(r)/\@i,fg,noNz,g(r—&,r,x;w
X,y 0
=: Q1 +sup Qa(x, y).
X,y

Regarding Q1, let Lo := |uolLip, rmxy) < lluoll. Because of (6.63) and (6.61),

01 < lluo(z(—=t,1, ) —uoWN_ z(—1, 1, s Nl L@ xY)
+ luoWNZ (=11, 1) —ug oz (=1, 1,3 ) | Lo @7 x )
+ llug 0Nz (=1, 1,1 )) = Nug oy Nz (=1, 1,0 D | Lo R x Yy

~ ~ 1 1
< (14 Lo)é + ol (woe) < (1+ Lo)é + ol * 57~
~ ~_ L 1
< luoll {28 + &% o<}, (6.69)

where we have used ||ug| > 1 and (4.10) in the last step. Similarly, by (6.62) (6.64),
and (6.67), abbreviating Ly := | fILip, F:c@m <))
t
Ox(x,y) < TLs&+ / |F (s, N et — s, 8,2, 9))3y — fa(s, Noa(t — s, 1, x, y); y)lds
0
t

o

0

q
fg(s"/\[z,g(t —s,t,x, )’)1 Y) - Zpi(t)fé(si:/\[z,é(t _Ei’xv Y)s )’)‘
i=1

q
+ Y o) feEi Nog(t — &2, 9)1 y) = N (i Noa (= &, x, 1)1 9)].-

i=1
On account of (6.22) and the assumption L s < || f|, this gives

I£IT?
2q

Qa(x.y) < (L + | £INTE + + TS £

A IAIT? & 1
<2fITE + = — + T I f I

gl

o~

T

=Tisifee+
2q

11
+If e ] (6.70)
Now recall that M = max{1, || f|l, lluoll} and let

9G) = ==, 7@ =M «g'ta, (6.71)

S
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to conclude that max, , Q2(x,y) < 4T|| flI€. Hence, we derive from (6.69) and
(6.70) that the network N, ; = w5 n().q @) satisfies (recall that by assumptions
lwoll, 1 £1l = 1)

e = NuglLai) < AT IFI+ 3lluol}E < 7T ME.

This confirms the first part of (4.12) with ¢ := 7T M&.
Now we infer from (6.68), (6.61), (6.62) that

S am+1 1 m __ m(+a) M
#Nug < Te l{]‘4 a g aMeeg o ngﬁ)
LT LT
~/€ m+1 e 2
+a,7(5)" 1om ()
& &

am+1 m __ m(+a) LT

~ —~ 2
< Té_l{MT FaMyE "G —i—dyTeTL(m“)é_(mH)}‘logz (;)‘
: I

LT

~ (@+Dm+1 __ (4a)(m+1) ~ 7 o e 2
:T{M @ E T 4 d, Tel LDz ("”2)}‘105;2 (— )‘ :
&

Introducing B := max{1l, (m + 1)/a}, (see (4.11)) and substituting ¢ = 8/(7TM),
yields upon elementary calculations

(a+Dm+1 ~ N
BN, : < {M @ TmA2+p o~ LT (m+1+p)

_ o1 MeLT \m+1+48 LT 2
+dy Tt () )log2 (e—>‘
&

&

The terms 7" 248 = LT (m+148) Tm+4,=LT remain uniformly bounded for all T >
0 with a constant that actually decreases when L gets large. Thus, fixing M, a large
parametric dimension in the second summand dominates, giving

A

(et Dm+1 MeLf m+1+p e 2
#N,; < max{M « ,dy}<—) ‘logz(f)‘
g

— p(MeLT ), (6.72)

which proves (4.12).

Regarding the remainder of the claim, recall from Theorem 4.7 that the approx-
imations A . have uniformly bounded composition norms [N ¢llsns, m < -7,
see also Lemma 6.8. To bound the composition norms of N, ;, we recall that the
composition norms of the network approximations to u#p and f are bounded by
M = max{l, |lugll, || f]I}. We then infer from Remark 2.12 (see also (2.10) and (2.9)),

applied to the first line of (6.68), that
NG el om < MetT,
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which is the asserted stability estimate. The convergence rate (4.13) follows from
Remark 6.1 and Lemma 6.1 applied to to the growth function ¢ in (6.72). O

Regarding Remark 4.10, the same reasoning applies (with slightly simpler techni-
calities), replacing (6.71) by n(&) := &/(In((|lug|| + || f11)/€)) while keeping ¢ (¢) the
same, O

Appendix A

Proof of Proposition 2.14 In this section we build mainly on findings from [19, 37].
Consider the “hat-function” ¢(x) := (1 — |x|)+ = max{0,1 — |x|}, x € R, as
well as the scaled and shifted versions ¢; 5 (x) := qb(h’lx —1),i € Z, with support
Si = [(i—1)h, (i+1)h].Weleth = 1/q for some integer g € N, so that the restrictions
of the ¢; 5 to [0, 1] form a stable basis for all piecewise linears on (0, 1) subordinate
to the partition induced by the nodes {ih =i/q :i =0, ..., g}. Since each ¢, j is a
second order divided difference of the ReLLU rectifier o (x) := x4 with respect to the
nodes ih, it has an exact representation as a univariate neural network of fixed finite
depth and a fixed finite number of weights. The Lipshitz constant of ¢; ; and hence of
this network is clearly hL Abbreviating i := (i1, ..., is) € {0, ..., g}° we consider
next for x = (x1,...,xs) € RS the tensor products ¢ := ¢, n(x1) - - - Pis.n(xs),
which obviously satisfy ¢, (i) = iy for any i,i' € Z, := {0, h, ..., hq)® while
we still have [0;¢inlloo < h~L. The next step consists in approximating each ¢j j,
viz. a product of univariate ReLU networks of fixed depth and number of weights
by a ReLU network of input dimension S. This is where one uses that the function
M:v=(,...,v) > ]_[‘;f:1 Vs can be approximated by a ReLU network Ny s
according to

IM — N sllwi 0.1y < 8. k €{0,1}, (6.73)

where the depth of Ny s as well as #A/y; s is bounded by a constant multiple of
log, 8~!, with constants depending only on S. Moreover, m,5(0) = 0. The case
k = 0in (6.73) appears already in [37]. A key observation in [19, § C]is that k = 1
still holds under the same complexity bounds. This is then used to show that for each
i € Z), there exists a ReLU network NV s such that

liin — Nisllwk iz 0.1)5) < cksh™!, ke (0,1},

6.74
INisllLip, <8, suppAis C supp i, ©.74)

(with a constant ¢, depending on S) and

1
#Mi.s5, depth of Njs < log, 3
with constants depending only on S. Now, given v, consider the interpolant

v = Z v(ih) i .

iEIh
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Obviously [|vy[lee < [IV]lco- We claim that vy, is also Lipschitz continuous. To see this,

let Z,(x) := {i € Zj, : ¢i.n(x) # 0} denote the collection of those nodes whose basis
functions contain x € (0, 1) in the interior of their support. Then for x € (0, 1)8
leti(x) € Zj(x) denote the node closest to the Chebyshev center of the convex hull
[Ih (x)] of Zj,(x). Then, since v(i(x)h) ZieIc(x) ¢i.;, (x) is constant in a neighborhood
of x, one has

D@ = | D @) = w005 x)
i€z, (x)

= Jax lv(ih) — v(i(x)h)l%l#(fh (x)).

i€z (x
Since diam Z;,(x) < ch for a constant depending on S, this yields
1808 (0] < ¢ HvllLip. ¥ € (0, 1), (6.75)

from which it follows that (weakly)

1
o (x) — vp (x)] =‘/Vvh(X+t(X’—X)) - (x" = x)dt
0

-1
<lx — x'|V/sc™ vllLip, -

Moreover,

) = w @] = | Y @) = v < Chlvli,.

i €Ty (x)

since max{|x — ik| : i € Z(x)} < Ch whith C depending only on S. Given § > 0,
the choice h = h(8) < m ensures |v(x) — vy (x)| < %. Now approximate each
1Pl

®i.n(s) by a ReLU network N s with accuracy ||¢i.n(s) — MNislloo < ¢*8, with ¢* to be
determined in a moment. We obtain, by (6.74)

[o— 3 vimNisllo <o = villoot sup 3" 10|14 () ~Ni s (o)

xe(0,1)8

s
lEIh(g) ’ IEIh(g)(X)

<—-+ sup #Ih(,;)(x)c*S.

x€(0,1)8

N | >

Thus, choosing ¢* = (2sup,¢(o,1ys #Ih((;)(x))_l, we have confirmed

lo— 3 vl <.

iGIh(g)
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Moreover, defining N := 3~ 7, v(ih)Ni s, we obtain, again by (6.74) and (6.75),

|8 N5 ()] < |8;Ns(x) — v ()| + ¢ HlvllLip,
=| > wm(8Nis () — 5010) | + ¢ vl

iEIh((;)

< olloc#@ne)h ™8 + ¢ HolLip, < " (lvlleo + DIvlILip,

where ¢” depends only on s and where we have used that % < 4C|v|lLip,- This
confirms (2.19). Regarding the complexity (2.20) of N5, we have #(Zj, (8)) = h(8) ™S <
c8™S ||v||iipl, which completes the proof because #Ns < #(Z;(8)) log, % O

~

Proof of Proposition 2.9 For each finite N there is only a finite number of feasible
dimensionality vectors D with 91(D) < N which representations of G € €y
may have. For each such D consider first the following auxiliary classes. Let Fy C
C(R-1; R¥) be compact and let €(D,F) := {G € Xo,G = Gg, D(g) = D :
with g/ € Fj, j=1,...,n(D)}. o

Lemma 6.9 The collection

Cvs@®:= [ ¢O.F
ND)<N

is compact in C(Dg; R%®)) (and so are the subsets €(D, F)).

To establish first this Lemma, it is enough to confirm compactness of €(D, F) for each
of the eligible D. To this end, let F, F’, be dimensionally compatible compact subclasses
so that for g € F, h € F' compositions % o g are defined. Then {hog : h € ', g € IF}
is compact in X. In fact, let (g,)neN, (hn)nen be uniformly bounded sequences in
F, ', respectively. By Arzela-Ascoli’s Theorem, they are equicontinuous and have a
convergent subsequence with continuous limits g, &, say. Denote these subsequences
again by (gn)neN, (hn)nen). Then,

lhn o gn —hogllx, =< Ilhnogn—hnoglxw, + I1hnog —hoglxwm,-

By uniform convergence of the g, and equicontinuity of the 4, the first summand
becomes arbitrarily small for n large enough. By uniform convergence of the &, the
second summand gets small as well. Iterating this argument, shows that &(D, IF) is
compact. Since €y s(IF) is a finite union of such sets the assertion of Lemma 6.9
follows.

The proof of Proposition 2.9 follows now from noticing that membership to €y s(B)
requires all composition factors to have uniformly bounded Lipschitz norm and hence
belong to compact classes. O

Proof of Remark 2.10: Let (f;) jen be a sequence in UA?. Take a sequence (g )ken of
numbers decreasing monotonically to zero. For each f; letg; ; denote a compositional
representation of some function in €y, s such that (see (2.12)) [|Gg; , I Nep.s,Re < 1
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and || fj — Gg; . Ilx < &k. The complexity function 91(g; x) is controlled uniformly
in j by Ng,, defined by (2.13). For fixed k the class (’:Nsk,s is compact (Proposition
2.9). Therefore, for fixed k, (ng_k) jeN contains a subsequence (again denoted by
(Gg_;,k) jeN), converging uniformly to some Gy € QNsk,S- Now one can take a diag-
onalization argument, letting k tend to infinity, extracting a convergent subsequence

from (f})jen. |

Appendix B

Proof of Lemma 6.3 As for (a), since

0, I <Ti-1,
pit) =3yt—71i-1,t €Jj, (6.76)
II/q, t>7.

(6.19) follows. Regarding (6.20), without loss of generality assume that # < ¢’ so that

[t <saottzg | i<t e [tsaa > |wred| tent>g

Pl(t)—m(t’)‘ 0 I B T B O RS R

Hence p; (t) > p;i(t"),i =1, ..., q. Specifically, assume that ¢’ € J,,, t € J;. Then
q.>p y.

q v
D o) = pi =Y pit) = pi(t) = el = (t = Te-1) + [ Jes 1]

i=1 i=¢
+o ol + =1
=t —t4+1 -1 — (1 — 1) =1 — 1,

confirming claim (a).
As for (b), we obtain

/v(s)ds —sz(t)UJ, Z/ Xs=t(s) — /TJ( |)> (s)ds.

llJ[

Now suppose that r € J. By (6.76), we have (Xsft(s) — p\iT(it|))|Ji =0fori <k—1
while elementary calculations yield

J o2
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t Tk
—t t— T
= )rk— / v(s)ds — ¢/v(s)ds‘
Tp — Th—1 Tp — Th—1
Thk—1 t
T — t
= = Dl + €= T 0 |
Tk — Tk—1
- - — 1) _ |kl Lo
< 200l ) < 08
T — Th—1 2
which is (6.21).
Concerning (c), let i(¢) := argmin,zl,_._ﬁq [t — &;|. By assumption f lv(s) —
Ji
v(&)|ds < |J;|*L’/2 so that
i(1)—1 !
\fv(s)ds - Zm(r)v(&)} > [ = vids+ [ 1) = i) ids
i=1 J; Ti(1)—1

L2l i) [1]2L
Sl.(t)lll _im _
2 q9 2q

m}

Proof of Lemma 6.6 We consider first the case of fixed x. Using (6.27) and (6.32), one
finds for ¢t € Jy

[Ax1 4, N(E, 2 y) — Ax,[,q,N(ty Z; y/)|

o~

Z O llal max{ly — I, 12(&) — Z' D1}, (6.77)

where ||a|| plays the role of L. To see the pattern,
|Ax1qN(tZy) )([qN(l‘Z y)'

< Z pilalllAx,1,g.8NEED & Y) — Ax1,g.NEED, & YD

i1=1

4 i
= Y pulal{ > o ®llal max(ly - ¥'I, [2E) — 2 @)D

i1=1 ir=l1

Inductively it follows that for# € J; and k € N

|AS [ g2 y) — AL (25 Y
< lall* Z piy (1) - pi (Y max{]y — ¥/, |2(&,) — Z €O}
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Invoking (6.22), yields
iv-eie
Yo @m0 =ty e =
=i =ip>>ig=1 =iy =ip>>=ig>1 q ’
providing
_ _ (lall1)* .
AL g N (0 2 =AY (2] < == T maxd]y = 2= 2 Limm)

Similarly, for z = zy, 7/ = Z, (see (6.6)), we obtain
|Ax,l,q,N(t9 Z; y) - Ax’,],q,N(ta Z/; y/)|

4
<lx = x|+ pi@lal max{ly — 'l 17 = 2 ll Lo z:mm),
i=1

and hence inductively

L (||a|||1|)”
A% N5y = AL v 25 )] < max{ly — Y] I :
=0

Finally, by (6.27) and (6.20), one has for any ¢, ' € I

A

A 1g N5 9) = A g N 50 <Y 10i() = pi)I[ AN i G )
i=1
lalll —¢'l,

IA

where we have used (6.20) and the definition of ||a]|. This confirms (6.33). The remain-
ing claim follows from Remark 6.4, (6.30). O
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