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ARTICLE INFO ABSTRACT

Keywords: In this paper, we present a general thermodynamically consistent hydrodynamic phase-field model for

Thermodynamical consistency nonisothermal binary viscous fluids. This model incorporates cross-coupling effects among phase, velocity and

lgofgsgthermal binary incompressible viscous temperature, while adhering to the generalized Onsager principle and conservation laws. We systematically
uid flows

explore its validity across the model parameter space and provide guidelines for determining consistent,
dissipative physical boundary conditions. This model preserves both fluid phase volumes and ensures positive
entropy production under adiabatic and dissipative boundary conditions. We then specifically investigate the
phase-temperature coupling in detail, elucidating roles played by additional reversible (nondissipative) and
irreversible(dissipative) processes due to the cross-coupling. Leveraging the entropy quadratization strategy,
we develop a theoretical framework for devising second-order, entropy-production-rate-preserving numerical
schemes for the model. We validate the schemes through mesh refinement tests and demonstrate its efficacy
using an adaptive time-stepping strategy. Four distinct phase-temperature coupling scenarios are examined to
illustrate the model’s capacity to capture complex interfacial dynamics in the context of Rayleigh-Bénard
convection in nonisothermal binary viscous fluids. The role of cross-coupling parameters in promoting or
retarding heat convection and fluid mixing via either the entropy-enhancing or entropy-preserving cross-
coupling is qualitatively identified. This work advances the field by providing a robust, physically consistent
framework for modeling nonisothermal binary fluid systems, with potential applications in materials science,
geophysics, and engineering.

Cross-coupling

Entropy quadratization method
Entropy-production-rate-preserving schemes
Adaptive time-stepping

1. Introduction

Multi-component fluid flows are integral to a wide range of physical, biological, and industrial processes, including emulsions, polymer blends,
multiphase flows in porous media, and atmospheric convection [1-4]. Understanding the interplay between phase separation, interfacial dynamics,
and thermal effects is essential for accurately predicting and controlling these systems. Modeling such flows presents significant challenges due to
the complex coupling between hydrodynamics, phase transitions, and thermodynamic constraints [5]. Traditional numerical methods, including
sharp-interface tracking, volume-of-fluid approaches, and front-tracking techniques, often struggle with handling topological changes, interface
coalescence, and breakup [6-9].

Phase-field models have emerged as a powerful alternative for simulating multi-component fluid flows, particularly for cases involving interfacial
dynamics and phase separation [10-14]. These models represent the interface as a diffuse region, eliminating the need for explicit interface tracking
while naturally incorporating thermodynamic driving forces [11,12]. Over the past two decades, phase-field methods have been widely adopted for
isothermal binary and multi-component systems, with applications ranging from materials science to fluid mechanics [13-15]. However, real-world
systems are rarely isothermal, temperature variations significantly impact phase transitions, diffusion processes, and hydrodynamic stability [16,17].
Despite this, much of the existing research on phase-field models has focused on isothermal conditions, leaving a critical gap in the understanding
and modeling of nonisothermal multi-component fluid flows [18-22].

Several recent studies have sought to address this gap by incorporating temperature effects into phase-field models. For example, diffuse-
interface models have been extended to study spinodal decomposition under thermal gradients by A. Bertei et al. [23], diffusion-interface models
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was extended for numerical simulations of isothermal two-phase flows by A. Pecenko. [24], and entropy-based formulations have been proposed
to ensure thermodynamic consistency in nonisothermal settings by Li et al. Guo and Lin, and our group, respectively [25-27]. In addition, Abbasi
et al. and Igbal et al. investigated entropy generation for peristaltic motion of hybrid nanofluids in a series of studies [28-30]. In solid mechanics
and engineering, Long-Qing Chen reviewed the phase-field method for phase transitions/domain structures in ferroelectric thin films [31] and
Indergrand et al. gave a phase-field model coupled with temperature for ferroelectric response of bulk polycrystalline PZT [32]. However, many of
these approaches either neglect cross-coupling effects between phase, velocity, and temperature fields or treat them in an ad hoc manner. In reality,
the interaction between thermal and phase-field dynamics is governed by fundamental principles of non-equilibrium thermodynamics, requiring a
systematic derivation that ensures consistency with conservation laws and entropy production constraints [5,33-35].

In this study, we develop a general thermodynamically consistent hydrodynamic phase-field model for nonisothermal binary viscous fluids that
rigorously incorporates cross-coupling effects among phase, velocity, and temperature. The model is constructed using the generalized Onsager
principle, ensuring consistency with the second law of thermodynamics while capturing the intricate interplay between thermal effects and fluid
dynamics. The key features of our approach include:

Thermodynamic Consistency: The model is systematically derived to satisfy conservation laws for mass, momentum, and energy while ensuring
nonnegative entropy production. This guarantees that the system remains physically meaningful under various thermal and mechanical
conditions.

Cross-Coupling Effects: Unlike previous models that treat phase and temperature evolution independently, our framework explicitly accounts
for cross-coupling between phase and temperature fields. This allows for a more accurate representation of heat transfer, phase separation,
and interfacial transport mechanisms.

Boundary Conditions and Volume Conservation: We systematically explore thermodynamically consistent boundary conditions, distinguishing
between adiabatic and dissipative scenarios. In particular, we identify conditions under which the volume of each fluid phase is preserved,
which is crucial for maintaining physical realism in closed systems.

Entropy Quadratization and Numerical Schemes: To develop robust and efficient computational methods, we leverage the entropy quadrati-
zation (EQ) strategy, which transforms the entropy function into a quadratic form [36-39]. This allows for the construction of second-order,
entropy-production-rate-preserving numerical schemes, ensuring numerical stability and accuracy [40-42].

Validation and Applications: The proposed model and numerical schemes are validated through mesh refinement tests and adaptive time-
stepping strategies. We then apply the model to study Rayleigh-Bénard convection in nonisothermal binary fluids, demonstrating its ability to
capture complex interfacial dynamics, heat-driven instabilities, and phase transitions. We analyze how different cross-coupling mechanisms
influence fluid mixing, thermal convection, and interface morphology under varying parameter regimes.

Our detailed investigation of phase-temperature coupling effects reveals the existence of two distinct mechanisms that govern heat transport
and fluid mixing:

1. Entropy-Enhancing (Dissipative) Coupling: This mechanism, represented by a symmetric cross-coupling mobility operator, enhances entropy
production and stabilizes the system by dissipating thermal energy more efficiently. It reduces long-wavelength instabilities and promotes
uniform mixing.

2. Entropy-Preserving (Reversible) Coupling: This mechanism, represented by an antisymmetric cross-coupling term in the mobility, does not
contribute to entropy production but can induce dynamic instabilities. It can either enhance or retard mixing depending on its sign and
magnitude, potentially leading to pattern formation and phase separation.

By systematically analyzing these mechanisms, we provide quantitative insights into the stability and dynamics of nonisothermal binary fluids,
highlighting the impact of cross-coupling parameters on heat transfer and interfacial motion. Our results show that a delicate balance between
entropy-enhancing and entropy-preserving processes determines the evolution of phase structure and thermal convection. The framework developed
in this study offers a robust, physically consistent approach to modeling nonisothermal binary fluid systems, with potential applications across
various scientific and engineering domains.

Understanding the interplay between temperature and phase separation is crucial for designing advanced materials with tailored microstructures,
such as polymer blends and metallic alloys in materials science. Nonisothermal phase-field models can help simulate magma dynamics, mantle
convection, and cryospheric processes where phase transitions and heat transport play a critical role in geophysics. The ability to model heat-driven
multiphase flows is essential for optimizing processes in chemical engineering, energy storage, and microfluidics in engineering and industrial
applications. While this study focuses on binary fluid systems, our approach can be readily extended to multi-component and quasi-incompressible
fluids and solids. Future work will explore extensions to non-Newtonian fluids, various solids materials, liquid crystal polymers, and high-order
numerical methods for improved computational efficiency.

The remainder of this paper is structured as follows: Section 2 presents the mathematical formulation, detailing the derivation of the governing
equations in the bulk and on the boundary from the generalized Onsager principle and conservation laws. Section 3 provides a linear stability
analysis, examining the impact of cross-coupling parameters on phase separation and thermal convection. Section 4 introduces structure-preserving
numerical schemes, including the entropy quadratization approach and volume-preserving algorithms. Section 5 presents numerical experiments,
validating the model through convergence tests and exploring phase-temperature coupling effects in Rayleigh-Bénard convection. Section 6
concludes the study by discussing the physical implications of our findings and outlines potential future research directions. By developing a
rigorous and comprehensive thermodynamically consistent model, this work advances the field of multi-component fluid dynamics and opens new
avenues for exploring nonisothermal phase-field phenomena.

2. Mathematical formulation
2.1. Model formulation

We formulate a general thermodynamically consistent hydrodynamic phase-field model for nonisothermal binary viscous fluids, which consists
of a phase field, velocity field and temperature field, based on the generalized Onsager principle and laws of thermodynamics. The binary fluid
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system comprises two viscous fluid components 1 and 2, where ¢ and g, (T) represent the volume fraction and the intrinsic density at temperature
T of fluid 1, and 1 — ¢ and g,(T') represent those of fluid 2, respectively. The overall density of the binary fluid is defined by

(T, ) = p1(T)p + pp(TH(1 = ). 21

If the two constituents are of equal mass densities, i.e. §(T) = g,(T) = py(T), where py(T) is independent of the phase variable, p = py(T). This is
an approximation to the cases where intrinsic densities of the two fluid components are close in values. We adopt this assumption in this paper
and defer the discussion of the unequal intrinsic density case to a sequel where the binary fluid is modeled as a quasi-incompressible system.

In this paper, we denote v, e, s as the mass average velocity, the internal energy per unit volume and the entropy per unit volume, respectively.
For the binary fluid system, we assume that the total entropy is given by

S(e, , V) = / s(e, , Vg)dx = / [—%|V¢|2+s0(e,¢)]dx, (2.2)
Q Q

where Q2 is the material domain that the fluid occupies, y, is a parameter measuring the strength of the conformational entropy density and s (e, ¢)
is the bulk entropy density per unit volume. For the binary fluid system, we enforce laws of mass, momentum and energy conservation subject to
the Boussinesq approximation [39] as follows.

Mass conservation:

pi+V-(pv)=0. (2.3)
In the context of the Boussinesq approximation, the above equation is approximated by
V.v=0. (2.4)
Momentum conservation:
plvi+v-Vvl=V.0,-Vp+F,, (2.5)

where ¢, is the extra stress tensor, p is the hydrostatic pressure and F, is the extra force including the interfacial and external force [5].
Energy conservation:

e,+v-Ve=(o,—pl) : Vv-V .q, (2.6)

where q is the heat flux density per unit area. Phase field variable ¢, extra stress tensor o,, and heat flux q are additional unknowns whose transport
properties need to be defined by constitutive equations [5].
Constitutive equations:

We propose that the phase field is transported by the following conservation law [11]:

G+ V- (pV)=-V-J, 2.7)

where J is the excessive diffusive flux to be determined.

To derive constitutive equations for ¢,, q and J, we resort to the generalized Onsager principle delineated in [35]. It follows from Egs. (2.4)-(2.7)
s

and the fundamental relation in thermodynamics é—‘: = % that the entropy production rate of system (2.2) is given by

ds [ S 2]
o= oG+ %¢,)dx+/mn . (qubqb,)da

= [olV 55 T+ 50, =T 354) 1 Vv +q- V(p)ldx (2.8)
7] 9. S
+ f,om- [ﬁqﬁ, —(sI- 0VS¢V¢) v - 5/ 1da.
where n is the unit outward normal vector of 042, % =- V¢ + %’, and equality
~(53Ve+ 22Vg)-v=(sI— 2V) : Vv =V [(sI- 2Vg) - V] (2.9)

is used.
It follows from (2.8) that the entropy production rate of the system consists of two parts: the bulk entropy production rate and the entropy flux
through the boundary. The bulk entropy production rate of the system is given by

_f’S;;dk = /Q[v% I+ £(o, - T;VS(I) Vo) : Vv+q- V(3)ldx, (2.10)
and the entropy production rate involving the boundary or the energy flux across the boundary is defined by
f’jfc =/()Qn.[‘;’7ip¢,—(sl— ()?(I)V(ﬁ)w—%—%.l]da. (2.11)

We follow the Onsager linear response theory for nonequilibrium thermodynamical systems [35] to propose the constitutive equation in the
bulk as follows:

(. 30 =T V)@ = M- (V5D VLT, 212)

where M > 0 is the mobility operator and D is the rate of strain tensor. Note that M is a 15 x 15 matrix operator if 6, and D are stretched
into 1 x 9 vectors. All vectors are represented as row vectors, second order tensors are stretched to 1 x 9 vectors, and fourth order tensors are
represented as 81 x 81 second order tensors in this paper. In general, the mobility operator M(¢,v,T) comprises a symmetric part M (¢,v,T) and
an antisymmetric part M, (¢, v,T):

M(p,v,T) = M ($,v,T) + M,(¢p,v,T). (2.13)
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Substituting (2.12) into (2.10), we arrive at
S = [L[(VE.D. V) M- (V. D, V1) 1dx
_/Q[(v‘” D, V 7 M- (Ve DV ) Tdx.

In this paper, we con51der a grossly simplified model whose symmetric and antisymmetric part of the mobility operator M, respectively, are
given as follows

(2.14)

My, My Mg 0 M, M3
MG vT) =My My My, MUbv.T)=|-M,, 0 Mgy, (2.15)
M;; My Mgy M,z M, 0

where M, oMy j.i,j =1,2,3 are entries in the mobility operator, M;; j»M,;;.i # j represent the cross-coupling effects between the phase and velocity

field, phase and temperature field, velocity and temperature field, respectively. They are tensors ranked from the second order up to the fourth
order. The inner product between vectors is denoted by () and that between second order tensors or stretched 9 x 1 vectors by (:). With these,
the bulk entropy production rate is given by

a’Sb,,,k v s . . 1. vi
. /Q(V5¢ M, - g*’DI- My, ;S;)‘FV; ]‘1433 Vs (2.16)
+2V% My i D+2D : My - V1 +2VE . M5 Vi)dx 2 0,

Here, the semi-positive definiteness of M, > 0 warrants a positive entropy production rate and thereby thermodynamical consistency.
It follows from (2.12) and (2.15) that the constitutive equations are given by

J= My V5 + (Myy+ M) 1 D+ (Mys + Myy3) - Vi
0, =TV @ Vp+(Mpy = My1p) - TV + Myy : TD + (M3 + M) - TV ., (2.17)
4= (M3 =M, 13)- Vi +(My3 = My3) : Dt My - V.
In this paper, the internal energy density is approximated by
e=C,T, (2.18)
where C, is a constant specific heat [27], and the bulk entropy by
so=Cu(nT —InTyy) — F($,T) + Cy, (2.19)
where F(¢,T) a double well potential function of two local minima 0 and 1, respectively.
The corresponding general governing system of equations in the bulk is summarized below
G V(@) ==V (M -V + (Mpy + M)t Dt (M3 + My 13) - Vi),
V-v=0,
p(v,+v-Vv)=V.0,-Vp+F,,
0, =TV @ Vp+(Mpy = Mypp) - TV + Moy : TD + (Mo + M) - TV .
e, +Vv-Ve=0, : Vv=V - (M3~ M,3)- vg—i +(My; = My3) - D+ My; - V),
e=CuT, S=-LIVI*+s9(e.h), s59=CynT =InTy) = F(,T)+ Cy,

(2.20)

where T, is a critical temperature. This completes the formulation of the general thermodynamically consistent binary fluid model in the bulk.
If we denote the volume of fluid 1 as V = fg ¢dx, it follows from ((2.20)-1) that

= [oddx=—[on- (M, - v + (Mip+ M) : D+ M3+ M, 3)- v% + ¢v)da. (2.21)

This serves as a physical constraint for the model. If the volume of fluid 1 is conserved (%/ = 0) in a closed system, proper boundary conditions
have to be prescribed along the boundary of the domain consistent with the volume-preserving constraint.

In this study, we focus on the phase-temperature coupling effect by examining a special case of the model, where mobility operator M(¢,v,T)
is one of a special form with cross-coupling between the phase field and the temperature field given as follows

M1 0 M3+ M, 13)1
MV, T) = 0 20(T, )T 0 i (2.22)
(M3 — M, 1)1 0 DyT1

where the parameters are assumed constants, I = (6;;)3.3 and II is the fourth order identity tensor. In particular, we choose

1) (1) (2) E(z)

NT.¢) = - Fp + = F (1~ ), (2.23)
where r/(') E(') R,i = 1,2 are constants [43]. The semi-positive definiteness of the symmetric operator is warranted provided
M; 5 M
a, 13
M 20,720, Dy20, MDy+ —2= = —2 0. (2.24)

These impose a constraint on model parameter M ; as follows
2 2 2
My < MDyT? + M2 .. (2.25)

Notice that there is no constraint on M, ;3 though. This indicates that cross-coupling parameter M;; cannot be too large for the model to be
thermodynamically consistent.
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The governing system of equations of the simplified non-isothermal hydrodynamic model is given by

G+ V- (@V) ==V - (MVEE+(My3 + Mg 3)V ),

V.-v=0,

p(v,+v-Vv)=V-.0,-Vp+F, (2.26)
6, =TV @ Ve +2n : TD,

e, +v-Ve=0,: Vv=V (M- MH,B)Vg + DTV ).

The corresponding non-negative bulk entropy production rate of this model is given by

ds, 2 D
B fQ(M|V%| +27D : D+ 22 |VT|? +2M13V%V%)dx > 0. (2.27)

To amplify the roles played by the symmetric and antisymmetric component to the cross-coupling effect, we investigate four limiting cases of
the model in the rest of the paper in details.

* Model 1: M3 = M, ;3 = 0. This model does not have cross-coupling which was studied in [27] previously.

* Model 2: M, ;3 = 0. This model has cross-coupling though a dissipative mechanism with a constraint on model parameter M,; by Eq. (2.25).

» Model 3: M,; = 0. This model implements cross-coupling through a reversible transport mechanism so as to the cross-coupling effect does
not impact the entropy production rate.

* Model 4: the general model with M5, M, |; # 0. This model implements cross-coupling via both dissipative and reversible mechanism with
a constraint on model parameter M5 by Eq. (2.25).

We next present some sufficient physical boundary conditions for a positive entropy gain through 00 for the general model.
2.2. Physical boundary conditions for entropy gains

We note that any physical boundary conditions should be determined in consultation with the entropy production rate involving the boundary
or the entropy flux through the boundary, %, given by (2.11). For clarity, we express it as an inner product below

dSpe _

7 = Joa® 55 6= V0. =1~ 55§ von-q.n- ) da. (2.28)

For a dissipative system, we assume that the entropy flux contributes a positive contribution to the total entropy production in €. This is a tricky
issue which entails two scenarios: 1. the entropy flux across the boundary is nonnegative everywhere, 2. the net entropy flux across the boundary
is nonnegative, which allows the entropy flux to be nonnegative at some places along the boundary while negative at other places, but the net flux
across the boundary is nonnegative. In the following, we present boundary conditions consistent with scenario 1.

Applying the general Onsager principle to entropy flux in case 1, we obtain

(¢rvom- g D)7 = M, - (- 22 —n- (51— 22Vg). — 1~ 2T, (2.29)

where M, is the boundary mobility operator, a 6 x 6 matrix operator. If M, > 0, this boundary condition provides a sufficient condition that
warrants a positive contribution to the total entropy production rate from the boundary terms everywhere. It is thus termed dissipative boundary
condition [44,45]. This boundary condition family is natural and physical. However, in cases besides case 1 and 2, the boundary condition affected
by external means may yield a negative entropy flux despite that the bulk entropy production rate is positive. If the entropy flux at the boundary
does not contribute a positive influx, the system could not be guaranteed a dissipative system definitively.

From (2.11), we identify a host of entropy fluxes across 0£2 associated with different physical mechanisms:

*n- ()‘é—sd)qb, is the entropy flux density due to the volume fraction flux;
e —n-[v-(sI— dav—“d;VdJ)] is the entropy flux due to the convective normal velocity;
s —n- % is the excessive entropy flux density due to the heat;
e —n-[J %] is the entropy flux due to the excessive volume fraction flux.
These fluxes play distinctive roles in determining the physical boundary conditions of the model.

Adiabatic boundary conditions: A set of sufficient physical boundary conditions corresponding to zero entropy fluxes at the boundary are known
as the adiabatic boundary conditions, given by

n-Vela0=0, V=0, n- V% loag=0. m-VT |0="0; (2.30)
or equivalently,

a’% ‘=0, V=0, J-nfp=0, n-ql=0 (231
These boundary conditions make % = 0. Then, it follows from ‘L—f = dsd% > 0, which indicates that the bulk equations coupled with the

adiabatic BCs yield a positive entropy production rate. In addition, these boundary conditions warrants % = 0 so that the volume of fluid 1 phase
is conserved.

Dissipative boundary conditions: If there are entropy exchanges between the interior of the domain and the surrounding in such a way that the
net entropy influx is positive, we have the non-adiabatic boundary conditions given by (2.29). There could be infinitely many such conditions in
this class. For example, all boundary conditions given by (2.29) are in this class so long as M, > 0.

Physically nonadiabatic boundary conditions: Other type boundary conditions may be applicable in the real-world when there are nontrivial
boundary fluxes sustained by an adjacent reservoir. For example, we consider the phenomenon of Rayleigh-Bénard convection in the nonisothermal
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binary fluid flow, in which the temperature is prescribed along a portion of the boundary. It inevitably creates entropy fluxes crossing boundaries
of the physical domain that the binary fluid occupies. For example, the following physical boundary conditions are usually used for this problem:

NV log=0. V=0 -V |0=0. n-VT |0 #0, Ty, =T,(x), (2.32)

where 002, and 042, are two disjoint boundaries of 2 with 02, + 022, = 02 and T, > 0 is a prescribed temperature along d£2,. These boundary
conditions produce a boundary entropy flux that is indefinite in general. The overall entropy production of the system in £ can thus be indefinite.

We remark that a thermodynamically consistent model is determined by its bulk entropy production property together with proper boundary
conditions. In a bounded domain, boundary conditions contribute additional entropy fluxes which can be instrumental in the thermodynamical
consistency of the model. If the boundary fluxes contribute a positive entropy flux, the model together with the boundary conditions is
thermodynamically consistent. Even if the boundary flux is indefinite but the bulk entropy production dominates, we expect our numerical
approximations would respect the boundary flux thereby the overall physical property of the model.

2.3. Non-dimensionalization

Using characteristic length scale L, temperature scale AT, density scale p, and velocity scale U, we obtain the corresponding dimensionless
parameters and the physical variables as follows:

bp=¢, x=8%L, v=3U, z=f§, T =TAT, p=ppp M=M‘;T—5,
0

5S _ 85 poU? ~ ~ N
55 =550 Miy=MpATLU. M5 = M, 34TLU. o, = 6,p0U”,

p= ﬁPoU2a F, = Fe%» n="n pOZ;L25 n= VAIDOAI;L» e= éPoUzs @39
Cu=C A 5 =5l =gl pallt
The dimensionless equations without the s are given below.
b +V-(¢pv)=-V- (MV% +(My3+ M, 13)VE),
V.v=0,
p(v;+v-Vv)=V.0,-Vp+F,, (2.34)

6, == TVp®Vep+2n:TD,
e,+v-Ve=0,: Vv—=V.(M; — Mm)vg + DTV 1),
e=C,T. S=-LVI>+sele.h). s9=CynT ~InTy)— F(¢p.T) +C,.
Next, we examine the near equilibrium dynamics of Model 4 to highlight the role played by the phase-temperature coupling parameter M,
and M, 3.

3. Near equilibrium dynamics

We examine near equilibrium dynamics of Model 4, through a linear analysis about a constant equilibrium state: ¢ = ¢,,v = 0,T = T;, where
¢y €[0,1] and T;, > 0 are constants. We adopt a specific double well potential given by

F(@,T) = ppy(T$*(1 = ¢?), 3.1
where y, measures the strength of the bulk repulsive potential. We denote
Fi(¢.T) = F($) = 2r,(Tp(1 = p)(1 =2¢), F(¢,T) = F(¢) = 21, (T)(6¢" — 6 + 1). 3.2)

Consider a perturbation of ¢, v,T about their constant states ¢ = ¢,, v =0,T = T, as follows
b=y +ebp, v=0+¢e6v, T =T, +¢€6T. (3.3)
The linearized equations of (2.34) in the limiting case of Model 4 reduce to the following coupled equations

69, = =V - |M(V(r1460) = Fx(. Ty) Vo) — 22 V6T |, 5.4

0
CyoT, ==V - [(M13 = M, 13)(V(r146¢) — Fy (o, Ty) Vo) — D0V5T] .

together with the decoupled, linearized momentum equation that contributes to some viscosity-induced decay modes.
The dispersion equation of (3.4) is given by
(M3+M,13)K>
i
(M3 — M, 1)k*f Cqa + Dok?

2
a+ MK?p -0, (3.5)

where f = 7,k + F,(¢y, Tp). Growth rate « is a root of the following quadratic algebraic equation,

M2 M2
Cpa?® + (Do + C4MPK*a + (M Dy — %)ﬂk“ =0. (3.6)
0
Its two roots are

K2 K2g | MDoT3+M? . —M?
m = =g [(Do+ Camp) — VA, | = 242 [— 1My

; (Dg+CAMpP+/8, |’ (3.7)
k
a = =2 [0+ CaMp) + V4, |
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0.4 : 15 : :
——Model 1 ——Model 1
—— Model 2 — Model 3

03" Model 3 4 —Model 4

Model 4

0.2
3 S 05+

0.1-

o _______________________
0 _________________________
-0.1 ; ; -0.5 ; ; .
0 10 20 30 40 0 10 20 30 40
K] [kl

(a) Comparison of growth rates for the four models. (b) Comparison of growth rates under M, 13 = 1072

Fig. 3.1. The positive growth rate («;) of the four models. (a). The growth rate of the four models at different values of (M3, M, ;). Model 1: M,; =0, M,;; = 0, Model 2:
M; =107, M,,5 =0, Model 3: M;; =0, M, ; =107, and Model 4: M,; = 107, M, ; = 2.5x 1073, The growth rate of Model 3 is greater than that of Model 1, the growth rate
of Model 1 is greater than that of Model 2, but all are smaller than that of Model 4. (b) The growth rate of models 1, 3, and 4. The parameters of Model 1 and 4 are the same
as those in (a) while M, ; in Model 3 increases 10~3 to 1072. The result shows that the growth rate of Model 3 increases significantly, which is much higher than that of Model
1 and Model 4. These results highlight the stabilizing effect of M, and destabilizing effect of M,;; when the model is well-posed.

where
2 M123’M213
Aa =(D0—CAMﬂ) +4CATHﬂ (3 8)
0 o
- 2 _ 4Cu8 2 2 2
=Dy +CyMp)~ — T_g(DOMTO + M1,13 - M13).
If the model is well-posed, i.e., M7, — M2 , < MD,TZ, and § <0,
M2 _ 2
13 13
4, = (Dy— C,Mp)>* + 4CAT“ﬂ > (Dy— C4Mp)? +4C, M Dyp = (Dy + C,Mp). (3.9)
0
Then,
(Dg+CyMP)+1+\/A, > (Dy+CyMpP)+ |(Dy + C4yMp)| = max(0,2Dy + C,Mp) > 0. (3.10)

This implies Re(a,) < 0. On the other hand, if # > 0, then Re(a,) < 0. So, regardless of the sign of f, Re(a,) < 0. This indicates that the second
mode associated with a, is always non-positive for any wave number regardless of the sign of 8.

The sign of a; depends on the sign and magnitude of §. In some parameter regime, Re(a;) > 0 for wave number k in the long wave range. The
cutoff wave number for the instability is given by

Fy (g, Tp)
(1Kl cutofe = \/—Zy—‘j‘). @3.11)

This simple analysis reveals that the range of instability is completely determined by the balance between the bulk free energy and the

conformational entropy at steady state ¢, independent of the mobility operator. When, Re(a;) > 0, the maximum growth rate is given by

_ IKIZGrylIKIZ +2Fy (¢, Ty))
T2(Dg + Co M Fy(¢g) + 27, C, M ||K|1%)

amax

(DoMTy — My + M, ), (3.12)

where ||k||? is given by the solution of equation

CA(ME-M2 )
L 2 Fy (g, To) + 311 IKIIP)

0
+(Dy + C4MP + 7, C4MIK[*)y/4, — (Dy — C4,MP)* = 0.

2
2 — —
IIkll<y;Coa M (Dy — Cy M B) (3.13)

From the expression of «;, we note that the magnitude of the potentially unstable growth rate depends on the mobility, in which |M ;|
tends to decrease Re(e;) while |[M, ;| tends to increase it while Re(a;) > 0. While |M ;| is large enough to violate well-posedness constraint
ME > MD,T? + Miu, Re(a;) > 0 in short wave range is proportional to [|k||?, indicating the Hadamard instability.

In Fig. 3.1, we show the positive growth rates of the four models as functions of wave number | k||, where the parameter values are chosen as

follows
Dy=1073, M =103, C, =06, y; = 1073, y, = 1072, T, = 3. (3.19)

Considering all four models, a consensus emerges: the role of cross-coupling mobility component M is to stabilize the steady state and enhance
energy dissipation while the model is well-posed, i.e., it reduces the magnitude of the growth rate and decreases the energy dissipation rate; while
cross-coupling parameter M, ;; enhances instability of the steady state in the long-wave regime. This linear stability analysis also reveals that the
model is ill-posed when M2, > M DOTO2 + M? ., where the Hadamard instability ensues. This restriction on the parameter value of M,; must be

13 al3’
heeded when applying the model.
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We next discuss some structure-preserving numerical algorithms for model (2.20) that respects the entropy production rate regardless if it is
positive or negative.

4. Numerical algorithms for thermodynamically consistent models
In this section, we derive discrete algorithms to approximate continuous PDEs given by (2.34) to achieve the goal of preserving entropy

production rate. Firstly, we follow the idea of entropy quadratization method to introduce a new variable ¢ = \/—sy — 1,¢? — y3¢2 + C, where
C, is a positive constant large enough to make g well-defined [46]. In addition, the entropy of system (2.2) is expressed as a quadratic form

S = [o(-4 V|2 — g% — y29* — 7362 + Cp)dx. (4.1)
Then we transform the general governing system of Egs. (2.20) into an equivalent form,
&+ V- (@v) ==V - [MV(y;4¢ —2qq4 — 27,¢) + (M3 + Ma,13)V%],

p(v,+v-Vv)=V.0,-Vp+F,,
V-v=0, (4.2)

e+v-Ve=o0,: VW=V [(M;3— M, 3)V(r4¢ — 2qq4 — 2y,$) + DOTzV%],
4 = dpb; + qee;-

where 6, = -y TV¢ ® V¢ + 21 : TD, e = C,T and ¢, = S_Z,’ q, = ‘;—Z.

4.1. Temporal discretization

We define the following the notations
1 1
@2 = 2@ ), 8T = (@ = (),
— ottt otk
@7 =16E =@, @™ = L@ o).
We apply the projection method to decouple the velocity field from the pressure field and the Crank-Nicolson method to discretize the time
derivative of the equations to yield a second order entropy-production-rate-preserving scheme.

(4.3)

Scheme 1 (Semi-Implicit Pressure Projection-Type and Entropy-Production-Rate-Preserving Scheme). Given v", ¢", T" and p", we update v**!, ¢"+1, T"+1
and p"*!' as below:

Step 1 : Update v**1, p"t! via

L | n+d nt
i(v"“ -V 4+ V" V"I =V .6, 2 —Vp"+F, 2,

i(vrﬁ—l _ ‘~,n+l) - —%V(p”'H _pn), V. vn+1 - 0,

where ¥t |,0=0; 4.4
Step 2 :: Update ¢"t1, e" and ¢"*! by
1 n+

54"V @V = -V [MV‘ﬁ (M + MV ()

1 1 1
5"t +v"+* -Ve™E = a:+2 LV V(M — M, )V +3 + DTV (L),

’1,

1 +1 1
Stqn+f 26 ¢n+7 25t6n+§,
where
"+l n+ n+ n+ +1 [
G, :—le 2V¢ 2®V¢ 2+2n 2. T72D72, “.5)
ntl 1 on+d 1 1 1 ’
Zi A¢”+2 _ 2qn+ ¢ _ 27 ¢n+2 , en+ - CAT"+2
The following theorem shows that the scheme is entropy-production-rate-preserving.
Theorem 4.1. Semi-implicit pressure projection-type and entropy-production-rate-preserving scheme preserves the entropy production rate
" n 1 1 1 1 1 1 1
e - /QIMWQ"*Z)Z +20"™ 7 TIDME LD 4 DT (VL)
yos” ng ot L s T
H2M 3V VL Hax+ Jram- L1 V™ )543 SCHEICORERS SN (4.6)
_(S"+§I 50Vv¢”+7 V¢n+“) v"+2]da

where
I = MVE"+ (M5 + Mm)w ),
=My - a,l3)V% + Do(T")ZV(T)n, 4.7)
S" = [ol=1a"* = 2l > = y3le"|* - %quﬁ”lz + Cyldx.
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Proof. Using (4.7) and the Green’s formula, we arrive at the following result

sl _gn
At

[ U bl _gn
=/ - 2qn+fq+;—q -2, ¢n+f ¢+;,_¢ — 2, o3
= [0, q.’)"+ 5S"+2 +($e"+ 55 +2)dx—fagy1n V¢"+25¢"+zda

Next, taking inner product of the flrst equation in Step 2 with 25 = ¢ 2, we obtain

_e”

L gt g
-y Vg2 WTW]G'X (4.8)

1 nt L ntd n
Jobi" 22 +2dx=/_Q[M(Vﬁ I (M + M, ”)V(])H’V‘SS +2 ]dx “49)

s n+

1
n+>
]ﬁ 2 da.

o V@I HE 2dx_fm“ MV 2+<M13+Ma13w< )

1
L L I
Taking inner product of the second equation in Step 2 with %” 2, we have

ail ssnts
Jo b2 2 dx 1
n+d 1 n+z
= [ol(M3 - M, 13)V 2572 V( ) * + Do(T"JrZ)Z(V(%) 2)*]dx (4.10)
1 1 1 .
B AUAERE FAEHT ™3 4 +/Q BT 1T vV
1 n+ S"+

= fam- [(M13 a,13>V5 34 Dy PV(E) 2 da.
Noticing V - v" 3= =0, we give the discrete form of Eq. (2.9) as follows

ntd 1 59 n+
(35" 3yt S5 Ig ety g
be 59 (4.11)

1
_ 0Os "+2 n+7 n+ n+ _0s nts ntl . nt b
= 5ve V¢ :Vy 2+V [(s 21 e V" 2) v 2]

Based on the above result (4.11), we deduce

1 1 L 1 1 1
/Q[v (¢n+§vn+5)§”+z + (V'H—E . Ven+§)%"+2]dx @12
1 1 .
/.Q ddvvd)n+2V¢n+7 Vv"+5]dx+fmn~ (s"+51 ddvq¢n+2 V(IJ"+2) v"+2da
Finally, substituting(4.9) (4.10) into (4.8) and combining with (4.12), we arrive at

1
S}H-; S _/Q[M(Vbs” 2)2 2’7"+% :Tn+%Dn+% :Dn+% +D0(T”+%)2(V(l)n+2 2

1
sSMHY o 1 sty 1 sS 3
+2M13V% ZV? 2]dx—/mm[MV% 24+ (M + M,,H)V(—) ]5¢ 2da (4.13)

ds h+

1 1 1 :
+faQn~(—y1V¢"+5)5,¢"+5da]— from- (" 21— 2 o) 2V¢"*v) V*1da
+3 1 1
— [hon- (M3 — MuJ})V%n T+ DT PV(L) 2](%)”+zda
Hence, this completes the proof.
Remark 4.1. With the discrete adiabatic boundary conditions:
n-V¢' ,0=0, v'|;0=0, n- v%" lao=0, n-VT"|;o=0(n=0,1,...,N), (4.14)

and the mobility operator M > 0, the entropy production rate of system can be written into

n n 5 1 1 1 1 1 1 1
sml_gn +1_ g /Q[M(Vﬁ"”)z ++2nn+§ . T"+5Dn+5 . Dn+E +D0(T"+5)2(V(%)n+2)2
5" il el (4.15)
+2M ;3 VET YL "2 4x > 0,

and the volume change rate of fluid 1

Vn+]_yn _ ¢n+]7¢n _
= Jo T dx=0. (4.16)

So, it indicates that the scheme yields a positive entropy production rate and volume conservation under the adiabatic BCs at the semi-discrete
level.

Furthermore, using finite difference methods on staggered grids, we discretize the above semi-discrete scheme spatially to arrive at the
corresponding fully discrete scheme. We also demonstrate that the fully discrete scheme preserves the properties of the entropy-production-rate
under suitable boundary conditions. We adopt the notations defined in [39] and omit the detail to save space.

4.2. Spatial discretization

Applying the staggered-grid finite difference discretization in space to semi-discrete Scheme 1, we obtain the following fully discrete scheme:
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Scheme 2 (Fully Discrete Pressure Projection-Type and Entropy-Production-Rate-Preserving Scheme).Given v"

+1 +1 +1
W T, and p;, we update vi;*', ¢37°, T}
and p}*' as below:

n

Step 1 : Update v;’;rl,p;“;rl via
1 1 1 1
P ren+l _nt3 nts _ nts n+s
ST =V Y, VY 2 =V 0, P =V +F, 2
Pl _ o +1 _ +1 1 _
LT =) = —'Vh(P" =0y, Vvt =0,

where V;’l“ Idg= 0;
Step 2 :: Update ¢"™*', "' and l]h+l by
i

1 1 (4.17)
nts nts nty sSnts 1\"*5
5y, T+ Va (@), 7V, ==V IMV, 2T+ (Mg + My i)Vi() 7],
ntt el ntd o ol nt sSnty
‘Steh : +v, 2. Vheh *= O, E thh ’ - V(M3 - alS)Vh 56
1 n+k
+Do(T"™2)2V,(3)" 2],
n+l n+l
G —ap=a, @ - +a, Pt e,
where
ntd = l 1 ntl oyl
o, ° =—Y1T 2 h¢h ®Vh¢h +2’1n+2 :T{; ‘D, (4.18)
58 n+1 +2 ] +— ] +% :
% =" Ahd’h —-2q, 9y =~ 272¢h > =CyT,
Theorem 4.2. The fully discrete scheme preserves the entropy production rate. Specially, given fully discrete boundary conditions (4.14):
u", D.¢", D xm D,T" 555;;3 v", D,¢", Dy5¢ D,T" e£;;<)y (4.19)

and the mobility operator M > 0, the fully discrete scheme preserves the volume conservation law: V,:'“ =V}, and yields a positive entropy production rate

S»H-l_Sn n+ 1 1
A——(Mvhij LV 2)2+<DO(T"+2>ZV,,< R NES G
1
+(2r]"+2T"+2 [(dxu"+2)2+§(axDx WU +3 +a,Dau" z)2+(dyu”+5)2])2 (4.20)
1
+2M 3V S”* Vit 20,
where
Y
=(¢" 1), Sy ==llg"ll3 = r2ll$" 115 = v3lle"ll3 = gllvhqs"n% +(Co, D (4.21)

Proof. The proof is similar to the proof of Theorem 3.3 in our previous work [27]. Thus, we omit the detail to save space in this paper.

Remark 4.2. It implies that the scheme yields a positive entropy production rate and volume conservation under adiabatic BCs at the fully discrete
level.

5. Numerical results and discussion

In this section, we implement the numerical schemes for models under two different boundary conditions to verify the thermodynamical
consistency, accuracy of the scheme, volume conservation, and entropy product rate preserving property of the schemes numerically. We then use
them to study the cross-coupling effect between the phase field and the temperature field in the nonlinear regime. In all numerical experiments,
we fix computational domain 2 = [0,27]* and the initial states as follows

v(x,,0)=(0,0), T(x,»,0) =3,
(. y.0) = tanh(22)tanh (2220 (5.1)
y1 =7 —(1+0.1cos(x)),y, = 7+ (1 + 0.1cos(x)).

Unless otherwise specified, we set model parameter values as y; = 1073, y; = 1, Cy = 10*,p = 1,C,4 = 0.6, 11(1) = 0.05,;1 =0.1, E(l) 1, E(Z)
0.5,R = 1 and the cross-coupling parameters for each model in Model 1: M3 = 0, M, ;3 = 0, in Model 2: M,; = 10’3, M, 3 = 0, in Model 3:
M3 =0, M, 3 =1073, and in Model 4: M; = 1073, M3 = 2.5 x 1073, wherever relevant.

5.1. Temporal mesh refinement test

To confirm the order of convergence of the scheme, we conduct several time-step refinement tests. Without loss of generality, we show the
accuracy of the numerical scheme constructed based on Model 2 and y, = 1, D, = 107>, We choose the number of spatial meshes as N, = N, = 128,
time steps At = 1073 x 2k .k =1,...,7, respectively. At final time r = 0.01, we calculate differences of ¢, T and u, v between consecutive time steps in
the L? norm, respectively. The numerical results of the mesh refinement test are summarized in Fig. 5.1, from which the second-order convergence
rate for all variables in time are observed. The spatial mesh refinement test shows a similar result with slope 2 and is omitted to save space.

10
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(a) Convergence test for ¢ and T'. (b) Convergence test for v and v.

Fig. 5.1. Temporal convergence test of the scheme. (a): The error of ¢ and T. (b): The error of u and v. The second-order convergence rate in time for all variables are confirmed.

5.2. Cross-coupling between phase and temperature under adiabatic boundary conditions

We investigate the effect of cross-coupling between the phase field and temperature field in the nonlinear regime of the system by contrasting
solutions of the models with adiabatic boundary conditions. We begin with the case without an external force and then study the one with a
buoyant force obtained from the Boussinesq approximation given by F, = pxTgz, where g is the gravitational acceleration, z is the unit vector in
the direction of gravity and « is a small thermal expansion coefficient.

We set parameter values as follows: y, = 1072, D, = 1073,k = 3.4x 1072, g = 9.8 and the number of spatial meshes as N,=N,=128.In the
numerical simulations, we implement an adaptive time-stepping strategy and set the maximum and minimum adaptive time steps as 4¢,,,, = 1 and
At in = 1.0 1073, respectively.

Firstly, Fig. 5.2 displays snapshots of the velocity and phase fields obtained from Model 1 without the external force. The other three models
yield similar results such that their results are omitted. In all cases, four roll cells are present near the two interfaces, and the interface shapes
are nearly identical across all four models. While the phase and velocity fields are qualitatively similar among the models, the temperature field
exhibit notable differences. Fig. 5.3 illustrates the temperature distributions at four selected time points of each model:

Model 1: Due to the roll cells, lower and higher temperature regions alternate around the two interfaces, where the heat conduction coefficient
is D.

Model 2: The effective heat conduction coefficient is M‘T32C 4 + D,. A positive M5 enhances heat conductivity, while a negative one reduces
it. The results show that enhanced heat conduction creates two low-temperature layers near the interfaces, encapsulating the phase 1 fluid
region and leading to increased temperature within it.

Model 3: The effective heat conduction coefficient is — M”"ic" + Dy. A positive M, ;3 reduces heat conductivity, creating higher temperature
layers at the interfaces. These layers extract heat from the phase 1 fluid region. When the signs of M,; and M,, ;5 reverse, the observed effects
also reverse.

Model 4: The behavior of Model 4 is similar to Model 3 qualitatively, given that the parameter value of M, ; is larger than M,; and both
are positive.

When gravity is absent in the model, the solutions exhibit symmetries in the vertical direction. We next investigate how buoyant force due to
gravity breaks the symmetry, inducing nonlinear, spatial instability.

Fig. 5.4 shows snapshots of the velocity and phase field obtained from Model 1, 2, 3 with buoyant force F,. By comparing Fig. 5.2 with Fig.
5.4, we observe that the buoyant force due to temperature variations has a noticeable effect on interface dynamics. Initially, the simulations
reveal the formation of four roll cells near the interfaces in the velocity field, where fluid convection is primarily induced by the buoyant force.
When cross-coupling is absent, the temperature variation in the time interval investigated is small, in which the interface dynamics are not altered
noticeably. However, when cross-coupling is present, the temperature variation enhances in the computational domain so that it affects the buoyant
force spatially, which in turn alters the interface location significantly.

For Model 2, flows in the top part are enhanced more than in the bottom part due to enhanced dissipation by a nonzero M5 so that the
dynamics in the active region deform the interface more significantly. The higher temperature region occupied by phase 1 fluids tends to mix more
with the cooler region above it than with the cooler region below it due to Rayleigh-Bénard convection. So the top interface is deformed much
more than the bottom one.

For Model 3, the scenario is reversed qualitatively under the influence of enhanced convection. The cooler fluid in the region of phase 1 tends
to sediment to the region of hotter fluid so that the bottom interface is deformed more than the top one. This is a manifestation of Rayleigh-Bénard
convection in the computational domain.

To further demonstrate the transport mechanism described by the model, we examine two fluxes: the material flux of the model, v, =
MV% + (M3 + MH,B)V% + ¢v; and the energy flux of the model, v, = (M3 — Ma,13)V% + DOTZV% + ev. Fig. 5.6 depicts the energy flux
highlighting how energy is distributed in the flow field dynamically.

For Model 1, the four roll cells survive up to the time we stop the computation which leads to five low energy spots and 6 high energy spots along
the path of energy flows. Cross-coupling destroys the structure creating a pair of roll cells circling around two low energy spots which sandwich a

11
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t=0 t=0.01 t=20

Fig. 5.2. Snapshots of the velocity and phase field obtained from Model 1 without the external force. Four roll cells are present in the vicinity of both interfaces over time. The
shape of the interfaces does not change much for all other models (Model 2, 3, 4).

single high energy spot. Material fluxes depicted in Fig. 5.7 support the energy redistribution dynamics in the later stage of the simulation. At the
places of high energy activities, materials are more concentrated.

Fig. 5.5 shows the velocity and temperature distribution of Model 2 and 3. The cross-coupling in Model 2 tends to excite the top part more
than the bottom one, making the phase in the middle hotter than the other phase. It then fuses the active dynamics in the upper interface between
the two phases. The entropy conservative cross-coupling in Model 3 exhibits exactly the opposite effect to the temperature and the flow field.

Next, when M, in Model 3 increases from 1073 to 102, the phase field and temperature field are shown in Fig. 5.8 Row 3 and Row 4,
respectively. By comparing the dynamic processes of Model 3 (Fig. 5.8 Row 3) and Model 4 (Fig. 5.8 Row 1), the interface dynamics of Model
3 (M, ;3 = 1072) atr = 60 is the same as that of Model 4 at t=240, which also coincides with the theoretical results on the growth rate ((Fig.
3.1(b)). The result shows that the dynamic process of Model 3 increases significantly, in fact much higher than that of Model 4. These numerical
simulations agree with our theoretical results of the linear stability analysis in Fig. 3.1.

Subsequently, we show that the numerical schemes preserve both volume and positive entropy production rate for the four models in Fig.
5.9, consistent with the theoretical results. Furthermore, Fig. 5.10 presents the time step distribution in our adaptive step strategy throughout the
simulation of the solution for 0 < ¢ < 300 to benchmark the performance of the scheme.

5.3. Cross-coupling between phase and temperature with nonadiabatic boundary conditions

In the second numerical experiment, we investigate the effect of cross-coupling by contrasting the solutions of Model 1, 2 and 3 in the
nonisothermal binary fluid system under a non-adiabatic boundary condition, where different temperature values are prescribed at the top and
bottom boundary while no-flux boundary conditions are given at other parts of the boundary, respectively.

Fig. 5.11 shows snapshots of the velocity and phase field of Model 1 with M3 = 0, M, ;3 = 0, Model 2 with M3 = 1073, M,,,3 = 0 and Model
3 with M3 =0, M, ;; = 1073, respectively. For all three models, throughout the simulations, fluid convection prevails influenced by the buoyant
force. Moreover, we observe that cross-coupling has a visible effect on the interface dynamics. When cross-coupling is absent (Model 1), the fluid at
the bottom is heated up, its density decreases, so the buoyant force pushes the less-dense fluid up towards the cooler end of the domain. Meanwhile,
the cooler fluid at the top is denser, so it sediments due to gravity to displace the warmer fluid underneath.

However, when cross-coupling is present (e.g., Model 2 and Model 3), the temperature field in the domain is significantly different from Model
1 after a while so that it affects the buoyant force spatially which in turn alters the mixing of the fluids. The comparison with the numerical results
of Model 1 shows that fluid mixing is enhanced in Model 2. However, the comparison with the numerical results of Model 1 shows that the mixing
effect is slightly weakened in Model 3.

Fig. 5.12 shows the velocity and temperature distribution of the three models. The entropy production enhancing cross-coupling (Model 2)
tends to have more dramatic temperature changes than Model 1. The entropy conservative cross-coupling (Model 3) exhibits less dramatic changes
in the temperature field than Model 1.

6. Conclusion

In this paper, we have established a comprehensive framework for modeling nonisothermal binary viscous fluids encompassing model derivation
and thermodynamically consistent numerical approximations, guided by the generalized Onsager principle and conservation laws. The incorporation
of cross-coupling effects between phase, temperature, and velocity in the model allows a more realistic representation of fluid behaviors under
varying real-world conditions. We have analyzed a special limit with the phase and temperature coupling and proposed necessary thermodynamical
conditions for well-posedness of the model. Based on the entropy variational formulation of the model and entropy quadratization strategy, we
introduce a structure-preserving numerical algorithm for numerically solving the model. Numerical simulations are conducted on the limiting model
with phase-temperature coupling. Our numerical simulations reveal the intriguing symmetry-breaking phenomena and stabilizing and destabilizing
effects due to the combination of cross-coupling and Rayleigh-Bénand convection, and in the meantime showcase two potential physical processes
of the phase-temperature coupling: entropy-enhancing and entropy preserving coupling. The model and numerical algorithms constitute a versatile
framework applicable to a myriad of real-world scenarios involving multiphasic fluid flows where non-isothermal effects play a pivotal role. In
materials science, manipulating these couplings could lead to tailored properties in composite materials, while in geophysics, understanding these
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Fig. 5.3. Snapshots of the temperature and velocity field of Model 1-4 without the external force at r =0,0.01,5, 100, respectively. Row 1: Model 1 with M,; =0, M, ;; = 0. Row
2: Model 2 with M; = 1073, M, ;; = 0. Row 3: Model 3 with M,; =0, M, ; = 107>. Row 4: Model 4 with M; =107, M, ; =2.5x 107, All solutions are symmetric in the vertical
direction. Model 1 has an inter-digitated pattern of low and high temperature regions around the interfaces. Model 2 has a higher temperature region in phase 1 sandwiched by
two layers of lower temperature regions at the interfaces. Model 3 has a lower temperature region in phase 1 sandwiched by two layers of higher temperature regions at the
interfaces. The temperature distribution pattern in Model 4 is qualitatively the same as that of Model 3.

interactions may enhance predictions of natural phenomena like magma flow and sediment transport. Overall, the combination of our robust
theoretical framework and the efficient numerical algorithms establishes a versatile tool for researchers and engineers dealing with multiphasic
fluid flows influenced by nonisothermal coupling effects.
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Fig. 5.4. Snapshots of the velocity and phase field obtained from Model 1, 2, 3 with buoyant force term F, at r = 0, 120, 180, 300, respectively. Row 1: Model 1 with M3 =0, M, ;; = 0.
The shape of the interface does not change noticeably. Row 2: Model 2 with M,y = 1073, M, ,; = 0. The fluid convection is primarily driven by the thermally induced buoyant
force. The interface deformation is mainly because of the thermal induced fluid mixing: the hotter fluid moves up and cooler one comes down. Initially, four small roll cells are
present in the vicinity of the interface at r = 24. As the temperature gradient in the system persists, roll cell patterns also change gradually. The roll cells correlate to the fluid
motion leading to fluid interface deformation. Row 3: Model 3 with M;; = 0, M,,; = 107. Once again, fluid convection is primarily induced by the thermally induced buoyant
force. The same physical mechanism as alluded to in Model 2 leads to the shown fluid pattern and temperature distribution. As the temperature distribution is different from
Model 2, the pattern of the interface in this model seems to be opposite to that in Model 2.

t=0

t=0

=0 t=120 t=180 t=300

Fig. 5.5. Snapshots of the velocity and temperature field obtained from Model 1, 2, 3 with buoyant force F, at r = 0,120, 180,300, respectively. Row 1: Model 1 with
M;=0,M,,; =0. Row 2: Model 2 with M; = 1073, M, ; = 0. Row 3: Model 3 with M,; =0, M, ; = 107. The temperature distribution of Model 2 seems to mirror-image that of
Model 3.
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Fig. 5.6. The energy flux of Model 1, 2, 3 with the adiabatic boundary condition at four selected time. Row 1: Model 1 with M;; = 0,M,,; = 0. Row 2: Model 2 with
M3 =103, M, 5 = 0. Row 3: Model 3 with M5 = 0, M,,; = 1073. Without cross-coupling, the energy flux is symmetrically distributed vertically. With the entropy enhancing

a,

cross-coupling, the higher energy flux region occurs in the top half. Whereas, the energy flux is larger in the bottom part with entropy conservative cross-coupling.

t=0

'

o8

o

02
"
a8
1

t=0

t=0.02 10

t=0 t=0.02 10t

Fig. 5.7. The material flux of Model 1, 2, 3 with the adiabatic boundary condition at four selected time. Row 1: Model 1 with M,; =0, M,,; = 0. The material flux of Model 1
exhibits symmetry in the domain. Row 2: Model 2 with M ; = 10~3, M, |, = 0. Initially, the material flux is nearly symmetric, but later more material transport takes place in the
upper half of the domain. Row 3: Model 3 with M,; =0, M, ; = 107. The materials transport pattern mirror images that of Model 2.
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24 B

Fig. 5.8. Snapshots of the velocity, phase, and temperature field of Model 4 and Model 3 with the buoyant force at selected times. Row 1: the velocity and phase field of Model
4 with M,; =107, M,,; =2.5x 1073. Row2: the velocity and temperature field of Model 4. Row 3: the velocity and phase field of Model 3 with M; =0, M, ,; = 10~2. Row 4:

a,

the velocity and temperature field of Model 3.

Fig. 5.9. Time evolution of the entropy and volume of binary fluid with respect to Model 1, 2,3. (a): Entropy .S increases with time. (b): The Volume of fluid 1, which is nearly
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(a) Evolution of entropy S.

(b) Evolution of volume.

a constant. These show that the schemes of the three models preserve the positive entropy production rate and the volume of each phase at the discrete level.
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(a) Model 1. (b) Model 2. (c) Model 3. (d) Model 4.

Fig. 5.10. Variations of the adaptive time step over time with respect to Model 1,2,3,4. (a). The adaptive time step of Model 1. (b). The adaptive time step of Model 2. (c). The
adaptive time step of Model 3. (d). The adaptive time step of Model 4. These show that the adaptive time-stepping strategy can indeed accelerate the numerical simulation process
in the long time simulation while retain the desired accuracy.

(m) (n) (0) (p)

Fig. 5.11. Snapshots of the velocity and phase field obtained from Model 1, 2, 3 with the non-adiabatic boundary condition at ¢ = 0, 20, 40, 60, 80, 100, respectively. The binary fluid
is heated from the bottom. (a)-(f): Model 1. The results show that as the binary fluid is heated at the bottom, its density decreases, so the buoyant force pushes the less-dense fluid
up towards into the cooler end of the domain. Meanwhile, the cooler fluid at the top becomes denser, so it sinks to displace the warmer fluid due to gravity, a typical scenario of
Bernard convection. The interface deformation is led by the thermally induced fluid mixing. (g)-(k): Model 2. The interface deformation is mainly caused by the thermally induced
fluid mixing. However, a comparison with the results of Model 1 shows that the mixing effect is significantly enhanced in Model 2 due to the entropy enhancing cross-coupling.
(D—(p): Model 3. The interface deformation is caused by the thermally induced fluid mixing. However, the entropy-preserving cross-coupling seems to retard the fluid mixing in
the simulation. For example, the simulation result at = 100 of Model 3 is qualitatively the same as that of Model 1 at r = 60. Hence, mixing in Model 3 is weakened compared

to Model 1.
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Fig. 5.12. Snapshots of the temperature and velocity field of Model 1, 2, 3 with the non-adiabatic boundary condition at ¢t = 0,20, 40, 60, 80, 100, respectively. (a)-(f): Model 1.
(8)-(k): Model 2. (1)-(p): Model 3. Comparing the three models, we note that the temperature distribution evolves fastest in Model 2 and slowest in Model 3. The observation
support the descriptions in the previous figure caption.
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