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Abstract: We show that the Levin-Wen model of a unitary fusion category C is a gauge
theory with gauge symmetry given by the tube algebra Tube(C). In particular, we define
a model corresponding to a Tube(C) symmetry protected topological phase, and we
provide a gauging procedure which results in the corresponding Levin-Wen model. In
the case C = Hilb(G, ω), we show how our procedure reduces to the twisted gauging
of a trival G-SPT to produce the Twisted Quantum Double. We further provide an
example which is outside the bounds of the current literature, the trivial Fibbonacci
SPT, whose gauge theory results in the doubled Fibonacci string-net. Our formalism has
a natural topological interpretation with string diagrams living on a punctured sphere.
We provide diagrams to supplement our mathematical proofs and to give the reader an
intuitive understanding of the subject matter.

1. Introduction

In the original string-net paper [LW05], Levin and Wen argue that many lattice gauge
theories in 2+1D may be realized by string-nets. String-net models, in addition to con-
structing gauge theories, generate a massive class of 2+1D topological phases of matter
corresponding to the Drinfeld centers of unitary fusion categories (UFCs). In this article,
we show that all Levin-Wen models are themselves gauge theories. We introduce a trivial
Tube(C) symmetry protected topological (SPT) phase for any UFC C and show how to
gauge it to produce the Levin-Wen model for C whose anyonic excitations are described
by the Drinfeld center Z(C).

In both field theories and lattice models, many topologically ordered phases of
matter are gauge theories which may be obtained by gauging a theory with a global
symmetry [Kog79]. For example, the Twisted Quantum Double of a finite group G

may be constructed by gauging a non-trivial G-SPT with global symmetry group G

[LG12,HWW13,LSM+23]. Alternatively, the Twisted Quantum Double also arises from
a trival G-SPT via a twisted gauging procedure, similar to a twisted Kramers-Wannier
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tranformation [TTVV22]. The eigenvalue equations of the plaquette operators of a
lattice gauge theory are naturally interpreted as Gauss laws measuring local charge
[Kog79,Kit03].1 Likewise, although non-abelian symmetries require more finesse, the
vertex operators measure magnetic flux and assign to the Hamiltonian the appropriate
energy cost. It is therefore reasonable to expect that the vertex and plaquette operators
of the Levin-Wen model have similar interpretation in terms of a gauge symmetry. One
of the main results of this paper is to identify this gauge symmetry.

It is known that the tube algebra Tube(C) acts locally on the Levin-Wen Hilbert
space and is able to distinguish between its anyonic excitations in Z(C) and leaves
the ground state invariant [BMW+17,CGHP23]. Mathematically, this is summarized in
the statement Mod(Tube(C)) ∼= Z(C) as unitary categories [Izu00,Izu01,Mug03]. This
suggests that Tube(C) might be a gauge symmetry. In order to establish that Tube(C) is
a gauge symmetry, we construct a Tube(C)-symmetric theory which becomes the Z(C)

Levin-Wen model when gauged.

Unlike C[G] for a finite group G, the algebra Tube(C) is not a (weak) Hopf algebra
and does not admit a comultiplication inducing a tensor product on its representations;
indeed, Z(C) does not typically admit a fiber functor to Hilb. Physically, this means
that there are no lattice models where Tube(C) is realized as a global on-site symmetry
on the local Hilbert space. Instead, we perform the tensor product of Tube(C)-modules
under the equivalence Mod(Tube(C)) ∼= Z(C), which corresponds to a Day convolution
product [Day70] over sites. This convolution product has a global Tube(C)-action.

At this point, one may object that this Hilbert space is not a tensor product, and
thus cannot host a local Hamiltonian, let alone a short range entangled ground state
characteristic of SPT models. However, we show in §4.4 that the operators in our model
carry a local structure given by a local net of algebras, and the observable quantities of
the theory are consistent with the locality imposed by the lattice.

In the case of gauging a finite group G, one starts with a short range entangled theory.
However, in the initial Hilbert space of our gauging procedure, the usual definition of
short range entanglement does not make sense. Instead, we start with a symmetric theory
with a unique gapped ground state, even on a finite lattice. We take this as a signature
of a lack of topological order.

We now give a heuristic description of our Tube(C) symmetric theory, the Tube(C)

symmetry action, and the gauging procedure which produces the Levin-Wen model. We
build our lattice on a large disk, where each lattice site is a small punctured disk inside.
The Hilbert space on each lattice site is given by

×

b

γ
dd

⊕

b,d∈Irr(C)

{γ ∈ C(b →d ⊗ d)|
b, d ∈ Irr(C)}.

One should consider this simple object as labeling the domain state on the disk. A disk
with label d ∈ Irr(C) may have a twisted boundary condition labeled by a simple object
b ∈ Irr(C) and a basis vector in C(b → d ⊗ d). The on-site Hilbert space carries a
local right Tube(C)-action which can change the boundary conditions. This action will
eventually be used to define the Hamiltonian on each site. When b = 1C , we say the
boundary is untwisted and when b �= 1C , we say the boundary is twisted by b; in the

1 We are considering a theory defined on the dual lattice of the lattice considered by [Kit03].
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latter case, there is a b-string eminating from the small disk into the interstitial space
between the small disks on the lattice. The remaining degrees of freedom are related to
how these strings fuse with one another. We allow a single string to terminate on the
boundary of the large disk of the lattice, which affords the global Tube(C)-action.

The ground state is the linear combination

1

DC

∑

d∈Irr(C)

dd · × dd

on each site, where DC is the global dimension of C. This weighted sum over all untwisted
domain states screens the local puncture so that the global ground state is just a large disk
with no puncutres. The global action of the tube algebra on the ground state is trivial.

Just as in the usual gauging procedure which generates the (Twisted) Quantum Dou-
ble, we may imagine the small punctured disks on sites growing so that the domains are
touching, which creates domain walls. Of course, the b-strings which get stuck between
these domains will influence the domain wall states. These domain walls are now string-

like and their locations and fusions will create some degrees of freedom where domain
walls meet. In the body of the article, we will see the resulting space is the intermedi-
ate Levin-Wen Hilbert space (the ground state space of the edge/vertex terms), and the
Hamiltonian on the original model becomes the charge part of the Levin-Wen Hamilto-
nian (the sum of the plaquette terms). The vertex part of the Levin-Wen Hamiltonian is
the gauge constraint.

In §2, we give an overview of the Levin-Wen string net model from a unitary tensor
category perspective rather than the usual 6j symbol viewpoint which was given in
[GHK+23] based on [Kon14]. In §3, we discuss two main tools which we use in our
gauging procedure: the categorified trace C → Z(C) [HPT16], a.k.a. the adjoint to
the forgetful functor Z(C) → C [Mug03], and Ocneanu’s tube algebra [Izu00,Izu01,
Mug03]. The main construction of the paper occurs in §4. The explicit gauging map
is constructed in §4.3, and we discuss the (quasi-)local algebras of observables in §4.4
and §4.5. We give a modified model in §4.6 which can see all excitations including
fluxes and dyons, and not just charges; this modified model also has the benefit that
Tube(C) now acts locally on-site as a local gauge symmetry action. We compute explicit
group examples in §5, showing our construction generalizes the usual story of gauging a
(twisted) G-SPT, and in §6, we gauge the trivial Fibbonacci SPT to obtain the Fibonacci
Levin-Wen theory.

2. Levin-Wen String Net Model

We begin by rapidly recalling the unitary tensor category version of the Levin-Wen
model from [GHK+23] based on [Kon14], as opposed to the usual skeletal 6j symbol
version from [LW05,LLB21]. Let C be a UFC. We define the distinguished object X :=
⊕

c∈Irr(C) c, which we represent by a red strand, and we denote the space C(X ⊗ X →
X⊗X) by a single red 4-valent vertex, which should be viewed as going from left-to-right
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and bottom-to-top.

= X =
⊕

c∈Irr(C)

c

= C(X ⊗ X → X ⊗ X)

=
⊕

a,b,c,d
∈Irr(C)

C(a ⊗ b → c ⊗ d).

This 4-valent space carries the skein module inner product. When the simple labels do
not match, the inner product is zero, and when they do, the inner product is given by

〈

a d

b

c

f

∣

∣

∣

∣

a d

b

c

g

〉

:=
trC( f †g)

√
dadbdcdd

where trC is the categorical unitary spherical trace.
The local Hilbert space is Hv = C(X ⊗ X → X ⊗ X) with the above inner product,

and the microscopic Hilbert space is H =
⊗

v Hv .

The commuting projector local Hamiltonian is made of edge terms A�, which force the
simples labelling edges to match, and plaquette terms Bp defined on PA(

⊗

v Hv) where
PA =

∏

� A�. The operator Bp glues in the regular element and resolves the morphism
back into the tensor product.

Bp =
1

DC

∑

c∈Irr(C)

dc c

There are elegant formulas for im(PB PA) and im(PA) in terms of skein modules. The
first was announced in [Kon14], and proofs of both can be found in [GHK+23, §2.2].

• We can identify the ground state space as a skein module under a unitary isomor-
phism

im(PB PA) ∼= C(X⊗∂� → 1C).

Here, X⊗∂� means take the tensor product of X over the boundary sites of �.
• On a contractible rectangular patch � of lattice, we have a unitary isomorphism

im(PA) ∼= C(X⊗∂� → F(Tr(1C))⊗p∈�). (1)

Here, X⊗∂� is as above, ⊗p ∈ � means the tensor product over the plaquettes in
� (this is made more precise in §4.2), F : Z(C) → C is the forgetful functor, and
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Tr : C → Z(C) is its unitary adjoint [HPT23b, Def. 2.2]. We provide a more detailed
treatment of the unitary adjoint TrC in the next section.
This space again carries the skein module inner product, where we must expand

F(Tr(1C)) =
⊕

c∈Irr(C)

c ⊗ c.

Note that Tr(1C) ∈ Z(C) is the canonical Lagrangian algebra A ∈ Z(C) correspond-
ing to C as a gapped boundary to the vacuum. In Sect. 4.1 below, we will describe how
each plaquette operator Bp acts on the the right hand side of the unitary isomorphism
(1).

3. Categorified Trace and the Tube Algebra

We now review two important ingredients for our construction: the categorified trace
and the tube algebra.

3.1. Categorified Trace. In [HPT16], it was shown that the right adjoint of a braided
pivotal functor carries the structure of a categorified trace and can be represented by
a graphical calculus of strings on tubes. In particular, the right adjoint to the forgetful
functor F : Z(C) → C carries this structure, which we denote by Tr : C → Z(C), and
which is represented graphically (reading bottom to top) by

Tr( f : a → b) =

a

b

f .

We will typically draw strings from C in blue to distinguish them from strings in Z(C),
which we draw in orange with texture indicative of an ‘excitation.’

We denote the unit of the adjunction ηz : z → Tr(F(z)) by a cup where a string from
Z(C) can pass on to the tube, and we write i := η1.

ηz =
z

i =

While we will not explicitly need the counit of the adjunction, it is worth mentioning
that

F(Tr(a)) =
⊕

c∈Irr(C)

c ⊗ a ⊗ c.

As F is monoidal, the right adjoint is lax monoidal, endowing it with a canonical
‘multiplication’ which is represented by a pair of pants.

μa,b =

a b
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By the results of [HPT23a,HPT23b], string diagrams on tubes which branch and braid
are invariant up to isotopy fixing the boundary circles, and there are several relations
involving braiding and twists in Z(C); we omit these here as they are not necessary for
this article.

Now since C and Z(C) are endowed with their canonical unitary spherical structures,
the adjunction isomorphism

C(F(z) → c) ∼= Z(C)(z → Tr(c))

is unitary; this is the definition of a unitary adjunction. By [HPT23b, §2.3-4], Tr : C →
Z(C) is a lax monoidal dagger functor which carries a cannonical unitary involutive
structure compatible with the involutions in C and Z(C). Moreover, Tr is automatically
a 2-sided adjoint of F , as we may take dagger uniformly for all the above maps. We will
do this below as we wish to discuss right modules of Ocneanu’s tube algebra.

We remark that by [HP17, Thm. 4.4 and Rem 4.6] (see also [GHK+23, Rem. 2.13]),
all morphisms in Z(C)(Tr(a) → Tr(b)) can be realized as string diagrams on tubes as

Z(C)(Tr(a) → Tr(b)) ∼= C(F(Tr(a)) → b)

=
⊕

c∈Irr(C)

C(c ⊗ a ⊗ c → b)

∼=
⊕

c∈Irr(C)

C(c ⊗ a → b ⊗ c),

and we can identify Z(C)(Tr(a) → Tr(b)) with

a

b :=

⎧

⎪

⎨

⎪

⎩ a

b
f

∣

∣

∣

∣

∣

∣

∣

f ∈ C(X ⊗ a → b ⊗ X)

⎫

⎪

⎬

⎪

⎭

.

3.2. Tube Algebra. Ocneanu’s tube algebra

Tube(C) = = EndZ(C)(Tr(X))

∼=
⊕

a,b,c∈Irr(C)

C(c ⊗ a → b ⊗ c)

is a finite dimensional C∗-algebra which is highly useful to compute Z(C) [Izu00,Izu01,
Mug03]. The algebra structure is given by stacking tubes and then resolving them using
the graphical calculus via the fusion relation

ida⊗b =

a b

=
∑

c∈Irr(C)

√

dc

dadb

∑

φ∈Bab
c

a b

a b

c

φ

φ†

(2)

where Bab
c is an orthonormal basis for C(c → a ⊗ b) in the skein module inner product.

The ∗-structure is given by taking † in Z(C), which is compatible with † in C as Tr is a
dagger functor.
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Definition 3.1. A right module for the tube algebra Tube(C) is a finite dimensional
Hilbert space K endowed with a right Tube(C)-action, i.e.., a unital ∗-homomorphism
πK : Tube(C)op → B(K).

By [Mug03, §5-6], there is an equivalence of unitary categories Mod(Tube(C)) ∼=
Z(C), where on the right hand side, we take the underlying category of the UMTC Z(C).
Starting with a right module K for Tube(C), the projections pc := Tr(idc) for c ∈ Irr(C)

endow the Hilbert space K with an Irr(C)-grading: Kc := pcK. We get an object in C

by the formula

K =
⊕

c∈Irr(C)

Kc⊗c

which has a canonical half-braiding and thus defines an object of Z(C). Conversely,
starting with K ∈ Z(C), we define an Irr(C)-graded Hilbert space K by

Kc := Z(C)(Tr(c) → K ) ∼= C(c → F(K )),

and we get a right Tube(C)-action by precomposition with morphisms Tr( f ) ∈ Hom(Tr(a)

→ Tr(b)) for f ∈ C(a → b). These two constructions are mutually inverse, and we
refer the reader to [Mug03,CGHP23,GHK+23] for more details.

Passing back and forth between these perspectives allows us to view a right Tube(C)-
module K as a functor Cop → Hilb, which affords a description of the tensor product
of Tube(C)-representations as the Day convolution product [Day70] (see also [DGG14,
JP17]). That is, given H,K ∈ Mod(Tube(C)) and c ∈ Irr(C), we define the c-graded
component as

(H � K)c =
⊕

a,b∈Irr(C)

C(c → a ⊗ b) ⊗ Ha ⊗ Kb.

Using the diagrammatic calculus of strings on tubes, one can view (H�K)c as the linear
span of

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

η

a

H

ξ

b

K

ψ
c

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

η ∈ Ha = Z(C)(Tr(a) → H)

ξ ∈ Kb = Z(C)(Tr(b) → K )

ψ ∈ C(c → a ⊗ b)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

.

For g ∈ Z(C)(Tr(d) → Tr(c)) ⊂ pc Tube(C)pd , we define the action (H � K)c →
(H � K)d as follows.

η

a

H

ξ

b

K

ψ
c

g

d

x

=

η

H

ξ

K

g

=

η

H

ξ

K

fe

g

α β

α†
β†
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In the diagram on the right above, we suppress a summation over simples e, f ∈ Irr(C)

and orthonormal bases {α}e ⊂ C(x ⊗ a ⊗ x → e) and {β} f ⊂ C(x ⊗ a ⊗ x → f ).
Here, we have used the fusion relation (2) in C to factor

idx⊗a⊗x =
∑

e∈Irr(C)

∑

α∈{α}e

α†α

and similarly for idx⊗b⊗x through simples f . Now we act the tube algebra on η and ξ

on the top, and decompose the morphism on the bottom to get a linear combination of
diagrams in the desired form.

The associator for Mod(Tube(C)) uses the associator in C as usual for the Day con-
volution product. We refer the reader to [JP17, §2.4-2.6] for details.

4. Ungauging the Levin-Wen Model

4.1. The Local On-site Hilbert Space. Similar to the definition of our local 4-valent
Hilbert space Hv in §2 above, we denote the space C(X ⊗ X → X) by a single red
trivalent vertex.

= C(X ⊗ X → X)

Recall that the canonical Lagrangian algebra in Z(C) corresponding to C as a gapped
boundary to the vacuum is A := Tr(1C).

We define the local on-site Hilbert space for the ungauged theory by

Kv = = Z(C)(Tr(X) → Tr(1C))

∼= C(X → F(A)).

Each Kv carries a canonical right Tube(C)-action. The corresponding object in Z(C) is
⊕

c∈Irr(C)

(Kv)c ⊗ c =
⊕

c∈Irr(C)

C(c → F(A)) ⊗ c ∼= A, (3)

the canonical Lagrangian algebra.
The following local projector, which acts on the top of the tube corresponding to Kv ,

commutes with the Tube(C)-action.

Bv =
1

DC

∑

c∈Irr(C)

dc c = = i ◦ i†

That Bv = i i† was shown in [GHK+23, Rem. 2.10]. In terms of string diagrams, Bv

caps off the tube corresponding to Kv , after which the X strand may be isotoped over
the top [HPT23b, Lem. 3.12]:

BvKv = = = C · .
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We can also directly calculate

BvKv = Z(C)(Tr(X) → 1Z(C)) ∼= C(X → 1C) ∼= C.

Hence the projector Bv is minimal, with a one-dimensional image.

4.2. The Tensor Product Space of Tube Algebra Modules. Similar to the gauging story
for G-symmetry protected topological phases (G-SPTs), we have a unitary isomorphism
from an invariant subspace of the ungauged model to the image of the projector PA on
the Levin-Wen Hilbert space Htot =

⊗

v Hv . We use two ingredients to write down this
unitary: the mathematical object which plays the role of the group G for our ungauged
model, and the notion of the invariant subspace. We now look more closely at the
ingredients in the G-SPT case in order to generalize to the ungauged Levin-Wen setting.

The finite dimensional Hilbert space representations of a group G form the sym-
metric unitary tensor category Rep(G), which comes equipped with a symmetric fiber
functor to Hilb. This symmetric tensor product allows us to take an unordered tensor
product of group representations, which we may view as spread on the sites of a 2D
lattice. The unordering means that given any ordering x1, . . . , xn and any permutation
xσ(1), . . . , xσ(n), there is a unique element of the symmetric group Sn taking one order-
ing to the other, and these orderings compose in the obvious way. This element of Sn

gives a canonical unitary in Rep(G) taking one tensor product ordering to the other.

The existence of the fiber functor Rep(G) → Hilb endows the group algebra C[G]
with the structure of a Hopf algebra. In particular, the coproduct of C[G] allows a boost
of the local G-symmetry to a global G-symmetry acting at every site simultaneously.

For the ungauged model, the role of the local G-symmetry is played by the tube
algebra Tube(C) which acts locally on each site on the bottom of the tube corresponding
to Kv . The tube algebra is not a Hopf algebra, but its category of right representations
Mod(Tube(C)) is equivalent to the modular fusion category Z(C). As modular is the
opposite of symmetric for braided fusion categories, we need a generalization of the
notion of unordered tensor product in order to place our local Hilbert spaces Kv at
sites on a 2D lattice. Fortunately, a modular fusion category is spherical braided, and in
particular, it is balanced.2 In such a category, it makes sense to take a tensor product
of n objects located at n points in the 2D plane equipped with tangent vectors [SW03,
Prop. 7.6].3 Given another configuration of n points equipped with tangent vectors in the
2D plane, there is a unique element of the ribbon braid group RBn = Z

n
�Bn [SW03, §5]

[HPT23a, Def. 4.8] taking one configuration to the other. Indeed, RBn is the fundamental
group of the configuration space of n unordered oriented points equipped with tangent
vectors in the 2D plane. This element of RBn gives a canonical unitary isomorphism in
Z(C) from one tensor product ordering to the other.

We now view our local Hilbert spaces Kv at sites on a 2D lattice, namely on the
plaquettes of the 2D lattice on which our Levin-Wen model lives. To boost the local
on-site Tube(C) action to a global Tube(C) action, we take the ribbon-braided tensor
product of the objects Kv in the modular fusion category Mod(Tube(C)) ∼= Z(C). By
the preceding paragraph, it makes sense to take such a tensor product of objects located
at these sites on our 2D lattice, where by convention, the tangent vector at each site

2 A balancing on a braided tensor category is a natural isomorphism θ : idC ⇒ idC with (θa ⊗ θb)◦βb,a ◦
βa,b = θa⊗b .

3 The article [SW03] uses the term ribbon in place of balanced.
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Fig. 1. Left: The spine coral skein module produced by an iterated Day convolution product. Right: A sketch
of Lophohelia prolifera, Pallas (sp.) [Tho73]

points upwards. This tensor product is the iterated Day convolution product defined in
§3.2, and yields a tube which splits into many tubes as it grows upwards, like a coral
attached to the sea floor as in Fig. 1 below. Our coral has red X -strands and trivalent
vertices corresponding to the Hilbert space C(X → X ⊗ X) with the skein module inner
product, and a basis for this space is the so-called spine basis. We refer to the object in
Mod(Tube(C)) obtained in this way as the spine coral skein module.

Under the equivalence Mod(Tube(C)) ∼= Z(C), since Kv corresponds to the canonical
Lagrangian A by (3), the spine coral skein module corresponds exactly to the ribbon-
braided tensor product of a copy of the canonical Lagrangian algebra A located at each
plaquette of our 2D lattice. We denote this object by A⊗p∈�. As a right module of
Tube(C), the Hilbert space of the spine coral skein module is

Z(C)(Tr(X) → A⊗p∈�). (4)

Remark 4.1. Unlike most lattice models of ‘spins,’ our Hilbert space (4) is not a tensor
product space over the Hilbert spaces on sites. In §4.4, we show that, nonetheless, there
is a well-defined notion of local operators.

4.3. The Invariant Subspace and the Gauging Map. Observe that the spine coral skein
module carries a right Tube(C)-action. To get the invariant subspace, we take the maps
from the trivial Tube(C)-representation, namely 1Z(C), to the spine coral skein module.
We do so in two steps, first projecting to the subspace where the bottom boundary label
is 1C and then appling the cup. By (4), we thus obtain the Hilbert space

Z(C)(1Z(C) → A⊗p∈�). (5)

For the spine coral skein module appearing in Fig. 1, the corresponding invariant sub-
space is given by the left hand side of Fig. 2 below.

We now explicitly describe each step of our unitary isomorphism from (5) to im(PA),
the image of PA in the Levin-Wen total Hilbert space on a sphere.
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Step 1: Starting with (4), projecting to the subspace where the bottom boundary label
is 1C gives the Hilbert space

Z(C)(Tr(1C) → A⊗p∈�) ∼= C(1C → F(A)⊗p∈�), (6)

where the unitary isomorphism above uses the unitary adjunction F �† Tr to-
gether with the monoidality of F . We now invoke (1) from [GHK+23, Prop. 2.6]
to obtain a unitary isomorphism from (6) to the subspace of im(PA) where all
external edges of the lattice are labelled by 1C ; we call such edges ‘ghost edges’
of the Levin-Wen model as they are now enforced to only carry the label 1C .
We denote the projection to this subspace by Pghost

Step 2: Next, projecting to 1Z(C) ⊂ Tr(1C) is achieved by precomposing with the projec-

tor i i†. Since i is an isometry, the image of this projector is unitarily isomorphic
to (5). Under the unitary adjunction (6), precomposition with i i† corresponds
to encircling a morphism f : 1C → F(A)⊗p∈� by the regular element of C,
which is an orthogonal projection:

Preg f :=
1

DC

∑

c∈Irr(C)

dc · c

A A

...

f .

Under the unitary isomorphism (1) from [GHK+23, Prop. 2.6], we obtain the
plaquette operator ‘around the outside’ of the Levin-Wen Hilbert space im(PA)

with external ghost edges; these ghost edges allow the model to support an
external plaquette operator Bext

p . This is exactly the image of PA of a Levin-
Wen model on a sphere.

In summary, the gauging unitary isomorphism is given by:

Z(C)(Tr(1C) → A⊗p∈�) ∼= C(1C → F(A)⊗p∈�) ∼= Pghost im(PA)

∪ ∪ ∪
Z(C)(1Z(C) → A⊗p∈�) ∼= PregC(1C → F(A)⊗p∈�) ∼= Bext

p Pghost im(PA).

We next describe qualitatively how to compute the above unitary isomorphism in
examples.

Topologically, the invariant subspace is equivalent to the skein module of a sphere
with �2 punctures, if we had started with an � × � 2D lattice of sites supporting our
local Hilbert space Kv . We may view this punctured sphere as a punctured 2D plane
with a point at ∞. Since the spine basis of our punctured skein module is bounded away
from ∞ (with the caveat that we may still perform spherical isotopy for string diagrams
around the outside of the lattice), we may draw our spine basis on the punctured 2D
plane as follows.

We then get a unitary isomorphism to the image of PA in the Levin-Wen microscopic
Hilbert space, modulo spherical isotopy by resolving the spine basis elements into the
local vertex Hilbert spaces Hv which lie equidistant from 4 neighboring punctures. On
the right hand side of Fig. 2, the Levin-Wen lattice is depicted by the dotted grid, and
the vertices of this grid support the vertex spaces Hv . The spaces on the boundary are
modified to have only 2 or 3 incoming edges, which can be done by forcing the ‘ghost
edge’ labels past the boundary to be 1C .



266 Page 12 of 25 K. Kawagoe, C. Jones, S. Sanford, D. Green, D. Penneys

Fig. 2. Tube(C)-invariant subspace and the gauging map. The Levin-Wen lattice is depicted by the dotted grid

Remark 4.2. When gauging a global on-site symmetry of a lattice theory, it is standard
to start with a theory defined on a tensor product Hilbert space with the symmetry acting
as a tensor product of operators on each site. That is, if the global symmetry group is G,
then each site is a C[G]-module and the global symmetry acts as the tensor product over
all sites. In our case, the global symmetry is the tube algebra Tube(C), and the ordinary
tensor product of modules of Tube(C) is not, in general, a module of Tube(C). This
is why our ungauged theory must be defined on a Hilbert space which is not a tensor
product over sites.

As we see in Sect. §4.4 below, although the structure of the Hilbert space is non-local
in some sense, there is a well-defined local structure on the operators, and therefore
observables, of the theory. In fact, the Tube(C) symmetry still allows for symmetric
local operators with finite support in every local patch of space, unlike other non-on-site
symmetries such as translation or inversion symmetry.

Alternatively, if one insists on a true tensor product Hilbert space, one may construct
a theory where the Hilbert space is a tensor product of Kv on each site v, together with
some ancilla. The Hilbert space in our previous construction is a subspace of this tensor
product space and one may consider the Tube(C) symmetry as being emergent by placing
an energetic cost on leaving this subspace.

4.4. Local Operator Algebras of Observables on Either Side of the Gauging Map. In
this section, we provide an operator algebraic formalism for describing how the local
symmetric operators of the ungauged theory translate to the local operators of the gauged
theory, even on the infinite lattice where the Hilbert space is difficult to define in a
natural way. To be specific, we prove that our gauging procedure sends local equivariant
operators to local equivariant operators.

Recall that the gauged Hilbert space is the subspace of the Levin-Wen Hilbert space
in the image of the A� terms. The condition A�|ω〉 = |ω〉 on states |ω〉 is called the
gauge constraint. Now it is clear that each Bv term in the Hamiltonian is mapped under



Levin-Wen is a Gauge Page 13 of 25 266

conjugating by our gauging unitary to the corresponding Bp term in the Levin-Wen
Hamiltonian. Hence the state induced by the gauging map from the ground state of the
ungauged theory is the ground state of the gauged theory, namely, the Levin-Wen ground
state. (Recall we started with a punctured sphere, and there is a unique Levin-Wen ground
state on the sphere.)

As discussed in §4.2, under the equivalence Mod(Tube(C)) ∼= Z(C), Kv corresponds
to the canonical Lagrangian A and the spine coral skein module corresponds to A⊗p∈�,
the ribbon-braided tensor product of A located at the sites of the plaquettes of our 2D
lattice. By (4), the Hilbert space of the spine coral skein module as a Tube(C)-module
is

Z(C)(Tr(X) → A⊗p∈�).

Since Tube(C) ∼= EndZ(C)(Tr(X)) and Z(C)(z → Tr(X)) �= 0 for every z ∈ Irr(Z(C)),
by semisimplicity, the commutant of the right Tube(C)-action on the spine coral skein
module is

Tube(C)′ = EndZ(C)(A⊗p∈�). (7)

We warn the reader that the commutant of the Tube(C)-action on the spine coral skein
module is not the space of all endomorphisms of the Tube(C)-invariant subspace. The
first is an interesting multimatrix algebra, whereas the second is a full matrix algebra.

We now consider the local operator algebras in the thermodynamic limit on either
side by looking at the inductive limit of grids of size � × � as � → ∞. Looking at a
bounded contractible patch � in the 2D lattice,

� (8)

we consider the local algebra of observables on � on either side of the gauging unitary
isomorphism.

On the ungauged side, we can perform a local isotopy of the spine coral skein module
to consolidate the portion of the coral inside �. This results in a Day convolution product
between the spine coral skein module associated to sites in � with the spine coral skein
module associated to sites in �c. As in (7), the algebra of observables localized in � then
corresponds to the commutant of the Tube(C)-action on the spine coral skein module
associated to �, i.e.,

A(�) := EndZ(C)(A⊗p∈�).

The local algebras A(�) form a (local) net of algebras in the sense of [JNPW23] based
on [BR97, §6.2]. Observe that whenever we have an inclusion of bounded contractible
patches � ⊂ �, there is a canonical unital inclusion A(�) ↪→ A(�). given by tensoring
with idA for every A ∈ � \ �. If � and � are disjoint bounded contractible patches,
then in any bounded contractible patch � containing �∪�, we have [A(�),A(�)] = 0
inside A(�).
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Under conjugation by the gauging unitary isomorphism to im(PA) on the Levin-Wen
side, we get a certain subalgebra of the local operators in

⊗

v∈� B(Hv) which act on
the local Hilbert space H(�) :=

⊗

v∈� Hv . By (1), we have a unitary isomorphism

PAH(�) ∼= C(X⊗∂� → F(A)⊗p∈�)

∼= Z(C)(Tr(X⊗∂�) → A⊗p∈�). (9)

Observe that the space PAH(�) carries an action of an algebra Morita equivalent to
Tube(C) called

TubeC(∂�) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

�

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

.

Here, both the internal and external boundaries are given by ∂�, and the TubeC(∂�)-
action means resolving the C-morphism from the annulus into the outer-most vertex
spaces of H(�). The object on the boundary is X⊗∂�, the tensor product of a copy of
X for each site on ∂�. Thus

TubeC(∂�) ∼= EndZ(C)(Tr(X⊗∂�)). (10)

Applying the gauging unitary takes vectors in the spine coral skein module localized
in � to H(�). Combining (9) and (10) with semisimplicity, we see that conjugating
the local operators A(�) which commute with the Tube(C)-action on the ungauged side
gives the local operators on H(�) which commute with the TubeC(∂�)-action.

4.5. Bounded Spread Isomorphism of Quasi-Local Operator Algebras of Observables.

The quasi-local algebra of observables A is the inductive limit C∗-algebra of the local
algebras A(�) as the region � goes to ∞, i.e.

A := lim−→ A(�).

We can describe this quasi-local algebra more concretely in terms of inductive limits of
certain subalgebras B(�) ⊂ B(H(�)).

For ease of exposition, we now restrict to the case that our bounded contractible patch
� is always a rectangle. We write �+1 for the rectangle obtained from � by adding all

sites at most distance
√

2 from �.

�

�+1

(11)
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Observe that H(�) decomposes as an orthogonal direct sum into the subspaces with
fixed simple labels along the boundary of �. We say a boundary condition for H(�) is
an assignment of a simple c ∈ Irr(C) to each edge connected to a vertex in � which is
not entirely contained in �, i.e. the edges which intersect the black line in (8) or (11).
By an abuse of notation, we denote the set of boundary conditions for � by ∂�. We
define B(�) to be the local operators on H(�) which preserve each boundary condition;
observe that B(�) is isomorphic to a direct sum of full matrix algebras whose summands
are labeled by individual boundary conditions:

B(�) ∼=
⊕

c∈∂�

Mnc
(C).

Now consider the two sequences of finite dimensional C∗-algebras

A(�) ⊂ A(�+1) ⊂ A(�+2) ⊂ . . .

B(�) ⊂ B(�+1) ⊂ B(�+2) ⊂ . . . .

First, since A(�) is the commutant of the TubeC(∂�)-action on H(�), A(�) preserves
boundary conditions, so A(�) ⊂ B(�). Second, the image of B(�) in B(�+1) com-
mutes with the TubeC(∂�+1)-action on H(�+1), and thus lies in A(�+1). Thus the local
nets A and B are actually intertwined

A(�) ⊂ B(�) ⊂ A(�+1) ⊂ B(�+1) ⊂ . . . ,

so the inductive limits are isomorphic.

A = lim−→ A(�) ∼= lim−→ B(�) =: B

We thus see we have a bounded spread isomorphism in the sense of [Jon23] between
the two nets of local operator algebras from the braided fusion categorical net A formed
from Z(C) with generator the canonical Lagrangian A to the net of local operators on
the Levin-Wen model which preserve local boundary conditions.

4.6. A Modified Model to See All Excitations. One slight problem with our previous
construction is that our gauged model does not generally see all the sectors of the theory.
A state which violates the operator Bv in the ungauged theory may be used as a cyclic
vector to generate a Tube(C)-module. In the gauged theory, such a state violates the
Bp term in the Hamiltonian induced by the gauging map from the ungauged theory. By
virtue of this state being in the image of the gauging map, it obeys the gauge constraint.
Furthermore, since fluxes are excitations which violate the gauge constraint, we are
therefore well-justified in calling this excitation a charge. However, we know that not
all anyons in Z(C) are charges.4 This is manifested mathematically by the failure of the
canonical Lagrangian A ∈ Z(C) to always be a tensor generator. Physically, we see that
the full symmetry object Tube(C) does not naturally appear as local operators in the net
of gauge invariant operators. Instead, the ‘corner’ p1C

Tube(C)p1C
, which is isomorphic

to the fusion algebra, naturally appears inside EndZ(C)(A) acting on-site. This issue is an

4 In the Levin-Wen model, a charge is an anyon z ∈ Irr(Z(C)) corresponding to a violation of a Bp term, a
flux is an anyon corresponding to a violation of a single edge term A�, and a dyon is an anyon corresponding
to a violation of both edge and plaquette terms. The operator A� may be interpreted as a the local gauge
constraint. Mathematically, charges are exactly the anyons which admit a non-zero morphism to A = Tr(1C).
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artifact of restricting to the charge sector of the initial Hilbert space which was necessary
to obtain the version of the Levin-Wen model from [Kon14,GHK+23] from gauging.

However, we can replace the models on both sides of the gauging unitary to see flux
and dyon excitations after gauging, and not just charges. We replace the local on-site
Hilbert spaces Kv and Hv with

K
′
v = = Tube(C)

H
′
v = = C(X⊗2 → X⊗3)

respectively. The plaquette operators on both sides are now adapted to project the extra
copy of X down to 1C before applying the usual Bp operators. Denoting this projection
X → 1C as a univalent vertex, these operators can be represented graphically by

and
1

DC

∑

c∈Irr(C)

dc c

respectively. The gauging unitary is similar to before, but the local operator algebras of
observables are now given by

A
′(�) = EndZ(C)(Tr(X)⊗# p∈�).

Since Z(C)(z → Tr(X)) �= 0 for all z ∈ Irr(Z(C)), we now can get every anyon type
as violations of the Bp operators acting on im(PA) including the fluxes and dyons, and
not just charges.

Observe that Tube(C) ∼= EndZ(C)(Tr(X)) now acts locally on-site after applying the
gauging unitary. Indeed, Kv carries two commuting Tube(C)-actions, and we only used
one of these to form the spine coral skein module. So the local on-site operators are
exactly the operators from the other action. This on-site Tube(C)-action gives a local
gauge symmetry action on the gauged Hilbert space.

5. Group Categories

We now work through our gauging map for pointed UFCs, i.e., those of the form
Hilb(G, ω) where ω ∈ Z3(G, U (1)).

5.1. Trivial Cocycles. In the standard story of gauging a G-SPT (C = Hilb(G)) to
produce the Quantum Double, one may start with an SPT with a trivial cocycle. In this
model, each site has a Hilbert space given by C[G]. The Hamiltonian is given by

H = −
∑

v∈�

Bv
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where

Bv =
1

|G|
∑

g∈G

Lg
v

and L
g
v is the left action of g ∈ G on the site v. The symmetry action U g for g ∈ G is

given by the right action of g on each site.

When C = Hilb(G), gg−1 = e implies

Kv = = span

⎧

⎪

⎨

⎪

⎩

g

∣

∣

∣

∣

∣

∣

∣

g ∈ G

⎫

⎪

⎬

⎪

⎭

= C[G],

which is exactly the fusion/group algebra. Moreover, the tube algebra action factors
through the forgetful image of the fusion algebra C[G]. The image of the spine coral is
what you get using empty coral, which is exactly the tensor product in Hilb, and we get
the diagonal C[G]-action. This is because of the recabling relation:

g =
g

g

which proves that we can achieve the tensor product of C[G] representations using the
pair of pants.

g g

=

g

Thus taking fixed points is exactly the usual SPT space. The gauging map is the usual
well-known one; the on-site vector in Hv obtained by applying the gauging map to a
simple tensor is given as follows.

g−1 g h−1 h

�−1 � k−1 k

� �g−1
kh−1

gh−1

�k−1

Above, the dashed line corresponds to the Levin-Wen Hilbert space, and the squiggly
arrow represents resolving the string diagram onto the Levin-Wen grid in the usual way,
where the string states are given by G-valued domain walls from the SPT states. We
give full details on how to interpret the above diagram in the next subsection, where we
no longer assume the cocycle is trivial.
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5.2. Twisted Gauging. Using our gauging map, the case of C = Hilb(G, ω) with ω ∈
Z3(G, U (1)) is very similar to C = Hilb(G). Again, the fact that gg−1 = e implies
that Kv = C[G] and that the action of the tube algebra factors through the forgetful
image of the fusion algebra C[G]. We again get that the tensor product of the Kv is
the tensor product in Hilb with the diagonal C[G]-action due to the recabling relation
(see (12) below), even though there is no fiber functor from Hilb(G, ω) to Hilb when
ω is non-trivial. Indeed, Hilb(G, ω) is G-graded, and thus Z(Hilb(G, ω)) contains a
canonical copy of Rep(G) whose image under the forgetful functor lies over the unit
object [GNN09], and the canonical Lagrangian algebra A corresponding to Hilb(G, ω)

is again the function algebra in this copy of Rep(G). The big difference, however, is
that the cocycle ω serves to twist the gauging map and, therefore, the gauge symmetry
of the string-net model.

We now review the diagrammatic presentation for Hilb(G, ω). There is a strand for
each group element and a distinguished unitary trivalent vertex from μg,h; gh → g ⊗ h

for each g, h ∈ G satisfying various relations. We may assume μg,e = μe,g = idg under

identifying g ⊗ e = g = e ⊗ g using unitors. We represent μg,h and μ
†
g,h by

g h

gh

μg,h

g h

gh

μ
†
g,h

.

The cocycle appears in the associativity conditions

khg

ghk

μh,k

μg,hk
= ωg,h,k

g h k

ghk

μg,h

μgh,k

khg

ghk

μ
†
h,k

μ
†
g,hk = ω−1

g,h,k

g h k

ghk

μ
†
g,h

μ
†
gh,k .

This immediately implies the following triangle evaluation relations.

μg,hk

μh,k

μ
†
g,h = ωg,h,k

gh k

ghk

μgh,k

μgh,k

μg,h

μ
†
h,k = ω−1

g,h,k

g hk

ghk

μg,hk

Without loss of generality, we may assume ω is normalized so that whenever one
of its arguments is the identity e, the value is 1. This immediately implies ωg,g−1,g =
ω−1

g−1,g,g−1 for all g ∈ G by expanding dωg,g−1,g,g−1 = 1, so the duality maps can be
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chosen to be

g−1 g : =
g−1 g

e

μ
†

g−1,g

g g−1

: = ωg,g−1,g

g−1 g

e

μ
g,g−1 .

The unique unitary spherical structure is given by ϕg := ωg−1,g,g−1 so that dg = 1:

g−1ϕg = ωg,g−1,g · ωg−1,g,g−1 · g g−1

e

e

= ide .

We immediately see we have the usual recabling relation, where the same two scalars
that appear in the line above again cancel:

g

g

g−1

g−1

=
g g−1

g g−1

=

g g−1

g g−1

ϕg
. (12)

Another way to see both dg = 1 and (12) is that

(

g g−1
)†

=
g g−1

ϕg
.

It is important to remember that these trivalent vertices are not preserved under rotation,
i.e., in general, rotating an ouput strand of μg,h downward will introduce a cocycle value

times the corresponding μ†.

When our cocycle is non-trivial, our gauging map differs on simple tensors in the
canonical basis to the on-site Levin-Wen Hilbert space Hv by a scalar λg,h,k,� which is
a product of cocycle values depending on the four group elements. In this sense, we say
that the cocycle twists the gauging map.

g−1 g h−1 h

�−1 � k−1 k

� λg,h,k,� · �g−1
kh−1

gh−1

�k−1
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Above, the 4-valent vertex is further resolved as

�g−1
kh−1

gh−1

�k−1

=
�g−1 μ

†

�g−1,gh−1

gh−1

�h−1

�k−1

μ
�k−1,kh−1 kh−1

.

The scalar λg,h,k,� is defined by

�g−1

�

�k−1

gh−1

h−1

kh−1

k−1 k

g−1 g

= λg,h,k,� ·

�g−1 gh−1

�k−1 kh−1

�h−1

μ
†

�g−1,gh−1

μ
�k−1,kh−1

and can be shown to be equal to

ω�,k−1,k · ω−1

�,g−1,g
· ω�g−1,g,h−1 · ω−1

�k−1,k,h−1

by applying the fusion and triangle evaluation relations.

We can now resolve the following simple tensor in the spine coral skein module

g h

� k
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as the following vector in the Levin-Wen Hilbert space:

λg,h,k,� · λe,e,h,g · λh,e,e,k · λ�,k,e,e · λe,g,�,e·

g h

g−1 gh−1 h

�g−1
kh−1

�−1 �k−1 k

�−1 k−1

μ
g−1,g

μ
�−1,�g−1

id
�−1

μ
gh−1,h

μ
†

�−1,�k−1

idh

μ
†

kh−1,h

μ
†

k−1,k

.

The middle 4-valent vertex contributes λg,h,k,� giving 4 cocycle values, and the four
trivalent vertices each contribute a degenerate λ constant giving one cocycle value apiece.
The 4 corners also each contribute a degenerate λ constant equal to 1.

6. The Fibonacci Category

In the interest of having a non group-theoretical example, let C = Fib, the Fibonacci
category, whose simple objects are 1 and τ , subject to the fusion rules τ ⊗ τ = 1 ⊕ τ .
The object F(A) is given by

F(A) = F
(

Tr(1)
)

= 1 ⊗ 1 ⊕ τ ⊗ τ = 2 · 1 ⊕ τ.

This implies that

= span

⎧

⎪

⎨

⎪

⎩

1 , τ , τ

τ

⎫

⎪

⎬

⎪

⎭

.

We now include a specific example of our gauging map. Recall that Fib has a dia-
grammatic presentation where the τ -strand satisfies the skein relations

=
1

φ
+

1

φ1/2
(13)

= φ (14)

=
√

φ · (15)
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Here, the trivalent vertex represents the normalized basis element τ ⊗ τ → τ , which is
also rotationally invariant. We will also need that a triangle evaluates as follows using
(13) at the dotted red location below.

=
√

φ −
1

φ1/2
= −

1

φ1/2
(16)

Now given the Hilbert space vector on the left hand side below which is a diagram
drawn on a coral, the gauging map puts the diagram into the punctured skein module on
a sphere.

�

We now apply (13) at the red dotted locations on the right hand side above to get the
linear combination

1

φ2
· +

1

φ3/2
·

+
1

φ3/2
· +

1

φ
· .

Simplifying with (15) and (16) and expressing the above vectors in the Levin-Wen
Hilbert space, the first 3 terms simplify as

1

φ3/2
· +

1

φ
· −

1

φ2
·

The last term is more complicated, as the 4-valent space Fib(τ ⊗ τ → τ ⊗ τ) is 2-
dimensional. For our Levin-Wen model, resolve the 4-valent vertex space as the join of
two trivalent vertex spaces as follows:

= .
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In order to express our final diagram in the Levin-Wen space, we compute the skein
relation

=
1

φ
+

1

φ1/2

=
1

φ1/2
−

1

φ

=:
1

φ1/2 1 −
1

φ
τ

This means that the final diagram resolves as

−
1

φ3/2
· = −

1

φ2
· 1 +

1

φ5/2
· τ

7. Conclusion

In this manuscript, we have shown how to construct the Levin-Wen model as a gauge
theory by gauging a new type of trivial theory with a tube algebra Tube(C) symmetry.
For example, we show how to construct a trivial theory with Tube(Fib) symmetry. This
ungauged theory is trivial in the sense that it has a gapped symmetric ground state even
when placed on a finite lattice. We gauge this theory by considering generalized domain
walls and fusing them to create a string-net. This construction endows the terms in the
Levin-Wen Hamiltonian with a concrete interpretation as measuring gauge theoretic
charge and flux.

Our gauging procedure is a twisted gauging procedure in that we start with a trival
theory and produce general string-nets. This differs from untwisted gauging where one
starts with a non-trivial symmetry protected topological (SPT) phase and produces a
twisted quantum double model. A direction of future research would be to define a
notion of non-trival Tube(C) SPTs which may be gauged in a non-twisted way to obtain
general string-nets.

In the case of a group symmetry G where G is finite and solvable, it is known that one
can prepare the ground state of the gauge theory in a systematic way. This is achieved
by sequentially gauging the factor groups of the derived series of G by applying local
unitaries and measurements [TVV23b,TVV23a,VTV22,TTVV22,LSM+23]. Another
direction of future research would be to explore whether a similar construction exists
for Tube(C) symmetries.
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