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Abstract

Our work is motivated by obtaining solutions to the quantum reflection equation (qQRE) by categorical methods.
To start, given a braided monoidal category C and C-module category M, we introduce a version of the Drinfeld
center Z(C) of C adapted for M; we refer to this category as the reflective center Ec (M) of M. Just like Z(C) is
a canonical braided monoidal category attached to C, we show that £- (M) is a canonical braided module category
attached to M its properties are investigated in detail.

Our second goal pertains to when C is the category of modules over a quasitriangular Hopf algebra H, and
M is the category of modules over an H-comodule algebra A. We show that the reflective center ¢ (M) here
is equivalent to a category of modules over an explicit algebra, denoted by Rpy (A), which we call the reflective
algebra of A. This result is akin to Z(C) being represented by the Drinfeld double Drin(H) of H. We also study
the properties of reflective algebras.

Our third set of results is also in the Hopf setting above. We show that reflective algebras are quasitriangular
H-comodule algebras, and we examine their corresponding quantum K-matrices; this yields solutions to the qRE.
We also establish that the reflective algebra Ry (k) is an initial object in the category of quasitriangular H-comodule
algebras, where k is the ground field. The case when H is the Drinfeld double of a finite group is illustrated.
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1. Introduction

Quasitriangular Hopf algebras and their (universal) quantum R-matrices, introduced by Drinfeld
[Dri87], play a fundamental role in many areas of mathematics and mathematical physics, such as
low-dimensional topology, representation theory, quantum field theory and exactly solvable models.
More generally, Joyal and Street [JS91] introduced the notion of braided monoidal categories, which,
similarly, are central objects for the categorical foundations of numerous studies. There are well known
ways to construct both structures:

(1) Given a Hopf algebra H, its Drinfeld double Drin(H) is a quasitriangular Hopf algebra with an
explicit R-matrix.

(2) For a monoidal category C, one constructs its Drinfeld center Z(C), which is a braided monoidal
category.

The two constructions work in tandem: The Drinfeld center of the module category of a finite-
dimensional Hopf algebra H is isomorphic to the module category of its Drinfeld double.

Going a step further, on the categorical side, Brochier [Brol3] introduced the notion of a braided
module category over a braided monoidal category. On the Hopf algebra side, Kolb [Ko0l20] defined the
notion of a quasitriangular (left) H-comodule algebra A of a quasitriangular Hopf algebra H; such an
algebra is equipped with a (universal) quantum K-matrix K € H ® A. There are broad parallels between
universal quantum R-matrices and K-matrices:

(a) Universal quantum R-matrices and K-matrices automatically satisfy the quantum Yang—Baxter and
reflection equations, respectively.

(b) The former give rise to representations of the Artin braid groups of type A, while the latter give rise
to representations of the Artin braid groups of type B.

(c) The former are used in studying exactly solvable models in statistical mechanics without boundary,
while the latter are used for solving models with boundary.

In summary, following Balagovic’s presentation [Ball9] on her joint paper with Kolb [BK19],

If you like ... then you should also like

1. Quantum enveloping algebras 1. Quantum symmetric pairs

2. Universal quantum R-matrices 2. Universal quantum K-matrices
3. The quantum Yang—Baxter equation 3. The quantum reflection equation
4. Braided tensor categories 4. Braided module categories

The most important class of quasitriangular comodule algebras that was studied to date is the class
of quantum symmetric pair coideal subalgebras, introduced in the foundational works of Letzter [Let99,
Let02]. These are quantum analogs of the pairs (U(£), U(g)) where g is a complex simple Lie algebra
(or more generally a symmetrizable Kac-Moody algebra) and £ is a symmetric Lie subalgebra (the
fixed point of an involutive automorphism of g). The quasitriangularity for this class of comodule
algebras was established by recursively building a quantum K-matrix using the Lusztig bar involution
[BW18a,BK19,BW18b,AV22]. For coideal subalgebras of arbitrary Drinfeld doubles of bosonizations
of Yetter—Drinfeld modules of diagonal types, where bar involutions need not exist, quantum K-matrices
were constructed from star products on partial bosonizations of Nichols algebras [KY20].

Given the vast applications of quantum K-matrices and braided module categories, one can ask the
following two questions:

(Q1) Isthere a version of the Drinfeld double construction (1) with an input of an H-comodule algebra
for a quasitriangular Hopf algebra and an output a quasitriangular H-comodule algebra with an
explicit quantum K-matrix?
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(Q2) Is there a version of the Drinfeld center construction (2) with an input a module category of a
braided monoidal category C and an output a braided module category of C?

The goals of this paper are to fully resolve both questions. This leads to strong methods for the
construction of quasitriangular comodule algebras, quantum K-matrices and braided module categories
that can be applied in broad generality. The following table summarizes our constructions and notions:

Classical constructions and notions: Our constructions and notions:

5. Drinfeld centers of tensor categories 5. Reflective centers of module categories
6. Yetter—Drinfeld modules 6. Doi-Hopf modules

7. Drinfeld doubles of Hopf algebras 7. Reflective algebras of comodule algebras

Before stating the precise formulation of our results, we note that all linear structures are over an
algebraically closed field k. For a k-algebra A, let A-mod denote the category of left A-modules.

To proceed with the aims above, take a braided monoidal category C and a left C-module category
M. In Definition 4.1, we define the reflective center of M with respect to C, denoted by E¢ (M) and
motivated by the construction of the Drinfeld center Z(C) of C. The following results are established
for ¢ (M) in parallel of the known properties of Z(C):

Theorem A (Proposition 4.3, Corollary 4.6). Retain the notation above. Then the reflective center
Ec (M) has the following properties.

(@) Ec(M) is a braided left C-module category.

(b) Ec(M) is abelian when M is exact, is finite when C is finite and M is exact, and is semisimple
when C and M are finite and semisimple.

(©) Ec(M) is also a left Z(C)-module category.

Now for the rest of the introduction, take C = H-mod and M = A-mod for

o H afinite-dimensional quasitriangular Hopf algebra over k,
o A aleft H-comodule algebra over k.

Our first main result for this Hopf setting is given below. This is achieved via Theorem A(a) and by
applying results in Section 3.6 on transferring a braided module category structure across an equivalence
of categories.

Theorem B (Lemma 6.2, Proposition 6.4, Theorem 6.6). There exists a category of Doi—Hopf modules

AﬁDH(H) for a certain left H-module coalgebra H defined in Section 5.2, and a certain algebra Ry (A)
defined in Section 5.3, such that

Er-moa(A-mod) = TDH(H) = Ry (A)-mod (1.1)

as braided left module categories over H-mod. See Figure [ for the location of these actions.

The H-module coalgebra H is defined in Definition 5.7, and as discussed in Remark 5.8, it is a
version of Majid’s transmuted Hopf algebra constructed in [Maj91].

We refer to Ry (A) as the reflective algebra of A with respect to H. It is defined as a crossed product
algebra, A xpy (H*)°P, as described at the beginning of Section 5.3.1. It plays an analogous role for
reflective centers as the Drinfeld double Drin( H) of H does for the Drinfeld center Z(H-mod).

‘We obtain the following consequence of Theorem B.

Corollary C (Corollary 6.9). The reflective algebra Ry (A) is a quasitriangular left H-comodule alge-
bra, with an explicit quantum K-matrix given in terms of a dual basis of H.
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> > > >
H-mod /b rN Ex-mod(A-mod) | H-mod /Q HDH(H) | H-mod /br\ Ry (A)-mod
[Lemma 6.2] [Proposition 6.4] [Theorem 6.6]

Figure 1. Isomorphic braided module categories over H-mod.

The reflective algebra Ry (k) for the canonical left H-comodule algebra k is of particular interest due
to the following result.

Theorem D (Theorem 6.15). The reflective algebra Ry (k) and its quantum K-matrix from Corollary
C is an initial object in the category of quasitriangular left H-comodule algebras.

The results above are illustrated in Section 6.4 in the case when H is the Drinfeld double of a finite
group, Drin(G), and for the left Drin(G)-comodule algebra k.

Finally, using Theorem A(c) and the braided isomorphism between Z(H-mod) and Drin(H)-mod,
we get a module category action of Drin(H)-mod on Ry (A)-mod. This yields the result below.

Proposition E (Proposition 6.20). The reflective algebra Ry (A) is a left Drin(H)-comodule algebra,
with an explicit comodule structure given in terms of the quantum R-matrix of H.

2. Preliminaries on (braided) monoidal categories

In this section, we review terminology pertaining to braided monoidal categories. We refer the reader
to [EGNO15] and [TV 17] for general information. We first review background material on monoidal
categories in Section 2.1. Then in Section 2.2, we recall braided monoidal categories, the Drinfeld center
construction of a braided category from a monoidal category and the connection to quantum R-matrices
in Hopf case. We assume that all categories here are locally small (i.e., the collection of morphisms
between any two objects is a set).

2.1. Monoidal categories

We refer the reader to [EGNO15,TV17,Wal24] for further details.

Monoidal categories. A monoidal category consists of a category C equipped with a bifunctor
®: CxC — C, anatural isomorphismaxy z: (X®Y)®Z S5X® (Y® Z) for X,Y,Z € C, an object
1 € C, and natural isomorphisms Ix: 1 ® X — X and rx: X ® 1 — X for X € C, satisfying pentagon
and triangle axioms.

A (strong) monoidal functor between monoidal categories (C,®,1,a,l,r) and (C',®',1’,a’,1’,1")
is a functor F': C — C’ equipped with a natural isomorphism Fx y: F(X) ® F(Y) S F(X®Y) for
X,Y € C, and an isomorphism Fy: 1’ — F(1) in C’, satisfying associativity and unitality constraints.

An equivalence (resp., isomorphism) of monoidal categories is provided by a monoidal functor
between the two monoidal categories that yields an equivalence (resp., isomorphism) of the underlying

categories; it is denoted by £ (resp., g).

Opposite monoidal category. Given a monoidal category (C,®, 1, a,l,r), its opposite monoidal
category is defined as C®P := (C, ®°P, 1,a®?, [, r°P), with X P Y := Y ® X and “;)(P,Y,Z = a}{Y’X
and l;p =rx and r;p =lx,forall X,Y,Z e€C.

Rigidity. A monoidal category (C, ®, 1) is rigid if it comes equipped with left and right dual objects;
thatis, foreach X € C, there exist, respectively, an object X* € C with co/evaluation maps ev)L( XX —
1 and coevi: 1 — X ® X*, and an object *X € C with co/evaluation maps evR: X ® *X — 1,
Coev§ 11 — "X ® X, satisfying coherence conditions of left and right duals.
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Linearity over k, finiteness. We now discuss certain k-linear monoidal categories. A k-linear
abelian category C is locally finite if, for any two objects V, W in C, Hom¢ (V, W) is a finite-dimensional
k-vector space and every object has finite length. A locally finite category C is finite if there are enough
projectives and finitely many isomorphism classes of simple objects. Equivalently, a k-linear category
C is finite if it is equivalent to the category of finite-dimensional modules over a finite-dimensional
k-algebra.

Tensor and fusion categories. A tensor category is an abelian, k-linear, locally finite, rigid, monoidal
category (C, ®, 1) such that ® is k-linear in each slot and End¢ (1) = k. A tensor functor is a k-linear,
exact, faithful, monoidal functor F between tensor categories C and C’, with F(1) = 1’. A tensor
category is said to be a fusion category if it is both finite and semisimple. If C is a tensor (resp., finite
tensor, fusion) category, then so is C®°P.

Deligne tensor product. Let C and C’ be two tensor categories. Then the Deligne tensor product
of C and C’ is a k-linear, abelian category C ® C’ endowed with a functor ® : C X '’ — C R C’ that is
k-linear and right exact in each variable, and is universal among such functors out of C x C. We also
have that C ® C’ is a monoidal category where (X ® X’) @°*¢ (Y mY’) := (X ®° ¥) ®m (X’ &° Y’),
for X,Y € C, X’,Y’ € C’, and 1¢%¢" := 1€ = 1. Moreover, the Deligne tensor product of two tensor
(resp., finite tensor, fusion) categories is a tensor (resp., finite tensor, fusion) category.

Hopf case. The category H-fdmod of finite-dimensional k-modules over a (finite-dimensional) Hopf
algebra H is a (finite) tensor category. If, further, H is a semisimple Hopf algebra, then H-fdmod is

a fusion category. If H and H’ are Hopf algebras over k, then (H-mod)®°P £ H®P-mod, for the co-

opposite Hopf algebra H°P. We also have that H-mod ® H’-mod 2 (H ®x H’)-mod for the standard
tensor product of Hopf algebras H ®, H’ over k.

2.2. Braided categories, Drinfeld centers and quantum R-matrices

See [EGNOI15, Sections 8.1, 8.3, 8.5, 8.6], [Maj00, Sections 2.1, 7.1], [HS20, Section 4.1], [Kas95] for
further details.
Braided categories. A monoidal category (C, ®, 1, a, [, r) is braided if it is a equipped with a natural

isomorphismcxy: X ®Y — Y ® X for X,Y € C (braiding), such that the following hexagon axioms
hold for each X,Y,Z € C:

-1

cxey.z =azxyo(cxz®ldy)oay ,yo(ldx ®cy z) caxy.z, 2.1
-1 -1

cx.yez =dy z x o (ldy ® cx.z)oay x.zo(cxy ®ldz) o ayy.z- 2.2)

We also have a mirror braiding on C given by C;IX :X®Y 5 Y®X for X,Y € C. We refer to the

braided monoidal category C:= C,®,1,a,l,r, c‘]) as the mirror of (C,®,1,a,l,r,c).
A braided monoidal functor between braided monoidal categories C and C’ is a monoidal functor
(F,F__,Fy): C — C’ such that

Fyx o C/F(X),p(y) =F(cxy)oFxy (2.3)

for all X,Y € C. An equivalence (resp., isomorphism) of braided monoidal categories is a braided
monoidal functor that yields an equivalence (resp., isomorphism) of the underlying categories. Similar
notions exist for tensor categories and tensor functors.

Drinfeld centers. An important example of a braided monoidal category is the Drinfeld center Z(C)
of a monoidal category (C, ®, 1). Its objects are pairs (V,c"'), where V is an object of C and

" ={cx: X®V > V®X}xec
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is a natural isomorphism, called a half-braiding, satisfying
v oo_ 1% -1 1%
Cxey = av.x,y © (cx ®Idy) o ax.yy© (ldx ® cy) caxy,v. 2.4
Morphisms (V,c¥) — (W, ") of Z(C) are given by f € Home(V, W) such that, for all X € C,
(f ®ldx) ocg =c¥ o (ldx ® f).
The monoidal product of Z(C) is (V,c¥)® (W,c") = (Ve W,cVeW), forall X € C:
cy®V = a{,l’W,X o(ldy ® cy)oay x.w o (cx ®ldw) o a;(I’V’W. (2.5)

An important feature of Z(C) is the braiding defined by

CW
Cy.w = C(v.,cV),(W,cW) . (V@ W, CV®W) ;) (W@V, CW®V).

Moreover, if C is a (finite) tensor category, then Z(C) is a braided (finite) tensor category.

Drinfeld centers in Hopf case and Yetter-Drinfeld modules. Take a finite-dimensional Hopf
algebra H := (H,m,u, A, &, S) over k, where A (h) =: h(1) ® h() (sumless Sweedler notation). When
C = H-mod, we have the isomorphisms of braided monoidal categories below,

Re®

®

Z(H-mod) 2YD Drin(H)-mod, (2.6)
where ZYD is the category of left Yetter—Drinfeld modules over H, and Drin(H) is the Drinfeld double
of H. We provide the details below.

The objects of the category of left Yetter—Drinfeld modules ZYD are triples (V, ®,d"), where (V, ®)
is a left H-module and (V, ") is a left H-comodule with 8" (v) := v(_1) ® v(o) € H & V, subject to
the following compatibility condition between ® and 9" :

8 (h®v) = hayv-1)S(h) € (h) © v(0)).

A morphism of ZYD is a linear map which is simultaneously a left H-module morphism and a left
H-comodule morphism. Then the first isomorphism of (2.6) holds via the assignments

Z(H-mod) 3 (V,0,c" ) (V,0,0Y) € YD for 8Y (v) := (cf)) ™ (v &k 1)
Z(H-mod) 3 (V,0,cV) e (V,0,0Y) e YD 2.7
for C; (x ® v) == v () B ((S_l(v<,1>) - X).

Here, H in cl‘; is the regular left H-module, and (X, -) is an arbitrary left H-module.

However, the Drinfeld double of H is a Hopf algebra Drin(H), which is, as a start, equal to H* @, H
as a vector space. Next, denote the standard left and right actions of H on H* by - and «-, respectively.
That is, h » & = (£o), )¢y with (h = &, h") = (£,h'h), and & « h = (£(1), h)é(p) with
(6 « h,h'y = (&, hh’), with h, k' € H and ¢ € H*. Here, we use the Hopf pairing between H* and
H. Then Drin(H) contains H and (H*)°P as Hopf subalgebras, and the product of Drin(H) between
elements of H and (H*)°P is given by

hé = (hay » €« S(hay))ho) = Eq). S(hwy)) €3y, hE)) E)ho) (2.8)

for h € H, ¢ € (H*)°P. Moreover, Drin(H) has the tensor product unit, coproduct and counit. Then the
second isomorphism of (2.6) holds via the assignments
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ZYD 3 (V,0,0V)— (V,®,s) € Drin(H)-mod for & := Eviny)vo)
HYD 5 (V,0,0Y)— (V,®,+) € Drin(H)-mod (2.9
for 8V (v) := Xy ha x (£qev),
with {hg, £4}a a dual basis of H. (The latter assignment is independent of choice of dual basis of H.)
Quasitriangular Hopf algebras, quantum R-matrices. Again, take a Hopf algebra

H:=(H,m,u,A,¢,S) over k, where A(h) =: h() ® h(2 (sumless Sweedler notation). Moreover,
denote ® := ®,. We say that H is quasitriangular if there exists an invertible element

R=3%,s;®t; € H® H (quantum R-matrix), (2.10)

with inverse, R~} := i si®t € H® H, such that

2i(s)) ® (5:)2) ®ti = Xj 1 Sj ® sk @1ty (2.11)
2isi® (t)a) ® (ti)) = XjkSjSk ®lk @15, (2.12)
i sih(y ®tihp) = i h)si ® hyt;. (2.13)

Alternatively, we will also use the following notation for quantum R-matrices. Take
Rap := 2 si (in the a-th slot) ® t; (in the b-th slot) ® 1y (in other slots)
(e.g., Ri3 =2, si ® 1lg ®1;). Then, the conditions (2.11)—(2.13) are written, respectively, as follows:
(A ®1dgr)(R) = Ri3R23, (ldg ® A)(R) = Ri3R12, RA(h) =A°°(h)R YheH.
For a quasitriangular Hopf algebra (H, R), we also have the identities below:

(e®Id)(R) = 1g, (ld®¢)(R) = 1g, (2.14)

R'=(S®ld)(R), R=d®S)(R™Y, R=(S®5)(R), (2.15)

where k ® H and H ® k are identified with H.
For example, for a finite-dimensional Hopf algebra H with dual bases {hy, £4}q, we have that the
Drinfeld double Drin(H) of H is quasitriangular, with R-matrix

Rorin(H) == 2a lH* ® ha ® 4 ® 1y € Drin(H) ® Drin(H).
Moreover, quantum R-matrices of H are tied to braidings of H-mod as we see below.
Lemma 2.16. The tensor category H-mod is braided with
cxy X®Y -YQ®X, x®y+— 2;(ti-y)®(si-x),

forR:=3;5;®t; € H® H, ifand only if R is a quantum R-matrix for H.

3. Preliminaries and results on (braided) module categories

Throughout this section, let (C, ®, 1, a, [, r) be a monoidal category, unless stated otherwise. We review
module categories over C and module functors between them in Section 3.1. The collection of module
functors form a category, which we discuss in Section 3.2. Exact module categories are reviewed in
Section 3.3. Then, bimodule categories and their centers are discussed in Section 3.4. Finally, braided
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module categories are introduced in Section 3.5, braided module functors are studied in Section 3.6,
and connections to quantum K-matrices are presented in Section 3.7.

3.1. Module categories

See [EGNO15, Sections 7.1-7.3]] for details. A left C-module category is a category M equipped with
an action bifunctor » : C Xx M — M, anatural isomorphism mx y pr: (X®Y)> M S X» (Y> M) for
X,Y € C, M € M, and a natural isomorphism Ay, : 1> M 5 M for M € M, such that the following
pentagon and triangle axioms hold for each X,Y,Z € C and M € M:

mxy.zem ©Mxey,z.m = (ldx >my z pm) omx yez m © (ax,y,z > ldy), 3.1

rxl>|dM :(|dxl>/lM)Omx’1’M. (32)

We sometimes write M or (M, ») to denote (M, >, m, 2) for brevity.
A C-module functor between left C-module categories (M, >, m, A) and (M’,»’,m’, A’) is a functor
F : M — M’ equipped with a natural isomorphism,

si={sx.m : F(X>M) > X»' F(M)}xec,mems
such that the following coherence axioms hold for each X,Y € C and M € M:
my y r) © Sxev,m = (Idx > sy m) © sx yem © F(mx y,m), (3.3)

F(AM) =/1/F(M) O S1.M- (34)

Similarly, a right C-module category is a category M equipped with a bifunctor <: M xC — M,
a natural isomorphism ny; xy: M <« (X ®Y) — (M <X) <Y for X,Y € C, M € M, and a natural
isomorphism pps: M <1 — M for M € M, satisfying pentagon and triangle axioms.

A C-module functor between right C-module categories (M, <, n, p) and (M’, <", n’, p’) is a functor
F : M — M’ equipped with a natural isomorphism,

t:={tmx: F(M<X) > F(M)< X}xec,mems

satisfying coherence axioms.

A left module category over a tensor category C is a left C-module category (M, ») that is abelian,
k-linear, locally finite, bilinear on morphisms, such that —> M : C — M is exact for all M € M. A
similar notion holds for right module categories. We also assume that module functors between such
module categories are additive in each slot.

3.2. Categories of module functors

The collection of C-module functors between left C-module categories M and M’ forms a category,
which we denote by Fung (M, M”). A morphism in Fung (M, M) from (Fy, s1) to (F, s2) is a natural
transformation from F) to F, that is compatible with s; and s,. See [EGNO15, Section 7.2] for more
information.

The category Func (M, M) is not always well behaved, but we have the following useful result.

Proposition 3.5 [ENOOS5, Theorem 2.16]. If C is a fusion category, and M and M’ are finite and
semisimple left C-module categories, then Func (M, M) is a semisimple category.

A subcollection of Fung (M, M) that is better behaved is the collection of right exact C-module
functors between left C-module categories M and M’; their full subcategory of Fung(M, M) is

https://doi.org/10.1017/fms.2025.10055 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10055

Forum of Mathematics, Sigma 9

denoted by Rex¢ (M, M”). We also denote the full subcategory of exact C-module functors from M to
M’ by Ex¢c(M, M’).

3.3. Exact module categories

Assume here that C is a finite tensor category. Here, we recall background material on exact module
categories from [EGNO15, Sections 7.5, 7.11].

A locally finite module category (M, ») over C is called exact if for any projective object P € C and
any object M € M, we have that the object P > M is projective in M.

Example 3.6. If C is a finite tensor category, then C is an exact left module category over both C and
C ® C®; see [E004, Example 3.3(i)].

As mentioned above, the category of right exact module category functors is better behaved than the
category of ordinary module category functors. To see this, consider the result below.

Proposition 3.7 [EGNO15, Proposition 3.11]. If M and M’ are exact, finite, left C-module categories,
then Rexc (M, M) is abelian and finite.

We also have that any module category functor from an exact module category is (right) exact.

Proposition 3.8 [EO04]. Let M be an exact, finite left C-module category. Then Func(M, M’) =
Exc(M, M) for any left C-module category M’.

3.4. Bimodule categories and their centers

Here, we recall material from work of Greenough, [Grel0, Sections 2 and 7]. A C-bimodule category is
atuple (M,», <,m, n, 4, p) such that (M, >, m, ) is a left C-module category and (M, <, n, p) is a right
C-module category, with a natural isomorphism, b := {bx pry: (X>M)<Y S Xe (M<Y)}x yec.MeM,
satisfying compatibility conditions.

Remark 3.9. Note that (M, >, <,m,n, 4, p) is a C-bimodule category if and only if (M, 5, m, 1) a left
module category over C ® C®°P. Here, (X ® X')sM «w» (X > M) <« X', for X, X’ € C and M € M, and
we have similar correspondences between the associativity and unitality constraints.

A functor of C-bimodule categories F: M — M/’ is at the same time a functor for the left and right
C-module structures, with natural isomorphisms for X € C and M € M,

sx.m: F(X»> M) = X' F(M), tmx: F(M<X) = F(M)< X,
satisfying the compatibility condition below for all X,Y € C, M € M:

(Idx >" tar,y) © sx,may © F(bx,my) = by paryy © (sx.m < ldy) o txem y.

Given a C-module category, one defines its center by analogy with the center of a monoidal category
(cf. Section 2.2).

Definition 3.10. Given a C-bimodule category M, we define its center Z¢ (M) as the category consist-
ing of objects (M, d™), where M is an object of M and d is a natural isomorphism,

aM = {d)"(/’: XoMSM <X}X c (half-braiding),
€
which satisfies the coherence condition below for all X,Y € C and M € M:

M, = n;,ll,X’Y o (d¥ <Idy) o b;({M,Y o(ldx >d¥M) omx y.um. (3.11)
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Morphisms f: (M,d™) — (N,d") are given by morphisms f: M — N in M which commute
with the respective half-braidings — that is, for X € C: (f <ldx) o dﬁ‘(’l = d;}’ o (ldx » f).

Example 3.12. The Drinfeld center Z(C) of C appears as the special case Z¢(C), where C is a
C-bimodule via the regular action X»>V = X ® V and V<X = V ® X, along with C-bimodule constraints
derived from the monoidal constraints of C as follows: mx y.v = axy v,y xy = a‘_,l’X’Y, Ax =y,

px =rx,and bx vy = ax v,y forall X,Y,V € C. In this case, dy = cy, forall X,V € C.

3.5. Braided module categories

Now assume that C := (C, ¢) is braided. We say that a left C-module category (M, >, m, ) is braided
if it is equipped with a natural isomorphism,

e={exm: X>o M S X M}xec.mem (braiding),
such that the following axioms hold for each X,Y € C and M € M:

-1
exey.M = My y a0 (ldx>ey p)o mxy m o (cy x>ldy) 3.13)

o my'y y 0 (Idy > ex.ar) o my x.n © (cy'y > 1dar),

-1
exysm = mxy m o (cy x>ldy)omy x a0 (ldy >ex m) (3.14)

-1
o my x.mo (cx,y>ldy)omyy y-

Remark 3.15. Let us compare the definition above to the definition of a braided module category in
other parts of the literature.

(a) In [Kol20, Section 2], the author uses right C-module categories and works in the strict case,
and our axiom (3.14) is the braided module category axiom [Kol20, (2.3)]. Moreover, our axiom
(3.13) is the equivalent to the axiom [Kol20, (2.3)] via a similar argument to [Kol20, Remarks 2.2
and 2.4] when C is ribbon. More precisely, if C is a ribbon category with a twist transformation
{0x : X S5 X txec (see [EGNOIS5, Definition 8.10.1]), then the natural isomorphism e satisfies
conditions (3.13)—(3.14) if and only if the natural isomorphism

e ={exm=exmO@xv>ldy): X>M S Xv>M}lxec,Mem
satisfies the left-hand versions of [Kol20, (2.3)—(2.4)]: (3.14) with e replaced by e, with
exey.m = mxy.m (cyx > ldy) my'y 4, (Idy > @x 1)
my x.m (cxy > ldp) my'y o (dx > ey a).
We further note that the conventions of [Kol20] are identical to those in [Brol3, Section 5.1].
(b) Considering [DN21, Definition 4.1], our axiom (3.14) is the same as their first braided module
category axiom. Also, our axiom (3.13) is the equivalent to their second braided module category

axiom, by using the first braided module axiom.

The next result shows that braided module categories can be obtained using braided monoidal
functors; cf. [DN21, Proposition 4.12].
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Proposition 3.16. We have the following statements.

(a) Suppose that C and C' are monoidal categories and (F,F_ _, Fy) : C — C’ is a (strong) monoidal
Sunctor. If (M',»",m’, ") is a left C'-module category, then (M’,>,m, ) is a left C-module
category with

XeM:=F(X)»' M,

mx,y.m =My gy Fxly » 1) and Ay = 2, (Fg' »" ldpy), for XY € C, M € M.
(b) If (C,c) and (C’,c’") are braided monoidal categories and (F,F_ _,Fy) : C — C’ is a braided
monoidal functor, then the left C-module category C’ from part (a) is braided with

.—— ’ ’
eX.M = Cp pix) °CFR(X),M>

forall X e Cand M € C'.

Proof. (a) See, for example, [Wal24, Example 3.18].
(b) It suffices to establish (3.13) and (3.14) when ex ps = ¢
The following computation verifies (3.14):

;\/I,F(X) oc’F(X)’M,forX eCand M € C'.

-1 -1
mx,y.m (cy x> ldp) my y 5 (Idy > ex m) my x m (cx,y >1dy) my y p

ap ). rvy (Fxly ® 1dm) (Fley x) ® ldu) (Fy x ® 1dm) afly) poxym
o (Idp(v) ® ¢y r(x)) (dFy) ® ¢y ar)

oy rixrm (Frlx ® 1dy) (Flexy) ® 1du) (Fxy ® 1dm) afix) riy)m

’ ’ ’ —1 AN N
=Ap(x),F(Y).M (CF(Y),F(X) ®" ldy) Ap(y),F(X),M (ldry) ® CM,F(X)) (ldr(y) ® CF(X),M)

’ ’ ’ —1
©apy),F(X).M (CF(X),F(Y) ®" ldy) Ap(x),F(Y),M

.

ar oy rym Creyre ® 1) ap iy poxyar (P ® Sy px) QF vy mF(x)
-1 -1

o ariyym.rx) GF) ® Chixy ) Qrvy rxym (Crx).rry ® 1AM) @ (x) Fvy.m

= C}T(Y)®/M,F(X) C:'?(X),F(Y)QZ»’M

=ex,yoM-

The first and last equations holds by definition; the second equation holds by the braided monoidal
functor axiom (2.3); the third equation holds trivially; and the fourth equation holds by the braided
monoidal category axioms (2.1) and (2.2).

Likewise, (3.13) holds by applying a combination of the braided monoidal functor axiom (2.3) and
the braided monoidal category axioms (2.1) and (2.2). m]

3.6. Braided module functors

Here, we compare braided module categories via the notions below. For ease, given a left C-module
category M with objects X € C, M € M, and morphisms ¢ € C, ¢ € M, we write X > ¢ and ¢ » Idy,
for the morphisms Idyx > ¢ and ¢ > M in M, respectively.

Definition 3.17. A braided C-module functor between braided left C-module categories (M, >, ¢) and
(M’,»’, e’) is a left C-module functor (F,s): (M,») — (M’,»’) such that

ex rm) © SX.m = sx,m © Flex,m) (3.18)
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for all X € C and M € M. An equivalence (resp., isomorphism) of braided left C-module categories
is given by two braided module functors F: M — A and G: N' — M between the two module
categories that yields an equivalence (resp., isomorphism) of the underlying categories.

The next result is straightforward; the reader may refer to the arXiv version 1 of this article if they
are interested in the proof.

Proposition3.19. Let (F, s) : (M,>,e) — (M., €’) be a functor of braided left C-module categories
andlet G: M’ — M be a quasi-inverse of F. Then there exists a natural isomorphism s’ making (G, s”)
a functor of braided left C-module categories.

The consequence below is now straightforward to establish.

Corollary 3.20. Braided (left) C-module equivalence is an equivalence relation for braided (left)
C-module categories.

We now discuss how to transfer structure for (braided) module categories, particularly across an
equivalence of categories. The proof is available in the arXiv version 1 of this article.

Proposition 3.21. Let F: M — M’ be a category equivalence with a quasi-inverse G : M’ — M.

(@) If (M, ») is a left C-module category, then we can define a left C-module category structure »" on
M’ via

X' N := F(X>G(N)),

foreach X € C and N € M, such that both F and G are left C-module functors.
(b) A braiding e on the left C-module category M induces a braiding ¢’ on M’ via

ek n = Flex.gn)): X» N> X»'N,

foreach X € C and N € M, with the left C-module category structure from part (a) such that F, G
preserve the braiding.

3.7. Quasitriangular comodule algebras and quantum K-matrices

Assume that H is a quasitriangular Hopf algebra with a quantum R-matrix R := };s5; ® t; € H ® H.
Here, ® := ®. Let A be a left H-comodule algebra with coaction

60:A—>H®A, awm ap_®aj.

Definition 3.22. We say that A is a quasitriangular left H-comodule algebra if it is equipped with an
invertible element,

K:=%,8®p, €cH®A (quantum K-matrix),
with inverse, K~' := 3. ¢' ® p' € H® A, such that
i8 P

2i(8)) ®(8)2) ®Pi = Xjkimtk8it™ ® gjsks™ & pjpi,

i (3.23)
(equivalently, (A ®Ids)K = K23R21K13R211),

2i& ® (P)-11® (o] = Xjk.itj8kS1 ® Sjti ® pi,

(3.24)
(equivalently, (ldg ® 6)K = R21K13R12),
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i 8id[—1] ® pidjo] = X;ia[-118 ®ajpi Va € A,

(3.25)
(equ1valently, Ké(a) =6(a)K Va € A).

Here, K, :=}; g; (in the a-th slot) ® p; (in the b-th slot) ® 1g (in other slots).
Returning to braided module categories, consider the result below.

Lemma 3.26. Retain the notation above for the quasitriangular Hopf algebra (H,R) and the left
H-comodule algebra A. Then, the following statements hold.

(a) We have that A-mod is a left module category over H-mod via
>: H-mod x A-mod — A-mod, ((X,-),(M,*)) = (X® M, %),

where a ¥ (x @ m) = (aj_1] - x) ® (ago) *m) fora € A, x € X, m € M.
(b) Take K :=3;g; ® p; € H® A, and for (X,-) € H-mod, (M, ) € A-mod, take the morphism

exm XOM - XM, x®mm );(gi x)®(p;*m).

Then, the left (H-mod)-module category (A-mod, ) is braided with braiding given by ex u if and
only if K is a quantum K-matrix for A.

(c) Conversely, any braiding for the (H-mod)-module category A-mod from part (a) is of the form
given in part (b) for some element K :=3,; g; @ p; € H® A.

Proof. Part (a) is straightforward to check, and we leave this to the reader. For part (b), we sketch the
forward direction; the reverse direction is proved by reversing the arguments.

To proceed, note that if we write H (resp., A) in the subscript of either the braiding c or e, then this
denotes the regular left H-module (resp., regular left A-module). Also, denote the inverse of ex s by
eXM X®M — X ®M and set

K’ = e;},A(IH ®14) e H® A.

By the naturality of eX »» Weobtain that ey, (x®m) = K" % (x®m), for x € X, m € M. This implies
KK’ = K’K = 1 ® 1 4. Therefore, K € H®A is invertible.
To establish (3.23), we compute

281 ® (&) ®pi = enor,A(lg ® 1y ® 1)

(3. lu)
(ldg ® ey, a)(ca,u ®1ds)(ldy ® ey A)(CH g ©1da)(1g ® 1g ®14)

Lem. 2.16
T 3 (dy @ era) (e ©1da)(1dy ® e a) (5™ @ 1™ @ 1,4)

= Yym(dy ® ey a)(ca . ©1da)(s™ ® gt ® p)

Lem.2.16
T Y km (e ® e a) (tkgit™ ® sis™ ® py)

= Xjikim k8" ®gjsks™ ® pjpi.

Likewise to establish (3.24), we compute

28 ® (P)-11® (Pio] = er oAl ® 1g ®14)

(3. 14)
(ca,p ®lda)(ldg ® e a) (ca,p ®@1dA)(1g ® 1y ® 1,4)

Lem 2.16
2l Li8kS1 ® st ® py.
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Finally, to show that (3.25) holds, recall thatex 5 : X® M — X®M is an A-module homomorphism.

Therefore,

2 8iai-1 ® piaj] = em.ala—1®ap)) = emala* (1g ® 14))

=axegA(lp®1a) = a*(X;8®pi) = X;a-118 ®ajopi-

For part (c), it remains to show that any braiding e on A-mod is given by the action of some element

K € H ® A. This follows from a reconstruction argument as in [Maj00, Section 9.4].

O

Remark 3.27. Let us compare the definition of the quantum K-matrix above with that in [Kol20].
Assume that H is a ribbon Hopf algebra; that is, it is quasitriangular with quantum R-matrix R and

contains an invertible central element v such that A (v) = (v ® v) (R21R12)_1 and v = S(v). Set

K=K(v'®ly) eH®A.
(a) Analogous to Remark 3.15(a), one shows that conditions (3.23)—(3.25) are equivalent to

(A ®1da)K = Ky3R21K13R)1,
(Idy ® 6)K = Ry K13Ra1,

Ké(a) = 6(a)K, Va € A.
In turn, (3.28)—(3.30) are equivalent to the same set of conditions with (3.28) replaced by
(A ®1da)K = Ry Ki3R21 K.
Indeed, the forward direction follows from

~ (3.28) = = (3.29) = ~
(A®Ilda)K "=" K3Ro1K13R; =7 Kx((ldy ® 6)K)

3.30 ~ ~ (329 ~ ~
o2 (g ® 6)K)K»3 2 )R21K13R21K23,

while the opposite direction is obtained by reversing the argument.

(3.28)

(3.29)

(3.30)

(3.31)

(b) Conditions (3.29), (3.30) and (3.31) are precisely the conditions for a quasitriangular comodule
algebra used in [Kol20, Definition 2.7], with the only difference that [Kol20] works with right

comodule algebras, while we work with left ones.
(c) Equating the right-hand sides of (3.28) and (3.31) gives that

K23R21K13R21 = Ry K13R21 Ko,

from which it follows that K and R define representations of the braid groups of type B.

4. Reflective centers of module categories

In this part, we introduce and study the reflective center of a module category M over a braided monoidal
category C. Preliminary results on this construction are presented in Section 4.1. Then, in Section 4.2,
we realize the reflective center of M as a center of a certain C-bimodule category. This enables us to
establish properties of reflective centers such as being abelian, finite and semisimple in the case when

C is a braided tensor category.
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4.1. Preliminaries on reflective centers

We introduce the terminology below.

Definition 4.1. Let (C,®,1,a,l,r,c) be a braided monoidal category, and let (M, >, m, ) be a left
C-module category. The reflective center of M with respect to C is a category Ec (M) defined as follows.

(a) Its objects are pairs (M, e™), where M is an object of M, and
eM .= {ey: YoM S YeMyee (reflection)

is a natural isomorphism such that e§(4®Y (= exgy. ) satisfies (3.13) for all X, Y € C.
(b) The morphisms (M, e™) — (N, V) are given by morphisms f € Hom (M, N) such that, for all
YecC,

(Idy > f) oey = e],y o (Idy » f).

Lemma 4.2. Retain the notation above. We have that Ec (M) is a left C-module category, where by the
abusing notation », the action bifunctor > : C X E¢(M) — Ec (M) is defined by

Yo (M,eM) = (YoM, VM),
where ef("M (= ex.y»m) is defined by (3.14) for all X, Y € C, and the associativity isomorphism is that
of the left C-module category M.

Proof. First, we need to show that > is well defined on objects and on morphisms.
Given objects W, X,Y € C and M € M, we need to show that e ¥ defined by (3.14) satisfies
(3.13) as in Definition 4.1(a). This is achieved by the following computation:

YoM - M -1
ewex = Mwex.y.m (Cy.wex > lda) my wox 4 (Idy > ey ox) my wex.m (cwex.y > ldy) My oy vy
- 4 M
=mwex,y.m (Cy.wex > ldm) my wex y [1dy > (mW,X,M (Idw »ex ) mw x.m (cxw > IdM))]

o [ldy » (m}l,w,M (Idx > ep) mx.w.m (cx'y > |dM))] my wex.m (cwex.y > ldn) My gx vy

= m‘_)Vl,X,Y>M [ldw » (mx,Y,M (cy,x »1dpr) m;EX’M (Idy » 69(4))]

o [ldw » (my,x,M (cx,y > ldp) m}l,y,M)] mw x,yom (cx,w > ldyspr)
° m}_(l,W,wM [ldx » (mW,Y,M (cy,w »Idar) m;fW’M (Idy » 6%))]
o [ldx » (mY,W,M (cw,y »Idp) m‘_yl,y,M)] mx,w.ysM (C}I,W > Idysar)

_ -1 YoM -1 YoM
=My xyeM (IdW > ey ) mw ., X, YoM (CX,W > Ile>M) My w.ysM (IdX > ey

1
omx,w,yeM (Cx.w > ldyem)

Here, the first and last equations hold by (3.14); the second equation holds by Definition 4.1(b)
for e ; and the third equation follows from (3.1), from the braid axiom (2.1), and the naturality of
c. A similar computation shows that the original associativity isomorphism mx y as indeed defines a
morphism in E¢ (M).

Next, given an object X € C, along with morphisms f : Y - Y inCand g : M — M’ in M, we
need to show that (ldx > (f > g)) o el™™ = Y™™’ o (Idx » (f > g)) as in Definition 4.1(b). This is done
as follows:
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(Idx > (f > 8)) ex™

= (ldx » (f>8)) mx.y.m (cy x »ldp) m;fX,M (Idy > eX') my x.m (cx,y > ldp) m}],y,M

=mxy.m (cyrx > ldp) myl x oy (f > (ldx > 8)) o (Idy > el ) my x . (cx.y > 1dar) my'y o
-1

’ -
=mx,y.m (cyrx > ldy) myt x oy (dy > eX) (f > (dx > 8)) my x.m (cx.y > 1dar) my'y o
=mxy m (cy x> ldp) m;}’X’M, (Idy’ > ey) my x.m (cx,y > 1) mp_(l,yr,Mr (ldx > (f>g))
="M (ldx > (f > 8))

Here, the first and last equations hold by (3.14); the second and fourth equations hold by the naturality
of m and of ¢; and the third equation holds by Definition 4.1(b) for e .

Therefore, the C-action bifunctor > for £¢ (M) is well defined. It also satisfies (3.1) and (3.2) because

they are satisfied for the C-action bifunctor for M. O

An important feature of £ (M) is that the reflections e™ in Definition 4.1(a) equip this module
category with a braiding (as in Section 3.5).

Proposition 4.3. Take a braided monoidal category (C, ¢) and a left C-module category M. Then, the
reflective center Ec (M) is a braided left C-module category, where

EM
ey, (m,emy s Yo (M, eM) — s y» (M, M),

forY € Cand (M,eM) € E(M). Here, Y > (M, eM) := (Y > M, e¥"M) by Lemma 4.2.

Proof. We have that £¢(M) is a left C-module category by Lemma 4.2. So, it suffices to show that

ey (m.emy = eyl is a braiding for £ (M). First, we verify that e}/ is a morphism in £ (M). We
compute that, for all X,Y € C and M € M,

(ldx » ey) e§"M

= (Idx > ed!) mx.y.m (cy x > ldar) m;fX,M (Idy > e¥') my x.m (cx.y > ldar) m}l,y,M
=mx.y.m oy (cy.x>ldu) (cxy > 1da) my'y o
=mx,y.m (cy.x > ldy) efoy (cxy > lda) my'y

=mxy.m (cy.x > ldy) my'y o, (dy > e) my x.a (cx.y > 1dy) my'y o, (Idx > ey)

YoM M
=ey " (ldx > ey ).

The first and last equations hold by Lemma 4.2. The second and fourth equations hold by Defini-
tion 4.1(a). The third equation holds by the naturality of ¢ in the first slot.

Now we are done since the morphism e{}’[ of £ (M) is an isomorphism by Definition 4.1(a), and it
also satisfies the first braided module category axiom (3.13) by Definition 4.1(a) and the second braided

module category axiom (3.14) by Lemma 4.2. O

4.2. Reflective centers as centers of bimodule categories

Given a braided monoidal category (C,c), any left C-module category (M,>, m, 1) is also a right
C-module category (M, <, n, p), where for all X,Y € C, M € M, we define

M<X =X>M,
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and we define the structure morphisms nys x vy, s, bx am,y as follows:

cx,y>ldps

nxy: (X@Y)» M M s (Yo X) e M ——XM s ye (X M),

o 1M —2 oy,

m;l,X,M C;(I,YDIdM mx.y.m
bxmy: Yo(XoM) —Y s (¥@X)e M —" "5 (X®Y)» M — 5 X (Y> M).

We denote the data (M, », <:=v, m, n:=m(c»1d), A, p:=2, b:=m(c'»Id)m™!) by Mpim,
and this is referred to as a one-sided bimodule category.

Lemma 4.4. Given the setting above, we have the following statements:

(@) Moyim is a C-bimodule category and thus is a left (C ® C®°P)-module category.
(b) If M is an exact left C-module category, then My is an exact left (C ® C®P)-module category.

Proof. Part (a) follows from [GrelO, Proposition 7.1]; see also Remark 3.9. Part (b) follows from
remarks in [DN13, Equation 18]. m]

Next, recall the notion of a center of a bimodule category from Definition 3.10, and consider the
connection to reflective centers below.

Proposition 4.5. Retain the notation above. Then we have that E¢c (M) and Z¢(Mpim) are isomorphic
as categories.

Proof. Given an object (M, eM) € (M), we also get that (M, d™ = eM) € Z¢(Myim) by setting
<:i=v,n:=m(crld), p :=A, b = m(c' »Id)ym" (via Lemma 4.4). Indeed, (3.11) holds by the
naturality of eM and by (3.13) as follows:

M . M -1 M
dygy = exgy =(Cxy>ldy) eygx (cx,y >ldy)

= (cx'y » lda) my'y py (dy > e¥) my x 1 (cx.y » ldar) my'y o

o (Idx > ey’) mx.y.m (cx'y > 1dar) (cx.y > ldas)
= n;ll,X,Y (d)A(/I < |dy) b)_(l’M’Y (|dX > dy) mx,y,M.

Conversely, given (M, dM) € Zc(Myim), we obtain that (M, e™ = d™) is in (M) by a similar
argument. This identification of objects extends to an identification of morphisms in Z¢(Mpin,) (see
Definition 3.10) with morphisms in £ (M) (see Definition 4.1(b)). Thus, we have an isomorphism of
categories: E¢ (M) = Ze(Mypim)- O

Corollary 4.6. We have the following statements about the reflective center Ec(M), for C a braided
tensor category and M a left C-module category:

(@) Ec(M) isa Z(C)-module category.

(b) Ec(M) = Funcgeeo (C, Myim) as Z(C)-module categories.

(¢) Ec(M) is abelian when M is exact and finite.

(d) Ec(M) is finite when C is finite and M is exact and finite.

(e) Ec(M) is semisimple when C and M are finite and semisimple.

Proof. 1t follows from Proposition 4.5 that it suffices to establish the statements for Z¢ (M p;n, ). Part (a)
then holds by [Grel0, Lemma 7.8]. We can then apply Proposition 4.5 to obtain the action of Z(C) on
Ec (M) below:
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5:Z2(C) X Ec(M) — Ec(M)
(V.e"), (M, eM)) > (Ve M,e¥™),

where, for any X € C, we have

e}?"M = b{,lyM’X (ldy > eé‘f) my x.m (cx > Idps) m;(l’V’M

1 M -1
=mx,v.m (cv.x>ldy) my'y o (dy > el) my x.a (cy > 1da) my'y

For part (b), note that by [Gre 10, Proposition 7.10], Z¢ (Myim) is isomorphic to Rexgceor (C, Mpim).
We have that C is an exact module category over C ® C®” by Example 3.6. Now by Proposition 3.8, we
have that Rexgce (C, Mpim) = Funggeser (C, Mpim). So, the result holds.

By part (b), it suffices to establish parts (c,d,e) for Fun g.eer (C, Mpim). Parts (c,d) then follow from
Example 3.6, Lemma 4.4(b), Propositions 3.7, 3.8. Part (e) follows from Proposition 3.5. |

We note that the Z(C)-module structure > on ¢ (M) in Corollary 4.6(a) does not coincide with the
one obtained by restricting the (braided) C-module structure > of Lemma 4.2 and Proposition 4.3 along
the tensor functor Z(C) — C. However, the C-action > can be recovered from > by restriction along the

tensor functor C — Z(C), V +— (V, cV), where C; =cx,v,forall X € C.

5. Reflective algebras of comodule algebras

In this section, we consider the case when C is the braided monoidal category H-mod for H a quasi-
triangular Hopf algebra over k and M is the left C-module category A-mod, for a left H-comodule A
over k. (Note that every indecomposable, exact C-module category is of this form in the finite tensor
case [AMO7, Proposition 1.19] — that is, when restricting to finite-dimensional modules over finite-
dimensional A and H.) The module associativity isomorphism m given by the (trivial) associativity
isomorphism of Vec. The goal of this section is to describe an H-comodule algebra Ry (A) that repre-
sents the reflective center ¢ (M) — that is, to get

E-mod(A-mod) = Ry (A)-mod as categories.

The notation for the section and for the rest of the paper is summarized in Section 5.1. An intermediate
category of Doi—Hopf modules is introduced in Section 5.2 toward achieving the isomorphism above.
With this, we define Ry (A) and establish the desired isomorphism in Section 5.3. Properties of Ry (A)
are examined in Section 5.4.

5.1. Standing notation and hypotheses for the Hopf setting

We collect for the reader notation and setting that we will use from now on. We use (sumless) Sweedler
notation throughout.

o ® will denote the tensor product (®), monoidal product (®) and C-action bifunctor (>) above from
now on as they are all equal ®.

o H:=(H,m,u,A,e&,S) is a quasitriangular Hopf algebra over k.

o A(h) = h(1y ® h(y is the coproduct of H. Its composition is denoted by

(A®Ildg)A(h) = (Idg ® A)A(h) =: h(l) ® h(z) ® h(3).
o If H is finite-dimensional, then (, ) is the Hopf pairing between H* and H. That is,
(€4 h)y =@ LAM) =& h()){ h@), (& ht) =(AE), hel) ={Eq), )., (6.1

foré,{ € H*, h,€ € H. Here, &(1) ® £(2) denotes the coproduct of £ € H*.
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o If H is finite-dimensional, then we denote the dual basis of H by {hy,&4}a, for hy € Hand &4 € H*.
Namely, we get

h=34a, M)hy, &= ha)éa. (5.2)

o If H is finite-dimensional, the standard left and right actions of H on H* are denoted by - and «-,
respectively. That is, for h, b’ € H, ¢ € H*,

h—»¢= <§(2), h)f(l) with (h - &, h") .= (&, W' h), (5.3)
£« hi=(£q), h)En) with (€ « h ') = (€, hi'). '
R:=3%,s5:®t; € H® H is the R-matrix of H.

R':=3,s'®t € H® H is the inverse of the R-matrix of H.

A is a left H-comodule algebra over k.

0:A—> H®A,am ap_1] ®aj, is the left H-coaction of A. Its composition is denoted by

O O O O

(A®ldy)d(a) = (Idg ® 6)d(a) =: aj—2) ® aj_1] ® ajo).

o K:=3%,8 ®p; € HQ® A isthe K-matrix of A when A is quasitriangular.

o K':=Y,¢"®p' € H® A is the inverse of the K-matrix of A when A is quasitriangular.

o C is the braided monoidal category H-mod over k, with monoidal product ®, unit object k and braiding
c¢. The H-action for objects of C is denoted by a centered dot, -.

ocxy:X®Y SY®X, x®y - Y,(ti - y) ® (s; - x), is the braiding of C via the R-matrix of H, for

X,Y eC.

Gy X®Y SY®X, x®y - Y,(s - y) ® (- x), is the inverse braiding of C, via the inverse

R-matrix of H, for X,Y € C.

o M is the left C-module category A-mod over k. The A-action for objects of M is denoted by an
asterisk, *, or by  if the action is induced.

o eM is the braiding of M = A-mod for M € M.

o e (x®m):=Y;(gi-x)®(p;*m),forX eCand ¥, g; ® p; € H® A.

o When H (resp., A) is in the subscript of c or e, this indicates the regular left H-module (resp.,
A-module).

5.2. Reflective centers as Doi-Hopf modules

Here, we will consider a category of left Doi-Hopf modules, 7 DH(H), consisting of vector spaces
which are modules over the left H-comodule algebra A and comodules over a left H-module coalgebra
H, which is a version of Majid’s covariantized (or transmuted) coalgebra [Maj91,Maj00]. Our main goal
is to show that

Ec(M) = ﬁDH(H) as categories. 5.4

We recall the category of Doi—Hopf modules in Section 5.2.1; we then get Aﬁ DH(H) after we define
H in Section 5.2.2. Next, we construct a functor F : & (M) — fDH(H) in Section 5.2.3 and a functor
G: fDH(H) — Ec¢(M) in Section 5.2.4. Then, we establish (5.4) in Section 5.2.5.
5.2.1. The category of Doi-Hopf modules
First, let us recall the notion of a Doi—Hopf module from work of Doi [D0i92]. Note that we abuse some

of the notation of Section 5.1 below.
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Definition 5.5 [D0i92, Remark 1.3]. Consider the following input data:

o L, a Hopf algebra;
o B, aleft L-comodule algebra with coaction givenby 6 : B— L ® B, b — b_1] ® b[o);
o C, aleft L-module coalgebra with action givenby —: L ® C — C.

A vector space M is a left (L, B, C)-Doi—Hopf module is if the following conditions hold:

(i) M is aleft B-module with action givenby * : B®& M — M;
(i) M is aleft C-comodule with coaction givenby ¢ : M — C ® M, m — m_; @ my;

action and coaction are subject to the following compatibility condition,
(b * m)_1 ® (b * m)() = (b[_l] - m_l) ® (b[o] * m()), (5.6)

forallm € M and b € B.

The collection of left (L, B, C)-Doi—Hopf modules forms a category. Here, a morphism between
two left (L, B, C)-Doi—-Hopf modules is a map that is simultaneously a left B-module map and a left
C-comodule map. We denote this category by

CDH(L).

In the appendix of the arXiv version 1 of this article, it is shown that the category of left (L, B, C)-
Doi—-Hopf modules admits a canonical structure of a left module category over the braided monoidal
category L-mod when L is quasitriangular, with R-matrix }; s; ® t;.

5.2.2. The left H-module coalgebra H _
Let us define the H-module coalgebra H mentioned above in (5.4) which is a version of Majid’s
transmuted (or covariantized) coalgebra; see Remark 5.8.

Definition 5.7. Take H to be equal to H as vector spaces, and consider the following comultiplication,
counit and left H-action formulae:
K(h) = Zi,j tjh(|)t,' ® h(z)SiS_l(Sj),
g(h) := e(h),
€= hi= EahS™ (Lay),

forall h € Hand ¢ € H.

The operations from Definition 5.7 make H a left H-module coalgebra. This follows as in [Maj00,
Theorem 7.4.2].

Remark 5.8. The precise comparison to the conventions of [Maj00] is as follows. For a quasitriangular
Hopfalgebra H := (H, R := }; 5;®t;), we have that its co-opposite Hopf algebra H°P is a quasitriangular
Hopf algebra with R°P := 3}, #; ® s;. With this, and by inspecting the proof of [Maj91, Theorem 3.1],
one can see that (H)*P = (HP).,, where Hy, denotes the coalgebra obtained by transmutation in
[Maj00, Theorem 7.4.2].

5.2.3. Functor from the reflective center to a category of Doi-Hopf modules
Consider the following preliminary result.

Lemma 5.9. Let rj, be right multiplication by h € H. Then, the operator

A : Homy(A ® M,H® M) — Homy(A® M,H ® M)
W = [a®m = ((ra[,l] ®IdM) oz//)(a[o] ®m)]
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is invertible, with inverse

A :Homk(A®M,ﬁ®M) —>H0mk(A®M,I’-I\®M)
yolaem = ((rg-ig ;) ®ldy) oy)(aje ® m)].

Next, we turn our attention to the desired functor for this section.
Proposition 5.10. We have a functor
F : E-moa(A-mod) — T DH(H)
(M, =, eM) = (M, *, ¢ :=pm ‘M —> Ho M),
where ¢(m) = e%’(lH ®m) =:m_;  my.
Proof. It suffices to establish the following statements:

(i) (M, ¢) € H-comod (this will follow from (3.13)), and
(ii) (M, =, p) satisfies (5.0) (this will follow from eg‘;’ € A-mod for any X € H-mod).

Toward (i), for h, ¢ € H (as the regular left H-module), note that
cua(h®{)=;t{® s;ih and c;{l’H(h®€) =Y st®th. (5.11)

Moreover by taking rj, : H — H to be right multiplication by A4, we get that r,, € H-mod. Thus, by the
naturality of e | we obtain that

(h ®m) = ey Mrpeldy)(lg @m) = (rp, ® IdM)eH (I ®m) = m_1h ® my. (5.12)
Moreover, note that A= w o A for
wh®h') =%, ht; ® h'siS7'(sy). (5.13)
In fact, as an aside, we have that w is invertible with
w (h@h) =%, ; t'ht! ® h'S™'(s)s/. (5.14)
Now (i) holds by the following computation:

(A ®Idp)e(m) = (w®ldp)(A®Idy)el (1 @ m)

eMnat’ -
nack eIl () @ 1dar)eM gy (A @ ldag) (1 @ m)

= (W ldy)el oy (g ® 1y @ m)

?I
“2) (W Idu) Iy ® €M) (chr.p ® 1) (1 ® e ) (c3 @ 1da) (11 @ 15y © m)

C2V ¥ (@@ 1dy) (Idy ® eM)(ch.p @ 1dy) (Idy @ M) (s ® 1 @ m)

C2 S (weIdy)(Idy ® M) (cp i @ ldu) (5" @ m_1£ @ mo)

5.11 . .
C2V 3 (@ @ 1da) (Idy ® M) (tjm 1t @ 55 @ mo)
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12
02 le(w®|dM)(tjm 21 @m_ 158" ®m0)

ijratitimoatite ® moysisisiS™ (s) ® mo

2jititjm_ ® m_lst‘l(sl) ® my

2.15)
= m_p @ m_; ® my

(ld® ¢)p(m).

To prove (ii), note that e’F‘I/’ € A-mod (). So, fora € A and m € M, we get that

aj—iym-1 ® (ago) *mo) = a* (m_; ® mop) 012 a*eAH/I(IH ® m)

Y e Mar(lpom) = e agm) 519

(5.12)
=" (ago; *m)-1aj-1] ® (ajo) * m.

Now the following computation verifies (ii):

Def. 5.7

(aj-1) = m_1) ® (ajo) * mo) (ap-11)@ m-1 S~ ((aj-1))1)) ® (ajo) * mo)

= appmoy S (ag-2)) ® (ago * mo)

) _
= (ajoy xm)-1 a1y S~ (a21) ® (ajop *m

= (ajo) *m)-1 (aj-1}) ® (ap) *m

(axm)-y ® (axm).

At (), we applied the operator A~! from Lemma 5.9 to (5.15). This concludes the proof. O

5.2.4. Functor from a category of Doi—Hopf modules to the reflective center
Proposition 5.16. For ¢(m) := m_| ® mg, we have a functor

G : FDH(H) — E1-moa(A-mod)

(M, *,¢:M—>E®M) (M %, e = (eX)y X®M—>X®M)

where eé‘(’l (x®@m) = (m_y - x) @ my, for (X,-) a left H-module.
Proof. It suffices to establish the following statements:

(i) eé‘(’l satisfies (3.13) (this will follow from (M, ¢) € ﬁ—comod), and
(>ii) e%” € A-mod for any X € H-mod (this will follow from (5.6)).

To verify (i), recall the invertible linear map w from (5.13) and (5.14), and recall that A= w o A for
the coproduct A in Definition 5.7. We use the Sweedler notation A(h) =h— T ® h= @ for h € H, along
with A(h) == h(jy ® h(y for h € H. Also, for X,Y € H-mod, and x € X, y € Y, we have that

crx(y®x) =X (ti-0)®(si-y)  and !y (x®y) =Xi(s" - y) @ (1 - x). (5.17)
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Now (i) holds via the computation below for X,Y € H-mod, M € A-mod,x € X,y €Y, me M:

e¥®y(x®y®m) = (m_1-(x®y)) ® mg

= ((m-1)qy -x) ® ((m-1)2) -y) ® mo

(5.14) ; : 1N i
= g [ gy - x] @ [mo) g ST s y] @ mo

A -comod ' ' ) s/
¢ € -como Zij [tl m_o t/ .x] ® [m—l Sil(sl) s/ 'y] ® mo

(AI’) .
Yijltimoat/-x] ® [m_ysis-y] ® mg

‘31
C2) 3, (dx ® e[ty moy 17 -x) ® (s; 57 - y) @ mg

C2D 5 (1dx ® e¥) (cy x ® 1) [(s7 - ¥) ® (m_117 - x) ® mg]
Y (ldx ® eff)(cy x ® ldar) (Idy ® ef)[(s/ - y) ® (¢ - x) ® m]

(Idx ® ey )(CY x ®ldy ) (Idy ® ey )(CY x ® Idp ) (x ® y @ m).

612

(5.17)

Toward (ii), note that, fora € A and m € M, we get that

(5.6)
(axm)_ 1 ®(axm)y = (a[l — m_1) ® (afo) * mo)

DL (aer) moy S ((ae1)y) ® (ago) * mo)

= aj_yymoy S (aj-2)) ® (ajo) * mo).

By the counit and antipode axioms, we get that

(ago) *m)-1 aj-1] S~ (a[-2)) ® (ajo) *m = (ajo) * m)-1 e(aj-1}) ® (ajo) * m)

aj-1ym-1 8™ (ag-2)) ® (ago) * mo).
Applying the operator A from Lemma 5.9 to the above equation yields
(ago; *m)-1 aj-1) S (aj-2)) a3 ® (ago; xm) = aj-13 m_1 S~ (aj-2)) aj-3) ® (afo) * mo).
Using antipode and counit axioms again yields
(ago) *m)-1 aj-1] ® (aj*m) = aj-ym-1 & (ajo * mo).
Now (ii) follows from the following computation:

(5.

eM((ap1y-x) ® (ag) *m)) 2 ((ao) * m)-1 aj-1) %) ® (ago) *mk

(aj-nym-1-x) ® (aj) *mp) = ax((m_1-x) ® mo)

e%(a * (x @ m))

a eé‘g (x ®m).
This concludes the proof of the result. )

5.2.5. Isomorphism of categories
Now we establish the category isomorphism (5.4).

Proposition 5.18. We have that the reflective center Ep.mod(A-mod) and the category of Doi~-Hopf
modules Z DH(H) are isomorphic as categories.
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Proof. Tt suffices to show that the functors F : Eg_moq(A-mod) — f DH(H) from Proposition 5.10 and

G: ’j DH(H) — &g -mod(A-mod) from Proposition 5.16, are mutually inverse. Starting with an object
(M, eM) in Ef_mog(A-mod), consider the half-braiding € on GF (M, eM) given by

E)A(/I(x@)m) = (m_1 - x) @ mo,
for X € H-mod and x € X. Here, m_1 ® mq := eAH’[(lH ® m). For x € X, take the morphism
Ix:H—> X, hw— h-x € H-mod.
Applying naturality of the braiding e to I, gives
E)A;I(x®m) = (lx®IdM)eAH/I(1H ®m) = e)AéI(lx@IdM)(lH@m) = el)‘g(lH XxX®m) = e%(x@m).

Hence, e = ¢, and the identity GF (M) — M is a morphism of objects in Eg_moq(A-mod). This shows
GF = 1de ;o0 (A-mod) - ~

However, for an object M in f DH(H) with coaction M — H ® M,m — m_; ® mg, consider the
induced H-coaction @ on M obtained on FG(M). Then

g(m) = eg(M)(lH‘X’m) = (m-y-1g)®my = m-; ® my.

This shows that (FG (M), ¢) = (M, ¢) as Doi-Hopf modules, and hence, FG = IdﬁDH(H). O
A
5.3. Reflective centers represented by reflective algebras
The goal of this section is to extend the isomorphism (5.4) to the isomorphism below:
Ee(M) = H DH(H) = Ry (A)-mod as categories, (5.19)

for some k-algebra Ry (A) which we call a reflective algebra. In Section 5.3.1, we construct a general
isomorphism between gDH(L) (from Section 5.2.1) and the category of modules of a crossed product

algebra B >y, (C*)°P. Next, we study the dual of the H-module coalgebra H (from Section 5.2.2) in
Section 5.3.2 and then define Ry (A) as a crossed product algebra in Section 5.3.3.

5.3.1. Doi—-Hopf modules and crossed products
In the setting of Section 5.2.1, consider the case when the left L-module coalgebra C is finite-dimensional.
Then C* is a right L-module algebra with the L-action given by

(€ = tcy=(—c), (5.20)

foré € C*,c € C,¢ € L. The same action makes (C*)°P aright L°°-module algebra. Define the crossed
product algebra (see [D0i92, Section 1])

B>y (C)P:=B® (C)®/(éb~Dboj(é = bj_11), beB, £€(C)P),
where ® denotes the free product of algebras. That is, for all @, b € B and &, ¢ € (C*)°P, we get

(a&)(b ) =multP " aeé, bel)
= mult? (a, bjoy) mult'©)™ (¢ — by}, ¢) (5.21)
=ab) £ (§ = b1).
Lemma 5.22. We have that B <y, (C*)°P is isomorphic to B ® (C*)°P as a (B, (C*)°P)-bimodule.
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Proof. Consider the tensor product B ® (C*)°P. It is straightforward to verify that the product (5.21) on
it is associative, where a, b € B and &, € (C*)°P. Therefore, B =y, (C*)°P is isomorphic to the space
B ® (C*)°P with this product. This implies the statement of the lemma. O

We now recall results relating Doi—Hopf modules to modules over the crossed product algebra.

Lemma 5.23. Let {cy4,&4}a be a dual basis of C. Then, we have an isomorphism of categories:
Q : C-comod — (C*)°P-mod,
given by the assignments, for ¢ € C* and m € M:

(M, o:M—->CoOM, p(m) :=m_; ®m0) — (M, *p  (CYPOM — M, EXpm = (f,m,ﬁmo),

(M, Y M —>COM, gu(m):=34cq® (fd*m)) “— (M, *: (CHPROM — M).

The following result is an analogue of [D0i92, Remark 1.3(b)] with our conventions.

Proposition 5.24. The functor below is an isomorphism of categories:
Quip.c: §OH(L) — (B=y (CY)P)-mod, (M, x,¢) > (M, ),

where x is defined by & % m = & %, m as given in Lemma 5.23, for ¢ € C*, and by b x m = b x m, for
beBandme M.

Proof. Recall that M € gDH(L) is a left B-module via the action * : B® M — M, and a left
C-comodule via the action ¢ : M — CQ® M, m — m_; @ my. By dualization, M is a left (C*)°°-module
via Lemma 5.23. The two actions on M are compatible in the following way:

Ex(bxm) = (& (bxm)1)(bxm Dby = m_1)(bjoy * mo)

= by * ((¢ < b1, m_1)mg) = bjg) * ((¢§ — bj_y)) * m),

for £ € C*,b € B,m € M. Therefore, the actions * (resp., x) of B and (resp., (C*)°P) on M induce the
stated action % of the crossed product B <y (C*)°P on M; that is, M € (B >, (C*)°P)-mod. Clearly, the
space of morphisms between M, N € gDH(L) coincides with the space of morphisms between M and
N considered as B >y, (C*)°P-modules. This yields a functor

Qrp.c : gDH(L) — (B> (C*))-mod.

Moreover, this is an isomorphism of categories since C-comod = (C*)°P-mod by Lemma 5.23. O

Remark 5.25. Note that, up to differences in conventions, the crossed product algebra B = (C*)°P is
a smash product algebra as defined in [Tak80]; cf. [CMZ97, Section 3]. We also note that sometimes
Doi-Hopf modules are referred to as Doi—Koppinen modules due to independent work of Koppinen in
[Kop95].

5.3.2. The right H-module algebra H*

Recall the left H-module coalgebra H introduced in Section 5.2.2. Then, when H is finite-dimensional,
the dual vector space H* has a canonical structure of a right H-module algebra, which is described in
the next lemma.
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Lemma 5.26. Assume that H is finite-dimensional. Then, given the left H-module coalgebra H in
Definition 5.7, we have the following statements.

(a) The induced algebra structure on H* is given as follows, for &, € H*:
mult? (€.0) = Ty ; (1 > € « S1) (si5; > ).
(b) The induced right H-module algebra structure of H* is given as follows, for € € H, ¢ € H*:
E—C=5"(Ln)) » € « ().
Proof. Part (a) holds by the following computation:

(€C.h) = (e Ah)

P e @, ity ® haysiST (s))

= X, (& tihatiy (¢ hoysiST™'(s)))

)3 > € et hay) (557 (s) > ¢, hey)
L3 (> £« 1) (557 (s)) > 0), Y

@19

=" 2, j{(ti » &« S(t))(sis5; > (), h),
forall¢, ¢ € H* and h € H. Part (b) is proved by the next computation:

Def. 5.7 5

_ (5.3) _
(€ —Chy = (EC—hy =" (& LohST () = (ST (E)) » & « Loy, h),
forallé e H,he H € H. o

5.3.3. Definition of the reflective algebra
Now we present the main construction of this section.

Definition 5.27. For a finite-dimensional quasitriangular Hopf algebra H and a left H-comodule algebra
A, define the reflective algebra of A with respect to H to be the crossed product algebra:

Ry (A) := Ay (H").

The algebras A and (H*)°P are canonical subalgebras of the reflective algebra Ry (A). Moreover,
by Lemma 5.22, Ry (A) is isomorphic to A ® (H*)°P as an (A, (H*)°P)-bimodule. Also, pertaining to
Majid’s transmuted Hopf algebras discussed in Remark 5.8, we have that

Ru(A) = Ay (HOPY = Ay (H)em, as k-algebras.
Specializing the functor Q p ¢ from Proposition 5.24 to L := H,B = A,C := H* gives the
following corollary.

Corollary 5.28. For a finite-dimensional quasitriangular Hopf algebra H and a left H-comodule algebra
A, the functor

Q=0 - ADH(H) —> Ry (A)-mod.

H;A,H*

is an isomorphism of categories.
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5.4. Properties of reflective algebras
In this part, we examine algebraic properties of reflective algebras and their categories of modules.

Proposition 5.29. For a finite-dimensional quasitriangular Hopf algebra H and a left H-comodule
algebra A, we have the following facts about the reflective algebra Ry (A) and its category of modules.

(a) If A is finite-dimensional, then Ry (A) is finite-dimensional, and hence, Ry (A)-fdmod is a finite
abelian category.
(b) If H is semisimple, and A is finite-dimensional and semisimple, then Ry (A) is semisimple.

Proof. Part (a) follows from Lemma 5.22. Part (b) follows from Corollary 4.6(e). m]

Example 5.30. Consider the special cases of left H-comodule algebras A below. Take A = k to be the
trivial left coideal subalgebra of H with §(1) = 1y ® 1i. Then,

Ry (k) = (H")P.

Here, Ry (k)-mod is abelian and finite. Moreover, Ry (k) is semisimple when H is semisimple.

6. Modules over reflective algebras as braided module categories

We maintain the setting and notation of Section 5.1 here. The goal of this section is to upgrade the
category isomorphisms of the previous section to isomorphisms of braided module categories. Namely
in Sections 6.1 and 6.2, we establish how (5.4) and (5.19), respectively, can be extended to isomorphism
of braided left C-module categories. We also obtain an H-comodule algebra structure and quantum
K-matrix (i.e., quasitriangular structure) for the pertinent reflective algebra in Section 6.2. Next in
Section 6.3, we display a universal property for the reflective algebra of the trivial H-comodule algebra
k. Then in Section 6.4, we provide an explicit example of the results here for H being the Drinfeld
double of a finite group.

Standing notation. Along with the notation of Section 5.1, we collect some additional notation
introduced in the previous section.

o gDH(L) is the category of (L, B, C)-Doi—Hopf modules from Section 5.2.1, with L a Hopf algebra,
with objects (M, *, ) for (M, =) a left B-module, and (M, ¢) a left C-module.

o @p(m):=m_1 @ mgform e M. R

H:= (ﬁ, A, &, —) is the left H-module coalgebra from Definition 5.7; here, A (h) := h(T) ® h@.

o When H is finite-dimensional, (, ) is the algebra-coalgebra pairing between H*, H. Here,

[¢]

(€ hy = €@ L A(R) = (& h )L hggy)s ©.1)

foré, ¢ e H* heH.
Ry (A) is the reflective algebra from Section 5.3.3; it is equal to A ® H* as a vector space.

[¢]

6.1. Reflective centers are Doi—-Hopf modules as braided module categories

By (5.4), we have the category isomorphism
EH-moa(A-mod) = TDH(H).

The goal of this subsection to describe explicitly the corresponding braided (H-mod)-module category

structure of f DH(H). This will be akin to the isomorphism Z(H-mod) = ZYD of braided categories
mentioned in (2.6).

R®
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Lemma 6.2. The following statements hold.

(a) We have that Eg mod(A-mod) is a left module category over H-mod as follows:
>: H-mod X Ef.mod(A-mod) — Ex_moq(A-mod)
((Y,), (M,*,eM)) > (Y ® M, %, e¥&M),
fora¥ (y®m)=(aj_1]-y)® (ajo) *m) witha € A, y €Y, m € M. Here, e*®M is given by
XM ®y@m) =Y, 1 (tkgjsi-x) ® (st; - y) ® (pj *m), (6.3)

Jor some element )’ ; g; ® p; € H® A independent of choice of Y, M.

(b) Further, the reflections eM equip Eg-mod(A-mod) with the structure of a braided module category
over H-mod, where

3 M
€X.(M.eM) T €X >

for X € H-mod and (M, eM) € Ey.mod(A-mod). In particular, eé‘(’l is a braiding if and only if
K :=2.;8; ® pj is a K-matrix for A.

Proof. Part (a) follows from Lemma 4.2. In particular, the formula for * is derived from Lemma 3.26(a).
Note that there exists an element }}; g; ® p; € H ® A satisfying eé‘(’l (x®m)=23;(gj x)®(pj*m)
by Lemma 3.26(c). Then the formula for ¢¥ ® holds as follows:

e§®M (x®y®m) GLY (cy.x ®Ildpy)(ldy ® e%)(cx,y ®ldy)(x®y ®m)
=Y, (cy,x ®1dp)(Idy ® e¥ ) ((#; - y) ® (s - x) @ m)
= i j(cy x ®lda ) ((1; - y) ® (g5: - x) ® (pj * m))
=2, k(1kgjsi - x) ® (skti - y) ® (pj * m).

Part (b) holds by Proposition 4.3, and Lemma 3.26(b). O

Next, we use the braided module category structure of Egr-mog (A-mod) in the lemma above to induce
such a structure for § DH(H).

Proposition 6.4. We have that

brmod 7
En-moa(A-mod) =" DH(H),
as braided left (H-mod)-module categories, where

(a) The left (H-mod)-module category structure on IA; DH(H) is given by

» : H-mod x ZDH(H) — #DH(H)
((Ys')5 (M’*,‘P)) = (Y®M’ :’:’ SZ),

forax (y®m)=(aj_1)-y) ® (ajo) *m) witha € A,y €Y, m € M, and for (m) = m_; ® my,
ply®m) =3, (tym_ys:) ® (s;t; - y) ® mo. (6.5)
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(b) The braiding on fDH(H) is given by
eg)(}:l(M,*,¢) (x ®m) = (m_1 - x) ® my,

for X € H-mod and (M, =, ¢) € IZDH(H), withx € X,m € M.

Proof. (a) By Proposition 3.21(a), the action » is induced by the action » from Lemma 6.2(a), the
functor F from Proposition 5.10, and its inverse G from Proposition 5.16 as follows:

> : H-mod x ADH(H) =S H-mod x £ moa(A-mod) — E1-moa(A-mod) — 7 DH(H).

The formula for * then follows from Lemma 6.2. Moreover, the formula for ¢ follows from the compu-
tations below:

28 ®(pj*m) = e"H/’(lH ® m) Frop_>-10 m_i ® mgy (for Id x G applied to ¢),
= e(lgeyem) @) i jtym-15: ® (s;t; - y) ® mg  (then applying »),
— Prop. 510 y e .
oy ® m) = ey " (lg ®y®m) (finally applying F).
(b) This follows from Proposition 3.2 1(b), Lemma 6.2(b) and computations as in part (a). ]

6.2. Reflective algebras as H-comodule algebras with quantum K-matrices
By (5.19), we have the category isomorphism
EH-mod(A-mod) = Ry (A)-mod.

The goal of this subsection is to describe explicitly the corresponding braided H-mod module category

structure of Ry (A)-mod. This will be akin to the isomorphism of braided categories, Z(H-mod) £
Drin(H)-mod mentioned in (2.6).

Theorem 6.6. For a finite-dimensional quasitriangular Hopf algebra H and a left H-comodule algebra
A, we have that

T.1MO
>~

Ertmoa(A-mod) E Ry (A)-mod, 6.7)

as braided left (H-mod)-module categories, where

(a) The left (H-mod)-module category structure on Ry (A)-mod is given by
» : H-mod X Rgy(A)-mod — Ry (A)-mod
((Y,), (M,%,%)) > (Y®M, ¥, %),
forax (y®m)=(aj_1}-y)® (ajo) *m) witha € A,y €Y, m € M. Also for ¢ € (ﬁ*)OP.'
Ex(yom) =3, (& tihasi)(sjti - y) ® (£q % m). (6.8)

Here, {hg, &£4}a is a dual basis of H.
(a) The braiding on Ry (A)-mod is given by

eil,i(M,*) (x®m) =2 (hg - x) ® (g % m),

for X € H-mod and (M, %) € Ry (A)-mod, withx € X,m € M.
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Proof. The braided isomorphism between Eg_moq(A-mod) and f DH(H) follows from Proposition 6.4.

To establish the braided isomorphism between 5;7 DH(H) and Ry (A)-mod, see the work below.
(a) According to Proposition 3.21(a), the action » is induced by the action » from Proposition 6.4(a),
the functors Q and its inverse from Corollary 5.28 as such:

_ ; X _
> : H-mod x TDH(H) =S H-mod x £41-moa(A-mod) — Ex1-moa(A-mod) — ZDH(H).

The formula for  follows from Lemma 6.2. The formula for * := g, is from the computations below:

m_1 @my = ¢(m) Lem_> 23 g ha ® (€4 % m) (for Id ® Q! applied to %),
— (6.5) .
= Gulyom) = T altihas) @ (sjti - y) @ (Eq % m) (then applying »),
~ Lem. 5.23 .
Ex(yom) =T X, (€ tihasi) (st - y) ® (€4 xm)  (finally applying €).
(b) This follows from Propositions 3.21(b) and 6.4(b), and computations as in part (a). |

Now we obtain a quasitriangular structure for the reflective algebra Ry (A).

Corollary 6.9. For a finite-dimensional quasitriangular Hopf algebra H and a left H-comodule algebra
A, we have the statements below about the reflective algebra Ry (A).

(a) Ry (A) is a left H-comodule algebra with left H-coaction 6.t on Ry (A) given by

Oret(a) = aj-11 ® ajo1,
Oref(&) i= Xy j.alés tihasiysjti ® & (=1 €-1) ® &po))>
Oref(a &) 1= Oref(a) Ore(§) (=1 ap-11&1-1] ® ajo1€101)s
forae Aand € € (ﬁ*)"p. Here, recall that }; s; ® t; is the R-matrix of H and that {hg,&a}q is a

dual basis of H.
(b) Ry (A) is quasitriangular (as an H-comodule algebra) with K-matrix

Keef(A) =24ha®éq €eH® (ﬁ*)"p C H® Ry (A). (6.10)
Proof. (a) Since (6.7) is an isomorphism of left H-mod-module categories,
r-(x ®@m) = Oe(r)(x ® m), (6.11)

forallr € Ry(A),x € X, m € M for some et : Ryg(A) — H ® Ry (A) comodule algebra map. The
formulas for 8e(a) and 8.e(&) follow from the formulas for * and *, respectively, in Theorem 6.6(a),
applied to the left regular modules X = H, M = A and the elements x = 1y, m = 14.

(b) This follows from Lemma 3.26(b) and Theorem 6.6(b). In the arXiv version 1 of this article, it is
shown directly that ¢ defines an H-comodule algebra structure and that the axioms (3.23)-(3.25) hold
for Kief(A). O

Example 6.12. Corollary 6.9 implies that the isomorphism Ry (k) = (ﬁ *)°P from Example 5.30 is an
isomorphism of H-comodule algebras.

Example 6.13. When H is cocommutative, it is quasigiangular with R = 1y ® 1. Here, Ry (A) is a
left H-comodule algebra, where for a € A and ¢ € (H*)°P, we have dref(a) = aj_1| ® a|o) (identified
with aj_;] ® (ajo] ® €) in H ® Ry (A)) and

Suf(€) = i ;a(Eha) ® €42 ¢ (identified with 17 ® (14 ® £) in H ® Ry (A)).
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6.3. Universality of the reflective algebra Ry (k)

In this part, we show that the reflective algebra Ry (k) arises as an initial object of the category of
quasitriangular left H-comodule algebras. Here, we assume that H is finite-dimensional.

Definition 6.14. Let / QT be the category of quasitriangular left H-comodule algebras. Namely,

(a) Objects are pairs, (Q, K), where Q is a left H-comodule algebra, and K := K(Q) € H® Q is a
quantum K-matrix for Q, and

(b) A morphism from (Q1, K1) to (Q», K3) is alinear map ¢ : Q; — Q> that is both a left H-comodule
morphism and an algebra morphism, such that K, = (Idg ® ¢)(K}).

Indeed, if (Q,K) € HQT, then the identity morphism Id(g k) is equal to Idp because Idg is a left
H-comodule algebra morphism and K = (Idg ® ldg)(K). Also if we have morphisms ¢ : (Qy, K{) —
(Q2,K>) and ¢, : (Q2,K>) — (Q3,K3) in TQT, then ¢1¢; : (Q1, K1) — (Q3,K3) is in 7 QT since it
is a left H-comodule algebra morphism and (Idg ® ¢2¢1)(K1) = (Idg ® ¢2)(K>2) = K3.

Examples of objects of 7/ QT include the pairs (R (A), Kwr(A)), for the reflective algebra Ry (A)
of A from Section 5.3.3, with K-matrix Kf(A) given in (6.10).

Now the main result of this section is given below.

Theorem 6.15. When H is a finite-dimensional quasitriangular Hopf algebra over k, we have that
(Ry (k), Kiet(k)) is an initial object of " QT.

Proof. For an arbitrary object (Q, K) € #QT, our task is to produce a unique morphism
k:=K.K) . (RH(k), Ker(k)) — (O, K)

in #QT. Toward this, recall that Ry (k) = (ﬁ *)°P as left H-comodule algebras [Example 6.12]. So,
Ry (k) = H* as vector spaces [Definition 5.7]. Now we use the element K := }}; g, ® p; € H® Q to
yield a linear map:

K = K(Q,K) ZRH(]K) EH*—>Q, fHZi(f,gi> Di- (616)
It now remains to verify the following conditions for the linear map in (6.16).
(i) Itis aleft H-comodule morphism.
(ii) Itis an algebra morphism;
(iii) K = (ldg ® &) (Krer(k)).

(iv) Uniqueness: If ¥’ : H* — Q is a linear map satisfying (i)—(iii), then " = «.

Toward (i), we have that the left H-comodule structure on Ry (k) = (ﬁ *)°P is given by
Oret(€) = X j.alés tihasi)sjti ® &a

for ¢ e (ﬁ*)OP by Corollary 6.9(a). Here, }; s; ® ¢; is the R-matrix of H, and {h4, £4}4 is a dual basis
of H. Now (6.16) is a left H-comodule morphism as shown below:

5o (k(€)) = Til&, gy (P11 ® (Pdo) 2 S k.elEntigrst) st ® pi

by Zijdlés tihasi) (Eas gk) sjti ® pr = (Idg ® k) (Fref(£)).
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To verify (ii), take &, ¢ € (ﬁ *)°P, and consider the computation below:
k(&0) = XL, 8i) pi
OO S, ot @Daty) €5 ()57 ST (si0)) pi
C20 5t a L totkgi™) (€, gisis™s ST (s)) ppi
= kil tetigr) €, g8 (s S(sk))) pipi
2 2088, 81) (€.8))) pjp1
= k(&) ().
Next, we establish (iii) as follows:

(6.10) (5.2)
(Idg ® k) (Kret(k)) =" X a¢éa-8) ha®pi =" 28 ®pi=K.
Finally, we verify (iv). If K = (Idg ® k’)(Ket(k)), then }; g; ® pi = 2 g ha @ k' (£4). Applying
(€4, —) to the first factor yields «’(£4) = 2;{&4, &) pi, for all d. Since {4}, is a basis for H*, we get
that ' (&) = 2;(&, gi) p; for all ¢ € H*, as desired. O

One may compare the result above to [Rad94, Theorem 1] on Drin(H) realized as a universal
quasitriangular envelope of H. Moreover, the verification of (ii) in the proof above compares to [BZBJ 18,
Theorem 4.9] with the distinction that we work with H-comodule algebras A. Next, consider the following
example.

Example 6.17. For the object (R (A), Krt(A)) € ¥ QT, we obtain via Lemma 5.22 a canonical algebra
embedding

ta: Ry (k) = (H) < Ry (A).

By Corollary 6.9(a), this is an embedding of H-comodule algebras, and from (6.10), we have
tA(Kret(k)) = Krer(A). Therefore, 14 is the unique homomorphism &gy, (4),k.(4)) from the proof
of Theorem 6.15.

6.4. Example for the Drinfeld double of a finite group

In this subsection, we illustrate how our results apply to the case when H is the Drinfeld double of a
finite group.

Take G to be a finite group. Let kG be the group algebra on G, and consider its Hopf dual, (kG)*,
the algebra of functions on G. Denote by {x} < and {64 }xecc the standard k-bases of kG and (kG)*,
respectively. Also, take d, 1, to be the Kronecker delta function, for g, h € G.

The Drinfeld double Drin(G) := Drin(kG) contains kG and ((kG)*)°P as Hopf subalgebras, and is
(kG)* ® kG as a k-coalgebra. The k-basis of Drin(G) is given by {6y} yec, With product

(0x3) (6xY") = 6 yary-1 Ox VY,
for x,x’,y,y’ € G. The quantum R-matrix of Drin(G) is
R=3%,605®8. (6.18)
Also, as k-algebras, (Drin(G))* is isomorphic to kG ® (kG)*, with k-basis {xy }r,yec and product
(x6y)(x"6y) = 6y 4 xx" 6y

Now we illustrate Corollary 6.9 (and Theorem 6.15) for the left Drin(G)-comodule algebra k.
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Proposition 6.19. Retain the notation above, and take H := Drin(G). Then we obtain that the reflection
algebra Ry (k) = (H*)P is a quasitriangular left H-comodule algebra as follows:

(a) Its algebra structure is given as follows, for all x,y,x’,y’ € G:
(x6y) (x"6y) = 6y y1x-1yxy y yx’y e hyx 6,
(b) Its left H-comodule structure is given as follows, for all x,y € G:
Oref(X0y) = DigeG Og ylxy ® g7lxg 041y, €H®H"CH®Rp(A).
(¢) Its quantum K-matrix is given by K = 3 e 0gh ® gon € H ® Ry (A).
Proof. (a) To start, we compute
(g » x0y « h,0,v) = (x0y, h6yvg) = (XOy, Opup-1hvE) = 6y p-1xn Oy p-1yg-!
forall x,y,g, h,u,v € G. Thus, forx,y, g,h € G,
g »x0y « h= h'xh Op-1yg1-
Analogously, one obtains, for x,y, g € G,
0g » X0y = 0g 15y XOy.
Lemma 5.26(a) and (6.18) now imply that the product structure of (H*)°P is given by
(x6y)(X'6y) = Yo pec (g » X'y « h‘l)(égéh » X0y) = Yo (g » X0y « g‘l)(ég - Xx0y)
= YgeG Ogy-txy Ogygt,y 8X'871X By,

which yields the statement in part (a) after simplifying the right-hand side.
(b) Note that {6xk’, kSx' }k ke is a dual basis of H. Corollary 6.9(a) and (6.18) imply

Oref(X0y) = Dig n.kkreG (XOy, §Okk'On) gh ® koy
= Qg hkkeG X0y, Ogrgt Ogrrn(in-1g-t 8K') Ogh ® kdy/
= 2ghkk'eG Ox.gkg! Ox.gk’h(k’)-1g-! Oy.gk’ Ogh ® kdps
= YeeG 0g ¥y Xy ® g7'xg 64y,
where on the fourth line, the delta functions imply k’ = g™y, k = g"'xg and h = y~'xy. The statement

in part (b) is then obtained after simplifying the right-hand side.
Part (c) follows directly from Corollary 6.9(b). )

6.5. Reflective algebras as comodule algebras over Drinfeld doubles

We return to the general standing notation from Section 5.1.

The action of Z(H-mod) on g _moq (A-mod) from Corollary 4.6(a) can be explicitly computed. Based
on this, one obtains explicit actions of the category of Yetter—Drinfeld modules ZYD on the category
of Doi—Hopf modules 7 DH(H) and, when H is a finite-dimensional Hopf algebra, of Drin(H)-mod on
Ry (A)-mod. The latter result equips Ry (A) with a left Drin(H)-comodule algebra structure. These
results and their detailed proofs appear in Section 7 of the arXiv version 1 of this article. Here, we only
record the last result:
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Proposition 6.20. If H is a finite-dimensional Hopf algebra and A a left H-comodule algebra, then the
reflective algebra Ry (A) is a left Drin(H)-comodule algebra as follows:

Drin

ot (@) = a1 ®ajo,
ngfn(f) = Zk,d,d’(f? tkhd’S_l(hd» ((Sk)(3) » &y « S((Sk)(l)))(sk)(z) ® éa,
?gfn(a &) = Oref(a) ?é?(f)s

fora € Aand ¢ € (ﬁ*)OP. Here, recall that Yj, sk ® ty is the R-matrix of H, and that {hg,&4}a,
{ha,&q }ar are dual bases of H.

Example 6.21. Letus continue Example 6.13 when H is cocommutative with R = 15 ®1p . Here, Ry (A)
is a left Drin(H)-comodule algebra, where for @ € A and ¢ € (H*)°P, we have 675(a) = a[-1] ® ajo;
(identified with (& ® a_1]) ® (a[o] ® €) in Drin(H) ® Ry (A)) and

wi (&) = Zaal€ haST () (Il > éq « 1n) ® Ex =Yg a(é haS (ha)) éa ® Ear.
Here, £; ® &4 is identified with (é; ® 1) ® (14 ® £€y) in Drin(H) ® Ry (A).
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