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ABSTRACT

The value of supervised dimensionality reduction lies in its
ability to uncover meaningful connections between data fea-
tures and labels. Common dimensionality reduction methods
embed a set of fixed, latent points, but are not capable of
generalizing to an unseen test set. In this paper, we pro-
vide an out-of-sample extension method for the random
forest-based supervised dimensionality reduction method,
RF-PHATE, combining information learned from the ran-
dom forest model with the function-learning capabilities of
autoencoders. Through quantitative assessment of various
autoencoder architectures, we identify that networks that re-
construct random forest proximities are more robust for the
embedding extension problem. Furthermore, by leveraging
proximity-based prototypes, we achieve a 40% reduction in
training time without compromising extension quality. Our
method does not require label information for out-of-sample
points, thus serving as a semi-supervised method, and can
achieve consistent quality using only 10% of the training
data.

Index Terms— Dimensionality reduction, Autoencoders,
Random Forest Proximities

1. INTRODUCTION

In the current era of high-dimensional data, traditional uni-
variate and bivariate visualization tools often fail to accu-
rately represent variable relationships. Dimensionality reduc-
tion methods address this challenge by embedding data into
lower-dimensional representation, with the aim of revealing
intrinsic patterns crucial for understanding complex datasets.

This can be accomplished using modern manifold learning
methods.

Manifold learning methods, such as Isomap [1], Locally
Linear Embedding [2], and Diffusion Maps [3], have intro-
duced the concept of data manifolds, which represent the
intrinsic low-dimensional geometry within high-dimensional
data. However, such methods often fall short for visualiza-
tion tasks due to their tendency to embed data into different
dimensions [4]. To address this limitation, methods like t-
SNE [5], UMAP [6], and PHATE [7] have emerged and offer
more suitable solutions for visualizing complex datasets.

In several domains, experts provide labels that can serve
as auxiliary information. Advances in supervised machine
learning have shown that computers can provide valuable in-
sights into the relationships between features and label infor-
mation. Traditional manifold learning techniques typically
do not account for this label information; however, such in-
sights can be tailored to fit the manifold learning framework.
Examples of this include supervised variants of t-SNE[8, 9],
Isomap [10], and UMAP [11].

More recently, the authors of [12] demonstrated the weak-
nesses of these supervised methods (e.g., hyper-separation,
undesirable embeddings for noisy data) and proposed an al-
ternative approach, based on random forest (RF) proximi-
ties [13] and PHATE [7]. This method, RF-PHATE, is ca-
pable of embedding meaningful relationships in a variety of
noisy data spaces, such as Raman spectroscopy and COVID-
19 patient plasma data [12]. Visualization using RF-PHATE
also helped to identify a less understood subclass of multiple
sclerosis [12].

Most manifold learning algorithms (both supervised and
unsupervised) generate fixed coordinates within a latent
space, but lack a mechanism to accommodate new obser-
vations. In other words, to embed previously unseen data, the
algorithm must be rerun with the new data as part of the train-
ing set. Moreover, methods that require a pairwise distance
matrix can be computationally prohibitive when dealing with
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large datasets. One well-known solution to the lack of out-
of-sample extension capability is the Nyström extension [14]
and its variants, such as geometric harmonics [15]. These
methods approximate an empirical function over new points
using linear combinations of the eigenvectors of a kernel
matrix computed on the training set. Although this method
extends to eigenvectors, its direct applicability to diffusion-
based methods is limited. As an alternative extension method,
recent approaches such as Geometry-Regularized Autoen-
coders (GRAE) [16], offer a promising solution for extending
embeddings to out-of-sample data points.

In this paper, we propose a novel extension of RF-PHATE
aimed at effectively handling out-of-sample instances adapted
for semi-supervised dimensionality reduction. We introduce a
set of regularized autoencoder (AE) architectures that address
out-of-sample extension, taking inspiration from the princi-
ples of GRAE [16] which uses a manifold embedding to reg-
ularize the AE. In addition to this regularization, we also in-
corporate the supervised information based on RF proximi-
ties, enabling us to learn an embedding function extendable
to new data in a supervised context. We empirically show
that AE methods that reconstruct pairwise proximities are bet-
ter suited to extend embeddings than AEs that reconstruct the
original data. Furthermore, we introduce a proximity-based
landmark selection approach to augment our method and re-
duce training time by 40%. The extended embedding is com-
parable to the full embedding even when constructed using
only 10% of the training data. Notably, our approach ex-
tends out-of-sample examples without relying on label infor-
mation for new points, which is helpful in situations where la-
bel information is expensive or scarce. This method improves
the adaptability and scalability of the manifold learning pro-
cess, allowing for seamless integration of new data points
while maintaining the desirable traits of established embed-
ding methods.

2. BACKGROUND

We complement RF-PHATE’s visualization strengths with the
extensibility of AEs to enhance this supervised embedding
method. Our method maintains the visual quality of RF-
PHATE while providing a natural approach to out-of-sample
extension via an AE. We employ auxiliary label information
in the architecture of the AE, allowing us to take advantage of
the insights of experts and retain the supervised model learn-
ing throughout the visualization function-learning process.
Our experiments show that the RF-PHATE AE extensions
can effectively construct a latent representation that is faithful
to the original RF-PHATE algorithm.

2.1. Geometry Regularized Autoencoders

AE networks serve a dual purpose: first, they learn an en-
coder function fe(X) (where X can be tabular data, images,

etc.), which compresses the input data into a latent representa-
tion via a bottleneck layer [17]. Second, they learn a decoder
function, fd(Z), that aims to map this lower-dimensional em-
bedding back to the original input space. In other words, AEs
seek to find an optimal set of encoding and decoding func-
tions such that fd(fe(X)) ≈ X , by minimizing a loss func-
tion L(fe, fd). The loss function measures the ability of the
AE to reconstruct the initial input. Here, we denote the recon-
struction loss as L(fe, fd) = Lrecon(X, fd(fe(X))), where
Lrecon(., .) is the mean squared error (MSE).

Through the loss minimization process, the AE learns to
represent data in a more compact form, while simultaneous
training of the decoder function ensures that the latent repre-
sentation is meaningfully related to the original data. How-
ever, the standard AE’s encoded representation often strug-
gles to accurately capture the underlying data geometry and
the representation does not align with human-interpretable vi-
sualizations [16]. To ensure the learned latent-space function
maps to a space capable of aiding humans in the task of ex-
ploratory data analysis, we require the encoder to produce se-
mantically significant embeddings by ensuring the AE em-
beddings do not differ significantly from the RF-PHATE em-
beddings.

Given a learned RF-PHATE embedding, G, we force the
AE to learn a representation similar to G by regularizing the
loss function at the bottleneck layer as follows: L(fe, fd) =
Lrecon(X, fd(fe(X)))+λLgeom(fe(X), G). Lgeom discour-
ages the encoder function, fe, from learning a latent represen-
tation that significantly deviates from the embedding G. The
parameter λ controls the degree to which the embedding is
used in encoding X . This approach not only estimates a man-
ifold extendable to new data points but also able to reconstruct
data from embeddings, providing benefits in terms of data re-
construction and data generation.

To leverage the knowledge gained from an RF model, we
modify the AE architecture (Section 3) to further incorpo-
rate the RF’s learning. The forest-generated proximity mea-
sures [18], which indicate a similarity between data points
relative to the supervised task, serve as a foundation for ex-
tending the embedding while integrating the insights acquired
through the RF’s learning process. Both new and existing
data can be effectively incorporated into the learned embed-
ding space while maintaining the integrity of the underlying
manifold structure and without retraining either the forest or
rerunning the full RF-PHATE embedding algorithm.

2.2. Random Forest Proximities and RF-PHATE

Random forests [13] consist of an ensemble of randomized
decision trees, each of which partitions a bootstrap sample of
the training data. Observations within the bootstrap sample
are termed “in-bag”, while those in the training data but not
included in the sample are referred to as “out-of-bag” (OOB).
These partitions create a decision space for classification or
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regression. This decision space naturally forms boundaries
that can be used to extract information regarding observa-
tional similarity.

Naively, the similarity measure or proximity between two
observations, xi and xj , denoted as p(xi,xj), can be defined
as the number of terminal nodes they share across all trees
normalized by the size of forest [13]. However, this approach
overemphasizes class segregation. To address this issue, an
alternative formulation was developed to calculate pair-wise
similarities only between observations that are OOB [19]. De-
spite reducing overinflated class separation, OOB-only prox-
imities tend to to be sensitive to noise [18].

In [18], a new proximity formulation was introduced to
address these limitations. This formulation is called Ran-
dom Forest-Geometry- and Accuracy-Preserving proximities
(RF-GAP). RF-GAP proximities are specifically designed
to mimic the RF decision function when using a proximity-
weighted neighbor classifier or regressor. In doing so, they
capture the relevant information for the prediction problem.
RF-GAP proximities were shown to improve various appli-
cations, including data imputation, outlier detection, visual-
ization via multidimensional scaling (MDS), and enhanced
random forest local interpretability [20].

Although not discussed in [18], we describe how RF-GAP
proximities can be extended to a new test set or out-of-sample
points, which will be needed for our autoencoder regular-
ization. Each out-of-sample observation can be considered
OOB. Thus, for an out-of-sample point, xo, we calculate:

pGAP (x0,xj) =
1

|T |
∑
t∈T

cj(t) · I (j ∈ J0(t))

|M0(t)|
,

where T is the set of all trees in the forest of size |T |, cj(t) is
the number of repeated samplings for observation xj in tree t,
I(·) is the indicator function, J0(t) is the set of in-bag points
residing in the terminal node of observation x0 in tree t, and
M0(t) is the multiset of in-bag indices, including repetitions.

The RF-GAP definition requires that self-similarity be
zero, that is, pGAP (xi,xi) = 0. However, this is not suitable
as a similarity measure in some applications. Due to the
scale of the proximities (the rows sum to one, so the prox-
imity values are all near zero for larger datasets), it is not
practical to simply re-assign self-similarities to 1. Otherwise,
self-similarity would carry equal weight to the combined sig-
nificance of all other similarities. Instead, we assign values
by, in essence, passing down an identical OOB point to all
trees where the given observation is in-bag. That is:

pGAP (xi,xi) =
1∣∣S̄i

∣∣ ∑
t∈S̄i

ci(t)

|Mi(t)|
,

where
∣∣S̄i

∣∣ is the set of trees for which xi is in-bag. This for-
mulation guarantees that pGAP (xi,xi) ≥ pGAP (xi,xj) for
all j ̸= i. Additionally, pGAP (xi,xi) under this formulation
is on a scale more similar to other proximity values.

RF-PHATE employs RF-GAP proximities to represent su-
pervised similarity, from which the global structure is even-
tually learned through a diffusion process. The proximities
encompass a hierarchical learning paradigm that contains in-
formation about important supervising data features. The lo-
cal and global structure representation is eventually encoded
into lower dimensions through multidimensional scaling [12].

3. RF-PHATE OUT-OF-SAMPLE EXTENSION

We denote xE as an element of the extended set XE (not
included in the training set). For every data point x in the
dataset X , we generate a set of proximities, {p̃GAP (xE ,x)}x∈X
using a trained RF model. From the RF proximities, we cre-
ate an RF-PHATE embedding, G, which is used to guide
the AE embedding via the geometric loss for semantically
meaningful visualization.

Through experiments, we have determined that incorpo-
rating the proximities in the reconstruction process leads to
embeddings that are truer to the original RF-PHATE embed-
ding, evaluated using Mantel test’s [21], a statistical measure
for evaluating the rank-based similarity between two distance
matrices. We call the model RF-PRN (random forest proxim-
ity reconstruction network).

However, it becomes impractical to reconstruct the com-
plete set of proximities when training datasets are large. To
address this challenge, we have introduced a proximity-based
landmark selection approach. This approach identifies ob-
servations that serve as representative cases of classes in the
dataset, where landmarks or prototypes are chosen as the ob-
servation corresponding to the highest average within-class
proximities. We call this model RF-PRN-PRO. This stream-
lined approach not only expedites the training process but also
generates an embedding that exhibits more prototypical class
representations. For a visual representative of the RF-PRN-
PRO architecture, see Figure 1.

We have explored other adaptations to the traditional AE
to optimize knowledge retention from the RF model within
the autoencoder. Each is geared towards improving the qual-
ity of the extended embedding by leveraging some aspect of
the RF’s learning. All architectures use the geometric regular-
ization at the bottleneck. To clarify the model inputs, we give
the encode input and decoder outputs for each model, using
X for the original data and P for the RF proximities.

1. RF-GRAE: (Input: X , Output: X ) This architecture
matches the GRAE [16] model while employing the
RF-PHATE embedding as a supervised regularizing
embedding.

2. RF-PROX-IN: (Input: P , Output: X ) Here we use the
RF-GAP proximities as input to the initial layer of the
encoder with the aim of constructing the original data
via the decoder as a type of inverse model. This feeds
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Fig. 1: A visual depiction of the RF-PRN-PRO architecture. Using
prototypical RF-GAP proximities from the training sample, the loss
function combines MSE reconstruction loss Lrecon and a geometric
regularization term Lgeom involving MSE between latent represen-
tation and RF-PHATE embeddings. For out-of-sample extension,
this architecture incorporates new data and proximities, using the la-
tent representation as extended embeddings.

supervised information to the encoder learned from the
RF.

3. RF-PROX-REG: (Input: X , Output: X ) This autoen-
coder follows the pattern of GRAE but has an addi-
tional level of regularization. In addition to the geomet-
ric regularization, a linear layer is added to the bottle-
neck aimed at predicting the proximities directly from
the low-dimensional representation. This augmentation
attempts to facilitate the model’s capacity to not only
reconstruct the input data but also directly predict the
random forest proximities to the training points at the
bottleneck layer.

4. RF-PRN: (Input: P , Output: P) This AE takes the
proximities (from the training data) as input and the
decoder attempts to reconstruct the proximity values.
Proximities between training and test (out-of-sample)
points are thus estimated by the decoder.

5. RF-PRN-PRO: (Input: P , Output: P) This architec-
ture follows the same framework as RF-PRN, however,
we take only a prototypical sample of training indices
for the proximity reconstruction. A visual representa-
tion of this architecture can be found in Figure 1.

4. EXPERIMENTS

We compared the AE architectures using the Mantel test to
assess how well each model extends the RF-PHATE embed-
ding to a test set. Specifically, in our context, we generated
full RF-PHATE embeddings (including both training and test
data) and compute the Mantel correlation between the pair-
wise distances of the RF-PHATE embedding (test points only)

and the pairwise distances of the AE test embedding points.
A high Mantel correlation coefficient indicates a strong corre-
spondence between the structures of the original and extended
embeddings, suggesting that the extended embedding effec-
tively preserves the underlying data relationships captured by
the RF-PHATE embedding.

Table 1 provides the Mantel correlations between the orig-
inal and extended embeddings for each architecture. These
scores are aggregated across 26 publicly available datasets1

and 10 repetitions. For each dataset, we randomly assign dis-
tinct training and test sets, using 70% of the data to train each
model and extend the embedding to the remaining 30% using
the AEs. Each dataset and combination were evaluated us-
ing λ values of 1, 10, and 100. Mean and standard deviation
calculations were performed on the results obtained for all λ
values across datasets and combinations.

The regularized models that reconstruct proximities,
rather than the original features, generally produce embed-
ding extensions truer to the original RF-PHATE embeddings.
Furthermore, proximity-reconstructing models, RF-PRN and
RF-PRN-PRO, tend to be more robust to the regulariza-
tion coefficient, λ, which determines the extent to which
the training embedding is emphasized during the training
steps, as shown in Figure 2. Although models such as RF-
PROX-REG, RF-PROX-IN, and RF-GRAE display similar
performance for higher λ values, RF-PRN and RF-PRN-PRO
provide more consistent performance. The reconstruction of
other similarity or distance measures, (perhaps unsupervised),
may also improve the robustness of the embedding function,
though we do not test this generalization in this paper.

Due to the impracticality of reconstructing the complete
set of proximities with large training datasets, RF-PRN-PRO,
only uses prototypical proximity examples for reconstruc-
tion, offering a more efficient training alternative while main-
taining comparable results. A comparison using different
percentages of prototypes in RF-PRN-PRO is given in Ta-
ble 2. As expected, the efficacy of the RF-PRN-PRO model
increases with the percentage of prototypes. However, even
at 10%, RF-PRN-PRO outperforms the models that do not
construct proximities (see Figure 3).

To assess the effects of the quantity of training data on the
embedding process, we compare the quality of the extension,
the reconstruction, and the fitting time at varying percent-
ages of training points. As a baseline comparison, we intro-
duce two additional models: a standard AE without geometric
regularization, and a proximity-reconstructing AE also with-
out regularization. The results are given in Figure 3, which
plots these scores across 10 runs using the Fashion-MNIST
dataset [23]. A consistent held-out test set was used for vali-

1From UCI [22], or otherwise publicly available: Audiology, Balance
Scale, Breast Cancer, Car, Chess, CRX, Diabetes, Flare1, Glass, Heart Dis-
ease, Heart Failure, Hepatitis, Hill Valley, Ionosphere, Iris, Lymphography,
MNIST (test set), Optical Digits, Parkinson’s, Seeds, Segmentation, Tic-tac-
toe, Titanic, Artificial Tree Data [7], Waveform, Wine.
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Fig. 2: (Left) The mean Mantel correlations are grouped by
model architecture and the regularization parameter λ. Proximity-
reconstructing networks (RF-PRN and RF-PRN-PRO) tend to be
more robust to the choice of λ, while the other networks give sim-
ilar performance for higher λ values. (Right) Categorical plots of
each model architecture indicate that RF-PRN and RF-PRN-PRO
generally produce embeddings truer to the RF-PHATE original em-
beddings.

Table 1: The means and standard deviations of the Mantel correla-
tions are averaged across the test sets of the 26 compared datasets.
Results for RF-PRN-PRO were aggregated across proximity land-
marks of 10, 20, and 50%†. The proximity-reconstructing AEs tend
to have better performance and more stability.

Model Mean ± Std
RF-PRN 0.876 ± 0.06
RF-PRN-PRO† 0.856 ± 0.08
RF-GRAE 0.752 ± 0.24
RF-PROX-REG 0.743 ± 0.24
RF-PROX-IN 0.742 ± 0.21

dation across all training percentage levels.
Even at 10% of the training data, RF-PRN and RF-PRN-

PRO maintain Mantel correlations around 0.9, comparable
to scores obtained with 90% of the data. This suggests the
proximity-reconstructing extensions are not highly sensitive
to the relative size of the training set. The MSE plots of
proximity-reconstructing AEs and data-reconstructing AEs
are compared separately since they reconstruct different
features and are thus not directly comparable. From the
evaluation of MSE reconstruction loss, the AE models with
regularization demonstrate comparable reconstruction per-
formance to the AEs without regularization. In contrast, AE
models without regularization are incapable of encoding the
RF-PHATE embedding. The training time of RF-PRN only
increases marginally compared to Prox-AE, suggesting that
the regularization term imposes minimal overhead on training
time. On the other hand, RF-PRN-PRO exhibits a substantial
reduction in training time, as low as 60% of the training time
of RF-PRN, due to the proximity landmark selection. Lever-
aging only 10% of the data for training and incorporating
proximity prototypes, RF-PRN-PRO requires less than 8% of

Table 2: Here we compare the Mantel correlation scores of RF-
PRN-PRO at varying percentages of prototypical training examples
used for the proximity reconstruction. A higher number of training
points correlate with truer embeddings, but even at 10%, the embed-
dings are better than data-reconstructing networks.

Pct. Prototypes Mean ± Std
10% 0.766± 0.071
20% 0.832± 0.097
50% 0.863± 0.075

the training time required by RF-PRN trained using 90% of
the data while maintaining comparable performance. More-
over, the independence of the extension process from label
information for out-of-sample examples positions this exten-
sion as a promising solution for semi-supervised embedding
of large datasets.
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Fig. 3: Evaluation of architecture performance (λ = 10) across dif-
ferent training data percentages using the Fashion-MNIST dataset
[23], with 10 repetitions. The metrics include Mantel correlation,
training time, and MSE. The training time percentage is calcu-
lated as the ratio of each architecture’s time to the maximum time.
RF-PRN and RF-PRN-PRO consistently provide high-quality em-
beddings across different percentages of training data used. Al-
though the training time for RF-PRN is higher than the other models,
RF-PRN-PRO improves training time while maintaining embedding
quality.

5. CONCLUSION

The significance of supervised dimensionality reduction lies
in its ability to reveal meaningful relationships between fea-
tures and label information. RF-PHATE stands out as a strong
solution in the domain of supervised data visualization; how-
ever, this method inherently lacks an embedding function for
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out-of-sample extension. To overcome this limitation, we ex-
tended RF-PHATE by introducing five regularized AE archi-
tectures, each designed to effectively visualize out-of-sample
data points. Our experimental results confirmed the utility
of these AE-based extensions, illustrating their capacity to
extend embeddings to new data points while preserving the
intrinsic manifold structure. We found that proximity recon-
struction in the AE improves the robustness of the embedding
function. The RF-PRN-PRO architecture, which employs a
subset of prototypes for proximity reconstruction, offers a
more efficient training alternative while maintaining compa-
rable results. By training with only a small portion of the
dataset, proximity reconstruction methods substantially re-
duce training time compared to training a large portion of data
without sacrificing performance. This is particularly advanta-
geous for large datasets. Furthermore, the ability to extend
embeddings without relying on label information for out-of-
sample examples makes our approach a promising solution
for semi-supervised tasks with extensive datasets.
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