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Abstract

This work justifies the linear response formula for the Hall conductance of a two-
dimensional disordered system. The proof rests on controlling the dynamics associ-
ated with a random time-dependent Hamiltonian.

The principal challenge is related to the fact that spectral and dynamical localiza-
tion are intrinsically unstable under perturbation, and the exact spectral flow - the tool
used previously to control the dynamics in this context - does not exist. We resolve
this problem by proving a local adiabatic theorem: With high probability, the physical
evolution of a localized eigenstate i associated with a random system remains close
to the spectral flow for a restriction of the instantaneous Hamiltonian to a region R
where the bulk of i is supported. Allowing R to grow at most logarithmically in time
ensures that the deviation of the physical evolution from this spectral flow is small.

To substantiate our claim on the failure of the global spectral flow in disordered
systems, we prove eigenvector hybridization in a one-dimensional Anderson model
at all scales.
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1 Introduction

In this work we examine the response of a disordered quantum system, described by
a random self-adjoint operator H, to a weak time-dependent external perturbation
W (t), with the interaction strength modulated by the parameter 8. This produces a
family of self-adjoint operators

Ht)=H+BW({), teR. (1.1)

A typical example of such an H is the Anderson Hamiltonian H4 acting on ‘H =
027 with Hy := A + V,,. Here, A is the discrete Laplacian and V,, is a multipli-
cation operator, i.e., (V1) (x) = wx ¥ (x) for ¥ € ‘H, where the w, are i.i.d. random
variables with some joint probability distribution u.

This article provides a microscopic derivation of the Kubo formula for Hall con-
ductance, a problem that arises in theoretical condensed matter physics and pertains
to the dynamics generated by H(z). It lies in the intersection of two broader prob-
lems in mathematical physics: microscopic justification of linear response theory and
justification of quantization of Hall conductance.

1.1 Quantum Hall effect

In the early 1980s, von Klitzing and his collaborators [46] made a remarkable discov-
ery: At low temperatures, the Hall conductance for the 2D electron gas in a strong
magnetic field was found to be a staircase-like function of the electron density. The
plateaus take values in Z x g2/ h with such incredible precision (one part in a billion)
that this effect is used in the metrological definitions of the kilogram and the am-
pere. Further experimentation revealed that the stairs vanish in very clean samples,
strongly indicating that the effect requires disorder. To comprehend the effect, the
physical and mathematical theory thus has to address three fundamental questions:

(i) Why is the Hall conductance quantized in the units of g2/ h?
(i1)) What is the role of the disorder?
(iii) What explains the precision of this quantization?

We first discuss Question (ii). Many aspects of Hall conductance can be encapsu-
lated by translation-invariant magnetic Hamiltonians, characterized by bands of the
absolutely continuous spectrum separated by the spectral gaps. The conductance in
such models is quantized when the Fermi energy EF falls into the spectral gap, and
transitions to a different value as Er crosses a conducting band. In what follows, we
refer to this intensively-studied class of models as the disorder-free case. However,
the critical feature of QHE that cannot be explained within such a framework is the
existence of plateaus, as the electron density remains constant within the spectral gap.
An appropriate Hamiltonian modeling this aspect of the effect must instead have a
spectrum consisting of interlacing intervals of conducting and insulating bands, with
quantized conductance for the values of E that lie in an insulating band. The role
of disorder is precisely to create such a structure. The physics community universally
accepts that a suitable H, namely a random magnetic Schrodinger operator, is the
correct operator to describe this phenomenon. One of the long-standing open prob-
lems in mathematical physics is proving that the spectrum of H consists of intervals
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Derivation of Kubo's formula for disordered systems at zero temperature

of alternating absolutely continuous (conducting) and dense pure point (insulating)
spectra. The only progress in this direction, namely the proof that the spectrum can-
not be entirely pure point, has been made using the topological structure associated
with the plateaus in QHE, [32], which brings us back to the first question.

The mechanism explaining Question (i) above was suggested shortly after the dis-
covery of QHE and is associated with the Kubo formula oy for the Hall conduc-
tance, which was proven to be a topological invariant. In the disorder-free case, oy
is linked to a Chern number of the ground state bundle whenever Ef lies in the
spectral gap. This is now well understood both in the absence [6, 65] and presence
[5, 11, 33, 37, 56] of interactions between the electrons. For disordered systems, oy
has been linked to a Fredholm index using both non-commutative geometrical [15]
and analytical [9] methods. The microscopic derivation of the Fredholm index for an
Anderson-type Hamiltonian assuming the Kubo formula and that E ¢ lies in the dense
point spectrum was first supplied in [2].

The theory associated with Question (iii) aims to justify the Kubo formula for con-
ductance when the Fermi energy is in the insulating band. The Kubo formula is a stan-
dard expression for conductances, or more broadly for response coefficients, obtained
by a formal first-order perturbation theory in the strength of a driving field 8. To ex-
plain the precision, the theory must validate the formal calculation and demonstrate
that all higher-order terms in 8 vanish. In the disorder-free case, this was achieved for
non-interacting [7, 26] and interacting [12, 13, 53, 64] models. This work establishes
the microscopic proof of this formula for disordered systems.

1.2 Linear response theory

LRT explores the behavior of macroscopic variables in response to small perturba-
tions. In the field of condensed matter physics, it serves as an essential and versatile
tool with numerous variants applicable to a wide range of physical variables and
models. To ground the discussion in the application we have in mind, we will discuss
the response of the current J to an electric field E with a finite voltage V applied
across the system in a given direction. Ohm’s law states that for small V the current
is proportional to the voltage,

J=0V,

where the constant of proportionality is called conductance. The purpose of LRT is
to provide a microscopic expression for o.

LRT was first developed by Kubo, [48]. The expressions for o corresponding to
nonzero and zero temperatures are known as the Green-Kubo and Kubo-Stieda for-
mulas, accordingly, [35, 62]. In this work we consider the latter case. LRT has a wide
range of settings, [52]; we have chosen one guided by simplicity and convenience.

The theory computes the response from a time-dependent Hamiltonian model of
the form (1.1). In the context of electrical conductance, W (¢) = e’V (x), where V (x)
is an electric potential of unit voltage. At r = —oo, the system is initiated in an equi-
librium state p of the unperturbed Hamiltonian H and then evolves according to the
Heisenberg equation

pr=—ilH@), p], H()=H+BeV(x) (1.2)
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with the adiabatic parameter €. The expected value of the measured current at =0
is J=tr(pgJ), where J is the current operator, and the measured conductance is

om(e, B) = B~ tr(poJ).

In a typical experiment that measures conductance, the time scales involved are such
that both € and g are small parameters. However, € is significantly smaller than 8 by
several orders of magnitude. For a standard experimental setup €/8 < 10~ (based
on experimental time longer than 1 milisecond and electric potential greater in mag-
nitude than 1073 V; [66] estimates that linear approximation in 8 would be justified
only for electric fields of order 10_16%). This relationship between timescales en-
sures that the system will produce a non-trivial steady current. On the other hand, the
Kubo formula oy for conductance is obtained by taking the limit 8 < €,

0
on = lim lim oy, (8, €) = limi/ i (p[ei”fje—"’“, V]) dt, (1.3)
e—08—0 e—~0 J_o

and only depends on the spectral data for the unperturbed Hamiltonian H. Never-
theless, the formula is spectacularly successful in matching available experimental
data. This raises the question of how the Kubo formula not only works at all in this
context but also predicts the experimentally observed conductance with astonishing
precision. The problem of linear response is to either prove that the joint limit

lim o,(B,¢€)
ekLp—0
exists and is equal to oy, or to provide an alternative explanation for the validity of
expression (1.3).

Although the focus of our attention is on the response of the current to the elec-
tric field, i.e., Ohm’s law, the same question can be posed for Fourier’s law, Fick’s
law, and other phenomena. The justifications of the Kubo formula for these various
physics laws are long-standing open problems in mathematical physics, each posing
a unique mathematical challenge, see, e.g., [59, Problem 4B]. Our work provides the
first proof of the Kubo formula in a disordered system.

1.3 Microscopic derivation of the Kubo formula for Hall conductance

The Hall conductance oy is defined in 2D as the proportionality constant between the
applied potential difference and the current flowing in the perpendicular direction. In
what follows, we make a specific choice for the applied electric potential V (x) and
the current operator J. We will assume that the Fermi energy Er lies in the mobility
gap for H, where the latter concept will be formally defined in Sect. 2.1.2.

We denote by (x1, x2) the coordinates of points in Z? and by A, the characteristic
function of the subset {x,, > 0}, n = 1, 2. These functions are examples of so-called
switches, i.e., functions & of one variable that are real valued, monotone, and non-
decreasing, with 4(—00) =0 and h(oc0) = 1.

We consider an electric potential V = Aj, which has a unit voltage drop across
the x, direction. The (Hall) current flowing in the perpendicular direction across the
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fiducial line x; = O corresponds to the operator J = i[H, A1]. The equilibrium state
p is given by the Fermi projection Pr := x.g,(H). The Kubo-Stfeda formula (1.3)
is then given by

ou =tw(Pr[[Pr, A1], [Pr, A2]D), (1.4

see e.g. [2]. We make two changes to the linear response setup explained above. We
replace e’ by a compactly supported switch g, and average the current over a time
window of order € ~!. More specifically, we consider a Hamiltonian of a form

H(1) = H + Bg(er) Az,

where the function g satisfies

(i) g€ C®[-1,1];
(i) g(s) =0 for s < s¢ for some 59 > —1;
(iii) g(s)=1fors >0.

We (re)define the measured conductance as

1/€

om(p, €)= ﬂ_lffo tr (J(p: — p))dt. (1.5)

There are no equilibrium currents [10], i.e., tr(Jp) = 0 when the trace is properly
defined. However, in infinite volume Jp; is not a trace class operator and subtracting
Jp is a physically correct way to regularize it. We stress again that our goal is to
understand the behavior of ¢, (8, €) fore K g — 0.

Our main result on the problem of linear response establishes the existence of the
joint limit under the constraint € = e #~" with the positive exponent p.

Theorem 1.1 Suppose that H satisfies Assumptions 2.3-2.4 below with Ep lying in
the interior of a mobility gap. Then there exist p > 0 such that

_g—p/2
Elog —oml<e p ,

provided e = e P".

Remark 1.2

(i) The use of a compactly supported switch function g(¢) instead of the expo-
nential is a natural choice from a mathematical point of view. That being said,
Theorem 1.1 could also be established for g(t) = ¢’.

(i) Some form of the current averaging is likely needed for the result to hold. We
did not try to minimize the size of the time window over which the average is
performed.

(iii) The choice of profiles for switches A; and g does not affect the result. This is
related to the fact that the expression for o is universal in the sense that the
value of oy (almost surely) does not change upon modifying the switches or
changing E r within the same interval Jj,., see [27].
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(iv) One can also study conductivity instead of conductance, where the switch
functions A; are replaced by the linear relations X;(x) = x; and the trace in
(1.4)—(1.5) is replaced by the trace per unit volume. While working with con-
ductivity simplifies some of the analysis (e.g., one no longer needs to regularize
tr(Jp;) in (1.5)), it also offers different technical challenges (e.g., the corre-
sponding Hamiltonian H (¢) is no longer bounded and even if H has spectral
gaps, they close for H(¢)). In particular, even the justification of the Kubo for-
mula for conductivity when the limit 8 — 0 is taken first requires non-trivial
effort for disordered systems, [18]. We refer the reader to [38, 53] for state-of-
the-art articles on the conductivity approach in the disorder-free case. It would
be interesting to see whether the techniques developed in our work can also be
extended to handle this choice.

(v) Using Theorem 1.1, we can bound the finite temperature corrections to o, by
ée‘dﬂ/ T where T is the absolute temperature, w is the chemical potential, and
d, is a distance from p to the boundary of the insulating band. Let us mention
that the finite temperature correction has been recently addressed for the gapped
systems in the many-body context [36].

The majority of the mathematical work related to the Kubo formula in disordered
systems, with or without an application to QHE, falls into two categories: In the first
one, the Kubo formula is taken for granted (or at least the order of limits 8 <« € is
assumed) and its various consequences in different settings, such as the mathematical
proof of Mott’s formula, [45], are studied. The second category aims to justify the
Kubo formula itself with the correct order of limits. Since our work lies firmly in the
second category, we primarily focus our attention on past works in this direction. For
a recent review of efforts pertaining to both categories, we refer the reader to [38].

The Kubo formula has been validated in systems with a spectral gap (dist(o (H),
Er) > 0), under various sets of assumptions on H and the underlying geometry,
[7, 12, 13, 26, 53, 64]. In this scenario, the weak field § — 0 and adiabatic € — 0
limits commute. On the technical level, this can be linked with the stability of the
spectral gaps under small perturbations (i.e., dist (o (H (t)), Er) > 0 holds), ensuring
that the adiabatic theorem of quantum mechanics could be used. The latter implies
that p; is the zero temperature equilibrium state of H(¢) up to uniformly small cor-
rections of order €. However, in the disordered case, there is no spectral gap to begin
with, and the pure point spectrum associated with a mobility gap is unstable under
small perturbations, [22]. Consequently, in this scenario, the limits are not expected
to coincide on physical grounds [66]. In this sense, the result presented above with
the joint limit is optimal.

The prior mathematical results in this direction for disordered systems are scarce.
As previously mentioned, [18] established the existence of the limit 8 — O at fixed
€. For € — 0, the only available result, namely the absence of transport, o, = o(1),
was proven in the case 8 = € in [54] under the assumption of complete localization
(i.e., there are no conducting bands). Under this assumption, the dynamics of the
perturbed system can be controlled for long timescales using the one associated with
the unperturbed operator H, e.g., [1, 19, 24, 54, 61]. Beyond this, despite general
interest in the mathematical physics community from the moment that the problem
was identified in [2, 15], it remained completely open, [38].
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We have had to develop new concepts in order to handle conducting bands and
explore the regime € < §. In particular, our proof rests on the construction of the
local gap structure for disordered systems, which is more robust than the standard
description of the localization and, in particular, survives the time-dependent pertur-
bations described by (1.1). This is the content of Theorem 3.2 below. We then build
an adiabatic theory associated with this structure for the dynamics of H(¢), charac-
terized by local rather than global adiabatic behavior. We believe that this new result
(Theorem 2.8 below), which we will refer to as the local adiabatic theorem, is of
independent interest. The derivation of the Kubo formula then follows via more stan-
dard (albeit technically involved) methods.

The rest of the paper is organized as follows: We formulate our core technical
result, the local adiabatic theorem, Theorem 2.8, in Sect. 2. This result relies on the
dynamical properties associated with the local gap structure for the time-dependent
Hamiltonian H (s), presented in Sect. 3. The origin of this structure can be traced back
to the time-independent random system H on a torus, which is studied in Sect. 4. We
then study the local adiabatic behavior of disordered systems in Sect. 5 and complete
the proof of Theorem 2.8 in Sect. 6. This theory is used to prove our principal result
on the Kubo formula, Theorem 1.1, in Sect. 7. Appendices A-B contain results of
independent interest, namely hybridization delocalization in dimension one and the
construction of a Wannier-type basis for disordered systems, respectively. Various
auxiliary results are included in Appendix C.

2 Local adiabatic theorem

In this section, we unveil our core technical result - the local adiabatic theorem,
specifically designed to work with disordered systems. Our starting point here is a
brief discussion of the localization phenomenon.

2.1 Localization and delocalization for time-dependent systems

The presence of disorder in quantum mechanical systems leads to the phenomenon
of localization. Spectral localization manifests in the emergence of energy interval(s)
Jioe C R such that, for almost all random configurations w, o (H) N Jj, is pure point.
Moreover, the eigenvectors of H in Jj,. are (spatially) exponentially localized in the
sense of (2.1) below.

Spectral localization is not stable under perturbation: The rank one perturbation
family Hx(B) of the form H(8) = Ha + B x{oy exhibits almost sure singular con-
tinuous spectrum for a Gg-dense set of B’s, [22, 34]. Although there are no rigorous
results beyond rank 1 perturbation, one should not expect much uniformity of the
localization properties as a function of ¢ or B of the Hamiltonian (1.1), provided that
W is sufficiently non-trivial.

2.1.1 Dynamical localization

Dynamical localization is concerned with the non-spreading of wave packets during
time evolution. It is expressed as the (uniform in time) exponential decay of the matrix
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elements of e /'H p J10c» the unitary semigroup generated by H and restricted to the
energy interval Jj,. (here, P;, . denotes the spectral projection of H onto Jj,.). The
concept is still well-defined for a time-dependent Hamiltonian H(¢), and a natural
question is whether it is still dynamically localized for at least small perturbations
BK L

The properties of the system (1.1) have been studied before under various as-
sumptions. In physics literature, one of the earliest works in this direction goes back
to [67], which analyzes the behavior of a random matrix model. On a mathematical
footing, compact (in space) perturbations W have been studied in the time-periodic
[61] and the time-quasi-periodic [19] settings. The case of spatially extensive peri-
odic systems with few frequencies was considered in [24]. In the 8 = ¢ adiabatic
setting, it was considered in [54]. For time periodic systems, one can also consider
the spectral localization of the associated Floquet operator, [1, 24, 61]. On a heuristic
level [24, Sect. 1], there should be a transition from a localized regime to a non-
localized regime when v ~ B exp (—cd ﬂ_”d), where v is the Floquet frequency! for
W and ¢4, pq are dimension-dependent parameters. For v > Bexp (—cqB~P¢) only
a small fraction of Floquet eigenstates delocalizes. Apart from constraints on 8, €, in
all these works, the analysis heavily depends on the assumption of strong disorder,
under which the interval Jj,. can be replaced by the whole R.

The instability of spectral and dynamical localization is due to the phenomena of
resonant hybridization that we will describe next.

2.1.2 Localized systems and resonant hybridization

We say that an open interval Jj,. C o (H) is a mobility gap or a region of exponential
localization if the spectrum of H in Jj,, is of pure point type and there exist constants
0 < C, ¢, m < oo, such that for each eigenpair (E;, ¥;), E; € Jjoc one can find x; €
74, called a localization center for Vi, satisfying

[ (x)] < C(x)dH emelil, (2.1)

where (x) := +/|x|? + 1. The prototypical example of such an H is the Anderson
model H4 described earlier. The Anderson Hamiltonian is known to display expo-
nential localization in the vicinity of spectral edges, at large values of disorder (for a
sufficiently regular distribution ) and in dimension d = 1, for almost all configura-
tions w. We will not attempt to cite the extensive literature of history, reviews, results
and open problems concerning this model and its variants. We will instead refer the
interested reader to a recent monograph [3] on the subject.

The instability of such uniform localization properties with respect to perturba-
tions can be linked to a mechanism known as resonant hybridization, see, e.g., [3,
Chap. 15]. This concept can be illustrated by considering a two-level system with a
Hamiltonian H (s) of the form

H(s):(f _sg), se(=1,1), g<l.

IThe parameter v in [24] plays the same role as € in our setting.
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When s = 0, the canonical basis e1, e is an eigenbasis for H(s). These remain ap-
proximate eigenvectors for H (s) provided that |s| < g. However, the picture is dif-
ferent for the case where the relation between the energy gap 2g and the tunnel-
ing amplitude |s| is reversed: When g <« |s|, an approximate eigenbasis is given by
{e1 £ e>}. Le., the eigenfunctions are no longer localized in the basis {e; } and instead
are given by hybridized functions which are combinations of these vectors.

If we consider the spectral flow of eigenvectors as a function of s, then we see that
this flow will transition between e and e; in a time of approximate length g. As we
show in Appendix A, this behavior also occurs in the extended disordered system. The
hybridization implies that the spectral flow is very nonlocal, as disordered analogues
of ey 2 can be localized arbitrarily far away from each other.

More precisely, if we consider a finite volume restriction of H, say to a box with
side length £, we can then label the eigenstates v; ; so that for each i, s — ¥ 5 is
continuous, [43]. However, we do expect the modulus of continuity to diverge badly
as L — oo.

We are not aware of any prior rigorous results making the two-level heuristics
exact for Z¢ systems for any d (however, see [3, Chap. 15] for the results on regular
trees). In Appendix A, we show the emergence of hybridization rigorously for a one-
dimensional system. Specifically, we prove Theorem A.2, which informally can be
expressed as

Theorem 2.1 Let H be the standard Anderson model in 1d. Then, under some addi-
tional regularity assumptions on the random potential and mild assumptions on W,
the eigenfunction hybridization occurs on all scales with scale-independent proba-
bility. The corresponding eigenvalues exhibit avoided level crossings.

2.2 Adiabatic theory

The Schrodinger dynamics associated with H (¢) in (1.1) are given by the linear initial
value problem (IVP):

iV(t)y=HmOW @), ¥(0) =, (2.2)

where v, is a normalized vector on H (the initial wave packet of the system). The
solution of the IVP becomes trivial in the case of time-independent operators H (¢) =
H, and the initial state 1, being an eigenvector for H,. In this case, the evolution
¥ () coincides with ¥, up to an acquired phase.

A more interesting and physically realistic situation arises when the dependence
on time in H (¢) is present but is adiabatic. In this case, the evolution 1 (¢) is expected
to follow the spectral evolution of the Hamiltonian H(¢) (the assertion known as
the adiabatic theorem of quantum mechanics). Of course, slow is a relative concept,
and we need to quantify the reference time scale for these purposes. In the standard
adiabatic theorem, such a parameter is given by the spectral gap in H (¢) (note that
energy has units time~! in (2.2)). To make this statement more quantitative, it is
convenient to consider the family H (ez), where € is a small (adiabatic) parameter,
and the physical time ¢ runs over the long interval [0, 1/¢]. After a change of variables
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s = et where s is a rescaled time, the relevant IVP becomes

i€Ve(s) = HS)Ye(s), Ve =1v,, sel0,1]. (2.3)

We denote by U, (s) the corresponding propagator, i.e. the unitary operator that solves
the IVP

i€dsUc(s) = H(s)Uc(s), Uc(0)=1. 2.4)

Let us assume that the spectrum o (H (s)) of the operator H (s) contains a set S(s)
isolated from the rest of the spectrum by a uniform distance g (the spectral gap).
Denoting by P(s) the spectral projection of H(s) onto S(s), and assuming that
P(0)y, = ,, the (qualitative) adiabatic theorem states that

lim [[v¢ (s) — P(s)¥e(s)I| =0, (2.5)
e—0
provided H (s) is smooth. A stronger statement holds, namely

111% |Ue(s)POYUL(s) — P(s)| =0, (2.6)

and one can make the error estimate for the norm above explicit in terms of its € and
g dependencies, see e.g., Lemma 5.5 below.

As mentioned above, we can label the eigenstates v; ¢ of a finite system in such
a way that the spectral flow s — ;s is continuous for each i. Suppose there are
no degeneracies, which is the generic case. Then each eigenvalue is gapped, and the
adiabatic theorem says that in the limit € — 0, the solution of (2.3) is the spectral
flow. Combined with Theorem 2.1 this implies that dynamical localization fails for
€ — 0 as the spectral flow is extremely nonlocal. However, for € > 0, the physical
evolution cannot be arbitrarily nonlocal. We believe that the way that this dilemma
is resolved is that the physical evolution of an initial eigenvector, for most values of
s, stays close to one of the global eigenvectors v; s, even though the index i varies
wildly with s. A simpler take on this is that the evolution of the initial eigenvector
stays for all times s close to an instantaneous eigenvector ¢ of the restriction of
H (s) to alocal box around the support of the initial eigenvector ¥; 9. We will refer to
this statement as a local adiabatic theorem, and state it quantitatively as Theorem 2.8
below. One can interpret this result as meta-stability of ¢, with a very long lifetime.

The adiabatic theorem and its derivatives play an fundamental role in the various
branches of quantum and statistical mechanics. The first results on adiabatic behavior
go back to the dawn of quantum mechanics and are due to Born and Fock in 1928,
[16]. The modern adiabatic theory was initiated by Kato in 1950, [42], and has since
been studied intensively in the mathematical physics literature. The adiabatic theorem
has been extended to a situation where the family P(s) is smooth, but no gap is
present, [4, 17]. This situation usually occurs for a ground state in the threshold of
the continuous spectrum. The other possible scenario occurs in rank one perturbed
completely localized system, where one can show that the Fermi projection Pr(¢) is
a continuous function for a set of the full Lebesgue measure, even when o (H (¢)) is
not pure point, [8]. In space-adiabatic perturbation theory [57], the gap is closed by
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a locally small but globally large perturbation (for related work in field theory, see
[63]). More recently, the adiabatic theorem was established for certain systems with
a spectral gap but non-smooth P(s), [12, 53]. This situation arises in the context of
the thermodynamic limit for many-body systems.

For the disordered systems that are not entirely localized, it is necessary to con-
sider a scenario where both conditions fail to hold.

2.3 Local adiabatic theorem

To properly formulate this assertion, we must first establish the appropriate frame-
work.
An operator K acting on ¢2 (Z%) is r-local for some r € N if

K(x,y):=(x,Kéy) =0provided |x —y|>r, x,ye€ Zd,
where |x — y| stands for the £>° distance in Z<.

Assumption 2.2 The operators H(s) are uniformly bounded, smooth, r-local, self-
adjoint operators acting on 02 (Zd), of the form (1.1) that satisfy ||H(s)|| < C. In
addition, for all k € Ng, W* D 0) = w*+D (1) = 0, and there exists a constant Cy
such that |W® (s)| < Cy.

For any ©® C Z¢, we denote by H® the canonical restriction xgH xe of H to
2(0).

Assumption 2.3 (Finite range of disorder correlations) For any pair of subsets ®, ®
of Z that satisfy dist (®, ®) > r, the operators H® and H® are statistically inde-
pendent.

For any region ® C 74 and x, y € ©, we define
|x — ylg =min (|]x — yl, (dist(x, 01 ®) + dist(y, 9:0))), 2.7

with the interior boundary 9;0® = {x € ©, dist(x, ®°) = 1}. This distance function
regards 01 ® as a single point. It permits us to work with systems that exhibit local-
ization in the bulk without ruling out absence of delocalized edge modes. With this
preparation, our assumption of Anderson localization in an interval Jj,. for H reads

Assumption 2.4 (Fractional moment condition on J;,.) There exist ¢ € (0, 1) and
C,, ¢ > 0 such that, for any subset © of 74, for any E € Jj,¢, and any n # 0, we have

0 -1 a —clx—yle
sup E(|(H E—in) " (x,y) <Cye forall x,y € ©, 2.8)
Ee€Jioe

where [E (-) stands for expectations with respect to w.

For some of our results we will also need
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Assumption 2.5 (Finite spectral multiplicity) There exists m € N such that, for any
© c Z¢, the multiplicity of eigenvalues of H® does not exceed m almost surely.

Remark 2.6 For the standard Anderson model with absolutely continuous random dis-
tributions m = 1, [60]. This type of result can be extended to a larger class of discrete
models, see, e.g., [3, Theorem 5.8] and [23]. While the simplicity of the spectrum
is, in general, not known to hold for models that satisfy Assumptions 2.3-2.4, in
practice, a majority of them are generated using finite-rank operators for which As-
sumption 2.5 does hold, [39].

Remark 2.7 Surprisingly, the basic localization property (2.1) has only been proven
in existing literature under the assumption of spectrum simplicity (i.e., m = 1 in As-
sumption 2.5 above), cf. [3, Theorem 7.4]. In order to avoid this rather restrictive
condition, we obtain its analogue for a more general case of finite m in Appendix B
below. The argument there relies on the construction of the so-called generalized
Wannier basis for an eigenprojection of the localized Hamiltonian, consisting of ex-
ponentially localized functions.

The local adiabatic theorem is easier stated in finite volume for a bulk system,
we introduce a periodized restriction of H(s) to a discrete torus T = T¢ . which
we associate with the hypercube [1, M]? whose opposite faces are identified. This
restriction is defined as

HT (x _l H H T 2.9
,y)—z Z x,y+m)+Hx+n,y), x,yeT. 2.9)
neMz4

Our two main parameters are the adiabaticity parameter € and the driving strength
B, introduced earlier in (2.3) and (1.1), respectively. In our results we will use four
exponents,

g:;l, g'=d+3+& pi>d+&, pp>max(£,28), (2.10)

with fixed pi, py satisfying the last two inequalities. Throughout this paper, we will
assume that § < 1 and € < 1 satisfy

e BTV o < gr2p1 Q.11

It will be convenient to work with a (generally flexible) scale parameter £ € N satis-
fying

P>e>e VL gy 2.12)
whose existence is guaranteed by (2.11).

We will use generic, M, €, 8, £-independent constants C, ¢ whose values can
change from line to line. They will, however, in general depend on the other pa-
rameters and constants introduced above (such as the range » and the probability
distribution , as well as on the constants Cy, Cy, etc.). We allow for the system size
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M to be arbitrarily large, and all of our estimates will be uniform in M. We will use
C to indicate that the constant should be sufficiently large for a bound to hold, and ¢
to indicate that the constant should be sufficiently small.

The following then is the local adiabatic theorem. It is based on the emergence
of a local gap structure for the spectral data associated with a torus, once partitioned
into smaller boxes of linear size £. To make its presentation more accessible, we will
use an extra assumption on the integrated density of states . Joe (s€€ (6.3) below) in
addition to our standard hypotheses on the model.

Theorem 2.8 (Local adiabatic theorem) Suppose that Assumptions 2.2-2.5 hold for
H(0) and the integrated density of states Ny, is a.s. positive. Let B, €, satisfy
2.11)—(2.12) and Jl/ac be any closed interval contained in Jj,-. Assuming that £ is

large enough, with probability at least 1 — e’c‘/z, the following holds for a fraction
of at least 1 — eVt of eigenstates W of H™ with eigenvalues E € J},.: There is a
region R C T with diam(R) < c€3/? such that

() For all s € [0.1], HR(s) possesses the spectral patch S(s) C o (HR(s)) which
is isolated from the rest of the spectrum o (HR(s)). We denote the associated
spectral projector by P(s).

(ii) The solution < (s) of (2.3) with ¥¢(0) = satisfies

max [|(1 — P(s)¥e(s)ll < C (ezf’ + e*cﬂ) . (2.13)
s€[0,1]
This bound can be improved for s = 1: For any N € N,
10 = PADW(DI < Cy (¥ (¥ 4 £V g e=VE) - 2.14)
This statement will be proved in Sect. 6.

Remark 2.9 While the assertion is formulated for tori of the arbitrary size M, in
applications (e.g., in the proof of our main result, Theorem 1.1), we often have
M K e_c‘/z. In this case, the statement holds for all eigenstates rather than their
fraction, with the same probability.

Remark 2.10 Let us note that both the upper and lower bounds on € in (2.12) have to
do with the faithfulness of our approximation of the actual eigenstate for H™ by the
local spectral patch for HX. If R is too small, then there is no reason for its eigen-
vectors (even the bulk ones) to be close to the eigenvectors of H T (so the spatial
faithfulness of our approximation is destroyed). On the other hand, if R is too big,
the gaps in the spectrum of HT become smaller than the size j of the perturbation,
allowing for transition between eigenstates that are energetically far apart from one
another (so the energetic faithfulness of our approximation is destroyed). In particu-
lar, one can think of these constraints as a consequence of the uncertainty principle
for disordered systems.

Remark 2.11 If the spectrum of H R is level-spaced, i.e., if the probability of a spac-
ing significantly smaller than |R|~! is small (as one can prove, e.g., for the standard
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Anderson model [44] and, at the bottom of the spectrum, for more general random
models, [23]), then with large probability the spectral patch S(s) can be chosen to
consist of a simple eigenvalue, making P (s) rank-one. Moreover, with large proba-
bility, for a large fraction of times s, the range of P(s) stays close to an eigenpro-
jection of the global Hamiltonian H (s). However, we do not expect this property
to hold for all times s on the basis of the hybridization result, Theorem 2.1, which
shows that physical evolution cannot follow the non-local spectral flow.

Remark 2.12 1t follows from the relationship between € and ¢ in (2.12) that for the
times ~ ¢! the dynamical localization length is O(In(e~!)). It is consistent with
the estimates for rank-one perturbation of completely localized (time-independent)
systems, where the growth of localization length is sub-polynomial in €, [49], due to
the zero Hausdorff dimensionality of the spectrum, [22].

3 Local gap structure

Analyzing the spatial structure of spectral gaps is crucial to proving the adiabatic
theorem described above. We introduce relevant concepts and state the corresponding
results in this section.

We start with some supplementary notation. By Ag(y) C Z¢ we will denote a
cube Ap = Ag(y) := ([—R, R1? + y) NZ4 for y€E 74, with side length 2R. For a
subset ® C Z4, we will denote by 9, its £-extended boundary, i.e.,

ng)z{xGCD: dist(x,cbc)ie}. 3.1
By @, we will denote
Dy =\ 9,P. (3.2)

For a Hermitian operator H, we denote by P;(H) the spectral projection of H on
the set J C R. For a positive real number a, aJ denotes the interval obtained from J
by scaling the interval with respect to its midpoint by a factor of a. For an operator X,
wedenote X :=1— X.For ACT,ce R4, and £ € N, let ,of;l be a (scaled) distance
function

dist (A, {x})
Py (x) = —7 (3.3)

We set
1K llee = o7 K et (34)

This norm is multiplicative, i.e.,
1ABllce < 1Allc e I1Bllce (3.5)

for a pair of operators A, B.
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We now introduce the concepts of local and ultra-local gap structures. In order to
describe our constructions with the least possible number of parameters, we will use
the scale variable ¢ € N introduced in Theorem 2.8. It will be convenient to formulate
the concepts on a torus T whose linear dimension is £ = ecVe , but this condition can
be relaxed.

Let J C Jjoc and let {(E,, ¥,)} be a collection of eigenpairs for H T (0) with ener-
gies in J. We will say that H T (0) possesses an ultra-local gap structure in J if there
exists a disjoint collection {7} } of subsets of T with diam (7}) < C¢3/? such that the
following property holds: For each v, there exists y such that

[ = Pi(H7 @) v | = e, (3.6)

where J :={x e R: dist (x,J) < e“'“/Z . Let us note that the random Schrodinger
operators H(0) satisfying Assumptions 2.4 possess the ultra-local property with
probability > 1 — eVt provided the length of the interval J is of order £7¢ (in
fact, a stronger statement holds, see Theorem 4.4 below). Unfortunately, localiza-
tion in the usual sense (or in an ultra-local sense for that matter) breaks down under
perturbations due to the hybridization phenomenon. As a result, the first step is to
identify a weaker notion than ultra-locality that however remains stable under small
perturbations.

Definition 3.1 We will say that HT(S) possesses a local gap structure in J C Jj,c if
there exists a disjoint collection {7;,} of subsets of T such that diam (7;,) < 0372 for
each y with the following properties:

(1) (Local Gap) There exist intervals J,, = [E., E)f ] comparable in length to J such
that

Jy € J and dist (B, 0 (H (5))) = A; (3.7)

(ii) (Support of spectral projections) Let 7 := U, T,. Then

| Py xmyTs || < eV, (3.8)

and

1Py, (HT7 (8)) = xa,7Pa, (HT () xo, T — %75 Pr, (H 7 () x5, |

<oVt (3.9)

The unperturbed Hamiltonian possesses a local gap structure for small, but not
too small, A. As we shall see in the proof of Theorem 3.2, the local gap structure is
stable under perturbation, i.e., if the Hamiltonian possesses a local gap structure for
s =0 on J, it possesses it for all s on a slightly smaller interval J', provided 8 is
sufficiently small. The reason for this stability is related to the fact that, under small
local perturbations, an eigenstate with energy E is close to the range of a thin spectral
projection of the unperturbed operator centered at E. Since the latter is supported in
the localized patches 7, so is the eigenstate. The locality property is fully compatible
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with the hybridization effect: Even if initially the state is ultra-local (concentrated in a
single patch 7, ), it can hybridize to a number of different patches 7, as s increases.

The scaling of various objects with £ depends on ¢, d and our choice of stretch-
exponential error exp(—c~/£). The correct scaling of A and S to ensure the existence
of local gap structure is given in Theorem 3.2.

Once the local gap structure for the family H (s) is established, one can use an (en-
hanced) version of the standard, gapped adiabatic theorem (Lemma 5.5) to control the
behavior of the individual spectral patches P, (H Ty (s)), invoking Definition 3.1(i).
This in turn allows us to control the physical evolution of spectral data Q(s) for
HT (s) near the energy E (see Sect. 5.5 for details). Finally, we show that this trans-
lates to the adiabatic theorem for the (distorted) Fermi projection, Theorem 3.3. The
principal idea here is that the removal of the spectral data Q(s) on one hand creates
a spectral gap for H (making the standard adiabatic theorem applicable) and on the
other does not distort the adiabatic behavior of the system too much since Q(s) itself
evolves adiabatically, a feature verified in the previous step.

We will use the shorthand P;(s) := P;(H™ (s)) and Py := P;(0) in this section.

We will show in Sect. 4 that Anderson-type models possess a local gap structure
in the sense of Definition 3.1. In fact, a stronger statement holds:

Theorem 3.2 (Local gap structure of H(s)) Suppose that H satisfies Assumptions
2.3-2.4 and the family H (s) satisfies Assumption 2.2. We consider a torus T whose
linear dimension is L. Then, there exist constants c, {C,-}f.’:1 such that for any a < cy,

L=eVT V=02 5=t A=cyVilE, (3.10)

¢ large enough, and B < =P, H™ (s) possesses a local gap structure for the energy
interval J = (E — 68, E + 68): One can find a disjoint collection {7;,} of subsets of
A such that |'T,| < c4Vy, diam (7;,) < ¢503/2 for each y and the following conditions
hold true with probability > 1 — e—coVe,

(i) (Local Gap) There exist intervals J, = [E; , E;r | such that
(E =35, E+38) CJy C J anddist (Ef,o(HT () = A (D)

(ii) (Support of spectral projections) Let T := U, T,,. Then

| ) xavrs, | <e Ve, (3.12)

and
1Py, (HT (5)) = xa,7 P, (H 7 () xo, 7 — 275, P, (HT? () x5, Il < e V™.
(3.13)

(iii) (Exponential Decay of Correlations) Let A, = 9¢T, U (T,)g¢, then (with A =
A, in (3.3)=(3.4)) we have

MH”@»—QI

for 7 € C with Re(z) = Ef

A
S 9
e A (Imz)

(3.14)
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The dependence on B here is deterministic, i.e., there exists a subset of configura-
tions of probability > 1 — e~V such that the conclusions hold for all B < €771,

This assertion will be proved in Sect. 4.3.
An additional statement that we will need in our proof of Theorem 1.1 is

Theorem 3.3 (Local adiabatic theorem for distorted Fermi projection) In the set-
ting of Theorem 3.2, assume in addition that (2.12) holds and fix N € N. Then for £
large enough, there exists a smooth family of orthogonal projections Q(s) with the
following properties:

() [[Q@s), H™ ()1 < Cwn (eA—l +e—cﬁ);

(i) || P<r-6s(HT(s)Q)|| + | Q) P~ p16s(HT (5))| < C (e A +e—cﬂ);
(iii) If we denote by Qc(s) the solution of the IVP ieQG(s) = [Qc(s), HT(S)],
Q(0) = Q(0), we have

1 1 .
1Qe(s) — Q) < Cy (eN (F + 52N+1> +e—cﬂ) LG9

Furthermore, for s =0 and s = 1, the inequalities in (i) and (ii) hold without the
terms proportional to €.

This assertion will be proved in Sect. 5.6.

4 Localization on a torus
4.1 Consequences of Assumptions 2.2-2.4

We first note that Assumptions 2.2-2.4 imply localization on a torus as well (e.g., [3,
Theorem 11.2]):

sup E ()(HT —E—in ', y)’q) <Ce Y forallx,yeT,  (4.1)
E€Jioe

where dt (x, y) represents the usual distance function on a torus.
Another consequence of these hypotheses is

Lemma 4.1 (The Wegner estimate) Let ® C T. For all E € Jjy,
P{dist{E, 0 (H®)} <v} < Cv? 0. 4.2)

For a proof, see e.g., [28, the proof of Proposition 5.1].
Together with Assumption 2.3, Lemma 4.1 yields
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Lemma 4.2 (Distance between spectra) Let ®, ® C T be such that dist (@, ®) > r.
Then

P {dist (6 (H®) N Jioe, o (H®) N Jjoc) < v} < Cv* 0] D] 4.3)

More generally, if a collection {®;};_, of subsets in T satisfies dist (@i, ®j) > r for
i#j,|9;|<Dforalli,and E € R, then

P{dist(E, o (H®)) <v foralli} < (CvID)". (4.4)

We recall that by P;(H) we denote the spectral projection of H onto a set I, and
that Pg(H) stands for P_so, 1(H). We will often suppress the H dependence in this
notation, denoting by P,” a projection P;(H ©) and analogously for P;(HT).

A subtler implication of our assumptions on H® is the fact that the associated
eigenfunction correlator 0°(x, v; Jioe) for x, y € ©, defined by

0. yid) = Y. [Py 45)
)Lea(H@)ﬂJ],,C
satisfies
EQ®(x, y; Jioc) <e e (4.6)

for some ¢ > 0 that depends only on u and ¢g. For the non correlated randomness, see,
e.g. [3, Theorem 7.7] (the proof relies on the so-called spectral averaging procedure
available in this case). For a more general class of correlated random models, such an
assertion was derived in [29, Theorem 4.2].

The relation (4.6) implies that all eigenstates in PJ(;)W are localized with large prob-
ability. We make this statement quantitative below.

Definition 4.3 Let ¢, £ > 0 be fixed. We say that a set ® C T is (c, £)-localizing for
HT in the interval I C Jj,. if for all eigenpairs (E,, V,) E,el of H® there exists a
set {x,} in ® such that

[V (9)] < e~V %10 for any y € © such that |y — x,|e > V2. 4.7
We then have the following result:

Theorem 4.4 Suppose that Assumptions 2.4-2.5 hold. Then there exist ¢ > 0 such
that the probability that a set © C T is (c, £)-localizing for H™ in the interval Jyo. is
>1—C|OPe Ve,

The proof of this statement can be found in Appendix B (Theorem B.2).
Sometimes it will be useful to compare a finite volume projection PET = Pp(HT)
with tpe infinite volume one Pg. To be able to do so, we will use the periodic exten-
sion Pg of Pg to 79, i.e.,
Pl(xmod £Z4, ymod £LZ?) x—yeT

Al y) =
£ (X, ) 0 Xx—ygT

The next assertion implies that deep inside T, Pg and f’g are close.
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Proposition 4.5 Suppose that Assumptions 2.2-2.4 hold. Then there exists ¢ > 0 such
that the probability

P (H (PE — f’ET) XA £/2(0) H > Cic’c) < Cic['. 4.8)

For a proof, see [30, Lemma 4.11]. The argument is closely related to the one used
in the proof of the following result that establishes the localization property of some
bounded functions of H in the mobility gap.

Lemma 4.6 Suppose that Assumptions 2.2-2.4 hold. Then for any I .= [E1, E;] C
Jioc and any ® C T, there exists ¢ > O such that

E|PO(r. | e, p=1E, 4.9)

forall x,y € ®. Moreover, for any 7 € C with Re(z) € 1/2, we have

| e—ch—le

E|(PP (O —2) ) )| = gy T (4.10)

Proof Let #t = I. Since O is finite, the spectrum of H® is a discrete set. By (2.8),
{E1, E2) ¢ o (HO)

almost surely. Thus the spectral projection P1® is equal to
P,®=—(2n)’]/ Z(—l)’ (H® —iu—E;)" du 4.11)
—00
j=1

almost surely, see (C.7). Using | (H® —iu — Ej)_1 (x,y)| < |u|*1, we get a bound
oo —1 q
PP | zmace ! [ (1O —iu£) " o
J —00

We note that for |u| > 1, we can decompose

(H® —iu—E;)" = —(iu+E;)) " + (iu+E) " H®(H® —iu—E;)”

Thus, using (4.1), r-locality of H, and |H (x, y)| <C,

IE!P,®(x,y)| SN_IZsup(]E‘(H(")—iu—Ej)_l (x,y))q/ lul? du
; uek [-1.1]

5 -1 q -
+C max E (HO—IM—EJ') (z,y)‘ / K 2du>
zez4: [-1.1]¢
lz—x|=<r

< Ce Ve,
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Since |PI® (x, y)| <1 for all x, y € ®, by modifying c if necessary we get (4.9) for
ff = I. The argument for ff = E is nearly identical.
To get the second assertion of the lemma, we use

(H® — z)_l =—(@Im@+ D"+ @ Im@) + 1) (H® — Re(z) — 1) (H® - z)_l

and
. 2 o] 1
PP (H® —z)" =—(ZJT)_IZ/ (z—Ej—iu) "' (H® —iu—E;)" du.
j=1"7%
They yield

PO(H® —2) ' =—(iIm@) + )" B (H®)+

2
)~ ! Z (iIm@)+ D7 (H® — Re(z) — 1)
j=1

o . \—1 ® . -1
x/ (c—Ej—iu) (H® —iu—Ej) du.

—00

Since PP =1— PP, |iIm(z) + 1| = (Imz),and |z — E; — iu|_1 <2(E,—Ep~!
for any Re(z) € I/2 and u € R, the remaining argument is identical to the one used
in the proof of the first bound. O

We will be using the probabilistic version of Lemma 4.6, which follows from the
previous statement by Markov’s inequality.

Lemma 4.7 Suppose that Assumptions 2.2-2.4 hold. Let J :=[E1, E2] C Jigc. Then,
there exists ¢ > 0 such that for any ® C T with |®| < £3/4, the probability that for all
X,y with [x — yle > V2,

[(P?) (x, ») (1_’1@ (H®—Z)7l)(x,y)‘ <e—cllo (4.12)

is>1— Ve,
4.2 Local gap structure of H™

Here we will again suppose that Assumptions 2.2-2.4 hold.
Given scales £ < £ with £ mod (%E) = ¢, and £ even, we cover the torus T =

']I“Z, with the collection of boxes
{Ae(a)}gem, » (4.13)

where

By = (%zz)d JL78. (4.14)
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Here the boxes A (a) (defined earlier as a subset of Z4) are understood, with a slight
abuse of notation, as subsets of T, i.e., A¢(a) ={x €T : dr (x,a) <£}. We recall
that we use a max distance throughout this paper. We will refer to this collection of
boxes as a suitable £-cover of T.

The (trivial) properties of suitable covers are encapsulated by the following
lemma.

Lemma 4.8 Letr < { < L. Then, a suitable £-cover satisfies
) T =Upeg, Ac(@);
(ii) For all y € T there is a = a(y) € 8¢ such that Agj4(y) C A¢(a). For such a

value of a we will denote Aéy) = Ag¢(a);
(iii) A¢/a(@) N Ae(@)y=0foralla,a’ € 8¢, a+#a';

i (£) <1z0=(%£)"

Furthermore, any box A¢(a) with a € By overlaps with no more than 2d other
boxes in the £-cover, and any non-overlapping boxes are separated by a distance
>r.

Let S be a subset of a suitable £-cover such that the boxes {A¢(a)}g are separated
by a distance r. Fix E € Jj,¢, then, by Lemma 4.2, for all v > 0 we have

P {dist (E a(HAM))) < v forall Aa) € S} < (quzd)‘sl . (4.15)

We now inspect the structure of P;(H T). We will work with the scale ¢ and the
interval I C Jj,. such that

QR

L1, [[|=cl 7. (4.16)

for an £—independent constant c. We recall that we are using a convention where ¢
denotes a sufficiently small constant and C a sufficiently large constant. The values
of these constants can change equation by equation.

We endow the set E; with the usual graph structure, i.e., we will think of its
elements as vertices and introduce edges (a, b) between neighboring elements a, b €
E¢ separated by a distance %E on the torus T. By Ry, we will denote a set of all
connected subgraphs of E; with cardinality M, and by Sy we will denote a collection
of sets {UgeprA¢(a): ReRuyl.

Lemma 4.9 The cardinality of Ry is bounded by
d
Qde)M |5,| < (%) Qde)M . 4.17)
Proof of Lemma 4.9 We first note that each set S in Sys looks like a compressed d-
dimensional polycube of size M, and that we can bound the number of distinct Syss
using the same method as for the regular polycubes, see e.g., [14]. To make the argu-

ment self-contained, we reproduce it here.
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A d-dimensional polycube of size n is a connected set of n cubical cells on the
lattice Z¢, where a pair of polycubes is considered adjoint if they share a ((d — 1)-
dimensional) face. Two fixed polycubes are equivalent if one can be transformed into
the other by a translation.

Given S, we assign the numbers 1, ..., M to the cubes of S in lexicographic order.
We now search for the (cube) connectivity graph G of S, beginning with cube 1.
During the search, any cube ¢ € § is reached through an edge e and connected by the
edges of G to at most 2d — 1 other cubes. We label each outgoing edge ¢’ with a pair
(i, j), where i is the number associated with ¢, and 1 < j <2d — 1 is determined by
the orientation of ¢’ with respect to e. By the end of the search, each of the M — 1
edges in the resulting spanning tree is given a unique label from a set of 2d — 1)M
possible labels. This is an injection from polycubes of size M to (M — 1)-element
subsets of a set of size (2d — 1)M, and so the number of distinct shapes for § is
bounded by

((2d — )M

M
o )5(2a’e) . (4.18)

The total number of sets S can be now bounded by noticing that they are contained
in the set of all translates of the distinct shapes of S by elements of E¢, yielding
(4.17). O

For any given configuration w, let 7~ denote the union of the boxes Ag(a) with
a € By such that the restricted Hamiltonian H,f)\ @ has at least one eigenvalue in the
interval 27. Let T denote the union of boxes A, (b) with b € By that has a non-trivial
overlap with 7. We will enumerate by {7}} a set of connected (with respect to the
graph structure of T) components in 7, i.e.,

T=U,T,, T,NT,=0, T,ecSyforsomeM eN.

For a given T, we will denote by M (7T) the size of the largest connected compo-
nent,

M(T)=max{M: T, € Su}.
2
For an integer N, let Q2 denote a subset of the full configuration space for which
M(T)<N.

Lemma 4.10 Let £ > r and I C Ji,e with |11 < e, Then for ¢ small enough we
have

P(QS, )<(25) e N, (4.19)

Proof For any w € QY, there exists at least one cluster 7,, € Sy with M > N. Let
7} denote the union of boxes that generates 7}, i.e., 7;, is formed by all boxes that
overlap with at least one box in 7} We note that 7} is in general not uniquely defined,
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but this will not play a role in our argument. We also remark that any box A;(a) C 7}
overlaps with 34 boxes, so "7}‘ <3d |7} \ Let U be a collection of vectors in RY

whose components take binary values. Then Ey = U,cy E¢ ., Wwhere B¢, = %e +
(3¢2)? JL7%, and By, N g, = for e # ¢’ and

Ag(@)NAg(ay=Pforalla e Ep,. a€ By, (4.20)

using the fact that £ is even. Hence, for any S C Ey, there exists e € U such that
|S NEy e| > 274 |S|. In particular, the number of non-overlapping boxes in 7} is at
least 6=¢M due to (4.20).

We are now in a position to apply (4.15) to conclude that the probability that a
fixed configuration T has at least one cluster 7, € Sy with M > N is bounded by

—d
(C |119 Ed)ﬁ M. It follows now from Lemma 4.9 that

p@s < > () (edo@cppe) (4.21)
M=N

This is less than or equal to (25> ~N provided that ¢ in (4.16) is small enough. [J

For an integer N, we now consider a subset 2,y of the full configuration space
for which T and all of the sets in {S M}ﬁ’,,: | are £/10-localizing and satisfy (4.12).

Lemma 4.11 There exists constants C, ¢ > 0 such that
P(Qf,0.y) < CN* 2LO? (2de)V Ve, (4.22)
Proof The total number of {S M}zlt]/[=1 is bounded by

N d d
3 (%) Qde)M < 2(%) Qde)V

M=1
thanks to Lemma 4.9. Their maximal volume is bounded by N 24, Thus, we can bound
d 2
P(,, y) < C (%) Qde)V (de) eVt — CN2 2L0)¢ 2de)N eVt (4.23)
using Theorem 4.4 and Lemma 4.7. U
We now optimize N from the previous two lemmas. To this end, we pick N =
Lcﬁj. Then, using Lemmata 4.10—4.11, for £ large enough and intervals I C Jj,¢
satisfying | 1| < c€~%/4, we have

P((2n N Qupen)) < L9V (4.24)
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For w € Qn N Qoc, v, the number of eigenvalues of H Ty cannot exceed |’Ty| <
Ned < Cced+1/2 Hence, for each y, we can find Jy =1[E,, E)‘f] such that

1/2cJ,cl and dist(EE, o(H7)) > ct™%121).
We note that

maxdiam (7,) < L := C¢3/2, (4.25)
Y

Let Q¢ be a subset of the configuration set 2y N €y, v such that, for ¢ small
enough, w € Qg, z € C with Re(z) = E)jf, and all x, y € 7, the following bound

holds:
((HTV —z>1> (x,y)

Applying Lemma 4.7 with J = E + [—ct™"1/2|I|,ct~"2|I|] and z € C
with Re(z) = E ;—L yields

—12
sup T < cpd s Im )Y (4.26)

Ty

P(Qf) < L=V,

Proposition 4.12 Let w € Qg, and let I C Jjoc be such that |I| < ce—d/4. Suppose
that £ is large enough, then

(i) (Local Gap) There exist intervals J, = [E,, E;’ ] such that
[)2cd,CI and dist (E;E, a(HTV)) > 412, (4.27)
(ii) (Support of spectral projections)

H Pr(HDS, | < e_C“/Zfor any x € T\ Ty (4.28)

(recall (3.2)), and
H Py (HT)s, H < eV forany x ¢ 8,5 T U Ti; (4.29)

(iii) (Exponential Decay of Correlations) Let A, be any subset of T, then (with A,
in (3.3)—(3.4)) we have

(7 =)

for 7 € C with Re(z) = Ef

< M2 7Y gy ) (4.30)
c,l

Proof Proposition 4.12(i) has been established earlier, and Proposition 4.12(iii) is a
consequence of (4.26). This leaves us with the task of proving Proposition 4.12(ii).
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Let {A,, ¥} be an elgenpalr for HT in 1, and let X, be its localization center. We
first check that x,, € 7. Indeed, suppose that x, ¢ 7. Then, by the properties of the
suitable cover, there exists a box Ay(a) ¢ 7 such that A, /4(xn) C Ag(a). Moreover,
w € Q26 C Qo v implies that T is £/10-localizing, so in particular

[ ()] < Ce P I0e@ for |y — x4, @) = v/€/10.
We can now use Lemma C.4 below to conclude
o (HM“)) N21 £ 9, 4.31)
which means that Ay(a) C T, a contradiction. This establishes (4.28), since for any

x € T\ 7; we have dist (x, T) > 0/8.

Let {un, ¢, )} be an eigenpair for H T in 1. By the argument identical to the one
used earlier, its localization center y, is located either in 7 or in 0 ﬁT C 9¢/87T.
Hence

1Py, (H"7) = Xau 7 P, (HT) X7 — x7: Pr, (HTxpsl < e=VE, (432)

which in particular establishes (4.29). In fact, the above argument shows more,
namely that, recalling the notation in Theorem 3.2(iii),

H Py, (HT)s, H <=V forany x ¢ A,. (4.33)

The latter bound will be of use to us momentarily. g

This completes the proof that HT possesses a local gap structure in the sense

defined by Theorem 3.2. Using perturbation theory, we are now going to show that
HT (s) possesses a local gap structure as well.

4.3 Proof of Theorem 3.2

It suffices to establish the assertion for a = ¢ as probabilities only improve as the
system size decreases. We note that Proposition 4.12 is applicable here with [ =

ct~%.1In particular, for w € Q¢, we have dist (E;—L a(HTV)) > A. Let

A7 (s) = HT/(0) + P s (HTV(O)) +BW(s).
Then, for ¢ sufficiently small
o (A7 @) (-5 51 +1E; . E) =0, (4.34)

provided that 8 < %
For the next assertion, we recall the definition of a dilation and its norm, introduced
in (3.3)—(3.4).
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Lemma4.13 There exists ¢ > O such that for any z € C with Re(z) = E}jf and for any
B < cAL739 we have

H (HTy(s) —z)fl <CPIA YImy) ™', (435

c,l

+ H (I:Iﬁ’(s) - 2)71

c,b

where ||-||.., is defined with A = A,.
Proof If we denote

R =(H7 O —Z)_l’ Re= (A7 0) —z)_l, R.=(HT () —z)_l,

(4.36)
~ T —1
R, = (H Y (s) —z) :
we have
|R?|., <cO?a " imz)™! (4.37)
by (4.26).
We now expand R, into the Neumann series
o
Ro= RIS (-WRY)'.
n=0

yielding, via (3.5),

oo
IRl < | RS ”c,e Zﬂn |w RS ”Zz
n=0

1

WK

<COIA Imz)~ (ﬁCE3d)nA_” <COIAVImz) ™, (438)

0

n

provided g < cAL34,
Using (4.33), we deduce that

e T,
o7 Py oy (H) | = . (4.39)
Since
RO=R°—P H)ROR? 4.40
¢ = B = Bpy g (Mo ) K g (4.40)

we obtain, using (4.37)-(4.39) and
0 —1 —1 DO 7;/
|R| =cauma™, |RePy gy (H)] <2,
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that

-1

” RY| =ceaiumz)
c,

We now expand R into the Neumann series
~ ~ ° ~ n
Re=ReY g (-wRe)",
n=0
and repeat the argument in (4.38) to complete the proof. g

We are now ready to finish the proof. For this, we will show that conditions
3.2(i)-3.2(iii) in Theorem 3.2 hold on Q¢, ensuring the desired probability for these
events.

We first note that Theorem 3.2(i) follows from Proposition 4.12(i) (with I = c£ —£)
by standard perturbation theory for allowable values of 8. On the other hand, Theo-
rem 3.2(iii) is a direct consequence of Lemma 4.13.

This leaves us with the task of proving Theorem 3.2(ii). We recall that J, =
(E,, E;r] and set fy = [ 5 ] + [E; E;]. We will abbreviate P, :=
P;, (H77(s)) and suppress the s-dependence for this argument, indicating by the

subscript (or superscript) o the value s = 0, if needed. We use the decomposition
(4.11) with Ey = E; and E» = E} to write

=-Qmn™! / Z( D Riuv,du. (4.41)

We note that the integrand can be bounded, using Theorem 3.2(i), by

max |Riwse; | <A )™, ueR. (4.42)

Using (recall (4.36))

5 5 7,

RiutE; = RiutE; — Riuve; P1,(Ho ") RiutE;

and

o 2 L.

f > (=1 Riyy,du =0,
—o0 ]
which holds thanks to (4.34), we conclude that P, is equal to
2 00 -
@n 1Y =1y / Riusr, Pr, () Rius i, Pydu (4.43)
j=1 e
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Hence we can bound

o0

”eﬁ pAPV H Sf max (H Riu+Ej

—o0 J

c e) Heﬁ Py, (H,")

[, P |

o0
<Ce¥A? / ) 2du < Ce¥A™2, (4.44)

—00

where we have used Lemma 4.13, (4.39), and (4.42) in the second step.
By perturbation expansion for the resolvent and (4.41), we have

2 o
7, _ o
P, =Py, (H,")— 2m)""! / DD B Ry, CWRE )"

—® j=1n=1

We first observe that, due to (4.32), Xo, 7P, (HOTV)XTM ” < eV,

Next, letting A, = (7, )g¢, we can estimate, using Lemma 4.13 and (3.5), that

n+1

= " | xgre” v

e

< AN ([ 7) eV,

“XaZTR;)14+Ej(WRI{)M+E/‘)nX7—8£ ",

Hence

o
S e*C«/Z(Im Z>72 Z ﬂn Cn£3dn A*Yl

n=1

o0
XoT ) B Rp, CWRY g ) XTs,
n=1

<eVImz)2.

Integrating over the u variable, we see that || XBZTPIy XTse || < ¢~V holds. Combin-
ing this bound with (4.44), we get (3.13).
The proof of (3.12) is essentially identical to the one above, and so is left out.

5 Adiabatic theory for localized spectral patches

Throughout this section we continue to work on a torus, in the setting of Theorem 3.2.
To simplify the notation, we will shorthand H (s) := H T(s) in this section.

We note that for B, €, £ satisfying (2.11)—(2.12) and the exponents in (2.10) and
(3.10), the conditions €, B < 1 imply that e "le=V¢ < ¢~V and /A < 1. We will
use this repeatedly. We will also assume that 1 > A > 8 > 0 (in fact, (2.11)—(2.12)
imply A > B for large ¢, but this will only matter later on).

5.1 Kato’s operator
In this subsection, we will consider the general adiabatic framework, keeping the

notation consistent with that in (1.1). Let 1 > A > 8 > 0 and let H(s) be a smooth
family of self-adjoint operators on [0, 1] such that
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Assumption 5.1 (a) [|[H(s)|| < C and |[H®(s)| < BC for k € N, where H® (s)
stands for the k-th derivative of H (s) with respect to the s variable;

(b) There exist E12 € R and A > 0 such that mingeo, 1) dist (o (H(s)), {E1, E2}) >
2A;

(c) HO(s)=0fors ={0,1} and k € N.

Throughout this section, we will denote by P(s) the spectral projection of H(s)
onto the interval [E1, E3] and will use the shorthand R, (s) for (H (s) — z)~!. For an
operator A (which can be s-dependent) we define the operator X 4 (s) by

1< [
Xa@)= 5= (=1 f _ Rixyr; () A i, () dx. (5.1)
j=1 -
This operator was introduced by Kato in his work on the adiabatic theorem, and

henceforth we will refer to it as Kato’s operator.
We note that, for H (s) satisfying Assumption 5.1,

2 2\ ~1/?
mas | Ricer, )] = (+* +47) (52)
and consequently
IAI %/ 2 2\7! 1
1Xa)l < — (2+4%) dx <Al (5.3)
—0oQ

Using the Leibniz rule and (C.8), it is straightforward to see that, more generally,
k
[xP )| =conan. rezy, (5.4)
where ||-||; denotes the Sobolev-type norm
k
lale=)" | A9 5.5)
j=0
The importance of Kato’s operator is related to the fact that it solves the commutator
equation

[H(s), Xa()] =[P (s), Al, (5.6)

which plays a role in a construction of adiabatic theory for gapped Hamiltonians,
particularly in the Nenciu’s expansion presented below.

To handle the adiabatic behavior of localized spectral patches, we will also need
to understand the locality properties of Kato’s operator.

Lemma5.2 Let A(s) be a smooth family of operators on [0, 1]. Suppose that in addi-
tion to Assumption 5.1, there exists some set A and M, ¢ > 0 such that

|Rix+e; @), =M™, j=12 (5.7)
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Then,

erax () )(s)H <C (,3M2 InA| + ﬁMA”)

ePUA(s) H

+CM|InA|

ePa AW (5) H . (5.8)

Proof We will suppress the s-dependence in the proof below. Using (C.8) and (3.5),
we can bound

C
cPAX(l)H < :8/ ”Rtx-',-E ”Ce
Jj=1 B

1 o0

—i—;/_oo HRix+Ej ”c,e
C o .

L R[] DR ).
T J_x ,

Using (5.7) and Assumption 5.1.(b), we get (5.8). O

ePUA| [ Rivir, | dx

A | Ricyr, | dx

5.2 Nenciu’s expansion

An elegant approach for the analysis of the adiabatic behavior of gapped systems was
discovered by Nenciu [55]. We will use it as a starting point for our construction.

Lemma 5.3 (Nenciu’s expansion) Let H(s) be a smooth family of self-adjoint oper-

ators on [0, 1] that satisfies Assumption 5.1. Let B, (s) be a smooth family defined
recursively as follows: Bo(s) = P(s) and, forn € N,

B, (s) = (P(S)XB,,_. (5 P(s)+ h.c.) + Su(s) —2P(5)Sp(s)P(s), (5.9

where
n—1
Su(s) =Y Bj(s)By_j(s). (5.10)
j=1
We then have
®
By (s) = —i [H(s), Bat1(s)] (5.11)

foralln € Z;
(ii) B,(s)=0fors={0,1}andn eN;
(iii)) We have

sup H BW (s) H <CoxA™", kneZ.. (5.12)
N
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Proof Property 5.3(i) is due to Nenciu, [55]. Property 5.3(ii) follows directly from
the recursive definition of B,s. We establish 5.3(iii) by induction:

Induction base: For n = 0 and an arbitrary k, the bound H B(gk) (s) H < C in 5.3(iii)
can be seen from (C.7), (C.8), Assumption (a), and the Leibniz rule.

Induction step: Suppose now that the statement holds for alln < n, and allk € Z,..
Differentiating (5.9) k times with n = n,, using the Leibniz rule and then using (5.2)
and (5.4), we get that it also holds forn =n, and all k € Z. Il

For localized spectral patches, we slightly modify the statement.

Lemma 5.4 Suppose that in addition to the assumptions of Lemma 5.3, there exists
some set A and M, ¢ > 0 such that (5.7) holds. Let us also assume that

max
sel0,1]

efpfAP(s)H <C, max HH<’<> (s) H < CiB fork eN. (5.13)
s€[0,1] cl

Let
V = min (M’l nA|~!, A) ,

and assume that B < v. Then the operators By, defined in Lemma 5.3 satisfy

PuBP)| < ™, ke (5.14)

Proof We will suppress the s-dependence in the proof and use induction in n and k.
Induction base: For n = 0 and arbitrary k, by the Leibniz rule we have

(n) n )
P(n)z(PnH) - Z (kl,kz,. ,kn+1> l_[ PR 613)

ky+ko+-Akyp1=n . 1<j<n+1

where the sum extends over all m-tuples (ky, ..., k,+1) of non-negative integers sat-

isfying Z';i{ kj =n (so that for at least one value of j we have k; =0).
Using the integral representation (C.7), the formula (C.8), the Leibniz rule, (5.7),

(3.5), and Assumption (5.13), we can bound

H PO <M, keN.

c,t

We can now use (3.5) and (5.15) to deduce that

e ﬂf4 pm

n
< E | | P(kj)
- (k15k27”'7kn+]> L H
1<j<jo

kitko+-tkpt1=n

(4
cho] ] |
c,t . l_[
Jo=]

<j<n+1

-y n [T cyMY=comr, 6
kl,kz,...,kn_H . !
ky+ko+--Akyp1=n I<j<n+l1

where j, is the first value of the index j for which k; = 0.
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Induction step: Suppose now that the assertion holds for all n < n, and all k.
Differentiating (5.9) k times with n = n, using the Leibniz rule and then using
Lemma 5.2 (the assumption there is satisfied by Eq. (3.14)), we get the induction
step. g

5.3 Gapped adiabatic theorem
An immediate consequence of Lemma 5.3 is

Lemma 5.5 (Gapped adiabatic theorem to all orders) In the setting of Lemma 5.3,
let Py(s) :=Y"N_, €" B, (s). Then for all N € N,

|Ue() PO)Ue(s)* = Py ()| < Cye¥ A,

where U was defined in (2.4).
In particular, for € < A, we have

|Uc()PO)Uc(s)* = P(s)]| < Cer™
and
|Uc)POUD)* = P(D] < CyeV AN,
Proof By Lemma 5.3,
€Py(s) =—i[H(s), Px ()] + € By (s).

Using the fundamental theorem of calculus, we obtain

s d
Ue(s)* Py (s)Ue(s) — Py(0) =€~ ! / eVl o (Ue(s)* BN ($)Uc(s)) .
0
Using the unitarity of U, Assumption 5.1, and Lemma 5.3(iii), we obtain
1Uc(5)* Py ()Ue (s) — Py (0)]| < Cye¥ AN,

The assertion follows from Py (0) = P(0), | Py (s) — P(s)|| < CeA™!, and Py (1) =
P(1). =

5.4 Adiabatic theorem for a localized spectral patch

The goal of this subsection is to prove the following assertion, which is of indepen-
dent interest.

Theorem 5.6 (Local adiabatic theorem on a torus) Suppose that the family H (s)
satisfies Assumption 2.2 and H (0) satisfies Assumptions 2.3-2.4. Let G, be the event
that H™ (0) possesses a local gap structure for the energy interval J = (E — 68, E +

668) in the sense of Definition 3.1. Then P (G,) > 1 — eV, Moreover, for each
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w € Gy, the physical evolution Y (s) of each eigenvector v = ¥, with E, € J given
by (2.3), satisfies

max HP, (HTy(s)) we(s)H <c<eA teo ‘f) (5.17)

s€[0,1]
for some y. For any N € N, we can further improve (5.17) for s = 1:
H ISJy(HTV(I)) ¢€(1)H <Cy (eN (A—N + 5—2N—1) n e—‘fﬁ) . (5.18)
Proof of Theorem 5.6 The first part of Theorem 3.2 has already been established. We
now show the second part. We first note that G is a subset of $2j,. n, the portion

of the configuration space for which T and all sets in {7}} are £/10-localizing, see
Lemma 4.11 below. Thus, Theorem 3.2(ii) implies the existence of a patch 7, such

that H 2(7; es v H < ¢~V Tt then follows from Lemma C.4 below, specifically (C.12),
that £ € J,, (see also (3.11)). Let 77, = (7})4( and set

Qy () = X, Pa, (HT () x5 - (5.19)
By Lemma C.4, specifically (C.13), we know that (5.18) holds for s = 0 (with
€ =0 on the right hand side). Let p := O, (0) be the (truncated) initial spectral patch.
Then, since
p=x3Ps, (HT (0) x5 + X3
we deduce that || oy || < e“"‘/Z . Hence, by the unitarity of the quantum evolution,
lpe()e )]l <eV* (5.20)

for all s, where p. denotes the (full) Heisenberg evolution of the (truncated) initial
spectral patch p := 0, (0), i.e.,

i€pe(s) = [H(s), pe(s)],  pe(0) = p. (5.21)

Therefore the result follows from O

Lemma5.7 (i) We can estimate
max es) — 0, ()] <€ (ea™" +e7v0). (5.22)
Moreover, for any N € N, we have
max [pe(s) = 0y )] = C (eN (A’N +3*2N*1) e ‘) L (523)
(1) In addition,

max H Py (HT (5)) = Pr, (HT (5)) Qy(s)H —Vl o (5.04)
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Remark 5.8 We note that in the proof of Theorem 5.6, the initial spectral data ¥, can
be Y € Ran(PE —§, E + §) that satisfies H)Z(E)Mwn < e~V for some patch 7,,.

Proof of Lemma 5.7 We suppress the s dependence in the proof below. The property
(5.24) can be seen by decomposing

Py (HTy =P, (H") 0, + P;,(HT) Q,
and noticing that
Py, (HT") @y = Py, (HT) x5 Ps,(H ) x5
= Py, (HT) Py, (H) iz + o(e—fﬂ) - o(e—cﬁ) :

by (3.13).

Lemma 5.7(i): By our assumption, H Tr is a gapped Hamiltonian with gap A.
Following the argument in Sect. 5.2, we denote by B} the n-th order in Nenciu’s
expansion and use Lemma 5.3 with B =P 7, (H 7}), We set

N
Q=Y € xiB) x5 (5.25)
n=0
and proceed to show that
max [ pe = Q]| = Cx (¥ (A7 4672V ) pemoT) . (5.26)

The result then follows immediately from (5.26) by the definition of Q, y and
Lemma 5.3(ii)-5.3(iii) (we recall that B! = Py, (H7;')).
To get (5.26), we observe that by (5.11),

N
> — +1, . T, 14 .
€Qyn==i) ) ¢ XT[H V’Bn+1]XT
Y n=0
=—i[H, Qy N1 —ie" x+B) x5
N
+ iZZE”H [HTV,X%] B,}:+1X7-+h.c. ,
Yy n=0

where we have used H 7—(s) Xq = H(s) X We bound the second term on the second
line by Cye¥ 1A~ using (5.12). For the term on the third line, we note that

< v—n—le—c\/z

[ ). 7] B 1)
using Lemma 5.4. Putting these bounds together, we get

l€0y n +ilH, 0y N1|| < Cxe¥H AN 4 cemeVE, (5.27)
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Finally, we observe that

s (Ue(ty S)QV,N(S)UG(S9 t))
= Uc(t,5) (€0y n(s) +ilH(s), Qyn()]) Ue(s, 1).

where U (¢, s) was defined in (2.4).
Integrating over s and using (5.27), we deduce that

|Uet, Oy (U, 1) — Qy ()| <€ (cNeN“A*N + Ce*“ﬂ), (5.28)

We now note that Q,, n(0) = p, so Uc(t,0)Q, n(0)Uc (0, ) = pe(f) by uniqueness
of the solution for the IVP (5.21). Combining this with (5.28) yields (5.26). O

5.5 Adiabatic theorem for a thin spectral set near E

In preparation for the proof of Theorem 3.3, we will first investigate the adiabatic
behavior of spectral data corresponding to a thin set of non-trivial thickness that
contains energy E. It will play the role of a natural barrier suppressing transitions
between the spectral data below and above E, which will make Theorem 3.3 appli-
cable. The idea here is to combine the localized spectral patches near E analyzed in
the previous subsection into such a set. Specifically, we define

Q(s) =Y 0y(s). (5.29)
Y

where the spectral patch Q, was defined in (5.19). Our first assertion encapsulates
the basic properties of this operator.

Lemma5.9 For £ large enough, the operator Q(s) satisfies the following properties:
(1) If H(s) is k times differentiable, so is Q(s):

d’ Q(s)
dis

max <CiB, j=1,...,k
se[0.1] =GB

(i) Near commutativity with H(s):
ILH (5). Q)] < Ce™%; (5.30)
(iii) Almost projection:
|06)0()| < CeVE, (5.31)

(iv) Spectrally thin but with non-trivial thickness: Let J+ = (E — 63, E + 66), and
J_=(E—68,E+36). Then

| P, ()0)| < Ce=YE, [ Q(s)Ps_(9)] < CeVE. (5.32)

@ Springer



W. De Roeck et al.

Proof Lemma 5.9(i): Note that, for ¢ large enough, 8 <« A. The assertion follows
from the integral representation (C.7) for P T, (H Ty (s)) with E1 5 = Ei, the formula
(C.8), (5.2), and the Leibniz rule.

Lemma 5.9(ii): We compute

[H(s), 0y (s)]
=[HT ). 0,]

= H7 ) x| Po, (HT 6D+ 2o, (T ) [ HT 90 07

and estimate both terms by Ce=Vt using Assumption 2.2 and Theorem 3.2(ii).
Lemma 5.9(iii): We note that, for disjoint sets €2,

13- %2, Ay xe, || = maxlxg, Ay xe, I (5.33)
Y

Since 7, are disjoint, we have
10 Q@) | = | x5Ps, (HT () %3P, (HT () x| -
14

The right hand side is bounded by CeVt using Theorem 3.2(ii).
Lemma 5.9(iv): We apply Lemma C.3 with H; = H(s), H» = HT(s), and R =
X4 to bound

” Py, (S)X’i‘PJ(HT(s))H < CeoVT

where we have used (3.13) and the fact that H (s) has range r. Since
0(s) < x3-Ps(HT () x5
by (3.11), we deduce that
[P 9000 = | Pro@ixzPaHT (5| = cem.

On the other hand, letting J' = (E — 38, E 4+ 38) and using Lemma C.3 with
H =H" (s) and H, = H (s), we get

|27 nxpbr 9] < ce
Since
0(s) < xp\ + 13- Pr(HT () x5
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by (3.11), we deduce that
10621 )] = |y 7P )] + 1 Pr, )25 Pr )] = e,
using (3.12) to bound the first term on the right hand side. O

One disadvantage of working with Q is the fact that it is not a projection. We
rectify this problem in the next assertion.

Lemma 5.10 Let N € N. Suppose that € is sufficiently large. Then there exists a
smooth family of projections Qs with the following properties:

0)
eI
max Q.. HWI = C (e+e7") (5.34)
and

max 1Qs, H&II < CyeVTIAN 4 cemeVe, (5.35)
sel,

(i) Let J, = (E — 68, E +68) and J_ = (E — 8, E +5). Then

max (|2 0] |02 )]) =€ (ea™ +e7) (5.36)

and

OsPy (s5)]) < CeV* (5.37)

’

max, (1 Ps, (s) Qs

(i) 0 =0 =0forallk e Z; and

Ol zcip, ken;
sg%gﬁ] H 0, <GB, ;

(iv)
|e Qs +ilH(s), Q51| < CyeN T AN 4 CeVE, (5.38)

(v) If we denote by Qc(s) the solution of the IVP i€ Q.(s) = [H(s), Qc(s)],
Qc(0) = Qo, then we have

max [|Qc(s) = Oy < CyeN AN 4 ceVE. (5.39)
s€[o,

Proof We set

On(s) =) 0y N (s), (5.40)
Y
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where O, y was defined in (5.25), and first show that the assertions of the lemma
hold if we replace Qs with Q n(s) there. Note that the latter operator is not a projec-
tion.

It follows from Lemma 5.3 and the hypothesis € < A that

1QN(s) — Qo) =1Qn(s) — Q)] < CneA™ . (5.41)

Hence, combining this bound with Lemma 5.9, we conclude that Q y (s) satisfies the
properties 5.10(ii)-5.10(iii).

We next observe that the property 5.10(iv) holds for Qy(s) by (5.27), Assump-
tion 2.2, and (5.33).

The property 5.10(v) is established by replicating the argument employed in the
proof of Lemma 5.7(i).

Finally, the property 5.10(i) holds for Qx(s) by the properties 5.10(iii)-5.10(iv)
we already established.

We now note that Q 5 (0) = Q(0). Hence, defining Q, (¢) := Uc(¢,0) Q(0)Uc (0, 1),
we get | Q)0 | = | 2(0)0(0)|| < Ce=VE by (5.31). Thus, by the triangle in-
equality, we get

loNOON D] < | Q1) ON (@) — Qc) Qe ()] + CeVE
<(|ONO| + 12O 1QN (1) = Qe @) + Ce™VE

<CyeVATN 4 Ce_C‘/Z,

where in the last step we have used the properties 5.10(iii) and 5.10(v) for Qy.
It follows that

maxdist (o (O (), {0, 1) = CyeV A~V + CeVe.

If €/ A is small enough and £ large enough, the right hand side is smaller than 1/4. We
set Q; to be the spectral projection for Oy (s) onto the interval [%, %]. Then by func-
tional calculus for self-adjoint operators and the triangle inequality, Lemma 5.10(i),
5.10(ii), and 5.10(v) hold for this operator. To establish Lemma 5.10(iii), we use the
following integral representation for Qy:

Qs=(2m')“f(QN(s)—z)‘ldz, F={zeC:|z—1]=1/2}. (5.42)
r

Since

3 (ONG) —2) ' == (0N () =271 80N () (ON(s) —2) L,

and H (On(s) — z)_l H is uniformly bounded for z € T, the property 5.10(iii) follows
by the Leibniz rule and the bounds on Q%‘) (s).
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Lemma 5.10(v):

05 =—Qni)™! fr (ONG) =2 ONG) (ON(Gs) —2) 7t dz
=—i 2ni)”! fr (ON() —2) " [H (), On ()] (On(s) —2) ' dz

— Qri)™! fr (ON(s) —2) 1 (ON(s) —i[H(s), On(5)]) (Qn(s) —2) ' dz,

and the statement follows from the properties 5.10(iv) and 5.10(i) already proved for
OnN(s).

For s € {0,1}, we have QOn(s) = Q(s), so (5.35) and (5.37) follow from
Lemma 5.9. O

5.6 Adiabatic behavior of the distorted Fermi projection

The idea behind the proof of Theorem 3.3 is that, since the projection Qg evolves
adiabatically, it effectively induces a gap on its spectral support and decouples the
energies separated by this induced gap.

Let H(s) = OQ,H (s)Q s- By Lemma 5.10, Q s 1s close to a spectral projection of
H (s) and so the spectrum of H (s) is approximately a subset of the original spectrum
and the point 0. To avoid discussing the position of 0 with respect to E, we assume
without loss of generality that E < 0. We will need a pair of preparatory results.

Lemma 5.11 Let I = (E — /2, E + §/2). Suppose that £ is large enough. Then we
have o (H(s)) NI =0 for s € [0, 1]. In addition, we have

max Hﬁ(s)<’<>H5ck for k=1,...,N. (5.43)

Proof For ¢ large enough, 0 ¢ . Hence, it is enough to show the claim when H(s)
is understood as an operator on the range of Qg. Let w € I; we will show that

(H (s) — w)2 > 0, from which the assertion follows. To this end, we suppress the
s-dependence and note that

(H—w)’=0H—-w)QH—-w)0=0(H-w)’0—-QHQH)
> QP;_(H—w)*Q+ Q[H, QI[H, 010,

while we can bound

0p (H-w?0=2080-26-%6p, 0
W g e-¥=y g <t
82 _ 82
ZzQ Z(CNG"'CCXP( C\/—)>
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using Lemma 5.10(ii), and
_ _ _ _ 2 _
OIH, QIIH, 010 < |[[H, 01| 0 = (Cne + Cexp(—cV)) 0

using Lemma 5.10(i). Hence

(H - w)2 > <82/4 -2 (CNG + Cexp (—c«/Z))2> 0>0

on Ran (Q).
The bound (5.43) follows from Lemma 5.10(iii), Assumption 2.2, and the Leibniz
rule. U

Lemma 5.12 Letr T(s,s') be the unitary semigroup generated by i[Qy, Oy, i.e.,
T (s, s") is the solution of the IVP

i9,T(s,s)=i[Qy, Q51T (s,s"), T(s',s)=1. (5.44)
Then T (s, s') satisfies
T(s,s")Qy = QsT(s,s). (5.45)
Suppose in addition that € / A is small enough and £ is sufficiently large. Then
max HT<’<>(S,0)H <G for k=1,....N. (5.46)

Proof The interweaving relation (5.45) follows from observing that

d . .
(16 9)0:T(5,57) =T ) [ Q5. 105, Q] T(s.5) 4T ("0 ) 0sT (5.8 =0,

and T(S/, s/) QS/ T(s/s S/) = QS/'
The bound (5.46) follows from Lemma 5.10(iii), the unitarity of 7', and the Leibniz
rule. 0
We now consider the evolution Uy (s, s’) generated by the equation

i€d;Uc(s,s") = H(s)Ue(s,s"), Ue(s',s)=1.

Let QF (Q;) be the spectral projection of H; associated with the interval (E, 00)
((—o0, E) respectively).

Lemma 5.13 Suppose that £ is large enough. Then we have
max | 0} Ue(s, 0005 | = € (ea™ +e7V7) (5.47)
N
and

|07 U(1,0005 || < Cw (GNA_N + eNa—W—l) +Ce Ve, (5.48)
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Proof We first note that Lemma 5.10 implies that

| QsUc(s, 510y | < CneV AN 4 CemeVE, (5.49)

Indeed, using the semigroup property for Uk,

OsUc(s, S/)Qs/ = 05(0s — Qe () U (s, S/) — QsUc(s, s/)(Qs’ - Qg(s/)),

and both terms on the right hand side can now be bounded using Lemma 5.10(v).
Let Ve(s) = QsUc(s, 0)Qp. Then a straightforward computation yields

i€0sVe(s) = —ie QsUc(s,0) Q0 + Os H(5)Uc(s,0) Qo
=ie[Qs, Qs]Ve(s) + H(s)Ve(s) + Re(s),
where
Re(s) = —i€ Qs QsUc(s,0) Qo + Os H(5) Qs Uc (s, 0) Qo.
‘We note that
IR < (€ || Qs || + ILH (), Os11I) || Qs Ue (s, 0) Qo
< CyeeV AN 4 ceVt (5.50)

by Lemma 5.10 and (5.49).
Let Wc(s) =T (0, s)Vc(s), where T was defined in (5.44). Then,

i€dsWe(s) =T (0,s)H()T (s,0)W.(s) + T(0, s)Re (s).
By Lemma 5.11, the operator H (s) has a gap § in its spectrum that separates the as-

sociated spectral projections Q;t. This implies that 7' (0, $)H (s)T (s, 0) has the same
gap with the associated projections given by QF := T(0, s) QT (s, 0). We can bound

H(T(O, ST (s5,0)" H <Cf for k=1,...,N,

using (5;43), (5.46), and the Leibniz rule. B
Let W, (s) denote the evolution generated by T (0, s) H;T (s, 0):

i€dsWe(s) =T (0, )H(s)T(s,0)We(s), We(0)=1. (5.51)
Then, it follows from our previous analysis and the Leibniz rule that 7 (0, s)I:I (s) x
T (s,0) satisfies Assumption 5.1 and the gapped adiabatic theorem to all orders,
Lemma 5.5, is applicable. Hence
max [ Qf Wew) @y | sces™, [fwehgr| scnes™. (5.52)
N

We now observe that

We(s) = We(s) +ie” We(s) / CWEHT 0, s)Re(s") We (s)ds',
0
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SO

[We) = Wes)

< e "max||Re(s))] < Cye¥ AN 4 CemVE, (5.53)
s'<s

using (5.50). We conclude that
[0 Ve 0y | =07 T, 0We)Qg || = | We(9) Q|
5 {CNENA_N e (ea—l + e—fﬁ) uniformly in s;
T len (AN £ eNsN) p eV ifs=1.
As Ve(s) = O;Uc(s,0)Qo, and Q9 Qy = Qy . it follows that
|07 Ues, 005 || <[ Q7 Ve®) Qg | + [ 21U(5, 0000

CneVA—N 4+ C (68’1 + e""/’z) uniformly in s;
Cn (VAN +eNsN) eVt ifs=1,

<

where in the last step we have used (5.49). Il

Let P~ (s) be the spectral projection of H(s) on the interval (—oo, E — 6§) and
P (s) be the spectral projection on the interval (E + 68, 00).
We are now ready to complete the proof.

Proof of Theorem 3.3. We pick Q(s) = Oy .
Theorem 3.3(i): Using the integral representation (C.7),

07 = @ri)”! yﬁr (H(s) —2) " dz,
we get
[Q(s). H(s)] = i)~ ﬁ (Hs)—2)" [H). B (Hs) —2)~ dz.
and we can bound
I[Q(s). H®)Il < C8~ " |[H(s). H®)]| -
But

[H(s), H(s)] = [H(s), Qs H(s)Qs]1=[H(s), Qs;1H(s) Q5 + h.c.,
which yields

|LH (s), H($)]| < Cne+ Ce™V?
by Lemma 5.10. Hence
IQ), H&)I < Cyes™ + CemVr,
and 3.3(i) follows.
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Theorem 3.3(ii): Using (5.36) and Q Qs = QO , we deduce that
|(H(s) — H(5)) Pep—es(H&) | + | (H(s) — H($)) Qs)| < Cyea™ + Ce™V".

Hence, we can use Lemma C.3 with H, = H(s), H, = H(s), and R =
P_g_6s(H(s)) to first get

”Q(S)P<E768(H(S))H <CneA™'+ Ce_“/z,
and then use the same lemma with Hy = H (s), Hy = H(s), and R = Q(s) to get
1Po g 65 (H () Q)| < CyeA™ + Ce™VE.

Theorem 3.3(iii): This part follows directly from Lemma 5.13 and the &+ symmetry
in the argument there, as

1Qe(s) — Q) = || Ue (5,00 Q4 Ue (0, 5) — O |
<|ofu.a,007 | + Q7 V(1,00 | - O
6 Uniformly localized eigenfunctions for H (s) and the proof of
Theorem 2.8

Disclaimer: In the process of completing this paper, we learned about a recent paper
[47], which has a significant thematic overlap with the results presented here.

6.1 Non-uniform bound on localization

Let H, be an infinite volume operator satisfying Assumptions 2.2-2.5. We will need
a stronger concept of a localizing Hamiltonian than the one introduced earlier in
Definition 4.3.

Definition 6.1 For w € 2 and a pair (c, 0) of positive valued parameters, we will say
that H,, is non-uniformly (c, 0)-localizing if there exists an eigenbasis {y;} for H,,
such that

1 e
Wi I < 50y le™ P4 for some x; € 2. 6.1)

Here, the quantifier “non-uniformly” refers to the presence of the factor (x;)¥*1.

Theorem 6.2 (Non-uniform eigenfunction localization) Let H,, be an infinite volume
operator satisfying Assumptions 2.2-2.5 withm = 1. Then

P{w e Q: H, is non-uniformly (c, 0)-localizing}) > 1 — C8 (6.2)
for some C > 0.

Proof The assertion above follows from [3, Theorem 7.4] by Markov’s inequality.
O
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6.2 From non-uniform to uniform estimates

Our first goal in this section is to remove the “non-uniform” part from the above
statement, at the price of a small fraction of eigenstates for which the statement will
fail to hold.

We first note that the integrated density of states (IDOS) Ny, of H,, associated
with the interval Jj,., given by

tr P H
lim (xAz© dJ/,,C( ) ’ ©63)
R—o0 R

NJ loc =

is well-defined and almost surely non-random, see e.g., [3, Theorem 3.15 and Corol-
lary 3.16]. Moreover, if \j,, > 0, the convergence to the mean in (6.3) is exponen-
tially fast, so in particular

t P H,
]P < r(XAR(O) Jlac( )) < NJ[W‘) S e_mR (64)

R4 2

for some m > 0. This is a typical large deviations result, see e.g., [20].
We now adjust the concept of localized eigenvectors to make it uniform. We will
assume here that N, > 0.

Definition 6.3 For w € 2 and a pair (c, 6) of positive parameters, we will say that
a normalized y € Ez(Zd) of H, is (c, 0)-localized if there exists x € 74 (called a
localization center) such that

d+1
IIng| =
—€

J =l yezd. (6.5)

1Y () = 6]~ and |y (y)] <

We will say that the orthogonal projection P € L(C2(ZY)) is (c, 0)-Wannier de-

composable if there exists an orthonormal basis {y;} for Ran(P) such that each y;
is (c, 0)-localized.

Armed with this definition, we proceed in getting the uniform estimates, first for
finite (albeit arbitrary large) systems, and then for infinite volume ones.

Let HE denote the periodic restriction of H,, to the torus Ty of a linear size L.
The following assertion follows from the judicious use of Markov’s inequality and
the deterministic Lemma B.2 below.

Theorem 6.4 Suppose that Assumptions 2.2-2.5 hold and that in addition Nj,,, > 0.

For a given configuration w € 2, let Pg denote the normalized counting measure of
eigenvalues of Hzr in the interval Ji,. (counting multiplicities). Let G be the set

G:= HEn IS a(HZT) N Jioe: Pig,y is (%, 92) -Wannier decomposable} .
Then there exist c, C > 0 such that for sufficiently small 0 and any L we have a bound

P(PE (g)zl—@) >1—Cve. (6.6)
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Proof For a pair (E,, P{g,}), let
wy =w(w, Plg,)) = Y|P, (x, y)| e 6.7)
x,y
We then have, by the bound (4.6) on the eigenvector correlator and . Jioe > 0,
E,Eplw,] <C.
Letting a, b > 0, we have by Markov’s inequality that
Py, (Ep[w,] <079) = 1—C0°

We now pick an w such that Eg[w,] < 67¢%. Another application of Markov’s in-
equality then gives

Pr(w, <07 >1—gb"2 (6.8)
The assertion now follows from (6.8) with a = %, b =1, and Lemma B.2. O

We are now ready to complete

Proof of Theorem 2.8 Here we will use 0 = e—<V?.

Let £ = Ce~! and consider
3 d
B = (EEZ) , (6.9)
cf. (4.14), and an L-cover of 74 of the form

z'= | Ac@.

acBp

We note that for any x € 74 we can find a € E £ such that dist (Acﬁ(a), x) > L/4.
We also cover J;, . with the overlapping intervals {J;} so that

(i) The length of each interval J; is equal to c£~%;
(ii) For each E € J/,_ that satisfies dist (E (JI’OC)C) > ¢~% we can find J; such that
dist (E, (J;))) = c£™5/3;
(i) U;Ji C Jipe-

One can always construct such a covering using C¢¢ intervals J; for £ sufficiently
large.

We will say that a property A is satisfied for at least a fraction 1 — /6 of boxes
Az (a) (which we will be calling good boxes) if

#Ar(a) C Ag: Ais satisfied for A 2 (a) o 1-vo

lim 0. (6.10)

R—00 #Ar(a) C AR

For a given box A £ (a) in the cover we construct the corresponding torus T, and
pick any J; from the cover of J; . It follows that the conclusions of Theorem 5.6 are

@ Springer



W. De Roeck et al.

satisfied with probability > 1 — e Ve, Moreover, as the number of J;s in the cover
is Ct5, we deduce that with the same probability the conclusions of Theorem 5.6
hold for all J;s in the cover. We next note that, given N tori {T ,}, we can choose
at least 6~¢ N of them to be separated by a distance greater than r, see the proof of
Lemma 4.10. Hence, using Assumption 2.3 and ergodicity, we obtain that the fraction
1 —e=VE of tori {T )
J; in the cover of Jj .

Let Q1 C Q be a collection of @ such that Pg (G) > 1 — /0 for all R > R, (in
particular, P (Q?) < ¢~V holds by (6.6)).

We now pick any w € 1 and conclude from Theorem 6.4 that the fraction 1 —

acg - satisfy the conclusions of Theorem 5.6 for each interval

e""/z of eigenstates v, for H T with eigenvalues E,, € Jj,. are (c /m, 92)—localized.
Let ¢ be such eigenfunction, with energy E and a localization center at x. Then there
exists a box a € E and an interval J; such that

dist (A%(a), x) = L/4, lgavll<e 5, Eel.

If this box happens to be a good box, then the first assertion of Theorem 2.8 holds for
all s by Theorem 3.2 while the second assertion holds for ¥ at s =0 by Lemma C.4
below and by the assertions of Theorem 3.2. It then follows from Theorem 5.6 (see
Remark 5.8 there) that the second assertion holds for all s € [0, 1]. Since the fraction

of good boxes is 1 — eVt , we get the result. O

7 Derivation of linear response theory

In this section, we prove Theorem 1.1 assuming the setting described in Sect. 2.
The proof rests on several technical results proven at the end of the section. Since
the methods used here are sufficiently standard, our arguments will be somewhat
abbreviated for the most part.

Proof of Theorem 1.1 In the rescaled variable s = et and for the zero temperature case
(p = P := P, the Fermi projection at s = —1), (1.5) assumes form

1
om=p"" f tr ((Pe(s) — P) J)ds,
0

see Sect. 1.3.

It is a standard fact in the theory of quantum Hall effect, often referred to as
“cross geometry”, that the operator (Pc(s) — P)J is supported (in an appropriate
sense) around the origin. We make this precise in Lemma 7.1 and use it to show that
(P<(s) — P) J is trace class and that we can replace the plane by a torus of linear size
L up to exponentially small errors. Explicitly, let £ = Ce~! and let T be a torus of
linear size £. Then we show that

E (sup uw(Pe(s) = Py T —u(PT(s) - PT) JD <Ce£, .1)
B
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where PT = Pe.(H Ty is a Fermi projection on the torus, J= xBJ , and the supre-
mum is taken over B C T satisfying Ap/s C BC Ag3.

In the torus geometry we can apply the local adiabatic theorem. For this we fix
e=e" " and £ = (B/a)~2P with 2p < 1/p; so that € = e=#~". Then for a small
enough (but S-independent) the assumptions of Theorem 3.3 hold, i.e. there exists an
event £ for which Theorem 3.2 (and consequently Theorem 3.3) is applicable, and
PE) > 1 — e Ve,

We next decompose PT into two components PT = Q(—1) + R where Q(s) is
the smooth adiabatic projection constructed in Theorem 3.3 (adjusted to the interval
(=1,1) and R := PT — Q(—1). By Theorem 3.3 we then have that for s > 0 and
N eN,

1

1
IPE(5) — Q(0) = Re(s)]| < Cye” (F + W) + 0@,

with Re = Uc(s)RU/ (s), where we have used Q(s) = Q(0) for s > 0. Hence, for a
small,

1
O = %tr((@(on —Q(-=)J)) + é / t(Re(s) — R))ds + O V9.  (12)
0

For each w € £, we will construct a suitable set B = BB, that will be used in the
analysis below. In Proposition 7.4 we will establish that for such 5 we have

1 ~ .
50((QO — 1) T) =0 + 0, (7.3)

where oy was defined in (1.4). The principle idea here is that Q differs from the
Fermi projection by localized states that do not contribute to the Hall conductance.
Finally, in Proposition 7.5 we will show that for the same B, the remainder can be

estimated as
1 ! -
’E/o r ((Rg(s) _ R)J) ds

Combining the bounds (7.1)—(7.4), we obtain

< cﬁ% eVl < oVt (74)

E oy — ol < CeV 4 CeV 4+ P(E9)CL < Ce™ ™V,
where in the last step we used the rough deterministic estimate
‘tr((PeT(s) — PT) J)) <CL. (1.5)

This completes the proof of Theorem 1.1.

The statement of Remark 1.2(iv) can be now verified as follows: We first use
Remark 7.3 below to reduce the finite temperature problem to the torus, just as for the
T = 0 case. We then use the spectral theorem for self-adjoint operators to decompose

or(H) = _/ Pgpy(E)dE = _f, Pgpy(E)dE + O (e W/ T), (7.6)
—00 loc
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where Jj,. is the mobility gap that contains p. Using Theorem 1.1 and the fact that
oy = oy (E) is almost surely w-independent constant within Jj,., we deduce that

E <C (e_a*/z + e_le_d“/T> .

Om +0H f pr(EYdE
Jioc
But

/ P (EYAE = —1+ O(e™/T),

Jioc

and the result follows. O
We now present the technical statements used in the proof.

Lemma 7.1 The operator (Pc(s) — P) J is trace class almost surely, and (7.1) holds.

Remark 7.2 'We note that J is supported on a strip |x| <r.

Remark 7.3 If one replaces P by the Fermi-Dirac distribution pr (H) with p7(E) =

W, where T is the absolute temperature and p is the chemical potential, then

(7.1) holds deterministically with c = 1/T fore K T.

Proof We first note that (4.9) holds with ® = Z? as well (the argument is only a slight

modification of the one used in the proof of (4.9) but is also an explicit content of [3,
Theorem 13.6]). Hence we have

Y )TN YEIP(x, ) < C (1.7)
x,yeZ?
for some ¢ > 0. Let
A@) = Y ()N P@, )l (7:8)
x,yeZ?

then it follows that A(w) € L1 (IP). We will only consider configurations w for which
A(w) < 00 (the set of full measure in 2) from now on.
Using the fundamental theorem of calculus, we write

P.(s) — P =—Uc(s) (/S 3 (UX () PU1)) dt) UZX(s)
1

= Lu) ( / L UrOLH), P]Uemdr) UXGs)
—1
Py ( / : gOU* (DA, P]Uemdr) U (s).

€ —
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We next note that || A2e**2 x,, o] <1 and | A2e**2 xy,>0| < 1. Thus, using (7.8)
together with [A,, P] = —[A,, P], we get

[1A2, Plxin ]| < 24(0) (x)%e e, (7.9)
Combining (7.9) with Proposition C.5, we deduce that
[[A2, PIU(O) xa) || < CA) (x)Pe™P! for |xa| > £/3. (7.10)
Since || X{x}e"m'J || < C for all x € Z?, we arrive to the bound
[(Pe(s) = P) x(yJ || < CA() (x)Pe™ M < A(w)e ™ for |x| > £/3.  (7.11)
This bound immediately implies the first assertion of the lemma. We also observe that
by the identical argument, one can also replace P and Pc(s)) in the equation above

with PT and PST (s), respectively.
To get the second claim of the lemma, we first bound

E (s;p [((Pe(s) = P 1) = u((Pets) = P) ] D

<E (SUP |tr((Pe(s) — P) XBJ)I) <Ce £ (7.12)
B

using (7.11) and A(w) € L1(P).
The comparison between the plane and torus spectral projection will be established
using the bound

E H (P=PT) xac0 H < ek, (7.13)

see [30, Lemma 4.11]. Using it together with Proposition C.5 (repeatedly) in the same
vein as in the proof of the first part of the assertion, we obtain

E H (Ue(s, 0)PrU(0, s) — UT (5,00 PT UT (0, s)) XAg/3 H <t (7.14)

> < e—c[,
and the result follows.
The statement of Remark 7.3 can be verified in the similar fashion, using Proposi-
tion C.5 and quasi-locality of analytic functions for local Hamiltonians,

It implies that

E <s1;3p ‘tr((PE(s) —P) i) . tr((PjT(s) - PT) f)

lpr (v, x)| < Cre P IT, (7.15)

see e.g., [58, Corollary 5.2] for the latter property. U
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We construct the suitable set B for the next two assertions, given w € €. Let A =
U, 7,, where the union is taken over all y such that 7, N Az, # 9, and let B =
A4 U A. We note that by construction Az/4 C B C Ag/saqr and

min dist (aB, 7;) > ¢/4 (7.16)
14

(see the paragraph preceding (5.19) for notation). These two facts will be used often
in the proofs below.
We will also need a set &’ defined by

X:{i;: |7;m{|xj|gr};éw,j:1,2}. (7.17)
We note that | X'| < CL?.
Proposition 7.4 For any w € &, the relation (7.3) holds.

Proof We note that by locality of H, J =ixg[H™(r), A1]. By the fundamental the-
orem of calculus,

0

%tr((Q(O) —o(-1)7)= % / (3 Q)ixstHT (), A1) dr

We claim that

1f0 tr (a o xsHT (). A ]) dr
/3 1 r XB s 41\ ]

0
= / 1 £ (QMIQM), A1l [Q(), Aallxp) dr + OV, (7.18)

Indeed, let A1 (r) = Q(r)A1Q(r) + Q(r) A1 Q(r). We have

0
| w(s-00sti @ an)ar
1

0
= [ w(s.000etH (). 1)) + O ar
1

0
= [ w(=1#7.8,00) 1A ) dr + O)
-1

0
= [ w17 Q0 0) dr + 0
1

0
= [ (1820902 Q05 ) dr + O,

where in the first step we have used Q(r)9d, Q(r)Q(r) = 9(r)d,9(r)Q(r) =0 and
in the third step we employed [HT, Q(r)] = O(e_c‘/z) and integration by parts. We
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Derivation of Kubo's formula for disordered systems at zero temperature

have also repeatedly used the fact that commuting xp with other operators under

the trace contributes O(e""/z) by virtue of (7.16) and the lecation of support of the
involved operators. The relation (7.18) now follows, since A| =[Q(r), [Q(r), A1]].
The implication is that

sr(20) - 0-1)7)

0
=i /lg(r)tr(Q(r)[[Q(r),Al],[Q(r),A2]]XB)+(9(e_“/Z). (7.19)

‘We now define

Indz (Q) =t (QI[Q, A1, [Q, A211xB)- (7.20)

For Z? geometry without the cutoff function xg, the index (when it is well-defined)
is known to be integer valued and additive. I.e., for orthogonal projections Q, R with
a compact R, Indoo (Q + R) = Indoo (Q) + Indoo (R), provided Q + R is a projection,
[9, Proposition 2.5]. The argument in [9] assumes that the underlying projections
are covariant and that their kernels satisfy good decay properties. The latter hold in
a random setting and one can relax the covariance requirement for such models as
well, see [27]. Moreover, lim_, ., Ind/ (P) exists and we have

lim Ind; (P)=o0, (7.21)
L—o0
[9, Sect. 6]. In fact, using (4.9) one can readily show that
lo —Indz (P)] < e~ and ‘Indg (P) —Ind, (PT)‘ <o L, (7.22)

We next observe that, although PT and Q(—1) do not commute, we have ||[PT,
O(—DI| < e"‘ﬁ. Hence there exists a pair of self-adjoint operators f’T, Q(—l)
such that [PT, Q(=1)=0and | PT = PT | <e=7, |Q(-1) = &= = eV,
[41]. Moreover, applying the compression procedure used to get a projection Qg

from a near-projection Qy(s) in the proof of Lemma 5.10, without loss of gener-
ality we can assume that PT, Q(—l) are projections. Let R=PT — Q( 1). Since

1Q(—DR| < e_“/_, we conclude that Q(—I)R = 0. In particular, the additivity of
index is applicable for Q(—1) and R, and yields

‘Indg (Q(—l)) +Ind, (1%) —Ind, (ﬁT)’ <oVt (7.23)
By construction, we deduce that
Ind (Vi) —Indg (Z) <e~VE, i=1,2,3, (7.24)

where Y1 =R, Z| = R, Yo = O(=1), Zo = O(-1), Y3 = PT and Z3 = PT. In
addition, since Q(r) is continuous, we conclude that

Ind, (Q(r)) —Ind, (Q(—l)) + 0@V, (7.25)
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Putting together (7.22)—(7.25), we see that the statement follows if we can show that
Indz(R) = O(e=VY). (7.26)
To establish this bound we observe that
Indz(R) = Indg (RY) + O(e=VY),

where X was defined in (7.17), just as in the argument used in the second step above.
But

Ind(RY) = itr(RVIRY, AL, [RY, Ao11),

and the right hand side is O(e~*¥?) using R (1-RY) = O(e=V?) and the cyclic-
ity of the trace. 0

Proposition 7.5 For any w € &, the relation (7.4) holds.

Proof of Proposition 7.5 Tt will be convenient to introduce a new scale ¢ in addition
to ¢, defined by the modified value for 8§, namely § = 78. We consider the operator
Qy constructed in Lemma 5.10. The important properties of Qy are that it covers
the spectral support of R and that it allows us to control the spatial support of R. Let
I = (E —66, E+66). Using Theorem 3.3(ii), we have (recall that R = PT—0(-1))

|R—PFRPT| < et

By the definition of Q; and the exponential decay of R, we then obtain
- Z Q)ilRQZI =< eic«/z
Y
and, using Lemma 5.7(i), we see that for s > 0,

Re() = Y QY R()QY | =0 (e +e™VT). (7.27)
14

Since Q! is supported in 77, (see the paragraph preceding (5.19) for notation), it
follows that, up to a small error, Re(s) is the sum of terms supported in the region
7} Let U6 denote the evolution generated by H7(s), the restriction of H T(s) to the
union of all 7,,. Then we have

57 (172‘ ) Re()Ue <s>) = élﬁ(s)[Hr(s) — H($), Re)10e(s) = O™ + 7V,

thanks to (7.27) and Lemma 5.4. Thus we can approximate

”RE(S) - Z Qr I%e(s)Q);” = O(GOO + e*C\/Z)’
Y

where Re(s) = U*(s)RU,(s).
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Considering now any 7} ¢ X (recall (7.17)), either dist (7}, [xeZ?: x = O}) >
r, in which case

QlJ =0,
or dist (ﬁ,, [xeZ?: x,= O}) > r, in which case

0! Re(s)0! = Q7 [RQY | + O VY),

as the perturbation is constant in that region. Hence, using (7.27) and Lemma 5.4
again (recall that A® stands for the restriction of the operator A to the set ©),

r((Res) = R) ) = tr(((& (s)) - RX> ) £ O (e 4emT)
= tr(((ﬁe(s))x - RX> J) o (e°° +e‘cﬁ) .

Next we observe, using the cyclicity of the trace for a trace class operator and (7.27),
Lemma 3.3(i), and Lemma 5.4 one more time, that

tr(((ﬁe(s))x _ RX) J> - —itr(([HT(s), iée(s)])X A1> + (9( —ff)

However,

(7.28)

—itr(([HT(s), Re(s)])x A1> = eastr<(1§€ (s))X A1>.

Hence by the fundamental theorem of calculus,
1! s oNY
E/o tr(((RJs)) —R )J)ds
_ € D X b X NG
= Etr(((&(l)) _ (RE(O)> >A1> +0( )

so we finally get
1! s Ny
'E/o tr(((Re(s)) R )J)ds

Appendix A: Hybridizationin 1D

< CLZ% et (7.29)

In this appendix, we show eigenvector hybridization for a family of 1D Ander-
son Hamiltonians. Apart from an occasional reference to a definition or a technical
lemma, this appendix is self-contained. In some places, the notation used here con-
flicts with the notation used in the main text.
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We consider the Hilbert space ¢ (Z) and denote its scalar product by (-, -). Delta
functions {3, }xez, equal to 1 at x and 0 elsewhere, form a basis for the Hilbert space.
The discrete Laplacian A is the operator given by

-2 x=y,
0y, Ady) =11 xX~y,

0 otherwise,

where x ~ y denotes that |x — y| = 1. We recall that o (—A) = [0, 4]. We will use
a decomposition A =) x~y Lxy —2, where Iy is a rank one operator defined by
Cyyf = fx)8y for f € £2(Z). Foraset Z CZ,welet xz =) I’y be the or-
thogonal projection onto Z.

Our results concern the analytic family of Hamiltonians H (8) with 8 € (—1, 1) of
the form

xeZ

HB)=-A+V,+BW (A.D)

acting on 02 (Z). Here, V,, is a random potential, with V,,(x) = w, the i.i.d. random
coupling variables distributed according to the Borel probability measure P := Q7 Py.
We will assume that the single-site distribution Py is absolutely continuous with re-
spect to Lebesgue measure on R. We assume that the corresponding Lebesgue den-
sity u is bounded with supp(u) C [0, 1], and that the single-site probability density is
bounded away from zero on its support. We denote the configuration space by 2. The
perturbation W is a compactly supported non-negative potential. For concreteness,
we anchor W at the origin by assuming that W(0) = 1 and |W|| = 1, in particular
|H(B)|| <6 in our setup. We remark that o (H(0)) is a P-a.s. deterministic set (see
e.g., [3, Theorem 3.10]), which we denote by X, and that X D [0, 5].

For aregion Z C Z, we write H Z = 7 H xz, understood as an operator acting on
02(Z). We will use the natural embedding 02(2) c 2 (Z)) without further comment.
With some slight abuse of notation, (a, b) denotes (a, b) N Z whenever it signifies a
subset of the lattice.

We consider a length scale £, a symmetric region A 7,y := (=L, L), and an
asymmetric region A := (—£,2+/£/1In L) that we divide into a right region Ag =
(—2v/L/InL,2+/L£/1In L), and a left region Ay = A\ Ar (the reasons for this asym-
metry will be clear later on). We denote by r the leftmost point of A and by / the
rightmost point of Ay, so by construction / ~ r. We consider the Hamiltonians asso-
ciated with these regions, H ) := HAmil H .= HA Hp := HAM  and Hp := HAR,
as well as the decoupled Hamiltonian Hj.. obtained by erasing the coupling between
the left and right regions, i.e. Hjoc = Hp + Hr = H —I'j, — I');. All of these Hamil-
tonians a priori depend on 8. Here and later, we only stress the dependence on § in
some equations, and suppress the dependence in others. We will assume henceforth
that £ is large enough so that supp(W) C Ag. In particular, H; does not depend on
B.

We consider an eigenvector ¢y of Hy with eigenvalue E; = E and a continuous
family of eigenvectors g (B) of Hr(B) with eigenvalues E g (8). We will assume that
these two energy levels cross, i.e. E — Er(B) changes sign as § varies. In Sect. A.2,
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Derivation of Kubo's formula for disordered systems at zero temperature

we will show that such levels exist with large probability thanks to two-sided Wegner
estimates.

For a typical realization of the disorder, the eigenvectors ¢, g := ¢r(0) are well
localized with localization centers x7, xg, respectively (we will make this statement
quantitative later on). We pick the eigenvectors in such a way that xg is close to
the origin and x7 is located at least a distance of VL away from Apg. Let Py, be
the orthogonal projection onto Span(¢r, ¢r). Let us consider the rank two operator
H := Pyoc H Pjec acting on Ran(Pge..). We note that the matrix representation for H
with respect to the {¢, g} basis is given by a 2 x 2 matrix

_( E gap
Mp = (gap Eg +ﬁ(W><pR) (A2)

with gap := (pr, H(0)pr) = oL (D@r(r), (W)ey := (¢r, Wer). Moreover, gap #
0 since eigenfunctions of a Schrodinger operator restricted to an interval do not vanish
on its boundary. We now note that for 8 such that E; = Eg + B(W)y,, the eigen-
vectors ¢4 := @g £ ¢y of H are delocalized in a sense that these functions are not
small at both of the points xz and xz, which are separated by a distance comparable
with the system’s size. We call this phenomenon a hybridization across lengthscale
L. We are going to show that such hybridization also occurs for eigenvectors of the
full Hamiltonian H f,;;(B).

Definition A.1 Let F € (0, 1/2] be a parameter. We say that H r,;;(8) F-hybridize on
a length scale £ if there exists an analytical family of eigenvectors ¢(8) of Hr,;(8)
for B € (—1, 1) such that

) Xy vz 10 20O < e VEME,
(ii) There exists 8 such that || xa, ¢(8)[*> > F, and ||X|x|<ﬁ/ln£¢(ﬂ)||2 >F.

We call F a hybridization strength and denote by Q2 » C 2 all realizations for which
Hpy1(B) F-hybridize.

Theorem A.2 Forany F < 1/2, liminf,_, o P(QF 2) > 0.

If we now consider an infinite volume operator H(8) (i.e., A fiy =7Z),any F < %,
and an arbitrary sequence £, — 0o, then by the Borel-Cantelli lemma, for almost
all random configurations @ € Q we can find a subsequence £,,, — oo such that
H™%m (B) F-hybridizes.

While there could potentially be different mechanisms leading to the hybridization
phenomenon, our construction below hinges on the behavior of the simple two-level
system (characterized by the avoided eigenvalue crossing) discussed above. Since the
probability of multiple level crossings is much smaller than that of two-level ones, we
expect that this is the only possible mechanism of hybridization, but in this work we
have not tried to formalize this statement. We chose this definition for its simplicity;
our construction of the hybridization event is more detailed and exactly matches the
underlying motivation.

@ Springer



W. De Roeck et al.

E+h

Er
E E
E—h

,,,,,,,,,,,,,,,,,,,,,,, Fn

Fig. 1 The left panel shows the crossing of E and E (colored in cyan and red, respectively) as § varies
in (—1, 1). The parameter & > O captures the crossing width. The right panel shows the avoided crossing,
h = 0. (Color figure online)

A.1 Perturbation of a non-avoided crossing

We consider the eigenvalues E; = E, Er(8) of Hg..(8) for B in a compact interval
J associated with the (normalized) eigenvectors ¢y, ¢r(8). Later, the notation Ej,
will stand more generally for an eigenvalue of Hy, and E will stand for an eigenvalue
of Hpg, but this is not important at the moment. We assume that ¢g (8) is continuous,
which implies that Eg(f) is continuous.

Let

h:= min{ﬂél}lgﬁl)(E —Er(B))+, ﬁer?jlffl)(ER(ﬂ) —E)4},

where (x)4 is equal to x for positive x and zero otherwise. If the eigenvalues Er(8)
do not intersect E, then h = 0, otherwise / is a maximal number such that both E —h
and E + h intersect Eg(f), see Figure 1 for an illustration.

Suppose now that the Hamiltonian H (8) has a continuous family of spectral pro-
jections P () such that (suppressing the 8 dependence)

”P - Pdec” e, ”HdecPdec - HP” e, (A3)

for some ¢ < 1. The range of P is then two-dimensional and is spanned by (nor-
malized) eigenvectors of H that we denote ¢1. We denote the associated eigenvalues
Ey. Let chE, cf be the Fourier coefficients of ¢4 with respect to the elements ¢y, pr
of an eigenbasis of Hye,, i.e.,

Q1 =croL +chor + 9T,

Wlth <(pf’ (PL> = <(pj|_:’ (pR) == O, and ]et

. . Tay2 a2
Fi= max min(jef (P Iz BF).

(This value will be used for the parameter F introduced in Definition A.1.)
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Since |c; TPB”F+ |c+(ﬁ)|2 <1, we know that F < 1/2. For € =0, F equals zero
by the continuity of B8 dependence in H, Hge., P, and Py, so there is no hybridiza-
tion. As can be seen from the two-level system described in (A.2), F can be equal to
1/2 for an arbitrarily small but non-zero value of €. Indeed, in this example € > 0 cor-
responds to gap > 0 and F' = 1/2 is achieved for 8 that solves E; = Eg + B{W)y,

Our principle indicator of hybridization will be the fact that F has to be close to
1/2 whenever the level crossing for Hg,. is avoided for the full H.

Lemma A.3 Suppose that E(B), E_(B) do not intersect in J, and h > 4¢. Then
1—¢?
2

Proof By the continuity of £ and the non-crossing condition, we may assume with-
out loss of generality that E4 (8) — E_(B) > 0 for 8 € (—1, 1). By the first equation
in (A.3), we know that ||(pir || < e, hence

LB + 1B =1~ (Ad4)
By the same equation,
ez (pn = Pos) =1—(Ic; P +1cf?), £=L.R. (A5)
On the other hand, the second equation in (A.3) implies
X 1*(E; — Ex)* <e®, g=L.,R. (A.6)
Using the second equation in (A.3) and Weyl’s theorem, [40, Theorem 4.3.1] we get
disty ({0, Er, Er}, {0, E_, E1}) = disty (0 (Haec Paec), 0 (HP)) <€, (AT
where disty stands for the Hausdorff distance between a pair of sets. Hence,
disty {EL, ER}, {E—, E4}) <2e. (A.8)

The definition of 4 implies that there exist 81, 82 € (—1, 1) such that E;, — Er(8;1) =
h and Er(B2) — Er = h. Thus, it follows from (A.8) and E4(8) — E_(B) > 0 for
Be(—1,1) that
max (|Eg(B1) — E—(BDI, |EL — Ex (B, |ER(B2) — E+(B2)|, |[EL — E_(B2)])
<2s¢.

Using (A 6) at B12 with f = R, we get |cR(,31)| (h — 28)2 <2 and |CR(,32)| (h —
26)% < &2 Wthh 1mp1y lck B> < 4 and |cp (B))? < 4 The latter relation ylelds

|c+(ﬁ2) 2>3 > 1 by (A.5). It follows from the contlnulty of the coefficient ¢}, R
that there exists ﬁ e (ﬂl ﬁz) such that [cp (,6)|2 2. Hence, by (A.4) we also
have |c} (B)|> > O
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A.2 Construction of the non-avoided crossing
We first give a precise notion of eigenvector localization.

Definition A.4 For w € Q and a pair (v, 8) of positive parameters, we will say that
H is (v, 8)-localized if all eigenvalues of H are simple and for each E € o (H), the
corresponding eigenvector g satisfies

Ve, o) < $<xE(w)>2e—“'y—XE<w>'. (A9)
We call xg the localization center of the eigenvector Y.
One of the key results we will use in this appendix is
Theorem A.5 (Eigenfunctions localization) There exist C, v > 0 such that
P ({a) e Q: H¥0) is (v, 9)-localized}) <1—-C6, g=A,ArL,Ar. (A.10)

Proof This is a consequence of [3, Theorems 5.8, 7.4, and 12.11] and Markov’s in-
equality. g

We will fix this value of v henceforth.

Definition A.6 In this definition, we gather requirements on w €  used in our con-
struction. The requirements depend on a small parameter 6 < 1, and a large parameter
b.

There exists eigenvalues Eg(0) (resp. Er) of Hr(0) (resp. Hy) with eigenvectors
oL, ¢r such that

(1) Hr, Hr(0) are (v, 8)-localizing; In particular, ¢y , ¢ are localized;
(i) |EL — ERr(0)| <bO/L;
(iii) Let

J:={»eR: dist(r, {EL, Ex(0)}) <~0/L} (A.11)

Then o (Hp)NJ ={EL} and o (Hr(0)) N J ={ER(0)}.
(iv) |@r(0)|> > —C,/In@. Here C, is an explicit constant given in Theorem C.2.
We will denote by C a set of all w € Q2 for which (i)-(iv) hold true.

For w € C, let (Eg(B), pr(B)) be the eigenpair of Hg(B) that depends smoothly
onpfelJ.

Proposition A.7 Suppose that w € C and that 0 is small enough. Then Eg(B), EL
intersect for some B € I, where

(A.12)
and the associated function h satisfies h > b6 /L.
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Proof Let Pgr(B) be the projection on ¢g(8). By the Hellmann-Feynman theorem
ER(B) =tw(Pr(BYW);  Er(B)=u(Pr(H)W).
Since | Hr(B8) — Hr(0)|| < B, by Weyl’s theorem

0
dist (Er(B), o (Hr(B) \{Er(B)}) = dist (Er(0), o (Hr(0)) \{Er(0)}) —28 = ;/_,/;

for B € I and 6 sufficiently small. Hence, by standard perturbation theory,

. L
PRIl < B/dist(ER(B), o (Hr(B)) \ {Er(B)}) = Zﬂﬁ-

We now estimate

CV 2£ v
25— > —
P 0

- ) 19
no 5= ame Pe

Enp) = Er©)+ [ " Exsyds = -
using Definition A.6(iv), Rank(Pg) =1, and || W] <1 in the second step. Hence
Ex (@) ~ Ex(0), Ex(0) ~ Ex (~) = 2b .
Using Definition A.6(ii), we see that 2 > b6 /L, completing the proof. 0

Lemma A.8 For b large enough, P(C) > cb6 for some constant c¢ independent of 0
and b.

Proof Let Cj; denote the event that the property (k) with k =i, ii,iii,iv in Defini-
tion A.6 holds. By (A.10), P(C;) > 1 — CH.

If Hr(0) is (v, ) localizing and (C.2) is satisfied for some interval J and constant
¢, it follows from Lemma C.2 that there exists an eigenvalue Er of Hg(0) and the as-
sociated eigenvector @g such that g (0)|?> > —C,/In(#). As shown in Lemma C.1,
(C.2) indeed holds deterministically with the choice J = [3—1, %], c= %. Thus we
can pick C;y :=C;.

To bound P (C;;) we will invoke
Theorem A.9 (Two-sided Wegner estimate) Let K C Z be an interval. Then for any

compact subinterval J of (0, 4) there exist Ly > 0 and constants C+ > C_ > 0 such
that we have

C-11IKI <E (i (xs(HS))) = C1 11 K], (A.13)
provided |K| > L.
Proof The upper bound is well known, see e.g., [3, Corollary 4.9]. The lower bound

was recently established in [31, Theorem 1.1] in the continuum setting, but the same
proof works for the lattice systems considered here as well. U
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We will also need the following extension of the upper Wegner bound, known as
the Minami estimate:

Theorem A.10 (Minami estimate) Under the same assumptions as in Theorem A.9,
for any n € N we have

2 (i (1o (H5)) 2 ) = - (CLITIKD" (A.14)

Proof 1In this generality, the bound goes back to [21], see also [3, Theorem 17.11].
O

Let [ := [Er(0) — bO/L, ER(0) + b6 /L]. Combining the lower bound in (A.13)
with (A.14) and using the statistical independence of Hy and Hg(0), we see that

P(tr(xlv (HL)) > 1) > ]E(tr)(i (HL)) - Z(n — 1)]P’(tr()(1v (HL)) > n) > ch6
"= (A.15)

for some b-independent constant ¢ > 0. This implies that P (C;;) > ¢b6 for such b.

This leaves us with estimating P (Cj;;). Let J :={A e R: [» — Ex(0)| <2v0/L}.
Then J C J for J specified in (A.11) and, using the statistical independence of Hj,
and Hg(0), by (A.14)

P (tr (xs (HL)) >2) <P (tr(xj (HL)) > 2) < C6. (A.16)
To complete the argument, we will use the following consequence of Theorem A.10.
Theorem A.11 Let § > 0 and let E,, be an event
Ep = {O’(HK) is 8-level spaced on A} .

Then there exists C > 0 such that

PE,)>1—CSIK|.

Proof This statement is essentially [44, Lemma 2], in the formulation given in [25,
Lemma B.1]. U

Applying this with the choice K = A g, we deduce that
P(tr(xs (Hr)) >2) <CvVo/In* L <0 (A.17)
for £ large enough. This yields P (C;;;) > 1 — C#.

Putting our bounds on (C;)—(C;y) together, we see that for b large enough P(C) >
cbb for some constant ¢ > 0. Il
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A.3 Construction of the avoided crossing

In addition to w € C, we will assume further properties of w that will allow us to use
perturbation theory to study the crossing.

Definition A.12 Let A be a region of size £!/8, centered at the boundary between
Ay and Ag, i.e. (recall (3.1)-(3.2)) Ap = (0AR) /3. We pick by, br € Z so that
Ap = (br,br). We denote by Hp := H AB the Hamiltonian restricted to this region.
We will say that w € A if w € C and the following items hold true

(i) Hp has no spectrum in the interval Ji= (Ep —0~ 1L V2 Ep +071£71/2).
(i1) There are at most two eigenvalues of H (0) in the interval J defined in (A.11).
(iii) The centers of ¢; and ¢ are a distance of order v/£/1In £ away from the bound-

ary of Ag. Specifically,

—cvL/InL
HX{|X|>\/Z/<41n£)}¢’R H + HX{x>73\/Z/1nL}‘PL H < emeVE/nE, (A.18)

@iv) For A € J,
_ _ .18
HX{\x—ule/x}(HB—?») 18;” <e b,
(v) Fort=L,R,
—1 1
‘(5“ (Hg — Es) &) — l‘ > 204,

‘We note that condition (i) above ensures that the resolvents in (iv)-(v) are well-
defined.

The dependence on the parameter 6 in the above definition is chosen so that
P (A) = O (0). We will establish this at the end of the section.

Let ¢ (B) be an eigenvector of Hg (8), which is an analytic continuation of ¢ (0).
(Note that Hg(pB) is a finite rank operator, so its eigenvectors do have analytical
continuation on the real line, c.f. [43]). We recall that Hy (8) is B-independent, so
o1 (B) = ¢r. We first show that the analogue of (A.18) holds if we replace ¢g(0)
with ¢g(B). For an interval J, we set J, :=aJ.

Lemma A.13 Assume that w € A. For B € I defined in (A.12),

Ko vz ey er®)| < e EME, (A.19)

Proof Let I:IR(O) = Hgr(0) + (1 — Eg(0))Pr(0), where Pg(0) is an orthogo-
nal projection onto Span(¢r(0)). We observe that by Definition A.6(iii) and
|ER(B) — ER(B)I = B,

= £ pel. (A.20)

|(fie0 - ) | <22,
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We have
X{lx|>v/Z/21n £} PR (B)

~ -1/ .
= X=vEjemey (AR©) = Ex(®))  (Hr© = Er(B)) or ()

A -1
= X{lx\>\/Z/(2ln£)} (HR(O) - ER(ﬂ)) ((1 - ER(O))PR(O) + ﬁW) (pR(ﬂ)‘
To estimate the right hand side, we note that

H X(ix1>vZ/@am £y (PRO) + BW) H <eVE/mE

by (A.18) and the compactness of supp(W). Hence (A.19) will follow once we show
that

< efc\/Z/lnL.

N —1
H X{lx|>v/Z/@2In £)) (HR(O) - ER(ﬁ)) X{lx|<v/Z/(4In L))

The latter bound is a consequence of the spectral theorem, the estimate (A.20), and
the fact that Hz (0) (and hence Hg(0)) is (v, 8)-localizing for w € A. O

We recall that Py..(8) denotes the orthogonal projection onto Span (¢r, ¥r(B))-
By standard perturbation theory, Pge.(8) is a spectral projection of Hy,.(8) for all
B € I. We first establish that Pg..(B) is close to a spectral projection of H ().

Proposition A.14 Assume that w € A. Then for 8 € I (recall (A.11) and (A.12)) we
have
1) o(HB)NJ ={E_(B), EL(B)} where E+(B) are real analytic in B;

(if) dist({E_(B), E1(B)), {Ev, Er(B))) < e~cVE/ME;
(iii) Let P(B) be the spectral projection on Ei+(B), then ||P(B) — Pgec(B)| <
e—cVL/InL.

(iv) We can label E1(B) so that the associated eigenfunctions ¢4 (B) satisfy

(- (0), grO)* < e VE/ME {19, (0), gp) 2 < e VE/ME,
Proof By Lemma C.4, (A.18), and Lemma A.13 we deduce that

dist (o (H(B)). Ex(B)) <eVE/ME  g=L R.

It follows that H(B) has at least two eigenvalues in the interval /. Combined
with standard perturbation theory and the fact that for w € A the operator H (0)
has at most two eigenvalues in J, see Definition A.12(ii), we see that Proposi-
tion A.14(i)—A.14(iii) holds. The last statement follows from (A.18), Lemma A.13,
and Lemma C.4. O

Proposition A.15 Suppose that w € A, then the eigenvalues EL(B) cannot intersect
each other in the interval I.
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We start with the following preliminary observation.

L_emma A.16 The operator ISdec(,B) (H(B)—A) ﬁdec(,B) is invertible on the range of
Paec(B) forall A € J and B € I, and the norm of the inverse is bounded by CL/~/6.

Proof 1t is a standard result in perturbation theory that if B is invertible and
IB=1I1I(A = B)|| < 1, then A is invertible and

[
IB=HIIA - B

Al <
14~ = —

To prove Lemma A.16, we combine this observation with
B=PB)H(PB)—MVPB)+ P(B). A= Piec(B)(H(B)— L) Picc(B) + Pacc(B).

By Proposition A.14, |A — B <e~<VE/ML By » e A, B~ is invertible with

L
1B~ <Cc—.
Vo
We now note that A is block diagonal with respect to Pg..(8), F_’dgc(ﬁ), and that its
inverse exists if and only if each associated block has an inverse. U

Proof of Proposition A.15 We will suppress the 8 dependence and use the shorthand
P for Pg.-(B) in this proof. Here, the idea is to use Schur complementation. Namely,
given A € J, we consider M = M (B, A), the Schur complement of H in Ran(15),
defined as

M:=P(H—))P—PHP(P(H—)P) PHP.
We note that by Lemma A.16, M is well-defined for our range of As and fs. M is a
rank-two operator whose range is spanned by (¢g, ¢r). Using the Guttman rank addi-
tivity formula, [68, Sect. 0.9], we see that tr( X (H )) =2 (a sufficient and necessary
condition for the intersection of two eigenvalues) if and only if M = 0. In particular,

the non-intersection property will follow if we can show that in this range we have
Mpr = {¢r, Mpg) # 0. We claim that

Mik =L Opr(r) (1= (6., (Hp — E-)'8) + Error), (A21)
where |Error| < 62. Since € A, by Definition A.12(v) we have
|6, (Hp — E) "oy — 1] z 604

Hence, for sufficiently large £, M r # 0 as the eigenfunctions of Hy, g cannot vanish
at the respective boundary points.
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It remains to derive (A.21). We recall that I' := I'j, + I';; is the hopping term
connecting the region A g to the region Ay . In particular, '¢; = ¢ (1)8, and 'pp =
or(r)8;. We use these equations to evaluate the terms in

- - 71 -
Mrr= (oL, (H—X) ¢Rr)—(pr, PHP (H— 1) PHPyr),

where we denote # = PH P, and let (H — )»)71 denote the inverse of H — A on the
Ran (P). The first term is equal to

(oL, Hor) = (oL, Tor) = oL (Der ().

To evaluate the second term, we use the identity PH P = PT P to get
(pr, PHP (H — 1) PHP@g) = o Dor(r) (8, (H— 1) 8).
We next use the resolvent identity
(A=2)"=Hp—n"+T, T:=(H—-2)"(Hp—H~+PHP)(Hg—»)".
We note that since w € A, by Definition A.12(iii) the resolvent (Hg — 1)~ Lis well-

defined and its norm is bounded by C £!/4. Moreover, since (Hp — H) X{x—11<c1/8) =
0, by Definition A.12(iv), (A.18), and Lemma A.13 we get

1780 <5 (8 =2)7"| | xgumizcomy (s =078
o T [ e P
which implies that
(6, T8y} < Ce™F".
Furthermore, by standard perturbation theory and Definition A.12(iii),
” (Hg — 2~ = (Hg — E_)~! H <C|E_ —10%L.
Since E_ — A is of order £~! for A € J, we get (A.21). U
We now show
Lemma A.17 P(A) > c6 for some constant c.
Proof Let Aj denote the event that property (k) in Definition A.12 holds.

Using the upper bound in (A.13), we get P(A4;) > P(C) — CO~'L71/2L1/8 > cbo
for L large enough. On the other hand, using (A.14), we deduce that

P(A;i; N A;) > P(A;) — P (trys (H(0)) > 3) > P(A;) — COY/2 < cbh.
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Let [\L = [—4«/Z/ In£,1]. Then, using the upper bound in (A.13), for £ large
enough,

IF’(tr (Xj(H"L)) = 0) >1—CWEL/ Lo~ L712>1-¢2
Let £ := A;; N D, where D is the event tr (xf(HAL)> = 0. Then we see that

P(E) > P(A;;) — 6% > cbb.

We claim that (A.18) holds for w € &, implying that P(A4;; N A;;) > cbf. In-
deed, the bound H X{ix|>vZ/@1n L)} PR H < e VE/ML follows directly from Defini-

tion A.6, parts (i,iv) (we recall that A C C). On the other hand, if the localization
center for ¢; were located in [—%\/Z/ In £, [], Definition A.6(i) would imply that

‘Xx<—4JZ/1nL‘PL H < e_“/z/h‘ﬁ. But then we would have dist (EL,O'(HAL)) <

e~VL/L thanks to Lemma C.4, contradicting tr ( xj(H AL)) = 0. This implies that

the localization center for ¢ is located in A \ [—%«/Z/ In £, ], which in turn im-
plies that H X(x>—3vVZ/in £} PL ‘ <e—VL/L by Definition A.6(i).
To estimate P(A;, N A;;;), we note that our assumptions on randomness imply

- —cL1/8
supE H X(lx—11>cv8(Hp — A —i0) 1§ ” <Ce L7,
reR

[3, Theorem 12.11]. Hence, denoting
F = {CO e: H X{lx_”ZLI/S}(HB - )\,)7151 H < eicgl/s} .

we see that P(A;, N A;;;) > cbb for L large enough by Markov’s inequality.
Finally, the bound P(A, N A;,) > ¢b6 is a direct consequence of O

Lemma A.18 For a fixed s € (0,1/2) and ) € I, we have

P({weQ: ’(3,,(}13 —E)"'5) — 1) zez}) > 1—C,6.

Proofof LemmaA.18 Let G(x,y) := (8y, (Hg —A)~! dy). We first observe that,
thanks to the geometric resolvent identity (or directly by [3, Eq. 12.7]),

G, r)=G(U,DG(r,r), (A.22)

~ ~ -1 ~
where G (x, y) = (8y, (HB — A) dy) and Hp is obtained from Hp by the removal
of the (/, r) bond, i.e., I:IB = Hp —I'q ) — I'¢.1). We use the resolvent identity

Gr,r)=G@r,r)— G, G, DG, 1)
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to obtain

1 _ G
GU DG r)—1  G@rr)’

where G(x, y) = (b, (HB + é(l, Dxiy — A) dy). An important fact to note here

is that G(1, 1) is independent of the w, random variable. This independence allows us
to conclude that

Eo,

GMﬂrfﬂ,sewJ)

On the other hand, under our conditions on the probability distribution w, we also
have (see [3, Theorem 12.8]

EIG(r,rn|* <Cs, s€(0,1).
Combining these two bounds and using the Holder inequality, we deduce that

1 N

| <C;, s5€(0,1/2),
GUL,HG@r,r)—1

from which the assertion follows by the Markov inequality. g
A.4 Proof of Theorem A.2

Theorem A.19 Let us denote by fZF,L; C Q2 all realizations for which H(B) F-
hybridize. Let w € A and F < 1/2. Then for L large enough, w € QF,£~

Proof Consider the analytical family of eigenvectors ¢ (8), @1 of Hy..(8) and the
analytical family ¢+ (B) of eigenvectors of H(8). We will show that ¢(8) := ¢4 (B8)
is an analytical family whose existence is required in Definition A.1 of Qf ». We
recall that the families are labeled in such a way that at 8 =0, ¢ has exponentially
small overlap with ¢ . In particular, ¢4 (0) satisfies item (i) in Definition A.1.

By Proposition A.14, the families satisfy (A.3) with ¢ = e~eVE/InL Proposi-
tion A.7 implies that the bandwidth of the crossing satisfies & > 4¢. It then follows
from Lemma A.3 that there exists 8 such that

0+ (B) = (B)or + ¢k (Bor + ¢,
with
1 — 2

T B =Ich B> 26 .

It follows that item (ii) of Definition A.1 is satisfied for any F' < 1/2, provided L is
large enough. U
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As a corollary of the above result and Lemma A.17, we get that for any F < 1/2,
liminfP(Qp £) > 0.
L—00 ’

The assertion of Theorem A.2 is established completely analogously, by splitting
Ay into Ap, A, and — A, and then repeating the same steps as above. The reason
that we present a proof for the asymmetric region is related to the fact that, in this
case, the boundary of A r consists of a single point r, whereas in the symmetric case
it consists of two points £r, making the presentation slightly more cumbersome. [J

Appendix B: A Wannier basis for quasi-local projections

Here, we show the existence of a (generalized) Wannier basis, consisting of exponen-
tially localized functions, for a rank m orthogonal projection P on £2(Z%) that sat-
isfies the quasi-locality property (B.4) below. The motivation for constructing such
a basis is related to the fact that it allows showing the localization property (2.1)
without assuming spectrum simplicity.

To illustrate the idea behind this construction, we start with the case m = 1.

Lemma B.1 Suppose that the normalized vector W € € (T1) satisfies
1
max (v @)Y < - (B.1)
x,yeTy 0

Then, for any sufficiently small (but L-independent) 6, we have ||zp||§o > [lng| "1,
and there exists x, € T |, such that

ng| %
A1 —p ©

Proof of Lemma B.1 The second bound is an immediate consequence of the first with
a (non unique, in general) choice of x, such that | (x,)| = || ||co, SO We only need
to show that ||¢||§o > [In6|~4!. Let r = r(c, 6) > 0 be such that

2 2
S PIVIE
- 2
yeZd: |y|>r

In particular, for a fixed ¢ there exists C such that we can choose r = —C'In (9 [y ||§o)
for 0 sufficiently small. Then by (B.1) we can bound

—2c|x—x,|
€
1= WPyl >, 1+ Y. T
XETL xGTLZ XGTLZ o0
|x—xo|<r [x—xo|>r
2 d 1
< W5 @r+1) +3 (B.2)
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This implies that ||1,0||go > m or, in view of the definition of r, ||1/f||go > u,

where u is a unique positive solution of
e=Cu't — g2, (B.3)
Since u > [In6|~4~! for 6 sufficiently small, we get ||w||§o > [Ing| 41 O

While considering the rank one projection P is sometimes enough for random
operators (e.g., for the randomness given by the rank one single site potential as
in the standard Anderson model), in general it is not known whether the spectrum
of a random operator that satisfies Assumptions 2.3-2.4 is a.s. simple or even has
finite multiplicities. For our applications, one needs to be able to decompose P into a
sum of rank one mutually orthogonal projections that individually exhibit exponential
decay. Such a decomposition is called a (generalized) Wannier basis for P. In general,
finding a Wannier basis is a hard problem, due to a topological obstruction, see e.g.,
[51]. Here, we assert its existence for a finite rank P with explicit control over its
rank m, which is sufficient for our purposes.

Theorem B.2 Let m € N, 0 > 0 be such that m>6 < 1. Suppose that a rank m or-
thonormal projection P € L(H), H = > (Zd) satisfies

max <|P(x, y)|ec|x—>") <01, (B.4)
x,yezZd

Then we can decompose P as P = /.| P;, where P; = |y;){y;| are rank one mu-
tually orthogonal projections that satisfy || Villco = [In6 |~d-1 and, for some x; € 74,

[ (y)| <0 2e~ch—xil/m —y e 74,

We stress that the constant ¢ here is m-independent.

Proof We will need some preparatory results. Using the argument identical to the one
used in Lemma B.1 we obtain

Lemma B.3 Let M = max,zq¢ P(x,x). Then there exists a (0-independent) C > 0
such that M > u, where u is a unique positive solution of (B.3). In particular, for 6
sufficiently small, M > |1n9|*d71.

Let L = L(c,0) > 0 be such that

Z e 2 < %M (B.5)
ACL/4(0)

with M as above. In particular, there exists C such that we can choose

L=—Clno (B.6)
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for 6 sufficiently small. Consider

- 3 d

5, = (ZLZ> , (B.7)
cf. (4.14), and an L-cover of Z4 of the form

z'=|J AL@).

acgyr
We note that for any x € Z¢ we can find @ € E such that dist (AS (a),x) = L/A.

LemmaB.4 For L as above, let T = maxqeg, tr (P XA, (). Then T > 1/2 for 6 suf-
ficiently small.

Proof Suppose in contradiction that tr(P XA L(a)) < 1/2 for any a € Ep. Picking x,
as in the previous lemma and letting a € E be such that dist (Ai(a), xo) > L/4, we
have

M<P(ox)) D PO+ D P&,

YeAL(a) YEA] (@)

<M ) P(y.y)+6*M<2M/3,
yeAL(a)

a contradiction. O
We now observe that since tr(P) = m, the cardinality of a set
S:= {a ISECTN tr(PXAL(a)) > 1/2}

cannot exceed 2 - 3%m as each box Az (a) can overlap with at most 34 other boxes.
Let R :=UA[ (a), where the union is taken over boxes with a € S and boxes that
overlap with them. We note that if y ¢ R, then

P(y,y) <2M6* (B.8)

for 6 sufficiently small. Indeed, if y ¢ R, then dist (y, U,esA(a)) > L/2. In partic-
ular,

1
P(y,y) < P(y, P(z, Pz, y)|> < =P(y, 0*M,
GV =PGY) Y P@O+ Y PP =SPOY+
Z€AL2(Y) ZEAT (V)

which yields (B.8).
Lemma B.5 Let Q = PxRr P. Then Q is close to P, namely |P — Q| < 63 for 6

sufficiently small. In particular, Q is invertible as an operator on Ran(P), with Q >
1-6°.
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Proof We have Q% = Q — P xre P xR P and

IxrePxrllgs= Y, P& M= > |P(x, y)?

yeR{,xeR 0<dist(y,R)<L/2,xeR

+ > |P(x, y)I”.

dist(y,R)>L/2,xeR

The first term can be estimated by CmM?0* Ino|¢ < 63/2 using |P()c,y)|2 <
P(x,x)P(y,y) and (B.8). For the second sum, we use (B.5) to bound it by
CmM6* |Inf|? < 63 /2. This shows that

Ixre Pxwrllgs <62, (B.9)

so | @*— Q| s < 6> for 6 sufficiently small.
We next observe that, in view of (B.4),

10, NI =|Y_ P(x,2)P(z,y)| < CO 2 (B.10)
z€R

by the properties of exponential sums. Let Q =P — Q. Then Q is (a) close to be a
projection on Ran(P) and (b) |Q(x, y)| < COH2e=<—YI Indeed, (a) follows from

0’=P-20+0°=0-(0-0)=0+0(@>,

while (b) follows directly from the decay properties of P(x, y) and Q(x, y).

We next show that Q is close to zero, which implies the result. Indeed, suppose in
contradiction that Q is close to a non-trivial projection, i.e., dist (O(Q), 1) = 0(3).
Let y, € 74 be such that M := max Q(x, x) = Q(yo, ¥,) for some y, which is not
necessary unique. Just as in the proof of Lemma B.3, let 7 = r7(c, ) > 0 be such that
Do yed: |y|=F e~ 2l < 9*M?. In particular, there exists C such that we can choose
r=—Cln (92M) for 6 sufficiently small.

Essentially repeating the argument of Lemma B.3, we have

M= Q(ym Yo) = (Q - QZ) (Vo> Yo) + (Qz)()’()a Yo)
=00+ Y. [0G0. 0

yEZ‘l
= 2
=00H+ D 1000+ D |00y
YEAr(Yo) YEAL(Xo)

<06 +3¢M*7.

This yields M < 39+ M?r4, which in turn yields M > it, where u is implicitly given
by the analogue of (B.3). Since u > |ln6’|’d’1 for 6 sufficiently small, we get M >
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lIn6|~¢~!. But then (B.8) implies

0% > P(3o, o) = (PR P) Vo, Yo) + (PXRP) Vo, Yo) = (P xRe P) (Yo, ¥o)
= 0(Yo.Y0) > 0,

a contradiction. O

Let R =U/_ j Ri be a partition of R into connected components. We note that
n < 2m, and that by construction,

dist; (’Ri,RJ-) >L/2 (B.11)
We now introduce the operator
n
X:ZjPXR/.P, (B.12)
j=1
which acts on Ran(P). Clearly, X is hermitian.

LemmaB.6 Let A € o(X). Then there exists j € {1, ...,n} such that |» — j| <6 for
0 sufficiently small.

Proof For any A € 0 (X), we have
n
X=12=) (=1 Pxr,P+ ) (=2 ("= Pxr,Pxr, P.
j=1 J#J

The second sum can be bounded in norm by n23 using (B.11) and (B.5), while the
first one satisfies

i (=2 P, Pz min(j =22 @ = min(j — )2 (1-6°)
ot J J
using Lemma B.5. But 0 € o ((X — A)?), from which the result follows. O
The assertion of Theorem B.2 will follow from
LemmaB.7 Let (A, V)) be an eigenpair for X with normalized ). Then
[ (x)| < CO2ecdist (v Rio) (B.13)
where j, is chosen so that |, — j,| <6.

Proof Let

Yii=Pxr, P+ Y (=W Pxr,P. Zi=Pxg, P+ Y (j—N"'Pxg,P.
J#io J#o
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‘We have

Y Zo=P+ Y fU.J)(J/'=*) Pxr,Pxr, P = P+W,
J#J

where }f(j, j’)] < 2n for all j # j'. We have |W| < n?63 using (B.9). Hence by
standard perturbation theory, the operator Y is invertible on Ran(P), with

Yo' =2 P+ W) =2, (W) (B.14)
i=0

We now note that, analogously to (B.10),
| Z3,(x, )| < CO eI,
while

W )| <nPmax| ) P(x,2)P(z, w)P(w, y)
J#J’
zeRj,weRj/

< Cn3973efc\xfy\/2 max Z efc\sz\/Z < 9267c|x7y|/2
il z€RjweR y
using (B.11), (B.5), and (B.6). This in turn implies that
‘Wi(x, y)‘ <@lemhI2 i eN.
Using these bounds in (B.14), we deduce that
‘Y;l(x, y)‘ < o212,
Hence we have
[ ()| = | x ¥ | = HX{x}YA_lYAWA H
= |y - X+ 0w
=1 — jo+ Al ”X{x}yglpmjopm H < Co2e—cdi(vRy) |
We are now ready to complete the proof of Theorem B.2. We pick the set {1}

to be {¥2}, e0(x)> Which is an orthonormal basis for Ran(P) since X is hermitian.
Since

max diam(R ;) <2mL =-mCIn0,
J
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picking some x; € R ;, we have
efcdist(x,'R_/a) < efc(\xij\fsz) < efc‘xfxﬂ/m for |x . xj| > 3mL.
On the other hand, since |y (x)| <1 for all x, we can pick c sufficiently small so that
e—clr=x;l/m > 62 for ‘x - xj‘ <3mL,

and the assertion follows. u

Appendix C: Auxiliary results

LemmaC.1 Let H = —A+V,, be the random operator on 02(Z) with V,, that satisfies
assumptions introduced in Appendix A. Let J = [%, %] and ¢ = %. Then

Y WeMP=c, yeZ (C.1)

Eeo(H)NJ

and the same bound holds for any Dirichlet restriction H® of H.

Proof Let P; := P;(H). Suppose in contradiction that tr(x{y} Pj) < ¢ for some y €
7. Then we have

tr()({y} (H — 2)2) > tr(x{y} (H — 2)2 ﬁj) > % tr()({y}];]) > 3.

However, the left hand side can be computed explicitly: tr()({y} (H - 2)2) =2+
Vf) (y) <3, acontradiction. The proof for H A is identical. O

Theorem C.2 Assume that H is (v, 0)-localized on 7 and that there exists ¢ > 0 and
a compact interval J such that

Y We®Pzc, yelZ (C2)

Eeo(H)NJ

Then there exists C, > 0 and E € o (H) N J such that |1pE(0)|2 > Tncg” and |xg| <

%‘;9. The same result holds for H replaced by the finite volume Hamiltonian H™,
provided that |A| is sufficiently large, namely |A| > |In6)|.

Proof We first observe that for any L € N and E € o (H) we have

2
3 |x/fE<y)|Zs% T e

YEZL: YEZL:
ly—xg|>4(Ixg|+L) ly—xg|>3(lxg|+L)
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— woﬁ Z e—vlul

uezl:
lu|> 3 (xgl+L)

2
—(XE> e_%(L—G-IxEI) . 2 — < %e_%(L-HXED (C.3)
—¢€

for some C,, > 0.
We next note that by the orthonormality of {y/r} we have

Y WeMP=1. Eeo(H). C4)

YEZ

Hence, using (C.2) and (C.3), there exists K, > 0 such that

AL+1= )" > ez Y Y e

ly|<2L Eco(H)NJ Iy|<2L Eco (H):
[xgl<L

= > 1= weor

Eeco(H)NJ: |y|>2L
Ixgl<L

>#{Eco(H)NJ: |xg| <L} (1 — %e_%l‘>
1
zz#{Eea(H)ﬂJ: lxg| < L} (C.5)

for L > K, |Inf].
This bound together with (C.3) imply that for L > K, |In6| we have

o0
C,
> |wE(y>|ZsZ#{Eea(H>m;|xE|5kL}?ve—%
[yISL Eco(H)NJ: k=4
[xg|>3L
9Cu > _VkL C
= L;ke T<s (C.6)

for L > M, |In 6| with some M, > 0.
Using this estimate, we get

c= Y WEOPs Y WeOP+3

Eeo(H)NJ Eeo(H)NJ:
[xg|<3L
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for L > M, |Inf|, so

< Y WeOF,

Eeco(H)NJ:
lxg|<3L

N o

and since #{E € o (H): |xg| <3L} < 13L by (C.5), we deduce that there exists
C, >0and E € 0(H) N J such that

c —-C, —Iné6
0OE> — = —2, < ) O
[YE)” > %L - Ino lxg| < c,

Let H be a self-adjoint operator. Here we will often use the integral representation
1 oo 2 1
PiE, o) (H) = ——/ > (=1 (H—ix—Ej)” dx, (C.7)
27 J oo ot

which holds provided that Eq, E; are not in the spectrum o (H). If in addition H (s)
is a differentiable family of operators, the formula

-1 1

=—(H(s)—ix—E;) " H(s) (H(s) —ix — E;)~
(C.8)

d .
x(H(s)—zx—Ej)

holds. Furthermore, for any operator R, we have

1 1 1
(R, == R Hlp—. (€.9)

LemmaC.3 Let Hy, H2, R be bounded operators on 02 (A), with Hy, H» self-adjoint.
Let J = [E1, E3] and denote by Joa for A > 0, the widened interval J +[—2A,2A].
Suppose that for some €1, €3,

(i) II(H — H)) Rl =€
(i) |[Hz, R1P;(H2)| < e3.

Then
= €1+ e
| Psy(H)RP;(Hy)|| < ——.
Proof etz =FE| — A+ix,zp=Ey+ A +ix and write

Gi’j = (Hi —Zj)_l .

We first establish the identity

9]

Py, (H)G\ j[Ha, R1G2 j P;(Ha)dx
o0

2
_ 1 .
PJA(HI)RPJ(HZ):_ZT[ E (—1)’/
j=1
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2
1 . [0 _
+—27_[ E (—1)1/ Py, (H1)G1,j (Hy — H)) RGy,j Py(Hy)dx.
j=1 -

Indeed, we start from
G1,j[H2, R1G2,j = G1,j(Hy — H)RG2,j + RG2,j; + Gy jR.

Upon multiplying with (—1)/, summing over j = 1, 2, integrating over x, and using
(C.7) with [E1, E7] replaced by [E] — A, E; + A], we get the desired identity. We
next bound

_ 1 1
max | Py (HDG || = T A |G2.j P ()| = 1 A2
to get
dx e te

_ 1 0
|1y (HORE ()| < 1 + ) / 0

o X2+ A2 A

For the next lemma, we will use the notation J,(u) = [ — a, i + a], and will let
P;j w denote the spectral projection of H onto J, ().

Lemma C.4 Let ® and ©, with ® C O, be finite subsets of Z%. Let (¢, j1) be an
eigenpair for H(jb . Then we have

dist (s, 0 (H,)) < C 19, @] | xo,06 | o » (C.10)
and
. - c
dist (¢, Ran (P;z(m)) < =191 |x3,09]. - (C.11)

Conversely, if (W, 1) is an eigenpair for H®, then

dist (A, o (H)) <C 10\ @| |[xero¥ |, (C.12)
and
c
dist (¢>, Ran (P;‘:m)) = =10\ 0l xer0¥ ] (C.13)

Proof We have

Y yea: Ho(y,YN¢(y) ify e ®\ ®anddist(y, @) <r,
(HY =) ¢) 0 =1  b—|=r
0 otherwise.
(C.14)
It follows that

(19~ )0 = Clor ol x5,00] . c15)
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Thus, recalling that ¢ is normalized,
dist (i, 0 (H,)) < | (H, — 1) 8] < C 19, @ | xo,06 | o - (C.16)

On the other hand, we have

[P0 =[50 (2 = 1052 =001 < T rvovle. 1D

from which the second assertion of the lemma follows.
Similar considerations yield

[(HY —2) 8] <Cl1O\ @l | xor06] - (C.18)

which in turn imply the bounds (C.12)—(C.13). Il

In this paper we are interested in the evolution of the initial wave packet v, sup-
ported near some x € Z? up to the (rescaled) time s of order 1. In this context, we
can always approximate the dynamics generated by H (s) with the one generated by
H 11‘(s), where H T(s) is understood as an operator on Kz(Zd) (extending it by zero
outside of the box Ar), in the following sense.

Proposition C.5 (The finite speed of propagation bound) Let T be a torus of lin-
ear size R and let Uc(s), UET (s) be the dynamics generated by H(s) and H™ (s),
respectively, i.e.,

i€dsUc(s) = H(s)Uc(s), Uc(0)=1; (C.19)
ico, UL (s) = HY (5)UL(s), UZ(©0)=1. (C.20)

Then there exists ¢ > 0 such that for any L satisfying L > C /€ we have

max |(UZ(s)) (y,x)| <™ for |x —y| > % (C.21)

where Uf is either U or UT .

Proof This is a standard fact for (local) lattice Hamiltonians, see e.g., the proof of
[27, Lemma 5] for the time-independent case (which extends to the time-dependent
one without effort), or, for a more general approach, [50]. O
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