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Abstract—Optimization problems that involve topology opti-

mization in scenarios with large scale outages, such as post-

disaster restoration or public safety power shutoff planning, are

very challenging to solve. Using simple power flow representa-

tions such as DC power flow or network flow models results

in low quality solutions which requires significantly higher-

than-predicted load shed to become AC feasible. Recent work

has shown that formulations based on the Second Order Cone

(SOC) power flow formulation find very high quality solutions

with low load shed, but the computational burden of these

formulations remains a significant challenge. With the aim of

reducing computational time while maintaining high solution

quality, this work explores formulations which replace the conic

constraints with a small number of linear cuts. The goal of this

approach is not to find an exact power flow solution, but rather

to identify good binary decisions, where the power flow can be

resolved after the binary variables are fixed. We find that a

simple reformulation of the Second Order Cone Optimal Power

Shutoff problem can greatly improve the solution speed, but that

a full linearization of the SOC voltage cone equation results in

an overestimation of the amount of power that can be delivered

to loads.

I. INTRODUCTION

Topology optimization for power grids with large scale
outages is an active research area that supports important
applications such as restoration planning [1], [2] or planning
of Public Safety Power Shutoffs (PSPS) for the reduction of
wildfire risk [3]. In this work, we focus on on PSPS as an
application, but our results are applicable to any topology
optimization problem where a significant number of lines are
outaged. In those settings, prior work has identified that DC
power flow problem formulations produce solutions which
have very poor AC-feasible load delivery [4]–[7].

PSPS planning has been widely studied in recent years
as the Optimal Power Shutoff (OPS) optimization problem
[3]. There are many variations of the problem to account for
fairness in load shed [8], security constraints [9], or incorporat-
ing restoration planning [10]. Many works include investment
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planning for hardening power-lines [11]–[13], building energy
storage [14], [15], and distributed energy resources [16],
[17]. Many extensions also include stochastic optimization to
account for the uncertainty in wildfire ignition and spread
[18]–[20]. The AC power flow representation is used for
PSPS planning [21], but it only considers up to three line
de-energizations. All other works mentioned above use a DC
power flow formulation.

In [6], authors show that using a DC power flow formulation
can have very poor performance for the OPS problem, where
the decisions made with a DC power flow formulation result
in much less power delivered after an AC-feasible power
flow is recovered. Solving the OPS problem with the Second
Order Cone (SOC) power flow formulation results in very
high quality solutions, but it comes at the cost of increased
computational runtime.

In this work, we attempt to find high-quality solutions
with reduced runtime by developing a linear relaxation of
the SOC formulation of the OPS problem. In particular,
we are interested in finding good binary decisions for the
systems topology, and subsequently solving an AC power flow
continuous problem to find the load delivery of the system.
The relaxation does not have to be accurate, as long as it still
leads to good binary decisions.

Our primary contributions are (1) we improve the SOC per-
formance by reformulating the voltage cone equations, (2) we
develop two fully linear relaxations of the SOC equations, and
(3) we perform extensive computational testing to demonstrate
the quality and performance trade-offs of the formulations.

The remainder of the paper is organized as follows: Section
II Introduces the SOC OPS modeling, and III develops the
linearized formulations. Section IV describes the case study
setup. The results are presented in Section V with a discussion
in Section VI. The work is concluded in Section VII.

II. TOPOLOGY OPTIMIZATION WITH EXACT
SECOND-ORDER CONE CONSTRAINTS

In this section, we first describe the SOC-OPS model as
implemented by [6], which uses the topology switching SOC
model from [4]. We then present an exact reformulation of
the problem that improves the voltage-cone equations and the
bounds on the shunt voltage.



The sets of lines, buses, generators, load demand and shunts
are represented by L, B, G, D, and S , respectively. Sets
of components at a bus, such as the generators at bus i
are represented as BG

i . Parameters are in bold script, while
variables are in normal script. The component energization
variables, z, are binary and all other variables are continuous.

A. SOC OPS Formulation

We first introduce the SOC-OPS model from [6]. The
objective is specific to the model in [6], whereas the rest of
the formulation is applicable to any power flow and topology
optimization problem.
Objective Function: The objective function for the OPS
problem, shown in eq. (1), maximizes load delivery while
minimizing the wildfire risk on energized power lines, with
the competing objectives balanced by the parameter ↵ 2 [0, 1].
The term PD

d is the power demand of d, which is multiplied by
the continuous variable xd 2 [0, 1], representing the percentage
of the demand that is delivered. The load is multiplied by
a weight parameter wd which allows critical loads to be
prioritized. The load delivery is summed over all loads, and
divided by the total load demand of the system PD

tot to
normalize that term of the objective.

The second objective term represents the total risk on
energized power lines. Rij is the wildfire risk of line ij, and
zij is a binary variable representing the energization state of
the power line. A line is only able to ignite a wildfire if it
is energized, and the risk is 0 when the line is de-energized,
i.e., when zij = 0. The risk is summed over all energized
lines, and divided by the total risk of all power lines Rtot to
normalize the risk component of the objective:

max (1�↵)

P
d2D xdwdPD

d

PD
tot

�↵

P
ij2L zijRij

Rtot
. (1)

Energization Constraints: The following constraints represent
the energization state of the components, and limit how
energized components may by connected to de-energized
components. As an example, in eq. (2a) generator g must be
de-energized if the bus it connects to i is de-energized, but the
bus may be energized while the generator is de-energized. The
same constraints apply for all other components that connect
to a bus, as shown in eqs. (2). The energization state of a
branch has two constraints because it has connections to two
buses:

zg  zi 8g 2 BG
i , 8i 2 B (2a)

zij  zi 8ij 2 BL
i , 8i 2 B (2b)

zij  zj 8ij 2 BL
i , 8i 2 B (2c)

xd  zi 8d 2 BD
i , 8i 2 B (2d)

xs  zi 8s 2 BS
i , 8i 2 B. (2e)

The bounds of the energization state variables are shown in
eq. (3). The state of the generators, lines, and buses are binary

while the state of the loads and shunts can be continuously
shed:

zg 2 {0, 1} 8g 2 G (3a)
zij 2 {0, 1} 8ij 2 L (3b)
zi 2 {0, 1} 8i 2 B (3c)
0  xd  1 8d 2 D (3d)
0  xs  1 8s 2 S. (3e)

Generation Constraints: The generation limits are shown in
(4) and (5). When a generator is energized, the generator
output for real power PG

g and reactive power QG
g is limited to

the maximum and minimum power and reactive power limits,
PG

g , PG
g , QG

g , and QG
g respectively. The generators cannot

output real or reactive power when de-energized, and this is
enforced by multiplying the power limits by zg:

zgP
G
g  PG

g  zgPG
g 8g 2 G, (4)

zgQ
G
g  QG

g  zgQG
g 8g 2 G. (5)

Power Flow Constraints: The real power balance at each
bus is enforced at each bus by eq. (6). The total power
from generators PG

g , power lines flows PL
ij , load xdPD

d , and
shunts must sum to 0. The shunt real power is determined
by multiplying the bus shunt conductance gi by the shunt
squared voltage variable WS

s . The shunt voltage variable
WS

s represents the term xsWii, where Wii is the squared
voltage at the bus, and this relation is relaxed via the linear
McCormick inequalities (16). The reactive power balance is
similarly modeled in eq. (7) using the reactive power variables
for generators, lines, and load, with the shunt susceptance bi
for reactive power in shunts:

X

g2BG
i

PG
g �

X

(i,j)2BL
i

PL
ij �

X

d2BD
i

xdP
D
d � giW

S
s = 0 8i 2 B, (6)

X

g2BG
i

QG
g �

X

(i,j)2BL
i

QL
ij �

X

d2BD
i

xdQ
D
d + biW

S
s = 0 8i 2 B. (7)

The power flow thermal limit is enforced by eq. (8), with a
constraint for each direction of flow. The flow is constrained
to the thermal limit Tij when the line is energized, and to 0
when the line is de-energized:

(PL
ij )

2 + (QL
ij)

2  T 2
ijzij 8ij 2 L (8a)

(PL
ji)

2 + (QL
ji)

2  T 2
ijzij 8ij 2 L. (8b)

Power flow on each line is constrained by eq. (9), representing
real and reactive power flow in each direction on a line. The
power flow is a function of several voltage variables: WFr

ij

is the squared voltage at bus i, WTo
ij is the squared voltage

at bus j, WR
ij represents the real part of the voltage product

of ViVj cos(✓i � ✓j) and W I
ij represents the imaginary part

of the voltage product ViVj sin(✓i � ✓j). The bounds of these
variables are defined later in this section, but all have a bound
that multiplies by zij . As a result, zij does not appear in the
power flow equations below, because the voltage variables are



all equal to 0 when zij = 0. In the power flow equations, the
parameters are defined as follows: gi is the shunt conductance
of the line at bus i, bi is the shunt susceptance of the line at
bus i, gij is the conductance of the line, bij is the susceptance
of the line, tij is the complex transformer tap ratio, tRij is the
real part of the transformer tap ratio, tIij is the imaginary part
of the transformer tap ratio.

PL
ij =

gij + gi
|tij |2

WFr
ij +

�gijtRij+bijtIij
|tij |2

WR
ij

+
�bijtRij�gijtIij

|tij |2
W I

ij 8ij 2 L
(9a)

PL
ji = (gij + gj)W

To
ij +

�gijtRij�bijtIij
|tij |2

WR
ij

+
�bijtRij+gijtIij

|tij |2
W I

ij 8ij 2 L
(9b)

QL
ij = �bij + bi

|tij |2
WFr

ij �
�bijtRij�gijtIij

|tij |2
WR

ij

+
�gijtRij+bijtIij

|tij |2
W I

ij 8ij 2 L
(9c)

QL
ji = � (bij + bj)W

To
ij �

�bijtRij+gijtIij
|tij |2

WR
ij

+
�gijtRij�bijtIij

|tij |2
W I

ij 8ij 2 L
(9d)

Voltage Constraints The voltage constraints represent a signif-
icant component of the SOC relaxation of the AC power flow
equations. Because we also have switching constraints on the
power line, some additional variables are also introduced to
the formulation.

First, we define the squared voltage variable for each bus
in eq. (10), with bounds that reduce voltage to zero when de-
energized:

ziV
2
i  Wii  ziV

2
i 8i 2 B. (10)

We introduce two additional variables in eq. (11) for each
line to represent the nodal squared voltage at each end of
the line. These variables have the same bounds as the nodal
voltage variable:

zijV
2
i  WFr

ij  zijV
2
i 8ij 2 L (11a)

zijV
2
j  WTo

ij  zijV
2
j 8ij 2 L. (11b)

In eq. (12), the new variables WFr
ij and WTo

ij are con-
strained to the same value as the respective nodal voltage
when the line is energized, but are set to 0 when the line
is de-energized in combination with eq. (11). This allows the
the power flow equations (9) to avoid multiplying by zij when
using the nodal voltage:

Wii � WFr
ij � Wii � V

2
i (1� zij) 8ij 2 L (12a)

Wjj � WTo
ij � Wjj � V

2
j (1� zij) 8ij 2 L. (12b)

Variables WR
ij and W I

ij represent the real and imaginary
portion of the complex voltage product ViV ⇤

j in the SOC
formulation. The bounds multiply the energization state of the
line to constrain the value to 0 when the line is de-energized:

zijW
R
ij  WR

ij  zijW
R
ij 8ij 2 L (13a)

zijW
I
ij  W I

ij  zijW
I
ij 8ij 2 L. (13b)

The values of WR
ij and W I

ij are inherently related to each
other by the voltage angle limits, which are imposed by eq.
(14):

tan
�
✓ij

�
WR

ij  W I
ij  tan

�
✓ij

�
WR

ij 8ij 2 L. (14)

The traditional SOC voltage constraint must be multiplied
by zij to represent a de-energized line, resulting in (WR

ij )
2 +

(W I
ij)

2  WiiWjjzij which is an order-three term. We use
a product relaxation of the right-hand side to create eq. (15)
which is a set of rotated second order cone constraints:

�
WR

ij

�2
+
�
W I

ij

�2  WiiWjj 8ij 2 L (15a)
�
WR

ij

�2
+
�
W I

ij

�2  WiiWjjzij 8ij 2 L (15b)
�
WR

ij

�2
+
�
W I

ij

�2  WiiWjjzij 8ij 2 L. (15c)

Finally, eq. (16) is the McCormick relaxation of the WS
s =

xsWii. This relaxation allows the power balance constraint to
be linear:

WS
s � 0 8s 2 BS

i , 8i 2 B (16a)

WS
s � V

2
i (xs � 1) +Wii 8s 2 BS

i , 8i 2 B (16b)
WS

s  Wii 8s 2 BS
i , 8i 2 B (16c)

WS
s  V

2
ixs 8s 2 BS

i , 8i 2 B. (16d)

The complete SOC OPS optimization problem is:

max Objective (1)
s.t.: Component relationships: (2), (3) (SOC-OPS)

Generation constraints: (4), (5)
SOC power flow: (6) � (16).

B. Voltage Cone Perspective Formulation

Our first significant observation is that the SOC voltage cone
in eq. (15) can be simplified and strengthened. The right hand
side of the constraint is WiiWjjzij and this is relaxed to three
cones using the upper bounds of each of the three variables.
Instead, notice that we can do the following.

Multiplying the equation by zij does not change the value:

WiiWjjzij = WiiWjjzijzij .

Remember that the definition of WFr
ij and WTo

ij is:

Wiizij = WFr
ij ,Wjjzij = WTo

ij .



Thus,
WiiWjjzijzij = WTo

ij WFr
ij .

Hence, we can reformulate the voltage cone equations (15) as:
�
WR

ij

�2
+
�
W I

ij

�2  WFr
ij WTo

ij 8ij 2 L (17)

which is a second-order cone constraint. This reformulation
does not require the product relaxation, and hence both reduces
the formulation size and improves the quality of the continuous
relaxation, because when zij is relaxed to be continuous, the
term WFr

ij WTo
ij in the right-hand side of (17) is never larger

than any of the terms in the right-hand side of (15).
We define a new optimization problem model with the

improved voltage cone relaxation as:

max Objective (1)
s.t.: Component relationships: (2), (3) (SOC-OPS-P)

Generation constraints: (4), (5)
SOC power flow: (6) � (14), (16), (17).

III. LINEARIZATION OF CONIC CONSTRAINTS

We aim to relax the SOC problem using linear constraints
in order to capture some of the reactive power flow in the
optimization problem to improve the solution quality over a
DC-OPF formulation, but significantly improve the solution
speed compared to the SOC-OPS problem. To that end, we
note that there are 3 nonlinear equations in the optimization
problem: (8a), (8b), and (17). We first look at the thermal
constraints, then present two options for the voltage constraint.

A. Linearize Thermal Limit:

The thermal limit in eq. (8b). has two quadratic terms (PL
ij )

2

and (QL
ij)

2. Let yPij and yQij be two new variables that replace
the quadratic terms in the thermal limit,

yPij + yQij  T 2
ijzij . (18)

First we discuss the real power component. We create a
linear outer relaxation of the quadratic term by linearizing the
quadratic at each point l in a finite set of linearization points
L:

yPij � 2lPL
ij � l2zij 8l 2 L. (19)

This is similarly done for the reactive power component:

yQij � 2lQL
ij � l2zij 8l 2 L. (20)

We can use these constraints to replace the second order
cone constraint of the thermal limit with several linear con-
straints. The same approach is used to relax the eq. (8a), using
the following constraints:

yPji + yQji  Tijzij 8ij 2 L (21a)

yPji � 2lPL
ji � l2zij 8l 2 L, 8ij 2 L (21b)

yQji � 2lQL
ji � l2zij 8l 2 L, 8ij 2 L. (21c)

We construct the following optimization model that uses the
the linearized thermal constraints and the improved voltage
cone from II-B

max Objective (1)
s.t.: Component relationships: (2), (3) (SOC-OPS-T)

Generation constraints: (4), (5)
SOC power flow: (6), (7), (9) � (14), (16) � (21)

B. McCormick Voltage Relaxation

To create a fully linearized model we use the technique
applied to the thermal limit and apply it to the voltage cone
eq. (17),

�
WR

ij

�2
+
�
W I

ij

�2  WFr
ij WTo

ij .

We create new variables yW
R

ij and yW
R

ij to substitute for WR
ij

and W I
ij . Then, we linearize the quadratic terms by adding

cuts to create the following new equations:

yW
R

ij � 2lWR
ij � l2zij 8l 2 L 8ij 2 L (22a)

yW
I

ij � 2lW I
ij � l2zij 8l 2 L 8ij 2 L. (22b)

Adding these new variables to the voltage cone results in the
following non-convex constraint:

yW
R

ij + yW
I

ij  WFr
ij WTo

ij .

We can relax this constraint by using a McCormick relaxation
of the bi-linear product to create the following constraints:

yW
R

ij + yW
I

ij  WFr
ij W To

ij +WTo
ij W Fr

ij �W Fr
ij W To

ij zij (23a)

yW
R

ij + yW
I

ij  WFr
ij W To

ij +WTo
ij W Fr

ij�W
To
ij W Fr

ij zij .

(23b)

A fully linear model is constructed using these equations:

max Objective (1)
s.t.: Component relationships: (2), (3) (SOC-OPS-M)

Generation constraints: (4), (5)
SOC power flow: (6), (7), (9) � (14), (16), (18) � (23)

C. Secant Voltage Relaxation

We can create a linear relaxation of the of constraint (17)
that is tighter that the McCormick relaxation by using a secant
bound.

We first convert (17) from the “rotated second order cone”
into standard form:
h1
2

�
WTo

ij +WFr
ij

�i2
�
h1
2

�
WTo

ij �WFr
ij

�i2
= WFr

ij WTo
ij .

Substituting into (17) and rearranging yields the equivalent
inequality:

�
WR

ij

�2
+
�
W I

ij

�2
+
h1
2

�
WTo

ij �WFr
ij

�i2


h1
2

�
WTo

ij +WFr
ij

�i2
.



We can use variables yW
R

ij and yW
I

ij to upper bound the terms�
WR

ij

�2 and
�
W I

ij

�2 with linear constraints as above. We can
similarly introduce a variable yWSum

ij to upper bound the term
h1
2

�
WTo

ij �WFr
ij

�i2

with linear constraints in the same way:

yW
Sum

ij � l
�
WTo

ij �WFr
ij

�
� l2zij 8l 2 L 8ij 2 L. (24)

What remains is a quadratic term on the right-hand side. We
can use a secant upper bound for that. To simply the derivation,
we first define

sij =
1

2

�
WTo

ij +WFr
ij

�

and define its lower and upper bounds as

`ij =
1

2
(V 2

i + V 2
j )

uij =
1

2
(V̄ 2

i + V̄ 2
j )

Then the secant upper bound is defined by the line connect-
ing the points (`ij , `2ij) and (uij ,u2

ij). The line has slope
(`ij + uij) and y-intercept �`ijuij . Finally, when using the
secant upper bound, the y-intercept can be multiplied with zij
since all terms in the inequality go to zero when zij = 0.
Substituting this upper bound on the quadratic term and using
the definition of sij this leads to the linear inequality:

yW
R

ij+yW
I

ij+yW
Sum

ij  (uij+`ij)
WFr

ij +WTo
ij

2
�`ijuijzij (25)

The linear model using a secant bound for the SOC voltage
cone is:

max Objective (1)
s.t.: Component relationships: (2), (3) (SOC-OPS-S)

Generation constraints: (4), (5)
SOC power flow: (6), (7), (9) � (14), (16),
(18) � (22), (24), (25)

IV. CASE STUDY

We solve the OPS problem with each of the formulations
presented in this work, in addition to the DC power flow
model in [6]. We solve each formulation on cases from PGLib
[22] ranging from 5 buses to 118 buses. Each problem is
solved with Gurobi v11 [23], using the PowerModelsWild-
fire.jl framework [3], in the Julia programming language [24],
on a system with 2 64 core AMD EPYC 7H12 processor.
For each network, we solve 5 randomly generated wildfire
risk scenarios. To evaluate solution quality, we fix the binary
variables for each solution and re-solve the generators set
points to maximize load delivery with the exact SOC power
flow, known as the SOC-Redispatch problem from [6].

Note that the 89 bus test case has some negative loads.
The problem objective in maximizing load is not well-behaved
with these loads. We set these loads to 0, but alternatives such
as fixing these load values or changing the negative loads to
generators are also viable options.

0.1 1 10 100 1,000 10,000
SOC-OPS Solve Time
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1

10

100

1,000

10,000

100,000

SO
C
-O
PS
-P
So
lv
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m
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Fig. 1: Comparison of SOC-OPS and SOC-OPS-P solve time. The
SOC-OPS-P problem is faster than the SOC-OPS problem, especially
on the 57 and 60 bus cases. The 73, 89, 118 cases generally terminate
at the time limit.

V. RESULTS

We explore three key results from this work. First, we ex-
amine the computational speed improvements of the presented
formulations in comparison to the SOC and DC power flow
formulations in [3]. Next we study the solution quality of the
decisions made by each formulation. Finally, we examine the
impact of increasing the number of linear cuts that represent
the P 2, Q2, (WR)

2, (W I)
2, and (WSum)

2 variables.

A. Computational Speed

Table I shows the average solution time of each problem
across five scenarios for each power grid case. Numbers in
parentheses show how many of the five scenarios terminated
at the time-limit, rather than optimality. The SOC-OPS-P
reformulation shows a distinct speedup compared to the SOC-
OPS problem on systems of 60 buses or smaller, but on larger
systems it still terminates at the time limit. The SOC-OPS-T,
which replaces 2 SOC constraints with linear cuts, does not
show any improvement in solution speed over the SOC-OPS-P
formulation.

The fully linear models SOC-OPS-M and SOC-OPS-S are
significantly faster than the SOC-OPS-P problem, but struggle
to converge within 15 hours when the system size is 118 buses.
Meanwhile the DC-OPS problem can solve the 118 bus system
in 183 seconds.

Figure 1 shows a more detailed runtime comparison of the
SOC-OPS and the SOC-OPS-P formulations, with SOC-OPS
solvetimes on the x-axis and SOC-OPS-P solvetimes on the y-
axis. Each point represent one test case with a specific wildfire
risk scenario, and points of similar color refer to solutions for
the same test case. If a point is on the black line, it indicates
that the SOC-OPS and SOC-OPS-P have the same solve time.
Each point below the line shows the SOC-OPS-P problem
is faster for that scenario, and the runtime improvement is
especially strong on the 57 bus and 60 bus grid models. The



TABLE I: Average solution time [sec]. Parentheses indicates number of scenarios that terminate at the time limit.

SOC-OPS SOC-OPS-P SOC-OPS-T SOC-OPS-M SOC-OPS-S DC-OPS

Case Avg Solve
Time (s)

Time
Limit

Avg Solve
Time (s)

Time
Limit

Avg Solve
Time (s)

Time
Limit

Avg Solve
Time (s)

Time
Limit

Avg Solve
Time (s)

Time
Limit

Avg Solve
Time (s)

Time
Limit

case14 1.56 0 0.40 0 0.58 0 0.46 0 0.51 0 0.08 0
case24 14.87 0 4.12 0 6.00 0 1.77 0 2.64 0 0.43 0
case39 9.36 0 4.27 0 5.89 0 2.44 0 5.15 0 0.34 0
case57 13530.08 1 45.75 0 57.57 0 33.33 0 78.09 0 1.06 0
case60 593.20 0 22.46 0 23.94 0 10.79 0 7.62 0 1.05 0
case73 54001.53 5 49209.94 4 45053.47 4 2445.67 0 20547.61 1 90.39 0
case89 54000.74 5 51702.86 4 54000.08 5 499.72 0 1107.83 0 152.28 0

case118 54000.96 5 54001.05 5 54000.71 5 50531.38 4 54000.05 5 182.99 0

runtime of the SOC-OPS-P problem does not vary much across
the 5 scenarios of each network, while the SOC-OPS runtime
varies by almost two orders of magnitude depending on the
risk scenario.

B. SOC Accuracy

Next we examine if the alternative formulations provide
sufficiently accurate solutions, compared to the exact SOC-
OPS formulation.

In Table II, we show the ratio of the solution objective
value of each method over the best solution bound found by
either the SOC-OPS or SOC-OPS-P formulations. As should
be expected, the value is 100% for SOC-OPS and SOC-
OPS-P when the solution terminates as optimal, but is less
than 100% when the solution terminates early. Near the time
limit, the solutions are still high-quality, but the optimality
gap has not fully closed. The solutions to the relaxations are
all greater than 100%, indicating that those formulations find
overly optimistic solutions. The SOC-OPS-M has the largest
relaxation, and SOC-OPS-S improves over this. The SOC-
OPS-T relaxation is surprisingly tight, and hardly exceeds
the best bound from the SOC solutions. The objective value
of the DC-OPS approximation solutions are better than the
the SOC-OPS-S formulation, except in the 14, 24, and 73
bus cases. However, the solutions are still very close and
it should be recalled that SOC-OPS-S provably provides a
relaxation, whereas DC-OPS is an approximation without such
a guarantee.

Next we focus on the load delivery component of the objec-
tive function which is most impacted by the choice of power
flow formulation. Table III, which shows the ratio of load
delivered by the SOC Redispatch solution over the estimated
load delivered in the SOC OPS problem variant, averaged
across all scenarios that have feasible SOC Redispatch power
flow solution. The number in parentheses shows the number
of scenarios included in the average. Here, the 14-bus case
is the worst-case power grid for any of the relaxations, with
typical redispatch performance in the range of 50% to 70% for
any of the relaxations. SOC-OPS-S shows significantly better
performance than the other linear formulations SOC-OPS-M
and DC-OPS for this worst case network.

Across all scenarios, the SOC-OPS-T problem finds solu-
tions with near identical load delivery as the SOC solutions. Of
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Fig. 2: Redispatch Performance and Solve Time of SOC-OPS-M on
the 89 bus system as a the number of linearization points are varied.
Points represent individual scenarios, and the line is the average value.

the two linear relaxations, the McCormick relaxation performs
worse on all networks than the Secant relaxation, a trade-off
for the faster runtime shown in Table I. The Secant relaxation
has worse performance than the DC-OPS problem in five of
the networks.

C. Effect of increasing linearization points

Last, we study the impact of adjusting the number of linear
cuts on the trade-off of solution speed and solution quality
in a case study involving the 73 bus system. Figure 2 shows
the change in SOC Redispatch load delivery and and the solve
time of the SOC-OPS-M problem as the number of linear cuts
per quadratic relaxation increases from 5 to 15.

As the number of cuts is increased from 5 to 15, the
solution time increased by around 2.5x. At the same time,
no significant change in redispatch performance occurs, with
the performance staying around 0.9 regardless of the number
of cuts.

Increasing the the number of cuts does not have an impact
on the tightness of this relaxation, indicating that the low
quality solutions are not related to the voltage values exceeding
the quadratic terms. Rather, the likely cause is the McCormick
relaxation of WFr

ij WTo
ij is too loose, allowing solutions that

do not recover to good SOC-feasible solutions.



TABLE II: Ratio of solution objective value over the best SOC bound. Solutions over 100% represent an overestimate of the load delivered
and wildfire risk reduced.

Case SOC-OPS SOC-OPS-P SOC-OPS-T SOC-OPS-M SOC-OPS-S DC-OPS

case14 100.00% 100.00% 100.00% 103.01% 102.49% 102.84%
case24 100.00% 100.00% 100.00% 101.80% 100.88% 100.93%
case39 100.00% 100.00% 100.01% 101.47% 100.54% 100.25%
case57 100.00% 100.00% 100.00% 101.36% 100.78% 100.70%
case60 100.00% 100.00% 100.02% 101.05% 100.60% 100.22%
case73 99.70% 99.80% 99.82% 101.64% 100.63% 100.91%
case89 98.35% 99.81% 99.78% 102.33% 101.90% 101.67%

case118 98.65% 99.00% 99.08% 100.90% 100.39% 100.13%

TABLE III: Average Redispatch Performance of Feasible Solutions. Values below 100% indicate an overestimate of the load delivered.
Parentheses indicate the number of scenarios included in the average.

Case SOC-OPS SOC-OPS-P SOC-OPS-T SOC-OPS-M SOC-OPS-S DC-OPS

case14 100.00% (5) 100.00% (5) 100.00% (5) 49.39% (5) 68.39% (5) 49.49% (5)
case24 100.00% (5) 100.00% (5) 100.00% (5) 91.48% (5) 96.35% (5) 94.28% (5)
case39 100.11% (5) 100.11% (5) 100.11% (5) 89.35% (5) 96.14% (5) 99.37% (5)
case57 100.00% (5) 100.00% (5) 100.00% (5) 67.51% (1) 85.57% (5) 89.52% (5)
case60 100.00% (5) 100.00% (5) 99.96% (5) 92.84% (5) 97.95% (5) 98.91% (5)
case73 100.00% (5) 100.00% (3) 99.98% (5) 89.67% (5) 96.49% (5) 93.23% (5)
case89 100.00% (2) 100.00% (4) 100.00% (4) 71.93% (5) 80.27% (5) 84.90% (5)

case118 100.00% (5) 100.00% (3) 99.99% (5) 72.64% (2) 81.44% (5) 82.66% (5)

VI. DISCUSSION

The goal of this work was to relax the SOC-OPS problem
to a linear problem with fast performance, but reasonable
accuracy of the ability to deliver load. Unfortunately, this goal
was not achieved, but there are still some interesting results.

First, the SOC-OPS-P reformulation represents a significant
speedup over the original SOC-OPS problem formulation. This
reformulation can be applied to any topology-switching SOC
power flow formulation problem.

Second, we expected the SOC-OPS-T problem would im-
prove solution speed by reducing the number of SOC con-
straints from 3|B| to |B|. In our numerical case study, there
was no speedup from this change, but also there is hardly an
impact on solution quality indicating that this relaxation may
have some value if an effective method of relaxing the SOC
voltage cone can be found.

Third, the Secant model provided a tighter relaxation of the
SOC voltage cone than the McCormick model, and translated
to improved redispatch quality. Among the linear models,
the Secant model found the best quality solution, with the
best redispatch performance, on the worst case network, the
14 bus network. While the solve time of the SOC-OPS-S
formulation is dominated by the DC-OPS model, the SOC-
OPS-S formulation is a relaxation and provides a bound on
the solution quality.

Fourth, increasing the number of linearization points had no
impact on solution quality. This indicates that the poor quality
is to due the relaxation of the right-hand side of the voltage
cone in eq. (17). Improving the tightness, for example with a
piecewise linear relaxation, may lead to improved quality, but
the speed will suffer as more binary variables are added to the
problem.

Fifth, the speed of the DC-OPS problem is remarkably fast.
The increased number of (linear) constraints in the SOC-OPS
problem, in addition to constraints added by the linearization
of the quadratic terms, limits an SOC-OPS relaxation to
systems smaller than 118 buses.

VII. CONCLUSION

In this work, we explore the SOC-OPS problem and in-
troduce several reformulations and relaxations of the problem
to identify a reasonable trade-off between maintaining good
solution quality and increasing solve time. We show that
a simple reformulation of the problem can decrease solve
time from 13,500 seconds to 45 seconds. However, additional
efforts to relax the problem to linear formulations were not
successful at finding a good trade-off for reduced solution
time. The solution quality of those linearized solutions are
no better than the DC-OPS problem, but with significantly
increased solve time.

Future work may include more investigation on the right
hand side of eq. (17), where the relaxation is weakest. Im-
proving the relaxation with a piecewise linear model may help,
or exploring alternative modeling formulations. Additionally,
work could start from the DC-OPS problem and focus on re-
ducing the very high inaccuracy of the power flow formulation
in these large scale outage scenarios.
Los Alamos Unlimited Release LA-UR-25-20527. Reviewed for
release outside the Laboratory with no distribution restrictions.
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