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Abstract
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1. Introduction

In this paper, we study the following superlinear stochastic heat equation (SHE) on R¢:

Ou (t, 1 .
) (1) + b (1)) + o () W(ex), 10, xRS
M(Ov ) = Up () )
where both b and o are locally Lipschitz continuous, vanish at zero, and may have superlinear
growth at infinity. The noise W is a centered Gaussian noise which is white in time and colored
in space. Its covariance structure can be formally described by

E[W(S>y) W(l,x)] :50(I—S>f(x—y) ’ (12)

where 0 is the Dirac delta measure and f is a nonnegative and nonnegative-definite tempered
measure on R?. The case when f = §, refers to the space-time white noise. Note that the nota-
tion f{x — y) is convenient when f has a density, and we use f itself to refer to its density. See
remark 2.1 for the rigorous definition of the covariance structure and our conventions.

We note that f induces an inner product

= [ e0rwEst-2 i (13

(1.1

for ¢, € C°(R?), i.e. smooth functions with compact supports in R, and define the Hilbert
space H to be the completion of C2°(IR) under this inner product.

The solution to (1.1) is understood as an adapted, jointly measurable random field satisfy-
ing the following stochastic integral equation (see, e.g. definition 1.1 of [3] for the complete
definition of the random field solution):

w(tx) = (preuo) ()4 [ [ prs (e 3)bu(s.y)) dyds
/0 /Rd (1.4)

+ /0 /det—s (X —y) o (u (s’y)) W(ds,dy) ,

where p,(x) = (27 t)fd/ exp (—[x|?/21) is the heat kernel and the stochastic integral is the
Walsh integral [6, 29]. When both b and o are globally Lipschitz continuous, there exists a
unique global solution. Here, a global solution means that u(z,x) is finite almost surely for all
x € R? and ¢ > 0. However, when b and o are only locally Lipschitz continuous, as is the case
in this paper, this may no longer hold. To clarify this, we introduce some notation. For p > 1,
define

V,: =L (RY)NL®(RY) and ||~||Vp::max(||' U,(Rd),||~||Lm(Rd)), (1.5a)

where

1/p
ey = ([ Par)  and Ifle o= esssopcnlrl - (15)

In this paper, a solution is said to be global if, almost surely, [[u(z,-)[|;, < oo for all 1> 0.
Conversely, if there exists a time ¢ > 0 such that ||u(z,-) HV, = oo with positive probability, the
solution is said to blow up in finite time. By employing a truncation procedure, a local solution
can always be uniquely constructed. This procedure will be utilized in the proof of the main
theorem presented in this work.
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For the one-dimensional deterministic ordinary differential equation

d
d—‘;:b(v(t)) with b > 0 and v (0) = ¢ > 0, (1.6)
the Osgood condition [20] characterizes finite-time explosion. Solutions explode in finite time
if and only if the following finite Osgood condition holds:

<1
Tblow—up ::/ mdu < +00. (17)

In fact, the above quantity is precisely the explosion time. This can be seen by rewriting (1.6) as
follows ¢ = foz b(ulwdu(s). After a change of variable, which is one-to-one because b(u) > 0,

we obtain
V(I) 1
= ——ds.
/v(O)—C b(s)

This shows that (1.7) is both necessary and sufficient for blow-up of solutions to (1.6). The
Osgood condition does not fully characterize finite-time explosion for deterministic partial
differential equations as demonstrated by the famous example provided by Fujita [13].

Finite-time explosion for stochastic partial differential equations with superlinear b and o
have only recently gained some attention. The case of a bounded spatial domain has received
more attention. Bonder and Groisman [9] demonstrated that if b satisfies (1.7), then a one-
dimensional SHE with additive space-time white noise, on a bounded spatial domain, will
always explode. Bonder and Groisman’s result was generalized to higher spatial dimensions
and more general stochastic noises by Foondun and Nualart [11]. Foondun and Nualart showed
that if o is bounded away from 0 and oo in the sense that 0 < ¢ < o(u) < C < 00, then analog-
ous to deterministic ordinary differential equations, the Osgood condition (1.7) on b character-
izes finite-time explosion for the SHE with additive noise on bounded domains in any spatial
dimension. In other words, the SHE with bounded initial data will explode in finite time if and
only if b satisfies (1.7).

Dalang, Khoshnevisan, and Zhang [8] first investigated the case where both ¢ and b can
grow superlinearly, and they established that global solutions exist if b grows no faster than
ulogu and o grow slower than u(logu)'/*. Salins [23] demonstrated that if b does not satisfy
condition (1.7), i.e. b satisfies the following infinite Osgood condition holds:

R |
/c mdu:—i—oo forall ¢ > 0, (1.8)

then to guarantee the existence of global solutions (i.e. solutions for all time), one can allow
o to grow superlinearly as long as it satisfies an appropriate Osgood-type assumption. Shang
and Zhang [28] studied a superlinear stochastic heat Equation on a bounded domain driven by
a Brownian motion (namely, space-independent white noise).

Finite-time explosion for the superlinear stochastic wave Equations has been investigated
in [12] and [16], which proved sufficient conditions for finite-time explosion and those for
global solutions, respectively. In both works, the compact support property, which is inherited
from the fundamental solution of the wave equation, plays a crucial role.

The question of finite-time explosion for the stochastic heat Equation on unbounded spa-
tial domains is more complicated because solutions to the SHE can be unbounded in space
in the sense that P (sup, |u(#,x)| = +00) = 1 for every ¢ > 0. Shang and Zhang [27] showed

3
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that if b grows like ulog(u) and if o is bounded and Lipschitz, then there exist global solu-
tions to the SHE on R. Salins [22] established that under the non-explosive Osgood condition
on b (1.8), which permits growth rates faster than ulogu, global solutions exist when o = 1.
Conversely, Foondun, Khoshnevisan, and Nualart [10] proved that if b satisfies the explosive
Osgood condition (1.7) and ¢ is bounded away from both 0 and oo, then the solution explodes
‘instantaneously and everywhere,” meaning that local solutions cannot exist for any positive
amount of time.

Chen and Huang [4] investigated the existence of global solutions to the SHE defined
on an unbounded spatial domain under assumptions that guarantee that spatial supremum
sup, g« 4(t,x) remains finite. Specifically, they asusme that »(0) = 0, ¢(0) = 0 and that the
initial data ug € L7 (R?) N L>°(R?) for some p >2. We impose these same restrictions in the
current paper. The current paper is a major improvement over the results of [4], examining
scenarios where solutions remain spatially bounded, while allowing for more general assump-
tions that accommodate faster growth of the superlinear b and o terms.

In our proof, we employ a stopping-time argument originally introduced by Salins [23].
However, while Salins’ work focuses on equations defined on bounded domains, our study
considers the case where the spatial domain is the unbounded space R¢. To analyze the beha-
vior of these systems on unbounded domains, we need our stopping times to be based on the
V, norm, defined in (1.5), which keeps track of both the spatial L>°(R¢) and L” (R¢) norms. By
using exponential moment estimates instead of I’ moment estimates, we can improve upon
the results of [23] and allow extra growth in ¢. This improvement can also be applied to the
bounded domain setting.

For the stochastic noise, one commonly assumes the following Sanz-Solé-Sarra condi-
tion [24, 25], which is sometimes referred to as the strengthened Dalang’s condition in
the literature:

o~

Ta::(27r)_d/ Lg)li<oo, for some 0 < v < 1, (1.9)
re (14]€17) 7

where we use g(£) to denote the Fourier transform of, e.g. Schwarz test function g, namely,
3(&) := Fg(&) = [rae ™ %g(x)dx, and fis in the generalized sense, i.e.

~

/lR FWrdr= [ (e

R4

for all Schwarz functions g. Note that]A‘is a nonnegative tempered measure; see remark 2.1.
When a =0, it reduces to the weaker Dalang’s condition [7]:

T (B) := (2m)™* Bfid?P < 400 for some and hence for all 5 > 0. (1.10)
R4

Note that condition (1.10) is a sufficient condition for the existence and uniqueness of the mild
solution in L?(£2) when b and o are globally Lipschitz continuous and the initial condition
is bounded. It becomes a necessary and sufficient condition when o is constant; see [7]. In
order to get slightly stronger results, instead of condition (1.9), we make the following slightly
weaker assumption on the noise (see lemma 2.2):
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Assumption 1.1. There exists a € (0, 1] such that

limsupsl_“/ e_s|5|2?(d§) < +00. (1.11)
510 R

When the noise is one-dimensional space-time white noise, f = dy, assumption 1.1 is
satisfied with o= 1/2 but the strengthened Dalang’s condition (1.9) is satisfied only for
a€(0,1/2).

Regarding the drift term b and the diffusion coefficient o, we make the following Osgood-
type assumptions following [23].

Assumption 1.2. Assume the following:

1. Both b and ¢ are locally Lipschitz continuous;
2. b(0) =0and o(0) =0;
3. There exists a positive, increasing function /4 : [0,00) — [0, 00) such that:
(a) (Superlinear growth) R, > u — u~'h(u) is non-decreasing; with lin}) u”th(u) >
u—
exp(1/a);

1
(b) (Osgood-type condition of the infinite type) [;° ——du = +o0;

h(u)
(c) Forallu € R, |b(u)| < h(|u]);
(d) For all u € R, it holds that
. h —1/2
o 0 < =2 1)) (rog (“)) (112

where the constant « in parts (a) and (d) is given in assumption 1.1.

Remark 1.3. In the bounded domain setting [23], Salins assumed that | (u)| < |u|' =7 (h(|u]))”
for some v < /2 (where that paper uses the notation 1 — 7 = «). Our proof is based on expo-
nential tail estimates; see lemma 2.6 below. The condition on o, given by (1.12), allows for a
faster growth rate for o than that in [23]. The arguments based on the exponential tail estimates
can also be applied in the finite domain setting.

h(u)

Remark 1.4. The assumption lim,_o == > exp(1/a) is useful for our analysis, but it can be

relaxed to lim,_,q h(u“) > 0. If there is a superlinear function 4 : [0,00) — [0, 00) that satisfies

Assumption 1.2(b)—(c) and u — @ is increasing, then it is always possible to build a larger &
that satisfies the bound lim,_,¢ @ > exp(1/a). Specifically, for large C > 1, h(u) := Ch(u),
(u) h(u)

u u

will continue to dominate b and o in the appropriate way, and lim,, = Climy,_,

For p > 1, recall that the space V), is defined in (1.5). To guarantee that solutions to (1.1)
remain bounded in space, we make the following assumption on the initial data.

Assumption 1.5. The initial data u € V,, for some p > 2.

Remark 1.6. We observe that, V, C V, when ¢ > p > 1, and the assumption p > 2 will be
made below to enable the use of the Burkholder—Davis—Gundy inequality. See also lemma 2.3
below.

The aim of this present paper is to prove the following theorem:

5
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Theorem 1.7. Suppose that the noise satisfies assumption 1.1 for some o € (0,1], the ini-
tial condition satisfies assumption 1.5 for some p > (2+d)/«, and that b(-) and o(-) satisfy
assumption 1.2. Then, we have the following:

. There exists a unique mild solution u(t,x) to (1.1) for all (t,x) € (0,+00) x R

. Moreover, if f satisfies the strengthened Dalang’s condition (1.9) for some « € (0,1],
then the solution u(t,x) is Holder continuous: u€ C*/*=2= ((0,7] x RY) a.s. where
C >~ (D) denotes the Hélder continuous function on the space-time domain D with
exponents o) — € and oy — € in time and space, respectively, for every small € > 0.

DN —

When both b and o are globally Lipschitz continuous, the conditions that 5(0) = 0, 5(0) = 0
and u( € V), guarantee that the solution to (1.1) remains in V,, almost surely. This follows from
the results in [7]. This allows us to perform a localization procedure on the solution. We can
prove that the solution cannot explode in finite time by proving that the sequence of hitting
times

To=1nf{t >0 |[u(z,-) ||lv, = 3"} (1.13)

have the property that
]P’(suan:oo) =1. (1.14)

n

Our main result—theorem 1.7—provides the optimal condition on the drift term b, which
can be seen from the following theorem:

Theorem 1.8. Let b: R — R be a locally Lipschitz continuous, nondecreasing and convex
function that vanishes at zero (b(0) =0). Suppose that o(-) is globally Lipschitz continu-
ous. Moreover, we assume that o vanishes at zero and is bounded, namely, o(0) =0 and
sup,cr |0 ()| < K. Under the noise assumption—assumption 1.1, if b is non-negative and
increasing, and satisfies the finite Osgood condition (1.7), then for any p > 2, there exists
some non-negative initial condition uy(-) € V,, to (1.1) such that solutions to (1.1) explode in
finite time with positive probability in the sense that

P (suan < oo> >0.

n

where the hitting times T, are defined in (1.13).

Remark 1.9. Theorem 1.8 might hold true in certain cases without the condition that o is
bounded. However, having this restriction simplifies its proof and is sufficient to demonstrate
the optimality of our condition on b(-). Determining the optimal condition on the diffusion
coefficient o is still an open problem, which will be left for further study. Our setting of the-
orem 1.8 is different than the settings investigated by Bonder and Groisman [9], Foondun and
Nualart [11], and Foondun, Khoshnevisan, and Nualart [10] because we require that o(0) = 0.
In all of these other works, the authors assumed that o was uniformly bounded away from O,
and they can show that explosion occurs with probability one. Because o is degenerate near
zero, we do not expect that explosion should occur with probability one. Instead we show that
there exist initial data from which explosion is possible with positive probability.

6
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Remark 1.10. Our assumptions of theorem 1.8 allow o to be identically zero, so that (1.1)
becomes deterministic. If we choose b(u) = u” with p > 1 + 2/d, then Fujita showed that there
exist initial data for which solutions will not explode [13]. See also section 20 of [21] for more
information on this and other blow-up results for non-linear PDEs. In Fujita’s example, there
also exist initial data that cause explosion. theorem 1.8 for the stochastic setting claims the
existence of an initial profile from which explosion happens with positive probability. In our
proof of positive probability explosion we take the initial data to be a large constant multiplied
by a heat kernel. It will not be possible to fully describe the sets of initial data from which
explosion is possible without additional assumptions on the local behavior of f and o near the
degenerate points of o. We leave this characterization for future work.

In order to introduce some examples, we use the following notation for the repeated logar-
ithm function: log, (i) := log(u) and for k > 2, log, (u) := log (log,_ u).

Example 1.11. Examples of superlinear Osgood-type & functions include h(u) = ulog(u),
h(u) = ulog(u)log,(u), h(u) = ulog(u)log,(u)log,(u), and so on, as listed in the first column
of the tables in table Tb:Bdd(a). In particular, we have two special cases:

e Since [p, eslElde = (2m)¢ [oap?(v)dy = (7 /s)%/?, we see that when d = 1, assumption 1.1
is satisfied with o = 1/2. Therefore, in case of the spatial dimension one and W is space-
time white noise, we can take v = 1 /2 in (1.12). In particular, we have the concrete examples
listed in table 1(b). R

e If f(0) < oo, or equivalently, fRd S(£)dE < 400, then v = 1. In this case, the growth rates for
o and some typical & are listed in Table 1.

In general, for a € (0, 1] given in assumption 1.1, the function & with repeated logarithms and
the corresponding growth bound for o are listed in table 1(c).

In [4], it is demonstrated that there exists a global solution when b(u) grows as fast as
ulog(u) and o (u) grows as fast as u (logu)*/>. This paper utilizes a method motivated by [8],
which studied the setting of a bounded one-dimensional domain. Our new result is stronger
than the previous ones because we can allow b to grow faster than ulogu as long as b is
dominated by an Osgood-type h. We believe that the methods used in [4] cannot easily be
extended to deal with b growing faster than ulogu.

Interestingly, there remains a specific scenario where the method used in [4] yields a
stronger result than theorem 1.7 of the current paper. Specifically, when b grows no faster than
ulogu and o grows as u(log u)“/z, the main result of [4] can be used to prove that solutions
never explode. Based on our current strategy of using stopping time arguments and exponential
estimates, we can let o grow like (see table 1(c) with K =1)

u[log (u)]*/* [log, (u)] /.

However, if o < 1, then we cannot achieve u(logu)®/> growth for o. This suggests that both

approaches to this problem are useful. In the case where o = 1, our result allows for b and o
that both grow faster than those in [4].

This paper is organized as follows. In section 2, we introduce some notation and establish
some technical results. Our main result—theorem 1.7—is proved in section 3. theorem 1.8 is
proved in section 4. Finally, we recall the Burkholder-Davis—Gundy inequality for the mar-
tingale in Banach space in the appendix.
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Table 1. The growth rate of o is listed in the second column. The 4’s in the first column are typical
examples that satisfy the Osgood condition (see part 3-(b) of assumption 1.2). The growth rate of o is
listed in the second column.

(a) The case when the noise has a bounded
correlation function, i.e. f{0) < co: a=1.

h(u) ~ o (u) can grow as fast as
ulog(u) u(logu)'/* (log, (u)) ™"/
ulog(u)log, (u) u(logu)' " (log, (u)) =/

ulog(u)log, (u) logy (u) u(logu)'/* (log, (u))~"/* (logs (u))"*

(b) The case when d = 1 and the noise
is the space-time white noise: o = 1/2.

h(u) ~ o (u) can grow as fast as
ulog(u) u(logu)'/? (log, (u))~'/?
ulog(u)log, (u) u(logu)'/?
ulog(u)log, (u) logy (u) u(logu)'/? (log; (u))'/?
(c) The general case: o € (0,1] with K > 1.
h(u) ~ o (u) can grow as fast as
K K

quogk(u) u (log, (u H log, (u “/2

k=1 el

2. Some preliminaries

In the following, |||, refers to ||[, zs) With p € [1,00] and [[X]|, == E (|X|")"/"".

Remark 2.1. Let ® and ¥ be Schwarz test functions on R?, and let ¢ and ¢ € C>(R), namely,
smooth and compactly supported test functions on R. The covariance of the noise is given by

e|[7 [ swewwiase [ [ verowasa
— ([ o0we8) < @04,

where ‘+” denotes the convolution in the spatial variable and (g, ) 2(ra) := [ps &(x)h(x)dx. By
the Bochner—Schwarz theorem, the covariance operator is well-defined provided that f is a non
negative-definite tempered measure on R?. In that case, Plancherel’s theorem implies that the
Fourier transform of f is a nonnegative tempered measure on R and the L?(R?) inner product
in (2.1) can be written as

2.1

@V <o =20 [ BOT ). @2)

where the bar denotes complex conjugation. When f has a density, the L?(R?) inner product
in (2.1) is more conveniently written as

@V = [ @)V )iy @3
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Similarly, when fhas a density, f(d¢) in (2.2) is often written as?(f )d¢. Throughout this paper,
for readability, we use the notation }(g )d¢ instead of ?(df ). In other words, ?(f )d¢ should be
understood as?(df ). Similarly, the convolution in the form of the righ-hand side of (2.3) should
be understood as the left-hand side of the same equation.

Lemma 2.2. Iffsatisfies the strengthened Dalang’s condition (1.9) with some o € (0, 1), then
it satisfies assumption 1.1 with the same o.

Proof. Notice thatsup,. os'~®e™*l¢2 = C,[¢| 72079 with C, = (1 — a)'~*e~(1=%) Hence,

[~ (o f | )emeeiag

<s"F(B)) + Ca / €207 (de) < s'F(By) + CCaTan,

1€1>1

for some constant C >0, where Bj is the unit ball in R4, Since?is a tempered measure; see
remark 2.1, f{B;) < co. Taking limsup;, on both sides of the above inequality proves the
lemma. N

We will often use the following simple but useful property of V,, which shows that the
space V), is monotone in p.

Lemma23. If1 <p<r<oo thenV,CV,C L' (R?) and for any v € V,,
v, <l

Proof. The proof is straightforward. Let r € [p,+00). Then notice that ||v||;, = [5, [v(x)|"dx
which is less than ([, [v(x)|Pdx) sup,cga [v(x)[~7 = [V]I7, (VIS < Ivlly, H

Lemma 2.4. Assume that b and o in (1.1) satisfy assumption 1.2. For any p > 1, if ve 'V,
then the compositions f(v) € V, and o(v) € V,,. Moreover,

w(miy )\

a/2 v Vy

|w@mW<h@wm) and  [lo(v)]ly, < Hlez(Ww) G%(VWV)) :
)

2.4

||VHU <

(2.5)
Proof. We first consider the case when p = oco. We claim that
16O oo <AV ) and
lo ()]l < IV H1 a2 (”V”LM)Q/z (log <;,(|||‘|}V|||Lx)>)1/2' (2.6)
oo

Since |b(v(x))| < |h(v(x))| for all x >0, the first inequality in (2.6) is proved by taking
supremum on both sides of this inequality proves. As for the second inequality in (2.6),
denote g(x) := h(x—x) Part 3 (a) of assumption 1.2 says that g(x) is nondecreasing for x > 0
and g(x) > exp(1/a). Let

g(x)*?

Viogu : )= Joeo)
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F(x), as a composition of the two nondecreasing functions g(x) and G(u), is again nondecreas-
ing for all x > 0. This proves the second inequality of (2.6). Note that the nondecreasing prop-
erty of G is due to the following elementary calculation:

u—1+a/2

/ _ u _l V1 U= ex @
G'(u)= 2a[log(u)]3/2 (log( ) a), provided that exp(l/a).

The interesting part of the proof is showing that the L”(R?) norm is bounded. To this end,
observe that

b= [ pewras RMww(W)pdxg||v||‘szs§ﬂ5d(h?'vv(i’§)')>p,

where the first inequality is obtained by using the bound on b given in assumption 1.2. From
the assumption that v — h(v) is increasing, the above display is bounded by

(]l ) ) n(Ivly,
< i, (Sl ) < ify, [ ———2
A% P 1%

) P
. 2.7
W~ v, @D

16 (v

Therefore, we can conclude that [|b(v)[|, < h([[v[]y, ). Combining this with the first relation
in (2.6) proves the first inequality in (2.5). The argument for the case of o is similar and one
needs to use assumption 1.2 and the following inequality:

o< [ ey (MDY (g (HIDYY Py, o

The rest of the arguments are the same as those for b. O

Lemma 2.5. (1) Let p > 1. If, for some deterministic constants T,M > 0, the random field

U: QxR x RY— R satisfies sup || ¥(t, My, <M < oo, almost surely, then
t€[0,7T]

< tM, almost surely. 2.9)

)

Pr—s (- —y) ¥ (s,y)dyds

R4

(2) Let ® : Q x Ry x RY = R be an adapted and jointly measurable random field. Suppose
that p > 2, and for some « € (0,1], assumption 1.1 is satisfied. If for any T > 0, there exists
a constant M > 0 such that sup,¢o 7 || (2, ')”w < M a.s. then for all k > max{(2+d)/a,p},

there exists a constant C > 0 depending only on (d,«,p), but not on (T,M, k), such that
( sup / / Pi—s (- —y) @ (s,y) W(ds,dy)
1€[0,7] R4

Proof. Part (1) is obtained by an application of the Minkowski inequality. Part (2) will be
proved in three steps. Denote the stochastic integral by Z(z,x). By the factorization lemma
(see [5, section 5.3.1]), for S € (0, ),

> < CHk/2Tok=d)/2 (1 " Td/2) ME

(2.10)

1
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Z(1.x) =2 WZ / / TPY () p, (- dedr,  (210)
Rd
Y(r,Z)=// (r=35)""pres (2= y) ® (5,y) W(ds, dy). (2.12)
0 Jrd

In the following, we use C to denote a generic constant that does not depend on 7, M, k and p,
whose value may change at each appearance.

Step L. In this step, we will show that for all k > max ((2+d)/8,p),p > 2,and T >0, it holds
that

E( sup | Z(t,x) |"> < CIRFP MR T k= D/2, (2.13)

(t,%)€[0,7] xR

By Holder inequality with exponents k and for arbitrary £ >0 and x € R,

kl’

! @720k k=1
|z<r,x>k<c’<( | a9 i ldyds> [ s tiaas
0 0

‘We use the fact that

L L _d __
Pr—s (x—=Y) [FT =pr—s (x =) Pr—s (x = y) |FT < C(t—5)" D p,_(x—y),

along with the fact that p,_(-) is a density to bound the above expression by
t k=1 p
i (B/2-Dk__4 ‘
2ot < ([  wmas) [ v pas
0 0 JRd

(B/2—1)k d 2+d
=1 2gk—n - L T kg

Notice that

Hence, if we choose k > (2 + d)//3, then the first integral is finite and

t
Z(x) [ < e / / ¥ (s.) s, (2.14)
0

Hence,

E(  sup |z(tx)|] <cr¥i- / dr/ dzE |er|)
(e)€[0,7] xR R

Now, for Y(r,z), by the Burkholder—Davis—Gundy inequality, we see that

Pl <8k [ as [ -9 0=y pesO) [0 2l
Xpr—s W)@ (s,2=3)l,- (2.15)

1
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Then by the Minkowski inequality, we see that

/Rdﬂ«: (1¥(r)l) dz <o /R </ds//R avdy’ (r—5)P Fy—3)

XPrs () Pres ") @ (5,2 = 9) [, 1@ (5,2 = ¥)[)/* dz

<C’<k"/2(/ ds//RMdydy r—s)""fly—y)

XPres (M) Prs (v HH<I> 1@ (=3 )

kg e/2 -p
<C (/ ds//RMdydy fo=y")
/ 5 \k/2
XPr—s (9) Prs (v >|||\<I>(s,->||k||y) ,

where in the last inequality we applied the Holder inequality. If k£ > p, then we can use the
Fubini theorem and the assumption on ®(-, o) to obtain that

1 sl = E (/R [ (s,2) Ikdz>
£(([ ware)lewl)

E( sup |<1><s,->||’;p> < M-,

s€[0,7]

N

N

for all s € [0,7], Hence,

/RdE (IY(RZ)\k) dz <CH/*M* </0rds//RMdydy’ (r=35)"f =3 ) Pres (9) Prs (y’)>k/2~

By the Plancherel theorem, we see that

' s "r—5)"fly—y '
/0 d //]R  dydy (r=5)"f0=y")Pr—s ) Pr—s (")
o [ ds ()P [ e—C—9lelF
(2m) /Od (r—s) /Rf’ 7(€)de

=(2m)™ /0 rdss—ﬂ /R de—f‘f‘?(g) d¢

By assumption 1.1 and the fact that the function s — f]Rd e l¢ |2f(§ )d¢ is non-increasing, we
see that for some universal constant C > 0,

/ e € 7€) de < s (7%, foralls > 0.
R4

Hence,
/dS// dydy’ (r—S)_ﬂf(y—y’)pr_s(y)pr_s(y’)SC/ sTAteTlds =P, (2.16)
0 R2d 0

12
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Thus, we have that
/ E (|Y(r, z)|k> dz < CXKM Mt ra=Bk/2, 2.17)
Rd

Finally, if k> max ((24d)/3,p), by putting (2.17) back into (2.14), we prove the claim
in (2.13).

Step II. In this step, we will show that for all k> max ((2+d)/3,2),p>2, and T >0, it
holds that

E ( sup ||Z(t,~)||2> < CARF2 MR TR/, (2.18)

t€[0,7]

By the Minkowski inequality and the Holder inequality, we see that for 7 € [0, 7],
t
—1+8/2
2l < [ dar =07 [ dep, @Y=l
t
- / (=0~ ()
0

< (/Ot(z—ﬂkk'(“*ﬁ/z)dr)kk] </(;t||Y(r’~)||]zpdr>

If k > (2+d) /3, the above dr—integral is finite and hence,

T
E ( sup ||Z(t,.>||';,> <O / E(IY()

t€[0,7]

pdr

1/k

) ar. (2.19)

To estimate E (|| Y(r,-) ||Z,> if we assume that k,p > 2, then we can apply the BDG inequality
in lemma A.5 to get

E (Y (r)z)

<CHE (/ L a9 reste=ppea-r)e <,y><1><s,y/>f<y—y/)dydy/)gdx}ids>k/2]

) 2 k)2
/ t—ys) (// Pies () Pi—s (0") @ (s, x—y)‘ﬁ(w—y')f(y—y')dydy’>_dx] d5> }
0 JRE

< B ( [ M<zfs)*ﬁpm(y)pm<y/>||<1><s,-fy><1><s,~fy’)nm/zf(yfy'>dydy'ds)k/2}

= C'IE

- e
OB | ([ 097t 1060~y hy ) } .
Then based on the assumption that || ®(s,-)||,, < M a.s. and thanks to (2.16), we see that
E (Y0l ) < CHR/ 2yt 02,
Combining the above estimate with (2.19) proves (2.18).

13
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Step III. Finally, combining the results from the previous two steps shows that if k>
max ((2+d)/B,p) and p > 2, then for all T > 0,

E( sup ||z<t,~>||kvp> <E< sup (12 ()}, + ||z<a->||§m))
1€[0,7) 1€[0,7]

<C"E< sup IIZ(I,')HZ) +C'E ( sup IZ(E')Hioo)

1€[0,7] 1€[0,7]

<CRA2 Mt (T(ak—d)/2 + Tak/z) .

This completes the proof of lemma 2.5. O

We next give the exponential estimates for the stochastic integral in the previous lemma,
which will be used in the proof of our main theorem. The space-time white noise case has been
considered by Athreya, ef al [1]; see also [2, 15, 17].

Lemma 2.6 (exponential estimates). Assume that ® : Q) x R, x R? — R be an adapted and
Jjointly measurable random field and p > 2. If assumption 1.1 holds for some « € (0,1], and if
forany T > O, there exists a constant M = M(T,p) > 0 such that

sup [|@(t,-)|l, <M, as.,
€[0.7] !

then, there exists a constant C > 0 independent of M and T such that for any 6 > 0,

t
P<sup | [ Gt=sa-poinwse)
refo,7 110 Jrd

> 5) < C(l + T*d/z)e*CEZM’ZT"‘.

v,
(2.20)
Proof. Denote Z(t,x) fo Jga G(t — 5,x—y)®(s,y)W(ds,dy). Fix an arbitrary A > 0. From
Taylor series, we see that
) P L
E [exp (A sup [1Z(r =" FE | sw (oI, |-
1€[0,7] =0 kY e ’
We claim that
\ CkMkaa/Zkk/Z
E [exp ()\ sup ||Z(t, )||Vp>1 (1—1—7‘1/2) T_d/ZZ—. (2.21)
1€[0,7] k!

Indeed, the above inequality (2.21) follows from the moment estimates in part (2) of lemma 2.5
for k > max (p, (d+2)/«). If k < max (p,(d+2)/«), one can use the Jensen inequality and
then pick the leading constant big enough. This proves the claim in (2.21).

In order to transform the summation in (2.21) into an exponential form, we apply Stirling’s
approximation k! ~ (k/e)* v/27k to see that
K I'(k/2 ! 2 ¢

A ren - 5 (V)
g X D24~ (Ve

14
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which implies that for some universal constant © > 0,

Kk/2 ok+1

e« T forallk=0,1,2,---.
M STk2+1) o°

Therefore, from (2.21), we see that

E [GXP </\ sup [|Z(z,-)ly,

1€[0,7]

0 @kck)\kMkaa/Z
< d/2 =477
>]\(1+r >®; T(k/2+1)

- (1 + rd/2) Oexp (O2C2A°MT™) [1 + Exf (OCAMT®)],

where Erf(+) is the error function and the equality can be found, e.g. in formula 7.2.6 in [18].
Notice that Erf (x) < 1. Hence, we have that

E [exp (A sup ||Z(t7')||V,,>
t€[0,7]

Finally, we can derive the exponential tail estimates by the Chebyshev inequality: for any
A>0,

IP’( sup || Z(,-)]ly >(5>
r€0,7] !

=P ( sup exp ()\||Z(t,~)\|vp> > exp (/\5)>

t€[0,7T]
exp ()\ sup ||Z(z,-) ‘4)1
1€[0,7]

<20 (1 n rd/z) exp (O2C2AZMET™ — \)

B 2 52
_ —d/2 20202 T . B
29 (1 T ) P (9 oM <)‘ 2@2C2M2Ta) 4®2CZMZT@> '

<20 (1 y T 2) exp (O2C2A2MAT™) (2.22)

<exp(—AJ)E

By choosing A = 2@2@%, we can conclude that

52
P Z(t,- <20(141742 ——
<tes[l(l)l,)T] || (t7 )HVP > 6) @ ( + )exp < 4®2CQM2T04> )

which proves lemma 2.6. O

In the next theorem, we generalize theorem 1.6 of [4] from the original Dalang condi-
tion (1.10) to the weaker condition—Assumption (1.1). Part (1) of theorem 2.1 originates
from the moment formula in [3]. Part (2) of theorem 2.1 shows that if the initial condition
ug € V, with p > 1, then for the Equation (1.1) with both b and ¢ being globally Lipschitz and
vanishing at zero, i.e. b(0) = ¢(0) = 0, the solution u(t,-) € V, for any > 0, a.s.

15
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Theorem 2.7 (moment formulas under Lipschitz condition). Assuming assumption 1.1, and
that both b and o are globally Lipschitz continuous with

Lo— ‘= Ssup M and Lb = SUPM,
= . ek Il

Then we have:

(1) Suppose that ug is a rough initial condition, namely, ug is locally finite, signed measure
such that J (t,x) := (p, * |uo|) (x) < oo for all t > 0 and x € RY, where |ug| = uo + + uo,—
and uy = uy,4+ — uo,— is the Jordan decomposition. Then for any p > 2,

Jule2)ll, < €7+ (1,x)) exp (Crmax (p/°L2/,1,) ), (223)

where the constant C does not depend on (t,x,p,Ly,L,) and

B, o]

Lb Lo

() If up € L*(RY)NLP(RY) and assume that o(0)=b(0) =0, then for all t>0 and
2+d
P>

< ol +C ol (Lo + L) exp (Crmax (p/ L/, Ly) )
p

sup  u(s,x)
(5,x)€[0,1] x R4

where the constant C does not depend on (t,x,p,Lp, Ly ).

Proof. Comparing the proofs of parts (b) and (c) of theorem 1.6 of [4], we see that one only
needs to prove part (1) of the theorem, the proof of which follows a similar argument of that
used in part (b) of Theorem 1.6 (ibid.). The proof of part (2) is similar that of part (c) of
Theorem 1.6 (ibid.), and so it will not be repeated here. However, lemma 2.5 is used to handle
the moment estimates. This allows us to work under assumption 1.1 instead of the stronger
condition 1.9. Proceeding now to part (1), according to the proof of part (b) of Theorem 1.6
(ibid.),

et (1,2)1|, < V31 (6,%) Hypz g2 (151)'72

where the notation H, ,(#; 1) is introduced in section 2.2 in [4]. An upper bound of H, ;(t;1)
is given in lemma 2.1 in [4], i.e.

1 b 1
litnigp;logHa,b (r;1) ginf{ﬁ >0:aY(28) + 5 < 2}

<max(inf{ﬁ>0:aT(25)<i} ,inf{ﬁ>0:2bﬂ2 <i}> .

For the first argument in the above maximum, we want to find /3 such that

1 () 1
(2’ /R 2B+ 1Er" “da
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Notice that

1 O 1 [ e e
de = déd
(2m)° /R B+ 1" 2y /0 /Rf e ITf(€)deds
1Y
— /O [

B
[ e aeas

(2m)*
1 o 2
=: Il + 12.

According to assumption 1.1,

/B C
11<C/ s s = —
0 B

and similarly,

B e (28+IEP) 5 C [ _iefxin c/i\*' c
12—(27r)d/Rd e 1Ok [ e Bf(f)ds<(> = o

Therefore,

max (inf{ﬁ>0:aT(26) < i} ,inf{6>0: 2i52 < i}) < Cmax(al/o‘,bl/2> < 0.

Finally, replacing a and b by 8pL2 and L2, respectively, proves part (1). O

3. Proof of theorem 1.7

Now we are ready to prove the main result—theorem 1.7.

Proof of theorem 1.7. The proof follows the same strategy as that in [23]. First we define the
cutoff functions for b and o:

b(=3") if u<—3" o(=3") if u< 3"
by (1) :== < b(u) if lul <3" and o,(u) =1 o(u) if |u| <3", respectively.
b(3")  ifu>3" o3  ifu>3

Since both b, (-) and o, (-) are globally Lipschitz continuous, by part (2) of theorem 2.1 with
b and o are replaced by b, and o, for p>(2 + d)/«, there is a unique solution solving

13
(120 = [ pitr=3)uo 00+ [ [ pres (30 (5.3)) s
R4 0 Jre
t
[ [ pes =)o a3 W)
0 Jr
with [|u, (z,-)[|,, < co. Denote the following sequence of stopping times

T ::inf{t> 0: [lun (1,)lly, > 3"}. 3.1)

17
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It is easy to check that the solutions are consistent in the sense that u,, (t,x) = u,,(¢,x) for all
t < 1, whenever n < m. We can define a local mild solution to (1.1) by setting

u(t,x) :=u, (t,x) whent<,.

This local mild solution will exist until the explosion time 7, := sup, 7,,. A local solution is
called a global solution if 7o, = oo with probability one.
We build the deterministic sequence

. o3+l 1
a, ‘= m]n{h(3n+1),n}, (32)

with the constant © € (0, 1/3) to be determined later. Just like in [23], the Osgood condition
f loo s du = +oo guarantees that

h(u)
ian = +00.

n=1

Our goal is to show that the tripling times are bounded below by this deterministic sequence
Tn4+1 — Ty = ay, for all large n, which implies that there is a global solution. To this end, we
derive the following moment estimates.

Claim: There exist constants C > 0 and ¢ > 1, both independent of n, such that
P(rye1 —m<a,) <Cn 4 forallneN. (3.3)

Indeed, as mentioned previously, each 7, is well-defined and the solution u(7,,-) € V,,.
Therefore, we can restart the process at time 7,,. For all >0 and x € R4, define

Un03)i= [ pule=)u(m)dy
R
'
I, (t,x) ::/ /]de,,X (X—)’)b(u(Tn-FSay)) 1{s€[0,7,,+1—~r”]}dydsv
0
t
Z, (t,x) ::/0 /Rlp,_s(x—y)a(u(r,,+s,y))l{se[O)THH_Tn]}W((Tn+ds),dy).

Then for all ¢ € [0, 7,11 — 7a),
u(m,+t,x)=U,(t,x)+1,(t,x) + Z, (t,x) (3.4)

Furthermore, the presence of the indicator function 1s¢(o,r,,,~,)} in the definitions of 7, (z, x)
and Z,(z,x) guarantees that the integrands are bounded in V,—norm.

Because p;(-) is a probability density, it follows from Young’s inequality for convolutions
that for any 7 > 0,

U (2, )]y, < (7, )|ly, = 3" 3.5)
Because of the definition of the stopping time 7, in (3.1) and lemma 2.4, we see that
Hb(u (Tn + s,y)) 1{&6[0,7',,_;_177'”]} va < h (3n+1) . (36)

Therefore, lemma 2.5 with M = h(3"+!) guarantees that for ¢ € [0, 7,11 — 72),

(12 (2, ')”v,, < th (3n+]) . 3.7
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In particular, if # € [0,a, A (7,41 — 7,)], then by the definition of g, in (3.2), we have that
L, (1,) | < aph (3"11) <3 (3.8)

The event {7,+1 — 7, < a, } can only occur if ||u(7, +1¢, )HVI > 3"+ for some t € (0,a,).
But because || U,(t, ~)HVP and ||, (, ~)HVP are each less than 3" if 7 € [0,a, A (Ty41 — T0)], the
V,—norm can only triple in this short amount of time if the stochastic term satisfies

sup 1Z: (2, ')”vp > 3"
tE[O,a,,+1/\(Tn+l_T/x)]

Because of the definition of the stopping time 7,, (3.1) and lemma 2.4, the V,—norm of the
integrand of the stochastic integral is bounded with probability one by

—1/2
—« n 2 h 3n+1
HU(M(Tn +s,y)) 1{36[0,7'“+1—Tn]}||vp < 3+ (1-a/2) (h (3 +1))a/ (log ( (3n+1 )))

(3.9)

Using the exponential estimate (2.20) with

n+1 —1/2
T=a, 6=3", and M=30TDH0-a/2) [h(3"+1)]a/2<10g<h(3 )>> ;

3n+1

we have that

P (i1 — o < @) <P ( sup |2, (1,)y, > 3")

1€[0,a,]
a1
cxeog (1))

32(n+1) <h(33”"++1'))a as

< C(1+a;d/2>exp

< c<1 +a;d/2) exp (—CO~ [log (a,/0)|)

< CqCO " —4/2

n .

The second-to-last inequality in the above display is a consequence of the definition of a,
and (3.2), which guarantees that a, < ;1%37:11) Now set g := CO~“ —d/2 and choose O €
(0,1/3) small enough so that g > 1. Then we obtain that

P (Tpt1 — T < ay) < Cal. (3.10)
From the definition of a,, in (3.2), we also know that a,, < 1/n. Therefore,
P(Tpi1 — T < ay) < Cn~ 4. (3.11)

This proves the claim in (3.3).
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Finally, we can prove the main result. From the claim in (3.3),

ZP(THH — Ty < ay) < CZn_q < 400. (3.12)

n=1 n=1

By the Borel-Cantelli Lemma, with probability one there exists a random N(w) such that for
all n > N(w), 741 — Ty > a,. Because Y a, = 400 this implies that

P (suan = +oo) =1 (3.13)

n

proving that the solutions cannot explode in finite time. This completes the proof of
theorem 1.7. O

4. An explosion example—the proof of theorem 1.8

Proof of theorem 1.8. We will prove this theorem via contradiction. Fix an arbitrary p > 2.
We assume that the conclusion is false, namely, for all uy € V,,,

||u(t,-)||vp <oo, as.forallt>0, 4.1)

and seek a contradiction. For this purpose, it suffices to consider the initial condition of the
following form, where p; (x) is the heat kernel from (1.4),

up(x) =Op;(x), forsome O > 0. 4.2)

It is clear that uy € V,. The proof consists of the following two steps.

Step 1. Lets € (0, 1). Multiply p;_,(x) on both sides of (1.4) and integrate over x to obtain
Y, =Yy+D,+M, as.forallze (0,1), 4.3)

where
Yl;:/Rdu(t,x)pl_,(x)dx with Yo = (pi1 # o) (0) = © (4) /2,
Do [ [ pbluts s, and
= [ [ oo s wias.a).

In this step, we claim that under (4.1), there exists ©( > 0 such that
P (Y, >2L) >0, forallL>0and© > Oy. (4.4)

The boundedness assumption on ¢ ensures that M, is a martingale. Assumption in (4.1)
guarantees that Y, is well defined since

0<Y, <|u(t, )|~ < ”“(tv')”V,, <oo, as.forallre(0,1). (4.5)

Note that the nonnegativity of Y, comes from the comparison principle (see [3, 14] and ref-
erences therein), which requires conditions such as ¢(0) = 0 and b(0) = 0. However, we will

20



Nonlinearity 38 (2025) 055026 L Chen et al

show that X, := E(Y;) will blow up at ¢t = 1/2 provided that © is large enough, which then
implies the claim in (4.4).

It remains to show the blow-up of X,. By treating p;_,(v)dydP as a probability measure on
R? x €, we can apply Jensen’s inequality to see that

£0)> [ab (][ o)) - [asEm).

from which we obtain the following integral inequality

1
X,>@(47r)*d/2+/ b(X,)ds.
0

Hence, by the finite Osgood condition (1.7), for some Yy > 0, X; blows up in finite time. By
increasing the value of © whenever necessary, one can ensure that X; , = oo. This completes
the proof of the claim in (4.4).

Step 2. Notice that Y; in (4.3) can be equivalently written as
Y, =Y, +D; +M; as.forallre (1/2,1], (4.6)

where the initial condition Y s, is finite a.s. thanks to (4.5),
t t
D} := / / pi—s(¥)b(u(s,y))dsdy and M := / / DPi—s(y)o (u(s,y)) W(ds,dy).
1/2 JR4 172 JRe

Step 2-1. Asin Step 1, the boundedness assumption on ¢ guarantees that {M; : t > 1/2} isa
martingale. We claim that

L2
P inf My <—-L|Fip|<exp| ———5— |, as.forallL>0, 4.7
elifa 26/l
where
1
= [ a5 [[ @ty 0pi-s b2 -32) < . 48)
1/2 R

First note that assumption 1.1 guarantees the finiteness of the constant Cr. Let A > 0 be some
constant to be chosen later. Since {exp (—AM?) : t > 1/2} is a submartingale, by Doob’s sub-
martingale inequality, we see that

1}»( inf M’ <—-L
te(1/2,1]

]‘—]/2 =P sup e_/\M’*>e>\L ]‘—]/2 ge_AL]E e_AM'*
te(1/2,1]

2 1
—F (exp f/\LJr)‘—/ ds// dyrdys
2 Jip R

)1 () Py (52) (1 (5331)) & 1 5,32)) (31 = 2)} ]fm)

-7:1/2}

<exp (—)\L+ %cfxz ||a|\§w) . as., 4.9)
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where in the last inequality we have used the fact that f is nonnegative. Optimizing the constant
A in (4.9) proves the claim in (4.7).

Step 2-2. Consider the following deterministic equation,

t
Y/,:L+/ b(i)ds, forr>1/2.
1/2

Since b(-) satisfies the finite Osgood condition (1.7), when L > 0 is large enough, the solution
to the above equation will explode before time 1. Indeed, one can choose the smallest L > 0
such that f LOO % < 1/2. In the following, we fix this constant L.

Next for all ¢ € [1/2, 1], another application of Jensen’s inequality with respect to the meas-

ure pi_s(y)dy to in the term D} in (4.5) shows that
t
Y, = (Yo + M) —|—/ b(Y,)ds, as.forallze (1/2,1].
1/2
Choose and fix arbitrary constant © > ©,. We claim that
P(QL) >0 with Q;:= {Y]/z —|—1M?< >L: forallte [1/2, 1]} .

Indeed, by the claims in (4.3) and (4.6), we see that

> > i *
)

—P(Vyp220)P( inf M>—L
(1/2 ) (fe[III}Z,l] !

LZ
>P (Y p22L) (1 —exp| ————— > 0.
(2 >< ( 2cf||a||im>>

t
Yt>L+/ b(Ys)ds, as.on$)y forallse[1/2,1].
1/2

Yip2 2L)
Therefore,

Since b(+) is nondecreasing, we see that f’t provides a sub-solution to Y; in the sense that Y; > f/t
a.s. on §)y, for all 7 € [1/2,1]. Hence, with positive probability, i.e. a.s. on {2, with P(Q2,) > 0,
Y1 > Y1 = oo, which contradicts with (4.4). This completes the proof of theorem 1.8. O
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Appendix

In this appendix, we give a result about the Burkholder—Davis—Gundy inequality for the mar-
tingales taking values in a Banach space (typically L7 (R¢) in our setting). We begin by intro-
ducing some standard concepts, which can be found in, e.g. [19] or section 2.2 of [30].

Definition A.1 (definition 3.1 of [19]). A Banach space X is said to be 2-smooth provided
there exist an equivalent norm ||-|| and a constant C > 2 such that for all x,y € X,

[P+ 117 + [l = yII* < 2[J]* + Clly|>

Definition A.2 (definition 2.3 of [19]). Let H be a separable Hilbert space and X a separable
Banach space, B € L(H,X) be an operator from H to X, and &;, i = 1,2,3,..., be a sequence of
independent standard Gaussian random variables, and {e; : k= 1,2,3,...} be one orthonor-
mal basis of H. Then B is called a radonifying operator if the series >, , B(ex)& converges
in L?(2,X). The space of radonifying operators are denoted by ~y (H,X), which is a Banach
space with the radonifying norm

27N 172
IBIl., := | E

Y Ble&
k=1

We have the following two facts (see, e.g. example 2.9 of [30] for details):

X

1. The Banach space X = L7 (RY) for all p € [2,00) is 2-smooth and separable;
2. Forany B € v (H,L” (R)), it holds that

I1BIl, < G Il 1Bl (A.D)

L

The following result about BDG inequality for martingales with values in Banach space, is
from theorem 1.1 in [26].

Theorem A.3. Let X be a 2-smooth and separable Banach space with norm || - ||x, W be a
cylindrical Q-Wiener process (Q is the covariance operator) on a real separable Hilbert space
H and U = range (Q'/?). Then, there exists a constant II < oo, depending only on (X, ||-[|y).

such that
. 1/2
( [ ||ids)

where T is a stopping time and 1) is any progressively measurable (U, X)-valued stochastic
process satisfying

N
k

, forallk>2, (A2)
k

sup
0<I<T

/ b (s)dW(s)

X

t
/0 [ (s)|2ds < 0o forall 1> 0as.

Since the Walsh integral can be written using the setup of H-valued process and the cyl-
indrical Wiener process on H, we can apply theorem A.3 with X = I”(R¢), p > 2, and com-
bine (A.1) and (A.2) to get the following lemma:
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Lemma A.4. Let p > 2 be fixed and H be the Hilbert space introduced in (1.3). Assume that
P : QA xRy x RY x R? = R be an adapted and jointly measurable random field such that

1. for each (s,x) € Ry x RY, 1(s,-,x) € H;
2. for each s >0, ||1(s,-,0)| 5 € L7 (RY).

Then, for all k > 2 and t > 0, it holds that

t 1/2
I ([ 1ol o)

where the constant C does not depend on k. Note that inequality (A.3) is nontrivial only when
the right-hand side of the inequality is finite.

/ 1 (5,,0) W(ds,dy) NG
0 JRe

<CVk
k

L k
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