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Hook formulae from

Segre-MacPherson classes

Leonardo C. Mihalcea, Hiroshi Naruse & Changjian Su

ABSTRACT Nakada’s colored hook formula is a vast generalization of many important formulae
in combinatorics, such as the classical hook length formula and the Peterson’s formula for
the number of reduced expressions of minuscule Weyl group elements. In this paper, we use
cohomological properties of Segre-MacPherson classes of Schubert cells and varieties to prove a
generalization of a cohomological version of Nakada’s formula, in terms of smoothness properties
of Schubert varieties. A key ingredient in the proof is the study of a decorated version of the
Bruhat graph. Weights of the paths in this graph give the terms in the generalized Nakada’s
formula, and the summation over all paths is equal to the equivariant multiplicity of the Chern—
Schwartz—MacPherson class of a Richardson variety. Among the applications we mention an
algorithm to calculate structure constants of multiplications of Segre-MacPherson classes of
Schubert cells, and a skew version of Nakada—Peterson’s formula.

1. INTRODUCTION

The goal of this paper is to reprove and generalize a version of Nakada’s colored hook
formula, using localization properties of the Segre-MacPherson classes of Schubert
varieties. We recall first the version of Nakada’s formula we generalize in this paper.

Let G be a complex semisimple Lie group and fix opposite Borel groups B, B~
giving BN B~ = T, a maximal torus in G. Let R' be the set of positive roots
in B, and let W := Ng(T')/T be the Weyl group, endowed with the Bruhat order <,
and its length function ¢ : W — N. For a Weyl group element w € W, define the
set S(w) = {B € RT : spw < w}.

Let w € W be a m-minuscule Weyl group element for an integral dominant weight 7,
in the sense of Peterson; see [40, 10, 42, 48, 49, 19] and §3.2 below. Nakada’s colored
hook formula [34] is the identity:

1 1 1 1
1 —. = 1+-).
M Zﬁl b1+ B2 Bi+ B2+ -+ b H ( ﬁ)
BeES(w)
Here the sum is over r > 0 and oriented paths z, ﬂ Tp ] —> ... = T B# Tog = W

in the Bruhat graph of the flag manifold G/P, where P is the parabolic group with

Weyl group Wp = Staby (7), and the notation z LA y means that z,y are minimal
length representatives such that yWp = sgzWp > cWp. See §3 below for details.
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Nakada’s formula is a vast generalization of several remarkable combinatorial for-
mulae. One is the classical Frame-Robinson—Thrall hook formula calculating the di-
mension of the irreducible representation of the symmetric group S,, indexed by the
partition A, or, equivalently, the number of standard tableaux of shape \:

n!
B HDEA ho'

Here hg is the hook length of a cell J in the Young diagram of A. Another special case
is the Peterson formula counting the number # Red(w) of reduced decompositions of
a m-minuscule Weyl group element w:

xa(1) = # STab()

_ L(w)!
(2) #Red(w) = 7]._[[355(1”) he(3)

Here ht(a) denotes the height of the (positive) root «, i.e., the sum of the coefficients
of o when expanded in simple roots; see §2. We refer to [34] or to §9.1 below for more
details about how to obtain these specializations from Nakada’s formula.

Let WT be the set of minimal representatives for the quotient W/Wp. For each
w € WP denote by Y (w) := B~wP/P C G/P the corresponding Schubert variety.
Our main goal is to prove an identity generalizing Equation (1) in three directions:

(1) We remove the hypothesis that w € W is (Peterson) m-minuscule.

(2) We consider a ‘skew-version’, for paths v < z, — ... = xp = w where v
and w are fixed, and such that the Schubert variety Y (v) is smooth at w.
Nakada’s formula is obtained from specializing v = id, since Y (id) = G/P is
smooth at each w.

(3) Instead of fixing a single integral weight 7, we consider an admissible weight
function A : [v,w]’ — X*(T)p from the Bruhat interval [v,w]F to the set
of integral weights which stabilize P.

The admissible functions are required to satisfy certain hypotheses spelled out in §8.
An admissible function A leads to a decorated version of the usual Bruhat graph which
we call the A-Bruhat graph of G/P. This graph was used in [28, 31] as part of an
algorithm calculating the Schubert structure constants of the equivariant quantum
cohomology ring of G/P.

A key observation going back to [31, 36, 37] is that the terms in special cases
of Nakada’s formula have geometric meaning, via localization properties of Schubert
classes in equivariant cohomology and equivariant K-theory rings of flag manifolds.
However, in order to obtain Nakada’s formula (1), a deformation of Schubert classes
is needed.

Let csm(Y(v)) € Hy(G/P) be the equivariant Chern—-Schwartz—MacPherson
(CSM) class of the Schubert variety Y (v). This class is defined using MacPherson’s
construction of characteristic classes of singular varieties [27], generalized to the
equivariant case by Ohmoto [38]; see §4. Denote by

csm(Y (v))

aa@/py < rEP)

sm(Y(v)) =
the (equivariant) Segre-MacPherson (SM) class, which is an element in an appropriate
completion of the equivariant cohomology ring. Let also s (Y (v))]w € H(pt)ioc de-
note the localization of the SM class at the torus fixed point w € G/P. (Here H}.(pt)i0c
is the fraction field of Hj.(pt).) Our most general result is the following; see Theo-
rem 7.5 and Corollary 8.13:
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THEOREM 1.1. Letv < w € WT, and fiz an admissible function A : [v,w]” — X*(T)p
with the associated A-Bruhat graph T'. Then:

SR ma xmzr 1) ma(@e—1,2e—2)  ma(,z0)  smM(Y(v)|w
W () Wha(zr—1) Wha(z1) SM(Y(w))"w
The sum is over integers r > 0, and over all directed paths v < x, — x,_1 —

ooz =w in Iy mA(x,y) € Z denotes the multiplicity of the edge x — y; and
Wh(x) € X*(T)p denotes the A-weight of x; see Definition 8.6 below.
Furthermore, set S(w/v) == {8 € RT | v < spw < w}. Then:

v 18 Moo at w M — l
Y(v) C G/P th at w € G/P < (o)) Besl'(l[w (1+ﬁ>.

As a corollary we obtain a generalized version of Nakada’s formula; cf. Theorem 9.1:

COROLLARY 1.2. With the notation and hypotheses from the above theorem,
Y (v) C G/P is smooth at w € G/P if and only if

mA(mrvzr 1 AmA(mT—laIT—Q) . ‘mA(Il»IO) _ ( l)
O L TWE T wme o men M ()

If w is m-minuscule for a dominant integral weight 7, and if the admissible function
is constant A = 7 on the interval [v, w]¥, then each multiplicity ma (i, z:—1) = 1,
and one obtains a skew generalization of Nakada’s identity (1); see Corollary 9.3
below. The proof of this ultimately requires a good understanding of the (paths in
the) interval [v,w]? for T-minuscule elements v, w, in analogy to the intervals in the
Young lattice; for instance, the intervals in the weak and strong Bruhat order coincide.
We refer to §3.3 and §9 for more details. We encourage the reader to jump to §10,
where we give some examples illustrating this theorem.

Equation (3) is proved by utilizing a Molev—Sagan type recursion [32], based on
a Chevalley formula to multiply SM classes; cf. Proposition 5.3 and see also [50, 1].
Variants of this recursion have been successfully used in [23, 28, 31, 36, 8, 37] to study
properties of the equivariant (quantum) cohomology or K-theory of flag manifolds.
As a by-product of this study, and in the same spirit as the references above, we
obtain an algorithm for the structure constants of the multiplication of SM classes;
see Corollary 5.4 below. Different algorithms were also obtained in [51].

Once equation (3) is proved, the second part of Theorem 1.1 follows from a smooth-
ness criterion of Schubert varieties in terms of localization of SM classes. More pre-
cisely, if R}, denotes the Richardson variety, the fraction

sm(Y (v)|w
sm(Y (w))w

is equal to Brion’s equivariant multiplicity [7] of the CSM class of RY; cf. Propo-
sition 7.4. From this perspective, the (generalized) Nakada’s formula calculates the
equivariant multiplicity of a Richardson variety. The smoothness of Y (v) at w ensures
that the equivariant multiplicity is a product of factors corresponding to weights of the
normal space of Y (v) at w, and it leads to the right hand side of (4). Our smoothness
criterion for Y (v) at w in Theorem 7.5 generalizes similar results about smoothness
of Schubert varieties by Kumar [24] and Brion [7], the latter in terms of equivariant
multiplicities. Our criterion is also related to the one from [2] for motivic Chern classes
of Schubert varieties, which has consequences in p-adic representation theory.

Among the consequences of Corollary 1.2 proved in section §9.1 we mention a skew
version of the Peterson formula (2); cf. Corollary 9.4.

= ew,G/P(CSM(Rz}))
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COROLLARY 1.3. Take v < w € W be w-minuscule elements such that Y (v) is smooth
at w. Recall that S(w/v) == {8 € R" | v < spw < w}. Then:

(b(w) = £(v))!
[Tses(w/0) 1t(8) '

When considered in this generality, this corollary seems to be new. In type A,
this formula has an interpretation as counting standard Young tableaux on the skew
shape w/v, see [36, 33, 39]. We will prove in a continuation of this work that this
interpretation holds in other Lie types, and, furthermore, if W is simply laced, the
‘skew’ formula for v < w is equal to the ‘straight’ formula from (2), applied to id <
wv~!. We also note that our general formula from Theorem 1.1 implies a variant of
the Corollary above which does not require smoothness; see Remark 9.6 below.

Theorem 1.1 is the prototype of more general results. For instance, a similar theo-
rem - with essentially the same proof - may be obtained if one replaces the (cohomolog-
ical) SM classes with their K-theoretic versions, the motivic Segre classes of Schubert
varieties [2, 29]. Because of the technical challenges (in geometry and combinatorics)
when working in K-theory, this will be studied in separate work. Furthermore, there
are versions of Nakada’s colored hook formula [34] which hold in the Kac-Moody
settil(lg), suggesting that analogues of Theorem 1.1 might exist in that generality as
well.(t

(5) #Red(wv™) =

2. PRELIMINARIES

We start by fixing the notation used throughout the paper. Let G be a simply con-
nected complex Lie group with Borel subgroup B and maximal torus 7" C B. Denote
by Lie(G) and by Lie(T") be corresponding Lie algebras. Let RT C Lie(T)* == Lie(T)
denote the positive roots, i.e those roots in B, and by ¥ = {«; : i € I'} the set of sim-
ple roots. Let ht : Rt — Z denote the height function, defined by ht(>" a;;) = > a;.
Let R = RT U —R". We use @ > 0 (resp. « < 0) to denote & € RT (resp.
a € —R™). For any root a € R, let o C Lie(T) denote the corresponding coroot.
Let (-,-) : Lie(T)* x Lie(T') — Q denote the usual pairing, and let X*(T') C Lie(T)* be
the (integral) weight lattice. Let {w; | ¢ € I} C X*(T') be the fundamental weights;
they satisfy (w;, af) = d; ;. The Weyl group W = Ng(T)/T is generated by simple
reflections s; = s,, (i € I), and it is equipped with the Bruhat order <; we denote
by wp the longest element. For any w € W, let Red(w) denote the set of all the
reduced expressions for w. For v < w € W, define

(6) S(w/v) ={B € R" | v < spw < w}.

If v = id, we denote S(w/id) by S(w).

Let P(2 B) be a parabolic subgroup with simple roots ¥p C ¥ in P. This de-
termines the set R; C R* of those positive roots spanned by ¥ p, and the subgroup
Wp C W generated by the simple reflections s; where a; € £p. Denote by W the
set of minimal length representatives in W/Wp. The elements w € W are char-
acterized by the property that w(R5) C RT. The torus fixed points (G/P)T are
{wP | w e WF}. For any w € WF let T,,(G/P) denote the tangent space at wP. For
any w € W, let X(w)° := BwP/P C G/P (resp. Y (w)°® := B~wP/P C G/P) denote
the Schubert cell with closure X (w) (resp. Y (w)), where B~ is the opposite Borel
subgroup. In particular, X (w)° = X (u)° when the two cosets wWp and uWp are
equal to each other. The Bruhat order restricts to the (Bruhat) order on the cosets
{wWp | w € WT}, and it characterized by uWp < wWp if and only if uP € X (w).

(D After this paper was written, a generalization to arbitrary Coxeter groups Nakada’s formula
from Theorem 3.11 was proved in [30].
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Let X*(T)p = {A € X*(T) | (\,»¥) = 0forally € R}} be the set of integral
weights which vanish on (R%)Y. For any A € X*(T)p, let £ denote the line bundle
G xT C, € Pic(G/P), which has fibre over 1.P the T-module of weight .

Let H}(G/P) denote the equivariant cohomology of the partial flag variety G/P.
It has a basis of the Schubert classes:

Hp(G/P) = EEIVBVP Hr(pt)[X (w)] = gVBVPH%(pt)[Y(w)],

where [X (w)] and [Y (w)] denote the Poincaré dual of the fundamental classes of the
Schubert varieties. For any x € Hx(G/P) and w € WF | let x|, € Hx(pt) denote the
restriction of x to the fixed point wP € G/P. Let H7.(G/P)ioc = H7(G/P) @z (pt)
Frac H}.(pt) be the localized equivariant cohomology of G/P, where Frac H}.(pt) de-
notes the fraction field of Hj.(pt). By the localization theorem, H}.(G/P)io has a
basis formed by the classes of fixed points {{wP] | w € WT}; this is called the fixed
point basis.

The Weyl group W acts on G/ P by left multiplication. It induces an action of W
on H;(G/P), which acts on the base ring H}.(pt) = Symgz(X*(T')) by the usual Weyl
group action. Let ¢,,, denote the action induced by the longest Weyl group element.
Then gy, (X (w))) = [¥ (twow)).

This paper will focus on Peterson, or m-minuscule, elements, for some dominant
integral weight 7. Before giving the formal definition in Section 3.2, we note that
the Schubert varieties indexed by m-minuscule elements share most geometric and
combinatorial properties of the Schubert varieties in Grassmannians, or, more gener-
ally, in (co)minuscule Grassmannians.(®) In fact, any Schubert variety in a cominus-
cule Grassmannian G/P is indexed by a m-minuscule element, for 7 the fundamental
weight associated to the parabolic subgroup P. As a first approximation, the reader
may consider m-minuscule elements as generalizing the usual Young diagrams for
Grassmannians, or the more general Young diagrams defined by Proctor [40, 42], and
Stembridge [48, 49] (see also [19]) in other Lie types.

3. NAKADA’S COLORED HOOK FORMULA

In this section, we review Nakada’s colored hook formula from [34, 35]. This formula
generalizes results of Proctor [42, 41] and D. Peterson (see e.g. [10]) about the combi-
natorics of complete d-posets, and the number of reduced decompositions of certain
minuscule Weyl group elements; see also [47]. In order to be able to use geometric ar-
guments, in this paper we require that the Lie algebra of G is of finite type, although
Nakada’s formula may be formulated for any Kac-Moody Lie algebra.

3.1. NAKADA’S FORMULA AND PRE-DOMINANT WEIGHTS. Recall that the integral
weights A € Lie(T)* satisfy (A, o)) € Z, for each «; € X; a weight A is dominant if in
addition (A, @) > 0. Following [34], we say that an integral weight X is pre-dominant
if (\,8Y) > —1 for all positive roots 8 € R*. For a pre-dominant integral weight A,
the diagram D()) of X is defined by

(7) D) ={BeR"|(\B")=-1}.

If A is a dominant integral weight, it is pre-dominant, but D(\) = @.
We recall some elementary facts about pre-dominant integral weights from [34].

(2) Aside from the ordinary Grassmannians, the list of minuscule Grassmannians includes the
maximal orthogonal Grassmannians in Lie type D, even quadrics, the Cayley plane in type Eg,
and the Freudenthal variety in type E7. If, as in this paper, one distinguishes the data of torus
actions, then the projective spaces P27 1 ~ IG(1,2n) in types A and C, and the maximal orthogonal
Grassmannians OG(n,2n + 1) ~ OG(n + 1,2n + 2) in types B and D are listed as separate varieties.

Algebraic Combinatorics, Vol. 8 #3 (2025) 659
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LEMMA 3.1 ([34, Lemma 4.1]). Let A be a pre-dominant integral weight.
(1) If D)) # @, then DA NS # .
(2) For B € D(X), sg(\) is a pre-dominant integral weight.
(8) In case (2), D(sg(N)) = sg(D(X) \ S(sg))-

For integral weights p, v € b* and 8 € RT, define
7 LN (, BY) = —1 and v = sp(p).

In particular, if p 2y then v = uw+B.
A X-path of length r is a sequence (31, Ba,. .., 3-) where

A= B B By

We denote by Path(\) the set of all A-paths. By Lemma 3.1(2), if A is pre-dominant, all
the weights \; in a A-path are pre-dominant. At each step in a A-path, |[D()\;)| strictly
decreases, therefore the length of a A-path for a pre-dominant weight must be at most
the size of D(M). Parts (1) and (3) of Lemma 3.1 imply that a A-path (31,...,3q)
of maximal length can only contain simple roots 3; € A, and that d = |D(\)|. For
a pre-dominant integral weight A, we denote by MPath()\) C Path()) the subset of
longest A-paths.
Now we can state Nakada’s colored hook formula.

THEOREM 3.2 (Nakada’s colored hook formula [34, Theorem 7.1]). Let X be a pre-
dominant integral weight. Then

1 1 1 1
DI i AR A s M U | (”B)’

BeD(N)

where the sum is over all v > 0 and A-paths (f1, B2, ..., Br).

Taking the lowest degree terms of the formula in theorem 3.2, we get the following
corollary.

COROLLARY 3.3 ([34, Corollary 7.2]). Let A be a pre-dominant integral weight and
d = |D(\)|. Then

11 Lo

),31 Bi+B2 T BitPat+ B B

BED(X)

(B1,B2,---,8a) EMPath(A

This formula generalizes the classical hook formula (1) and the Peterson—Proctor
formula (5); see also §9 below. It is also related to an equality of rational functions
involving root partitions for cluster variables cf. [12, 13].

3.2. PETERSON MINUSCULE ELEMENTS. For any integral weight m, D. Peterson de-
fined the notion of a m-minuscule Weyl group element, see below and [40, 10, 42,
48, 49, 19]. Examples of m-minuscule elements are the minimal length representatives
in WP, where P is the maximal parabolic associated to a minuscule fundamental
weight. Minuscule elements are fully commutative [48]; in particular, in type A they
are 321-avoiding. We will use this notion to rewrite Nakada’s formula and its gener-
alizations considered in this paper in terms of Weyl group elements.

DEFINITION 3.4 (m-minuscule elements). Let m be an integral weight. An element
w € W is called m-minuscule if there is a reduced expression w = s;,8;, -+ S;, such
that

(8) <51k+18ik+2 c o Siy (7{'),&2\-L> =1 (1 <k< Z)
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Equivalently,
9) Sig Sig1Sipya " Sie (m)=m— R

From the definition it follows that if w is 7-minuscule, then its length is f(w) =
ht(m — w(m)). The next result follows immediately from analyzing the inversion set
of w.
LEMMA 3.5 ([49, Proposition 5.1]). If w € W then

w is m-minuscule <= (m,7Y) =1 for all v € RY such that ws, < w.

From now on we restrict to the case when 7 is a a dominant integral weight.
Let W, = Staby (7) denote the stabilizer subgroup of 7 inside W. This deter-
mines the parabolic subgroup P such that Wp = W, containing simple roots

Yp={a; € X | (m ) =0}. Let W™ denote the set of minimal length representa-
tives for the cosets W/W,.

REMARK 3.6. It follows from Lemma 3.5 that if w is 7-minuscule, then w € W7, and
the property (8) holds for any reduced expression of w = s;, 8;, - - - S, -

We also need the following definition.
DEFINITION 3.7. For u,w € W™ and 8 € RT, define

uw if  spwWyp=uWg, andu < w.

LEMMA 3.8. Let m be dominant integral and u,w € W™ such that u % w. Then the
following hold:

(a) The root (B is unique.

(b) There exists a unique positive root y such that sgwWp = ws,Wp. Furthermore,

y=-wB) and ws, <w.
(c) If in addition w is m-minuscule then (w(rw), V) = —1.
Proof. The uniqueness of  follows from [16, Lemma 4.1]. Since sgw < w it follows
that w=1(8) < 0, thus v := —w~1(B) is a positive root, and s,Wp = wlsgwWp =
w™tuWp. Since w™lu ¢ Wp by hypothesis, the uniqueness of v follows from [9,

Lemma 2.2]. Finally, since ws,Wp = uWp and u < w, then necessarily ws, < w.
This finishes the proof of (b). Part (c) follows from (b) and Lemma 3.5. O

The relation between pre-dominant integral weights and m-minuscule elements is
given by the following proposition.

PROPOSITION 3.9 ([34, Propositions 10.1 and 10.3]). There is a bijection between the
following two sets
{pre-dominant integral weights \}
> {(m,w) |7 is dominant integral, and w is T-minuscule}.

Here, A is determined by (m,w) by the formula A\ = w(w). Conversely, for any pre-
dominant integral weight X, take a mazimal A-path (o, &, . .., 04,) € MPath()) and
set w = 84,8, 8iy, ™= w L(N). Then 7 is a dominant integral weight and w is
m-minuscule. Moreover D(A) = S(w) = {8 € R™ | spw < w}, and the correspondence
(Qiyy Qg - vy Qi) > Siy Siy -+ - Siy from MPath()) to Red(w) is bijective.

COROLLARY 3.10. Let m be a dominant integral weight, w be mw-minuscule and
A=w(r). For B € RT, let u € WT denote the minimal length representative in
sgwWr. Then:

(a) A LA sg(A) is equivalent to u 2 w.

Algebraic Combinatorics, Vol. 8 #3 (2025) 661
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(b) If u LA w, then u s also w-minuscule.
Proof. Part (a) follows from:

A ss0) e Y =—1e (nw () =-1leuw ' B<0essw<wsusuw.
Here in the third equivalence, the = direction follows from the fact that 7 is dominant,
while the < direction follows from Lemma 3.8.

To prove (b), observe that if u LA w, then sg\ is also a pre-dominant integral
weight by Lemma 3.1(2). Because of Proposition 3.9,

sph =w' (")
for some dominant integral weight 7/, w’ € W such that w’ is 7’-minuscule. Therefore,
sgw(m) = w'(7’),
and because the dominant weights 7,7’ are in the fundamental domain for the W-
action, it follows that @ = 7', and that sgwW, = w'W,. By Remark 3.6, w’' € W™.
Thus, v’ = u, and v is 7-minuscule. O

With Corollary 3.10, Nakada’s formula (Theorem 3.2) can be reformulated as fol-
lows.

THEOREM 3.11 (Nakada). Let m be a dominant integral weight, and w € W be a
m-minuscule element. Then:

1 1 1 1
ZE'/MBZ""'51+62+---+/3r: 11 (”E)’

BeS(w)
where the summation is over r > 0 and paths ., ﬁ%’ Typl —> ... — T g xo = w. In
particular,
Y 5 —- 1 3
Bi Bi+pe T PPt + B B’

B B S
zdgmd,lﬁ.“%ml*lmcg:w pes(w)

where d = |S(w)|= €(w).
This statement will generalized in Corollary 9.3 below.

3.3. BRUHAT INTERVALS OF m-MINUSCULE ELEMENTS. The main goal of this section
is to prove Proposition 3.13, stating that the intervals in the weak and ordinary (or
strong) Bruhat order determined by two m-minuscule elements coincide. Special cases
appeared in the works by Stembridge [48, Thm. 7.1] (for 7 a minuscule weight) and
Proctor [42, §10] (for G simply laced), but we have not seen Proposition 3.13 in the
generality we need.

For u,w € W the (left) weak Bruhat order is defined by v <y w iff {(wu™!) =
{(w) — £(u). Equivalently, w = vu and £(vu) = ¢(v) 4+ €(u). Observe that if u <, w
then u < w in the strong Bruhat order, but in general the two orders are different.

ExAMPLE 3.12. Consider the example of type As. The Weyl group has two generators
51, S2. Let w = 5189 and u = s;. Then u < w, but u £7 w as flwu™t) # £(w) — £(u).

For v <w € WP, set [v,w]” :={x € WF |v <z <w}.

PROPOSITION 3.13. Let 7 is a dominant integral weight with Staby (1) = Wp and let
u < w be m-minuscule elements in WE. Then the interval [u,w]f C WF is the same
in the weak and strong Bruhat orders, i.e.,

weWP ugv<wy={ eWl u<g, v < wh
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Proof. Let v € WP such that v < w. Then it suffices to show that v < w when
w covers v in the strong Bruhat order in W7, ie., £(w) — £(v) = 1. Write vWp =
sgwWp = ws,Wp for positive roots 3,7 as in Lemma 3.8. Since w is m-minuscule, v
is also m-minuscule by Corollary 3.10 (b). Using that ¢(w) = ht(m — w(7)) we obtain

1 = {(w) — (v) = ht(spw(m) — w(m)) = ht(w(r) — (w(r), 37)B — w(r)) = ht(B).

The last equality follows because the multiplicity (w(r),3") = —1 by Lemma 3.8(c).
Therefore 8 must be a simple root, and, furthermore, w = sgv, thus v <p w. O

The special case u = id of the following corollary has been proved by Nakada [34,
Proposition 10.3].

COROLLARY 3.14. Assume the hypotheses from Proposition 8.13. Let d == £(w) — £(u).
There is a bijection between the set of reduced words of wu™" and the set of mazimal
length paths from u to w, sending a reduced word wu™' = sg, - ...+ sg, to the path

u:xd@xd_lé...%mlﬁxozw.

Proof. Consider any path v = x4 By Tg—1 — ... = T1 By o = w in the (strong)
Bruhat interval [u, w]”. Then £(x; 1) —£(x;) = 1 for all i, and since w is m-minuscule
all x;’s must be also. Because weak and strong Bruhat orders coincide in [u,w]”
by Proposition 3.13, x; = sg,x;—1 and each of the roots 8; must be simple. Then
$84864_1"- -8, = uw~ ! and this decomposition is reduced. This associates a reduced
word of wu~?! to the given path (by reading in reverse), and it easily follows that this
correspondence is a bijection. O

4. CHERN—SCHWARTZ-MACPHERSON CLASSES OF SCHUBERT CELLS

In this section, we recall the definition of the equivariant Chern—Schwartz—
MacPherson (CSM) and Segre-MacPherson (SM) classes, then we recall the Chevalley
formula for the CSM and SM classes of Schubert cells in partial flag manifolds [1, 50].

4.1. DEFINITION. Let X be a complex algebraic variety. The group of constructible
functions F(X) consists of functions ¢ = Yy, cw Ly, where the sum is over a finite
set of constructible subsets W C X, ¢ € Z are integers, and Ly is the char-
acteristic function of W. For a proper morphism f : Y — X, there is a linear
map f.: F(Y)— F(X), such that for any constructible subset W C Y, we have
Fe(Lw)(2) = Xtop(FH(x) N W), where 2 € X and X, denotes the topological Euler
characteristic. Thus F can be considered as a (covariant) functor from the category of
complex algebraic varieties and proper morphisms to the category of abelian groups.
According to a conjecture attributed to Deligne and Grothendieck, there is a unique
natural transformation ¢, : F — H, from the functor of constructible functions on a
complex algebraic variety X to the homology functor, where all morphisms are proper,
such that if X is smooth then ¢, (1x) = ¢(TX) N [X], where ¢(T'X) denotes the total
Chern class of the tangent bundle TX and [X] denotes the fundamental class. This
conjecture was proved by MacPherson [27]; the class ¢.(1x) for possibly singular X
was shown to coincide with a class defined earlier by M.-H. Schwartz [45, 46, 5].
The theory of CSM classes was later extended to the equivariant setting by
Ohmoto [38]. If X has an action of a torus 7, Ohmoto defined the group F7(X)
of equivariant constructible functions. We will need the following properties of this
group:
(1) f W C X is a constructible set which is invariant under the T-action, its
characteristic function 1y is an element of F7 (X ). We will denote by FZ, (X)
the subgroup of F7'(X) consisting of T-invariant constructible functions on X.
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(The group FT(X) also contains other elements, but this will be immaterial
for us.)

(2) Every proper T-equivariant morphism f : Y — X of algebraic varieties in-
duces a homomorphism f7 : FT(X) — FT(Y). The restriction of fI to
FI (X) coincides with the ordinary push-forward f. of constructible func-
tions. See [38, §2.6].

Ohmoto proves [38, Theorem 1.1] that there is an equivariant version of MacPher-
son transformation ¢I : FT(X) — HI(X) that satisfies I (1x) = ¢T(TX) N [X]r
if X is a smooth variety, and that is functorial with respect to proper push-forwards.
The last statement means that for all proper T-equivariant morphisms ¥ — X the
following diagram commutes:

FIY) s HT(Y)

frl lff
T

FT(X) —== HT(X).

If X is smooth, we will identify the (equivariant) homology and cohomology groups,
by Poincaré duality: HI (X) ~ Hx(X).

DEFINITION 4.1. Let Z be a T-invariant constructible subvariety of X.

(1) We denote by csm(Z) = cl'(17) € HT (X) the equivariant Chern—Schwartz—
MacPherson (CSM) class of Z.

2) If X is smooth, we denote by sy(Z) = w € H:(X) the equivariant
T (TX) T

Segre-MacPherson (SM) class of Z, where f[}(X) is an appropriate comple-
tion of H3(X).

If X is smooth, we identify H%(X) with HI (X) via the Poincaré duality sending
k +— kN [X]r. Thus, csm(Z) is viewed as a cohomology class. In particular, in the
above definition, the SM classes may also be seen as cohomology classes.

4.2. CHEVALLEY FORMULAE FOR CSM AND SM CLASSES OF SCHUBERT CELLS. In
this section, we recall the Chevalley formula for the CSM/SM classes of the Schubert
cells in the partial flag variety G/P, proved in [1, 50].

Let Hi(X)ioc = H7(X) @z (pr) Frac H(pt) denote the localization of Hz(X),
where Frac H}(pt) is the fraction field of Hj(pt). Since the transition matrix
between the CSM classes {csm(X(w)°) | w € WP} (and also the SM classes
{sm(Y(w)°) |w € WP}) and the Schubert classes is a triangular matrix with
non-zero diagonal terms in H7} (X )ioc, the CSM classes and SM classes are bases
for HZ(pt)ioc. Moreover, they are dual under the Poincaré pairing (—,—)g/p
on H3(G/P)ioe (see [1, Theorem 7.1]):

<81\/I(Y(u)o)7CSM(—X(w)O)>G/P = 6u7w fOT' any w,u € WP'

If ¢y, denotes the automorphism of Hj(G/P) induced by the left multiplication by
wp on G/ P, then

(10) Py (csm(X (w)?)) = esm (Y (wow)®).

THEOREM 4.2 ([1, 50]). For any w € WT and A € X*(T)p, the following holds in
H;(G/P):

c1(£2) Uesm(X (w)°) = wNesm(X (@)°) = Y (A a¥)esm(X (wsa)°),

a>0,wsq <w
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and

(L) Usu(Y(w)?) = wNsu(Y(w)?) = D (L a)su(Y(wsa)®).

a>0,wsq >w

Proof. The first equality follows from [50, Theorem 3.7] and [1]. We prove the second
one. Applying ¢,,, to the first equation, we get

c1(Lx) U esm (X (wow)?) = wow(N)egm (X (wow)®) — Z (A Y esm (X (wowsa)®).

a>0,
WS o<W

Here we have used Equation (10) and the fact that ¢i(£)) is W-invariant. Assume
wow = zu for some z € W and u € Wp. Then wowsaWp = 2usaWp = 25,aWp,
and we have the following equivalences
a>0,ws, <w

Sa > 0,wa <0

sa € RT N R, wa <0

of=uae R \Rlﬁ,zﬂ >0

SBERTNRE, 255 > 2.

Moreover, (A, a") = (), V) since A € X*(T)p. Finally, the second equation holds by
the above equivalences and the fact that (\,7") =0 for any v € R;. g

5. SEGRE-MACPHERSON LITTLEWOOD-RICHARDSON (SMLR)
COEFFICIENTS

For any u,v,w € WP, define the Segre-MacPherson Littlewood-Richardson (SMLR)
coefficients d¥, ,,€ H7(pt)ioc for the SM classes of Schubert cells by

u, W

(11) su(Y () Usu(Y(0)*) = Y di,su(Y(w)?) € Hi(G/P)ioc-

weWwr

A formula for the structure constants d,; ,,, in terms of multiplications in the coho-
mology of Bott-Samelson varieties, was recently obtained by the third-named author
in [51, Theorem 5.2]. Furthermore, in the non-equivariant case, it was proved in [44]
that (—1)/W+H@—Lw)gw > 0, In what follows we will obtain a recursive procedure
to calculate the coefficients, based on the equivariant Chevalley formula for the SM
classes. Instances of this recursion in various equivariant (quantum) cohomology and
K theory rings, appeared in [32, 23, 28, 31, 36, 8, 37].

We start with the following simple lemma.

LeEMMA 5.1. The following properties hold for the SMLR coefficients dy
(a) If dy, #0, thenu <w and v < w.
(b) dip = sm(Y(1)?)]o-

Proof. To prove (a), localize both sides at the fixed point wP, and observe that
sm(Y (w)*)|w =0

unless u < w. Part (b) follows again by localization, after restricting both sides of
Equation (11) to the fixed point vP. O

We record the following explicit localization formula for sy(Y (u)°)|,, generalizing
the one in the complete flag variety case [1, Corollary 9.8].
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PROPOSITION 5.2. Let u < v € WF. Fiz a reduced expression v = s;,8;, -+ s;, and
set B = 54,84, -+ 50, () (1 =1,2,...,¢). Then

sM =3~ BiBi Bins
(¥ (@), = HKM(H@)Z ;B2 By
where the summation is over 1 < j1 < jo < -+ jx < £ with Sij, Sigy " Siy, Wp =ulWp.

Proof. Let p: G/B — G/P be the natural projection. In this proof, we use Y (w)% =
B~wB/B C G/B to denote the Schubert cells in G/B. Since p is a smooth morphism,
we may apply the (equivariant) Verdier-Riemann-Roch formula [38, Theorem 4.1] to
obtain

P em(Y()) = D sml(Y(u2)3).

zEWp
Restricting both sides to the fixed point vB € G/B, we get

(¥ (@)°)] = 5" (sna (Y (@)
= Y sV @)l

zEWp

Ha>0 va>0(1
= H 1_va Zﬁ]lﬂh' 'ﬂjk
a>0

1
- mzﬁjlﬁn--ﬂjk,

Here the third equality follows from [1, Corollary 6.7], and the summations in the last
two lines are over 1 < j1 < ja < ---ji < £ such that s;; s;), e 8i;, Wp =uWp. O

For any A € X*(T)p and u,w € WF define the Chevalley coefficients e, by the
equation

(12) Cl(,C)\)USM Z C)\ wéM )
ueWw?r
These coefficients are calculated in Theorem 4.2. The following is our main recursion

formula for dy; .

PROPOSITION 5.3. For any u,v,w € WF and any weight A\ € X*(T)p, the following

holds:
(Ci),w - Cz,u)dluu,v = Z Ci)t\,ud:').v - Z yd’tyL v*

U< y<w

Proof. By the associativity of the cup product, we have

(01 (La)U sM(Y(u)O)) Usm(Y (v)°) =e1(Lx) U (sM(Y(u)") U sM(Y(v)O)),

By Equation (11), Equation (12) and Lemma 5.1, taking the coefficients of sy (Y (w)®)
in both sides of the above equation gives

u o gw § z wo W Jw § wo gy
C)x,udu,v + C/\,udw,'u - C)\,wdu,v + C)x,ydu v

Tr>u y<w

This proves the desired equality. a

Note that by Theorem 4.2, the Chevalley coefficient cﬁT is not equal to 0 only
if # < y. Furthermore, if u # w, it was proved in [31, Proposition A.3] that one can
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find A such that ¢}, # ¢} ,. Thus, the identity in Proposition 5.3 may be rewritten
as:

1
(13) dz),v = v _au Z Cf\,udjlr”.v - Z Ci)j\],ydz,'u :
C)\,w - C)\,u u<x i y<w

Then the same argument as the one from [31] shows that Equation (13) gives a
recursive relation for the coefficients d;; . We briefly recall the salient points. If u = w,
then the coefficient dy; ,, is known from Lemma 5.1 and Proposition 5.2. If u # w, we
may choose A (depending on u, w) such that N w = # 0. The coefficients d,, and
dy , on the right hand side of Equation (13) satisfy £(w)—£(x), £(y)—£(u) < £(w)—L(u).
To conclude, an inductive argument on u < w and £(w) — £(u) shows that:

COROLLARY 5.4. The coefficients d;; ,, are algorithmically determined by the following:
o d¥, =0 forufw;
e dy , (known from Lemma 5.1 and Proposition 5.2);
e For u < w, the coefficients dy;,, are determined recursively from Equa-

’
w

’
u',v

tion (13), in terms of coefficients d where u < v/, vV < w and

L) — L(u') < L(w) — L(u).

An algorithm to calculate dy ,,, in terms of paths on a decorated version of the

Bruhat graph of G/P, will be discussed in §8 below.

6. EQUIVARIANT MULTIPLICITIES

6.1. DEFINITION AND A SMOOTHNESS CRITERION. Let X be a (finite-type) pure-
dimensional scheme with a torus action 7', and p € X a torus fixed point. In this
section we recall Brion’s definition of the equivariant multiplicity of X at p. The main
goal is to prove Theorem 6.7 which provides a smoothness criterion using equivariant
multiplicities and CSM classes; it generalizes a similar criterion by Brion, in terms
of fundamental classes. This will be needed to identify the right hand side of the
Equation (3) with an equivariant multiplicity.

To be consistent with Brion’s hypotheses, in this section we consider classes in the
equivariant Chow group AT(X) of X defined by Edidin and Graham [14]. There is
a degree doubling cycle map clx : AT (X) — HL(X) (k > 0) from the equivariant
Chow group to the equivariant Borel-Moore group. We will abuse notation and we will
identify classes in the Chow group with their images in the Borel-Moore group under
this map. In our main application later in this paper, X = G/P is a flag manifold. In
this case the cycle map is an isomorphism; see, e.g., [7, §3.2, Cor. 2].

Let us fix notation. For a T-module V = @, C,, welet ®(V) = {x; : 1 <i < n}
denote the set of its weights. The Chern class of V' is defined by ¢ (V) = [Ti—, (1+x:)-
The Euler class of V is defined by eT (V) := []\_, x;; these are elements in H%(pt).
Recall that H7 (pt)ioc denotes the fraction field of Hj.(pt); it is equal to the fraction
field of the polynomial ring Z[A1,..., )] in a basis of the characters of T, written
additively. We set deg \; = 1.

Following [7, §4], we say that the fixed point p € X is non-degenerate if 0 is not a
weight of the (Zariski) tangent space T, X. The set of weights of T, X will be called
the weights of p. For p € X a non-degenerate point, Brion defined the equivariant
multiplicity ep(x), an element in the fraction field of H}(pt) associated to a class
k € AT(X) in the equivariant Chow group of X. The definition of the equivariant
multiplicity is given in [7, §4.2]:

THEOREM 6.1 (Brion). Let p € X be a non-degenerate fized point and let x1,...,Xn
be its weights.
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(a) There exists a unique H(pt)-linear map e, x : HT (X) — H%(pt)ioc such that
ep.x[plr = 1 and that e, x[Y]|r = 0 for any T-invariant subvariety Y C X with
p ¢ Y. Furthermore, the image Im(ep, x) is contained in x“l»xn Hx(pt).

(b) For any T-invariant subvariety Y C X, the rational function e, x[Y|r is ho-
mogeneous of degree —dimY and it coincides with e,y [Y]r.

(¢) The point p is smooth in X if and only if
1
X1 Xn

For p € X we denote by ¢, : {p} — X denote the embedding. If p is smooth,
then, using the terminology from [17, §B.7], the morphism ¢, is a regular embedding.
Therefore it admits a pullback ¢ @ Hyjyyp, x 3y (X) — HZy(pt) ~ H7"(pt). For
K € HI'(X), we denote by [, the pull back ¢5(x). The following corollary is included
in Brion’s proof of the theorem above, but for convenience we recall briefly the salient

points.

epx[X]r =

COROLLARY 6.2. Let X be a scheme with a torus action T, and let p € X be a smooth
non-degenerate, torus fixed point. Then the equivariant multiplicity is equal to
epx (k) = 1P e pT(x).
’ el (TpX) :
Proof. We may may find a T-invariant neighborhood V of p such that V is smooth.
(For instance, V = X \ X4, the complement of the singular locus of X.) By the

self intersection formula ([p]r)|, = t;(tp)«[plr = " (T, X)[plr in H (pt). After the

identification HI (pt) ~ HZ(pt) which sends [p]r + 1, the assignment #‘ix)
satisfies the conditions in part (a) of Theorem 6.1.

EXAMPLE 6.3. Let X be a smooth projective algebraic variety with a torus 7" action
and finitely many 7-fixed points, which we assume to be non-degenerate. Let Y C X
be closed and T-stable. By the localization theorem [15, Thm. 2], the fundamental
class [Y]r expands as a sum of classes of fixed points, and by Corollary 6.2 the
coefficients are the equivariant multiplicities:

Yir= Y ex(YIr)p)r-

peXT
We will need the following homological analogue of [2, Lemma 9.3].

LEMMA 6.4. Let X C M be a T-equivariant closed embedding of irreducible T-
varieties. Let p € X be a T-fized point, non-degenerate and smooth in X and M.
Denote by Ny x M the normal space of X in M at p. Then:

L;CSM(X) = CT(TPX) : eT(Np,XM) .

Proof. Since the arguments essentially mimic those from [2], we will be brief. Again
we may find a T-invariant neighborhood p € V' C M such that V N X is smooth. Let
j ' V.— M be the inclusion. This is an open embedding, thus smooth, with trivial

L' :
relative tangent bundle. Factor the inclusion ¢, as {p} ——=V —7 > M . Note that
the restriction ¢ : X NV C V is proper, by base-change. We apply the Verdier—
Riemann—Roch [38, Theorem 4.1] to the open embedding (hence smooth morphism) 7,
to obtain

tpesm(X) = (1) 5" esm(X) = (1) “iwcsm (X N V).
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Since X NV is smooth, it follows that i,csm(X NV) = i (T (T(X NV))N[XNV]r) €
HI (V). By the self-intersection formula,
(1) isesm(X NV) =" (T,X) - e (Np xv V) = " (T, X) - €' (N x M),
as claimed. O
EXAMPLE 6.5. Consider C? with standard basis f1, fa, f3 and the torus action given
by diag(ti,te,t3).f; = tifi. Let M = P(C?) be the projective plane, and denote
by p; = P({f;)) the T-fixed points. Consider two invariant lines L1 = P({f1, fa2)),
Ly = P({fo, f3)), and their union X = Ly U Ly, which is singular at ps. Using that
1p,00, =1r, + 17, — 11, AL,, one calculates that:
esm(X) = esm(L1) + csm(La) — esm(Ln N La) = [La]r + [L2]r + [p1]T + [p2]7 + [p3] 7
Then
thesm(X) = o ([La]r) + o, ([pa]T)

=tz —t1+ (t3 —t1)(t2 — t1)

= (14to —t1)(t3 — t1)

- CT(TP1X)6T(NP17xﬂ1)'

The following is immediate from the previous Lemma.

COROLLARY 6.6. Let M be a smooth T-variety, and assume all the other hypotheses
from Lemma 6.4. Then:
e’ (Np,x M)
T (Np,x M)’
THEOREM 6.7. Let X be an irreducible variety with a T-action. Let p € X be a non-

degenerate T-fixed point with weights X1, ..., Xn. Then X is smooth at p if and only
if

tp(sm(X)) =

- 1
epvx(CSM(X)) = H(l + *)
i=1 Xi

Proof. If X is smooth at p, the claim follows from Corollary 6.2 and Lemma 6.4 (for
X = M). We now prove the converse. From the definition of the CSM classes it follows
that in HI(X),
(14) csm(X) = [X]r + Y ailVilr,
where a; € H}(pt) and V; C X are closed irreducible subvarieties such that the terms
ai[Vilr € Hy;(X) for j < dim X. Indeed, take a Whitney stratification X = J X;. We
may find equivariant desingularizations Tt )?Z — X, of the closures of X; such that
m; is an isomorphism over X; and X; \ ;" 1(Xl) is a simple normal crossing divisor.
Then by additivity and functoriality,

csm(X) =Y (m)u (7 (TX:)) = (mi)u(esm(Xi ~ 777 (X2))).
It is not difficult to check that in this expression, the only term in HI,,  +(X) is [X]r.
From Equation (14) it follows that the leading term (i.e. the term of lowest degree)
in the localization ¢;(csm(X)) is equal to ¢ [X]7. Since the equivariant multiplicity is
H7 (pt)-linear, we deduce that
epx (csn(X)) = ep x ([X]r) + Y asep x([Vilr).

By part (b) of Theorem 6.1, dege, x([X]r) = —dimX and dege, v, ([Vilr) =
—dimV;. Then the leading term of e, x (csm(X)) has degree —dim X, and it must
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be equal to e, x([X]r). The hypothesis implies that e, x([X]r) = Xl"‘l_'xw and by

Brion’s criterion from Theorem 6.1(c), X is smooth at p. d

7. EQUIVARIANT MULTIPLICITIES OF CSM CLASSES AND SMOOTHNESS OF
RICHARDSON VARIETIES

Next we apply the results in §6 to prove a smoothness criterion for Richardson varieties
in terms of the equivariant multiplicities of their CSM class; cf. Theorem 7.5. This
will be used to interpret certain terms in the hook formula from §3.

7.1. WEIGHTS OF TANGENT AND NORMAL SPACES OF SCHUBERT VARIETIES. We
recall, and also define, various tangent and normal spaces of Schubert varieties which
we use below.

Fix P a parabolic subgroup and w € W7F. The fixed point wP is isolated and
the tangent space T,,G/P has weights ®(T,,G/P) = {-w(a) : o« € R* ~ R5}. We
consider the following T-submodules of T,,G/P.

e The tangent spaces T, (X (w)), respectively Ty, (Y (w)), of X (w) and Y (w), at
the smooth point wP. They satisfy T,,X (w) ® T, Y (w) = T,,G/P and have
weights

(T, Y (w)) = {—w(a) € (T, G/P) : w(a) > 0};

(T X (w)) = ®(TWG/P) N\ ®(T,,Y (w)) = {—w(a) € ®(T,,G/P) : w(a) < 0}.
Note that the condition w(a) > 0 (respectively w(a) < 0) is equivalent to
ws, > w (respectively ws, < w). Equivalently, ®(T, X (w)) = S(w) from
Equation (6).

e The normal spaces Ny, x(uw)G/P, respectively Ny, y()G/P, of X(w) and
Y (w), at the smooth point wP. Note that:

(N, x(w)G/P) = ®(TwY (w));  ®(Nuy(w)G/P) = 2(TwX(w)).

e More generally, let v < w be two elements in WP, Define the T-submodule

T,Y (v) C T,,G/P by the requirement that its weights are:
(T, Y (v)) = {~w(a) € ®(TWwG/P) : v < wsy}-

The space T, Y (v) is in general not equal to the Zariski tangent space Ty, Y (v)
of Y (v) at wP; see Example 7.1 below. However, if wP is smooth in Y (v) then
T“,Y(v) is the actual tangent space. The latter will be the case for most of
our applications. We will not need it, but observe that in general TwY(v) is
always included in T,,Y (v), see e.g. [11] or [25, Prop. 12.1.7].

e As before, let v < w be two elements in WF. Define the T-submodule

Ny,y()G/P C TG/P by the requirement that its weights are:
(D(Nw’y(v)G/P) ={-w(a) € ®(T,G/P) : v ﬁ wsq} ={p € ®(TwG/P) : v f sgw},

where the second equality follows from the change of variable 8 = —w(a).
Again we observe that if wP is smooth in Y (v) then this is the genuine
normal space Ny, y )G /P of Y (v) at wP. Also observe that by definition,

TwY (v) & Ny y(s)G/P = T,,G/P.
Using again (6), it follows that for any v,w € W such that v < w,
@(Nw’y(v)G/P) ={-~wa|a € R" N\ Rb,v £ ws, < w}
={-~wa|a € R",v£ws, <w}
={8>0]|v¥£sgw<w}
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=S(w) \ S(w/v).
Here the third equality follows from the fact
{~wa | a € RT ws, <w}={8>0]ssw < w}

EXAMPLE 7.1. Consider the 3-dimensonal quadric OG(1,5) = SO(5)/P, where P is
the maximal parabolic subgroup such that Wp = (s,,) with ay the short root. The
divisor Y(s1) is singular at w = s15281 (e.g., by using Theorem 7.2 below), therefore
the Zariski tangent space at w has dimension 3. However, dim T,, Y (v) = 2.

We also recall a smoothness criterion for Schubert varieties due to S. Kumar, see
also [7, page 255 (K)] for another proof using equivariant multiplicities.

THEOREM 7.2 ([24]). Let v,w € WE be two Weyl group elements such that v < w.
Then the Schubert variety Y (v) C G/ P is smooth at wP if and only if the localization
of the equivariant fundamental class [Y (v)] € Hy(G/P) is given by:

yol.= I &

BER(Ny,, v (v)G/P)

Proof. In [24], the criterion is stated for G/B, but it immediately implies the result
in G/P. For completeness, we indicate the main points. We use the same convention
as in the proof of Proposition 5.2. Let p : G/B — G/P be the natural projection,
and let Y(v)p == B~vB/B C G/B be the Schubert variety in G/B. Since p is a
smooth morphism, and if v € W then p~!(Y (v)) = Y (v) . In particular, if v < w
are elements in WT, then Y (v) is smooth at wP if and only if Y (v) g is smooth at wB.
Furthermore, the localization [Y (vWp)]|w = [Y (v)B]|wp- This finishes the proof. O
7.2. EQUIVARIANT MULTIPLICITIES OF CSM CLASSES OF RICHARDSON VARIETIES.
In this section we calculate equivariant multiplicities of Richarsdon varieties and their
CSM classes. These will show again as factors in the generalized hook formula.

Let v < w in W7 and consider the Richardson variety RY, == X(w)NY (v) C G/P.
The T-fixed point wP is an isolated T-fixed point in R, ,and the torus weights of the
tangent space of R;, at wP are non-zero and distinct, therefore wP is non-degenerate
in R;,. We need the following Lemma.

LEMMA 7.3. Let w be an element in WF. Then
esm(X (w))]w - sm(Y (w))lw = €” (TuG/P).
Proof. From Lemma 6.4 we obtain that
esm(X () |w - sM (Y (w)) |
_ (T X (w)e! (N, x(w)G/P)e! (TwY (w)e (N, y (w) G/ P)

cI(T,G/P)
=T(1,G/P).
Here we used that T,, X (w) & T,,Y (w) = T, G/ P since the intersection X (w) NY (w)
is proper and transversal and it consists of the single point wP. O

PROPOSITION 7.4. Let v < w in WF. Then the following equality holds:

" sM(Y (V)] w
ewa/p(csm(Ry,)) = 7SM((ng))))|| :

w
Proof. From Corollary 6.2 we deduce that

ew.a/p(csm(Ry,)) = %
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By Schiirmann’s transversality formula [43, 1] it follows that
esm(By)lw = (csm(X (w)sm(Y (0))|w = csm(X (w)) hw - (Y (0)) |-

Then the claim follows from Lemma 7.3 after combining the two equations. |

Next we use Kumar’s smoothness criterion to relate smoothness of Schubert and
Richardson varieties in terms of localizations of CSM and SM classes.

THEOREM 7.5. Let v,w € WT be two elements such that v < w. Then the following
are equivalent:

(a) The Schubert variety Y (v) is smooth at wP;

(b) The Richardson variety Ry, is smooth at wP;

(¢) The localization of csm(Y (v)) at wP satisfies:

esm(Y (0)|w = e (N, y (o) G/P) - " (T,Y (v));
(d) The localization of sp(Y (v)) at wP satisfies:

X . _ eT(Nw,Y(U)G/P) _ ﬂ .
S | e

(e) The equivariant multiplicity of csm(RY,) at wP satisfies:

1
cwc/plesm(RY) = J[ + B)’
BeS(w/v)

where S(w/v) is defined in Equation (6).

Proof. The equivalence (a) < (b) follows from Kleiman transversality theorem; see
e.g. [3, Cor. 2.10] for a proof. The second equality in (d), and the equivalence (¢) < (d),
follow from the definition of the spaces involved (cf. §7.1) and the definition of CSM
and SM classes. The equivalence (d) < (e) follows from Proposition 7.4, taking into
account that Y (w) is smooth at wP, and using the formula for sy (Y (w))|, from
Corollary 6.6.

To finish the proof it suffices to show the equivalence (a) < (¢). The direction
(a) = (c) follows from Lemma 6.4. For the reverse direction, observe that Equa-
tion (14) implies that the term of lowest degree of csym (Y (v))|w is the localization
[Y'(v)]|w. Therefore, the hypothesis implies that

Y (0)]lw = € (Nuy )G/ P)-

Then the claim follows from Kumar’s smoothness criterion [24]; see Theorem 7.2. O

8. THE A-BRUHAT GRAPH

In this section we introduce the main combinatorial object in this paper: a directed
graph depending on an ‘admissible function’ A assigning weights to vertices, and whose
sums over weighted paths give algorithms to calculate localization of SM classes of
Schubert cells and varieties; cf. Proposition 8.12 and Corollary 8.13. Similar graphs
based on Chevalley-type recursions have been used in [28, 31, 36, 37] to provide
algorithms for Schubert multiplication in the equivariant quantum cohomology of
flag manifolds. In the next section we will use this graph to formulate and prove a
generalization of the Nakada’s colored formula.

For a parabolic subgroup P recall that X*(7T') p denotes the set of integral weights
orthogonal to roots in th. We recall the following characterization of the covering
relations in the Bruhat order in G/P; see e.g. [16, Lemma 4.1].

LEMMA 8.1. Let x # y be two elements in WF. Then the following are equivalent:
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(a) There exists v € RT \ R} such that xs,Wp = yWp.
(b) There exists B € R* such that sgzWp = yWp.

Furthermore, 3 and 7y are unique with these properties.

Proof. The equivalence of (a) and (b), and the uniqueness of 8 are proved in [16,
Lemma 4.1]. This lemma also shows that s, is unique up to a conjugation by an
element in Wp. If s,Wp = s,,Wp then v =~ by [9, Lemma 2.2]. d

REMARK 8.2. When we analyze edges of the Bruhat graph below, we need to consider
situations where tWp = ys,Wp < yWp = s, Wp for z,y € WP. As observed in the
proof above s,/ is a Wp conjugate of s,. Furthermore, if 2Wp < sgaWp = xs,Wp
then sgx > x, v = 71(8), and for any weight A such that Stabw (\) = Wp,

A7) = (N)Y) = (@(V), 8Y)

For v < w € WP, recall that [v,w]” = {z € WF | v < 2 < w} and set [v,w)F =
[v,w]" ~ {w}.

DEFINITION 8.3 (Admissible function). Let v < w € WF. An admissible function,
A=Ay [v,w]” — X*(T)p is any assignment x +— N\, such that x(\;) # w(\z)
for all x € [v,w)F.

Admissible functions always exist, and below are two examples. In both cases the
functions are constant; these are the only situations needed in this paper, but see
Example 8.8 for a non-constant admissible function.

EXAMPLE 8.4. (Standard admissible function.) Fix v < w in WF. For any = € [v, w]?
define
A(z) =wp = Z w5
a; EXNEp

(the sum of the fundamental weights not in P; see §2). Then A is admissible because
w(wp) = wp if and only if w € Wp; cf. [4, Ch.5, §4.6]. We call this the standard
admissible function.

To illustrate, consider the case of G = SL(3,C). The set of simple roots is ¥ =
{a1,as}. If we take Xp = {an}, then WP = {id, 51,5251} and wp = ;. The values
of the function A are:

id(wP)zwl, sl(wp)zwlfozl, 3251(wp)=w170517a2.

EXAMPLE 8.5. (Dominant weights.) A more general example is when one considers an
integral dominant weight 7, and the parabolic subgroup determined by the condition
Wp =W;,. Let v < w in WP. If ¢ € [v,w]? is an element such that z(7) = w(rw), it
follows that & = w in W This implies that the constant function A = 7 is admissible.

If 7 = w; is a fundamental weight, one recovers the standard admissible function
for the maximal parabolic P given by the node i.

Admissible functions appeared in [31, §7] in the study of the equivariant quantum
cohomology ring of flag manifolds.

DEFINITION 8.6 (A-Bruhat graph). Let v,w € WPT such that v < w, and let
A [v,w]P = X*(T)p be an admissible function. To this data we associate a dec-
orated directed graph T' = (V,E) and two functions, Wy : V. — X*(T) and
mp B — Zy, as follows:

(1) The set of vertices is defined by V = [v,w]F.

(2) There is an oriented edge x—y whenever tWp < yWp and yWp = xs,Wp.
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(3) Each vertex x € V is decorated by a weight
Wa(z) = 2(As) —w(Ag).

By the definition of A, if x # w, then the weight Wa(x) is not equal to 0. We
will call Wy : V — X*(T') the A-weight function of the graph.

(4) Each edge 2Wp—yWp = xs,Wp is decorated by the Chevalley multiplic-
ity:

mA(x7y) = <>\17 'Yv)'

We will refer to this graph as the A-Bruhat graph determined by the triple (v, w, A).
If A =7 is a constant admissible function, then we set Wy = Wy, m, = my.

If one ignores the orientation and the admissible function A, then the A-Bruhat
graph is the 1-skeleton of the T-action on G/P. This is the graph used in the GKM the-
ory, and to calculate curve neighborhoods of Schubert varieties [9]; it is also called the
Bruhat graph. It contains the (unoriented) quantum Bruhat graph from [6] and [26],
and it is related to “Games with hook structure” defined by Kawanaka [21].

We provide examples of A-Bruhat graphs below. In these examples we decorate
the edges with their Chevalley multiplicities, and we remove those edges of Chevalley
multiplicity 0, as they will not contribute to our algorithm for the SM structure
constants. We will encode the function Wy by representing a vertex z as #@)

ExAMPLE 8.7. We continue the Example 8.4 (1), i.e., G = SL(3,C), £p = {as},
v =1id, w = s351 and A : [id, w]" — X*(T)p is the standard admissible function

AEszwl.

The set of vertices of the Bruhat graph is V = [id, w]” = {id, s1,5251}. The weight
function is

Wa(id) = a1 +aa, Wa(s1) = az, Wal(sz2s1) =0.
The resulting A-Bruhat graph is depicted below.

8281

id
aptoaz

ExAMPLE 8.8. Consider G = SL3(C) and P = B. In this case G/B = F1(3), the flag
variety parametrizing complete flags (Fy C F» C C3). Set v := id and w = wp =
s15281 and consider two functions A; : W — X*(T')" defined by:

A1(.1’) = {wl l * 7& 52815 AQ(JJ) =n1wi + nows, (nl,ng > 0)
we if x = s9s;.

One may easily check that both are admissible functions. The corresponding A;-
Bruhat graphs for the triple (id, wo, A;) are below, from left to right.
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518281 518281
N 7
S182 8281
- niag nzaq
S182 8281
g (31
7 \
- 3
5
S1 S2
Qs agtaz s s
- 5 -— S22 @
. naai+(ni+n2)az (n1+nz)ar+nias
r& V
id _id
aptaz (n14n2)(a1+az)

EXAMPLE 8.9. Consider the Lie type Bs, i.e. G = SO(7,C). The simple roots are
A = {aj,as,a3} with ag short. We choose P to be the maximal parabolic deter-
mined by the set Ap = {ai,as}. Geometrically, G/P is the submaximal isotropic
Grassmannian IG(2,7) parametrizing subspaces of dimension 2 which are isotropic
with respect to the non-degenerate symmetric form in C7. We pick the standard
admissible function A(x) = wy and v = id,w = s2515352. All simple edges have
Chevalley multiplicity 1, and the double edges have multiplicity 2.

Let us explain in more detail the calculations. Each u € [id, w]” has £(u) arrows
directed to u. For example w = sy515389 has four arrows directed to w.

We list below the reflections s,

Vv
5051550 s.t. (co2,vY) # 0.
0 no.| Sy | ol ‘ ool

/E f\%\ (1) S2 sz Vo2,

518382 828382 (2) 518281 o1+ a2 alv + a2v

205 aitas  (3) 535253 az + 2a3 ay +ag

(4) 525352 az + ag 2005 + ay
EE (5)| s3s2s1s2ss a4+ oz + 203 | o) + oy +ay
5182 S382 (6)| s1s283s281 a1+ az + ag 201 + 20 + o
2a2+2a3 (7) |s2s3s2s1s28382 |1 + 202 + 2as3| @y + 2ay + o

A
S
ai +2a22+2a.

&

oo vy = b for (1),(2),3),(5)
) {2 for (4), (6), (7

id
a1+3az+2as3

Y «- z indicates xs,Wp = yWp, for (i)-th
s, in the above list.

Next we record the following lemma.

LEMMA 8.10. (a) Let (v,w,A) be a A-Bruhat graph and let (x,y) be an edge such that
yWp = sgaWp = xs,Wp. If A(xz) = A(y) = X then z(X) —y(A) = ma(z,y)p.
(b) Let m € X(T)p be a dominant integral weight and assume we are given a

constant admissible function W, = w. Then for any edge x LA y as in (a) (with the
notation from Definition 3.7):

(15) Wr(x) = Wr(y) + max(z,y)B.
Proof. By definition,
2(A) = y(A) =z(A) — zs5(A) = (A, 7")z(7) = ma(z,y)B,

where the last equality follows from Remark 8.2. This proves part (a). Part (b) follows
form (a) and the definition of W;. O
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In the next section we will analyze A-Bruhat graphs for minuscule elements, and
we will need the following result.

PROPOSITION 8.11. Let v < w be m-minuscule elements, and let P be the parabolic
subgroup defined by Wp = Staby (7). Consider the A-Bruhat graph (v, w, A) with the
constant admissible function A = 7. Then the following hold:

(1) Let x,y € [v,w]’ be two elements and let x — y be an edge such that xWp <
yWp = xs,Wp. Then the Chevalley multiplicity satisfies:

ma(e,y) = (m7Y) = L.

(2) The A = m-weight of the vertex = (cf. Definition 8.6, parts (3) and (4)) is equal
to:

Wi (x) = z(m) — w(r) = Zﬁl ,

where T = xg ﬁ# T1— ... > Tg_1 4 Ty = w is any chain in the A-Bruhat graph.
(3) The admissible function Wy is injective.

Proof. By Corollary 3.10(2), since w is 7-minuscule, each element in [v, w]” is again 7-

minuscule. Let 4/ be the positive root such that tWp = ys. Wp (cf. Lemma 3.8). From
Remark 8.2, the multiplicity m,(z,y) is equal to (m, (v')¥). Since ys, Wp < yWp
implies that ys,, < y, and since y is 7w-minuscule, (7, (7')¥) = 1 from Lemma 3.5.
This proves part (1).

From Lemma 8.10(b) it follows that for any chain as in the hypothesis,

Wr(z) = z(r) —w(r) = me Ti-1,2) 8

Since by part (1) all multiplicities my(z;—1,2;) = 1, part (2) follows. Finally, if
Wi (z) = Wy (y) then z(n) = y(r), thus = = y in WT, proving part (3). d

We now give a formula for the coefficients dy;,, from Equation (11) in terms of
summation over weighted paths in the A-Bruhat graph.

PROPOSITION 8.12. For any v < w € WT, fix an admissible function A : [v,w]’ —

X*(T)p, and letT = (v,w, A) be the associated A-Bruhat graph. Then for u € [v, w]",

(16) _ ( m/\(zraxr 1 . mA(Ir—laxr—Q) . . mA(xth)) w
e Wha(zr) Wa(@r-1) Wa (1) v
where the sum is over integers r = 0, and over all directed paths v = x, — x,_1 —

.= xg=win .

Proof. There is nothing to do when v = w. If u < w, set A\, = A(u). Then from
Equation (13),

1 1
v = - x Qv = - P qv
0 w(hy) —u(h) DIL L w(hy) — u(Ay) > Rl

Uou<z T=usqs >u;a>0

1 1
= TN N oy <_)‘U7a >d1:w =30 N m/\(u7 m)d:)w
w(Ay) — u(Ay) z*usg;(wo Wh (1) g '
_ Z mA U l’) qv
- WA(U z ,w*

u—z

Here the second equality follows from Theorem 4.2 and the definition of c§ ,, in Equa-
tion (12), and the rest are from the definitions. Then the statement follows by induc-
tion descending from w, on those elements x such that u < x < w. g
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From Lemma 5.1 we deduce another interpretation of the sum in the previous
proposition:

COROLLARY 8.13. Let v < w be two elements in WT. With the hypotheses from
Proposition 8.12, the following hold:

SM(Y(U))‘w — Z mfA(mral'r—l) . m’A(IT—lamT‘—Q) . . mA(-Th-TO)
sm(Y(w))w Wa(zr) Walzr—1) 7 Wa(x)

where the sum is over integers r > 0, and over all directed paths v < x, — xTr_1 —
..o zg=w in .

(17)

Proof. By Lemma 5.1 and the additivity of CSM classes, the left hand side of (17) is
equal to

sm(Y ()l 2Zvga MY (W) ) Z e

sm(Y (w))lw sm(Y (w)°)]w vt T
Here we also used that sy(Y (u)°)|w = 0 if w # u. Then the claim follows from
Proposition 8.12. O

REMARK 8.14. By Proposition 5.2 and Proposition 7.4, the left hand side of Equa-
tion (17) is an equivariant multiplicity, which may be calculated explicitly. Fix a
reduced expression w = s;, 84, - - - 54, and set §; = 84,54, -+ 8i;_, (;) (= 1,2,...,4).
Then:

_ zﬁjlﬂjz T '/lec

sM(Y(v))|w v .
m = ew,G/P(CSM(Rw)) = W’
here the summation is over 1 < j; < jo < -+ < jr < { such that vWp <
sih 87;].2 ce Si]k: Wp.

As we observed in Theorem 7.5, if Y (v) is smooth at wP, then both the numerator
and the denominator of this expression may be written as products. This is the key
observation which leads to a generalization of Nakada’s hook formula in the next
section.

(18)

9. A GENERALIZED COLORED HOOK FORMULA
In this section we prove the main result of this paper - the generalization of Nakada’s
colored hook formula, together with several corollaries of it.
9.1. THE COLORED HOOK FORMULA AND CONSEQUENCES. Recall that for v < w €
W, S(w/v) ={B € R" | v<spw < w}.
THEOREM 9.1. Letv < w € WT, and fix an admissible function A : [v,w]” — X*(T)p
with the associated A-Bruhat graph T = (v,w,A). Then:

Y (v) C G/P is smooth at wP € G/P if and only if

MmA(Ty, Tp_1) . ma (1, Tr—2) .. ma (21, 7o) = < l>
Z Wi (zr) Wa(zr_1) T Wia(a) 5esl;[u/u) o s)

where the sum is over integers v > 0, and over all directed paths v < x, — Tr_1 —
.o xog=w in .

Proof. We proved in Proposition 7.4 that

% = ey, /p(csm(Ry,)).
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Then by Theorem 7.5, Y (v) C G/P is smooth at wP € G/P if and only if

— 14 =

sm(Y (0))]w H ( ;3)

sm(Y (w))|w a BES(w/v)

Now observe that by Corollary 8.13 the left hand side of this expression is the sum in
the statement. g

An important particular case of Theorem 9.1 is to consider a constant admissible
function. For example, let 7 € X*(T) be any dominant integral weight, and as usual
define P by Staby (7) = Wp. Set A(z) = 7 for x € [v,w]F, and recall that W,
denotes the associated weight function. Let m; = (m,~,”) be the multiplicity of the
edge x; — x;—1 and let j3; be the positive root ; such that z;—1Wp = sg,2;Wp. With
this notation, and by Theorem 9.1, we deduce the following.

COROLLARY 9.2. Under the above assumptions, we have the following equivalence:
Y (v) C G/P is smooth at wP € G/P if and only if

my my 1
Zmlﬂl+m2ﬂ2+"'+m7‘ﬁr‘.“.'mflﬁl7 H (1—~_/3)7

BeS(w/v)
where the sum is over all integers r > 0, and over all directed paths v < x, By
Tr1 Prgt giﬂo =winT = (v,w,n).

Proof. Immediate from Theorem 9.1, since W, (x) = Z;C:l m;B;, by Equation (15).
O

COROLLARY 9.3. Let v < w € W be two m-minuscule elements for a dominant integral
weight m, and P C G be the parabolic subgroup satisfying Staby (1) = Wp. Then:

Y (v) C G/P is smooth at wP € G/P if and only if

1 1 1
(19) 251+52+---+5r"”.az H <1+E>7

BeS(w/v)

where the sum is as in Corollary 9.2.

Proof. First observe that by Corollary 3.10(2), since w is m-minuscule, each represen-
tative 2 € W in a chain to w is also m-minuscule. Then from Corollary 9.2, we only
need to show that any edge # — y has multiplicity m(z,y) = 1. This follows from
Proposition 8.11. [

If v = id, Corollary 9.3 recovers Nakada’s colored hook formula stated in Theo-
rem 3.11.

Corollary 9.3 implies a skew version of the classical Peterson formula [10, 42]; see
also [22] for related recent work in this direction.

Recall that Red(w) denotes the set of all reduced expressions of w and ht(f) is the
height of the positive root 3 (see §2).

COROLLARY 9.4 (A skew Peterson formula). Let m be a dominant integral weight,
and let P be the parabolic subgroup defined by Staby (7) = Wp. Let v < w € W be
m-minuscule elements such that Y (vWp) is smooth at wP. Then

“1y _ (E(w) = £(v))!
(20) #Red(wv™) = —Hﬂes(w/v) he(3)
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Proof. Consider the term of lowest degree —#S(w/v) in the expression in Corol-
lary 9.3. This corresponds to taking the summation over mazimal paths in Corol-
lary 9.3, and yields

1 1 1
(21) ) PN | B
B+ Ba+-+ B B1 Bes(w/v)ﬂ
The paths considered are the same as the paths from Corollary 3.14, in particular
each f; is a simple root. Now specialize each simple root «; +— 1. The right hand side

gives . On the left hand side, each summand specializes to 57—,
HﬁeS(w/u) ht(5) ’ (£(w)—£(v))!
and the number of summands is equal to the number of reduced expressions of wv ™1,

again by Corollary 3.14. g

REMARK 9.5. One can show that in the hypotheses from Corollary 9.3, and if W is
a simply laced Weyl group, then then Y (v) is smooth at w if and only if wv™1 is 7/-
minuscule, where 7’ is dominant integral. Furthermore, in this case the identities (19)
and (20) for [v, w]™ coincide with those corresponding to the interval [id, wv=]™ . The
proof requires developing techniques different from those employed in this paper and
will appear in a separate note.

If W is not simply laced then it is possible that Y (v) is smooth at w, but wv="! is
not dominant minuscule. An example is in type Fy for v = s1, w = $1535254835251,
with a1, as short roots. However, in this case one can show that if Y'(v) is smooth
at w, the ‘skew’ Nakada’s identity is obtained from the ‘straight’ formula applied to
suitable elements in type Eg. The transformation between the two cases is given by
the folding of the root system FEg into Fy. This suggests that folding may lead to a
more general statement relating skew and straight Nakada formulae.

1

REMARK 9.6. Let w be dominant minuscule and v € [id, w]”. If we remove the con-
dition that Y (vWp) is smooth at wP, by equations (17), (18), and the proof of
Corollary 9.4, we obtain
Z ht(ﬁjl )ht(BjQ) U ht(Bje(u))
ht(B1) - - - ht(Be)

where the summation is over 1 < j; < jo < -+ < £(v) < £ such that v =
Sij, Siy " Siy is a reduced decomposition.

Observe also that the right hand side is the specialization of (¢(w) — £(v))! (Y ()]

Y (w)]]w
by taking a root to its height. To relate to the right hand side in Theorem 9.1, observe

(22) #Red(wv™) = (U(w) — £(v))!

that the fraction [[2,/((5))]]““;: may also be obtained by taking the lowest degree terms in

the numerator and denominator of the fraction % This fact follows from

Proposition 5.2 above, or, more directly, because the Segre class satisfies:
sm(Y(v)) = [Y(v)] + higher order terms in H}(G/P).

10. EXAMPLES
In this section we give some examples illustrating Theorem 9.1 and its corollaries.

10.1. GRASSMANNIANS. Let X = G/P = Gr(k,n) be a Grassmann manifold,
where P is the maximal parabolic subgroup with Ap = A \ {ay}. The permutations
in W are in bijection to the set of partitions u = (uy, ..., ug) in the k x (n — k)
rectangle. We denote by w), the element in W corresponding to u. This bijection
has the property that {(w,) = || = p1 + ... + px (the number of boxes of 1) and
w, < w, if and only if ;4 C v. Furthermore, there exists an edge w, — w, in the
Bruhat graph if and only if the skew shape v/u is a rim hook in v. (Recall that the
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skew shape v/ consists of the boxes in the Young diagram of v which are not in p.
A rim hook in v is a non-empty connected collection B of boxes which intersect the
boundary of v in at least one point, v/ B remains a partition, and B does not contain
2 x 2 square.) One may read the reduced decompositions of w,,w,, and also the
root £ such that w, Wp = sgw,Wp directly from the diagrams involved; cf. [20, 8],
the latter, for more general cominuscule Grassmannians. We illustrate this in the
example below.

ExAMPLE 10.1. Take G/P = Gr(5,12); then Ap = {a; : 1 < 11}~ {as}. Consider
v=(7,7,7,5,5) included in the 5 x 7 rectangle. The partltlon v corresponds to the
green portion in the left diagram below.

Q5 | Qg | Q7 [ Qrg | (Y9 (V10

Oy |05 | Qg |7 Qg | Qg

[e%:}

Qr|ag Qrlag

Qg | Q7 Qg | Q7

One may read a reduced decomposition for w, by reading the labels of v bottom to
top, right to left:

Wy = 55545352515655545352595857565554535105958575655545115105958575655-

Consider 1 = (5,4,1). A path in the Bruhat graph from p to v is given by removing
rim hooks starting from v. One example is the path below, where the rim hooks
removed are, in order, starting from v: green, cyan, orange,

p =P s o = FFEEER i = @Eﬂkﬁﬂbu_@

The root g associated to an edge p; — w41 is the sum of the simple roots in the boxes
of the skew shape ji;41/p;. In our case, if w, Wp = sgw,, Wp then g = Z _, o (the
sum of the labels of the green rim hook). Different ways to remove rim hooks, including
removing hooks in different order, will result in different paths in Equation (19), and
all such paths are considered. Each mazimal path has length |v/u| = |v| — |u|.

In order to illustrate Corollary 9.3 we consider the standard admissible function
A = wp = wy. Then each element w € W is wi-minuscule, and all edge multiplicities
are equal to 1. Further, Y (w,Wp) is smooth at w, Wp if and only if the skew partition
v/u is a union of straight shapes. (This may be deduced e.g. from [20, Corollary 9.2,
9.3] or from [18].) In the example above, Y (w,) is singular at w,.

ExXAMPLE 10.2. We now consider G/P = Gr(2,5) and the standard admissible func-
tion A = ws. Take v = wg < w = w3 3). Then Y (v) = G/P is smooth, and the set
S(w/v) is equal to S(w), and it corresponds to the roots of all possible rim hooks
which may be removed from w. Then:

S(w/v) = S(w) = {as, a0 +as, az+ oy, as+o3+ay, 01 +as+as, 00 +az+az+as}

Qg Qg Qg |3
o — [oa]os] — gl —

As before, we indicated the removed hooks with colors, and also their box labels.
In the left hand side of the summation from Corollary 9.3 this corresponds to the

Consider the path
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product
1 1 1

B+ B2+ B3 x B1 + B2 XE
1 1 1

X X .
Ot1+2052+2043+0t4 a1+ o+ a3+ ay a2 + a3+ oy
Another path is given by

|
Q’HH s

giving the product
1 1 1 1

X — = X .

b1+ B2 51 a1 + 2as + 203 + oy a1+ g+ a3+ oy
Nakada’s formula from Corollary 9.3 states that if one sums over all possible paths,
one obtains:

(23)
1 1 1 1
<1+B):<1+073)X <1+a2+a3> x <1+a3+o¢4)

BeS(w/v)
1 1 1
YA T Y S (S -
o1 + o + a3 Qo + a3+ Qg a1+ g+ a3+ oy

ExampLE 10.3. We illustrate Peterson’s formula from Corollary 9.4. We continue
with u,w defined in the previous example. If one takes the leading term of (23) and
specializes each simple root to 1, then one obtains
1 1 1 1 1 1
IX X X=X X—-=——
2 2 3 3 4 4x6
Each maximal path has length £(w) —£(v) = 6 and it contributes with 1/6! to the left
hand side of (19). The number of maximal paths is equal to the number Red(w) of
reduced decompositions of w, and this number must satisfy:
Red(w) 1
6!  41x6
therefore Red(w) = 4&!6 = 5. One may check directly that the 5 reduced decomposi-
tions of w are:

535251545352, 535254515352, 535254535152, 535452515352, 535452535152.

They correspond respectively to 5 maximal paths from v to w, given by removing
boxes from 1 to 6 (in order) in the diagrams below:

6154 653 6143 6152 642
3121 |4]2]1] |[5|2|1| |4]3]|1 5131

(Of course, these also correspond to the 5 standard Young tableaux on the diagram
of w.)

10.2. SUBMAXIMAL ISOTROPIC GRASSMANNIANS. In this section we consider G/P
to be IG(k,2n + 1), the isotropic Grassmannian parametrizing k-dimensional sub-
spaces of C2"*! isotropic with respect to a symmetric non-degenerate bilinear form
on C?"*+1 Then A = {a; : 1 < i < n} and by convention «, is short. In this case,
Ap = A N {ax} and the multiplicities may be 2. This is an example of a ‘non-
minuscule’ flag manifold, and the equality from Corollary 9.2 is in general stronger
than the Nakada’s colored hook formula.
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We consider the standard admissible function A = wy. The root § for an edge
u — v’ such that 'Wp = sgulWp may be found from Equation (15):
= Wa(u) = Wha(u') _ u(wr) — v (wg)

m(u,u’) m(u,u’)

To illustrate, consider IG(2, 7) and the standard admissible function A = ws. Recall
the A-Bruhat graph from Example 8.9 above, where the simple edges have multiplicity
1 and the double edges have multiplicity 2. The denominator at u is equal to Wy (u) =
u(wa) — wg (wa).

S2818382
0

818382 $28382

20 atoaz

5159
2cc0+2a3

S2
a1+2a2+2a3

Wﬁﬂrms
Every Schubert variety is smooth at sos1s382 (the Schubert point), except for Y (s2)
(the Schubert divisor). This may be checked directly e.g. by the smoothness criterion
from Theorem 7.2; we will also recover it from Theorem 9.1 in an example below.

EXAMPLE 10.4. Let us consider the case v = s385, w = $3815382 in the above situation.
In this case S(w) = {ag,a1 + ag, a2 + a3, a9 + as, a1 + 2as + 203} and S(w/v) =
{aa, a1 + as}. The localization is Y (v)|,, is equal to (ag 4+ as)(a1 + 2as + 2a3). By
Theorem 7.2, we see Y'(v) that is smooth at w. To check Equation (19), we calculate
the left hand side. Depending on u € [v, w], we divide into the following four cases.
(1) u = v There are two paths
1 2

The path v — s1s352 — w contributes with arTga; X Tag
1 1

The path v — s2s389 — w contributes with atza; X arvas
(2) u=s15382
The path s1s389 — w contributes with ﬁ;
(3) U = §28352
The path sas382 — w contributes with
4) u=w
The trivial path w = w contributes with 1.
In this case Theorem 9.1 (or Corollary 9.2) gives the equality:

1.
artaz’

+ ! 2 ! X ! ! X 2 < + i) (1 + ! )
a1 + as 209 a1 + 2as a1 + as a1 + 2a 209 - Qg a1 + asg
(This equality is equivalent to the fact that Y (v) is smooth at wP.)
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ExXAMPLE 10.5. Let us consider another case v = s, w = $2532 in the above situation.
In this case

S(w) = {ag, as + as,as +2a3}, S(w/v) ={az,as+2a3}, [Y(0)]|lw =2(2+as),
and by Theorem 7.2 Y (sq) is singular at w, therefore we do not expect the identity
from Theorem 9.1 to hold. Then:
(1) The path v — s3s2 — w contributes with
(2) The path sy — w contributes with m;
(3) The path s3s9 — w contributes with 0%2;
(4) The trivial path contributes with 1.
Observe that
1 1 1 2 1 1
I+ —+——— 4 —x———— L1+ — ) (14— ).
(e %] g + 203 Qo a9 + 20(3 Qo g + 20¢3

By Theorem 9.1, this confirms that Y (sg) is singular at s1s3s2. (In fact, one may
check using [24] that the multiplicity at this singular point is equal to 2. Interestingly,
Y (s2) is rationally smooth at w, since £(w) — £(v) < 3.)

2 1.
az+2a3 X asz’

Acknowledgements. We thank the referee for a careful reading of this paper, and for
useful suggestions which helped us clarify and improve the exposition. Part of this
work was performed while Mihalcea was in residence at ICERM, as a participant in the
program “Combinatorial Algebraic Geometry” (Spring 2021); the author is grateful
for support, excellent working conditions, and a stimulating atmosphere. Mihalcea
was also supported in part by a Simons Collaboration Grant, and the NSF grant
DMS-2152294. Naruse was supported in part by JSPS KAKENHI Grant Number
16H03921. C. Su is supported by the National Key R&D Program of China No.
(2024YFA1014700).

REFERENCES

[1] Paolo Aluffi, Leonardo C. Mihalcea, Jérg Schiirmann, and Changjian Su, Shadows of character-

istic cycles, Verma modules, and positivity of Chern—Schwartz—MacPherson classes of Schubert

cells, Duke Math. J. 172 (2023), no. 17, 3257-3320.

Paolo Aluffi, Leonardo C. Mihalcea, Jorg Schiirmann, and Changjian Su, Motivic Chern classes

of Schubert cells, Hecke algebras, and applications to Casselman’s problem, Ann. Sci. Ec. Norm.

Supér. (4) 57 (2024), no. 1, 87-141.

Sara Billey and Izzet Coskun, Singularities of generalized Richardson varieties, Comm. Algebra

40 (2012), no. 4, 1466-1495.

Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4—6, Elements of Mathematics (Berlin),

Springer-Verlag, Berlin, 2002, translated from the 1968 French original by Andrew Pressley.

Jean-Paul Brasselet and Marie-Hélene Schwartz, Sur les classes de Chern d’un ensemble an-

alytique compleze, in The Euler-Poincaré characteristic (French), Astérisque, vol. 82-83, Soc.

Math. France, Paris, 1981, pp. 93-147.

Francesco Brenti, Sergey Fomin, and Alexander Postnikov, Mized Bruhat operators and Yang

Baazter equations for Weyl groups, Internat. Math. Res. Notices (1999), no. 8, 419-441.

Michel Brion, Equivariant Chow groups for torus actions, Transform. Groups 2 (1997), no. 3,

225-267.

Anders S. Buch, Pierre-Emmanuel Chaput, Leonardo C. Mihalcea, and Nicolas Perrin, A Cheval-

ley formula for the equivariant quantum K-theory of cominuscule varieties, Algebr. Geom. 5

(2018), no. 5, 568-595.

Anders S. Buch and Leonardo C. Mihalcea, Curve neighborhoods of Schubert varieties, J. Dif-

ferential Geom. 99 (2015), no. 2, 255-283.

[10] James B. Carrell, Vector fields, flag varieties and Schubert calculus, Proceedings of the Hy-
derabad Conference on Algebraic Groups (Hyderabad, 1989), Manoj Prakashan, Madras, 1991,
pp- 23-57.

2

3

[4

5

6

[7

8

9

Algebraic Combinatorics, Vol. 8 #3 (2025) 683



(11]

(12]
(13]
(14]
(15]
[16]

(17]

(18]
(19]
20]
(21]
(22]
23]
(24]
25]

(26]

(27]
(28]

(29]

(30]
(31]
(32]
(33]
(34]

(35]

(36]

(37]

L. C. MIHALCEA, H. NARUSE & C. Su

James B. Carrell, The Bruhat graph of a Cozeter group, a conjecture of Deodhar, and rational
smoothness of Schubert varieties, in Algebraic groups and their generalizations: classical meth-
ods (University Park, PA, 1991), Proc. Sympos. Pure Math., vol. 56, Part 1, Amer. Math. Soc.,
Providence, RI, 1994, pp. 53-61.

Elie Casbi, Equivariant multiplicities of simply-laced type flag minors, Represent. Theory 25
(2021), 1049-1092.

Elie Casbi, Newton-Okounkov bodies for categories of modules over quiver Hecke algebras, Ann.
Inst. Fourier (Grenoble) 72 (2022), no. 5, 1773-1818.

Dan Edidin and William Graham, Equivariant intersection theory, Invent. Math. 131 (1998),
no. 3, 595-634.

Dan Edidin and William Graham, Localization in equivariant intersection theory and the Bott
residue formula, Amer. J. Math. 120 (1998), no. 3, 619-636.

W. Fulton and C. Woodward, On the quantum product of Schubert classes, J. Algebraic Geom.
13 (2004), no. 4, 641-661.

William Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 2, Springer-Verlag, Berlin,
1998.

William Graham and Victor Kreiman, Ezcited Young diagrams, equivariant K-theory, and
Schubert varieties, Trans. Amer. Math. Soc. 367 (2015), no. 9, 6597-6645.

William Graham and Victor Kreiman, Cominuscule points and Schubert varieties, Ann. Inst.
Fourier (Grenoble) 71 (2021), no. 6, 2519-2548.

Takeshi Ikeda and Hiroshi Naruse, Ezcited Young diagrams and equivariant Schubert calculus,
Trans. Amer. Math. Soc. 361 (2009), no. 10, 5193-5221.

Noriaki Kawanaka, Games and algorithms with hook structure, Sugaku Expositions 28 (2015),
no. 1, 73-93, translated from the Japanese.

Alexander Kleshchev and Arun Ram, Homogeneous representations of Khovanov-Lauda alge-
bras, J. Eur. Math. Soc. (JEMS) 12 (2010), no. 5, 1293-1306.

Allen Knutson and Terence Tao, Puzzles and (equivariant) cohomology of Grassmannians, Duke
Math. J. 119 (2003), no. 2, 221-260.

Shrawan Kumar, The nil Hecke ring and singularity of Schubert varieties, Invent. Math. 123
(1996), no. 3, 471-506.

Shrawan Kumar, Kac—Moody groups, their flag varieties and representation theory, Progress in
Mathematics, vol. 204, Birkhduser Boston, Inc., Boston, MA, 2002.

Cristian Lenart, Satoshi Naito, Daisuke Sagaki, Anne Schilling, and Mark Shimozono, A uniform
model for Kirillov-Reshetikhin crystals I: Lifting the parabolic quantum Bruhat graph, Int.
Math. Res. Not. IMRN 2015 (2015), no. 7, 1848-1901.

Robert D. MacPherson, Chern classes for singular algebraic varieties, Ann. of Math. (2) 100
(1974), 423-432.

Leonardo Mihalcea, Equivariant quantum Schubert calculus, Adv. Math. 203 (2006), no. 1,
1-33.

Leonardo C. Mihalcea, Hiroshi Naruse, and Changjian Su, Left Demazure-Lusztig operators on
equivariant (quantum) cohomology and K-theory, Int. Math. Res. Not. IMRN (2022), no. 16,
12096-12147.

Leonardo C. Mihalcea, Hiroshi Naruse, and Changjian Su, Hook formula for Cozeter groups via
the twisted group ring, Proc. Japan Acad. Ser. A Math. Sci. 100 (2024), no. 6, 31-36.
Leonardo Constantin Mihalcea, On equivariant quantum cohomology of homogeneous spaces:
Chevalley formulae and algorithms, Duke Math. J. 140 (2007), no. 2, 321-350.

Alexander 1. Molev and Bruce E. Sagan, A Littlewood-Richardson rule for factorial Schur func-
tions, Trans. Amer. Math. Soc. 351 (1999), no. 11, 4429-4443.

Alejandro H. Morales, Igor Pak, and Greta Panova, Hook formulas for skew shapes I. q-analogues
and bijections, J. Combin. Theory Ser. A 154 (2018), 350-405.

Kento Nakada, Colored hook formula for a generalized Young diagram, Osaka J. Math. 45
(2008), no. 4, 1085-1120.

Kento Nakada, A hook formula for the standard tableauz of a generalized shape, in Combinato-
rial representation theory and related topics, RIMS Kékytroku Bessatsu, B8, Res. Inst. Math.
Sci. (RIMS), Kyoto, 2008, pp. 55-62.

Hiroshi Naruse, Schubert calculus and hook formula, slides at the 73rd Sém. Lothar. Combin.,
Strobl, Austria, 2014, https://www.emis.de/journals/SLC/wpapers/s73vortrag/naruse.pdf.
Hiroshi Naruse and Soichi Okada, Skew hook formula for d-complete posets via equivariant
K -theory, Algebr. Comb. 2 (2019), no. 4, 541-571.

Algebraic Combinatorics, Vol. 8 #3 (2025) 684


https://www.emis.de/journals/SLC/wpapers/s73vortrag/naruse.pdf

(38]
(39]
[40]
[41]
(42]

[43]

44]

[45]
(46]
(47]
(48]

(49]
[50]

(51]

Hook formulae from Segre—MacPherson classes

Toru Ohmoto, Equivariant Chern classes of singular algebraic varieties with group actions,
Math. Proc. Cambridge Philos. Soc. 140 (2006), no. 1, 115-134.

Greta Panova and Leonid Petrov, Hook-length Formulas for Skew Shapes via Contour Integrals
and Vertex Models, 2024, https://arxiv.org/abs/2409.17842.

Robert A. Proctor, Bruhat lattices, plane partition generating functions, and minuscule repre-
sentations, European J. Combin. 5 (1984), no. 4, 331-350.

Robert A. Proctor, Dynkin diagram classification of A-minuscule Bruhat lattices and of d-
complete posets, J. Algebraic Combin. 9 (1999), no. 1, 61-94.

Robert A. Proctor, Minuscule elements of Weyl groups, the numbers game, and d-complete
posets, J. Algebra 213 (1999), no. 1, 272-303.

Jorg Schiirmann, Chern classes and transversality for singular spaces, in Singularities in ge-
ometry, topology, foliations and dynamics, Trends Math., Birkhduser/Springer, Cham, 2017,
pp. 207-231.

Jorg Schiirmann, Connor Simpson, and Botong Wang, A new generic vanishing theorem on
homogeneous varieties and the positivity conjecture for triple intersections of Schubert cells,
Compos. Math. 161 (2025), no. 1, 1-12.

Marie-Héléne Schwartz, Classes caractéristiques définies par une stratification d’une variété
analytique compleze. I, C. R. Acad. Sci. Paris 260 (1965), 3262-3264.

Marie-Héléne Schwartz, Classes caractéristiques définies par une stratification d’une variété
analytique compleze. II, C. R. Acad. Sci. Paris 260 (1965), 3535-3537.

Richard P. Stanley, On the number of reduced decompositions of elements of Coxeter groups,
European J. Combin. 5 (1984), no. 4, 359-372.

John R. Stembridge, On the fully commutative elements of Cozeter groups, J. Algebraic Combin.
5 (1996), no. 4, 353-385.

John R. Stembridge, Minuscule elements of Weyl groups, J. Algebra 235 (2001), no. 2, 722-743.
Changjian Su, Fquivariant quantum cohomology of cotangent bundle of G/P, Adv. Math. 289
(2016), 362-383.

Changjian Su, Structure constants for Chern classes of Schubert cells, Math. Z. 298 (2021),
no. 1-2, 193-213.

LEONARDO C. MIHALCEA, Department of Mathematics, Virginia Tech University, Blacksburg, VA

24061 USA
E-mail : Imihalce@vt.edu

HirosHI NARUSE, Graduate School of Education, University of Yamanashi, Kofu, 400-8510, Japan

E-mail : hnaruse@yamanashi.ac.jp

CHANGJIAN SU, Yau Mathematical Sciences Center, Tsinghua University, Beijing, China

E-mail : changjiansu@tsinghua.edu.cn

Algebraic Combinatorics, Vol. 8 #3 (2025) 685


https://arxiv.org/abs/2409.17842
mailto:lmihalce@vt.edu
mailto:hnaruse@yamanashi.ac.jp
mailto:changjiansu@tsinghua.edu.cn

