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Abstract—Modern wireless communication systems necessitate
the development of cost-effective resource allocation strategies,
while ensuring maximal system performance. While commonly
realizable via efficient waterfilling schemes, ergodic-optimal poli-
cies often exhibit instantaneous resource constraint fluctuations
as a result of fading variability, violating prescribed specifications
possibly within unacceptable margins, inducing further opera-
tional challenges and/or costs. On the other extent, short-term-
optimal policies –commonly based on deterministic waterfilling–,
while strictly maintaining operational specifications, are not only
impractical and computationally demanding, but also suboptimal
in a long-term sense. To address these challenges, we introduce a
novel distributionally robust version of a classical point-to-point
interference-free multi-terminal constrained stochastic resource
allocation problem, by leveraging the Conditional Value-at-Risk
(CVaR) as a coherent measure of power policy fluctuation risk. We
derive closed-form dual-parameterized expressions for the CVaR-
optimal resource policy, along with corresponding optimal CVaR
quantile levels by capitalizing on (sampling) the underlying fading
distribution. We subsequently develop two dual-domain schemes
—one model-based and one model-free— to iteratively determine
a globally-optimal resource policy. Our numerical simulations
confirm the remarkable effectiveness of the proposed approach,
also revealing an almost-constant character of the CVaR-optimal
policy and at rather minimal ergodic rate optimality loss.

Index Terms—Stochastic Resource Allocation, Distributionally
Robust Optimization (DRO), Risk-Averse Optimization, Condi-
tional Value-at-Risk.

I. INTRODUCTION

We revisit the classical problem of optimal resource al-
location in point-to-point multi-terminal communication net-
works operating over random fading channels with no cross-
interference. Modern applications demand for maximal system
performance and efficient utilization of resources, while also
ensuring that certain operational specifications are met. For in-
stance, service providers are often concerned with spontaneous
fluctuations in the allocated resources, e.g., power, which are
costly due to over- or under-utilization of the underlying power
grid and related provider-to-provider agreements. In fact, while
ergodic-optimal (power) policies (typically implemented via
waterfilling schemes in standard settings [1]) exhibit maximal
performance in expectation and admit efficient implemen-
tations, they are prone to severe instantaneous fluctuations
due to the statistical variability of channel fading, leading to
operational challenges and/or increased costs. On the other
extent, even though short-term optimal allocation schemes
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(such as deterministic waterfilling) strictly regulate operational
specifications (i.e., constraints are met with certainty), they
are not only suboptimal in a long-term sense, but also im-
practical: As an example, deterministic waterfilling suffers
from heavy computational burden, since meeting instantaneous
power constraints requires perpetual computation (i.e., solving
one optimization problem per channel realization).

Distributionally Robust Optimization (DRO) approaches to
optimal resource allocation have been recently emerging [2]–
[17], including work by the authors [18]–[20], offering a new
and fresh perspective on ultimately achieving explicit, tunable,
and feasible operational robustness and (ultra-)reliability in
wireless systems design. DRO involves objectives/constraints
comprised of worst-case expectations over an ambiguity set
of distributions [21]–[24]. In the context of wireless systems,
optimal resource policies resulting from DRO models can pro-
vide maximally robust/reliable performance over an ambiguity
set within the proximity of the (unknown) distribution of chan-
nel fading. From a complementary perspective, DRO may also
be seen as a way to relax instantaneous objectives/constraints,
sometimes leading to favorable and analytically tractable prob-
lem formulations via convex functional duality [25]; we will
discuss this aspect in more detail later on.

The notion of a risk measure [23], [26] is of key significance
in the context of DRO. In fact, under very general conditions
DRO functionals (e.g., used as problem objectives/constraints)
arise as coherent risk measures [23, Chapters 6 and 7], since
every such risk measure can be represented (in duality) as
a supremum of expectations over a set of distributions [23,
Section 6.3], i.e., a coherent risk measure ρ(·) on an integrable
random cost ξ can be written as ρ(ξ) = supQ∈U EQ [ξ], where
U is a corresponding set of probability distributions. Thus,
DRO problems may also be seen as equivalent coherent risk-
averse problems, and vice versa (under general conditions).

In this paper, we investigate a novel distributionally robust
version of a classical resource allocation problem (as discussed
earlier), formulated by relaxing desirable instantaneous power
constraints via suprema of expectations over fictitious distri-
butional balls of the form Uϵ with radius ϵ, centered at the
true but unknown channel fading distribution. The selection
of Uϵ and ϵ regulates the degree of relaxation, i.e., ϵ → 0 (or
when ϵ is sufficiently small) reduces to an expectation (ergodic
setting), while ϵ → ∞ yields the essential supremum over the
fading distribution, ensuring deterministic feasibility (initial
instantaneous setting). The ball Uϵ is tacitly selected herein
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by capitalizing on the dual representation of the Conditional
Value-at-Risk (CVaR) [23], [26], the latter thus being adopted
as a coherent measure of power policy fluctuation risk.

While DRO relaxations may in general result in a much
more difficult resource allocation problems as compared with
both the ergodic and deterministic extremes, we rigorously
show that the consideration of CVaR (through its ambiguity
set) and its favorable properties in fact enable the derivation
of globally optimal distributionally robust allocation policies
in closed forms (i.e., in the fashion of ergodic waterfilling). As
a result, optimally minimal policy variability is ensured which
is always feasible and tunable at will (by properly selecting
the radius ϵ), thus approximating the deterministic constraint
setting with arbitrary precision. The proposed optimal policies
depend on (deterministic) CVaR-auxiliary and dual variables
(Lagrange multipliers), which can be efficiently determined
respectively via bisection and either dual subgradient descent
or a basic primal-dual scheme —both developed herein, rem-
iniscent of and extending standard ergodic waterfilling.

In summary, the proposed approach is able to achieve the
implementation efficiency of ergodic-optimal resource alloca-
tion, while ensuring almost deterministic satisfaction of power
constraints. The efficacy of our approach is corroborated by a
series of numerical simulations utilizing two common network
utilities, also observing very minimal (ergodic) rate optimality
loss, as a result of constraining power policy variability (via
the DRO-CVaR relaxation).

II. SYSTEM MODEL

We consider a NU -terminal parallel point-to-point commu-
nication channel with no cross-interference. Also, we assume
perfect CSI for concreteness. While models including cross-
interference refer to a larger variety of practical scenarios, the
interference-free model studied herein is motivated mainly by
its simplicity as well as analytical tractability, also facilitating
the exposition of the novel aspect of our approach. Cross-
interference channels are certainly interesting, and they can
be the subject of future work. We model the resource (here
power) allocation policy as a vector p(h) ⪰ 0, where h is the
instantaneous fading vector, whose elements hi ∈ H, i ∈ [NU ]
correspond to the fading coefficients of parallel links, with cu-
mulative distribution function (CDF) Fhi

(·). The instantaneous
transmission rate of terminal i of the network is modeled as

ri(pi(h), hi) ≜ log

(
1 +

pi(h) · h2
i

σ2
i

)
, (1)

where σ2
i is the noise variance of the corresponding transmis-

sion link. In a very classical ergodic setting, the problem of
optimal power allocation may be formulated as

P ∗
E = maximize

x∈X , p⪰0
f0(x)

subject to x ⪯ E [r(p(h),h)]

0 ≤ P0 −
NU∑
i=1

E[pi(h)],

(2)

where f0 is a known and concave utility function, x is a vector
measuring mean-ergodic system performance, X is a convex
set, and P0 is a total power budget. Problem (3) is well-studied
in the literature [1], [27]–[29], and a globally optimal solution
is readily available via the well-known waterfilling algorithm
[1], [29]. However, although ergodic-optimal policies perform
optimally in expectation, they are prone to fluctuations beyond
P0, e.g., power spikes, particularly over heavy-tailed fading
channels. To mitigate the effects of dispersive channel fad-
ing, particularly for applications where power constraints are
strictly imposed, an alternative problem may formulated as

P ∗
I = maximize

x∈X , p⪰0
f0(x)

subject to x ⪯ E [r(p(h),h)]

0 ≤ P0 −
NU∑
i=1

pi(h), a.e.,

(3)

ensuring instantaneous total power feasibility and eliminating
short-term power fluctuation. However, this power constraint
is now essentially of infinite dimension, easily rendering (3)
impractical and computationally demanding (see Section I).

To deal with those issues, we propose a DRO relaxation on
the power constraint, resulting in the problem

P ∗
R(ϵ) = maximize

x∈X , p⪰0
f0(x)

subject to x ⪯ E [r(p(h),h)]

0 ≤ P0 −
NU∑
i=1

sup
Q∈Uϵi

i

EQ[pi(h)],

(4)

over balls of testing fictitious distributions Uϵi
i of radii ϵi, each

containing the true fading distribution as its “center”; we will
make this rigorous shortly. The reader might note that, at this
point, whether problem (4) is actually advantageous over (3)
is questionable; in general, (4) may be much harder to tackle
than (3) (due to the suprema in the power constraint).

In this work, we exploit the CVaR to facilitate tackling the
DRO (3). Specifically, the CVaR is defined for an integrable
random cost ξ(·) as [23], [26]

CVaRφ [ξ] ≜ inf
z∈R

{
z +

1

φ
E [(ξ − z)+]

}
, (5)

where φ ∈ (0, 1] is the corresponding confidence level, and
(·)+ = max{·, 0}. The CVaR expresses the mean of the worst
α · 100% values of ξ, and admits the perhaps more explanatory
representation as a conditional expectation

CVaRφ [ξ] = E[ξ|ξ ≥ z∗φ], where P (ξ ≥ z∗φ) = φ,

whenever ξ is continuously distributed (i.e., admits a density).
In words, the CVaR measures the expected loss of ξ in the
upper φ-quantile of the underlying distribution, or conditioned
to the upper tail of probability equal to φ. The CVaR is a
coherent risk measure —i.e., a convex, monotone, translation
equivariant, and positively homogeneous functional [23, Chap-
ter 6]—, and generalizes the expectation since

lim
φ→0

CVaRφ [ξ] ≜ CVaR0 [ξ] = ess sup ξ, CVaR1 [ξ] = E[ξ],
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also being monotone increasing in φ ∈ [0, 1]. Being a coherent
risk measure, the CVaR admits the dual representation

CVaRφ [ξ] = sup
Q∈U1/φ

EQ [ξ] ,

where the ambiguity set U1/φ is takes the form

U1/φ =

{
Q

∣∣∣∣ dQdP ∈
[
0,

1

φ

]
a.e.-P

}
=

{
Q

∣∣∣∣ log dQ

dP
≤ log

1

φ
a.e.-P

}
,

where P denotes the true (reference) distribution. In words,
U1/φ contains all distributions whose log-likelihood ratio over
P does not exceed log(1/φ) in the essential supremum (Renyi)
divergence. In that sense, U1/φ is a distributional ball centered
at P , with radius log(1/φ). Note that hereafter we slightly
abuse notation by the identification U1/φ ≡ Ulog(1/φ).

By exploiting the CVaR through its dual representation in
the DRO problem (4), we obtain the risk-averse reformulation

P ∗
R(φ) = maximize

x∈X , p⪰0
f0(x)

subject to x ⪯ E [r(p(h),h)]

0 ≤ P0 −
NU∑
i=1

CVaRφi [pi(h)] ,

(6)

where φi ∈ (0, 1] for all i and φ is defined accordingly. Note
that all CVaRs are taken relative to the distribution of h.

At this point, we emphasize that one could start directly
with the risk-averse problem (6) (see [18], [20]), which may
be naturally interpreted as a tightening of the power constraint
in the ergodic problem (2). Nevertheless, the DRO problem (4)
is more general and probably more natural and intuitive to start
with (i.e., relaxing the constraint of (3)), and the incorporation
of CVaR may be seen as a special case (albeit rather useful, as
discussed later). It easily follows that, for every φ ∈ [0, 1]NU ,

P ∗
I ≤ P ∗

R(φ) ≤ P ∗
E ,

with equalities achieved for φ = 0 and φ = 1, respectively.
Substituting the CVaR formulation (5), we may re-express

the DRO problem (6) as

P ∗
R(φ) = maximize

x∈X ,p⪰0,z
f0(x)

subject to x ⪯ E [r(p(h),h)] (7)

0 ≤ P0−
NU∑
i=1

zi+
1

φi
E [(pi(h)−zi)+] ,

where the vector z collects CVaR auxiliary variables zi. Prob-
lem (7) is convex due to the structure of the CVaR. However,
since fading coefficients attain values from a continuum H,
(7) is infinite-dimensional, making it challenging to solve.

Under the assumption of certain constraint qualifications,
particularly Slater’s condition (i.e., strict feasibility, assumed
hereafter), we observe strong duality (also implying no duality
gap) for (7). This allows us to work with the dual problem of

(7) within the framework of Lagrangian duality. To this end,
the Lagrangian function associated with (7) is defined as

L(x,p, z,Λ) ≜ f0(x) + λ⊤ (E [r(p(h,h)]− x)

+ µP0 −
NU∑
i=1

(
zi +

1

φi
E [(pi − zi)+]

)
,

where Λ = (λ, µ) ⪰ 0 are Lagrange multipliers —the dual
variables corresponding to the constraints in (7). The dual
function is defined as the maximization of the Lagrangian over
the primal variables, i.e.,

q(Λ) ≜ sup
x∈X ,p⪰0,z

L(x,p, z,Λ).

We may then define the dual problem as

D∗
R(φ) = inf

Λ⪰0
q(Λ),

= inf
Λ⪰0

sup
x∈X ,p⪰0,z

L(x,p, z,Λ).
(8)

Although the primal DRO/risk-averse CVaR problem (7) is
infinite-dimensional, its dual (8) is finite-dimensional (in the
dual variables), provided the availability of (implicit) optimal
primal variables. Next, we propose a distributionally robust
resource allocation scheme to efficiently solve the minimax
problem (8) to global optimality, in particular enjoying explicit
closed forms as far as the resource policy p is concerned.

III. DISTRIBUTIONALLY ROBUST RESOURCE ALLOCATION

We observe that the dual function is separable relative to
i ∈ [NU ] over the primal variables (p, z), the latter also being
separable from x (given respective dual variables). Thus, we
can tackle the subproblems over (pi, zi) and x separately.

A. Optimal Ergodic Rate Vector

The subproblem over the rate vector x is expressed as

sup
x∈X

{
f0(x)− λ⊤x

}
.

The optimal solution set inherently depends on the concave
utility f0 and the dual variable λ and may be expressed as

x∗(λ) ∈ argmax
x∈X

{
f0(x)− λ⊤x

}
. (9)

We assume the existence and availability of such an optimal
solution as a function of λ, provided f0 is analytically tractable
and known. Several common utility functions allow us to
obtain closed-form solutions and/or variable eliminations. For
an example, the sumrate utility f0(x) = w⊤x for a weight
vector w ∈ RNU

++ yields an optimal dual solution λ∗ ≜ w,
also eliminating the derivation of x. Another choice involves
the proportional fairness utility, i.e., f0(x) = 1⊤ log(x),
which yields an optimal solution x∗ ≜ 1

λ ; here element-wise
logarithm and division notations are overloaded. Numerical
simulations using these utilities are presented in Section IV.
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B. CVaR-Optimal Resource Policy

Leveraging the interchangeability principle for expectation
(integration) [23, Theorem 9.108], we consider the particular
subproblem over policy pi for terminal i ∈ [NU ], i.e.,

sup
pi≥0

{
λi log

(
1 +

pi · h2
i

σ2
i

)
− µ

φi
(pi − zi)+

}
. (10)

We have the following central result.
Theorem 1 (CVaR-Optimal Resource Policy): A parameter-

ized optimal solution to the resource policy subproblem (10)
for each terminal i ∈ [NU ] may be expressed as

p∗i (hi) = max

{(
λiφi

µ
− σ2

i

h2
i

)
+

, (zi)+

}
, (11)

whenever λi and µ are not simultaneously zero, otherwise
selecting p∗i = 0 is optimal.

Proof: Denote the objective of (10) as a function F (pi, ·).
Notice that F (pi, ·) is concave in pi, and becomes null for λi

and µ being simultaneously zero. For λi = 0 and µ > 0, the
subproblem stands trivial with an optimal policy selection of
p∗i = (zi)+. For λi > 0 and µ = 0, the subproblem becomes
unbounded and reduces to

sup
pi≥0

{
λi log

(
1 +

pi · h2
i

σ2
i

)}
,

with an “infeasible solution” of p∗i = ∞. For (λi, µ) ≻ 0
–assumed hereafter, the subproblem evolves into

sup
pi

λi log

(
1 +

pi · h2
i

σ2
i

)
− µ

φi
(pi − zi)+ − IR+

(pi), (12)

including the constraint on pi, where

IR+
(pi) =

{
0, pi ≥ 0,

∞, pi < 0.

The subdifferential of (12) may be expressed as ∂piF (pi, ·)−
NR+(pi) where NR+(pi) is the normal cone of the nonnegative
orthant R+, expressed as NR+

(pi) = {n|n ∈ R− if pi =
0, n = 0 if pi > 0}. Then, every subgradient gpi

(pi, ·) of the
problem of (12) may be expressed as

gpi(pi, ·) =
λih

2
i

σ2
i + pi · h2

i

− µ

φi
H[pi − zi]− n, (13)

where n ∈ NR+
(pi), and H[·] is the Heaviside step multifunc-

tion. A zero-subgradient needs to be in the subdifferential as
per the optimality condition, i.e., 0 ∈ ∂F (p∗i , ·) − NR+(p

∗
i ).

Assuming zi ≤ 0, n ∈ R− is satisfied only for p∗i =

0, H[p∗i ] = C ∈ [0, 1], providing λiφih
2
i

µσ2
i

≤ C ≤ 1 and
λiφi

µ − σ2
i

h2
i
≤ 0 from (13). Otherwise, a zero-subgradient proves

p∗i = λiφi

µ − σ2
i

h2
i
> 0 for n = 0, yielding altogether

p∗i =

(
λiφi

µ
− σ2

i

h2
i

)
+

, zi ≤ 0. (14)

Conversely, –assuming zi > 0, a zero-subgradient satisfies

gpi
(p∗i , ·) =

λih
2
i

σ2
i + p∗i · h2

i

− µ

φi
H[p∗i − zi] = 0, (15)

Here, we observe that there are two scenarios for a subgradient
to attain zero. For the first scenario, suppose a p∗i > 0 exists
such that p∗i > zi ⇐⇒ H[p∗i − zi] = 1. From (15), we obtain

p∗i =

(
λiφi

µ
− σ2

i

h2
i

)
+

> zi,

providing a branch condition. For the second scenario, suppose
p∗i > 0 exists such that p∗i = zi ⇐⇒ H[p∗i − zi] = C ∈ [0, 1].
Then, from (15), we arrive at

gpi
(p∗i , ·) =

λih
2
i

σ2
i + p∗i · h2

i

− µ

φi
C = 0,

satisfying p∗i ≥ λiφi

µ − σ2
i

h2
i

, and providing the complementary
branch condition. Note that parameter C may be expressed as

C = H[p∗i − zi] =
λiφi

µ

h2
i

σ2
i + p∗i · h2

i

, (16)

satisfying all scenarios. Combining both scenarios along with
(14) ultimately concludes the proof.

C. Optimal Value-at-Risk Levels

Recalling the dual function, the subproblem related to zi for
terminal i ∈ [NU ] may be expressed as

sup
zi∈R

{
−µzi + E

[
λiri(p

∗
i , hi)−

µ

φi
(p∗i − zi)+

]}
, (17)

given the corresponding optimal power policy. We present two
dual-domain schemes to acquire the optimal z∗i . First, a (quasi-
)closed-form solution is derived, provided that (sampling) the
underlying fading distribution is readily available. For a purely
data-driven method, we also propose a primal-dual scheme
utilizing subgradient ascent-based updates.

1) Dual-Parameterized Optimal Value-at-Risk: In case the
fading distribution is available or can be sampled, the subprob-
lem in (17) yields a quasi-closed-form solution, as follows.

Theorem 2 (Optimal Value-at-Risk): The optimal solution of
subproblem (17) for terminal i ∈ [NU ] satisfies the inclusions

z∗i ∈


{0}, 1− φi ≤ E

[
(1− κih

2
i ) · 1H̄(0)(hi)

]
,

(0, σ2
i κi], 1− φi ≤ E

[
(1− Cσ2

i κi
) · 1H̄(σ2

i κi)(hi)
]
,

(σ2
i κi,∞), 1− φi > E

[
(1− Cσ2

i κi
) · 1H̄(σ2

i κi)(hi)
]
,

where H̄(zi) =
√

σ2
i

σ2
i κi−zi

, the set H̄(zi) =
[
0, H̄(zi)

]
, κi =

λiφi

µσ2
i

, and Czi =
σ2
i κih

2
i

σ2
i+zih2

i
. The optimal solution z∗i satisfies

E
[
Cz∗

i
· 1H̄(z∗

i )

]
+ 1− Fhi

(
H̄(z∗i )

)
= φi, z∗i ∈ (0, σ2

i κi]

E
[
Cz∗

i

]
= φi, z∗i ∈ [σ2

i κi,∞).

Proof: Consider a function defined as

F (pi, zi) ≜ −µzi + λiri(pi, hi)−
µ

φi
(pi − zi)+.
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Algorithm 1 Dual CVaR-Optimal Resource Allocation

Choose initial values x(0),p(0), z(0),Λ(0).
for n = 1 to Process End do

Observe h(n).
# Primal Variables
→ Set z∗i (Λ

(n−1)) using Theorem 2, for all i.
→ Set p∗i (h

(n),Λ(n−1)) using (11), for all i.
→ Set x∗(Λ(n−1)) using (9).
# Dual Variables
→ Update Λ(n) using (21) and (22).

end for

Note that F (pi, zi) is jointly concave, and for its subdifferen-
tial we may write

∂zi sup
pi≥0

F (pi, zi) = ∂ziF (pi, zi)|pi=p∗
i (·),

∂ziE

[
sup
pi≥0

F (pi, zi)

]
= E

[
∂ziF (pi, zi)|pi=p∗

i (·)
]
,

= −µ+
µ

φi
E [H[p∗i − zi]] .

Then, we may express a subgradient gzi ∈ ∂ziE [F ∗(zi)] as

gzi = −µ+
µ

φi
E
[
1{p∗

i >zi}(hi)
]
+

µ

φi
E
[
Czi1{p∗

i =zi}(hi)
]
,

where Czi ∈ [0, 1] is constrained by the selection of policy
p∗i as in (16). Let H̄(zi) =

√
σ2
i

σ2
i κi−zi

, the set H̄(zi) =[
0, H̄(zi)

]
, and κi =

λiφi

µσ2
i

for simplicity. Then we may express
the subgradient gzi for different values of zi, i.e.,

gzi =
µ(1− φi)

φi
+

0, zi ∈ (−∞, 0),
µ
φi

(
E
[
C0 · 1H̄(0)

]
− Fhi

(
H̄(0)

))
, zi = 0,

µ
φi

(
E
[
Czi · 1H̄(zi)

]
− Fhi

(
H̄(zi)

))
, zi ∈ (0, σ2

i κi),
µ
φi

(E [Czi ]− 1) , zi ∈ [σ2
i κi,∞).

Note that since n ∈ NR+
(0) can take any value in R−,

H[−zi] lies in κih
2
i ≤ H[−zi] ≤ 1 at zi = 0, allowing the

corresponding C parameter to be selected freely within the
range. Here, C = C0 = κih

2
i is picked as per the lower semi-

continuity of gzi for zi ≥ 0. Also note the subgradient gzi is
monotone decreasing and can attain zero –except for zi < 0,
showing an optimal zi is nonnegative.

To obtain a zero subgradient, one first obtains the set
in which the optimal zi lies. First, the optimal solution
z∗i = 0 provided that 1 − φi ≤ E

[
(1− κih

2
i ) · 1H̄(0)(hi)

]
is satisfied. Further, z∗i ∈ (0, σ2

i κi] provided 1 − φi ≤
E
[
(1− Cσ2

i κi
) · 1H̄(σ2

i κi)(hi)
]

is satisfied. Otherwise, the op-
timal solution z∗i lies in z∗i ∈ (σ2

i κi,∞). Combining the
scenarios and the branches in gzi concludes the proof.

The solution z∗i may be obtained within arbitrary precision
by a numerical method such as the bisection method, provided
the fading distribution is readily available or can be sampled.

Algorithm 2 Primal-Dual CVaR-Optimal Resource Allocation

Choose initial values x(0),p(0), z(0),Λ(0).
for n = 1 to Process End do

Observe h(n).
# Primal Variables
→ Update z

(n)
i (Λ(n−1)) using (18) and (19), for all i.

→ Set p∗i (h
(n),Λ(n−1)) using (11), for all i.

→ Set x∗(Λ(n−1)) using (9).
# Dual Variables
→ Update Λ(n) using (21) and (22).

end for

2) Subgradient Update for Value-at-Risk: In case the fading
distribution is not easily accessible, a purely data-driven update
method for variables zi may be constructed by capitalizing
on the stochastic supergradients on the objective in (17). A
stochastic supergradient ascent update rule for zi, i ∈ [NU ]
maximizing the objective of (17) may be expressed as

z
(n)
i ≜ z

(n−1)
i + εz g̃

(n−1)
zi

(
h
(n)
i , z

(n−1)
i

)
, n ≥ 1, (18)

with a step size εt and an initialization t
(0)
i , where the

stochastic subgradient g̃zi is expressed as

g̃zi(·) = −µ+
µ

φi
Czi , Czi ∈ [0, 1], (19)

where Czi is constrained by the selection of policy p∗i in (16),
provided that an iteration index n ∈ N and the processes{
h
(n)
i

}
and

{
z
(n)
i

}
–
{
λ
(n)
i

}
and

{
µ(n)

}
are also implicitly

assumed– are readily available.

D. Dual Descent

Using the optimal solutions of all primal variables (x,p, z),
we may express the dual problem as

D∗ = inf
Λ ⪰0

f0(x
∗) + λ⊤ (E [r(p∗, ·)]− x∗)

+ µP0 −
NU∑
i=1

(
z∗i +

1

φi
E [(p∗i − z∗i )+]

)
. (20)

We utilize the constraint gap to formulate a stochastic subgra-
dient descent update rule for the dual variables Λ as [1]

Λ(n) ≜
(
Λ(n−1) − εg̃Λ

(
Λ(n−1)

))
+
, n ≥ 0, (21)

where the stochastic subgradient g̃Λ = (g̃λ, g̃µ)
⊤ is

g̃λ

(
Λ(n−1)

)
= r

(
p∗(Λ(n−1)

)
,h(n)

)
− x∗(λ(n−1)

)
,

g̃µ

(
Λ(n−1)

)
= P0 −

∥∥∥∥z∗(Λ(n−1)) (22)

+
1

φ
⊙

(
p∗(Λ(n−1),h(n))− z∗(Λ(n−1))

)
+

∥∥∥∥
1

,

ε being the stepsize. Notice that (22) is a stochastic subgradient
of the objective of (20) [23, Theorem 9.108]. The resulting
scheme is summarized in Algorithm 1. Utilizing the model-
free updates in (18) for variables zi only requires substituting
z∗i (Λ

(n)) with iterates z
(n)
i , as shown in Algorithm 2.
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Fig. 1: Allocated power for 3-terminal network with proportional fairness (left) and sumrate (right) utilities, distributionally robust (top) and ergodic (bottom).
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Fig. 2: Rate (left) and power (right) distributions for a 3-terminal network with proportional fairness utility (top) and sumrate utility (bottom).

Remark 1: Note that both Algorithms 1 and 2 are in fact
data-driven, since both may be readily implemented based
on sampled channel fading data. The difference is that Al-
gorithm 2 can also be implemented sequentially.

IV. PERFORMANCE EVALUATION

We now confirm the efficacy of the proposed approach,
particularly via Algorithm 1. We consider 3-terminal and 8-
terminal point-to-point networks consisting of parallel (inde-
pendent) links with distinct sets of parameters, e.g., noise
variances and CVaR confidence intervals, operating under
Rayleigh fading; see Tables I and II for the details. The
proposed Algorithm 1 is then applied for the sumrate and
proportional fairness utilities; see also Section III-A.

Remark 2: Since both Algorithm 1 and 2 are data-driven,
we find it sufficient to empirically evaluate Algorithm 1, since
the only main difference between the two algorithms is the
computational complexity in the optimization of the CVaR
quantile levels z (rendering Algorithm 2 somewhat slower).

First, we observe that CVaR-optimal policies exhibit a sharp
statistical threshold corresponding to the CVaR quantile level
variable z, as shown in Figs. 2(right) and 3, due to the
distributionally robust / risk-averse characteristics of CVaR-
optimal resource allocation (problem (6)). For smaller values
of the confidence level φ, implying stricter power regulation,
the variable z prevails producing more robust and nearly

TABLE I: Simulation parameters for 3-terminal network

w
(
1/3 1/3 1/3

)⊤
σ2

(
1.0 2.0 3.0

)⊤
φ

(
0.90 0.85 0.80

)⊤
(P0, ε) (15, 3× 10−5)

TABLE II: Simulation parameters of 8-terminal networks

Toy example Realistic example

w (1/8) · 1⊤ w (1/8) · 1⊤

σ2
(
1.0 . . . 8.0

)⊤
(σ2

l , σ
2
h) (1.0, 10.0)

φ (0.8) · 1⊤ (φl, φh) (0.40, 0.80)
(P0, ε) (40, 3× 10−5) (P0, ε) (40, 3× 10−5)
Window 200 Window 200

constant power policies, ensuring increased statistical stability
in both individual and total power allocation. As shown in
Fig. 1, power policy variability is indeed drastically reduced
in the case of distributionally robust allocation, compared with
its risk-neutral counterpart (i.e., φ = 1). For larger values of
φ, policy selection is relaxed and total variation is increased.

Quite interestingly, a small confidence level φ carries little
impact on the achieved ergodic rates, those primarily depend-
ing on the noise variances. Smaller values of φ induce slightly
decreased average transmission rate as compared with risk-
neutral counterpart (as expected), as the optimal power policies
vary in a narrower set of values —nearly constant in practice.
Still, the rate loss is negligibly small; see Figs. 4 and 2(left).

1010

Authorized licensed use limited to: Yale University Library. Downloaded on July 30,2025 at 15:55:06 UTC from IEEE Xplore.  Restrictions apply. 



0

0.5

1
C

D
F

φl = 0.80/σ2
l = 1.0

φh = 0.40/σ2
h = 10.0

φl = 1.00/σ2
l = 1.0

φh = 1.00/σ2
h = 10.0

0 3 6 9 12
0

0.5

1

Instantaneous Power

C
D

F

φl = 0.80/σ2
l = 1.0

φh = 0.40/σ2
h = 10.0

φl = 1.00/σ2
l = 1.0

φh = 1.00/σ2
h = 10.0

0

0.5

1

C
D

F

σ2 = 1.0 σ2 = 2.0

σ2 = 3.0 σ2 = 4.0

σ2 = 5.0 σ2 = 6.0

σ2 = 7.0 σ2 = 8.0

0 3 6 9 12
0

0.5

1

Instantaneous Power

C
D

F

σ2 = 1.0 σ2 = 2.0

σ2 = 3.0 σ2 = 4.0

σ2 = 5.0 σ2 = 6.0

σ2 = 7.0 σ2 = 8.0

Fig. 3: Optimal power distributions (CDFs) for realistic (left) and toy example (right) 8-terminal networks with proportional fairness utility (top) and sumrate
utility (bottom).
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Fig. 4: Moving average of transmission rates of realistic example (left) and toy example (right) 8-terminal networks in learning period for proportional fairness
utility (top) and sumrate utility (bottom). “RN” stands for “risk-neutral”.

The effect of channel noise variance on system performance
is expectedly significant. The transmission rate is inversely
proportional to noise variance; see (1). However, the effect
depends on the selection of the utility function f0. For the
proportional fairness utility (see Section III-A), our algorithm
maximizes the transmission rates while aiming to be fair
among terminals, thus the optimal policy of the high-noise ter-
minals is greater than that of the low-noise terminals, balanc-
ing individual transmission rates, as seen in Figs. 3(top) and
4(top). On the other extent, the algorithm maximizes weighted
sum of individual rates for the sumrate utility, where high-
noise terminals are worse-off in terms of transmission rates.
The algorithm allocates more power to low-noise terminals
to increase the total (weighted sum of) throughput, thus we
expectedly observe a bias in allocated power towards the low-
noise terminals for sumrate utility, as seen in Fig. 3(bottom).

The opportunistic behavior implied above is similar to
classical ergodic resource allocation; however, our approach
enriches standard ergodic-optimal policies with explicit reg-
ulation of power fluctuation risk, which is always feasible
and tunable at will, approximating the behavior of a system
enforcing a deterministic total power constraint (as in problem
(3)) with arbitrary precision.

We now focus on the case of the larger network with 8
terminals (see Table II). As a toy scenario, terminals with
distinct noise variances –dashed curves for risk-neutral (RN)
scenarios– exhibit optimal policies affected by respective
noise variances for proportional fairness and sumrate utilities,
respectively, as shown in Fig. 3. As also mentioned above,
ergodic transmission rates are affected proportionally to the
noise variances, as shown in Fig. 4.

As a more realistic scenario, we lastly investigate a case
where 6 low-noise and 2 high-noise terminals are located in
the network. Low-noise and high-noise terminals are assigned
with common confidence levels respectively, namely φl and
φh. Although the allocated powers are higher for high-noise
terminals than low-noise ones for the proportional fairness
utility (see Fig. 3(left)), the difference in ergodic transmission
rate is drastically significant, as shown in Fig. 4(left). We ob-
serve otherwise for policies using the sumrate utility, whereas
the transmission rate difference is similarly significant. We
also investigate the effect of φl and φh on the achieved
average ergodic rate. Expectedly, the ergodic average rate tops
when φl and φh are 1 –corresponding to the risk-neutral
ergodic-optimal case– and reduces slightly as the confidence
levels decrease, shown in Fig. 5 for proportional fairness and
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Fig. 5: Ergodic average rates for the “realistic” 8-terminal network, relative
to φl, φh. Top: Proportional Fairness | Bottom: Sumrate.

sumrate utilities, respectively. Percentage-wise, the maximal
rate optimality loss we have empirically observed is minimal
for both utilities, and roughly 4% and 3%, respectively.

V. CONCLUSION

We introduced and investigated a new distributionally robust
formulation of a fundamental constrained stochastic resource
allocation problem in point-to-point communication networks,
strictly regulating the statistical volatility of optimal ergodic
power policies. Exploiting the CVaR and within a Lagrangian
duality framework, we developed closed-form solutions for all
primal variables, and derived stochastic subgradient updates
for dual variables. Detailed numerical simulations confirmed
the clear effectiveness of the proposed scheme.
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