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Abstract
We investigate asymptotic symmetries which preserve the Bondi gauge condi-
tions but do not preserve the asymptotic falloff conditions for the metric near
the null boundary, and their connection to soft graviton theorems for scattering
amplitudes. These include generalized superrotation symmetries parameterized
by a smooth vector 昀椀eld YA obeying DAYA = 0, for which we show that the
associated conserved charge can be derived by applying the Noether procedure
to the Einstein–Katz action. We also discuss the connection between asymp-
totic symmetries and the conserved charge associated with the sub-subleading
soft theorem, and we 昀椀nd that in Bondi gauge this charge is generated by the
combination of a diffeomorphism together with an extra transformation of the
metric.

Keywords: asymptotic symmetries, gravitation, spacetime

1. Introduction

Asymptotic symmetries of gauge and gravitational theories, which are gauge (or diffeomorph-
ism) symmetries that do not fall off at in昀椀nity, have seen a surge of interest in recent years. Such
symmetries preserve the gauge-昀椀xed action but not the wavefunction, and therefore promote
the gauge/diffeomorphism symmetry to a physical one. For nearly 昀氀at spacetimes, asymptotic
Killing vectors enlarge the Poincaré algebra of symmetries to the in昀椀nite-dimensional Bondi–
Metzger–Sachs (BMS) algebra, which may have interesting consequences for the study of 昀氀at
space holography and the black hole information paradox (see e.g. [1] for a recent review).
Recently in [2–4] it was shown that the Ward identities of BMS symmetries are related to
soft graviton theorems for scattering amplitudes, which relate N-pt scattering amplitudes to
(N+1)-pt scattering amplitudes in the ‘soft’ limit where one of the graviton momenta becomes
vanishingly small:

lim
q→0+

ϵµϵνMµν (q;p1, . . . ,pN) = [S0 (q)+ S1 (q)+ S2 (q)+ . . .]M(p1, . . .pN) . (1.1)
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Here Mµν and M refer to scattering amplitudes in momentum space with and without a soft
graviton, respectively, and we have used the fact that for a graviton of de昀椀nite helicity, the
graviton polarization tensor can be factorized as ϵµν = ϵµϵν . The leading soft factor is given
by Weinberg’s soft graviton theorem [5], and the subleading and sub-subleading soft factors
are also given at tree level by

S0 (q) =
κ

2

∑

k

(pk · ϵ)2
(pk · q)

S1 (q) =
κ

2

∑

k

(pk · ϵ)(ϵµqνJµνk )

(pk · q)

S2 (q) =
κ

2

∑

k

(ϵµqνJ
µν
k )(ϵρqσJ

ρσ
k )

2(pk · q)
(1.2)

where κ2 = 32πGN, εµ is the polarization vector of the soft graviton, Jµνk = (pµk ∂
ν
pk − pνk ∂

µ
pk +

Σµν
k ) is the angular momentum operator including orbital and spin terms, and the sum is taken

over the ‘hard’ (昀椀nite)momenta pk of the other N particles in the amplitude. As discussed in [6],
the leading and subleading soft factor are gauge invariant because of translation and Lorentz
invariance, and the form of the subleading and sub-subleading pieces can be derived at tree
level using the Taylor expansion and gauge invariance. Loop corrections at the subleading level
and beyond are addressed in e.g. [7].

The connection between asymptotic symmetries and soft theorems has many generaliza-
tions, including to gauge 昀椀elds [8], supersymmetric theories and fermionic soft particles [9],
to massive particles and symmetries acting at timelike in昀椀nity [10] and to symmetries at spa-
tial in昀椀nity (see e.g. [11]). Connections between multiple soft graviton theorems and the BMS
symmetry algebra were discussed in [12]. The soft theorems were identi昀椀ed with the operators
of a conformal 昀椀eld theory structure at null in昀椀nity in [13–18]. The literature on asymptotic
symmetries and soft theorems is quite extensive, and while the references given here are inten-
ded to be illustrative, we emphasize that they are by no means exhaustive. Asymptotic sym-
metries have also been investigated in the context of cosmological correlators in expanding
spacetimes, in which case the corresponding Ward identities can be understood in terms of
relations involving equal-time correlation functions, rather than S-matrix elements [19–21].

In this note we study asymptotic symmetries in Bondi gauge that do not preserve the metric
falloff conditions near the null boundary, 昀椀nding a new class of symmetries that have 昀椀nite
charge in the r→∞ limit, and we explore the relationship between such transformations and
the soft graviton theorems. In the process we clarify and discuss the role of superrotations
parameterized by smooth non-holomorphic diffeomorphisms. We also identify the asymptotic
symmetries associated with the sub-subleading soft theorem, and we 昀椀nd that although the
conserved charge can be built from pieces of charges generated by asymptotic diffeomorph-
ism symmetries, generating all the pieces together with the desired powers of r in the large-r
limit requires an additional non-diffeomorphism transformation of the metric to enforce the
Bondi gauge conditions. This generalizes to Bondi gauge the results found in [22, 23], in which
a correspondence was found between the sub-subleading soft theorem and an asymptotic dif-
feomorphism symmetry in de Donder gauge. Although there are many similarities between the
two gauges, the form of the allowed transformations are different, and the radial slicing (and
therefore the associated large−r expansion) is different as well. Asymptotic symmetries of
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spacetime that do not preserve the asymptotic falloff conditions around the Minkowski space-
time metric near the null boundary have also previously been investigated in the context of
generalized superrotations in [24], and for cosmological correlators in Friedmann–Robertson–
Walker spacetimes in [19–21]. For previous work on the sub-subleading soft theorem and
its associated conserved charges, see also [25], in which it was identi昀椀ed in Newman–Unti
gauge with a part of the supertranslation charge subleading in the large-r expansion, and also
especially [26], which identi昀椀es the conserved charge in Bondi gauge and investigates the asso-
ciated transformation on the phase space of the asymptotic Einstein equations. In the present
work we derive the charge from a complementary perspective.

This paper is organized as follows: in section 2 we review the formalism of metric perturb-
ations in Bondi gauge, and we discuss asymptotic symmetries in Bondi gauge and their associ-
ated charges. In section 3 we review the conserved charge associated with the sub-subleading
soft-graviton theorem and show that it commutes with the S−matrix, and in section 4 we show
how it can be generated by a combination of an asymptotic diffeomorphism and an extra metric
transformation. We conclude and indicate further directions in section 5.

2. Asymptotic symmetries and charges in Bondi gauge

The study of asymptotic symmetries for asymptotically Minkowski spacetimes was begun by
Bondi, Metzger, van der Burg and Sachs in [27–29]. Consider the metric for 昀氀at Minkowski
spacetime in retarded time coordinates:

ds2 = ηµνdx
µdxν =−du2 − 2dudr+ 2r2γz̄zdzdz̄. (2.1)

Here u= t− r is the retarded time coordinate, and A= {z, z̄} are coordinates on the celestial
2-sphere, which has the round metric

γz̄z =
2

(1+ zz̄)2
. (2.2)

These coordinates are ideal for studying the structure at asymptotic null in昀椀nity I+ in the limit
r→∞, and a similar description using advanced times v= t+ r can be applied to the study
of the structure at past null in昀椀nity I− as well. Allowing 昀氀uctuations around this metric, the
Bondi gauge conditions are de昀椀ned by

grr = grA = 0 , detgAB = r4γ2
z̄z . (2.3)

Diffeomorphisms xµ → xµ + ξµ cause a shift δgµν =∇(µ ξν) of the metric, so the diffeo-
morphisms that preserve Bondi gauge can be shown to be of the form

ξµ =

{

f,− r
2
DAY

A+
1
2
DAD

Af,YA− 1
r
DAf

}

, (2.4)

parameterized by functions f(u,z, z̄),YA(u,z, z̄), which are independent of r. Starting from
Minkowski space, these diffeomorphisms generate the metric transformations
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δguu = ∂u
(

rDAY
A− 2f − 2γ z̄z∂z∂z̄ f

)

,

δgur =

(

1
2
DAY

A− ∂u f

)

,

δguz = r2γz̄z∂uY
z̄+ r∂z

(

1
2
DAY

A− ∂uf

)

− γ z̄z∂z̄D
2
z f , δgūz = c.c.

δgzz = 2r2γz̄z∂zY
z̄− 2rD2

z f , δgz̄̄z = c.c. , (2.5)

and so further conditions are usually de昀椀ned in order to preserve the asymptotic form of the
metric. These metric perturbations will also give corrections to the form of the asymptotic
Killing vector.

2.1. BMS transformations and asymptotically Minkowski spacetimes

Restricting to the functions

f(u,z, z̄) = T(z, z̄)+
u
2
DAY

A , Y z (u,z, z̄) = Y z (z) , Y z̄ (u,z, z̄) = Y z̄ (z̄) , (2.6)

where T(z, z̄) is the called the supertranslation and YA is the superrotation, at leading order
these transformations generate the metric transformations

δguz =−γ z̄z∂z̄D
2
z f , δgūz = c.c.

δgzz =−2rD2
z f , δgz̄̄z = c.c. (2.7)

around Minkowski space. More speci昀椀cally, using the Einstein equations, it can be shown that
these transformations preserve the form of the asymptotically Minkowski metric

ds2 =−e2β
((

1− 2m
r

)

du2 + 2dudr

)

− 2UAdx
Adu+ gABdx

AdxB , (2.8)

where to O(1/r2), the corrections have the form

e2β = 1− 1
16r2

CABC
AB+ . . .

UA =−1
2
DBCAB−

2
3r

(

1
4
CABDCC

BC+NA

)

+
WA

r2
+ . . .

gAB = rCAB+ r2γAB+
1
4
CCDC

CDγAB+
DAB

r
. . . , (2.9)

and the Bondi gauge conditions 昀椀x the form of the asymptotic Killing vector to be

ξu = f , ξA = YA− 1
2r
DAf +

1
2r2

CABDBf ,

ξr =−1
2
DAY

A+ γ z̄z∂z∂z̄ f −
1
4r
CABDADBf +

1
r
UADAf , (2.10)

up to terms of higher order in 1/r and in the metric perturbations. The subleading metric per-
turbations contain the quantities mB and NA, which are known respectively as the Bondi mass
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and the Bondi angular momentum, and they are related to the mass and angular momentum of
isolated systems in spacetime. TheBondi news tensorNAB = ∂uCAB contains information about
the outgoing gravitational radiation. Under a supertranslation or superrotation, the Bondi news
tensor receives a nonlinear shift by δNzz =−2∂uD2

z f, δNz̄̄z =−2∂uD2
z̄ f, which can be under-

stood as coming from the addition of soft gravitons, and a linear (i.e. proportional to NAB

itself) shift, which can be shown to be related to a coordinate transformation acting on the
hard gravitons. It was shown in [2, 3] that the leading part of Weinberg’s soft graviton the-
orem implies that the Ward identities for the supertranslations vanish, and in [4] that the Ward
identities of the superrotations correspond to the subleading terms in the soft graviton theorem.

We can 昀椀nd the conserved charge associatedwith themetric transformations by applying the
Noether procedure to the action. For a manifold with boundary (real or asymptotic) a boundary
term in the action should be introduced so that the variational problem is well-de昀椀ned1. We
make use of the speci昀椀c boundary terms given in the Einstein–Katz action [30] (see also [31,
32]), which has the form

S=
1

16πG

ˆ

d4x
(√−gR−√−ḡR̄+ ∂µk

µ
)

, (2.11)

where ḡµν = ηµν is the unperturbedMinkowski metric, and we are including the improvement
term on the boundary

kµ =
1√−g∂ν

(√−ggνµ
)

=
√−g

(

gµνδΓρ
νρ − gνρδΓµ

νρ

)

, (2.12)

where the difference δΓ = Γ− Γ̄ of Christoffel symbols is itself a tensor. The Einstein–Katz
action is manifestly covariant but not background-independent, since the unperturbed metric
ηµν appears explicitly, but this is perhaps not surprising, given that the asymptotic charges are
de昀椀ned as perturbations around 昀氀at Minkowski space. The boundary terms remove the second
derivatives of the metric, which simpli昀椀es the calculation of the Noether charge. They also
enforce the compatibility of the variational procedure with the Dirichlet boundary conditions
gµν = ηµν at the asymptotic boundary [32]. It can be shown that this action reproduces the
ADM mass formula [33] in the appropriate limit, as well as the asymptotic charges associated
with the leading and subleading soft graviton theorems. We 昀椀nd that the Noether current has
the form jµ =∇νKνµ on-shell, where

Kµν =
1

16πG

(√−g∇[µ ξ ν] −√−ḡ∇̄[µ ξ ν] +
√−gξ[µ kν]

)

. (2.13)

Like the action, the Noether current is manifestly covariant but not background-independent.
The fact that the Noether current has only a boundary contribution is consistent with the obser-
vation that there are no local observables in a gravitational theory. The charge can be found
by integrating over the future null boundary I+ in the limit r→∞:

Q=

ˆ

I+

∗J=
ˆ

I
+
±

∗K=

ˆ

I
+
±

Kru , (2.14)

1 In general, different choices of boundary term lead to the same bulk equations of motion, but they may lead to
different quantization procedures. It would be interesting to investigate further what the consequences of the boundary
terms may be for a quantum theory of gravity de昀椀ned on the asymptotic boundary.
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where I+
± are the slices of the boundary in the limits where u→±∞, and the part 昀椀nite in the

limit limr→∞ is given by2

Q=− 1
16πGN

ˆ

d2zγz̄z

(

4mf + 2NAY
A+

3
16
YADA

(

CCDC
CD
)

)

. (2.15)

It can be shown (see [3, 4], or see e.g. [12] for a review) that for ordinary supertranslations
and superrotations, the charge commutes with the S−matrix. Using the Einstein equations,
the metric perturbations can be expressed in terms of the Bondi news NAB and its derivatives.
Terms that are linear in the Bondi news correspond to the soft graviton insertion, and terms
quadratic and higher generate transformations on the hard modes. If there is a matter part of
the action as well, the Einstein equations also include terms in the charge coming from the
matter Noether current jµ = Tµνξν , contributing the following terms to the charge:

Qmatter =

ˆ

dud2zγz̄z
(

fT(−2)
uu + YAT(−2)

uA

)

, (2.16)

where the stress tensor has been expanded as Tµν =
T(−2)
µν

r2 +
T(−3)
µν

r3 + . . .. The matter part of
the Noether current can also be derived by working in the approximation of a 昀椀xed (non-
dynamical) background metric, and applying the Noether procedure to the matter action only.

2.2. Asymptotic symmetries with 昀椀nite charges

The conditions ∂z̄Y z = ∂zY z̄ = 0 for superrotations are important for preserving the asymptotic
falloff conditions for the metric perturbations in the r→∞ limit, but they are not needed for
satisfying the Bondi gauge conditions. In [24] the superrotation YA(z, z̄) was promoted to a
smooth vector 昀椀eld: this helps simplify the proof of equivalence between the soft theorem and
the Ward identity, at the cost of considering transformations that do not preserve the asymp-
totic Minkowski form of the metric. In what follows we will start with the asymptotically
Minkowski form of the metric given in equation (2.8) and consider transformations that pre-
serve the Bondi gauge conditions, but not necessarily the asymptotic falloff conditions on the
metric perturbations. Additional metric perturbations will be generated by the transformation,
but these are initially set to zero.

Taking the ansatz f(u,z, z̄) =
´

du 1
2DAYA, the metric transformations generated at leading

order around Minkowski space (2.5) reduce to

δguu = O(r)

δguz , δgūz = O
(

r2
)

δgzz , δgz̄̄z = O
(

r2
)

(2.17)

and further restricting to the subset of transformations of the form f = 0,DAYA = 0 for other-
wise arbitrary YA(u,z, z̄), the metric transformations generated reduce to

2 Note that the coef昀椀cient of the term quadratic in CAB differs from the one reported in [4]; however, it can be shown
that for superrotations this term does not contribute to the action of the hard part on the charge on the graviton operators.
Different conventions for this term are discussed in e.g. [34].
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δguz = r2γz̄z∂uY
z̄+ . . . , δgūz = c.c.

δgzz = 2r2γz̄z∂zY
z̄+ . . . , δgz̄̄z = c.c. (2.18)

plus terms of higher order in the metric perturbations around Minkowski space. Starting with
the metric in (2.8) and applying the Noether procedure to the Einstein–Katz action, we can
昀椀nd the charge associated with this transformation:

Q=− 1
16πGN

lim
r→0

ˆ

d2zγz̄z
(

2rUAY
A+ 2NAY

A
)

. (2.19)

For the case where DAYA = 0, we can use the Einstein equations UA =− 1
2D

BCAB, together
with the boundary condition CAB = DADBC adopted in [3], to show that the divergent term
will vanish by integration by parts in z and z̄.

The boundary condition can be understood by writing the contribution ofCAB to the integral
as

Czz =
ˆ

duNzz =− κ

8π
γz̄z lim

ω→0
ω
[

aout+ (ωx̂)+ aout− (ωx̂)†
]

, (2.20)

and the same up to a complex conjugate for Cz̄̄z. Here we have performed the mode expansion
and used the method of steepest descent when performing the integral over u (see e.g. [3, 12]),
assuming that YA(u,z, z̄) = YA(z, z̄) is independent of u. It is then straightforward to show using
the leading soft-graviton theorem that when this is inserted into the scattering amplitude, the
insertion of Czz contributes a factor

⟨out| [Czz,S] |in⟩=− κ2

8π
γz̄z
∑

n

(pn · ϵ+)2
(pn · q)

⟨out|S]|in⟩ . (2.21)

We can check that this term gives a vanishing contribution to the charge. Using the holomorphic
coordinates

qµ = E

(

1,
(z+ z̄)
(1+ zz̄)

,
−i(z− z̄)
(1+ zz̄)

,
(1− zz̄)
(1+ zz̄)

)

, ϵµ+ =
1√
2
(z̄,1,−i,−z̄) = ϵ̄µ− , (2.22)

we can show that

− κ2

8π
γz̄z
∑

n

(pn · ϵ+)2
(pn · q)

=− κ2

4π
D2
z

∑

n

((pn · q) ln(pn · q)− (p · q)) , (2.23)

up to terms that vanish by momentum conservation. Therefore the boundary data obeys CAB =
DADBC, and the divergent part of the charge vanishes when ∂uYA = DAYA = 0.

For terms that depend on a higher power of u, such as YA(u,z, z̄) = ukỸA(z, z̄) with k> 1,
the term containing the soft graviton insertion contributes a factor

ukCzz =
ˆ

du∂u
(

ukCzz
)

=− iκ
8π

γz̄z (−iω)(i∂ω)k
[

aout+ (ωx̂)+ (−1)k aout− (ωx̂)†
]

, (2.24)

and the ∂ω derivatives make the contributions from the subleading soft theorem (as well as the
parts of higher order in the soft momentum ω) vanish. There will still be a contribution from
the leading order soft theorem which is divergent as ω→ 0, but as before, this will cancel after
integration by parts in z and z̄.

7



Class. Quantum Grav. 40 (2023) 235009 B Horn

It should be emphasized that we have restricted the metric perturbations to the asymptotic-
ally Minkowski form in equation (2.8), in order to keep the charge 昀椀nite in the r→∞ limit.
The 昀椀nite charge generates a transformation of the metric that will include additional types
of metric perturbations. Turning on all of these metric perturbations before making the trans-
formation, will give additional terms in the Einstein equations and to the Noether charge, some
of which are divergent, however, they can be initially set to zero3.

It can be shown using the subleading soft-graviton theorem that the 昀椀nite part of the charge
(equation (2.25)) commutes with the S−matrix as in [4] (also reviewed in [12]). Therefore
for DAYA = 0, although the asymptotic symmetry transformation does not preserve the usual
asymptotically Minkowski form of the metric, it nevertheless gives rise to a 昀椀nite conserved
charge using the same Noether procedure as for the holomorphic superrotation.

2.3. Summary

To summarize this section, there exist asymptotic symmetries of Bondi gauge of the form
given in equation (2.10), parameterized by the functions f(u,z, z̄) and YA(u,z, z̄), and for f =
0,DAYA = 0, the associated conserved charge derived from the Einstein–Katz action in the
metric (2.8) is 昀椀nite on the null boundary as r→∞ and is given by

Q=− 1
16πGN

ˆ

d2zγz̄z
(

2NAY
A
)

. (2.25)

This includes generalized superrotation symmetries with YA = YA(z, z̄),DAYA = 0, as well as
symmetries with nontrivial dependence on u. The existence of additional symmetries of Bondi
gauge, and the existence of 昀椀nite charges in the case where f = DAYA = 0, raises the possib-
ility that these could give rise to additional asymptotic symmetries and corresponding Ward
identities. Nevertheless, since they will not preserve the form of the asymptoticallyMinkowski
metric, they will in general generate transitions between asymptotically Minkowski and more
general spacetimes, and therefore it is not necessarily guaranteed that the corresponding Ward
identities should have an expression in terms of Minkowski space S-matrix elements.

We will show, nevertheless, in the sections that follow, that there is a conserved charge
associated with the sub-subleading soft graviton theorem for S-matrix elements at tree level
(see also [26] for previous work on this topic), and that it is associated with a transformation
with YA linear in u obeying DAYA = 0, together with a part of the generalized superrotation
charge that is subleading in the large r limit. While this is similar to the story in de Donder
gauge [23], in de Donder gauge a pure diffeomorphism is suf昀椀cient to generate the charge
associated with the sub-subleading charge, while in Bondi gauge that the symmetry requires
an extra transformation of the metric in addition to the one generated by the diffeomorphism.

3. Sub-subleading soft theorem and charge

In this section we show that at tree level the sub-subleading soft graviton theorem is associated
with the conservation of the following charge

3 We could even set CAB to zero, to simplify the charge further; however, this restricts us to a spacetime without
gravitons at the asymptotic boundary.
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Q(2) =− 1
16πGN

ˆ

I+

d2zγz̄z

[

mu2DADBX
AB+ 2uNADBX

AB

+
3u
16
DBX

ABDA
(

CCDC
CD
)

+ 6XABDAB

]

. (3.1)

See [26] for previous work on the charge associatedwith the sub-subleading soft theorem, from
a different perspective and using a different formalism. In the next section we will discuss the
connection between the sub-subleading charge and the asymptotic symmetries investigated in
section 2.

The conservation of the charge can be veri昀椀ed by starting with the metric in equation (2.8),
using the Einstein equations for m,NA and DAB, and expanding the result in terms of creation
and annihilation operators.

∂um=
1
4
DADBN

AB− 1
8
NABN

AB− 4πGN lim
r→∞

r2Tuu ,

∂uNA = ∂Am− 1
4
DB
(

DBDCCCA−DADCC
BC
)

+
1
16

∂A
(

NBCCBC
)

− 1
4
NBCDACBC−

1
4
DB
(

CBCNCA−NBCCCA
)

− 8πGN lim
r→∞

r2TuA ,

∂uDzz =
1
3
DzNz+

1
2
mCzz+

1
12
DzCzzDzC

zz+
5
24
CzzD

2
zC

zz− 1
8
Czz (D

z)
2Czz

+
1
16
D2
z (C

zzCzz)− 4πGN lim
r→∞

r2Tzz .

Here DAB is part of the metric perturbations at sub-subleading order: gAB = r2γAB+ rCAB+
1
4CCDC

CDγAB+DAB/r+ . . ., and we note that the Bondi gauge conditions 昀椀x CAB,DAB to be
traceless. (Note also that this is different from the notation used in [35], where DAB is used for
the O(r0) term in the metric. It can be shown using the equations of motion, however, that this
piece can be self-consistently set to zero.)

It can be checked that this satis昀椀es ⟨out|
[

Q(2),S
]

|in⟩= 0 as long as the sub-subleading
soft graviton relation is satis昀椀ed. The soft part of the charge can be rewritten as

Q(2)
S =− 1

16πGN

ˆ

I+

dud2zγz̄z

[

1
4
u2DADBN

ABDCDDX
CD

− 1
4
u2NCA

(

DCDBD
BDDX

AD−DCDBD
ADDX

BD
)

]

=− 1
16πGN

ˆ

I+

dud2zγz̄z

[

u2

2
D2
z (DzDzX

zz)N zz+ c.c.

]

(3.2)

where in the 昀椀rst line we have integrated by parts and discarded the singular term

∆Q(2)
S =

1
16πGN

ˆ

I+

d2zγz̄z
∂

∂u

[

1
4
u2CCA

(

DCDBD
BDDX

AD−DCDBD
ADDX

BD
)

]

. (3.3)

9
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A similar integration by parts had to be performed for the charge associatedwith the subleading
soft theorem (see e.g. [12] for details). We can then use

ˆ

duu2Nzz =
κ

8π
γz̄z lim

ω→0+
∂2
ω

(

ωa+ (ωx̂)+ωa− (ωx̂)†
)

(3.4)

to express the Bondi news in terms of soft graviton insertions. Crossing symmetry will relate
the amplitudes involving incoming and outgoing soft gravitons. Expressing the sub-subleading
soft factor in holomorphic coordinates, this is given by

S2(q) =
κ

2

∑

k

(ϵµqνJ
µν
k )(ϵρqσJ

ρσ
k )

(pk · q)

=−κ

2
ω

(

(z̄− z̄k)(1+ z̄zk)2

(z− zk)(1+ zkz̄k)(1+ zz̄)
Ek∂

2
Ek

+ 2
(z̄− z̄k)2(1+ z̄zk)
(z− zk)(1+ zz̄)

(

∂Ek∂z̄k −
1
Ek

∂z̄k

)

+
(z̄− z̄k)3(1+ zkz̄k)
(z− zk)(1+ zz̄)

1
Ek

∂2
z̄k +

2(z̄− z̄k)(1+ z̄zk)
(z− zk)(1+ z̄z)

hk∂Ek

+
2(z̄− z̄k)2(1+ z̄kzk)
(z− zk)(1+ z̄z)

hk
Ek

∂z̄k +
(z̄− z̄k)(1+ zkz̄k)
(z− zk)(1+ zz̄)

hk(hk− 1)
Ek

)

(3.5)

for an outgoing soft graviton of positive helicity. For an outgoing soft graviton of negative
helicity, the expression needs to be complex conjugated, and in the last (spin-squared) term
hk(hk− 1) needs to be replaced by hk(hk+ 1). The soft part of the charge therefore gives

⟨out|
[

Q(2)
S ,S

]

|in⟩=− 1
16πGN

ˆ

I+

dud2zγz̄z

[

u2

2
D2
z (DzDzX

zz)N zz+ c.c.

]

=
κ2

128π2GN

ˆ

d2z

[

D2
z (DzDzX

zz)

[

(z̄− z̄k)(1+ z̄zk)
2

(z− zk)(1+ zkz̄k)(1+ zz̄)
Ek∂

2
Ek

+ 2
(z̄− z̄k)

2
(1+ z̄zk)

(z− zk)(1+ zz̄)

(

∂Ek∂z̄k −
1
Ek

∂z̄k

)

+
(z̄− z̄k)

3
(1+ zkz̄k)

(z− zk)(1+ zkz̄k)
1
Ek

∂2
z̄k

+
2(z̄− z̄k)(1+ z̄zk)
(z− zk)(1+ z̄z)

hk∂Ek +
2(z̄− z̄k)

2
(1+ z̄kzk)

(z− zk)(1+ z̄z)
hk
Ek

∂z̄k

+
(z̄− z̄k)(1+ zkz̄k)
(z− zk)(1+ zz̄)

hk(hk− 1)
Ek

]

+ c.c.

]

⟨out|S|in⟩ (3.6)

where the complex conjugate also includes the substitution hk(hk+ 1) in the last term. Using
κ2 = 32πGN, and integrating by parts and using the Cauchy–Pompieu formula

∂z

(

1
(z̄− z̄k)

)

= (2π)δ (z− zk) , (3.7)

10
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this becomes

⟨out|
[

Q(2)
S ,S

]

|in⟩=
∑

k

(

1
4
D2
zkX

zkzk
(

Ek∂
2
Ek − 2hk∂Ek +E−1

k hk (hk+ 1)
)

+
1
4
D2
z̄kX

z̄k z̄k
(

Ek∂
2
Ek + 2hk∂Ek +Ek

−1hk (hk− 1)
)

−DzkX
zkzk

(

∂Ek −
(1+ hk)
Ek

)

(∂zk − hkΩzk)

−Dz̄kX
z̄k z̄k

(

∂Ek −
(1− hk)
Ek

)

(∂z̄k + hkΩz̄k)

+
3
2
Xzkzk

1
Ek

(∂zk − hkΩzk)
2
+

3
2
Xz̄k z̄k

1
Ek

(∂z̄k + hkΩz̄k)
2
)

⟨out|S|in⟩

(3.8)

where the derivatives act on the hard amplitude, and Ωz =
1
2Γ

z
zz is the spin connection.

The quadratic (hard) part of the gravitational charge is given by

Q(2)
H =− 1

16πGN

ˆ

dud2zγz̄z

[

− u2

8
NABN

ABDCDDX
CD+

u
8
∂A
(

NCDC
CD
)

DBX
AB

− u
2
NCDDACCDDBX

AB− u
2
DC
(

CCDNDA−NCDCDA
)

DBX
AB+ 3mCABX

AB

+
1
4
DACCDDBC

CDXAB+
5
4
CACDBDDC

CDXAB− 3
4
CACD

CDDCBDX
AB

+
3
16
DADBu∂u

(

CCDC
CD
)

XAB
]

=− 1
16πGN

ˆ

dud2zγz̄z

[

− u2

8
NABN

ABDCDDX
CD− u

4
∂A
(

NCDC
CD
)

DBX
AB

− u
2
NCDDACCDDBX

AB− u
2
DC
(

CCDNDA−NCDCDA
)

DBX
AB

+
3
4
DCDDC

CDCABX
AB+

1
4
DACCDDBC

CDXAB+
5
4
CACDBDDC

CDXAB

− 3
4
CACD

CDDCBDX
AB

]

. (3.9)

Using the mode expansions

Czz =
iκ
8π2

γz̄z

ˆ ∞

0
dω
(

a†−e
iωu− a+e

−iωu
)

,

Nzz =− κ

8π2
γz̄z

ˆ ∞

0
dωω

(

a†−e
iωu+ a+e

−iωu
)

, (3.10)

it can be shown that the hard part of the gravitational charge takes on the form

11
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Q(2)
H =

1
16π3

ˆ

d2zγz̄z

ˆ ∞

0
dω

[

− 1
4
DADBX

AB
(

a†+ω∂
2
ωa+ + a†−ω∂

2
ωa−

)

+DBX
AB
(

a†+ (−1+ω∂ω)DAa+ + a†− (−1+ω∂ω)DAa−
)

− 3
2
XAB

(

a†+DADBa+ + a†−DADBa−
)

+DzX
zz
(

−2a†+Dza+ + 2a†−Dza−
)

+ c.c.

+D2
zX

zza†+

(

−3
4
+ω∂ω

)

a+ +D2
zX

zza†−

(

1
4
−ω∂ω

)

a− + c.c.

]

(3.11)

and that acting on outgoing graviton operators, the commutator
[

Q(2)
H ,a± (Ekx̂k)

]

(3.12)

generates a transformation that is nearly consistent with the soft-graviton theorem. Only the
helicity squared terms disagree, and the missing piece in the hard part of the charge that would
be needed to 昀椀x this is given by

∆Q(2)
H =

1
16π3

ˆ

d2zγz̄z

ˆ ∞

0
dω

[

−3
4
DADBX

AB
(

a†+a+ + a†−a−
)

]

. (3.13)

Note that the operators a+,a− create outgoing gravitons with helicities +2 and −2,
respectively.)

If there is a matter sector present, the matter part of the hard charge is given by

Q(2)
H,matter = lim

r→∞
r2
ˆ

dud2zγz̄z

(

1
4
u2DADBX

ABTuu+ uDBX
ABTuA+

3
2
XABTAB

)

. (3.14)

For a massless scalar 昀椀eld Tµν = ∂µϕ∂νϕ − 1
2 (∂ϕ)

2gµν , and we can make the asymptotic

expansion ϕ ≈ ϕ(u,z,̄z)
r + . . .. Using the mode expansion near null in昀椀nity and using the sta-

tionary phase approximation, we have

ϕ =
i

8π2r

ˆ ∞

0
dω
(

a† (ωx̂)eiωu− a(ωx̂)e−iωu
)

, (3.15)

and therefore the matter part of the charge becomes

Q(2)
H,matter =

ˆ

dud2zγz̄z

(

1
4
u2DADBX

ABφ ′2 + uDBX
ABφ ′∂Aφ +

3
2
XAB∂Aφ∂Bφ

)

=
1

16π3

ˆ

d2zγz̄z

ˆ ∞

0
dω

[

− 1
4
DADBX

ABa†ω2∂2
ωa+DBX

ABa†ω∂ωDAa

−DBX
ABa†DAa−

3
2
XABa†DADBa+

1
2
DADBX

ABa†a

]

. (3.16)

All terms inside the brackets except for the last one generate the expected transformation of
creation and annihilation operators to cancel the contribution of the soft part of the charge.

Therefore, to ensure that the soft and hard contributions to the charge will indeed commute
with the S−matrix, we need to restrict to transformations of the form

DADBX
AB = 0. (3.17)

12



Class. Quantum Grav. 40 (2023) 235009 B Horn

In this case the problematic terms in the gravitational and matter charges drop out, and Q(2) =

Q(2)
S +Q(2)

H commutes with the S−matrix.

4. Sub-subleading charge and asymptotic symmetries

In this section we explore the connection between the conserved charge in equation (3.1) and
the asymptotic symmetries of section 2.We beginwith themetric in equation (2.8) and consider
the following symmetry of Bondi gauge:

f(u,z, z̄) = 0 , YA (u,z, z̄) = uXA = uDBX
AB , (4.1)

where XA,XAB are functions on the two-sphere, XA = DBXAB, and DAXA = DADBXAB = 0.
From equation (2.25), the associated charge is given by

Q=− 1
16πGN

ˆ

d2zγz̄z
(

2uNADBX
AB
)

. (4.2)

This agrees with a part of the conserved sub-subleading charge described in the previous
section, with DADBXAB = 0; however, the terms proportional to DABXAB are missing.

Following the example of [23], we seek to identify the missing terms with terms propor-
tional to a superrotation charge. We consider therefore also a transformation closely related
to that in equation (4.1), given by f = 0, YA = XA(z, z̄), where DAXA = 0. The charge is of the
form

Q(1) =− 1
16πGN

ˆ

d2zγz̄z
(

2NAX
A
)

(4.3)

and using the equations of motion, this contains both soft and hard contributions to the grav-
itational charge, as well as a matter part of the form

Q(1)
matter = lim

r→∞
r2
ˆ

d2zγz̄z
(

TrAX
A
)

. (4.4)

The 昀椀nite part of Q(1) will commute with the S−matrix, as described in section 2, and we
need also the part of the charge subleading in the r→∞ limit:

Q(1)
subleading =

1
r

1
16πGN

ˆ

d2zγz̄z

(

4WAX
A+

2
3
CABN

AXB
)

=
1
r

1
16πGN

ˆ

dud2zγz̄z

(

4∂uWAX
A+

2
3
∂u
(

CABN
A
)

XB
)

. (4.5)

Here the quantity WA comes from the guA terms in the metric: guA = 1
2D

BCAB+ 2
3rNA+

1
6rCABDCCBC− 1

r2WA+ . . .. We can rearrange these terms using the Einstein equations

13



Class. Quantum Grav. 40 (2023) 235009 B Horn

16πGN

(

T(−3)
uz − T(−3)

rz

)

= 4∂uWz+ γ z̄z∂u∂z̄Dzz−
2
3
γ z̄z
(

Dz∂z̄Nz−D2
zNz̄
)

− 4
3
Nz

+
2
3
∂u (CzzN

z)− 2Dz (mCzz)−
1
3
CzzDzC

zz

+
1
2
Czz (D

z)
3Czz−

1
2
CzzD

zD2
zC

zz

+
1
2

(

(Dz)
2Czz−D2

zC
zz
)

DzCzz

− 1
6
Dz (D

z (CzzDzC
zz)−Dz (C

zzDzCzz)) ,

8πGNT
(−2)
zz =−2∂uDzz+

2
3
DzNz+mCzz+

1
6
DzCzzDzC

zz+
5
12
CzzD

2
zC

zz

− 1
4
Czz (D

z)
2Czz+

1
8
D2
z (C

zzCzz) , (4.6)

where Tµν = 1
r2 T

(−2)
µν + 1

r3 T
(−3)
µν + . . . are the terms in the 1/r expansion of the stress tensor.

Making frequent use of the condition DAXA = 0, the expression in equation (4.5) can be sim-
pli昀椀ed step by step:

Q(1)
subleading =

1
r

1
16πGN

ˆ

dud2zγz̄z

(

4∂uWAX
A+

2
3
∂u(CABN

A)XB
)

=
1
r

1
16πGN

ˆ

dud2zγz̄z

(

16πGN(T
(−3)
uz − T(−3)

rz )Xz− ∂uD
zDzzX

z

+
2
3
γ z̄z(Dz∂z̄Nz−D2

zNz̄)X
z+

4
3
NzX

z+ 2Dz(mCzz)X
z

− 1
2
Czz(D

z)3CzzX
z+

1
2
CzzD

zD2
zC

zzXz− 1
2
((Dz)2Czz−D2

zC
zz)DzCzzX

z

+
1
6
Dz(D

z(CzzDzC
zz)−Dz(C

zzDzCzz))X
z+

1
3
CzzDzC

zzXz+ c.c.

)

=
1
r

1
16πGN

ˆ

dud2zγz̄z

(

16πGN(T
(−3)
uz − T(−3)

rz )Xz− ∂uD
zDzzX

z+
4
3
Dz(DzNz)X

z

+ 2Dz(mCzz)X
z− 1

2
Dz(Czz(D

z)2Czz)X
z+

1
2
Dz(Czz(D

2
z )C

zz)Xz

+
1
3
Dz(Dz(CzzDzC

zz))Xz+ c.c.

)

=
1
r

1
16πGN

ˆ

dud2zγz̄z

(

16πGN(T
(−3)
uz − T(−3)

rz )Xz+ 16πGND
2T(−2)

zz Xz

+ 3∂uD
zDzzX

z+ c.c.

)

. (4.7)

The stress tensor contributions to the charge can be simpli昀椀ed using the conservation law
∇µTµν = 0:
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Q(1)
H,matter,subleading =

1
r

ˆ

d2zγz̄z
((

T(−3)
uz − T(−3)

rz

)

Xz+ c.c.
)

=
1
r

ˆ

d2zγz̄z
((

∂uT
(−4)
rz −Dz̄T(−2)

z̄z −DzT(−2)
zz

)

Xz+ c.c
)

=−1
r

ˆ

d2zγz̄z
(

DzT(−2)
zz

)

Xz+ c.c. , (4.8)

where we have integrated by parts and used the condition DAXA = 0 to get rid of the T(−2)
z̄z

term, and discarded the total u-derivative. This is justi昀椀ed if the matter 昀椀elds vanish at u±∞,
as we expect it will for localized massless particle insertions. The expression in equation (4.5)
then becomes

Q(1)
subleading =

1
r

1
16πGN

ˆ

dud2zγz̄z

(

4∂uWAX
A+

2
3
∂u
(

CABN
A
)

XB
)

=
1
r

1
16πGN

ˆ

dud2zγz̄z (3∂uD
zDzzX

z+ c.c.) . (4.9)

This can be combined with the charge derived in equation (4.2), with YA given by Y z =
DzDzXz,Y z̄ = Dz̄Dz̄Xz̄, which obeys DAYA = 0 because DAXA = 0. This charge is given by

Q=− 1
16πGN

ˆ

I+

d2zγz̄z
[

uNA
(

∆XA+XA
)]

, (4.10)

where∆= DADA is the Laplacian on the two-sphere, and we have used the identityDzDzXz =
1
2 (∆X

z+Xz). Adding this to the charge from the non-昀氀at superrotation in the linear combina-
tion Q− 2rQ(1), the divergent part of the charge in the limit r→∞ is proportional to a gener-
alized superrotation withDAXA = 0 and therefore commutes with the S−matrix, and the 昀椀nite
part of the charge in the limit r→∞ becomes

(

Q(2) − 2rQ(1)
)

finite
=− 1

16πGN

ˆ

d2zγz̄z
(

2uNADA
(

DAXB
)

TF
+ 6DAB

(

DAXB
)

TF

)

,

(4.11)

where (DAXB)TF refers to the trace-free part of this quantity. We recognize the 昀椀nite part of
the charge as the charge (3.1) from in the previous section, which was shown to commute with
the S−matrix.

The charge −2rQ(1) is not generated by a pure diffeomorphism, since the transforma-
tion ξA =−2rXA which would be required generates a shift δgrA that takes us out of Bondi
gauge. Nevertheless, performing this transformation while also transforming the metric so as
to enforce the constraint δgrA = 0 will generate a symmetry of the asymptotic equations of
motion. To see this, we can apply the Noether procedure to the Einstein–Katz action with the
transformation ξA =−2r0XA, where r0 is a constant, with value equal to r0 = r for some large
but 昀椀nite value of r. This is a symmetry of Bondi gauge, and the corresponding charge will
act as a symmetry upon the asymptotic data (which does not depend on r). There is also a
divergent part proportional to r0 times the 昀椀nite part of Q(1). This is not a problem, however,
since we already know this this commutes with the S−matrix due to the subleading soft the-
orem. Setting r0 = r and taking the r→∞ limit, we obtain a charge that is not generated by
the diffeomorphism alone; however, it will still act on the boundary data in the same way, and
therefore it will generate a transformation between solutions of the equations of motion.
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To summarize the results of this section, we have shown that a transformation generated by

ξA =−2rXA+
u
2
(∆+ 1)XA+ . . . ,

δgur = UAX
A− 2

3r
NAX

A− 1
6r
CABDCC

BCXA+
1
r2
WAX

A+ . . .

δgrA =−r2γABXB− rCABX
B− DABXB

r
− 1

2
CABC

BCXC+ . . . (4.12)

where DAXA = 0 and ∆= DADA is the Laplacian on the two-sphere, and the metric trans-
formation is in addition to the one already generated by the diffeomorphism, generates the
sub-subleading charge. This charge includes a term which is proportional to r multiplied by a
generalized superrotation charge, which therefore does not interfere with the symmetry of the
S−matrix. As stated above, we emphasize that this is not simply a diffeomorphism symmetry,
because the constraint δgrA = 0 is enforced by an additional transformation of the metric. This
can be compared to the situation in de Donder gauge, where the sub-subleading charge is
generated by the diffeomorphism

ξA = rXA+
u
4
(∆+ 5)XA+ . . . , (4.13)

found in [23]. This symmetry also generates a divergent piece that is proportional to a gen-
eralized superrotation charge, which commutes with the S−matrix, and a 昀椀nite piece associ-
ated with the sub-subleading soft graviton theorem. We have therefore identi昀椀ed the charge
associated with the sub-subleading soft theorem with a combination of charges derived from
asymptotic symmetries, extending the analysis of [23] to Bondi gauge.

While it is perhaps not surprising that there are corresponding transformations in both
gauges that are associated with the sub-subleading soft theorem, it is interesting that they
correspond to pure diffeomorphism symmetries in some gauges but not in others. It is further-
more not guaranteed that they had to operate at the same order in the 1/r expansion, since the
radial slicing is different between Bondi and de Donder gauge. In [25] it was found that in
Newman–Unti gauge the subleading and sub-subleading soft graviton theorems were associ-
ated with the part of the supertranslation charge subleading in the 1/r expansion. It would be
interesting to understand the symmetry structure from a more gauge-invariant perspective; see
e.g. [19, 20] for a discussion of similar issues in the context of cosmological correlators.

5. Conclusions and open questions

In this paper, we have investigated asymptotic symmetries of Bondi gauge and their conserved
charges, and their connection with the conserved charge associated with the sub-subleading
soft graviton theorem at tree level. This extends the analysis of [23] in de Donder gauge,
where the corresponding symmetry is a pure diffeomorphism, to Bondi gauge, where it is not.
Nevertheless, individual pieces of the charge associated with the sub-subleading soft theorem
can be associated with those generated by asymptotic diffeomorphism symmetries. Our results
also complement those of [26], where the sub-subleading charge and symmetry are investig-
ated from the perspective of the asymptotic phase space.

Since the sub-subleading soft theorem receives loop corrections, we expect that the sym-
metry transformation will as well, and it would be interesting to study this further, and to
understand whether there is a quantum corrected version of the symmetry transformation and
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of the charge. Some discussion of the origins of the corrections to the sub-subleading soft
charge can be found in [26]. It would also be interesting to study the contribution the sub-
subleading charge Q(2) makes to the BMS algebra and its extensions, extending the analysis
of the BMS charge algebra and its extensions begun in e.g. [12, 16, 26, 36].

As a corollary of this analysis, we have also made it clear how the superrotation transform-
ation can be extended beyond (anti)holomorphic transformations of the form Y z(z), Y z̄(z̄) to
include smooth diffeomorphisms YA(z, z̄) that obey DAYA = 0, by using the same (Einstein–
Katz) action to derive the conserved charge directly using the Noether procedure. It was previ-
ously noted in [24] (see also [12]) that smooth functions for YA improve the proof of the equi-
valence between the soft theorem and the Ward identity, and smooth functions may generalize
more readily to the symmetries of the near-horizon limit for black holes as well [37, 38].

It would be interesting to understand whether and how the analysis here can be extended
beyond transformations with DAYA = 0. Our analysis in section 3 indicates that some addi-
tional terms in the charge will be required. Moreover, it is less clear how to generate the charge
in this case. One possibilitymight be to consider additional improvement terms to the Einstein–
Katz action. In [26] it was proposed that the charge associated with the sub-subleading soft
theorem could be generated by a ‘pseudo-vector’ which generates a symmetry transformation
containing terms with more than one derivative, and it would be interesting to explore the
origin and nature of such objects further.

The analysis in this paper also makes it clear that there exist additional asymptotic
transformations of Bondi gauge with charges that remain 昀椀nite in the r→∞ limit. These
are parameterized by functions YA(u,z, z̄) which obey DAYA = 0 but which have arbitrary
u−dependence. We have attempted to generalize the procedure here to higher order in u (for
instance, to transformations of the form YA = u2XA(z, z̄) with DAXA = 0) and connect these to
soft theorems, but so far without success—the soft theorem beyond sub-subleading order is not
fully 昀椀xed by gauge invariance even at tree level [6], and attempting to replicate the analysis
of section 4 for this choice of YA generates terms in the charge that cannot be simply removed
by a term proportional to previously known charges. It would be interesting to study further
the meaning of these symmetries and the corresponding Ward identities. Since these do not
preserve the form of the asymptotically 昀氀at spacetime metric, as the BMS symmetries do, they
should perhaps not necessarily be expected to generate symmetry transformations that can be
simply described in terms of the S−matrix—for example, a sub-sub-subleading soft graviton
may generate a transformation that relates a 昀氀at space amplitude to a correlation function in a
spacetime with a different asymptotic structure. From this perspective, it would be interesting
to understand better from this perspective why a description of the Ward identity in terms of
昀氀at space S−matrix elements can still work at the level of the sub-subleading soft theorem.
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