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Abstract: For more than a decade, the linear and nonlinear optical responses of materials
and composites exhibiting an epsilon-near-zero (ENZ) region have been of keen interest to the
community. Among the variety of effects realized, achieving index modulation near unity on
the picosecond (or less) timescale has generated the most significant impact. As a long-sought
combination of strength and speed, ENZ nonlinearities have reignited interest in nonlinear
processes that appear to go beyond the typical perturbative expansion (e.g., non-perturbative) as
well as in time-varying nonlinear processes. Here, we aim to take a physical and intuitive look
at the nonlinear index modulation in Drude-like ENZ films and highlight the physical limits of
tuning. We will focus particularly on their connection (or lack thereof) with non-perturbative
effects and time-varying processes and provide our opinions as to the strengths and weaknesses
of ENZ films in these areas.
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1. Introduction

From the turn of the millennium, investigating light-matter interactions in the extremes of
permittivity and index in homogeneous and structured materials have been a major area of interest
[1-3]. Within them, epsilon-near-zero (ENZ) effects have been a focus area with early studies
using the impedance mismatch to manipulate radiation patterns [4—6], the generation of perfect
absorption [7,8], and geometry invariant cavities among many others [9].

Demonstrated for both interband [10] and intraband effects [11,12] nearly 10 years ago,
nonlinear modulation of the refractive index in epsilon-near-zero (ENZ) materials has garnered
significant interest in the community that has long sought simultaneously large and fast control
over index [13]. Because of this combination, ENZ materials have renewed interest in two effects,
non-perturbative nonlinearities, and electromagnetic interactions in moving media. In light of
these efforts, and the role in which ENZ materials are playing in this space, it is good to take a
closer look at the physical origins of nonlinear index modulation in ENZ materials and ascertain
the bounds of control. In the following we share our view of the nonlinearities in ENZ materials
after nearly 10 years of study, focusing on a physical and intuitive description founded in the
non-parabolicity of the conduction band, see our review for more information [14] . We hope that
this discourse will serve as a useful tool to guide continued research and discussion in the area.

The ENZ condition, and resulting effects, have been shown in a wide variety of materials and
structures [2]. Among them, transparent conducting oxides (TCOs) are the most popular platform
due to their wide availability, ease of fabrication, ability to achieve high carrier densities with
moderate mobility, fast relaxation for both inter- and intra-band excitation, and large detuning of
interband absorption [13,14]. Hence, we will focus our attention on uniform TCOs thin films
at near normal incidence. Generally speaking, TCOs exhibiting an ENZ condition belong to a
broader class of heavily doped wide bandgap semiconductors or alloys whose permittivity near
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the ENZ region can be written as:
Ng* 1
£(W) = Eo — ——1 = £+ X} (1.1)
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where mfwg is the effective mass of all electrons in the conduction band [15,16], and band edge
absorption terms are neglected since we are far from resonance. When driven in the ENZ
region, it has been widely shown that the nonlinear modulation of index arises from a free-carrier
absorption process [15—17]. This generates a small fraction of extremely athermal (hot) electrons
within the conduction band, which then relax and redistribute their energy over the rest of the
electron population (thermalization), causing the population distribution to spread and occupy

higher energy states. To explain why this results in a change in the index we consider a generalized

1+ (ko) - 1] where k2 = m:E,/(2h?)

is the nonparabolicity parameter and m}, is the effective mass at the band minimum [18]. We can
find the velocity and optical (or sometimes called transport) effective mass as shown in [16]:

conduction band dispersion such that E(k) = (Eg/2)
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which remains finite even in the linear region of the conduction band. Plotting the normalized
values for the band energy, velocity, and effective mass, we can identify the parameter k, as
the ‘nonparabolicity threshold’ - the approximate location where the band shifts from being
predominantly parabolic to being predominantly linear (see Fig. 1(a)). For most TCOs with
ENZ region in the near infrared, the Fermi level is degenerate by ~1 eV such that kp ~ k,
and we are in the quasi-linear regime. Thus, the increase in average energy of the electron
gas effectively transfers a fixed fraction f of the carrier density N from below kr and moves
them to higher momentum states which exhibit a higher effective mass. We can linearize this
as mzvg:m:wg’o(l + MAk) where M is the slope of m* versus k which in the linear region is
proportional to k,~! and Ak represents the change in momentum of the electron gas due to
the absorption of light and subsequent rise in temperature. Combining this with our general
permittivity description we see e(w) = £w + Xf(z},z)(l +MAk)~!. This simple assumption is
valid for the case when MAk<1 which is quite common even for irradiance values exceeding
several 100’s GW/cm? where the shift of the plasma frequency remains within a few hundred
nanometers of its original value and serves our purpose here. We then see that for a large change
in permittivity (index) one is required to modulate the momentum on the scale of k,, or as we see
from the definition of k,, comparably modify the average energy of the electron gas on the scale
of E,. For a more extensive description see [19].

If we take a few values of MAk for a prototypical TCO with zero-crossing permittivity at
~1500 nm (e =4, N=6x 10> cm™3, m* =0.3, y = 6 fs) we can observe the key result, that the
permittivity (and index) modulation naturally tends to saturate, see Fig. 1(b),(c). This occurs for
two reasons. First, because the modulation of the effective mass is in the denominator of the
plasma frequency, even a continued linear shift of m* with irradiance results in diminishing returns
on permittivity modulation at a fixed frequency. Secondly, because of the inherent dispersion in
,\/(J) whose slope reduces at higher energies leading to a reduced change in permittivity for a fixed
sI{ift of the plasma frequency. Lastly, we note that since Ak is proportional to the absorbed energy
and M « k;l which defines the intrinsic nonparabolic threshold of the material, without loss of
generality, we can rewrite the previous expression with the form g(w) = &, + X;Cl})(l +1/1g)7 ",
making the role of saturation readily clear [19].
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Fig. 1. (a) Relationship between nonparabolic conduction band (blue), velocity (orange),
and effective mass (green) versus crystal momentum. (b) Refractive index of the ENZ
film for various values of shifted momentum. (c) The change in index at the zero-crossing
permittivity versus the change added momentum to the electron sea.

This result is important for two reasons. First, recent efforts in time varying optics benefit from
large index modulation [20-23]. This saturation style effect illustrates the fundamental bounds on
modulation, essentially that one cannot modify the permittivity more than the complete detuning
of the plasma frequency from the region of operation. This is equivalent to making electrons
practically immobile due to a very large effective mass, thus driving )(;C]) — 0. In this case, one
would expect the index to return to its undoped condition. As shown for typical values of ENZ
materials in the NIR, the best index tuning one would expect is ~1.7. Of course, this value is not
miniscule and could be useable, although it would require extreme irradiance levels (> TW/cm?)
to achieve. Thus, it is not typical for one to completely detune the plasma frequency and in
practice most changes in the index are limited to approximately 0.7, which represents a shift in the
plasma frequency of almost 100 - 200 nm, usually achieved with irradiance values of ~1TW/cm?
and below [12,24]. However, the loss associated with ENZ materials is a key concern. This
is not typically discussed as ultrafast experiments are generally conducted with low duty cycle
excitation (kHz repetition rates) which allow the system to cool between pulses. Thus, single
time varying interfaces can be realized but repetitive index modulations will require significant
effort to extract heat to avoid detrimental buildup of thermal nonlinearities and eventual damage.

Secondly, saturation is relevant for discussions around non-perturbative effects which can arise
when observations of a strong change in index are found. Such terminology typically originates
from the introduction of the nonlinear polarization of the bound electron clouds wherein it
is assumed that Py; = yPE> + yE3 + ... <<P; = y\DE. The order of magnitude of the
nonlinear susceptibility is roughly y® <1/ E;la_l where E, is the intrinsic or inter-atomic field
that is typically on the scale of 10'© V/m. Because the external fields are much smaller, this
series expansion is almost always a good assumption when far from resonance — which most
nonlinear optics falls under. This assumption breaks down when operating near resonances and
real transitions with finite lifetimes begin to contribute to the effect — most readily seen through
descriptions of nonlinearities in two-level systems [25]. In this case, we speak of saturation due
to the increased population of an excited state rather than considering that the linear process
continues undisrupted, and a second effect competes to cause the reduced change in permittivity.
ENZ processes fall under this category, that of slow nonlinear processes involving real state
transitions (transfer between states in the conduction band) [16,26]. Unlike the typical picture
whose atomic displacement can literally be described as a power series versus applied field,
there is no clear physical analogy for the introduction of the power series expansion on the state
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population. Instead, the peak change of refractive index is dictated by the competition between
the rate of energy absorption and the rate of relaxation of the excited carriers. Thus, while the
same ‘language’ can be used for ENZ effects and coefficients such as y®), v, etc. introduced,
they are not connected to physical processes within the material and thus cannot provide much
guidance beyond a numerical fit. Moreover, because their description is not rooted in properties
of the material, they are inherently sensitive to material properties and excitation conditions
which dictate the value of Ak introduced for a given incident irradiance. Thus, one must be very
careful when using quoted coefficient values and efforts taken to operate within similar material
and excitation conditions.

To conclude this discourse, we emphasize that it is important to understand, at least at a high
level, the physical processes at play when evaluating nonlinear effects in materials to guide the
selection of models and explanation of results. A rigorous predictive model is not usually needed
(although it is always a nice gut-check if available). Rather, phenomenological models which
match underlying processes can be sufficient to fit data and draw conclusions. For TCOs excited
near the ENZ region, this is almost always a free carrier absorption process which modulates
the effective mass of electrons within the nonparabolic conduction band. While a true fast
nonlinear process does also exist, it is several orders of magnitude smaller and thus is not usually
a contributor to index modulation [16,19,27]. We note that descriptions of the free-carrier process
(including ours here) generally consider that any change in the scattering rate vy is negligible,
although in certain cases this may not be a good assumption [28,29]. From this, we see that a
saturation-style description is a direct outcome of the process. The result is a clear understanding
on the limits of permittivity and index modulation for a given wavelength as well as the effect
of dispersion, optical loss, dependence with irradiance, and more — all of which greatly expand
the generality. Thus, we can see that in light of recent developments, ENZ materials do not fit
into the picture of non-perturbative nonlinear effects but are likely to play a role in time-varying
interactions due to the ability to achieve such strong index modulation. Yet, repeated modulation
will be a significant challenge due to the absorptive nature of the nonlinearity and subsequent
heating.
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