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Abstract. While robust optimal control theory provides a rigorous framework to
compute robot control policies that are provably safe, it struggles to scale to high-
dimensional problems, leading to increased use of deep learning for tractable
synthesis of robot safety. Unfortunately, existing neural safety synthesis meth-
ods often lack convergence guarantees and solution interpretability. In this paper,
we present Minimax Actors Guided by Implicit Critic Stackelberg (MAGICS),
a novel adversarial reinforcement learning (RL) algorithm that guarantees local
convergence to a minimax equilibrium solution. We then build on this approach
to provide local convergence guarantees for a general deep RL-based robot safety
synthesis algorithm. Through both simulation studies on OpenAl Gym environ-
ments and hardware experiments with a 36-dimensional quadruped robot, we
show that MAGICS can yield robust control policies outperforming the state-
of-the-art neural safety synthesis methods.
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1 Introduction

The widespread deployment of autonomous robots calls for robust control methods to
ensure their reliable operation in diverse environments. Safety filters [21] have emerged
as an effective approach to ensure safety for a broad spectrum of robotic systems,
such as autonomous driving [48,45,25,24], legged locomotion [23,1,20,38], and aerial
robots [14,43,49,8]. Model-based numerical safety synthesis methods [2,6] offer verifi-
able safety guarantees, but can only scale up to 5-6 state variables. In order to develop
safety filters at scale, recent research efforts have been dedicated towards using neural
representations of robot policies [15,41,3,22], showing potential for safety filtering with
tens [38,20] even hundreds of state variables [26].

While neural safety filters have shown significant progress in scalability, they are
often challenging to analyze due to their black-box nature. Moreover, in adversarial
settings, naive training of agent policies can lead to severe oscillatory behaviors, pre-
venting the algorithm from converging. Recently developed game-theoretic machine
learning algorithms guarantee convergence to mathematically meaningful equilibrium
solutions (e.g., Nash or Stackelberg), even for training of black-box models such as deep
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Baseline

Fig. 1: Comparing to a non-game baseline robust RL, our proposed game-theoretic adversarial
RL algorithm yields a control policy consistently more robust when applied to safe quadrupedal
locomotion and stress-tested with varying tugging forces.

neural networks [11,29,51,50]. However, providing convergence guarantees for train-
ing robust neural control policies with zero-sum (adversarial) formulations remains an
outstanding challenge.

Statement of Contributions. This paper introduces Minimax Actors Guided by Im-
plicit Critic Stackelberg (MAGICS), a novel game-theoretic deep adversarial RL algo-
rithm that guarantees local convergence to a feedback Stackelberg equilibrium strategy.
Building on this framework, we propose, for the first time, a provably convergent neu-
ral synthesis algorithm for approximate safe analysis in high dimensions. In addition
to our theoretical contributions, we demonstrate empirically that MAGICS yields ro-
bust control policies consistently outperforming the prior state-of-the-art neural robust
controller in both simulations and hardware tests.

2 Related Work

Game-Theoretic Learning Algorithms. Recent years have seen significant progress
in machine learning problems formulated as games, such as generative adversarial net-
works (GANs) [17], adversarial RL [39], and hyperparameter optimization [35]. Those
problems involve interacting agents with coupled and potentially competing objectives,
which calls for careful design of the training algorithm. Fiez et al. [11] leverages the
implicit function theorem to derive a provably convergent gradient-based algorithm
for machine learning problems formulated as Stackelberg games. In their follow-up
work [13], they show that the simple gradient descent-ascent with finite timescale sepa-
ration (7-GDA) algorithm guarantees local convergence to a minimax solution in zero-
sum settings, a result also reported by concurrent work [29]. More recent work [36]
shows that convergence can be achieved in Stackelberg learning only with first-order
gradient information. A closely related topic to Stackelberg learning is the exploitabil-
ity of suboptimal strategies. Lei et al. [33] use unsupervised learning to estimate the
exploited level of each trajectory in a dataset, which is then used in an offline learning
process to maximize the influence of the dominant strategy.

Our work builds on insights from the game-theoretic learning community and pro-
vides a novel, yet rigorous convergence analysis for adversarial RL.
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Adversarial Reinforcement Learning. Multi-agent robust policy synthesis is increas-
ingly solved by adversarial RL methods due to their scalability. Pinto et al. [39] pio-
neered the idea of robust adversarial reinforcement learning (RARL), which improves
robustness by jointly training a stabilizing policy and a destabilizing adversary. How-
ever, this approach ignores the coupling between the agents’ objectives. Learning with
Opponent-Learning Awareness (LOLA) [16] explicitly captures the coupled interests
among agents in multi-agent RL by accounting for the influence of one agent’s policy
on the predicted parameter of the other agents. Huang et al. [27] model policy-gradient-
based adversarial RL as a Stackelberg game and apply the Stackelberg learning algo-
rithm from Fiez et al. [11] to solve the RL problem. Although these game-inspired ad-
versarial RL algorithms have shown promising improvement over non-game baselines,
they typically lack provable convergence guarantees. Recent work by Zheng et al. [50]
models the hierarchical interaction between the actor and critic in single-agent actor-
critic-based RL [30,18] as a two-player general-sum game, and provides a gradient-
based algorithm that is locally convergent to a Stackelberg equilibrium.

Our work combines the best of both worlds by building on the state-of-the-art game-
theoretic RL [50] and adversarial learning [13] approaches to address the missing piece
of provably convergent multi-agent adversarial RL in continuous state—action spaces.

Data-Driven Safety Filters for Robotics. Deep learning has enabled scalable synthesis
of robust control policies. Rapid Motor Adaptation (RMA) [31] uses deep RL to learn
a base policy, and supervised learning to train an online adaptation module, allowing
legged robots to quickly and robustly adapt to novel environments. Lai et al. [32] pro-
pose to train a transformer model for quadrupedal locomotion across diverse terrains.
Specially focused on safety, data-driven safety filters [21,47] aim at providing scal-
able safety assurances. Robey et al. [41] use control barrier function (CBF) constraints
as self-supervision signals to learn a CBF from expert demonstrations. A similar ap-
proach [10] learns a CBF parameterized as a deep neural network from labeled safe and
unsafe state samples. Another line of work focuses on neural approximation of safety
Bellman equations. Safety RL [15] proposes to modify Hamilton—Jacobi equation [2]
with contraction mapping, rendering RL suitable for approximate safety analysis. Hsu
et al. [22] extend the single-agent safety RL to the two-player zero-sum setting by of-
fline co-training a best-effort safety controller and a worst-case disturbance policy. They
use model-based rollout to verify safety at runtime. However, existing multi-agent neu-
ral safety synthesis approaches predominantly lack convergence guarantees, which can
make the training notoriously difficult and time-consuming.

To the best of our knowledge, our proposed game-theoretic deep adversarial RL
algorithm is the first provably-convergent multi-agent neural safety synthesis approach.

3 Preliminaries and Problem Formulation

Notation. Given a function f, we denote Dy f as the total derivative of f with respect
to 0, Vo f as the partial derivative of f with respect to 6, Vg, f := 0 f /900, and
V2f = 0?f/002. We denote || - || as the 2-norm of vectors and the spectral norm of
matrices. We indicate matrix A is positive and negative definite with A > 0 and A < 0.
We assume throughout that all functions f are smooth, i.e., f € C'? for some q > 2.
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Zero-Sum Dynamic Games. We consider discrete-time nonlinear dynamics that de-
scribe the robot motion:

Tir1 = f(@e, ug, dy), (H
where z; € X C R"” is the state, uy € U C R"» is the controller input (belongs to the
ego robot), d; € D C R™ is the disturbance input, and f : X x U x D — X is a con-
tinuous nonlinear function that describes the physical system dynamics. We model the
adversarial interaction between the controller and disturbance as a zero-sum dynamic
game with objective Jrtm? (x), where 7%, 7% : X — U are control and disturbance
policies, respectively, x := x;r}”d = (=g, 21,...,x7—1) denotes the state trajectory
starting from o =  under dynamics (1), policies 7%, and 7. In this paper, we seek to
compute a control policy 7% and disturbance policy 7 that constitute a feedback Stack-
elberg equilibrium (FSE) of a zero-sum dynamic game, where 7 maximizes J e (x)
and 7 minimizes J™"" (x). This is formalized in the following definition.

Definition 1 (Feedback Stackelberg Equilibrium). The strategy pair (m%*, n%*) is
a feedback Stackelberg equilibrium if

w, _d ~u _d
inf JT " (x)> inf JTT (x), Va“ell®, 2)

mder(mu*) mder(zw)

d d

and 7% € r(7*), where r(r%) := {r? € ¢ | J*7 > J=m vrd ¢ 19} is
the optimal response map of the follower. Here, IT* and IT® are the sets of control and
disturbance policies, respectively.

Definition 1 is aligned with our interest in worst-case robot safety analysis: by as-
signing the controller as the leader and disturbance the follower, we give the disturbance
the instantaneous information advantage [28]. Note that such worst-case analysis leads
to a least-restrictive safety filter [21, Sec. 2.3] in that it maintains system safety for all
possible disturbance realizations, only overriding nominal control actions when they
are incapable of preventing an imminent safety failure.

An FSE can be characterized using the first- and second-order optimality conditions
(sufficient conditions of those in Definition 1), leading to the notion of a differential
Stackelberg equilibrium (DSE) [11], which can be verified more easily. To this end, we
adopt a finite-dimensional parameterization of players’ policies: 7% = 7y and 7l = ﬂ'g,
where § € R™ and ¢» € R™. In Section 4, we consider the neural representation of
policies, i.e., my and wg,‘ are deep neural networks. We denote the resulting game objec-

. w _d . . .
tive value as J7¢ ™+ (0, 1), x). We recall that, in zero-sum games, a DSE is equivalent to
a local minimax equilibrium.

Definition 2 (Strict Local Minimax Equilibrium [11,12,29]). Strategy pair (ng* , ﬂﬁ)* )
is a differential Stackelberg equilibrium of a zero-sum dynamic game if conditions
Vg J ™5 o (6%, 0%, x) = 0, V. J™85 ™0 (6%, 4%, x) = 0, $1(J 5 (6%, 4%, %)) < 0, and
V2(35(0%,4%,%)) = 0 hold, where J 5 (0,1, x) denotes the Jacobian of the individual
gradient vector:
~V2(0,4,x — Vyu (0,9,
1005 = |G Sy @

and 81(J ;) denotes the Schur complement of J ; with respect to its lower-right block.
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Reach—Avoid Robot Safety Analysis. We consider the worst-case reach—avoid safety
analysis for robot dynamics (1). We define the ego robot’s target and failure sets as
T :={x|l(x) >0} CR™ and F := {x | g(x) < 0} C R", where ¢(-) and g(-) are
Lipschitz continuous margin functions, encoding problem-specific safety and liveness
specifications. We use Hamilton—Jacobi-Isaacs (HJI) reachability analysis to capture
the interplay between the best-effort controller policy 7%, i.e., one that attempts to reach
the target set 7 without entering the failure set F, and worst-case disturbance policy
74 ie., one that prevents the controller from succeeding. To this end, we formulate an

infinite-horizon zero-sum dynamic game with the following objective functional:

J,:u’”d (z) := max min {E(mT), min g(xs)} . 4)

s€lk,T]

The game’s minimax solution satisfies the fixed-point Isaacs equation [28]:

V(z) = min {g(x), max {E(I), max min V(f(z,u,d)) } } . )
Value function V() encodes the reach—avoid set RA(T,F) := {z | V(z) > 0},
from which the ego agent is guaranteed a policy to safely reach the target set without
entering the failure set. Note that (5) implies that the disturbance has the instantaneous
informational advantage and V(z) = max,« mina J e (x) is known as the lower
value of the zero-sum game (4). It corresponds to the minimal safety margin g that the
controller is able to maintain at all times under the worst-case disturbance.
Unfortunately, the time and memory complexity required for numerically solving
Isaacs equation (5) is exponential with respect to the dimension of the state space,
rendering grid-based dynamic programming approaches impractical for realistic robot
control problems. The recently developed—prior state-of-the-art neural safety analy-
sis algorithm—Iterative Soft Adversarial Actor—Critic for Safety (ISAACS) [22] uses
adversarial RL to approximately solve the Isaacs equation (5). It alternates between up-
dating the controller and disturbance policy parameters based on individual gradients of
the players’ objectives, which may lead to non-convergent training behaviors or stuck at
a poor saddle point. In Section 5, we modify ISAACS with our proposed game-theoretic
RL formalism in Section 4 so that it is provably convergent to a minimax equilibrium.

4 Approach: Stackelberg-Minimax Adversarial RL

Soft Adversarial Actor—Critic as a Three-Player Game. We consider a discrete-time
adversarial Markov game governed by system (1). The initial state is determined by
a given prior distribution zy ~ po(x). At time ¢, the controller and disturbance take
actions according to their stochastic policies, i.e., u, ~ 7wy (-|x;), dp ~ ﬂi(-\xt), the
controller receives a bounded reward r; = r(xy, us, d;) emitted from the environment,
and the disturbance receives reward —r;. The single-player version of this Markov game
(i.e., with d; = 0) can be solved at scale using deep RL approaches. We will focus
on both on- and off-policy actor-critic methods; specifically Advantage Actor-Critic
(A2C) [37] and Soft Actor—Critic (SAC) [18], respectively. In the following, we present
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adversarial variants of the A2C and SAC algorithms. We assume that the critic and
actors are deep neural networks parameterized by (w, 8, ). The critic aims to minimize
the mean-square Bellman error loss

Lw,0,) = E_[(Va(a) = V@), ©
or
L(w.0.4) = B |(Quy (. u,d) = r =1Qu, (' ', d))°] ™

for A2C and SAC, respectively, in which V' is the value function, @ is the state—action
value function, w = (w1, ws) € R™ is the critic’s parameter, £ = (x, u,d, 7, z") is the
transition data, /3 is a replay buffer, v € (0, 1] is a discount factor, v’ ~ 7/ (:|z’), d’ ~
71'3)(-|{E/ ), and the function V™ (x) is approximated through a bootstrapped estimator
(here we use generalized advantage estimation [42]). For A2C, the controller seeks to
maximize the objective

J(w,0,v) = E [r(zo, uo,do) + Vi (21)] , (8)

xr~v (i, wd)
while for SAC, the controller seeks to maximize entropy-regularized control objective
J(w,0,¢) =

E | min Q.,(z,@,d) —n"[logmy(a|z) — HY] 4+ n? |log 7 (d|x) — Hg] ®)
a~B lic{12} T ¥ )

where @ ~ 7§t (-|z), d ~ 7 (-|), n*, n? > 0 are the entropy regularization coefficients,
and HY and H¢ are the minimum entropy (heuristically set to the dimension of the
player action space, following [19]) of controller and disturbance policies, respectively.
Finally, the disturbance minimizes J(w, 6, )).

We cast MAGICS training procedure defined by (7)-(9) as a three-player general-
sum (i.e., non-cooperative) Stackelberg game, which is modeled by the following trilevel
optimization problem:

min  L(w,0,v) (10a)
st. 0 €argmaxg J(w,0,7), (10b)
st. ¢ € argming J(w,0,v), (10c)

where the critic is the leader, followed by the controller, and the disturbance plays last,
consistent with its information advantage encoded in (5). The most natural way of view-
ing the three-player game is as follows: in line with [12], the two primary players are
the controller v and disturbance d, while the critic sits in judgment of their gameplay.

Solving the Zero-Sum Actor Game with 7-GDA. In this section, we provide a sub-
routine that solves the inner zero-sum game between the two actors (10b)-(10c) using
7-GDA [12,13] for a fixed critic parameter w. In essence, this approach scales up the
learning rate of the follower so that it can adapt faster, which leads to guaranteed local
convergence to a minimax solution of the zero-sum game (10b)-(10c). This subroutine
is summarized in Algorithm 1.
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Algorithm 1: 7-GDA for Zero-Sum Actor Game

Input: actor parameters (6o, 1)o), critic parameter w, controller learning rate schedule
{aj'}i=o0,1,..., learning rate ratio 7,

1140

2 while Not converged do

3 Oiv1 < 0; + i VoJ(w,0;,1;) // Updates controller parameters
4 Yit1 — Pi — i1V d(w, 0;,1;) // Updates disturbance parameters
5 1 1+1

Remark 1. While we focus on the local convergence analysis for game-theoretic adver-
sarial RL involving optimization of neural network parameters, recent work [12] shows
that, in a zero-sum game, if the maximizing player has a Polyak-Lojasiewicz (PL) or
strongly-concave (SC) objective, then 7-GDA can converge globally to a strict local
minimax equilibrium.

MAGICS: Minimax Actors Guided by Implicit Critic Stackelberg. We now return
to the full game (10). Since the controller and the disturbance update their policy param-
eters using 7-GDA, the critic sees them as two simultaneous (i.e., Nash) followers: the
controller performs gradient ascent on return J(w, 8, 1), and the disturbance performs
gradient descent on 7,J(w, 6,%). In the following, we derive the update rule for the
MAGICS. We start by providing the critic’s Stackelberg learning dynamics [11]. Invok-
ing the implicit function theorem, the total derivative of the critic’s cost D, L(w, 8*, ¢*)
at a minimax equilibrium (6*,*) is:

D,L(w,0",¢") = VyL(w) + V,0" (w)VeL(w, 0%, ¢*) + V0" (W) Vy L(w, %, 9%),

where 0* (w) = rg(w) and *(w) = ry(w) are the controller’s and disturbance’s ratio-
nal response to the critic, respectively. The implicit differentiation terms V,6*(w) and
V. ¥*(w) can be computed by solving the following linear system of equations:
0 = VouJ (w, 0%, ¢*) + V3J(w, 0, *)V,0* (w) + VayJ (w, 0%, ")V ,10* (w),
0= VyuJ(w,0,9%) + Vyod (w, 0%, ") V,0%(w) + ViJ(w, 0%, )V, 0" (w).

Compactly, the total derivative of the critic can be written as:
DwL(wa 97 ¢) = va(wa 07 ¢) - hl(wa 0, ¢)TH(W7 97 1?)71}7,2((&1, 07 ¢)7 (1 1)

where

_ |V (w,0,9) _ | VoL(w,0,7)
h1(W,9,¢) — [Vwij(w’ovw)} ) h2(W,9,¢) - [VZL(%@W)} )

and
o VQJ(W,Q,ZZJ) ngJ(w,G,w)
H(UJ79,¢) - |:ng;](0.)79,¢) Vij(w’e’w):l .

Each term in the Stackelberg gradient update rule can be computed directly and esti-
mated by samples.
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For MAGICS-A2C, the objective functions are defined in expectation over the dis-
tribution induced by the players’ current policies. Hence, custom gradient estimators
are required, as the Stackelberg gradient of (6) is not straightforward. The estimator is
given below, and the proof merely requires expanding the value and state—action value
function definitions recursively.

Theorem 1. Given a Markov game with actor parameters (6,1) and shared critic pa-
rameters w, if critic has objective function L(w, 0, 1)) defined in (6), then VoL (w, 0,))
is given by

VQL(W707¢) =
3 (12)
XN% ¥) 227tv9 log g (ue|zy) (Vo (o) — V™ (20)) Q7 (e, e, dy) | -
9 p t:O

MAGICS-SAC, on the other hand, is an off-policy RL scheme, with critic’s and
actors’ objective defined as an expectation over an arbitrary distribution from a replay
buffer. An unbiased estimator for each term in the Stackelberg gradient can be computed
directly from samples using automatic differentiation, e.g.,

VoL(w.0.4) = B, |Ve ((Qui (. 0,d) =1 =1Quy (' )"

1 (13)
~ N Z vw ((le (J)n, Un, dn) —Tn — ’YQUJQ (Jf;“ u{n? din))2> .
n=1

For the second term in (11), we can estimate each term hy(+), H(-), and ho(+) individu-
ally using samples from the replay buffer and resetting the simulator [44, Chapter 11].
In order to numerically determine convergence, we may check the magnitude of the
gradient norms, i.e., || Dy, L(-)|| < €%, [VoJ()|| < €% [V J (1) < €4, where €°, €%, €2
are small thresholds. The overall procedure of MAGICS is summarized in Algorithm 2.

Algorithm 2: Stackelberg—Minimax Adversarial RL

Input: parameters (wo, 6o, o), critic learning rate schedule {a5 }i—o,1,..., controller
learning rate schedule {aj'}i=o,1,..., actor learning rate ratio 7,

19+0

2 while Not converged do

3 wit1  wi — a§ Dy L(wi, 6;,1;) /I Updates critic parameters
4 (0i+1,Yit1) < 7-GDA(wi, 05, s, o', Ta) // Updates actor parameters
5 14141

Complexity and Gradient Computation Details. The critic’s Stackelberg gradient re-
quires an inverse-Hessian-vector product (iHvp) and a Jacobian-vector product (jvp).
The latter can be computed directly through a call to t orch’s automatic differentiation
engine autograd.grad. The Hessian H in (11) is a 2 x 2 block matrix composed
of differentiating the loss functions of the critic and actor(s) against their respective
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parameters; accordingly, implicit representations using Hessian-vector products cannot
be used. If h;’s differentiation against the player parameters is done first, assembling H
requires three additional aut ograd.grad calls—one for each of the block-diagonal
elements as well as the (1,2)-entry due to symmetry. ho can be assembled straight-
forwardly with two calls to autograd.grad, and the iHvp can be computed using
torch’s built-in linear systems solver Linalg.solve. The jvp between h; and the
iHvp can be computed in one final autograd.gradfor a total of eight calls. For
MAGICS-A2C, the sequence of eight autograd calls is not prohibitively slow be-
cause of the custom gradient estimators—the closed-form estimator with the direct log-
likelihood structure ensures that the differentiation does not need to traverse a large
computational graph. In contrast, the eight autograd calls require massive compu-
tational expenditure for MAGICS-SAC. To enhance computational efficiency, in our
implementation of MAGICS-SAC, we use an empirical Fisher approximation to the
Hessian [7,34] for computing (11). The direct log-likelihood structure and Einstein
summation of rank-one matrices can be computed in time of a similar order of mag-
nitude to that of MAGICS-A2C, which ameliorates the computational burden.

For MAGICS-A2C, each Stackelberg gradient step can be computed in ~ 5.5 times
the cost of a baseline gradient step. For MAGICS-SAC, the full Stackelberg gradient
incurs ~ 10.5 times the computational cost of the baseline gradient, whereas the empir-
ical Fisher implementation significantly reduces this, requiring only about ~ 1.8 times
the baseline cost. We find empirically the increase in computation by incorporating the
Stackelberg gradient in MAGICS-A2C and MAGICS-SAC (with empirical Fisher ap-
proximation) to be bearable even for high-dimensional systems.

Convergence Analysis of MAGICS. Due to sample-based approximation of gradients,
the MAGICS procedure can be modeled by the discrete-time dynamical system:

Wip1 = wy — af (D L(we, 04, 0¢) + v t) (14a)
9t+1 = Gt + O[? (VQJ(LA.H;7 Qt, 77[}[») + Ug,t) 5 (14b)
P41 = Py — Taoy! (Vo (W, O, 01) + vy t) - (14c)

In the next, we show that the MAGICS procedure, modeled by system (14), locally con-
verges to a game-theoretically meaningful equilibrium solution. We start by showing
that 7-GDA can robustly converge to a minimax equilibrium when the critic parameter
w varies within a local region, i.e., w € Uy := {@ | ||® — @|| < €,}. This is formal-
ized in the following Lemma, which extends the two-player 7-GDA local convergence
result [13, Theorem 1] to additionally account for a “meta” leader (i.e., the critic).

Assumption 1 We assume that the following hold.

(a) The maps Dy, L(-), VoJ(-), V. J(-) are L1, Lo, L3 Lipschitz, and || Dy, L|| < oo.
(b) The critic learning rates are square summable but not summable, i.e., > g O, = 00,

Yon(ah)? < oofori € {c,u}.
(c) The noise processes {v.,+}, {vg+}, and {vy .} are zero-mean, martingale differ-
ence sequences (c.f. [50, Assumption 1]).

Lemma 1 (Robust Stability of DSE under 7-GDA). Consider the zero-sum game
between the controller and disturbance (—J, J) parameterized by w € Uy = {& | ||0—
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| < €y} Let Assumption 1 hold. If y* = (0*,v*) is a DSE (minimax equilibrium),
then there exists a T* € (0, 00) such that, for all T € (7%, 00) and for all w € Ug, {yx}
almost surely converges locally asymptotically to y*

Proof. Given critic parameter @, the continuous-time limiting system of the noise-free 7-GDA
updates (14b)-(14c) is y = (Ve J(@,y), —TaVyJ (@, y)), with Jacobian denoted as J, (y; @).
By [13, Theorem 1], it is possible to explicitly construct 7o, = Af.(Qu(Jr, (¥*;@))), such
that J,, (y*; @) is Hurwitz, i.e., y* is locally exponentially stable, for all 7 € (75, 0). Here,
matrix Qs is computed based on blocks of Jacobian J,, (y*; @), and is Ly Lipschitz continuous
in w. Next, we extend this result to construct a finite learning rate ratio such that J-, (y*; w) is
Hurwitz for all w € Ug. For any w € Uy, define AQ.,, = Q. — Qz. By Weyl’s inequality, we
have A (Qu) < Miax(@) + 1AQull € AMa(Qa) + Lol — l] < Mha(@a) + Loco.
Therefore, y™* is locally exponentially stable for all 7 € (7", 00) and all w € Ug, where 7% =
AMhax(Qo) + Lgé€,. The remainder of the proof follows that of [13, Theorem H.1] and classical
results in stochastic approximation theory [4]. That is, there exists a neighborhood U~ around
y™ such that, from an initial point yo € Uy~, sequence {yx} converges to an internally chain
transitive invariant set contained in Uy~ almost surely for all w € Uy, and the only such invariant
set contained in Uy« is y™. O

With 7-GDA, we can not only construct a learning rate ratio 7* to ensure local
convergence near a DSE/minimax equilibrium, but also find a 79 such that a non-
equilibrium critical point is unstable, and thereby can be avoided with arbitrarily small
perturbation. This is formalized in the following lemma, of which the proof resembles
that of Lemma 1 and [13, Theorem 2].

Lemma 2 (Instability of Spurious Critical Points under 7-GDA). Consider zero-
sum game (—J, J) parameterized by w € Ug. If y* := (0*,v*) is a critical point, i.e.,
Vo (@,y*) = 0, VyJ(@0,y*) = 0, det VZ,J(w0,y*) # 0, but not a DSE, then there
exists a 79 € (0,00) such that, for all T € (79, 00) and for all w € U, y* is an unstable
equilibrium of the limiting system § = (Vo J (w,y), =T, VyJ (W, y)).

Now, we are ready to state our main result, which shows that the MAGICS proce-
dure converges locally to a DSE of game (10).

Theorem 2 (Convergence of MAGICS). Consider the general-sum game (L, —J, J)
defined in (10). Let Assumption 1 hold. If (w*, 0*,¢*) is a DSE and of = o(c}), there
exists a 7 € (0,00) and a neighbourhood U around (w*,0*,1*) such that, for all
(wo,00,%0) € U and all 7, € (1,00), iterates (wy, 0¢, 1), i.e., state of system (14),
converge asymptotically almost surely to (w*, 0%, ¢*).

Proof. Since (w*,0%,4") is a DSE, by the implicit function theorem, there exists a neighbour-
hood U}. around w* and unique functions 7, 7 such that 7g(w*) = 6%, ry(w*) = ¥*,
Vod(w,mo(w),ry(w)) = 0, and VyJ(w,r9(w), 7y (w)) = 0 for all w € UL.. Moreover,
there exists a neighbourhood U2. around w* on which Hessians D2 L(w, 79(w), 7y (w)) = 0,
Vid(w,re(w),ry(w)) < 0, V5,J(w,re(w),ry(w)) = 0. Since V5J(w*,0%,1*) < 0 and
Vi J(w*,0%,4*) = 0, there exists a neighbourhood Up+ x Uy= around (*,v*) such that
V5J(w,0,9) < 0and Vi J(w,0,) = 0 for all (w,0,9) € Uy x Ug x Uy=, where
U, C Uk« N U2 is a non-empty open set.

Next, we show that any (wo, 0o, 10) € U C U+ X Ug+ X Uy+ will converge asymptotically
almost surely to DSE (w*, 6*,4"). The continuous-time limiting system of (14) is (w, 6, w) =
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(=D L(w,0,%),VoJ (w,0,9), —7aVyJ(w, 8,1)). Note that (14a) can be written as w1 =
wt — ay' (e, where (¢ = 3—; (Do L(wt, 01, 1¢) 4 vw,t). Since ¢ = o(1) forall ¢t = 0,1,...,
the term is asymptotically negligible and discrete-time state (w;, 01, ;) tracks (&0 = 0,0 =
VoJ(w,0,1),¢% = —14VyJ(w,0,1)). By Lemma 1, this system is locally exponentially stable
in a region U around the DSE (w*, §*,4*) for all 7, € (74, 00). Therefore, there exists a local
Lyapunov function on U = UNUy X Upx X U+, which shows that the discrete-time state
trajectory and continuous-time flow, both starting from any (wo,00,%0) € U, asymptotically
contract onto each other. The remainder of the proof follows [11, Lemma G.2], which shows that
limp o0 || (Wi, Ok, Yr) — (W™, 0%,%™)|| — 0 almost surely for all (wo, 6o, 10) € U. O

While Theorem 2 guarantees that MAGICS can converge to a DSE when the net-
work parameters are initialized in a local region around it, we can leverage Lemma 2 to
escape a non-DSE critical point.

Proposition 1. Consider the general-sum game (L, —J, J) defined in (10). If parame-
ters (w*, 0, 1*) is a critical point of the game but not a DSE, there exists a 7y € (0, 00)
such that, for all T, € (79, 00), (W*,0%,9") is an unstable equilibrium of the limiting

system (w,0,v) = (=D, L(w,0,v),VoJ(w,0,v), =1 VyJ (w, 8,1)).

5 Convergent Neural Synthesis of Robot Safety

In this section, we apply MAGICS to high-dimensional robot safety analysis, and pro-
pose the MAGICS-Safety algorithm for convergent neural synthesis of safe robot poli-
cies. Following prior work on RL-based approximate reachability analysis [15,22], we
consider a time-discounted version of Isaacs equation (5):

V9(z) = min {(1 —v)g(x),ymax {E(m), glg&(géig VO(f(z,u, d))}} . (15

The discount factor v € (0, 1) leads to a probabilistic interpretation, i.e., there is (1 —+)
probability that the episode terminates immediately due to loss of safety. Note that
as 7 — 1, we recover the undiscounted Isaacs equation (5). Then, we apply SAC to
approximately solve (15). The critic minimizes loss

L%w,0,9) = E_[(Qui(@,u,d) = (1 =)g' = ymin{g, Qu, (@', w'.d)}’] , (16)

= E

e~B
where ¢’ = g(x’), 5 = (z,u,d, g’ 2"), v ~ wj(-|z'), and ' ~ 7r$(|x’) The con-
troller maximizes objective

T°w,0,9) = E_[Qu,(x5,d) — " logmi (ale) + n'log m (dn)] . 17)

where @ ~ 7 (-|x), d ~ ﬂ$(|x) The disturbance minimizes J®(w, 0, 1)).

The MAGICS-Safety training objectives (16)-(17) differ from [22] in that they ex-
plicitly capture the coupling among the critic and actors (hence their non-cooperative
interactions). This game-theoretic formulation (c.f. (10)) of adversarial RL facilitates
developing convergence guarantees using the MAGICS paradigm in Section 4. In the
following theorem, we show that MAGICS-Safety locally converges to a DSE, which
is a direct consequence of MAGICS convergence in Theorem 2.
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Us u3
U1 Up ux ~
° y/ s 7
o ads
dy °
(a) Inverted pendulum. (b) Half Cheetah in Mujoco.

Fig.2: The Pendulum and Half Cheetah environments in OpenAl Gym [5], with control and
disturbance actions represented in blue and red arrows, respectively. The Pendulum’s control
inputs are one-dimensional torques applied to the end of the rod in opposition to each other.
The Half Cheetah has a six-dimensional control input on the notated joints, with the disturbance
acting to destabilize the cheetah through additional torques on its paws.

Theorem 3 (Convergence of MAGICS-Safety). Consider the general-sum game de-
fined in (10) with game objectives (L9, —J%, JO) defined in (16)-(17). Let Assump-
tion 1 hold. If (w*,0%,4*) is a DSE and of = o(af), there exists a 77 € (0,00)
and a neighbourhood U® = U%. x UL x U:;* around (w*, 0% ,4*) such that, for all
(wo,00,%0) € U® and all 7, € (1}, 00), iterates (wy, 0s,;) of the MAGICS-Safety
training procedure converge asymptotically almost surely to (w*, 0*,¢™*).

6 Experiments

In this section, we illustrate the strength of our approach in two simulated and one
hardware examples that differ in task, problem scale, and computation approach. Our
main hypothesis is that the Stackelberg-minimax robust RL is likelier to yield a stronger
policy (for both controller and disturbance) than non-game robust RL baselines.

6.1 Simulated Examples: Robust Control in OpenAl Gym

Our simulation experiments build upon the OpenAl [S] Gym with the Mujoco physics
simulator [46] and Stable-Baselines3 [40] platforms. Specifically, we adapt the Pendu-
lum and Half Cheetah environments (Figure 2), originally created for single-agent RL,
to account for two inputs—controller and disturbance.

We compare MAGICS-A2C and MAGICS-SAC against an ablation study and a
baseline method—the ablation removes the critic’s Stackelberg gradient but preserves
7-GDA between the agents, and the baseline enforces all learning rates to be identical.
Table 1 and Table 2 display results from a series of round-robin matches between the
learned control and disturbance policies for all three methods. For each match, the se-
lected control and disturbance play five sets of 100 games. We report the win rate of
each controller for each controller/disturbance strategy pair. We assign a controller fail-
ure should any of the following occur: (1) the controller swings the pendulum into the
upright position, but the disturbance is able to destabilize it (the pendulum tip moves
outside +10° from the vertical), (2) the controller swings the pendulum up, but cannot
swing it soon enough for more than 5 seconds to remain, or (3) the controller com-
pletely fails to bring the pendulum to the upright position. If none of these three failure
modes occur, we consider the controller to have won the game.
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Baseline

Fig.3: Snapshots of the Half Cheetah controlled by MAGICS-A2C and baseline-A2C. Despite
an excessively large disturbance torque, the MAGICS-A2C policy manage to flip the robot back
upright and resumed normal gaits. In contrast, the baseline-A2C policy is unable to recover the
robot from the overturn; it moved awkwardly on its face and back, wiggling its feet.

In these tables, for each disturbance strategy, we highlight, in bold-type, the most
performant control strategy. All hyperparameters and model architecture (e.g., number
of hidden layers, activation functions) among the models are identical with the excep-
tion of the learning rates as per 7-GDA.

For the pendulum, our results demonstrate that the MAGICS controller outperforms
the ablation and baseline controllers against all three disturbances. In addition, since the
two actors evolve together, there is strong evidence to believe that, for the snapshot of
performance depicted in the tables, each disturbance relative to its associated control,
is also performant—the diagonal entries depict a win rate that is close to even. How-
ever, given that MAGICS’s disturbance can resoundingly defeat the other individually
strong control strategies, there is strong evidence that the critic’s Stackelberg gradient
encourages the disturbance to learn alternative strategies to attack the control.

- - - -- - Max: 1338.49

1250 4

1000 4

ol /‘/\v
b - - - - Min: 651.55

Max: 564.78

500 -
2504 /\/—N—’\_’“‘K
04

—250

Evaluation Reward

Min: -7.05

—— MAGICS-A2C
—— Baseline-A2C

MAGICS dstb exploiter
—-=- Baseline dstb exploiter

—500

0.002 0.2 0.4 0.6 0.8 1.0 1.2 14
Environment Steps 1e6

Fig. 4: Cumulative reward curves across five seeds of MAGICS-A2C (blue) and baseline-A2C
(orange) for the adversarial Half Cheetah environment. MAGICS-A2C converges to an equilib-
rium that outperforms the converged baseline equilibrium by ~ 2.7 times. Dashed lines represent
exploiter disturbances against the same controller color.
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We also perform an analogous tournament in the Half Cheetah example. However,
for this environment, success or failure can no longer be straightforwardly defined with
a single logical variable. For the Half Cheetah, the objective is to run to the right as
quickly and for as long as possible (until the episode is terminated at a maximum step
count). To this end, we report the raw cumulative reward in Table 3. MAGICS-A2C
achieves significantly higher reward compared to both ablation and baselines. Further-
more, the MAGICS-A2C disturbance is quantitatively stronger than that of the baseline,
as the controller reward increases when MAGICS-A2C’s controller is pitted against the
baseline disturbance. Figure 3 showcases the robustness of the MAGICS controller with
a representative example. The baseline disturbance learns that a large torque to flip the
cheetah prevents the controller from getting a large reward. Concordantly, the baseline
controller fails to learn how to recover the cheetah from turnover. In contrast, MAG-
ICS’s controller has learned to leverage the momentum—when the disturbance tips the
cheetah too far forward, the controller adapts the fall into a roll—to get the cheetah back
to its feet.

dstb. strategy | \/AGICS-A2C  MAGICS-A2C-ablation  Baseline-A2C
ctrl. strategy

MAGICS-A2C 1 78.8% 67.4% 74.6%
MAGICS-A2C-ablation T 36.4% 40.6% 38.2%
Baseline-A2C 1 59.6% 58.0% 53.0%

Table 1: Win rates across five sets of 100 zero-sum games between the corresponding controller
and disturbance from a random initial state in the Pendulum environment. Stackelberg gradient
boosts the self-play win rate by approximately 38%, as evidenced by the diagonal entries.

dstb. strategy | \{AGICS-SAC  MAGICS-SAC-ablation  Baseline-SAC
ctrl. strategy

MAGICS-SAC 1 66.5% 63.25% 80.75%

MAGICS-SAC-ablation 1 51.5% 57.5% 83.0%
Baseline-SAC 1 61.25% 60.25% 80.25%

Table 2: Win rates obtained from 100 zero-sum games between the corresponding five controller
and disturbance random seeds for the Pendulum. MAGICS-SAC outperforms almost all the other
disturbance classes.

dstb. strategy MAGICS-A2C MAGICS-A2C-ablation Baseline-A2C
ctrl. strategy

MAGICS-A2C 1 972.14 + 289.19 967.78 £ 376.77 1121.81 +£137.13
MAGICS-A2C-ablation 1 316.46 £ 281.73 285.41 £ 275.00 325.56 £ 277.35
Baseline-A2C 1 360.85 £ 154.86 335.57 £115.96 409.04 £ 118.44

Table 3: Episodic reward obtained from five sets of 100 zero-sum games between the correspond-
ing controller and disturbance from a random initial state for the Half Cheetah. MAGICS-A2C
achieves significantly higher reward against all other disturbance classes, with qualitatively more
innovative strategies found relative to that of the baseline (Figure 3).

We also display reward curves for the Half Cheetah environment in Figure 4. From
the same initial conditions, qualitatively, MAGICS converges to more performant equi-
libria than the baseline does, with a controller reward approximately ~ 2.7 times greater
than that of the baseline controller and disturbance pair. We also plot, in dashed lines,
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Fig.5: Time evolution of the human’s tugging forces (disturbance) with MAGICS-Safety and
the baseline. Both policies are trained in simulation with a maximum of 50 N tugging force dis-
turbance. The MAGICS-Safety policy is robust against the varying tugging forces from different
angles, while the baseline failed even with tugging forces of smaller magnitude.

the final exploit curve results: the “best” and “worst” disturbances against the “best”
controllers of that color, e.g., dashed-blue lines represent the strongest MAGICS-A2C
controller against the strongest and weakest of the baseline-A2C disturbances. Even
against the strongest baseline-trained disturbance, MAGICS-A2C’s performance only
degrades slightly, as opposed to the baseline controller against the MAGICS distur-
bance, in which all strategies fail as evidenced by the extremely poor reward.

6.2 Hardware Demonstration: Safe Quadrupedal Locomotion

Next, we apply MAGICS-Safety (Section 5) to a safe quadrupedal locomotion task.

Hardware. We utilize the Unitree Go-2 as the test robot platform. The robot is equipped
with built-in IMUs for obtaining measurements about body angular velocities and linear
acceleration, and internal motor encoders that measure joint positions and velocities.
The robot also provides a Boolean contact signal for each foot. No visual perception is
used for computing the control policy.

System Dynamics. The quadrupedal robot’s state is 36-dimensional, including posi-
tions of the body frame, velocities of the robot’s torso, rotation angles, axial rotational
rates, angle, angular velocity, and commanded angular increment of the robot’s joints.
The robot’s control inputs include independent torques applied on each of its 12 rota-
tional joints provided by an electric motor. Our neural control policy sends a reference
signal to each motor, which is tracked by a low-level controller. See [38] for a detailed
explanation of the robot’s dynamic model and safety specification.
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Baseline. We compare to ISAACS [22,38], the former state-of-the-art adversarial neural
safety synthesis method, which uses individual gradients and alternating optimization
for updating the critic and actor parameters. Both policies are trained with the PyBul-
let [9] physics engine. We use the same neural network architecture as [38].

Policy Training. We train both policies for 1.5 million steps. During training, we use
a maximum of 50 N tugging force disturbance for both policies. Once the policies are
trained offline, they are deployed online within a value-based safety filter [21, Sec. 3.2]
to prevent the robot from falling under adversarial human tugging forces.

Evaluation: The Tugging Experiment. We evaluate the robustness of the trained poli-
cies with a human tugging the robot from different angles and using forces with a vary-
ing magnitude (Figure 1). The time evolution of the forces applied by the human is
plotted in Figure 5. The MAGICS-Safety policy is able to withstand the external force,
with a peak value above 120 N, for the entire test horizon of 25 seconds. On the other
hand, the baseline fails to resist a force with a peak value less than 120 N. This test em-
pirically demonstrates the superior robustness of the MAGICS-Safety policy compared
to the baseline.

7 Limitations and Future Work

Our proposed MAGICS algorithm requires the computation of second-order informa-
tion over the space of neural network parameters (c.f. (11)), which can be expensive to
obtain. Using appropriate estimators in lieu of intensive gradient computations uncovers
several open opportunities. In another vein, recent advances in Stackelberg learning us-
ing only first-order information [36] offer a promising pathway to ease the computation
burden of MAGICS. In this paper, we focus exclusively on developing a game-theoretic
variant of the adversarial on- and off-policy actor—critic algorithm. Our algorithmic and
theoretical framework may be extended to broader multi-agent RL settings with differ-
ent algorithms, such as policy gradient, and with general-sum objectives among players.

8 Conclusions

In this paper, we introduced Minimax Actors Guided by Implicit Critic Stackelberg
(MAGICS), a novel game-theoretic reinforcement learning algorithm that is provably
convergent to an equilibrium solution. Building on MAGICS, we also offered conver-
gence assurances for an RL-based robot safety synthesis method. Our empirical eval-
uations, conducted through simulations in OpenAl Gym and hardware tests using a
36-dimensional quadruped robot, demonstrated that MAGICS produced robust control
policies consistently outperforming the state-of-the-art neural safe control method.
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