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ABSTRACT

The streaming instability, a promising mechanism to drive planetesimal formation in dusty protoplanetary discs, relies on
aerodynamic drag naturally induced by the background radial pressure gradient. This gradient should vary in discs, but its effect
on the streaming instability has not been sufficiently explored. For this purpose, we use numerical simulations of an unstratified
disc to study the non-linear saturation of the streaming instability with mono-disperse dust particles and survey a wide range of
gradients for two distinct combinations of the particle stopping time and the dust-to-gas mass ratio. As the gradient increases,
we find most kinematic and morphological properties increase but not always in linear proportion. The density distributions of
tightly coupled particles are insensitive to the gradient whereas marginally coupled particles tend to concentrate by more than
an order of magnitude as the gradient decreases. Moreover, dust—gas vortices for tightly coupled particles shrink as the gradient
decreases, and we note higher resolutions are required to trigger the instability in this case. In addition, we find various properties
at saturation that depend on the gradient may be observable and may help reconstruct models of observed discs dominated by
streaming turbulence. In general, increased dust diffusion from stronger gradients can lower the concentration of dust filaments
and can explain the higher solid abundances needed to trigger strong particle clumping and the reduced planetesimal formation
efficiency previously found in vertically stratified simulations.
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1 INTRODUCTION

In dusty protoplanetary discs, sub-micron interstellar dust grains
must grow by 13 orders of magnitude in size to become fully grown
planets, albeit the details of various stages in the planet formation
process remain difficult to disentangle. In these stages, the formation
of planetesimals plays a key role, bridging dust coagulation and the
formation of planetary cores (Johansen et al. 2014; Birnstiel, Fang &
Johansen 2016, and references within).

One mechanism to drive the formation of planetesimals is the
streaming instability, first discovered by Youdin & Goodman (2005).
The development of this instability is composed of four stages: linear
growth (Youdin & Johansen 2007; Krapp et al. 2019; Paardekooper,
McNally & Lovascio 2020; Zhu & Yang 2021), non-linear saturation
(Johansen & Youdin 2007; Yang & Zhu 2021), vertical sedimentation
(Yang & Johansen 2014; Li, Youdin & Simon 2018), and strong
clumping (Johansen, Youdin & Mac Low 2009b). Depending on
the grain size, a vertically equilibrated dust layer needs to reach
a vertically integrated solid abundance threshold to trigger the
strong clumping of dust materials in the mid-plane of the disc
(Carrera, Johansen & Davies 2015; Yang, Johansen & Carrera
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2017; Li & Youdin 2021). This strong clumping thus produces
the particle concentrations needed for gravitational collapse into
planetesimals (Johansen et al. 2015; Simon et al. 2016; Schifer,
Yang & Johansen 2017; Nesvorny et al. 2021). Since this instability
relies on aerodynamic drag, it fundamentally depends on a difference
in velocity between the solid particles and the surrounding gas. An
important and natural source leading to this velocity difference is
the background radial pressure gradient of the gaseous disc (Adachi,
Hayashi & Nakazawa 1976; Weidenschilling 1977b).

In both theoretical models and observations, the pressure gradient
of the gas within a protoplanetary disc can vary radially. Although
standard discs derived from a viscous disc evolution model (Lynden-
Bell & Pringle 1974; Hartmann 1998) or the minimum-mass Solar
Nebula (Weidenschilling 1977a; Hayashi 1981) traditionally feature
a smooth pressure profile and thus a slowly varying gradient (Bai &
Stone 2010b), theoretical models incorporating magnetic fields and
more realistic thermodynamics (e.g. ice lines) commonly develop
large-scale, long-lived axisymmetric pressure variations and extrema
(Lyra et al. 2008, 2009; Kretke et al. 2009; Johansen, Youdin &
Klahr 2009a; Dzyurkevich et al. 2010; Simon, Beckwith & Armitage
2012; Dittrich, Klahr & Johansen 2013; Bai & Stone 2014; Simon &
Armitage 2014; Bitsch et al. 2015; Béthune, Lesur & Ferreira 2017).
Moreover, anisotropic infall of filamentary accretion streams on to
embedded discs from the star-forming environment can generate
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vortices and azimuthal shear which can also form robust pressure
maxima (Kuznetsova et al. 2022). Meanwhile, disc observations of
the (sub-)millimetre continuum emission at high angular resolutions
(ALMA Partnership et al. 2015; Andrews et al. 2018) have identified
bright rings, suggesting the dust could be trapped within gas pressure
maxima (Whipple 1972, 1973). Furthermore, recent molecular-line
observations of discs (Oberg et al. 2021, e.g. HD 163296) reveal
substructures in the gas with large-scale pressure variations.

The effect of the radial pressure gradient on the streaming insta-
bility has not been well studied, although a couple of investigations
into it have already identified significant consequences. For a given
particle size distribution, Bai & Stone (2010c) found the critical
solid abundance needed to trigger strong particle clumping increases
monotonically with the pressure gradient. For a single particle
size with self-gravity, Abod et al. (2019, section 3.1.1) found the
planetesimal formation efficiency steeply decreases as the gradient
increases. Although both groups attribute their results to an increase
in turbulence driven by the streaming instability as the gradient
increases, neither one provided any quantitative analysis of the
turbulent properties of their systems. Therefore, we aim in this
work to quantify the dependence of turbulence on the radial pressure
gradient by using vertically unstratified models to better bridge the
gap between mid-plane turbulence and vertical sedimentation, in the
development of the streaming instability.

Here, we introduce the first thorough investigation into the non-
linear saturation of the streaming instability with various pressure
gradients in numerical simulations of an unstratified disc. In Sec-
tion 2, we describe the equations governing the gas and the dust,
our numerical methods, and our model setup. In Section 3, we detail
the saturation state, morphology, and kinematics resulting from our
models. In Section 4, we discuss the implications of our findings for
planetesimal formation and radial transport and compare our results
with recent observations. We conclude with a summary in Section 5.

2 METHODOLOGY

We model a system of gas and solid particles using the local-
shearing-box approximation (Goldreich & Lynden-Bell 1965). The
computational domain is at an arbitrary distance r from the central
star and revolves around the star at the local Keplerian angular
frequency Qk. The domain is small compared with the orbital
distance, and the equations of motion can be linearized such that
the domain approximates a rectangular box with its x-, y-, and
z-axes constantly aligned in the radial, azimuthal, and vertical
directions, respectively. As we assume the system is axisymmetric
and omit the vertical component of stellar gravity in this work, the
boundary conditions are thus periodic in both x- and z-directions.
For simplicity, we omit the effects of magnetic fields. The following
Sections 2.1-2.4 detail the equations of motion for the fluid gas,
those for the solid particles, the numerical method we use to solve
them, and our model setup, respectively.

2.1 Gas

The continuity and momentum equations for the gas are
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respectively. We solve for the gas density p, and the gas velocity u
with the velocity measured relative to the background Keplerian shear
flow w' = —(3/2)Qkxy. The pressure P is given by the isothermal
equation of state P = pyc2, where c; is the speed of sound, and I
is the identity matrix. The first two source terms, on the right-hand
side of equation (2), are a combination of the radial component of
the stellar gravity and the Coriolis and the centrifugal forces. The
third term is a constant outward force on the gas due to an external
radial pressure gradient, determined by the dimensionless parameter
(Bai & Stone 2010b, equation 1)
nvk _nr

1= = , 3
o T 3)

where vk is the local Keplerian velocity, H, = ¢,/ is the vertical
gas scale height, and

_ 1 1 9P 1 /H\’3lP (¢’ A
= 2pg§22Kr8r_ Z(r) dlnr (UK)’ @
is the fractional reduction in orbital speed of the gas from Keplerian
(when n > 0) if the dust was not present (Nakagawa, Sekiya &
Hayashi 1986, equation 1.9). The fourth and final term is the frictional
drag force from the solid particles back to the gas, where v is the
ensemble-averaged local velocity of the particles, again measured
relative to the background shear, and fy., is the stopping time
(Section 2.2). The factor of the dust-to-gas density ratio pp/p, ensures
the conservation of the total linear momentum of the gas and dust
particles, where pj, is the averaged dust density in the gas cell.

We initialize the gas as follows. The gas density field is initially
uniform with p,4(x, y, z, t = 0) = p, 0. By assuming a total dust-to-gas
mass ratio

(0p)

€= P21 )
pg,O
where
1
(Y= L.L,L. // Sfdxdydz (6)

is the instantaneous volume average of quantity f over the computa-
tional domain of dimensions L, x L, x L., we then uniformly apply
the equilibrium solution by Nakagawa, Sekiya & Hayashi (1986)
to the radial and azimuthal components of the gas velocity, while
setting the vertical component to zero.

Our primary objective is to study the effects of the radial pressure
gradient on dust—-gas dynamics driven by the streaming instability.
While IT = 0.05 is considered typical in the inner regions of a wide
range of disc models (Bai & Stone 2010b; Bitsch et al. 2015), the
radial pressure gradient can vary locally due to disc substructures or
globally depending on location and the evolutionary stage of the disc
(Section 1). Thus, we study four values of IT — 0.01, 0.02, 0.05, and
0.1 — that cover a typical range of the gradient (Table 1).

2.2 Dust

Following Youdin & Johansen (2007), we model the dust as La-
grangian superparticles, each of which represents an ensemble of
numerous identical solid particles described by their total mass and
average velocity. The equations of motion for the i-th superparticle
is then

pr,' 3
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where the velocity v; is measured relative to the background Keple-
rian shear v; = —(3/2)Qkxp;§. The gas velocity u is evaluated at the
particle position x,, ; by interpolation (Section 2.3). The right-hand
side of equation (8) parallels equation (2) in Lagrangian form, except
for the absence of the radial gas pressure gradient.

The stopping time 4, in equations (2) and (8) is the e-folding
time to damp the relative speed between a solid particle and the
surrounding gas due to their mutual frictional drag (Whipple 1972;
Weidenschilling 1977b). We assume all particles have the same
stopping time (mono-disperse dust particles), and the self-gravity
and collisions between them are ignored. As was done by Youdin &
Goodman (2005), we use the dimensionless stopping time (also
known as Stokes number)

T, = Qo ©)

This parameter measures how well a particle is coupled to the gas:
the smaller the 7, the tighter the coupling.

We initialize the dust particles as follows. We use a total number of
particles such that there are n, = 4 particles per cell on average, and
we randomly distribute these particles throughout the domain. Since
the particles are identical, the mass of each particle can be found given
the total solid-to-gas density ratio € defined by equation (5). Similar
to the gas, we uniformly apply the equilibrium solution by Nakagawa,
Sekiya & Hayashi (1986) to the radial and azimuthal components of
the particle velocity, while setting the vertical component to zero.

2.3 Numerical method

To simultaneously solve equations (1), (2), (7), and (8), we use
ATHENA++ (Stone et al. 2020), a modular and parallelized astro-
physical magnetohydrodynamics code. The gas is solved by the finite
volume method, and we use the HLLE Riemann solver, a Courant
number of 0.4, the second-order van Leer predictor—corrector time-
integration scheme, and the piecewise parabolic method applied to
primitive variables for spatial reconstruction.

We have extended the code to simultaneously simulate dust grains
as Lagrangian superparticles (Yang et al. in preparation), each with
an individual position and velocity that are integrated in unison
with the hydrodynamic time-steps. To model their interaction with
the Eulerian gas, we employ the standard particle-mesh method
(Hockney & Eastwood 1981) using the Triangular-Shaped-Cloud
scheme to interpolate the gas properties to the particles and assign
the particle properties to the mesh with high spatial accuracy.

2.4 Model setup

We limit our survey to two distinct cases, each with a different
combination of the dimensionless stopping time 7, defined by
equation (9), and the dust-to-gas mass ratio €, defined by equation
(5), that were first studied by Johansen & Youdin (2007) and
represent contrasting non-linear regimes of the streaming instability.
Case AB has ty = 0.1 and € = 1.0, while Case BA has ty =
1.0 and € = 0.2. In other words, Case AB contains an enhanced
abundance of relatively tightly coupled particles, while Case BA
contains a relatively low abundance of marginally coupled particles.
For compact solid particles at r ~ 10 au (e.g. at the semimajor axis
of Saturn) with a uniform density of 1gcm™, 73 = 0.1 and 1.0
roughly correspond to particles of 2 and 20 cm in size, respectively,
in standard minimum mass solar nebular models (Johansen et al.
2014, fig. 3). The domain sizes are L, x L, = 0.1 H; x 0.1 H, and
2 Hy x 2 H, for the AB and BA cases, respectively. Based on linear
growth rate maps (Youdin & Johansen 2007, fig. 1), for Case AB,
this allows 47 wavelengths of the fastest growing mode when IT =
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Table 1. Simulation model parameters.

Case Tt € L,=L, Him I1¢
(Hy) €))
()] (@) 3 “ (5) (6)
AB 0.1 1.0 0.1 10 0.01, 0.02, 0.05, 0.1
BA 1.0 0.2 2.0 200
2Defined by equation (9).
YDefined by equation (5).

‘Defined by equation (3). Notes. The columns are (1) case name, (2)
dimensionless stopping time?, (3) total dust-to-gas mass ratio®, (4) domain
size, (5) simulation time limit, and (6) dimensionless radial pressure gradient®.
Length and time are in units of gas scale height Hy and orbital period 7,
respectively.

0.01 and 4 when IT = 0.1, and for Case BA, this allows 31 when
IT=10.01, and 3 when IT = 0.1. These two cases when IT = 0.05 can
also serve as comparisons with previous works (Johansen & Youdin
2007; Bai & Stone 2010b; Benitez-Llambay, Krapp & Pessah 2019).

As in Johansen & Youdin (2007, section 3.1), the randomly
distributed particles (Section 2.2) provides a white-noise power spec-
trum in the particle density field to seed the streaming instabilities.
We run the simulations of these two cases well into the saturation
stage for statistical analysis of the state. The AB and BA cases are
run for #i, = 10 and 2007, respectively, where T = 27/ is the
local orbital period. We report our results at our highest resolution of
2048 x 2048 cells, and we leave the resolution study in Appendix A.
Table 1 summarizes the parameters for each of our eight runs.

3 RESULTS

We report and analyse the results of our simulations as follows.
Section 3.1 covers dispersion properties for each of our runs and how
we determine the saturation state. Section 3.2 details the saturation
morphology of the gas and dust density fields. Finally, we discuss
kinematic details of the gas and dust in Section 3.3.

3.1 Saturation state

Before we can analyse the dust—gas dynamics driven by the streaming
instability, we must first determine when each of our models
transitions from linear growth to non-linear saturation. Thus, we
construct and plot the time-evolution of several statistical diagnostics.
We define the time-dependent gas density dispersion by

Oy =1/ (805) — (8 pg)% 10)

where the notation ( - ) is the volume average defined by equation
(6), and 8p; = pg — (p,) is the local gas density deviation from the
mean gas density (0g) = pg, 0. Similarly, we define the gas velocity
dispersion for each component as

Su? .
Ouyy, = M_Au)%yz’ 1)
Pe0 .2
where
.0
Au= POW (12)
Pg,0

is the mass-weighted average gas velocity deviation from the initial
equilibrium velocity ug, and du = u — ug. As the dust is comprised
of Lagrangian superparticles, we first map particle properties p,
and v to the gas grid via the particle-mesh assignment. Then, we
compute the dispersions of the density o, and velocity components,
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Figure 1. Dispersions as a function of time for all models in Table 1. The left and right columns are for Cases AB (rs = 0.1 with ¢ = 1.0) and BA (z, = 1.0
with € = 0.2), respectively. The rows from top to bottom show the densities, defined by equation (10), and the three components of the velocities, defined by
equation (11). Solid and dashed lines represent the dust and the gas, respectively, while line colours represent models with different values of the dimensionless
radial pressure gradient IT. Densities and velocities are normalized to the initially uniform gas density o o and the speed of sound cs, respectively.
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Table 2. Time-averaged quantities at saturation.
Case I Opy a Oy, b Ou, b Ou, b Opp ¢ Oy, d oy, d d max (0p)
(107%pg0)  (1073¢;)  (107%¢)  (1073¢y) (Pg.0) (107%¢)  (1073¢) (1073¢y) (Pg.0)
)] (@) 3 (C)) ) (6) ) ®) ® (10) 1)
AB 0.01 0.074(3) 2.27(2) 1.38(3) 1.67(2) 1.96(1) 1.84(2) 1.3002) 1.52(1) 64.6797
0.02 0.231(7) 4.37(4) 2.25(5) 3.08(4) 1.934(6) 3.51(4) 2.11(4) 2.74(4) 61.375%8
0.05 1.28(6) 10.7(3) 5.1(3) 7.6(3) 1.89(2) 8.6(2) 4.8(3) 6.7(3) 56.0753
0.1 4.9(5) 21.(1) 10.0(9) 15.009) 1.88(4) 17.(1) 9.3(9) 13.2(8) 53.4750
BA 0.01 8.2) 2.13(5) 5.2(1) 11.7(2) 1.7(2) 3.6(1) 1.91(6) 14.6(6) 708.55551
0.02 17.2) 4.0(1) 9.6(3) 26.(1) 1.2(2) 74(3) 3.8(2) 37.(2) s11.2570]
0.05 38.(5) 10.(1) 17.(1) 39.(1) 0.7(2) 17.(1) 8.4(8) 50.(4) 192.177%8
0.1 56.(3) 25.(1) 28.8(5) 63.(1) 0.39(2) 34.(3) 17.2) 63.3(9) 24757

2Defined by equation (10).
"Defined by equation (11).
¢ Analogously defined by equation (10)

d Analogously defined by equation (11). Notes. The columns are (1) case name, (2) dimensionless radial pressure gradient, (3) gas density dispersion?®, (4)—(6)
components of the gas velocity dispersion®, (7) dust density dispersion®, (8)-(10) components of the dust velocity dispersion?, and (11) maximum dust density.
Densities and velocities are in units of the mean gas density pg o and the speed of sound cs, respectively. In columns (3) through (10), we show in parentheses
the lo time variability of the least significant digit, while in column (11), we show the 1o time variability taken in logarithmic space, in the positive and
negative superscripts and subscripts, respectively. For Cases AB and BA, we average all quantities from ¢ = 57 to fj;, = 107 and from ¢ = 1507 to t}i, = 2007,

respectively.

for example, o, , of the dust via equations in parallel with (10) and
(11), respectively. Fig. 1 shows the evolution of density and velocity
dispersions of the gas and dust for each case and value of IT in Table 1.

For Case AB, all diagnostics reach a quasi-steady level, indicating
saturation. Compared to models with lower values of I, those with
higher values show faster rates of increase prior to this state and
reach saturation earlier. Johansen & Youdin (2007, section 3.3.1 and
fig. 5) described the early growth stage of their Run AB for IT = 0.05,
which can also be seen in our available videos (see ‘Data Availability’
section). In particular, they suggested the rapid appearance and non-
uniform growth of cavities (i.e. voids with dense inner rims) within ¢
~ 1T can be explained by local Poisson fluctuations around p,/pg = 1
(value of €, as defined by equation 5, in Case AB), where the peak lin-
ear growth rate of the streaming instability for , = 0.1 sharply rises
by an order of magnitude (Johansen & Youdin 2007, fig. 1), noting
that the corresponding growth time-scale for p,/p, = 1.25 is half that
for pp/py = 1.0." By carefully seeding a linear mode to suppress all
Poisson noise in one variation of their Run AB, they found numerical
growth matched the peak analytic rate for p,/p, = 1 (Johansen &
Youdin 2007, fig. 6). Moreover, by lowering the amplitude of Poisson
fluctuations with twice as many particles per grid cell in another
variation, they found a delay in the appearance of cavities. While their
analysis seems to support their explanation for the rapid development
of cavities as another manifestation of the streaming instability, we
cannot yet rule out the initial presence of, or subsequent turbulence
driven by, some secondary instabilities in Case AB.

Judging from Fig. 1, we average all reported quantities for the
saturation state of all AB models from ¢t = 5T to t;, = 10T
throughout this work, unless otherwise specified. Table 2 lists the
time-averaged dispersions from Fig. 1. We note the dust density
dispersion o, for Case AB is on the order of 2p4 ¢ and, more
importantly, is rather insensitive to IT, with a relative difference

Youdin & Johansen (2007, fig. 2) showed the associated phase speed of
the fastest growing radial waves for t3 = 0.1 changes sign from inward to
outward for pp/pg < 1 and pp/pg Z 1, respectively, coinciding with this steep
increase in the peak linear growth rate.

of at most 5 per cent between models. By contrast, the gas density
dispersion o, significantly increases as I1 increases, differing by as
much as two orders of magnitude between IT = 0.01 and 0.1 models.
Despite this large span, the strongest density fluctuation of all our AB
models only reaches the order of 10~* o, , indicating the gas remains
relatively incompressible under the streaming instability (Johansen &
Youdin 2007; Yang & Zhu 2021). As for the velocity dispersions of
the gas and the dust, o, and o, we find these also increase as I1
increases. Yet, for any given I, 0, ,, > 0y, v, > Ouy.vys similar to
the relationship found for multispecies Model Af by Yang & Zhu
(2021). Moreover, we find 0,,, ~ 20, , consistent with gas epicyclic
motions (Papaloizou & Terquem 2006; Yang, Mac Low & Menou
2009), except perhaps for [T =0.01 where o, ~ 1.60,, . As shown in
Fig. 1 and Table 2, the time variability also increases as IT increases,
except for o, between IT = 0.01 and 0.02, but only amounts to at
most 10 per cent for IT = 0.1. The final dust density fields at #j;, =
10T for each AB model is shown in Fig. 2, demonstrating its typical
saturation state.

The diagnostics for the BA models evolve somewhat differently
than those for AB. The density and velocity dispersions do not
directly reach a quasi-steady level but instead show roughly three
stages of evolution, the morphologies of which can be seen in the
available videos (see ‘Data Availability’ section). In the initial stage,
as shown in Fig. 1, the dispersions first increase rapidly until about
10-20T. The end of the first stage is roughly delineated by the knees
of o,,, and this corresponds to the time when the initial regular
pattern of short slanted dust filaments begins to roll and break. In the
second stage, the dispersions continue to increase at a much slower
rate, for instance, in 0, and oy, ,, for I1 = 0.01 between 15 and
1007, during which dust filaments are in the process of merging
with each other. By the third stage, the dispersions finally reach a
quasi-steady level, when it appears that no further major mergers
occur. We note that models with higher values of IT reach saturation
earlier than models with lower values. Johansen & Youdin (2007,
section 3.2 and fig. 2) describe the early growth stage of their Run
BA for IT = 0.05. Fig. 3 shows the final snapshots at #j;,, = 2007 of the
dust and gas density fields during saturation for Case BA where we
note the prominence of long, vertically slanted, dense dust filaments
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Figure 2. Final snapshots at #1;,, = 107 of the density fields during the saturation state of Case AB (ts = 0.1 with € = 1.0). The top and bottom rows show the
dust and gas density fields, respectively, while columns from left to right show models with increasing radial pressure gradient IT.

(Johansen & Youdin 2007; Yang & Zhu 2021). Judging from Fig. 1,
we average all reported quantities for the saturation state of all BA
models from ¢ = 1507 to f;,, = 2007 throughout this work.

Time-averaged dispersions for BA models during saturation are
listed in Table 2. As shown in the table, Opp decreases as IT increases,
differing by more than a factor of four between IT = 0.01 and 0.1
models. Conversely, o, increases as IT increases, differing by almost
an order of magnitude between IT = 0.01 and 0.1 models. However, a
maximum density fluctuation of order 1073 p ¢ in the latter indicates
the gas remains relatively incompressible overall. As for o, and o,
we find both increase as IT increases. Comparing the dust and the
gas for any given I, 0,, > o0, but 0,, > 0,,. Lastly, comparing
the components in general, o, > o0, > o, for the gas, while 5, >
oy, > Oy, for the dust, as was similarly found for multispecies Model
B by Yang & Zhu (2021).

3.2 Morphology

In this section, we study the morphology in the density fields of our
models at non-linear saturation. Specifically, we examine snapshots
of the dust and gas density fields, the spatial correlation of these
snapshots, and the distributions of these densities. We start with Case
BA, where 7, = 1.0 for marginally coupled particles, in Section 3.2.1
followed by Case AB, where t, = 0.1 for tightly coupled particles,
in Section 3.2.2.
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3.2.1 Marginally coupled particles

Final snapshots of the dust and gas density fields for each BA model at
saturation are shown in Fig. 3. As originally reported by Johansen &
Youdin (2007), the dust shows a sharp pattern of dense filaments
aligned vertically with slight tilts in alternating directions, extending
to about the height of our domain of 2H, x 2H,. As the videos show
(see ‘Data Availability’ section), these filaments act like traffic jams
that impede and collect any particles drifting radially between them,
while each filamentary pattern coherently moves either upward or
downward (Johansen & Youdin 2007; Yang & Johansen 2014; Yang,
Mac Low & Johansen 2018). Comparing the dust and gas snapshots
for each model, we find the gas also condenses into vertical structures
somewhat in between the dust filaments while remaining relatively
incompressible overall (Yang & Johansen 2014; Li, Youdin & Simon
2018; Yang & Zhu 2021).

As shown in Fig. 3, the morphology of Case BA changes with II.
As TII decreases, the radial separation between dense dust filaments
decreases, and we find fewer particles drifting in between. Dust
filaments also show more vertical segmentation and steeper tilts. The
gas also shows fluctuations of shorter radial characteristic length. For
IT = 0.01, there appears to be a large-scale radial variation in gas
density on the order of L,.

In order to quantify the structural dependence on I, we compute
the spatial correlation (also known as structure function) of the dust
density field. It is quantified by the normalized autocorrelation of a
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Figure 3. Similar to Fig. 2, except for Case BA (75 = 1.0 with € = 0.2) at t};, = 2007

density field p:

F! (SApzSAp*)

Ry = st
T L L (p?)

13)

where F~! is the inverse Fourier transform operator, 8 p is the
Fourier transform of the local density deviation p = p — (p), (SAp*
is the complex conjugate of the transform, and the notation ( - ) is
the volume average defined by equation (6). The top row of Fig. 4
shows the time-averaged spatial correlation of the dust density field
R, 4, for each BA model, where x and z in this context are the radial
and vertical displacements, respectively. The signals shown by the
spatial correlation reveal repeating patterns in the dust density field,
which in this case align with the upward and downward floating
patterns of dust filaments. Similar to the unit cell used to describe
a crystal structure, each signal contains a characteristic bright
cross that is tiled. As Il decreases, we find more adjacent tiles
in the radial direction, which correspond to the decrease in radial
separation between dense filaments. The signal of the central cross
becomes less vertically extended, consistent with more vertical
segmentation of filaments. Fig. 4 also indicates the absolute slopes
of the crosses increase as I decreases, corresponding to the steeper
tilts of filaments. Similarly, we compute the time-averaged spatial
correlation R, ,, of the gas density fields, which is shown in the
bottom row of Fig. 4. From IT = 0.01 to 0.05, we see signals of pure
radial modes of decreasing length from roughly L, to L,/2, which
supports the large-scale radial variation seen in Fig. 3 for IT = 0.01.

Lastly, we find for Case BA the cumulative distribution function
P(> pp) for the dust density and the probability density function

dP/dp, for the gas density. We time average both distributions and
show the results and variabilities in Fig. 5. The maximum dust
densities max (pp), shown in the right-hand tail of P(> p;,) and listed
in Table 2, increase with decreasing I1, differing by more than one
order of magnitude between IT = 0.1 and 0.01. For P(> pp) of all
BA models in Fig. 5, we note approximately 8 per cent of the compu-
tational domain has p, ~ 0.5, ¢. As IT increases, P(> p;,) becomes
steeper, indicating the dust is more evenly distributed throughout the
domain, which is consistent with more particles shown streaming
between dense dust filaments (Fig. 3). For the gas, dP/dp, also varies
between BA models, becoming less Gaussian and more negatively
skewed as Il increases. Moreover, the width of the distribution
increases as I1 increases, differing by an order of magnitude between
IT = 0.01 and 0.1. Lastly, we note the average logarithmic slope of
dP/dpg changes a few times about the mean at 1o, o.

3.2.2 Tightly coupled particles

Fig. 2 shows the final snapshots of the dust and gas density fields for
AB models, where the particles are more tightly coupled to the gas.
At saturation, each system forms a collection of turbulent vortices
of various sizes, each surrounded by filamentary structures of dust,
as first shown by Johansen & Youdin (2007, fig. 5) and as similarly
described for the multispecies Model Af by Yang & Zhu (2021).
More importantly, the morphology of Case AB changes with IT. The
turbulent vortices appear to become larger as IT increases, and we
attempt to quantify this effect below.

As in Section 3.2.1, we compute the normalized spatial autocor-
relation function of the dust density field via equation (13). Because

MNRAS 529, 275-295 (2024)

G20z AInp L€ uo Josn peqgspeD @ AisiaAun a1els 00Ixa|N MaN AQ £78065./G/Z/1/62S/2I01E/SEIUW/WO0d"dNOdIWapED.//:Sd)lY WOl papeojumod



282 8. A. Baronett, C.-C. Yang and Z. Zhu

MN=0.01 MN=0.02
Rop0, 0.05 0. 0.05
tl
1.0
0.5
T 0.0
N
-0.5
-1.0
Rpgpg -
tl
1.0
0.5
T 0.0
N
-0.5
—1.0
X/Hgq X/Hg

0.10-0.05 0.00 0.05

M=0.05 M=0.1
0.10 -0.1 0.1

tltltl
tltltl

X/Hgq X/Hg

Figure 4. Time-averaged normalized spatial autocorrelation functions for the dust (top panel) and the gas (bottom panel) density fields, defined by equation
(13), for Case BA (t5 = 1.0 with € = 0.2). The notations x and z in this context are the radial and vertical displacements, respectively. The columns from left to

right show models with increasing radial pressure gradient IT.

R, s, of each AB model appears isotropic around a central peak, we
approximate the average radial profile R,(r) by binning the discrete
2D data in r, where r is the radial displacement in this context. The
top panel of Fig. 6 compares the time-averaged radial profiles for
the dust R,(r) between models with different IT, where we note
r is normalized by ITH,. We find the width of the profile roughly
scales with IT, indicating increasing sizes of the dust—gas vortices, as
observed in Fig. 2. However, for models with smaller I1, the width
of the profile is slightly wider than a simple linear relationship with
IT would infer. On the other hand, the length scales (or the velocity
scales) in the linear system for the streaming instability appear to be
linearly proportional to IT (Youdin & Goodman 2005; Youdin &
Johansen 2007). Therefore, non-linear effect(s) of the streaming
instability may contribute to the deviation seen here from what a
linear system would predict.

Similarly, we compute the time-averaged radial profile R4(r) of
the gas density spatial correlation R, ,,. Comparing half-widths at
half-maximum, we note the R,,,, (x = 0) in the vertical direction
are slightly wider than R, (z = 0) in the radial direction — almost
within a 1o time variability for IT = 0.1 but up to a 20 percent
difference for IT = 0.01 — which we do not find for the dust.
Assuming symmetry, the bottom panel of Fig. 6 compares the
resulting radial profiles R,4(r) between AB models. The width of
the profile approximately scales with IT, consistent with larger dust—
gas vortices seen in Fig. 2, but is wider for smaller IT, similar to what
is shown in the dust component.

As in Section 3.2.1, we find the cumulative distribution function
P(> p,) for the dust density and the probability density function

MNRAS 529, 275-295 (2024)

dP/dp, for the gas density for Case AB. In Fig. 5, we plot the time
averages and variabilities of these distributions. For the dust, we find
P(> pp) barely changes with I1. As shown in Table 2, the maximum
dust density max (pp) of AB models decreases as IT increases but
shows a relative difference of at most 19 percent between I1 =
0.01 and 0.1. This small change in P(> p;,) and max (p,) with IT is
consistent with the relative insensitivity of the dust density dispersion
at saturation to changes in IT for Case AB (Section 3.1 and Fig. 1).
As for the gas, dP/dp, appears mostly Gaussian albeit somewhat
negatively skewed. As Il increases, the width of the distribution
increases, differing by more than one order of magnitude between
IT=0.01 and 0.1.

3.3 Kinematics

In this section, we study the kinematics of the gas and dust in our
models at non-linear saturation. We first examine gas turbulence in
Section 3.3.1 by measuring the velocity distribution, Mach number,
and o parameter. Then we analyse dust motions in Section 3.3.2
by finding the velocity distribution and diffusion coefficient of the
particles and by estimating the dust scale height.

3.3.1 Gas turbulence

For each of our models, we find the probability density function
dP/du, . for the radial and vertical components of the gas velocity.
We time average the distributions and show the results along with
variabilities in Fig. 7, where we note u, . is normalized by Ilc;.
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Figure 5. Time-averaged cumulative distribution functions for the dust density (left column) and probability density functions for the gas density (right column)
for each model. The top and bottom rows are for Cases AB (ts = 0.1 with ¢ = 1.0) and BA (t, = 1.0 with € = 0.2), respectively. Solid lines represent the
time-averaged densities, shaded areas represent the 1o time variability, and different colours represent models with different values of IT.

For AB models, each component of dP/du,, , appears Gaussian, and
the time variability in each velocity bin seems to increase as I1
increases. When normalized by I, dP/du, , is nearly coincident as
also evident by the average (u,) and standard deviations o,, _ listed
in Table 3, indicating the gas velocity linearly scales with IT in this
case. Moreover, while dP/du, is symmetrical about (u;) ~ u. o =0,
more of the gas migrates radially outward at saturation than at the
initial equilibrium with (u,) > u, o & 0.05I1c;.

The gas velocity distributions for Case BA in Fig. 7, on the
other hand, show more variation between models with different
I1. While (u;) =~ u, o = 0 for all I1, (u,)/I1 increases by about a
factor of two from IT = 0.01 to 0.1, as shown in Table 3. Moreover,
oy, /I slightly increases from IT = 0.01 to 0.02 but monotonically
decreases from 0.02 to 0.1, while o, /IT are roughly equal for all
BA models. At saturation, (u,) < uy o =~ 0.16Ilc, as more of the
gas shifts towards the negative side of the initial equilibrium. For
each BA model, dP/du, skews somewhat positively and becomes
less Gaussian as I decreases. On the other hand, the probability
dP/du, appears symmetrical but significantly wider; however, the
width has no obvious trend with IT.

Next, we compute the characteristic Mach number of the gas
motions for each model in the radial and vertical directions as
Ma, . = o,, _/cs, Where o, _ is the gas velocity dispersion defined by
equation (11). The top panel of Fig. 8 shows the time-averaged Ma as
a function of I1. We note our results for Ma(IT = 0.05) differ at most

by 14 per cent from those of Johansen & Youdin (2007, table 2). We
find, in general, Ma increases as I1 increases. For Case AB, Ma, >
Ma,, as similarly described for the multispecies Model Af by Yang &
Zhu (2021), and by about 40 per cent on average in our case. Mean-
while for Case BA, Ma, > Ma,, the same relationship found for mul-
tispecies Model B by Yang & Zhu (2021), and by a factor of 3—7 for all
our BA models. The significant anisotropy in the gas velocity disper-
sion for Case BA is consistent with the different widths of the gas ve-
locity distributions between radial and vertical components (Fig. 7).
Notably, Ma,(IT) is roughly equal between Cases AB and BA, while
Ma, (IT) for Case BA is significantly larger than that for AB.
We fit a power law

F(II) = all*. (14)

to each Ma, using the 1o time variability as the uncertainty. The best-
fitting lines and parameters are shown in Fig. 8 and listed in Table 4,
respectively. For both components of Case AB and Ma,(IT) of BA,
the power-law index k is approximately unity, indicating these gas
velocity dispersions linearly scale with I1. However, Ma, of Case
BA does not appear to linearly scale with IT as k ~ 3/4.

Another important property is the shear stress that drives gas ac-
cretion. For this reason, we compute the o parameter as & = W, /c?
(Shakura & Sunyaev 1973; Balbus & Hawley 1998, equation 48),
where W, = (p(8uy — Au,)(8u, — Auy)) is the radial-azimuthal
component of the Reynolds stress tensor, in which the notation ( - ) is
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Figure 6. Time-averaged radial profiles (Section 3.2.2) of the normalized
spatial autocorrelation functions for the dust (top panel) and the gas (bottom
panel) density fields, defined by equation (13), for Case AB (ts = 0.1 with
€ = 1.0). The notation r in this context is the radial displacement. Solid
lines represent the average values of each radial bin over time, shaded areas
represent the 1o time variability, and different colours represent models with
different values of IT. Radial bins are scaled by IT.

the volume average defined by equation (6), Su = u — uy is the local
gas velocity deviation from the initial equilibrium velocity uo, and
Au is the mass-weighted average gas velocity deviation defined by
equation (12). The stress W,, describes the angular momentum flux,
and its sign describes the direction of the flux.? As in the multispecies
Models Af and B by Yang & Zhu (2021), we find, in general, W,, <
0 and W,, > 0 for Cases AB and BA, respectively.

The bottom panel of Fig. 8 shows the absolute value of time-
averaged o as a function of II. In general, we find |o| increases
as IT increases and note it is roughly equal between cases. Since
the streaming instability is powered by the relative velocity between
the gas and dust, for example, driven by radial pressure gradients
(Youdin & Goodman 2005), increasing IT injects more energy into
the system and increases the turbulence strength, as seen by this
trend in |«| and in changes to the dust density fields (Figs 2 and
3). We fit the power law defined by equation (14) to each «, using
the 1o time variability as the uncertainty, and show the best-fitting
lines and parameters in Fig. 8 and Table 4, respectively. In the linear
system for the streaming instability, velocities appear to linearly
scale with IT (Youdin & Goodman 2005; Youdin & Johansen 2007).
Thus, as o o¢ Wy, which, in turn, is proportional to the product of gas
velocity deviations, @ may scale by I1? in a linear system from purely
dimensional arguments. However, in both non-linear Cases AB and
BA, we find the power-law index k & 1.8, which is somewhat less
than two.

21t remains unclear if the sign of the stress Wy, is indicative of the diffusive
property of the gas as suggested by Yang & Zhu (2021).
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3.3.2 Dust motions

Similar to what was done for the gas (Section 3.3.1), we compute the
probability dP/dv, , of finding a particle with a particular velocity in
each of our models. The top rows of Figs 9 and 10 show the radial and
vertical components, respectively, of the time-averaged dust velocity
distributions, where v, , is normalized by Ilc;. For AB models,
dP/dv, appears Gaussian, while dP/dv, skews somewhat positively.
Moreover, dP/dv, , seems to linearly scale with IT, as also evident in
Table 3. As originally reported by Johansen & Youdin (2007, Runs
AB and AC) and by Yang & Zhu (2021, Model Af), more of the dust
migrates radially inward at saturation, with (v,) < v, ¢ & —0.05I1c¢,
in Table 3.

In addition, we average over time and space the particle density o,
of cells with similar particle velocities, and the results are shown in
the bottom rows of Figs 9 and 10. For each AB model in Fig. 9, we
find the average p, within radial velocity bins decreases by more than
one order of magnitude as v, becomes more positive (cf. Johansen &
Youdin 2007, fig. 16, Run AB). This can be seen in the videos for
Case AB (see ‘Data Availability’ section), where inward-flowing
filaments appear denser while outward-flowing filaments appear less
dense. In Fig. 10, the average p, within vertical velocity bins is
somewhat uniform across the range of v,, but we note for IT = 0.01
a possibly spurious maxima in the average p, in the positive tail for
v, &~ 0.9I1c¢s, which may be due to the small number of cells in the
tail.

For Case BA, on the other hand, the radial and vertical dust velocity
distributions of particles in the top rows of Figs 9 and 10, respectively,
vary more between models with different I1, as was found for the
gas (Fig. 7 and Section 3.3.1). First, we note that since the total
momentum of the gas and dust remains conserved for each AB or BA
model, (u,) ~ —e(v,) as shown in Table 3. Consequently, for Case
BA, as (v,)/I1 nearly doubles from IT = 0.01 to 0.1, so does (u,)/II.
Similarly, dP/dv, (Fig. 9) and dP/du, (Fig. 7) skew more negatively
and positively, respectively. Concurrent with the gas in Table 3,
oy, /IT are roughly equal for all BA models while o, /II increases
from IT = 0.01 to 0.02 yet monotonically decreases from 0.02 to
0.1. At saturation, 0 > (v,) > v, ¢ & —0.82I1c, as more of the dust
shifts towards the positive side of the initial equilibrium, while (v,) &
v, 0 = 0. As with the gas (cf. Fig. 7), dP/dv, becomes more Gaussian
as IT increases, while dP/dv, appears somewhat uniform and much
wider, but the width has no obvious trend with I1. Moreover, as
dP/dv, becomes more negatively skewed as Il decreases, we find
fewer particles drifting inward between dense dust filaments in Fig. 3
and in the videos for Case BA (see ‘Data Availability’ section).

As done for Case AB, we show for Case BA in the bottom rows
of Figs 9 and 10 the average particle density p,(v,) and p,(v.),
respectively. Depending on the BA model in Fig. 9, we find max (p;,)
between 0 < v, $ 0.3I1cq. As IT decreases, the v, with max (p,) fora
given model more closely aligns with the peak of the corresponding
dP/dv, in the panel above. Meanwhile, p, decreases by two or
more orders of magnitude as v, increases or decreases away from
max (o,(v,)) (cf. Johansen & Youdin 2007, fig. 16, Run BA). For
each BA model in Fig. 10, we find the average density gradually
increases with the magnitude of v, in either direction, leading to two
maxima near the maximum speed reached by each model. These
maxima closely align with the variations seen in dP/dv, above, but
the alignment is more subtle with the velocity distribution dP/du, for
the gas (Fig. 7). This can be seen in the coherent upward or downward
motions of dense dust filaments seen dominating the saturation state
in the videos (see ‘Data Availability’ section) and as discussed in
Section 3.2.1. Nevertheless, we note that for both Cases AB and BA,
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Figure 7. Time-averaged probability density functions for the radial (top row) and vertical (bottom row) components of the gas velocity for each model. The left
and right columns are for Cases AB (ts = 0.1 with € = 1.0) and BA (75 = 1.0 with € = 0.2), respectively. Solid lines represent the time-averaged distributions,
and shaded areas represent the 1o time variability. Different colours represent models with different values of IT, and the dashed grey vertical lines represent
components of the initial equilibrium velocity u,, , . Velocity bins are scaled by IT.

Table 3. Initial equilibrium gas and dust velocities and the averages and standard deviations at saturation.

Case I Ux, 0 (ux) Ou, Ou, VUx, 0 (Ux) Oy, Oy,
(Tes) (Tes) (Tes) (Tes) (Tes) (Ies) (Ies) (Tes)

@ (@3] (€) “ (©) (6) ) (®) ) (10
AB 0.01 0.05 0.11 0.23 0.17 —0.05 —0.11 0.18 0.15
0.02 0.11 0.22 0.15 —0.11 0.18 0.14

0.05 0.11 0.21 0.15 —0.11 0.17 0.13

0.1 0.11 0.22 0.15 —0.11 0.17 0.13

BA 0.01 0.16 0.07 0.21 1.17 -0.82 —-0.33 0.36 1.47
0.02 0.09 0.20 1.29 —-0.47 0.37 1.84

0.05 0.11 0.21 0.77 —-0.57 0.35 1.01

0.1 0.13 0.25 0.63 —0.64 0.35 0.63

Notes. The columns are (1) case name, (2) dimensionless radial pressure gradient, radial component of the (3) initial
equilibrium (4) average, and (5) standard deviation of the gas velocity; (6) standard deviation of the vertical component
of the gas velocity; and (7)—(10) the same as (3)—(6) but for the dust. Velocities are normalized to ITcs.

the dust density p,, of cells with similar dust velocities varies widely,
up to more than two orders of magnitude.

Next, we follow Yang, Mac Low & Menou (2009, section 4.1)
to compute the radial and vertical components of the diffusion
coefficient D, of the particles in each model. The top panel of
Fig. 11 shows our results for D, __ at saturation as a function of
I1. We note our D, . for the AB and BA models when IT = 0.05
are in good agreement with those reported by Johansen & Youdin
(2007, table 3). In general, D, _ increases as II increases, except
in the vertical direction for Case BA, where its dependence on IT is
weak with D, ~ 107%c;H,. For all AB models, D, 2 D,., while
D,, < D,, forthe 0.01 < IT < 0.1 we investigated in Case BA.

As was done for the Mach numbers and « parameters of the gas
(Section 3.3.1), we fit the power law defined by equation (14) to the
dust diffusion coefficients. The best-fitting lines and parameters are

shown in Fig. 11 and listed in Table 5, respectively. Since the lengths
and the velocities in the linear system for the streaming instability
scale with TTH, and Ilc;, respectively (Youdin & Goodman 2005;
Youdin & Johansen 2007), the diffusion coefficient should scale with
(cf. Youdin & Lithwick 2007, equations 4 and 5)

Dp,scale ~ (15)

1+12°
To compare with our best-fitting lines, we plot D, 1. for Cases AB
(ts=0.1) and BA (7 = 1.0) in the top panel of Fig. 11. For D, _(IT)
in Case AB, the power-law index k ~ 2, indicating the dust diffusion
roughly scales with Dy cae [12. Furthermore, the fact Dy, ~
IO_ZDPYSCMe agrees with the product of the characteristic turbulent
eddy length scale ~107' TIH,, as estimated by the half width at half-
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Figure 8. Time-averaged Mach numbers (top panel) and o parameters
(bottom panel) of the gas as a function of IT for Cases AB (r5 = 0.1 with
€ = 1.0) and BA (t5 = 1.0 with € = 0.2). In both panels, different colours
represent different cases, lines represent the best-fitting power law defined
by equation (14), and shaded areas represent the lo relative uncertainty in
fitting parameters. In the top panel, we do not show time variabilities as they
are too small to be seen, solid lines and filled circles correspond to the radial
component, while dashed lines and open circles correspond to the vertical
component. In the bottom panel, we plot the absolute value of «, where o
< 0 for Case AB and o > 0 for BA, and show a 3o time variability for
exaggeration purposes.

maximum of R, in Fig. 6, and the characteristic turbulent velocity
scale o, , ~ 107 TIc, from Table 3.

Akin to the results from our other analyses, the dust diffusion in
Case BA behaves rather differently than in AB or from what might
be expected by the linear system of the streaming instability. D, (IT)
does not quite scale with Dy qie, as the power-law index k ~ 3/2.
As particles are allowed to move freely in the vertical direction, Dj,
appears insensitive to IT with k ~ 0. In addition, D, . > Dj scale for
IT < 0.1. Johansen & Youdin (2007) attribute the strong vertical
diffusion they also found in their Run BA to the bulk vertical motion
of dense dust filaments, which we describe in Sections 3.2.1. Given
the particle stopping time and the velocity dispersion (Table 3), the
implied characteristic diffusion length scale exceeds O(I1H,) for BA
models.

By equating the vertical diffusion time-scale sz /D, with the
sedimentation time-scale (s + r;l) / Qk (Youdin & Lithwick 2007,
equation 2), we can estimate the particle scale height as (Yang & Zhu
2021, equation 9),

H, Do (0 4] H,yy | e 4 (16)
Ry — |+ — | = — |75+ — ).
P Qg T € csH, Ts

The bottom panel of Fig. 11 shows our results for A, at saturation as
a function of IT. In addition, we fit the power law defined by equation
(14) to our particle scale height estimates and show the best-fitting
lines and parameters in Fig. 11 and Table 5, respectively. As D,
and H, are correlated, H}, increases as I increases in Case AB but
remains almost constant at around 0.1H, in Case BA. We note that
our H, estimates for the AB and BA models when IT = 0.05 are in
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fair agreement with those for similar stopping times in Models Af
and B by Yang & Zhu (2021, cf. fig. 12), despite the fact that their
simulations contain multiple dust species.

In the vertically stratified models when IT = 0.05 by Li & Youdin
(2021), they directly measured the particle scale height of mono-
disperse dust and reported its time average taken over the saturated
‘pre-clumping’ phase (defined in their Section 3.2). Referring to
Table 1 and Fig. 11, the effective metallicity Z.ss = € Hy/H, for our
AB and BA models when IT = 0.05 are Z. =~ 0.015 and ~ 0.030,
respectively. Compared to our AB model, their models with 7, =
0.1 span 0.005 < Z < 0.01. Although these Z < Z., the relative
differences between H, ~ 0.015H, estimated in our AB model and
the time-averaged H,, they measured in their models are at most
3 per cent, after converting from units of 7 r in their table 2 to Hy via
equation (3). Compared to our BA model, however, our estimated
H, ~ 0.15H, greatly exceeds the 0.006 < H, < 0.007 measured in
their 7, = 1.0 models. Even though H,, increases as Z increases from
0.004 < Z < 0.0075, the enhanced turbulence at the mid-plane can
make identifying a pre-clumping phase more difficult. Indeed, their
highest Z = 0.01 ~ Z.¢/3 model with ¢ = 1.0 lacked a pre-clumping
phase as particles concentrated too quickly, and they did not report
H,,. Thus, it remains unclear if a fair comparison of Hj, with our BA
model can be made.

4 DISCUSSION

4.1 Implications for planetesimal formation and radial
transport

The measurement of dust diffusion in our models may help us
understand why greater solid abundances may be needed to trigger
strong particle clumping (Bai & Stone 2010c, fig. 2) and may lead
to less efficient planetesimal formation (Abod et al. 2019, fig. 3) for
stronger radial pressure gradients. For both cases we have studied,
the strength of the gradient directly affects dust diffusion driven
by the streaming instability at non-linear saturation. As detailed
in Sections 3.1 and 3.3, the dust velocity dispersions along each
directional component increase as the gradient increases (Fig. 1 and
Table 2). Furthermore, the dust diffusion coefficient increases with
the gradient except in the vertical direction for the marginally coupled
case (Table 5 and the top panel of Fig. 11). As discussed in Yang &
Johansen (2014, section 3.3) and Yang, Johansen & Carrera (2017),
the strong radial concentration of dust into axisymmetric filaments
by the streaming instability (with vertical sedimentation) resembles
the process of traffic jams which collect upstream particles. Stronger
dust diffusion, however, should lower the concentration of these
filaments, and hence a higher solid abundance to elevate the dust
density should be needed to trigger gravitational collapse. Moreover,
even after gravitational collapse takes over, the characteristic size of
the planetesimals becomes larger with stronger turbulent diffusion
(Klahr & Schreiber 2021). Hence, as the radial pressure gradient
increases, it becomes difficult for planetesimals of larger and larger
sizes to form, leading to less efficient planetesimal formation.
Similar to previous studies, we find turbulence driven by the
streaming instability affects the radial drift of dust throughout the
protoplanetary disc. In particular, we find the instability should
transport tightly coupled particles more efficiently than without
turbulence. Their average velocity at saturation is double the drift
rate at initial equilibrium and increases in linear proportion with the
gradient strength (Table 3). Thus, radial transport of these particles
should occur in half the expected drift time-scale wherever the
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Table 4. Parameters for the gas of the best-fitting power laws® shown in Fig. 8.

Case Ma,(IT) Ma,(IT) a(IT)
a k a k al1073 k
)] @+ 3 “ (5) (6) )
AB 0.19 £ 5 percent 0.96 £ 1 per cent 0.11 £ 12 per cent 0.92 £ 3 per cent —5.53 £ 12 percent 1.85 £ 2 per cent

BA 0.27 £+ 17 percent 1.06 =+ 4 per cent 0.34 £ 17 per cent 0.72 £ 7 per cent 4.70 £ 24 percent 1.82 &£ 3 per cent

2 Defined by equation (14). Note. The columns correspond to (1) case name, (2)—(3) parameters for the radial component of the gas Mach number, (4)—(5) for
the vertical component of the gas Mach number, and (6)—(7) for the o parameter of the gas.
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Figure 9. Time-averaged probability of finding a particle with a particular radial velocity (top row) and the average particle density over time and space of cells
with similar radial particle velocities (bottom row) for each model. Different colours represent models with different values of I1, shaded areas represent the 1o
time variability (top row) or the standard deviation taken in logarithmic space (bottom row), and the dashed grey vertical lines represent the radial component

of the initial equilibrium velocity v, ¢. Velocities are scaled by IT.

instability may develop, independent of the local magnitude of the
(non-zero) gradient.

For marginally coupled particles, on the other hand, we find
somewhat different implications for global transport. While the
magnitude of their average radial velocity at saturation is less than
that at initial equilibrium, it increases in superlinear proportion with
the gradient strength. As a result, their drift may gradually slow
down as the gradient decreases on approach of a nearby pressure
maxima, until the instability stops when the gradient reaches zero
and they perhaps remain trapped (Section 1). This reduction in
their average speed may enhance the collecting capabilities of the
characteristic radial traffic jams seen in this case (Section 3.2.1),
thereby increasing the local density of marginally coupled particles
(Fig. 5), which, in turn, may lead to stronger clumping and more
efficient planetesimal formation near pressure maxima. Even though
results from Carrera & Simon (2022) seem to have challenged this
latter implication for pressure maxima, it remains unclear if their
simulations satisfied the modelling requirements suggested by Li &
Youdin (2021, sections 3.5.1, 4.1.2, and 4.1.4) to facilitate strong
clumping.

Turbulent diffusion should also contribute to dust transport, but it
is less important than radial drift on length-scales of interest. We find

that for a given gas scale height Hy, the drift time-scale (Hy/|{v.)]) is
at least two orders of magnitude faster than the diffusion time-scale
(ng/DpX ; Fig. 11), as was found by Bai & Stone (2010b, section 5.2),
Schaffer, Yang & Johansen (2018, section 6), and Yang & Zhu
(2021, section 4.6). Note though, turbulent diffusion should remain
important on much smaller scales.

4.2 Comparisons with observations

Kinematic analysis of the non-thermal broadening of molecular-
line emissions can constrain the magnitude of turbulent gas motions
in observed protoplanetary discs. Flaherty et al. (2015, 2017) used
several CO emission lines with various optical depths, probing
layers of different heights, to find a characteristic Mach number
(Section 3.3.1) Ma < 0.05 in the outer disc of HD 163296. As shown
in Fig. 8, our measurements agree with this upper limit, except for
vertical gas motions Ma, in Case BA when I1 = 0.1. Using the same
methodology, Flaherty et al. (2018) found Ma < 0.08 for TW Hya,
and Flaherty et al. (2020) found Ma < 0.08 for MWC 480 and Ma
< 0.12 for V4046 Sgr. By analysing CS, which is heavier and thus
less sensitive to thermal broadening than CO, Teague et al. (2018)
constrained Ma < 0.1 across the entire disc of TW Hya. All of our

MNRAS 529, 275-295 (2024)

G20z AINr L€ uo Jasn pegsen ® Alsiaaiun a1e1s 001X\ MaN Aq £48065/2/S.2/1/62S/3101e/seluw/wod dno oiwapeoe//:sdiy Wwolj papeojumo(]



288  S. A. Baronett, C.-C. Yang and Z. Zhu

10" ¢

BA

o f
1072 llr
1073 4 JH]
o

dP/dv,

\

.
\L 7
]h:

=TT

|

: ]

1 i

10 .
1

100 _ pp—— IL_ 5

10—1 n {ﬂ

Pp/Pg,o

/]
1 SR I S

1
i
i
)
[ i
i

1072 LH+H——»>4t—
0

Figure 10. Similar to Fig. 9, except for the vertical component.

10_2 Fi——— TN E
03— L
T ] e
&%ﬁ 10—4 = sl L
Q o
10-5 —o— D, L
-6~ Dy,
10—6 k- e Dp’ scale L
1071 4 3
T
IQ 10_2 E —— AB
BA
1073 4— - - - ——
1072 107!

Figure 11. Diffusion coefficients (top panel) and estimated particle scale
heights (bottom panel) of the dust at saturation as a function of IT for Cases
AB (s = 0.1 with € = 1.0) and BA (75 = 1.0 with € = 0.2). In both panels,
different colours represent different cases, and solid or dashed lines represent
the best-fitting power-law defined by equation (14). In the top panel, solid lines
and filled circles correspond to the radial component, dashed lines and open
circles correspond to the vertical component, and dotted lines correspond
to the scaling defined by equation (15). In the bottom panel, we plot the
estimated particle scale height defined by equation (16).
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Table 5. Parameters for the dust of the best-fitting power laws® shown in
Fig. 11.

Case Dy, (IT) Dy, (D) Hy,(TD)
(Cng) (Cng) (Hg)
al10~2 k al1072 k a k
(1 2) 3) 4 (%) (6) @)
AB 1.1 1.9 0.5 1.8 0.23 0.9
BA 9.8 14 1.4 0.2 0.17 0.1

2Defined by equation (14).

bDefined by equation (16). Notes: The columns correspond to (1) case
name, (2)—(3) parameters for the radial component of the particle diffusion
coefficient, (4)—(5) for the vertical component of the particle diffusion
coefficient, and (6)—(7) for the estimated particle scale heightb. Diffusion
coefficients and particle scale heights are in units of c;H, and Hg, respectively.

measurements are in agreement with all of these subsequent findings.
For DM Tau, on the other hand, Flaherty et al. (2020) found 0.25 <
Ma < 0.33, which exceeds our direct measurements yet implies IT
2 1 from our best-fitting power-laws (Table 4, Columns 2 and 4) if
the gas turbulence is driven by the streaming instability alone. Such
steep pressure gradients could trigger the Rossby wave instability (Li
et al. 2000; Ono et al. 2016; Chang, Youdin & Krapp 2023), which
should in turn drive non-axisymmetric structures (Lyra & Lin 2013;
van der Marel et al. 2013). Therefore, other sources of turbulence are
required to explain the higher Mach numbers observed (Flaherty et al.
2020, section 5.2). Lastly, Flaherty et al. (2018, section 4.5) and Pinte
et al. (2022, section 3.2) note the temperature profiles assumed and
the amplitude calibration of optically thick emission, respectively,
represent significant sources of uncertainty in distinguishing thermal
and non-thermal broadening.

By comparing millimetre-continuum and molecular-line emis-
sions with radiative-transfer models, several studies have attempted
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to constrain the dust and gas scale heights of observed discs. For their
models to account for the well-observed gaps and bright rings in HL
Tau, Pinte et al. (2016, section 6) found an upper limit of H,, < 0.2H,
for millimetre-sized grains at r = 100 au. Integrating their dust-size
distribution up to 3 mm, they also estimated a mid-plane dust-to-gas
mass ratio of € Z 0.2 at 100 au. As shown in the bottom panel of
Fig. 11, our dust scale height estimates for both of our cases are
consistent with their upper limit. For HD 163296, Isella et al. (2016,
fig. 3) inferred the scale heights of the CO gas and dust for » < 300 au
in the disc, which our H, ~ 0.1H, estimate for Case BA agrees with
well across almost the entire range. For the outer ring at 100 au in
this disc, Doi & Kataoka (2021) found H,, < 0.11H,, consistent with
particle scale height estimates for all of our models. More recently,
Villenave et al. (2022) found an upper limit for the dust scale height
at r ~ 100 au in the highly inclined disc Oph 163131, where their
new observations at high angular resolution revealed a clear outer
dust ring. Using the lowest limit from Wolff et al. (2021) for the
gas scale height, this yields H, < 0.08H,, which is consistent with
our results for Case AB but in rough agreement with those for Case
BA.

The scale heights discussed above can be considered relatively
thin, indicating some degree of settling to the mid-plane, but studies
have also found larger values of H,/Hy. For HD 163296, Ohashi &
Kataoka (2019) used the polarized emission to constrain grain sizes
in their models and found H,, < H,/3 and ~ 2H,/3 at the respective
gaps interior (48 au) and exterior (86 au) to the thick inner ring at
68 au, which Doi & Kataoka (2021) estimated to have H, > 0.84H,.
Although the largest of these estimates exceeds ours (Fig. 11, bottom
panel) by almost one order of magnitude (Case BA) or more (Case
AB), our best-fitting power law (Table 5, Column 6) implies IT ~
1 at the inner gap at 48 au. If pressure maxima, where IT & 0, are
indeed trapping dust to form the bright rings observed in HD 163296,
for example, at 68 au, stronger pressure gradients might be expected
at the gaps in between. For the edge-on disc IRAS04302 + 2247,
Villenave et al. (2023) found 0.1 < Hp/H; < 0.9 for millimetre-
sized grains at 100 au, again exceeding the direct estimates from our
models. As argued by Dullemond et al. (2018), diffusive processes
must contribute to the extended nature of these dust features as they
act against (1) vertical settling into a thin layer at the mid-plane due to
gravity and (2) radial trapping into a thin annulus at the local pressure
maximum due to aerodynamics. If the streaming instability alone is
responsible for these observed thick features, our results suggest IT >
1, hence other sources of vertical dust diffusion, such as the vertical
shear instability (Lin 2019; Flock et al. 2020; Schifer & Johansen
2022) and the magnetorotational instability (Riols & Lesur 2018;
Yang, Mac Low & Johansen 2018; Hu et al. 2022; Xu & Bai 2022),
should be considered.

To constrain the degree of dust-gas coupling amidst turbulent
mixing, recent observational studies have reported the ratio «/St,
where St is referred to as the Stokes number of the solid particle
(Section 2.2). However, estimates of this quantity have assumed the
dust diffusion driven by the gas turbulence is both homogeneous
and isotropic, which may not be the case in theoretical (Johansen,
Klahr & Mee 2006) or observed protoplanetary discs (Doi &
Kataoka 2021; Villenave et al. 2022; Weber, Casassus & Pérez
2022). Moreover, stand-alone « estimates of observed discs, when
reported via comparisons with dust vertical settling or radial trapping
models, must assume values for t¢ (Pinte et al. 2022, section 3.2),
which can differ between observational diagnostics (Ueda et al.
2021), and the gas density pg, which may be unknown. To order
unity agreement with a more precise formulation, the ratio of the
gas diffusion coefficient to that for the dust is Dy/D, ~ 1 + 72
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(Youdin & Lithwick 2007, equation 5). Since we separately measure
the radial and vertical components of the particle diffusion coefficient
Dy, ., we can compute

O,z Dng DPv: 1
T ¢ H, ¢ Hy Ts

to characterize the effect of gas turbulence on dust diffusion. With
equation (17), o, ./t can be estimated from the top panel of Fig. 11
by shifting values for Case AB or BA upwards by one order of mag-
nitude or by a factor of two, respectively. Therefore, across the range
of 1072 < IT < 107! we study, 107> S TS S 1073 for Case AB,
and2 x 107 S/t $6 x 1073 and &, /7, ~ 2 x 1072 for Case BA.

With the assumption of St = 7., we can compare «/St estimates
from observational studies that model the annular width of dust rings,
resulting from radial diffusion, against «,/7. Dullemond et al. (2018,
table 3), for their lowest estimate for the ring at 77 au in Elias 24, and
Rosotti et al. (2020, table 1), for the outer-most rings at 100 and 155
au in HD 163296, both found «,/t; ~ 10~2. This estimate is about
one order of magnitude larger than ours for our highest IT = 0.1,
in Cases AB and BA, yet is consistent with our best-fitting power
laws for 0.1 < IT < 1 (Table 5, Column 2). Meanwhile, these studies
also found a,/t, ~ 107! as their lowest estimates for rings in GW
Lup and HD 143 006 (Dullemond et al. 2018) and as their general
estimates for the innermost ring at 68 au in HD 163 296 and the two
rings at 74 and 120 au in AS 209 (Rosotti et al. 2020). Judging by
our best-fitting D, _(IT) power laws for 7, = 0.1 and 1, this implies IT
~ 1, which again could trigger additional instabilities and contribute
to higher turbulent « values for the same ;. Moreover, given the
inherent degeneracy of o, ./t5, these higher values could also be
accounted for by particles more tightly coupled to the gas than those
studied here, i.e. T, < 0.1.

We can also compare o/t against studies that alternatively
model the vertical scale height of dust rings that result from vertical
diffusion. Villenave et al. (2022, section 5.2) found o/t < 6 x 1073
at 100 au in Oph 163131, and Doi & Kataoka (2021) found «,/7
< 1.1 x 1072 for the thin outer ring at 100 au in HD 163296.
These upper limits agree with all of our estimates for Case AB in
Fig. 11. Meanwhile, Ohashi & Kataoka (2019, section 6.2) estimate
o,/t5 $0.1 in the gap interior to the inner ring at 68 au also in HD
163296, which is consistent with those for both of our Cases AB and
BA. However, they also found o/t = 0.8 in the gap exterior to the
same thick inner ring, at which Doi & Kataoka (2021) found « /7
> 2.4. These exceed our highest estimates by more than one order of
magnitude in either of our cases or imply IT >> 1 based on our best-
fitting power law (5, Column 4). Furthermore, this ./t > o, /15 ~
107" estimate by (Rosotti et al. 2020) for the same thick inner ring at
68 au in HD 163 296 quoted above. Again, we note Doi & Kataoka
(2021), Villenave et al. (2022), and Weber, Casassus & Pérez (2022)
all suggest gas turbulence and dust diffusion are likely anisotropic in
these observed discs, i.e. stronger radially than vertically. Since we
find the converse situation in Case BA and at most a factor of two
anisotropic difference in Case AB, the streaming instability alone
may not suffice to explain these observational findings.

3 As discussed in Youdin & Lithwick (2007, section 2), the Stokes number St
= Iyop/leddy = Ts/Te Telates the particle coupling 7, defined by equation (9),
to turbulent fluctuations, where the dimensionless eddy time te = QKfeddy
characterizes the effect of Keplerian shear on eddies with a turnover time of
teddy- The contemporary conventional use of St = 7 implicitly assumes 7. =
1, but T, # 1 can occur.
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5 CONCLUSIONS

In this work, we investigate the non-linear saturation of the streaming
instability with a single dust species to quantify the dependence of
dust—gas dynamics on the background radial pressure gradient. To
bridge the gap between mid-plane turbulence and vertical sedimen-
tation, we focus on numerical simulations of a vertically unstratified
disc as the instability develops. We survey four values of the dimen-
sionless pressure gradient I, spanning one order of magnitude from
0.01 to 0.1, and study two distinct combinations of the dimensionless
stopping time 7, and the dust-to-gas mass ratio € and (Table 1).

Consistent with previous studies, the saturation state of the stream-
ing instability with tightly coupled particles is turbulent, consisting
of numerous dust—gas vortices (Fig. 2). Kinematic analyses of the
gas and the dust (Sections 3.1 and 3.3; the top panels of Figs 8
and 11), show slightly stronger motions in the radial direction
than in the vertical. In general, we find dust and gas velocities
(left-hand columns of Figs 7, 9, and 10; Tables 2 and 3) and the
characteristic sizes of vortices (Fig. 6) scale in linear proportion with
the pressure gradient. Since the structures are smaller for weaker
gradients, higher grid resolutions are required to trigger and study
the instability (Appendix A). On the other hand, the distribution of
gas densities shows a superlinear relationship with IT in its width
(Fig. 5, top right panel; Table 2, Column 3). Moreover, the dust
density distribution (Fig. 5, top-left panel) and the maximum dust
concentrations reached (Table 2, Column 11) seem largely insensitive
to the gradient strength, and the reasons behind this remain unclear.

Also consistent with previous studies, the saturation state of the
streaming instability with marginally coupled particles consists of
upward and downward moving patterns of dust filaments (Fig. 3).
Hence, gas and dust kinematics (Sections 3.1 and 3.3; the top panels
of Figs 8 and 11), generally show much stronger motions in the
vertical direction than in the radial. Likely for the same reason, the
dependence on the radial pressure gradient is more complex than
its counterpart for tightly coupled particles. The magnitude of the
average radial velocities for the gas and dust increases superlinearly
with the gradient (Table 3, Columns 4 and 8), the corresponding radial
dispersions scale linearly (Columns 5 and 9), and the vertical velocity
dispersions scale sub-linearly except perhaps for IT = 0.01 (Columns
6 and 10). As the gradient decreases, we find a decreasing radial
separation and fewer particles drifting between filaments, along with
increasing vertical segmentation and steeper tilts (Figs 3 and 4).
Furthermore, the gas density dispersion (Table 2, Column 3) scales
linearly with the gradient, except perhaps for IT = 0.1, while the
maximum dust concentration reached decreases by more than one
order of magnitude between IT = 0.01 and IT = 0.1 (Column 11;
Fig. 5, bottom left panel).

At the saturation state of the streaming instability, some of the
properties that depend on the radial pressure gradient may be observ-
able (Section 4.2). For the gas, we find the turbulent Mach number
and the magnitude of the Reynolds stress || increase in linear
proportion with IT (Fig. 8). Moreover, as IT increases, the vertical
scale height of particles should increase for those tightly coupled
to the gas but remain about the same for those marginally coupled
(Fig. 11, bottom panel). These findings may help reconstruct the
properties of observed discs where streaming turbulence dominates.

Finally, our results have important consequences for planetes-
imal formation and radial transport (Section 4.1). Except in the
vertical direction for marginally coupled particles, the increased
dust diffusion from stronger pressure gradients (Fig. 11, top panel;
Table 5) should lower the concentration of filaments, potentially
explaining previous findings from vertically-stratified simulations of
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the streaming instability (1) the need for higher solid abundances
to trigger strong particle clumping (Bai & Stone 2010c); and (2)
a reduced planetesimal formation efficiency (Abod et al. 2019).
Furthermore, at non-linear saturation, the instability can radially
transport tightly coupled particles twice as fast than in laminar
discs, independent of the gradient strength, while the radial drift of
marginally coupled particles slows down as the gradient decreases,
which may lead to stronger clumping and more efficient planetesimal
formation near pressure maxima.
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APPENDIX A: RESOLUTION STUDY

For both Cases AB and BA (Table 1), we conduct resolution studies
from 256 x 256 cells up to at least 2048 x 2048 (Section 2.4),
maintaining an average of n, = 4 particles per cell (Section 2.2). We
find good agreement already between resolutions in some diagnostics
or satisfactory convergence in others when IT = 0.05 (Section A1),
a typical dimensionless value for the radial pressure gradient used
in disc models (Section 2.1). With a much weaker IT = 0.01, on the
other hand, we find various properties of the streaming instability
in Case AB require much higher resolutions to reach convergence
(Section A2).

A1 Fiducial radial pressure gradient

Several diagnostics for both Cases AB and BA show good agreement
between resolutions when IT = 0.05, the value most typically used
in studies of the streaming instability (Section 2.1). Fig. A1 shows
the evolution of density and velocity dispersions of the dust and gas
(cf. Fig. 1). These dispersions all reach similar values at saturation
across different resolutions, differing at most by a factor of two (e.g.
0y, in Case AB and o, in Case BA). Models with higher resolutions
show faster rates of increase prior to this state and reach saturation
earlier (e.g. as seen in Case AB for ¢ < 37) since faster growing
modes corresponding to higher radial and vertical wave numbers are
resolved (see Youdin & Johansen 2007, fig. 1).

The time-averaged cumulative distribution functions for the dust
density at various resolutions when IT = 0.05 also show good
agreement between resolutions. As shown in the top row of Fig. A2,
the distributions for each resolution overlap with one another to
within their 1o time variability. If p;, is scaled by (o) instead of p, ¢
via equation (5), these distributions are also in good agreement with
those from the resolution studies for Runs AB and BA conducted
by Bai & Stone (2010a, cf. fig. 6). We find less agreement with
those by Benitez-Llambay, Krapp & Pessah (2019, cf. fig. 10) and
Huang & Bai (2022, cf. fig. 7), who instead used a multifluid approach
and found a lack of convergence of the distribution function with
resolution for run AB. Furthermore, since the distribution function
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Figure A2. Similar to the left column of Fig. 5, except with various resolutions for IT = 0.05 (top row) and 0.01 (bottom row). The different line colours

represent models with different resolutions.

shows consistency under the particle-mesh method in our models
(Section 2.3), we find the maximum particle density max (p,,) reached
at saturation (i.e. the far-right, least-probable tails of the distributions
in Fig. A2) increases with increasing resolution, as previously
reported by Johansen et al. (2007, supplemental sections 1.6.2 and
1.6.3), Bai & Stone (2010a, section 5.2), and Johansen, Youdin &
Lithwick (2012, section 4.1). However, we also find these increases in
max (p,) diminish with increasing resolution given the decreasingly
small probability of finding high-density cells, indicating numerical
convergence (Yang & Johansen 2014, cf. section 3.2).

As in Section 3.2.2, we also compare time-averaged radial pro-
files of the normalized spatial autocorrelation (structure) functions,
defined by equation (13) of Section 3.2.1, of the dust and gas density
fields for Case AB when IT = 0.05. As shown in the bottom left
panel of Fig. A3, we find good agreement in the gas density profiles
across resolutions and length scales, which overlap each other to
within their 1o time variability. On the other hand, the dust density
profiles (top left panel) differ more towards smaller scales, but these
differences diminish as the resolution increases, indicating numerical
convergence. Morphologically, the width of each profile roughly
corresponds to the characteristic vortex size seen in snapshots of the
dust density field (Section 3.2.2; cf. Fig. 2). Thus, the decrease in half
width at half-maximum of these profiles with an increase in resolution
is consistent with the smaller sizes of dust vortices seen at higher reso-

lutions in fig. 5 of Bai & Stone (2010a) and fig. 8 of Benitez-Llambay,
Krapp & Pessah (2019). Numerical dissipation of the turbulent
kinetic energy of particles at the smallest length scales (Sengupta &
Umurhan 2023, section 4.2.1 and fig. 16) may contribute to this
resolution effect on the dust morphology at saturation in Case AB.

A2 Weaker radial pressure gradient

In this section, we move to the much weaker pressure gradient of IT =
0.01. For Case BA, the diagnostics show either good agreement or
satisfactory convergence between resolutions. As shown in the right
column of Fig. A4, the density and velocity dispersions reach similar
values at saturation between different resolutions, differing at most
by afactor of a few (e.g. 0,5,). Similar to when IT = 0.05 (Section A1),
the dispersions increase faster and reach saturation sooner at higher
resolutions (cf. Fig. Al). In addition, the time-averaged cumulative
dust density distributions (Fig. A2, bottom right panel) begin to differ
towards the lowest probabilities, but the differences diminish with
increasing resolution (especially for the highest two resolutions we
investigated), indicating convergence.

Case AB, on the other hand, shows significant difficulty in
obtaining a consistent saturation state. The system never experiences
linear growth nor reaches non-linear saturation at resolutions of 2562
or 5122, As shown in the left column of Fig. A4, their dust density dis-

MNRAS 529, 275-295 (2024)

G20z AINr L€ uo Jasn pegsen ® Alsiaaiun a1e1s 001X\ MaN Aq £48065/2/S.2/1/62S/3101e/seluw/wod dno oiwapeoe//:sdiy Wwolj papeojumo(]



294  S. A. Baronett, C.-C. Yang and Z. Zhu

MN=0.05 Mn=0.01
1'0- A | 1l n IR A | L L L1l 1 il 1
a 05 i -I_I:b_\ —l—l o —I_D_I -I_I -
_- =H_|— | ===— |
o.o' PRRTEr | 1 | 1 PR | L L 'Tlf.rl_ " 1
1.0 == —— I
Resolution =
1 — 2562 s-l-l-ét:l
o 0.5 5122 == ) -
R — 10242 LI L
0.0 1 — 20482 i —I_ . |
. e e
] —— 40967
10-3 1072 1071 10° 1073 1072 107! 100 10!
r/(MHg) r/(NHg)

Figure A3. Similar to Fig. 6, except with various resolutions for IT = 0.05 (left column) and 0.01 (right column). The different line colours represent models

with different resolutions. Radial bins are scaled by II.

persions maintain o, ~ 0.2 ¢, indicating a mostly uniform density
field whose distributions (Fig. A2, bottom left panel) span at most
one order of magnitude. These two models likely cannot resolve the
fast-growing modes for Case AB (7, =0.1 withe = 1.0) when [1=17n
r/Hy = 0.01 (equation 3), which can be located from the growth rate
map in the bottom-centre panel of fig. 1 of Youdin & Johansen (2007).
Moreover, radial profiles of the normalized spatial autocorrelation
functions of their dust and gas density fields (Fig. A3, right column)
show the presence of only weak perturbations, which can also be
seen in the available videos (see ‘Data Availability’ section).

At much higher resolutions, the diagnostics for Case AB show
either good agreement or satisfactory convergence. Since we find the
system only triggers linear growth at a resolution of 1024 or higher,
we run one additional model at 4096>. The dispersions for these
models at or above 1024> (Fig. A4, left column) increase faster and
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reach saturation sooner at higher resolutions. Moreover, the model
with a resolution of 1024 reaches saturation only after t = 10T (e.g.
0,,)- Thus, for this resolution study alone, we extend iy to 207
(cf. Table 1 in Section 2.4) and average the remaining diagnostics
for the saturation state from ¢ = 157 to 20T (cf. Section 3.1). The
bottom left panel of Fig. A2 shows satisfactory convergence of the
dust density distribution with increasing resolution. Similar to our
findings when IT = 0.05 (Section A1), the gas density profiles for
the three highest resolutions overlap each other to within their 1o
time variability (Fig. A3, bottom right panel). Also similar to when
IT = 0.05, we find the differences between dust density profiles (top
right panel) towards the smallest scales diminish with increasing
resolution for these three highest models, indicating convergence. In
conclusion, we recommend a minimum resolution of 2048 x 2048
for Case AB when IT = 0.01.
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Figure A4. Similar to Fig. Al, except for IT = 0.01.
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