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ABSTRACT. We study the rigidity problems for open (complete and noncom-
pact) n-manifolds with nonnegative Ricci curvature. We prove that if an as-
ymptotic cone of M properly contains a Euclidean R¥~1, then the first Betti
number of M is at most n — k; moreover, if equality holds, then M is flat.
Next, we study the geometry of the orbit I'p, where I' = 71 (M, p) acts on
the universal cover (M, p). Under a similar asymptotic condition, we prove a
geometric rigidity in terms of the growth order of I'p. We also give the first
example of a manifold M of Ric > 0 and 71 (M) = Z but with a varying orbit
growth order.

1. INTRODUCTION

The relationship between Ricci curvature and the first Betti number is an im-
portant topic in Riemannian geometry. In [3, 21], Bochner proved that any closed
n-manifold M with Ric > 0 has first Betti number estimate by (M) < n; moreover,
equality holds if and only if M is isometric to a flat torus T". This classical result
was later extended to almost nonnegative Ricci curvature and quantitative rigidity;
see the works by Gromov [15], Gallot [14], and Colding [8].

For open (complete and noncompact) manifolds with Ric > 0, Anderson proved
that if the manifold M has volume growth order at least k, that is, there is a point
p € M and some constant ¢ > 0 such that vol(Bg(p)) > cRF for all R > 1, then
b1 (M) < n —k [1]. Together with the result that M has at least linear volume
growth by Yau [22], we see the estimate by (M) < n — 1. In a recent work by the
second-named author [23], the rigidity problem for by (M) = n — 1 was considered:

Theorem 1.1. [23] Let M™ be an open manifold with Ric > 0. Then by (M) =n—1
if and only if M is flat and either isometric to R' x T or diffeomorphic to
M2 x T"2, where M? is the open Mébius band.

One of the main purposes of this paper is to give an asymptotic condition in
terms of k that not only implies b1 (M) < n— k, but also has rigidity when equality
holds.

Remark 1.2. Let us remark that the volume growth order at least k condition,
which was considered by Anderson [1], clearly does not have a rigidity counterpart.
In fact, we have the following examples.
(1) By taking the metric product of a flat torus T"~* with an open manifold N*
with positive sectional curvature and Euclidean volume growth, M™ = T"~% x N¥
has volume growth of order k and b;(M) = n — k, but M is not flat.
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(2) In [17], Nabonnand constructed an example M* of positive Ricci curvature with
b1 (M) =1 and volume growth order 3.

As the first main result, we use the line splitting structure on asymptotic cones
of M to give first Betti number estimate and rigidity. Recall that an asymptotic
cone, or a tangent cone at infinity, of M is the Gromov-Hausdorff limit of

(7'M, p) €5 (X, z),

where r; — co. When M has Ric > 0, the limit always exists after passing to a
subsequence. We emphasize that M may have non-unique asymptotic cones; in
other words, the limit (X, ) may depend on the sequence r;. If X contains a line,
then it splits off this line isometrically by Cheeger-Colding splitting theorem [5].

Theorem A. Let M"™ be an open manifold with Ric > 0. Suppose that an as-
ymptotic cone of M properly contains a Euclidean R*~', where k > 1. Then
b1 (M) < n — k; moreover, equality holds if and only if M is flat and isometric to
RF x T~ F or R*¥=1 x N*=k+1 where N is flat and diffeomorphic to M? x T?»~*~1,

Remarks 1.3. We give some remarks on Theorem A.

(1) When k = 1, the condition holds trivially, thus Theorem A recovers Theorem
1.1. Our proof of Theorem A is distinct from that of Theorem 1.1 in [23].

(2) When k = n, Theorem A states that M is isometric to R™.

(3) Colding-Naber [10] constructed an open manifold M™ with Ric > 0 such that
for any 0 < k < n—2, M has an asymptotic cone splitting off precisely an RF-factor;
their examples even have Euclidean volume growth. In Theorem A, we only require
that one of the asymptotic cones properly contains an R¥~!. Such an asymptotic
cone is isometric to R¥~! x Z, where Z is not a point.

Let hi(M) be the dimension of the space of linear growth harmonic functions
(including constant functions) on M. By the work of Cheeger-Colding-Minicozzi
[4], if hi(M) = k + 1, then every asymptotic cone of M contains a Euclidean
RF. Since R¥ properly contains an R¥~!, together with Theorem A, we derive the
following corollary, which unifies and generalizes the maximal hy(M)-rigidity by
Cheeger-Colding-Minicozzi [4] and classical by (M)-rigidity by Bochner [3, 21].

Corollary 1.4. Let M™ be a complete manifold with Ric > 0. Then
hi(M)+ b1 (M) <n+1;

moreover, equality holds if and only if M is flat and isometric to R¥ x T"=% where
k=hy(M)-1.

In general, one cannot expect flatness when b1 (M) = n—k—1 in Theorem A. For
example, let us consider N*+1 = S¥~1 x R? with the Schwarzschild metric, where
k > 3. Such a metric is Ricci-flat and has a unique asymptotic cone isometric to
R*, thus properly contains an R¥~!. The metric product M™ = T~ k=1 x Nk+1 ig
asymptotically R* and b, (M) =n—k—1, but M is not flat. In the special case
that an asymptotic cone of M is isometric to a line, we indeed have rigidity only
requiring b (M) = n — 2; more precisely, combining with Theorem A (k = 2), we
have:
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Theorem B. Let M™ be an open manifold with Ric > 0. Suppose that an asymp-
totic cone of M contains a line and by(M) =n — 2. Then M is flat and isometric
to one of the following:

(1) R? x T"=2;

(2) R x N~ where N is flat and diffeomorphic to M? x T"~3;

(3) R x K" where K is a closed and flat manifold with by (K) = n — 2.

The case of containing a Euclidean R? is unclear to the authors.

Question 1.5. Let M™ be an open manifold with Ric > 0. If an asymptotic cone
of M contains a Euclidean R? and by (M) =n — 3, then is M flat?

Let us also mention the question below about by (M) = n — 2, which was raised
n [23]. It has an affirmative answer when n = 3 [16] or sec < K [1].

Question 1.6. Let M be an open n-manifold with Ric > 0 and by (M) = n — 2.
Does the universal cover M split isometrically as R"2 x N2¢

Besides the first Betti number, which describes the algebraic growth of Hy (M, Z),
another notion often considered is the growth of the orbit [1, 23]. Below we always
write I' = 71 (M, p), which acts isometrically and freely on the Riemannian universal
cover (M, p) of (M,p). Let us consider the growth of T-orbit at p. Denote by

L(R) = {g € T'ld(p, 9p) < R}.
We say that T' has stable orbit growth of order l, if there are 0 < ¢; < ¢o such that
1R < #T(R) < o R

for all R > 1. When M has sec > 0, it follows from Cheeger-Gromoll soul theorem
that I' has stable orbit growth with an integer growth order. For Ric > 0, the
orbit growth order in general are not integers even assuming I" = Z; for example,
Nabonnand’s examples [17] and the related constructions considered in [18, 19]
have 71 (M) = Z and stable orbit growth, but any number [ > 1 could be the orbit
growth order given a sufficiently large dimension.

Given dimension n, by a volume packing argument by Dirichlet domains and the
fact that M has at least linear volume growth, the orbit growth #I'(R) is always
bounded above by ca R"~1; see [1]. The rigidity problem when achieving this upper
bound was considered by the second-named author [23].

Theorem 1.7. [23] Let M be an open manifold with Ric > 0. Then I' has stable
orbit growth of order n — 1 if and only if M is flat with an n — 1 dimensional soul.

Generalizing Theorem 1.7 to cover orbit growth of intermediate order, we prove
the following result.

Theorem C. Let M be a complete n-manifold with Ric > 0. Suppose that T' has
stable orbit growth of order | and an asymptotic cone of M contains a Euclidean
RF, where k > 0. Then the following hold.

(1) 1 < n—k; moreover, | >n —k —1 if and only if M is isometric to RF x N,
where N is flat and closed.

(2) Assume in addition that M has Euclidean volume growth. Thenl>n—k—2
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if and only if M is isometric to R¥ x N"=F where N is flat and either closed or
open with an n — k — 1 dimensional soul.

Remarks 1.8. We give some remarks on Theorem C.

(1) Setting k = 0 in Theorem C(2), we recover Theorem 1.7. Indeed, if T" has stable
orbit growth of order n — 1, then by a volume argument M has Euclidean volume
growth and thus Theorem C(2) applies.

(2) Theorem C(1) is optimal in the sense that | = n—k — 1 does not imply flatness.
For example, let us consider M = T? %1 x N*¥*1 where N has the Schwarzschild
metric. Then T' has orbit growth n — kK — 1 and M has a unique asymptotic cone
RF. but M is not flat.

(3) Theorem C(2) is optimal in the sense that | = n— k — 2 does not imply flatness.
For example, let us consider M = R* x %2 x T"~*~2_ where X is a complete surface
of positive sectional curvature and Euclidean volume growth.

Lastly, in connection to the stable orbit growth condition, we construct an ex-
ample M of Ric > 0 and 71 (M) = Z but its orbit growth order can be either « or
B depending on the scales. In particular, it does not have stable orbit growth.

Theorem D. Given 1 < a < 3, there is an open n-manifold M with Ric > 0 and
m (M) = Z, where n is sufficiently large, such that the orbit growth of T' satisfies
the following inequalities with constants c1,ce > 0 depending only on o and B:

(1) There is a sequence r; — oo such that cyrd < #I'(r;) < card.

(2) There is a sequence s; — oo such that c1s? < #T(s;) < cas”

i

Using a similar construction and considering its universal cover, we also give an
example of an open manifold N with Ric > 0 such that the Hausdorff dimension
of its asymptotic cones can take any real value in an interval [dy, da]; see Theorem
5.12. Both this and Theorem D are the first examples with the described properties.

The construction for Theorem D is developed on Nabonnand’s example [17],
which is a doubly warped product [0,00) x s S¥ xj S with a decreasing function
h; also see [2, 20, 19] for related constructions. Then the growth rate of #I'(R)
is related to the decay rate of h. To achieve a varying growth rate of #I'(R), we
would require h to have a varying decay rate. This involves a careful gluing to
ensure the positive Ricci curvature.

The idea of proving both Theorems A and C is to consider the equivariant
asymptotic cone of a suitable covering space of M:

(T;1M7ﬁaA) ﬂ) (Y;yaG)

| |
_ GH
(Ti 1Map) E— (sz)a
where A is the covering group acting isometrically on M. By the regularity theory of
Ricei limit spaces developed by Cheeger-Colding [8, 5, 6], dimy (Y), the Hausdorff
dimension of Y, is at most n, and dimy (Y) > n — 1 if and only if M has Euclidean
volume growth. Moreover, if M is non-flat and M has Euclidean volume growth,
then Y is a metric cone of dimension n with a Fuclidean factor of dimension at
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most n — 2. Given the assumption that Z = Y/G already contains a Euclidean
factor, one expects that the dimension of G has an upper bound in some sense. To
show the rigidity in Theorems A and C, we prove technical results relating the first
Betti number or the stable orbit growth order to certain dimension of the orbit Gy.
More precisely, the first Betti number by (M) gives a lower bound of the topological
dimension of the orbit Gy (Corollary 3.2), and the stable orbit growth order equals
the Hausdorff dimension of Gy (Proposition 4.2). When the orbit Gy has a large
dimension, Y will not only be a noncollapsing limit and thus a metric cone, but
also contain sufficiently many lines such that M must be isometric to R”.
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2. PRELIMINARIES

In this section, we recall some standard results on Ricci limit spaces and equi-
variant Gromov-Hausdorff convergence that will be used later. We also recall some
results about flat manifolds.

2.1. Ricci limit spaces and asymptotic cones. Let (M;, p;) be a sequence of
n-manifolds with uniform Ricci lower bound with p; € M;. After passing to a
subsequence, (M;,p;) Gromov-Hausdorff converge to a limit space (Y,y), which
we will refer to as a Ricci limit space. After passing to a subsequence again, one
can obtain a renormalized limit measure v on Y, which is a Radon measure. The
regularity theory of Ricci limit spaces was developed through the seminal works
mainly by Cheeger, Colding, and Naber. Below we review the results that will be
used later in the paper.

We write M(n, —k) as the set of all pointed Ricci limit spaces coming from
a sequence of complete n-manifolds (M;,p;) with Ric > —(n — 1)k. Let X €
M(n,—k). We say that a point z € X is k-regular for some k € N, if X has a
unique tangent cone R* at z, that is

(r: X, x) <5 (R¥,0)

for all r; — oo. We denote by Ry the set of all k-regular points in X.
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Theorem 2.1. [5] Let X € M(n,0). If X contains a line, then X splits isometri-
cally as R x X'.

Theorem 2.2. [9] Let X € M(n,—1). Then its isometry group Isom(X) is a Lie
group.

Theorem 2.3. [9] Let (X, z) € M(n,—1) be a Ricci limit space with a renormalized
limit measure v. Then there is a unique integer k € [0,n] such that v(X\Ry) = 0.
In particular, Ry, is dense in X.

The integer k in Theorem 2.3 is called the rectifiable dimension of X.

Theorem 2.4. [6] Let (X,z) € M(n,—1) be a Ricci limit space. Then X has
Hausdorff dimension either = n or < n — 1. Moreover, the Hausdorff dimension
equals n if and only if the sequence (M, p;) GH (X,x) is non-collapsing, that is,
vol(B1(p;)) > v > 0.

We remark that in general, the Hausdorff dimension of a Ricci limit space could
be a non-integer and strictly larger than its rectifiable dimension; see the example
by Pan-Wei [19].

For an open (complete and non-compact) n-manifold M with nonnegative Ricci
curvature and a sequence r; — o0, the corresponding blow-down sequence naturally
gives a Ricci limit space after passing to a subsequence

(r7 M, p) €5 (v, y).

We call (Y,y) an asymptotic cone, or a tangent cone at infinity, of M. In general,
(Y, y) is not unique and may not be a metric cone. In the case of Euclidean volume
growth, more structure of these asymptotic cones can be said.

Theorem 2.5. [5] Let M be an open n-manifold of Ric > 0 and Fuclidean volume
growth. Then any asymptotic cone (Y, y) of M is a metric cone C(Z) with Hausdorff
dimension n and vertex y.

Since a metric cone (Y,y) in the above theorem satisfies the Cheeger-Colding
splitting theorem (Theorem 2.1), we can write (Y,y) = (R¥ x C(X), (0, )), where
diam(X) < 7 and z is the unique vertex of C(X). From volume convergence [8]
and codimension 2 of the singular sets [6], if the Euclidean factor of the above Y
has dimension > n — 1, then M must be isometric to R™.

Theorem 2.6. [8, 6] Let M be an open n-manifold of Ric > 0 and Fuclidean
volume growth. Suppose that M has an asymptotic cone Y that splits off an R" 1
isometrically, then Y and M are isometric to R™.

For a metric cone Y = R¥ x C(X) with diam(X) < 7, because C(X) does not
contain any line, the isometry group of Y also splits:

Proposition 2.7. Let Y = R* x C(X) be a metric cone with vertex y = (0,z),
where diam(X) < w. Then the isometry group of Y splits

Isom(Y) = Isom(R¥) x Isom(X).
In particular, for any subgroup H of Isom(Y'), the orbit Hy is contained in R x {z}.



Proposition 2.7 immediately implies the following:

Corollary 2.8. Let Y = R¥xC(X) be a metric cone, where diam(X) < 7. Suppose
that Isom(Y) contains a closed subgroup R®. Then b < k.

2.2. Equivariant Gromov-Hausdorff convergence. The theory of equivariant
Gromov-Hausdorff convergence was developed by Fukaya and Yamaguchi [12, 13].
Below, a tuple (X, p, G) will always denote a complete and locally compact length
space X, a point p € X, and a closed subgroup G of the isometry group of X.
Given R > 0, we write

G(R) ={g € G | d(gp,p) < R}.

Definition 2.9. [12, 13] Let (X,p,G) and (Y,q, H) be two spaces. Given an
e > 0, an e-equivariant Gromov-Hausdorff approximation (e-eGHA) from (X, p, G)
to (Y, q, H) is a tuple of maps (f, ¢, )

fiBei(p) = Bei(q), ¢:G(e7)) = H(e™), wiH(e') = G(e),
such that the following hold:

(1) f(p) = ¢;

(2) the e-neighborhood of f(B.-1(p)) contains B.-1(q);

(3) |d(x1,z2) — d(f(xl),f(xg)ﬂ < e for all 1,22 € B.-1(p);

(4) it g € Gle™!) and 2.9 € B (1), then d(f(g2). 0(a) () <

(5) if h € H(e ') and z,v¢(h)x € B.-1(p), then d(f((h)x),hf(z)) <e

We say that a sequence (X;,p;, G;) equivariant GH converges to (Y, y, H), if there
are ¢; — 0 and €;-eGHA from (X;,p;, G;) to (Y,y, H) for every i.

Theorem 2.10. [12, 13] Let (X;,p;) — (Y,y) be a pointed Gromov-Hausdorff
convergent sequence, and for each i let G; be a closed subgroups of Isom(X;). Then
(1) after passing to a subsequence, we can find a closed subgroup H of Isom(Y),
such that we have pointed equivariant GH convergence:

(Xipi Gi) <5 (Yoy, H).
(2) the corresponding sequence of quotient spaces converges:
_\ GH _
2.3. Flat manifolds. Lastly, we review some results on flat manifolds.

Proposition 2.11. [23, Proposition 4] Let M be an open flat n-manifold and let
I =m1(M,p). Then the following hold.

(1) T has stable orbit growth of order k, where k is the dimension of a soul of M.
(2) If T"" 1 is a soul of M, then M is either isometric to R x T" ™1 or diffeomorphic
to M2 x Tn—2,

We also note that if M is a closed flat n-manifold, then I has stable orbit growth
of order n.

Proposition 2.12. Let K be a closed n-manifold with Ric > 0. If b1(K) =n — 1,
then K is flat.
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Proof. This is a direct consequence of Cheeger-Gromoll splitting theorem [7]. We
include a brief proof here for readers’ convenience.

Recall that b = by(K) is the rank of the abelian group Hy(K,Z) = T'/[I', T,
where I' = m1 (K, z). H; acts isometrically, freely, and discretely on the intermediate
cover K := K/[I',T]. By the splitting theorem [7] and the compactness of K, the
intermediate cover K splits isometrically as R! x N, where [ < n and N is compact.
Because Isom(R! x N) = Isom(R!) x Isom(NN) contains a closed subgroup Z* < Hj,
we see that b <[ <n.

Now we assume that b =n — 1. Then [ > n — 1. As a result, the universal cover
K splits off R"~! isometrically. Hence K is isometric to R” and K is flat. O

3. FIRST BETTI NUMBER AND RIGIDITY

In this section, we study the first Betti number rigidity and prove Theorems A,
B. We start with a result on the equivariant GH convergence of denser and denser
ZP-action. This will be later applied to asymptotic cones of an open manifold M
or tangent cones of a Ricci limit space at a point.

Lemma 3.1. Let (X;,p;) € M(n,—1) be a Gromov-Hausdorff convergent sequence
of Ricci limit spaces

(Xipi) 5 (V).
Suppose that for each i, we have a closed subgroup T; = Z° < Isom(X;) with
generators {7V 1,...,%ip} such that d(~; ;pi,pi) — 0 as i — oo, where j = 1,...,b.
After passing to a subsequence, we consider the convergence

GH
(Xiapi7 FZ) — (Ya Y, H)
Then the limit group H contains a closed subgroup RY.

In particular, the limit orbit Hy has topological dimension at least b since the
closed subgroup R? must act freely.

Proof of Lemma 3.1. We note that each I'; must act freely on X;; otherwise, I'; =
7" would have a nontrivial compact subgroup as the isotropy subgroup at some
point. Since I'; is abelian, by Theorem 2.2 its limit H is an abelian Lie group.
Hence its connected component subgroup Hy is isomorphic to R! x T, where T is a
torus. We show that [ > b by induction in b.

We first prove the base case b = 1. We shall prove that for any d > 0, there
exists an orbit point hy € Hy with d(hy,y) = d and a compact connected subset
S C Hy containing both y and hy. This property implies that Hy contains a closed
R-subgroup.

Let d > 0 and let v; be a generator of I'; = Z. For each i, because I';, = Z is a
closed subgroup of Isom(M;), we know that I'; acts discretely on M;; in particular,
d(~I"pi,pi) = 0o as m — oo. For each i, we pick m; € Z; by

m; = inf{m € Z|d(v"p;, p;) > d}.
Let us consider a sequence of subsets in X;:

Si = {pis Vil Vi ' Pi} € X5



After passing to a subsequence, we have convergence
(X3 iy iy}, Ta) 5 (Y, y, S, hy H),
Because d(~;p;, pi) — 0, the above limit space satisfies
d(hy,y) =d, {y.hy} €S C Ba(y) N Hy.

It remains to show that S is connected. Suppose not, then by compactness of .S,
we can find two disjoint compact subsets of S, say C; and Cs, such that

y€elCy, CLUC =S5, d(cl,62)=§>0.
We choose a point z € C3. Then p; — y, and there is 0 < t; < m; such that
vfipi — z. Since d(p;,vipi;) — 0 as ¢ — oo, we can find 1 < Il; < t; such that
Alip; — 2’ with d(Cy,2') = §/2. Now we have a point 2’ € S but 2’ ¢ C; UCa, a
contradiction. This proves the base case b = 1.

Next, suppose that the statement holds for b, we shall prove it for b + 1. For
each i, we set a subgroup A; = (y;.1,...,7ip) < I';. For any d > 0, because I'; is a
discrete subgroup of Isom(X;), we can choose m; € Z, by

m; = inf{m € Zy | d(v; 11 Nipi, pi) > d}.
Let us consider the subset

Si = {Mipi, Yipr 1 Mipiy s V) Aipi }-
b+
We choose an element g; € v/}, | A; such that
d(gipi, pi) = d(yy 1 Nipi, pi) > d.
After passing to a subsequence, we have convergence
GH

(Xi,pi, i, 95, Ai, Ti) — (Y, y, S h, L, H).

It follows from the construction that
d(hy,y) =d(hy,Ly) =d, d(s,Ly) <dforallseS.

Let my : H — H/L and wy : Y — Y/L be the quotient maps. By the same
argument as before, my (S)y, where § = my (y), is a compact and connected subset
of By(%); moreover 7x(S)y contains two points 7 (g)y and ¥ that are exactly d-
apart. Because d is arbitrary, this proves that H/L contains a closed R-subgroup
acting effectively on Y/L. This completes the inductive step and thus the proof. O

Two corollaries below follow directly from Lemma 3.1.

Corollary 3.2. Let (M,p) be an open n-manifold of Ric > 0. Suppose that
Isom(M) contains a closed subgroup T' = Z°. For any r; — 00, we consider the
convergence

(r7 M, p,T) E5 (v, y,G).

Then the limit group G contains a closed subgroup RP. In particular, the orbit Gy
has topological dimension at least b.
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Corollary 3.3. Let (X,p) be a Ricci limit space. Suppose that Isom(X) contains
a closed subgroup G = R. For any r; — oo, we consider the convergence

(riX7p7G) G_H> (Ky7H)

Then the limit group H contains a closed subgroup R®. In particular, the orbit Gy
has topological dimension at least b.

Now we prove a first Betti number by (M) estimate by the rectifiable dimension
of some asymptotic cone of M.

Theorem 3.4. Let M be a complete n-manifold with Ric > 0. Suppose that M
has an asymptotic cone of rectifiable dimension k, then by(M) <n — k.

Theorem 3.4 directly implies the by (M) estimate in Theorem A. In fact, because
the Z-factor in an asymptotic cone R¥~1 x Z of M is not point, the rectifiable
dimension of R¥~! x Z is at least k. Thus b;(M) < n — k by Theorem 3.4. We
shall see that the proof of Theorem 3.4 below also plays an important role in that
of the rigidity part of Theorem A.

Proof of Theorem 3.4. Below we write
b=by (M), T=m(M,p), M=M/[,I|, A=T/[T,I)

Then Isom(M) contains Z® < A as a closed subgroup. By assumption, we have a
sequence r; — oo and the convergence

(ry M, 5, A) S (Y,y,0)

(3.5) lﬂ lw
(7 M,p) —F (2,2),
where Z has rectifiable dimension k. By Corollary 3.2, G contains a closed subgroup

R?. Let ¢ be a regular point in Z and let ¢ be a lift of ¢ in Y. For any sequence
s; — 00, let us consider

(5:Y,7,G) — (R* x Q,(0,0), H)

(3.6) lw lw

(s:iZ.q) —7=  (R5,0).
By construction and Corollary 3.3, H contains a closed subgroup R? and the orbit
H - (0,0) is identical to {0} x Q. Therefore, R¥ x @ has topological dimension at
least k + b. Note that since R* x @ is a tangent cone of Y, it is a Ricci limit space
coming from n-manifolds. So we have

(3.7) k4 b < dimy(RF x Q) < dimy (R* x Q) < n,

where dimy and dim7 mean the Hausdorff and topological dimension, respectively.
This proves by (M) < n — k.
a
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Proof of Theorem A. Below we continue to use the notations in the proof of The-
orem 3.4. Suppose that M has an asymptotic cone Z that properly contains an
R*=1 then in (3.5), we have

Z=R1xZ =Y/G, Y=RF1xY

where Z' is not a point and thus Z has rectifiable dimension at least k. With
Theorem 3.4, it remains to prove the rigidity part when b =n — k.

From the inequality (3.7), Y has a tangent cone at some point with Hausdorff
dimension at least k + b = n. We conclude that Y is a noncollapsing Ricci limit
space and thus the sequence r;” M is noncollapsing by Theorem 2.4. Hence M has
Euclidean volume growth. By Theorem 2.5, the asymptotic cone Y = R¥~1 x Y’ is
a metric cone of dimension n, written as R¥~ x C(X); moreover, the base point y
in (3.5) is a vertex (0, v).

Because the R*~!-factor in Y = R*~! x C(X) is preserved under the quotient
map by G-action, G-acts trivially on the R¥~!-factor and the orbit Gy is contained
in the C(X)-factor. As G contains a closed subgroup R?, where b = n — k, we see
from Corollary 2.8 that the Euclidean factor in Y = R¥~! x C'(X) has dimension
at least (k — 1) + (n — k) = n — 1. By Theorem 2.6, M is isometric to R" and M
is flat.

Lastly, because M is flat and the asymptotic cone of M properly contains an
R*=!, M is isometric to the metric product R¥=1 x N™=*+1 for some open flat
manifold N with b, (N) =n — k. Let S be the soul of N. S has dimension at most
n—k and by(S) = by (N) = n—k. Therefore, S is a flat torus T"*. By Proposition
2.11(2), N is either isometric to R x T"~* or diffeomorphic to M2 x T"=*=1. O

Next, we prove Theorem B.

Proof of Theorem B. If M has an asymptotic cone that properly contains a line,
then the result follows directly from Theorem A. It remains to consider the case
that M has an asymptotic cone isometric to a line R.

Let r; — oo be a sequence such that we have convergence

(r7 M, p) <5 (R, 0).

Let us consider two points y = 1 and z = —1 in the limit line R. Then along
the sequence ri_lM, we can choose points y;, 2; € ri_lM converging to y and z,
respectively. By construction,

T;ldM(yi7Zi) — 2.

For each i, we join y; and z; by a minimal geodesic c¢;.

If dps(ci,p) < C < oo for some subsequence, then ¢; subconverges to a line in
M. By Cheeger-Gromoll splitting theorem [7], M splits isometrically as R x K™~
where K is a complete (n — 1)-manifold with Ricx > 0 and by (K) = n—2. Because
K has an asymptotic cone as a single point, we conclude that K must be a closed
manifold. Then by Proposition 2.12, K is flat.

If dps(ci, p) — oo for some subsequence, we set d; = dps(c;, p). Note that d; < r;
since ¢; converges to a segment of length 2 through 0 when scaling down by r;. Now
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let us consider the convergence
(dflMapa Ci) %) (K Y, COO)'

By construction and d; < r;, ¢ is a line in Y with distance 1 to y. In other words,
M has an asymptotic cone Y that properly contains a line. Thus the result follows
from Theorem A in this case. O

4. ORBIT GROWTH ORDER AND RIGIDITY

In this section, we prove Theorem C, the orbit growth order rigidity. We always
write I' = w1 (M, p), which acts isometrically on the Riemannian universal cover
(M,f)). Let R > 0, we put

I'(R) = {g € I'|d(p, gp) < R}.
For readers’ convenience, we recall the notion of stable orbit growth, which was
mentioned in the introduction.

Definition 4.1. We say that I" has stable orbit growth of order k, if there are
constants 0 < ¢; < ¢o such that

c1RF < #T(R) < o R”
for all R > 1.

The following proposition gives the Hausdorff dimension of limit orbit at the base
point exactly as the orbit growth order. We remark that the Hausdorff dimension
of the limit orbit at other points could be different.

Proposition 4.2. Suppose that T’ has stable orbit growth of order k, where k > 1.
Then for every asymptotic cone (Y,y,G) of (M,p,T), the orbit G -y has Hausdorff
dimension k.

Before proving Proposition 4.2, we introduce some notations and prove a lemma.
For a metric space (X,d), a bounded subset A C X, and ¢ > 0, we define the
capacity

Cap(A4;€) = sup{ k | there are k points x1,--- ,x; € A
such that d(x;,x;) > € for all ¢ # j.}
Let d be the distance on M and let r; — oo be a sequence. We write I';p as the
orbit I'p equipped with the distance d;(g1p, g2p) = ri_ld(glﬁ, g2p). For a point
xz el;-pand r >0, we write
Bi(x) = {y e Tip | di(w,y) < r}
as the r-ball centered at x in I';p. Note that #B:(z) = #B.(p) for all z € T';p

because I'-action is isometric.

Lemma 4.3. Suppose that T has stable orbit growth of order k, where k > 1. Then
for everyi € Ny and 0 < A < R, it holds that

(1.0 (1) < coptprn < ¥ (R

C2 C1
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Proof. The orbit growth condition implies

(4.5) c1(Rry)" < #By(p) < ca(Rri)".

We claim the following inequalities:

(4.6)  Cap(Bjy_,/5(5); A) - #B3 3(5) < #BR(p) < Cap(BR(p); A) - #B5(5)-

Indeed, given any collection of points xy, -,z € Bj'%_)\/?)(;ﬁ) such that d;(zq, xp) >
A for any x, # xp, we have disjoint union

k

L] Bis(@:) € Bi(p).

i=1
This implies that & - #Bi/?)(ﬁ) < #B%(p), thus the first inequality in (4.6). To
prove the other one, we fix y1,- -+ ,ys € B4(p) such that

s = Cap(Br(p); \),  di(ya,ys) > A for any ya # .
Then we have
U Biw) 2 Bi(@)-
i=1
Hence s - #Bi(p) > #B%(p), the second inequality in (4.6).
The desired inequality (4.4) follows from (4.5) and (4.6). O

We recall the definition of (spherical) Hausdorff measure. For a metric space X,
a real number k£ > 0, and a 6 > 0, we have

HE(X) = inf {irf | X C G B,,(z;), where r; < (5} .
i=1 i=1

If X is compact, then equivalently we can use finite covers to define 'H’g. The k-

dimensional (spherical) Hausdorff measure of X is given by H*(X) := ;i_r% HE(X).

The Hausdorff dimension of X is defined by

dimy (X) =inf{s > 0| H*(X) =0} = sup{s > 0 | H*(X) > 0},
where we use the convention inf{(}} = occ.
Proof of Proposition 4.2. Since we have pointed Gromov-Hausdorff convergence
(r7 "M, 5,Tip) 5 (Y., Gy),
the same inequality in the form of (4.4) holds for G - y. More precisely, if we write
By (2) ={w € Gy | dy (z,w) < R},

where z € Gy and R > 0, then because B% (z) is the GH limit of B (2;) for some
z; € T';p, we have:

o q(f>kécw@ﬁ%mxw;%“@(f>k

C2 C1

for every 0 < A < R.
The inequality (4.7) shows that the limit orbit Gy has box dimension k. Below,
we show that H¥ is indeed locally finite on G.
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Let § > 0. If | = Cap(B¥ (y); 9), then by definition there are x1,--- ,z; € BF (y)
such that

l
B () € | Bs(ay).
j=1

Thus by definition of H% and by inequality (4.7), we have estimate

- RURRS
H?(BR (y)) <lI- 5k < TQ

RF.

3ktlc,

This shows H*(B¥ (y)) <
It remains to obtain a lower bound of H¥(B%¥ (y)). Because B (y) is compact,
let us consider a finite collection of balls {Bf®(x1),- -, BfS (2,,)} such that

) tm

o RF since § is arbitrary.

v € BE(y), t; <6, By(y) <] By ().
j=1

We choose a small number 0 < A < min{ty,--- ,%5,}, then by (4.7)

Sz [ | 54w
j=1 j=1

Cl)\k o
> Wcap(BR (y); A)

>

62
Thus M4 (B3 (1) > HE(BR () > grikos B O
We are ready to prove Theorem C.

Proof of Theorem C. Let r; — 0o be a sequence such that the limit of (r;lM, D)
contains an RF factor. Passing to a subsequence, we have equivariant GH conver-

gence:

(r7'M,p,T) S (Y =RFxY,4,G)

(7' M,p) S (2= (RF x 2) =Y/G, 2)
Because the RF-factor in Y is preserved under the quotient map by G-action, we
have G -y C {0*} x Y.
By the assumption that I' has stable orbit growth of order [ and Proposition 4.2,
it holds that

| = dimy (Gy) < dimy (Y").
Hence the Hausdorfl dimension of Y satisfies
n > dimy (V) =k + dimy(Y') > k+ 1.

This proves the estimate [ < n — k.
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Next, assuming | > n — k — 1, we prove that M has Euclidean volume growth.
This is an immediate consequence of the Hausdorff dimension estimate above and
Theorem 2.4. In fact,

dimy(Y)>k+1l>k+(n—k—-1)=n—1.

By Theorem 2.4, dimy(Y) = n and thus M has Euclidean volume growth.

To prove the flatness part in both (1) and (2) of Theorem C, it suffices to prove
the Claim below.

Claim: If M has Euclidean volume growth and | > n — k — 2, then M is flat
and thus isometric R¥ x N™~*. In fact, since M has Euclidean volume growth, by
Theorem 2.5, Y is a metric cone with vertex y. We further write

Y =R x Y’ =R* x (R™ x C(X)) = RF'™ x C(X)

and y = (0¥,0™,v), where C(X) does not contain any lines and v is the unique
vertex of C(X). By Proposition 2.7, we have inclusion

Gy C RFF™ x {v}.
Together with Gy C {0F} x Y, we derive
Gy C {0F} x R™ x {v}.
As Gy has Hausdorff dimension [, the Euclidean factor of Y has dimension
m+k>dimy(Gy)+k=1+k>n—-k—2)+k=n—2.

Thus Y splits off an R"~!-factor. By Theorem 2.6, M is isometric to R™. This
proves the Claim.

Now we prove the rigidity part in Theorem C(1). By the Claim above, M is
isometric to RF x N®=F for some flat manifold N. Note that orbit growth order [
is an integer since M is flat, so [ = n — k. Therefore, IV is closed; otherwise, we
would have [ <n — k — 1 by Proposition 2.11(1).

Finally, we prove Theorem C(2). Again by the Claim, if { > n — k — 2, then M
is isometric to R*¥ x N™~* for some flat manifold N; moreover, [ is an integer. If
l=n—k—1, then N is an open flat manifold with an n — k — 1 dimensional soul
by Proposition 2.11(1). If I = n — k, then N is closed as discussed above. O

5. EXAMPLES OF Z-ACTIONS WITH VARYING ORBIT GROWTH ORDER

In the work by Pan-Wei [19], the first examples of Ricei limit spaces with non-
integer Hausdorff dimension have been constructed. These examples are the as-
ymptotic cones of the Riemannian universal covers of doubly warped products

(5.1) M =1[0,00) x s S* x5, S, g=dr? + f(r)%dsi + h(r)?ds?.
with
(5.2) FO)=1, fWO)=0, 0<f <1, f'<0,

(5.3) h(0) >0, hD)=0, n <o.
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As base manifolds, they were first constructed by Nabonnand [17] (also see [2, 20]).
Since our construction is based on these examples, we first have a brief review of
them. The main reference is [19].

Given o > 0, we use

) =r(L+r2)71, h(r) =1+

Then g, in the form of (5.1) is a doubly warped product metric on RFH1L x ST g,
has positive Ricci curvature when k > K(«) := max{4a + 2, 1602 + 8a}.

Let 7 : (M, Ja) — (M, gs) be the Riemannian universal cover, p € M be a
point at » = 0, p be a lift of p on M, and v be a generator of T := m (M, p) = Z.
According to [19, Lemma 1.1], the following estimate holds for all [ > 9ltaa:

(5.4) C -1 —2 < d(y'p,p) <9175,

where C' = 2.9~ 2. It is straightforward to deduce from (5.4) that the I-action on
M has stable orbit growth of order 1+ 2a. Moreover, for any r; — oo, passing to
subsequence we have the equivariant GH convergence:

(r7 M, 5,T) — (v,y,G)

(5.5) lw lw

(Ti_lM,p) i) (X,l’)

It follows from (5.4) that Gy has Hausdorff dimension 1 + 2«. Since any points in
Y\Gy are 2-regular, one sees that dimy(Y) = 1 + 2« for any « > 1/2; see [19] for
details. The limit space (Y,y) is indeed the (2a)-Grushin halfplane, which has an
almost Riemannian metric dr? + r~4®dv? on the halfplane; see [11, Remark 3.9].

Remark 5.6. The above X = [0,00) is a ray, thus dimy(X) = 1. Then in the
diagram (5.5), we have

dimy (V) = max{2,1 + 2a} < 2 + 2a = dimy (X) + dimy (Gy).
In particular, the Hausdorff dimension may not work well with the quotient map.

We shall use the manifold (M, g,) above as a model. For 0 < o < 3, we
would like to have the pieces of (M, g,) and the pieces of (M, gg) appear in turn
indefinitely as r — oco. In some suitable scales r; — oo, one can only see one of the
models, while in another suitable scales s; — 0o, one can only see the other one.
Then it is expected that I'-action on the universal cover has orbit growth of order
1 4 2« in some scales, while 1 + 25 in some other scales; in particular, I" will not
have stable orbit growth.

Now we start the formal construction of the example for Theorem D.

As indicated, the example is a doubly warped product (5.1). We intend to use
the same

fry=r(1+r%) 7%,
as in [19, 20], but the decreasing function h is piecewisely defined and oscillates
between

ha(r) = (14737 ho(r) = (1+7%) 77,
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where § > a > 0. The Ricci curvature terms that need checking are

. B h// J('// . B h// f/h/
(57) RlC(ar,ar)——F—kT, RIC(KY)__ﬁ_kfih’

where Y is a unit vector tangent to S'. The Ricci curvature in the direction of S*
is always positive due to (5.2) and (5.3).

The construction of h will be done in two steps. In the first step, we construct a
continuous and piecewise smooth h. Then in the second step, we smooth h near the
broken points. In both steps, we will further enlarge k, the dimension of the sphere
factor in the doubly warped product (5.1), to ensure positive Ricci curvature.

5.1. Step 1. We first define a piecewise function h without smoothing it. For
convenience, we set

g1(r) =1 +72)%  gao(r) = (1+r%)°.
Let us choose A and B such that
B>p8>a>A>0.

We set scales
0= RI,O < R1,1 =100 < R172 < R173 < R174,

where Rj 2, R13 and Rj 4 will be determined later. On [0, Ry 1], we use h = h;.
On [Ry,2, R13], we use h = ho. On [Ry 1, R1 2], we use a function hy 4 = 1/g1 1 to
bridge, where

gr4(r) = Cry - (L4177,

The constant C 1 is a small number so that g; + intersects g; and g2 at Ry ; and
R 2, respectively; in other words, we require

Cr4(1+ R%,l)B =1+ R%,l)aa Cr4(1+ R%,2)B =(1+ R%,z)'@~
This implies that
B—a
Ciy=0+R)%, Rip=((1+R,)5F 1)}
Next, on [Ry,3, R1.4], we use a function hy _ = 1/g1,—, where
g-(r)=Ci -1+ TQ)A.

C1,— is a large number so that g; _ intersects g» and g; at Ry 3 and R; 4, respec-
tively. This requires

(1+ R%,?,)ﬂ =C1-(1+ Rig)Aa Ci,-(1+ R%A)A =(1+ R%zx)a-

Hence

B—A
Ci-=(1+R)PA Rig=(1+R )75 —1)%,
Then inductively, we set scales

Rij1o0=Ria <Rij11 < Riy120 < Rij13 < Riq14
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and repeat the above construction. More specifically, we define

hi(r),  on [R;o, Riql;
h(r) = hi7+(7’)a on [Ri,laRi,2]§
ha(r),  on [R;2, R;3l;
hi—(r), on [R;3, R4l

where
hi(r) = (L4 RE )P+ 0%)78 0 hio(r) = (1+ R )P (140772
‘We require that
(1+ Ril)Bia =(1+ R%,Q)Biﬁa (1+ R?,s)Afﬁ =1+ R?,4)A7a
so that h is a continuous and decreasing function on [0, c0). For each i,

Rio=((1+R2,)57 1)

S

is determined by R; i, and
o \8=4 1
Ria=((1+Rj3)e=4 —1)2
is determined by R; 3. We also require that R;3 = 51121272 and Ri111 = 5R§,4 for
later use. Then the function h is completely determined by a and 5.
Because the terms in Ricci curvature (5.7) involving h always appear as h” /h or
1 /h, the constants (14 R?,)®~* and (1 + R%)A*B in h; + do not contribute to
the Ricci curvature. In particular, when k > K(B) = max{4B + 2,16B% + 8B},
the metric has positive Ricci curvature wherever h is smooth.

Let us also point out that the choice of k > K (B) assures that the doubly warped
product (5.1) has positive Ricci curvature with h as one of hy, ha, hi y, or h; _.

5.2. Step 2. Next, we smooth h around R; ; by cutoff functions while preserving
positive Ricci curvature.
We need an observation from the Ricci curvature calculation (5.7).

Observation 5.8. Suppose that a doubly warped product (5.1) with (5.2) and (5.3)
has positive Ricci curvature on an interval I. We replace h by a new function hyew
satisfying

h/ h/ h// h//
5.9 R <0, |22 >c|—|, 2% <C—
( ) hnew h’ hnew h‘

on I, where c¢,C > 0 are constants. Then the new doubly warped product with huyeqy
has positive Ricci curvature on I if we further enlarge k.

The smoothing near R; ;, where i € Ny and j € {1,2, 3,4}, are all similar. Below
we provide the details for R;; and give brief indications for other R; ;.

For convenience, we set R = R;; > 100. All positive constants c, below may
depend on «, 3, A, B, but are independent of R. Around R, we have two functions

hi=1+7%)"% hip=1+R)E*1 4?5
intersecting at r = R. Let ¢(r) be a smooth cutoff function such that

¢=1o0n[0,1.01R], ¢=0on [1.19R,+o0), ¢(1.1R) =1/2;
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0<¢p<1, —-c;/R<¢ <0on|R,1.2R]
—c/R?* < ¢" <0on [R,1.1R],
0<¢” <cy/R*on [1.1R,1.2R)].
We build a new function hg on [R,1.2R] by
hs = ¢h1 + (1 — @)hi 4
It is clear that h; y < hy < hq on [R,1.2R]. We check that h, satisfies (5.9) on
[R,1.2R]. We have
hy =¢'(h1 — hit) + ohi + (1 — @)hs ...

It is clear that k!, < 0 on [R, 1.2R] because h; — h; + > 0. On [R, 1.2R], there is a
positive constant cs independent of R such that
) h(j)

e < |

it

holds for j = 0,1,2. On the first half [R, 1.1R], |h}| > £|h}]; hence
., < 1|n) < 11|h}
hs| = 2|hs| ~ 2|l
On the second half [1.1R, 1.2R], we have |h}| > §|h} || > %|h’1|, hence
hsls 1M
hs hy|’
Next, we verify the second derivative estimate in (5.9). We calculate

hy = ¢"(ha = hit) +2¢'(hy = hi 1) + 6hY + (1 = @)Dy .

1

- 203

On [R,1.1R],
B S 2| B+ B < el
on [1.1R,1.2R],
n! < %hl + 2%\h’1| R B < sl
Together with cglhl < hi 4+ < hg, we obtain
he SO

Therefore, we can replace h from Step 1 on [R,1.2R] by

ha(r) = {h(r), if r ¢ [R,1.2R),

oh + (1 — @)hiy, ifr € [R,1.2R].

Then hg is smooth on [0.5R,1.5R]. Moreover, by Observation 5.8, the resulting
doubly warped product has positive Ricci curvature given k is sufficiently large.
This completes the smoothing at R; .

The smoothing near other R;; are similar. For R = R;» or R;3, we change
h on [0.8R, R] by using a suitable cut-off function. For R = R;4, we similarly
change h on [R,1.2R]. The choice of these intervals assures that the new function
hs is strictly decreasing. Then by Observation 5.8 and similar estimates as in the
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smoothing at R; o, one can show that the doubly warped product (5.1) with this
new hg has positive Ricci curvature for a sufficiently large k.

After the smoothing around all R;; and the choice of a suitably large k, we
obtain a smooth function hs with (5.3) such that the doubly warped product (5.1)
with h, has positive Ricci curvature everywhere. Moreover, by construction

h ( ) (1 +T2)_a, ifre [1.2R1"0,0.8Ri’1]7
s\T") =

(1+72)7P, ifr € [1.2R;2,0.8R; 3).
This completes the construction of our example for Theorem D.

5.3. Asymptotic properties. We check that our example has the required as-
ymptotic properties.

We fix a point p € M at r = 0 and a lift p € M. Let ~ be a generator of
m1(M,p) = Z. In the lemma below, we follow the method in [19, Lemma 1.1] and
[18, Appendix B] to estimate d(7'p,p); some modifications are needed given the
nature of hg.

Lemma 5.10. There are positive constants C1,Cs, p1, p2, depending on « or (3,
such that the following holds for all i large.
(1) Forl € [p1 R?**1, po R**2], where R = 2R, o, we have

CLlE < d(3'P,p) < Col ™71,
(2) Forl € [p1 R*P*Y po RY+2] where R = 2R; 5, we have
CLTF < d(y'p,p) < Cal 7.

Proof. Let ¢; be a minimal geodesic loop at p that represents 7' € 7, (M, p). Below
we estimate the length of ¢; for suitable [. Let R; be the size of ¢;, that is, the
smallest radius such that ¢; is contained in Bg,(p), and let r; > 0, which will be
specified later. From the proof of [19, Lemma 1.1], we have inequality

l-L(R;) <length(c;) < 2r;+1- L(ry),

where L(r) = 2mwhg(r) is the length of a circle in M at distance r. More precisely,
the upper bound 2r; + 1 - L(r;) comes from a loop obtained by joining a radial
segment from p to distance r;, winding around the circle [ many times at distance
r;, and the inverse of the radial segment; the lower bound [ - L(R;) comes from
winding around the circle [ many times at distance R;.

(1) We write R = 2R; . Recall that for i > 2, we have chosen R;; = 5R? in
Step 1. Then [R, R?] C [2R;0,0.8R; 1] and it follows from the construction of hs
that

L(r) =2m(1 + 7)™ < 27r; 2

%7 %] and r; = (27Tal)2a1+1 € [R, R?).

when r; € [R, R?]. Let us consider [ € |
Then
length(c;) <2r +1- 2777“;2‘“ = C(Ol)[ﬁ7
where C(a) = (2 + a—l)(27ra)ﬁ_
Next, we prove a lower bound for length(¢;). First note that

2R; < length(¢;) < C(a)lﬁ.



21

If we further restrict that [ < %, then

87

1

R < %C(a)l’é‘uﬂ <

1
-R*.
2
2a+1

We also note that if [ > C(a) 2=~ R?**! then R; > R holds; otherwise, we would
have

C(a)l77 >1-L(R) >1-L(R) >1-2r(1+ R*)™*,
C(Oé) 2 2a

~ 7 &> [2a+1

o (14 R%) > l2a+

which is impossible given R large. Since R; € [R, R?] C [2R;0,0.8R; 1],

> C(a)R*,

1-2r(14 RY) ™ =1-L(R) < C(a)lza
yields
R >

This shows the lower bound

length(¢;) > 2R; > (02(7;)> : [T

In conclusion, we set

2a+1

1 o \ 7=
p1=C(a) 2, P2—Wa Cl_(C’(a)) , Co=C(a),

then
CLlm=5 < d(y'p,p) < Colm7
holds for all [ € [p1R2a+17p2R4a+2].
The proof for (2) is similar. .

With Lemma 5.10, we prove the orbit growth order in Theorem D.

Proof of Theorem D. We first note that length(c;) < length(c;41) for every I € N.
1

Let t; = 2R, and b; = [%t?o‘“]. By Lemma 5.10, for r; = C’lbf"ﬁ, we have
length(cp,) > ;. Thus

) 2a+1
e o n s <n=(Z)
1
Next, we set a; = [(&)***!] = L(%)Q‘l*lb,-j. For i large, again by Lemma 5.10,

we have length(c,,) < ry, so

i

) 2a+1
#EN, 1 d(p,A'D) <1} = a > | o2 .
20,

We complete the proof for (1), that is,
clrfo“"l < #I'(r;) < chfaH.

The proof for (2) is similar. O
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Remark 5.11. Similar to the argument in [11, Section 3], we can use a change of
variables to show that both (2«)- and (23)-Grushin halfplanes appear as asymptotic
cones of M, the universal cover of M in Theorem D. In fact, M is a doubly warped
product
2

(1+r2)i/2
On [1.2R;,0.8R; 1], where R; 1 > R; ¢, we have hs(r) = (14 r?)~*. We apply a
changes of variables ¢t = A™'r and w = A1 ~2%, where A > 1. Then

M =[0,00) x; S* x5, R, §=dr*+ dsi + hy(r)*do?.

2
(14 A2¢2)1/2
When ¢ € [)\*11.2Ri70, )\’10.8Ri71], we have

A2 =dt* + dsi + hs (M)A dw?.

)\2 2a
4o —4a

as A — oo. Let us choose a sequence A\, — oo with R;9 < A\; < R; 1, then
[A\;'1.2R; 0, \; '0.8R; 1] exhausts [0,00) as i — oo. Therefore, we have convergence
N1 — di? -t dw?.

This shows that (A, M, p) Gromov-Hausdorff converges to the (2a)-Grushin half-
plane as ¢ — oco. Similarly, for R;2 < A < Ry 3, ()\i_lM,;ﬁ) converges to the
(28)-Grushin halfplane.

One can modify the construction in Theorem D to obtain

Theorem 5.12. Given any 1 < ay < as, there is an open n-manifold N of positive
Ricci curvature, where n is sufficiently large, such that for any real number o €
[a1, as], the a-Grushin halfplane appears as an asymptotic cone of N. In particular,
for any real number d € [ag + 1,2 + 1], there is an asymptotic cone of N with
Hausdorff dimension d.

Proof. Let 3; > 1/2 such that 1+ 253; = d;, where j = 1,2. We arrange all the
rational numbers in [81, 82] into a sequence {«;} such that any real number in
[B1, B2] is an accumulation point of {c;}. Let

hi(T) = (1 + 7“2)_0”.

Following a similar construction for Theorem D, we can have scales R;; and R; 2,
where ¢ € N, such that

Ri1 < Rip2 < Riy11,
and a smooth function hs : [0,00) — R with (5.3) such that

hs = hl on [1.2Ri71,0.8Ri72].
Then for a large k, the doubly warped product
M =1[0,00) x5 S* xp,. S*, g =dr* + f2(r)ds? 4+ h2(r)ds?

has positive Ricci curvature.
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Let N = M be the Riemannian universal cover of M. For any d € [dy,d2], we
can choose a subsequence «;(;) of a; such that

Then by the same argument in Remark 5.11, for any sequence \;;y — oo with
Rij),1 < Aij) < Ry(j),2, the corresponding asymptotic cone of N

_ —~ GH
(/\i(jl‘)va) — (Yv y)

is the (2ar)-Grushin half plane with Hausdorff dimension d = 1 4 2a. O
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