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Orbital eccentricity in compact binary mergers carries crucial information about the binary’s for-
mation and environment. There are emerging signs that some of the mergers detected by the LIGO
and Virgo gravitational wave detectors could indeed be eccentric. Nevertheless, the identification
of eccentricity via gravitational waves remains challenging, to a large extent because of the limited
availability of eccentric gravitational waveforms. While multiple suites of eccentric waveforms have
recently been developed, they each cover only a part of the binary parameter space. Here we eval-
uate the sensitivity of LIGO to eccentric waveforms from the SXS and RIT numerical relativity
catalogs and the TEOBResumS-Dali waveform model using data from LIGO-Virgo-Kagra’s third
observing run. The obtained sensitivities, as functions of eccentricity, mass and mass ratio, are
important inputs to understanding detection prospects and observational population constrains. In
addition, our results enable the comparison of the waveforms to establish their compatibility and

applicability for searches and parameter estimation.

I. INTRODUCTION

Gravitational waves from black hole binaries carry in-
formation about the origin and environment of the merg-
ers, and the relevant astrophysical processes. Typically,
the black holes’ mass and spin is being tapped for this in-
formation [1-3]. For example, high mass can imply that a
black hole may not be the direct result of stellar evolution
and could have undergone previous mergers or accretion
[4, 5], while black hole spins misaligned from the orbital
axis suggest formation other than from an isolated stellar
binary.

Orbital eccentricity is the third axis, beyond mass and
spin, that carries astrophysically relevant information.
Gravitational-wave emission circularizes the binary or-
bit over time [6, 7|; therefore, long-lived, unperturbed
binaries will not be eccentric by the time they reach de-
tectable gravitational wave frequencies. Recently formed
binaries, for example in dynamical encounters, may how-
ever not have enough time before merger to circularize
[8]. Binaries residing in the vicinity of supermassive black
holes may also gain eccentricity via the exchange of or-
bital inclination and eccentricity, called the Kozai-Lidov
mechanism [9, 10]. Alternatively, binaries residing within
the disks of active galactic nuclei can gain eccentricity
both through interaction with the disk gas and due to
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close encounters with black holes and stars in the galac-
tic center [11, 12].

While the process of reconstruction of mass and spin
from a gravitational wave signal is well established, deter-
mining orbital eccentricity has been lagging behind. One
reason is the fact that eccentricity increases the binary
parameter space, making it more difficult and computa-
tionally expensive to fully model it. In addition, due to
binary circularization through gravitational wave emis-
sion, it had been anticipated that most binaries would
not be eccentric, delaying the research and development
of eccentric waveforms.

Several recent works found signs of eccentricity for
some of the detected black hole mergers. The most
studied candidate has been GW190521 [13|, which was
found to have indications of high eccentricity by three
independent studies [14-16] (although see Iglesias et al.
17, Gupte et al. 18). These three studies relied on differ-
ent waveform models [19-22] and different analysis tech-
niques that each had limitations, highlighting the need
to comprehensively study the models and techniques in-
volved.

In this work, we aim to address the following objec-
tives:

1.  Perform search sensitivity studies using available
numerical relativity (NR) simulations.

2. Perform sensitivity studies using available eccentric
waveform models.



These tests help establish the sensitivity of searches,
which is necessary to observationally constrain astrophys-
ical models predicting eccentric mergers. In addition,
carrying out sensitivity studies for multiple waveform
types helps determine the consistency of these waveforms,
at least to the extent of search sensitivity.

The paper is organized as follows. In Section II, we de-
scribe the waveform simulations and models considered
in this study. In Section III, we present a direct com-
parison of a numerical relativity waveform catalog and
a waveform model to directly test consistency across the
parameter space. In Section IV, we describe the deployed
search algorithm and injection strategy. In Sections V
and VI, we discuss the results and conclusions of this
work.

II. ECCENTRIC WAVEFORMS

To determine how sensitive our searches are to grav-
itational wave signals from eccentric binaries, we used
simulated waveforms that describe such systems. Signif-
icant progress has been made in the past decade in the
development of eccentric binary waveforms using differ-
ent approaches. In this paper, we utilize waveforms that
were generated using two different methods that target
different parts of the parameter space that we are in-
terested in. This is necessary as each currently available
waveform only covers a part of the parameter space, while
this also enables us to compare the performance of the
waveforms.

A. Numerical Relativity Simulations and
Definitions of Eccentricity

Numerical Relativity (NR) has made significant
progress in accurately evolving the full Einstein field
equations for binary black hole systems [23-29]. More
recently, there have been efforts in the NR community to
include the effects of orbital eccentricity in these simula-
tions.

We adopted NR eBBH waveforms from the fourth RIT
waveform catalog [19] to cover the eccentricity range
0 < e < 0.9. These simulations are relatively short and
therefore target only high-mass systems with total binary
mass Mot Z IOOM@

We additionally adopted NR eBBH waveforms from
the SXS Collaboration [25, 30], to check for consisten-
cies between the SXS and RIT NR waveform catalogs.
These waveforms are longer and can cover lower masses
(Mot 2 70 M) at fixed initial frequency, but are limited
in eccentricity (0 < e < 0.3).

A critical issue we took into consideration in this work
is that the above two waveform families use different def-
initions of eccentricity. In [31], the SXS waveforms were
employed with the eccentricity definition of [32], which
is derived from the earlier eccentricity definition of [33].

This is based on the orbital frequencies of the gravita-
tional wave signal at closest and farthest approach. The
modification introduced by [32] ensures that the new
eccentricity definition has the correct Newtonian limit
while also eliminating the coordinate-dependence of the
earlier definition. Another notable advantage of this def-
inition is that it enables us to calculate the eccentricity
at any point of the binary evolution as long as there are
multiple orbital periods in the simulation [34]. However,
in the cases when the binary orbit is highly eccentric and
the two bodies directly plunge without notable inspiral
cycles, this definition cannot be used. A remedy in this
case is to use gauge-invariant combinations of energy and
angular momentum, introduced in [35, 36].

The RIT waveform family employs a different, instan-
taneous eccentricity definition that can be used even if
the simulated waveform duration is less than one orbital
period [14, 37]. In this framework, eccentricity is defined
at the apocenter to be e = 2¢ — €2, where € = 1 — p; /Py qge-
Here, p; is the binary’s tangential momentum, while p; ¢
is what the same binary’s momentum would be at the
same separation if the orbit was quasicircular. This defi-
nition, however, only enables the characterization of the
eccentricity at the initial point of the simulated evolution.

A full list of the NR waveforms used in this study can
be found in Appendix A.

B. Effective One Body Formalism Waveforms

In the low-mass parameter space, we require semi-
analytical models to generate eBBH waveforms, since it
would be computationally very expensive to use NR sim-
ulations in this regime due to the required duration of the
simulation to cover the full detectable frequency band.

For this purpose we adopted the gravitational wave-
form model based on the effective-one-body (EOB) for-
malism, called TEOBResumS [22, 38, 39]. In this
model, the part of the gravitational waveform up to
merger is generated by resumming post-Newtonian re-
sults. The final portion of the waveform is constructed
using quasi-circular, NR-informed merger and ringdown
[40-42]. This latter choice is due to its simplicity and
the limited availability of eccentric NR waveforms cover-
ing the required parameter space.

The eccentric TEOBResumS model, dubbed as
TEOBResumsS-Dali, generates stable waveforms up to an
eccentricity of about e ~ 0.9. However, the waveforms
have only been validated with mildly eccentric NR wave-
forms from the SXS collaboration up to an eccentricity
of ~ 0.3 [22, 39, 43|, and up to moderate eccentricities in
[16, 44], making the reliability of the waveforms at higher
eccentricities uncertain. Therefore, our results below also
represent a test of these waveforms at higher eccentrici-
ties in comparison to NR waveforms.

In [44], the TEOBResumS-Dali model was also vali-
dated against waveforms representing initially unbound,
comparable-mass binary black hole systems, which result



in either dynamical captures or scatterings. [45] gener-
ated a new suite of NR waveforms representing dynamical
captures using the EinsteinToolkit Software [46], and
used these to validate the TEOBResumS-Dali model.

Future work will involve consistency checks of
the TEOBResumS model incorporating eccentricity-
informed merger and ringdown amplitudes computed in
[36, 47]. This modification will improve the model’s ac-
curacy for high eccentricities.

C. Prescription for Initial Conditions of Waveforms

Since eccentricity is a time-dependent quantity, and
given the multiple methods to compute it, it is impor-
tant to ensure for our comparison that eccentricity def-
initions are consistent between waveforms. There have
been various approaches to define eccentricity of binary
compact object orbits, a summary of which can be found
in [48]. To ensure that the waveforms from each approach
are generated with the same parameters, we specified the
initial conditions as physical phase-space variables rather
than gravitational-wave parameters fio, and eccentric-
ity e. The eccentricity at any point in time can then
be calculated a posteriori using properties of the gener-
ated waveform. For the actual eccentricity calculation,
we adopted the prescription followed in [31], based on
[32, 33, 49].

In the cases where we do not have sufficient
gravitational-wave cycles to use this prescription, we use
a definition of eccentricity which can be derived directly
from the phase-space variables [14, 37]. We additionally
also verified that the two different approaches give simi-
lar estimates of eccentricity (within 5%) in the parameter
space where both definitions are employable.

Eccentric waveforms for the TEOBResumS model
are generated by specifying the initial conditions of
the system using mass-reduced phase-space variables
(ro, Eo, pg ) along with other source properties like the
total mass, M = mj 4+ mo and mass ratio ¢ = mo/m;.
The EOB variables are related to physical variables as:
(i) 7o = R/M derived from R, the relative separation be-
tween the two bodies, (i) Ey = E;/M derived from F;,
the initial energy of the system and (iii) pg = P¢/(uM)
derived from P(? , the initial angular momentum of the
binary, where y = mymq/M. We optimize (ro,EO,pg)
about the values from the metadata of the chosen NR
waveform set to ensure that both waveform models are
generated with the same initial conditions. The system
evolution begins at the apastron.

This alternative method of defining the initial con-
ditions for eccentric waveforms using phase-space vari-
ables instead of the traditional eccentricity and initial
frequency allowed us to avoid discrepancies arising from
the varying definitions of eccentricity between models,
while also enabling us to explore the high-eccentricity
parameter space. Furthermore, this method ensures that

we are able to generate stable waveforms with the TEO-
BResumS model for the entire eccentricity space.

III. WAVEFORM MODEL CONSISTENCY BY
DIRECT COMPARISON

As an initial check for consistency, we compared the
signal strengths of the waveforms obtained with our two
NR models for a range of eccentricities. Signal strength
is quantified using the signal-to-noise ratio (SNR) which
is calculated as:

> AP
SNR_/0 dfisn(f) (1)

h(f) represents the frequency-domain waveform obtained
through a Fourier transform of the corresponding time-
domain waveform h(t). S,(f) represents the one-
sided power spectral density (PSD) [50] of the detec-
tor noise. For the SNR computations in this paper, we
used the detector noise from the third observing run of
LIGO/Virgo/KAGRA.

Figure 1 shows the time-domain waveforms and cor-
responding SNRs for select waveforms from both RIT
and TEOBResumS models. We see that the SNRs are
in good agreement with each other up to an eccentricity
of ~ 0.7. For low to moderate eccentricities, the quasi-
circular merger of the TEOBResumS model does very
well to accurately describe the process because the bi-
nary has sufficient cycles to circularize before merger. It
is unclear whether residual differences are due to wave-
form inaccuracies or intrinsic NR error, given the avail-
ability of single resolution NR waveforms only. For higher
eccentricities, the distance of closest approach is compa-
rable in magnitude to the last stable orbit (LSO) and
therefore the binary merges quickly. As shown in Figure
1, a quasi-circular merger-ringdown is not sufficient to
accurately represent the final stages of the binary coa-
lescence [36], as the binary does not have adequate time
to circularize. The discrepancy in the SNRs for the two
waveforms at high eccentricities is therefore justifiable.
In section V A, we will describe the results of consistency
checks that we performed within the framework of our
search algorithm.

IV. SEARCH ALGORITHM AND INJECTIONS

A key question for detecting eBBH coalescenses is the
rate density of their occurrence in different astrophysical
formation scenarios. Computing the rate density based
on measurements requires the quantification of how sen-
sitive we are to such sources. We computed this sen-
sitivity as a function of source parameters by injecting
simulated eBBH waveforms with various source parame-
ters into the data obtained from the third observing run
of LIGO/Virgo/KAGRA (03) [51], and detect them with
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FIG. 1: Comparison of time-domain waveforms for the two different waveform approximants (indicated in the
legend) for equal mass binary systems with total mass = 100 M. The simulations start at an orbital separation
that translates to an orbital frequency (at apastron) of fio, = 5 Hz. The eccentricity values indicated in the legend

are defined at the same fj.y .

our search algorithm of choice. Using the ratio of recov-
ered to injected signals, we estimated our sensitivity as
a function of total binary mass M in the source frame,
mass ratio g and eccentricity e.

We additionally used the estimated sensitivity to check
for consistency between the two waveform models.

A. Search Pipeline

For our search, we employed coherent WaveBurst
(cWB; Klimenko et al. 52, Klimenko et al. 53, Klimenko
et al. 54, Tiwari et al. 55), a model-agnostic search
pipeline that uses minimal assumptions about the signal
waveform. No comprehensive eccentric waveform tem-
plate bank currently exists (template based searches that
use quasi-circular templates have some, albeit reduced,
sensitivity to eccentric mergers [56, 57]).

The ¢WB algorithm looks for excess power in time-
frequency representations of detector data using appro-
priate clustering algorithms. Clusters which have en-

ergy above the expected detector noise fluctuations are
categorized as events by the cWB algorithm. For each
event, cWB constructs summary statistics that describe
different properties of the events, for example, the du-
ration, central frequency of the signal, correlation of the
signal across the detectors, etc. Thresholds are placed
on these summary statistics to better distinguish be-
tween true gravitational-wave events and noise fluctua-
tions that can mimic gravitational-wave signals. This
technique also works to increase the significance of can-
didate events. The cWB search performs well for chirp
masses M, > 30 Mg, and its sensitivity remains robust
to changes in eccentricity for e < 0.6 [57]. For our anal-
ysis, we used thresholds that maximized sensitivity to
signals from eBBH coalescences. These optimized eBBH
thresholds were introduced in [31].
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FIG. 2: Sensitive distance as a function of eccentricity
for NR and TEOBResumS waveforms for masses
ranging from 30 Mg to 250 M, for an IFAR threshold
of 10 yr. The subfigures 2a and 2b are for mass ratios
g = 1.0 and ¢ = 0.5 respectively. Eccentricities are
defined at an orbital separation that corresponds to
gravitational-wave frequency of f,, = 5 Hz for a system
with total mass 100 M. In both cases, when we see
significant deviations between sensitive distance with
TEOBResumS and NR injections, we denote these
instances with grey dashed lines.

B. Injections

We injected simulated eBBH signals into detector
data from the first half of the third observing run of
LIGO/Virgo/KAGRA (0O3a). The total mass parame-
ter space, M € [30 Mg, 250 Mg] was covered using the
different waveform models described in Section II. For
the TEOBResumS waveform model we generated signals
within the total mass range M € [30 Mg, 100 Mg]. For

the SXS NR waveforms, we generated injections within
the total mass range M € [70 Mg, 200 My]. For the
RIT NR waveforms we generated injections in the M €
[100 Mg, 250 M| total mass range. For each eccentric-
ity, the waveforms were generated using the (rg, Fo, pg )
values obtained from the metadata of NR waveforms cor-
responding to that eccentricity.

The injected signals for each fixed source parameters of
(M, e, q) were uniformly distributed in sky location (6, ¢)
and inclination ¢. Injections were performed roughly ev-
ery 100s throughout O3a data. The signals were dis-
tributed uniformly in comoving volume up to a maxi-
mum redshift that was specific to each (M, e, ¢), ensuring
that the number of injections well beyond detection range
are minimized. Sensitive volume-time (VT) and sensitive
distance (defined in Eq. (5) and (6) of [58]) were calcu-
lated using the fraction of recovered to injected signals,
where a recovered signal is one that has an inverse false
alarm rate (IFAR) > 10yr.

V. RESULTS
A. Search Sensitivity

Figure 2 shows search sensitivity results for the en-
tire mass space, separately for mass ratios ¢ = 1.0
and ¢ = 0.5. For both mass ratios under considera-
tion, we find that there is strong agreement between the
sensitivities obtained using the RIT and TEOBResumS
waveforms up to moderately high eccentricities. Beyond
ep = 0.7 however, the mismatches increase significantly.
As seen in Figure 1, beyond this eccentricity, the wave-
forms essentially only comprise of the merger. Since the
TEOBResumS waveforms employed in this study are cal-
ibrated to quasi-circular NR waveforms for the merger
phase, they do not accurately capture the physics of the
merger-ringdown phase of the eccentric waveform. We
see this trend in lower masses as well, where we would
expect sensitivities to drop for highly eccentric systems.
Instead we see a saturation in sensitivity for e > 0.7
across the mass bins and mass ratios that were exam-
ined. Therefore, we conclude that within the context
of our unmodeled search algorithm, current TEOBRe-
sum$ waveforms [22, 38, 39] are valid up to initial eccen-
tricities of 0.7, defined at initial separations that corre-
spond to fiow = 5 Hz for a binary with total source mass
M =100Mg.

We further find strong agreement between the sensi-
tivities obtained for the SXS and RIT NR waveforms for
the same parameters. This demonstrates that, at least to
the extent of sensitivity, the two NR waveform families
are consistent with each other.



B. Astrophysical Implications

In addition to gaining an understanding of the wave-
form systematics relating to the TEOBResumS model, a
benefit of characterizing the sensitivity as a function of
(M, e, q) is that it allows us to calculate sensitive volume-
time (henceforth referred to as just VT) for any astro-
physical population for which we know the distribution in
(M, e,q). From the cWB sensitivity study, we have VT as
a function of M, e and ¢ for discrete points in this three-
dimensional space. We interpolate between the available
points to obtain a continuous VT'(M,e,q). With this
function and available distributions of eccentric binary
populations from literature (f(M, e, q)), we can compute
an effective VT for each population which is given by

250M® €high 1.0
wry= [ [ [ vrOneq) feq)
3 0 0.5

0Mg
dMdedq (2)

Here, epjgn is the upper limit in eccentricity for which
the waveforms have been shown to be valid. The ec-
centricities must be defined at a fixed frequency, as the
available information on eccentricity distributions for dif-
ferent astrophysical populations corresponds to a fixed
gravitational-wave emission frequency, defined at apas-
tron. We used the post-Newtonian (PN) expressions
derived in [59] to extrapolate our eccentricities to a
gravitational-wave emission frequency of 15 Hz. We how-
ever observe that for ey > 0.6, this prescription yields un-
physical results. In this study, we therefore limited the
VT computations to only include results from waveforms
that have initial eccentricity, ey < 0.6 for all mass bins.

Once we obtained VT for each population under con-
sideration, we place upper limits to merger rates assum-
ing that all the gravitational-wave candidates that have
been identified so far are consistent with non-eccentric
binaries. Our results are shown in Table I.

(M) pla)  ple) [G;/CEW]

GWTC-3 GWTC-3 2(1 —e) 1.49
GWTC-3 GWTC-3 uniform  1.49

M™23  uniform 2(1—e) 2.04
M~23  uniform uniform  2.02
AGN AGN  2(1—e) 261
AGN AGN  uniform 2.65

TABLE I: Total volume-time covered by our search for
various source total mass, mass ratio, and eccentricity
distributions.

VI. CONCLUSIONS

We carried out a sensitivity and consistency study for
three eccentric binary merger waveform families, includ-
ing the SXS and RIT NR waveforms and the TEOBRe-
sum$ semi-analytical waveforms. We determined the sen-
sitivity of the LIGO detectors during their O3a observing
run to eccentric waveforms as a function of mass, mass
ratio and eccentricity (assuming zero spin). Our conclu-
sions are summarized as follows:

. The current version of the TEOBResumS-Dali
waveform model, which uses a quasi-circular
merger-ringdown prescription, is valid for GW
searches up to e ~ 0.7 for the initial frequencies
considered in this work.

) We found close to equal sensitivities for the SXS,
RIT and TEOBResumS (e < 0.7) waveforms for
the mass and eccentricity ranges at which we were
able to compare them to each other (see Fig. 2).
This supports the utility of each of these waveforms
to determine search sensitivity, and is encouraging
for their potential utility in parameter estimation.

. With the obtained search sensitivity we found
the VT probed during the O3 observing run
of LIGO/Virgo/KAGRA, generally around 1.5 —
2.5 Gpclyr with some model dependency, as seen
in Table I. Assuming non-detection of eccentric
events, this corresponds to an upper limit of ~ 1 —
1.5Gpc™2 yr~=! on eBBH merger rates at 90% con-
fidence level [60-62]. This is consistent with theo-
retical merger rate predictions in literature [63, 64].
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Appendix A: List of NR Waveforms

Table IT lists the numerical relativity simulations used
in this study. The eccentrcities cited here are defined at
an orbital separation that corresponds to a gravitational-
wave frequency of 5 Hz (defined at apastron) for a binary
system with total source-frame mass 100 M. Since the
SXS simulations start at a higher frequency, we extrapo-
lated the eccentricities to 5 Hz using the post-Newtonian
expressions derived in [59].

q e Waveform ID

0.5 0.22 SXS:BBH:1365
0.5 0.24 SXS:BBH:1366
0.5 0.26 SXS:BBH:1369
0.5 0.33 SXS:BBH:1370
1.0 0.09 SXS:BBH:1355
1.0 0.14 SXS:BBH:1357
1.0 0.25 SXS:BBH:1361
1.0 0.23 SXS:BBH:1362
1.0 0.37 SXS:BBH:1363
0.5 0.00 RIT:eBBH:1200
0.5 0.19 RIT:eBBH:1422
0.5 0.36 RIT:eBBH:1423
0.5 0.51 RIT:eBBH:1426
0.5 0.62 RIT:eBBH:1429
0.5 0.75 RIT:eBBH:1433
0.5 0.88 RIT:eBBH:1436
1.0 0.00 RIT:eBBH:1090
1.0 0.19 RIT:eBBH:1282
1.0 0.28 RIT:eBBH:1283
1.0 0.40 RIT:eBBH:1286
1.0 0.50 RIT:eBBH:1301
1.0 0.59 RIT:eBBH:1313
1.0 0.70 RIT:eBBH:1317
1.0 0.88 RIT:eBBH:1321

TABLE II: Parameters of the numerical relativity
simulations adopted from the SXS binary black hole
simulations Catalog [25, 30] and the 4*® RIT catalog
[19]. Columns show the binary’s mass ratio, and initial
eccentricity. The spin amplitudes S; and Ss of the two
black holes in the binary are 0 for all simulations in this
table.
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