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H I G H L I G H T S

An extended population balance model
(PBM) is developed for biomass com-
minution.
Biomass feed moisture is added in the
PBM as a new input parameter.
An enhanced deep neutral operator (DNO+)
model is developed for biomass com-
minution.
DNO+ allows for influencing factors such
as moisture and screen size as extra
inputs.
Both models are remarkably accurate
in the calibration or training parameter
space.
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A B S T R A C T

An extended population balance model (PBM) and a deep learning-based enhanced deep neural operator
(DNO+) model are introduced for predicting particle size distribution (PSD) of comminuted biomass through
a large knife mill. Experimental tests using corn stalks with varied moisture contents, mill blade speeds, and
discharge screen sizes are conducted to support model development. A novel mechanism in the extended PBM
allows for including additional input parameters such as moisture content, which is not possible in the original
PBM. The DNO+ model can include influencing factors of different data types such as moisture content and
discharge screen size, which significantly extends the engineering applicability of the standard DNO model
that only admits feed PSD and outcome PSD. Test results show that both models are remarkably accurate in
the calibration or training parameter space and can be used as surrogate models to provide effective guidance
for biomass preprocessing design.
1. Introduction

Despite the growing production of biofuels and biochemicals, pro-
cesses involving granular biomass remain not well understood or con-
trolled in contrast to the processing of fluids [1]. Biomass preprocessing
refers to unit operations in a biorefinery to improve bulk flowability,
reduce cellulose crystallinity, increase biomass porosity, and enhance
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enzyme accessibility [2]. As a critical step in biomass preprocessing,
comminution plays a vital role in source material sorting and size
reduction that increases the surface area and enhances the accessibility
of biomass to the subsequent processes. Particle size distribution (PSD)
of comminuted biomass is a critical material attribute that directly
impacts materials handling and conversion performance [3]. However,
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Nomenclature

Symbols

𝛼 Fitting parameter related to breakage func-
tion characterization in the PBM

𝐒 Vector for breakage probability
𝐩in Vector for mass percentage distribution of

feed particles
𝐩out Vector for mass percentage distribution of

discharged particles
𝐱 Vector for particle size sequence
𝑩 Breakage function matrix
𝜱in Vector for cumulative mass percentage

distribution of feed particles
𝜱out Vector for cumulative mass percentage

distribution of discharged particles
𝑪 Classification matrix
𝒈,𝒇 Continuous vector functions
𝑿 Breakage matrix
𝛾 Fitting parameter related to breakage func-

tion characterization in the PBM
ℱ Fully connected neural network operator
ℒ Convolutional neural network operator
𝜇 Mean value
𝜙 Activation function of neural network
𝜎 Standard deviation
𝐶𝐼 Confidence interval of measurement
𝑑scr Screen size (m)
𝑓res Material’s resistance to breaking under the

impact energy (kg J−1 m−1)
𝐺, 𝐹 ,𝐻 Nonlinear continuous operators
𝑘 A superscript to denote the sequence of

impact between mill knife and particles
𝑀.𝐶. Moisture content (%)
𝑚dry Mass of dried corn stalks (kg)
𝑚wet Mass of water-treated corn stalks (kg)
𝑞 Exponent of the heuristic power law
𝑣 Linear velocity of the mill blade tip (m s−1)
𝑤kin Impact specific kinetic energy (J kg−1)
𝑤min Minimum specific energy required for

breakage (J kg−1)
𝑥min Minimum particle size (m)
𝐦(𝑘) Vector for mass percentage of impacted

particles in mill chamber after 𝑘th impact
𝐫(𝑘) Vector for mass percentage of remainder

particles in mill chamber after 𝑘th impact
D10 Particle sieve size corresponding to 10% of

cumulative mass (m)
D50 Particle sieve size corresponding to 50% of

cumulative mass (m)
D90 Particle sieve size corresponding to 90% of

cumulative mass (m)
DEM Discrete Element Method
DNN Deep Neural Network
DNO+ Enhanced Deep Neural Operator
DNO Deep Neural Operator
PBM Population Balance Model
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almost no mill on the market is designed specifically for biomass
comminution. In biomass preprocessing, how to properly operate an
existing mill originally designed for other materials such as agricultural
produces is less explored. The lack of knowledge to predict particle
size distribution of comminuted biomass based on existing mills can
result in the use of unsuitable material properties or mill processing
parameters that contribute to process upsets such as material jamming
or clogging in the transport and feeding operations, and eventually
poor conversion and yield rate [4]. Predictive models for particle size
distribution of comminuted biomass based on the feed material proper-
ties and mill processing parameters are desired for the optimal design
of biomass preprocessing in a biorefinery. Computational models and
analytical models have been developed and used for the comminution
process in the past. A brief literature survey is as follows.

Computational models based on the discrete element method (DEM)
have been used for simulating the comminution process by explic-
itly considering the inter-particle and particle–boundary interactions,
and fragmentation phenomena [5]. Particle size distribution of com-
minuted materials depends on the complex interplay between feed
material properties and mill processing parameters, encompassing cou-
pled multi-physics mechanisms such as contact and fracture mechanics,
surface physics, fluid dynamics, and even thermal effects on materi-
als [6]. DEM simulations of attrition mills and crushing mills have
been used to understand the comminution outcome as a function of
material properties and mill processing parameters for hard-brittle
materials, such as mineral ores [7], gravel [8], coal [9], pharmaceutical
powders [10], lactose [11], and bone material [12]. More examples
were summarized in a review on the contribution of DEM to the
science of comminution [13]. In those DEM simulations, the fragmen-
tation of brittle materials were modeled using a composite-particle
approach [14,15], where larger primary particles were fabricated by
‘‘gluing’’ smaller particles with cohesive bonds. In this DEM model,
particle breakage is not due to fracture or crack propagation, but due
to bigger particles (agglomerates) disintegrating into clusters of smaller
particles [16] based on predefined breakage functions [17]. In contrast
to the hard-brittle materials aforementioned, biomass such as corn
stover is much softer and flexible and thus, the DEM models that do not
resolve particle deformation are not suitable for biomass. The recent
introduction of various deformable DEM particle models [18], such as
the bonded-sphere model [19] and bonded sphero-cylinder model [20],
has made it possible to simulate the granular flow dynamics and
breakage of biomass such as corn stalks [21,22], wheat stems [23,24],
pinewood [25,26], and switchgrass [27]. Despite the value of DEM sim-
ulations to elucidate the criticality and optimal ranges of feed material
properties and mill processing parameters, DEM simulations are too
expensive for use to support the rapid design of biomass preprocessing
pathways with changing feed materials and operating conditions. For
example, it can take a few days to complete a DEM simulation of knife
mill of one corn stalk on a workstation, depending on the stalk size
and discharge screen size [28]. Therefore, predictive models of biomass
comminution that do not require excessive computing time are desired
by system engineers among industry stakeholders.

Analytical models based on the population balance model (PBM)
for predicting comminution outcome have a firm theoretical founda-
tion in probabilistic breakage mechanics based on the mean particle
properties [29,30]. The development of PBM models [31,32] and their
calibration against physical experimental data have focused on the
comminution of hard-brittle materials such as acryl and limestone [33],
and pharmaceutical extrudates [34]. In their pioneer work, Gil et al.
[35] adapted the underlying theory of PBM to describe the breakage
behavior of herbaceous biomass (corn stover) and woody biomass
(poplar), respectively, under single impact in a laboratory bench-scale
impact mill. Subsequently, Gil et al. [36] formally introduced PBM, as
well as the classification system modeling and the calculation of the
number of impact, and tested the model for the milling of different

types of biomass in a laboratory bench-scale impact mill. Like the
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calibration of DEM models, PBM models also require new experimental
data for re-calibrating parameters when new materials are used in a
tested mill, or for re-validation when a new mill is used for a tested
material. Because PBM models do not track transient granular flow
dynamics or fragmentation phenomena like DEM, they require literally
negligible computing time in contrast to DEM, and therefore they are
potential models for supporting the rapid design or re-configuration of
biomass preprocessing pathways as part of a digital system. Despite
the relative low cost of PBM, however, the current PBM theory has
a limitation that it does not include moisture content (M.C.) as an
input parameter, which is a critical material attribute influencing the
comminution performance of not only biomass [37] but also other
materials such as flowers [38] and food resources [39]. Furthermore, to
the best of the authors’ knowledge, the feasibility of PBM for biomass
comminution at the bench scale [36] has not been investigated for
application to production-scale mills.

In the meantime, the rapid advancement of machine learning (ML)
technologies has attracted the attention of the bioenergy research
community [40]. Machine learning enables accurate predictions based
on the analysis of large volumes of complex data and the identification
of sophisticated patterns, and can be considered as complementary
approaches to PBM for predicting the performance of biomass feedstock
preprocessing. Among the machine learning algorithms, deep neural
network (DNN) models were designed to mimic the structure and func-
tionality of human intelligence by enabling the process of learning from
a vast amount of data. In the bioenergy research area, the deep neural
network models showed promising results in applications such as classi-
fication of biomass constituents [41], biochar yield prediction [42,43],
and optimization of biomass pyrolysis [44]. The further development of
deep neural networks resulted in the deep neural operator (DNO) model
that expands the capabilities of deep neural networks. DNO refers to a
class of deep learning models specifically designed for solving complex
mathematical and scientific problems [45–48]. Unlike the early neural
network models designed to learn the mapping from inputs to outputs,
DNO models learn the underlying operators or functions autonomously.
These operators can be differential operators, integral operators, or
other mathematical operators that are commonly encountered in sci-
entific disciplines. So far, the machine learning method for predicting
biomass comminution is relatively an unexplored area.

The objective of this work is to assess, improve, and extend the
predictive models for biomass comminution beyond the bench-scale
mill and toward the production-scale mill. The research effort consisted
of three integral parts. First, corn stover and a production-scale knife
mill were chosen for generating experimental testing data of biomass
comminution to facilitate the development, calibration, and validation
of new predictive models. Second, the feasibility of adapting the current
PBM model for biomass comminution to the production-scale knife
mill was assessed via calibration based on the experimental data. Also,
a novel method was developed to incorporate the influence of feed
moisture content in the PBM process. Third, a novel machine learning-
based model, namely the enhanced deep neural operator (DNO+), was
introduced for predicting the particle size distribution of comminuted
biomass from the production-scale knife mill. The DNO+ model for
biomass comminution incorporates the dynamic mapping function in
the DNO algorithm [49], and in addition, takes into account of ma-
terial properties and processing parameters that critically influence
the outcome, such as feed moisture content and mill discharge screen
size. This allows for the DNO+ model to overcome the limitation of
the current PBM, and upon training, to acquire the ability to predict
biomass comminution.

The remainder of this work is organized as follows. Section 2
introduces the experimental setup, equipment operation, and data ac-
quisition in support of the model development. Section 3 describes the
PBM and DNO+ models. Section 4 presents the results of the models for
predicting particle size distribution of comminuted corn stover given
different feed particle size distribution, discharge screen sizes, and feed
moisture contents as model inputs. Finally, Section 5 concludes the
3

main findings of this work.
2. Experimental methods

Manually sorted corn stalks were used as the research sample in-
stead of whole corn stover that contains various anatomical fractions
such stalks, husks, leaves, and cobs [50]. Each anatomical fraction has
very different size ranges and material attributes, and thus can behave
very differently in a comminution process. The effort to understand
the comminution of all individual anatomical fractions is beyond the
present scope. Since stalks account for the biggest mass fraction of corn
stover (about 50%), the use of stalks is representative in this study
and avoids influence from other anatomical fractions. An experimental
comminution test was designed to investigate factors that can influence
the particle size distribution of comminuted material. The objective
of the test was to analyze the criticality of the factors (particle size
distribution and moisture content of the feed material, blade tip speed,
discharge screen size, etc.) on the comminution outcome, and provide
experimental data to support the development of predictive models.

2.1. Milling equipment

A G1635 Granulator knife mill (Jordan Reduction Solutions (JRS),
Birmingham, Alabama) [51] was used as the mechanical size reduction
method for corn stalks in this study. A knife mill slices corn stalks
and typically produces small pieces (similar to chopping with a knife)
whereas a hammer mill grinds corn stalks and typically produces long
thin pieces (similar to a mortar and pestle). More description about
the mechanisms of different mills can be found in the literature [52].
The JRS knife mill is composed of several parts based on its structure:
feed bin, mill throat, mill chamber, discharge screen, and collection bin,
shown in Fig. 1. The mill throat consists of 2 stationary knives and 5
equally spaced rotary knives, each 0.895 m long, on a 0.362 m diameter
rotor. The clearance between the stationary knives and rotary knives is
about 0.3 mm. The tip speed of the rotary blade is about 10 m s−1. The
discharge screen has approximately 0.284 m2 surface area, and change-
able perforations from 76 mm (3 in.) to 6.35 mm (0.25 in.). The knife
blades are made of hardened steel inlays and sharpened. A sharp knife
edge ensures a consistent particle size distribution. If the knife edges
are dull, they tend to crush or tear the material instead of delivering
clean shear cut. In addition, excessive heat generated during milling
can result in material degradation or even combustion, especially when
processing biomass at low moisture content. To balance between the
milling efficiency and the heat generated during the process, the knives
are sharpened to a modest angle of 45 degrees.

2.2. Feeding approach

In this experimental test, corn stalks were fed into the feed bin
individually with gap time between the feeding of each stalk to allow
for sufficient milling and discharging. As a result, this excluded feeding
mass rate as an influencing factor in the comminution outcome. Feeding
mass rate was not considered as a variable parameter, because of
the limited amount of manually sorted corn stalks needed for the
parametric studies of parameters such as feed moisture content, blade
tip speed, and discharge screen size. Therefore, the prediction models
to be introduced in this work will not include time-dependent input
parameters such as feeding mass rate, or output quantities such as
discharging mass rate. It is worth noting that the DEM simulations
resolve the transient motion and breakage of individual corn stalks in
a knife mill and thus can predict the comminution time, though at the
cost of tremendous computing time [28].

Before the comminution test, the dimensions of the corn stalks were
measured manually with a digital caliper to the nearest 0.01 mm.
If particle length, and breadth (major axis) and width (minor axis)
of the approximate elliptic cross-sectional area are used to describe
the particle dimensions of both the feed corn stalks and comminuted
fragments, particle width is the smallest dimension and the particles
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Fig. 1. Photograph of a G1635 Granulator knife mill system at Idaho National Laboratory.
Fig. 2. Characterized dimensions of the initial corn stalk samples: (a) particle length distribution, (b) particle breadth and width distribution, and (c) aspect ratio distribution.
ave a large aspect ratio of length and width [53]. The characterized
imensions of the feed corn stalks are shown in Fig. 2, which were
ased on an analytical split of over 300 measured corn stalks. To be
onsistent with the size characterization of the comminuted particles,
he particle width distribution of the feed corn stalks is regarded as the
article size distribution of the feed material, shown as the red profile in
ig. 2b.

.3. Moisture control

To prepare the comminution tests for the feed corn stalks at dif-
erent levels of moisture content, water was added to the corn stalks
ravimetrically to increase the moisture content. Notice that adding
oisture can impact the properties of corn stalks. However, due to the
ogistics systems for the collection of corn stover after grain harvest,
aterial bailing, storage, and feedstock queuing to supply a biorefinery
or yearly operation with a crop that is harvested once a year, it is
nrealistic that the properties and analysis should be based on the
‘green’’ stalk samples. The material used in this study were collected
nd baled from an operating farm in Iowa, and transported to Idaho
ational Laboratory. In the lab, the bale was opened and the stalks were
ecovered. From the time of harvest and baling through intermediate
torage and then testing in the lab, the material naturally went through
etting/drying cycles due to climatic shifts, temperature changes, and
recipitation events. For this study, all samples were treated the same
rom receipt at the lab and were never dried other than through natural
onditions to limit hornification. From this point, it is adequate to add
oisture to the stalk samples and allow them to equilibrate to represent
imilar real-case scenarios that a biorefinery might experience.
To determine the moisture content of the water-treated corn stalks,

small portion of the sample was collected from the batch and weighed
o measure the mass 𝑚wet . The sample was then placed in a low-
emperature oven for drying and then measured for its mass 𝑚dry. The
ry corn stalks still contain about 5% moisture content as bonded water
4

in cells. The moisture content of water-treated corn stalks is measured
by

𝑀.𝐶. =
𝑚wet − 𝑚dry

𝑚wet
. (1)

The samples used in the moisture measurement were discarded. The re-
maining material, assuming homogeneously water treated, underwent
one of the two approaches to achieve the target moisture content for
use in the comminution test. If the moisture content was higher than
the target level, the material was then placed in a low-temperature oven
for slow drying to reach the target moisture content. Conversely, more
water was added to the material until the target moisture content was
attained. Once the target moisture content was reached, the material
was measured again to ensure that the actual moisture content was
within a few percent of difference from the target value. It is crucial
to store all the samples for at least 24 h before using them in the
comminution test. Dry stalks were stored in sealed containers at room
temperature. Water-treated stalks were stored in sealed containers in
cold storage. These preparations ensured that the samples and water
had sufficient time to equilibrate to reach a consistent moisture content
in the samples.

2.4. Comminuted particle size measurement

A series of corn stalk comminution tests were conducted in the
JRS knife mill with the different combinations of blade tip speed,
feed moisture content, and discharge screen size, shown in Table 1.
The screen size refers to the diameter of perforations on the dis-
charge screen. In the mill chamber, corn stalks were size reduced
to smaller particles upon impact with the blades. The particles that
became sufficiently small to pass through the discharge screen fell into
the collection bin. Almost all the materials eventually fell through and
the mass percentage of the residual material inside the mill chamber
was negligible.

Particle size distributions of comminuted particles were measured
in a W.S. Tyler RX-30 Rotap (W.S. Tyler, Mentor, Ohio). This devices
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Table 1
The list of physical testing conditions for the JRS knife mill operation of corn stalks.
Testing no. Blade tip speed (m s−1) Moisture content (%) Screen size (mm)

1 6.5 20 12.70
2 6.5 20 19.05
3 6.5 40 12.70
4 6.5 40 19.05
5 8.2 20 12.70
6 8.2 20 19.05
7 8.2 40 12.70
8 8.2 40 19.05
9 9.8 20 12.70
10 9.8 20 19.05
11 9.8 40 12.70
12 9.8 40 19.05

uses a stack of selected analytical sieves, from largest to smallest, to
separate particles using a rotational base and a tapping arm on top of
the stack. For the comminuted particles collected from the 19.05 mm
discharge screen, this study used 18 layers of sieves (i.e., 13.2, 11.2,
9.53, 6.35, 5.6, 3.35, 2.36, 2, 1.7, 1.4, 1.18, 1, 0.85, 0.71, 0.6, 0.425,
0.25, and 0.18 mm) along with a solid fines pan. or the comminuted
particles collected from the 12.70 mm discharge screen, this study used
17 layers of sieves (i.e., 9.53, 6.35, 5.6, 3.35, 2.36, 2, 1.7, 1.4, 1.18, 1,
0.85, 0.71, 0.6, 0.425, 0.25, 0.18, and 0.15 mm) along with a solid
fines pan. Sieve sizes represent approximately the smallest dimensions
of comminuted corn stalks (i.e., particle width) and they correspond to
the particle size distribution of comminuted particles in this work.

The amount of experimental data sets collected in this study is not
ecessarily abundant. However, for process engineering like comminu-
ion, it takes a large amount of costs to obtain even one data set that
orresponds to one comminution test, including source material pro-
urement and sorting, sample preparation, operation safety inspection,
ngineer labor, equipment configuration and maintenance, and data
haracterization. Due to these factors, data sparsity is and will still be
challenge for the development of data-driven biomass preprocessing
nalysis tools.

. Numerical methods

This section describes the PBM model and the deep learning-based
NO+ model for predicting the particle size distribution of comminuted
iomass in a production-scale knife mill. These models were imple-
ented in a Python code framework and calibrated based on the
eference data (either physical or numerical), as shown in Fig. 3. The
BM model was implemented as the baseline model to demonstrate its
unctionality as well as the known limitations. The DNO+ model was
onstructed to account for moisture content of the feed material as an
xtra input parameter for enhanced accuracy. As a data-driven model,
NO+ requires an adequate amount of data for training to achieve
ccuracy. Thus, in addition to the available (but limited) experimental
ata, tuned PBM prediction results were used as supplementary data for
xtended training of the DNO+ model. Although knife mill is the first
illing mechanism investigated and implemented in this production-
cale mill predictive model code framework, it is designed to easily
o include other types of mill such as hammer mill [37] and rotary
hear mill [54]. Common input parameters include the particle size
istribution of feed material, moisture content, blade tip speed, and
ischarge screen size. Common target predictive metrics include but
ay not be limited to the particle size distribution of comminuted
aterial with regard to cumulative mass.

.1. Population balance model

The principle of population balance model is based on the inte-
ration of multiphysics events through empirical formulas, probability
5

o

theories, and systematic constraints. This section briefly describes the
underlying mechanism of population balance model by using the pre-
diction of the particle size distribution of comminuted corn stalks as an
example. A schematic of the PBM model corresponding to the example
is displayed in Fig. 4, showing the steps of calculations in the PBM
model in consistency with the physical process.

The required input variables to initiate the PBM model workflow
include a vector for mass percentage distribution, 𝐩in, corresponding
to a vector for particle size sequence of feed corn stalk segments, 𝐱. A
rofile for 𝐩in versus 𝐱, or equivalently, cumulative mass percentage dis-
ribution, 𝜱in, versus 𝐱, describes the particle size distribution of feed
aterial. The size for these vectors is 𝑛. This corresponds to material
eeding into a mill in the physical test. The vector 𝐱 does not change
hrough the PBM calculation process and is supposed to have sufficient
esolution of particle size intervals (i.e., sufficient large 𝑛) to capture
he reduced particle sizes after milling. During the breakage stage, 𝐩in
s processed by a breakage matrix, 𝑿, to result in impacted particles in
he mill chamber after a number of impacts, which is represented by a
ector 𝒎(𝑘) for the mass percentage distribution of impacted particles
fter 𝑘th impact. In the classification stage, the vector 𝒎(𝑘) is processed
ith a classification matrix, 𝑪 , which considers the effect of discharge
creen size and the passing efficiency with empirical formulas. Particles
maller than the discharge screen size can pass through the screen with
certain passing ratio of mass and accumulate in a collection bin. In
he meantime, the remainder particles in the mill chamber, which is
epresented by a vector for the mass percentage distribution, 𝐫, are
ubjected to continued grinding.
The event of particle breakage in the PBM model refers to how
group of particulates with an initial particle size distribution break
n response to a single impact, depending on their inherent properties
nd the external impact energy. The process of particle breakage can
e described by a probability function and a breakage function. The
robability of a group of particulates with initial particle size sequence
that break into smaller fragments under a given level of impact energy
s denoted by a vector 𝐒, in which each entry 𝑆(𝑘)

𝑖 can be described with
a master curve [55] as follows,

𝑆(𝑘)
𝑖 = 1 − 𝑒(−𝑓res⋅𝑘⋅(𝑥𝑖⋅𝑤kin−𝑥𝑖⋅𝑤min,𝑖)). (2)

In Eq. (2), 𝑓res represents the material’s resistance to breaking under
the impact energy, 𝑘 means the 𝑘th impact between mill knife and
biomass particle, 𝑥𝑖 is the 𝑖th entry in 𝐱, 𝑤kin is the impact specific
kinetic energy, and 𝑤min is the minimum specific energy required for
breakage. Among those parameters, 𝑤kin can be estimated with 𝑣2∕2,
where 𝑣 is the linear velocity of the mill blade tip. The parameters 𝑓res
and 𝑤min can vary upon other factors such as particle morphology and
material properties, and thus cannot be accurately determined from a
priori calculation or measurement. These two parameters are usually
unknown for a material that has not been studied previously and must
be determined by other approaches such as data fitting, which will be
described later.

The breakage function matrix 𝑩(𝑘) with size of 𝑛 × 𝑛 describes the
particle population resulted from the breakage of primary particles into
secondary particles after 𝑘th impact. 𝑩(𝑘) is a lower triangular matrix
and each entry 𝐵(𝑘)

𝑖,𝑗 can be expressed as [33],

𝐵(𝑘)
𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 , 𝑖 < 𝑗
1 , 𝑖 = 𝑗
1
2

[

1 + tanh
(

𝑥𝑖−𝑥min
𝑥min

)]

⋅
( 𝐱𝑗

𝐱𝑖

)𝑞
, 𝑖 > 𝑗

(3)

with

𝑞 = −
𝛾

(𝑘 ⋅ 𝑥𝑗 ⋅𝑤kin)𝛼

(

𝑣 −
(𝑘 ⋅ 𝑥𝑗 ⋅𝑤kin)𝛼

𝛾
𝑑
)

, (4)

where 𝑥min is the predefined minimum particle size, and 𝑞 is the
xponent of the heuristic power law approximated by a linear function
f the impact velocity 𝑣 [33]. The parameters 𝛾 and 𝛼 are material
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Fig. 3. Schematic of a unified framework for predicting biomass comminution. The population balance model predicts the particle size distribution of comminuted biomass and
provides extra data to support the training of deep learning models. A data-driven model, enhanced deep neural operator (DNO+), is proposed and considers additional material
properties.
Fig. 4. Schematic of the PBM process for corn stover milling machine. According to the sequence of experiments, PBM calculates the stages of corn stover feeding, breakage,
classification, and recycling through the concept of probability, and draws the final prediction results.
properties for breakage function characterization and 𝑑 is a constant
parameter, which can be set as fitting parameters.

The breakage matrix 𝑿(𝑘) with size of 𝑛 × 𝑛 determines the trans-
formation of particles before and after the 𝑘th impact. 𝑿(𝑘) is a lower
triangular matrix defined as

𝑋(𝑘)
𝑖,𝑗 =

⎧

⎪

⎨

⎪

⎩

0 , 𝑖 < 𝑗

1 − 𝑆(𝑘)
𝑖 , 𝑖 = 𝑗

𝑏(𝑘)𝑖,𝑗 ⋅ 𝑆(𝑘)
𝑖 , 𝑖 > 𝑗

(5)

where the diagonal element 𝑋(𝑘)
𝑖,𝑖 = 1 − 𝑆(𝑘)

𝑖 stands for the percentage
of unbroken particles after 𝑘th impact. 𝑋(𝑘) is the fraction of particles
6

𝑖−1,𝑗
generated by the breakage of primary particles 𝑋𝑖,𝑗 . 𝑏
(𝑘)
𝑖,𝑗 is the percent-

age of secondary particles in the 𝑖th size entry generated from primary
particles of the 𝑗th size entry, which can be expressed as,

𝑏(𝑘)𝑖,𝑗 =

{

0 , 𝑖 ≤ 𝑗
𝐵(𝑘)
𝑖+1,𝑗 − 𝐵(𝑘)

𝑖,𝑗 , 𝑖 > 𝑗 (6)

The impacted particles, represented by 𝐦(𝑘), is obtained by

𝐦(𝑘) =

{

𝑿(𝑘) ⋅ 𝐩in , 𝑘 = 1

𝑿(𝑘) ⋅ 𝐫(𝑘) , 𝑘 > 1
(7)

After the first impact (𝑘 = 1), 𝐦(1) is calculated from the breakage
of the mass percentage of feed particles 𝐩in. Particles smaller than
the discharge screen size pass through the screen due to gravity and
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mechanical vibration and become part of the vector 𝐩out for the mass
percentage of discharged particles. The remainder particles in mill
chamber are represented by the vector 𝐫(1) for their mass percentage
and will undergo the following impact cycle, i.e., the following PBM
calculation cycle.

In reality, even when a particle becomes small enough to pass
through the discharge screen, it may not go through immediately but
will remain in mill chamber for extended time. Factors such as particle
orientations and motions and intergranular collisions can affect the
probability of small particles passing through the discharge screen. The
probability of this screening process is characterized by a classification
matrix, 𝑪 , which depends on the ratio between the particle size and
screen size, 𝐱∕𝑑scr . 𝑪 is a diagonal matrix with diagonal elements 𝐶𝑖,𝑖
expressed as,

𝐶𝑖,𝑖 = 1 − (𝑥𝑖∕𝑑scr )2 ⋅ tanh
(

𝑥𝑖∕𝑑scr − 0.02
0.02

)

. (8)

nder the influence of the classification matrix 𝑪 , the vector for mass
ercentage of 𝑘th discharged particles, 𝐩(𝑘)out , and the vector for mass
raction of 𝑘th post-screening remainder particles in mill chamber, 𝐫(𝑘),
re calculated as,
(𝑘)
out = 𝐂 ⋅𝐦(𝑘) (9)

nd
(𝑘) = (𝐼 − 𝐂) ⋅𝐦(𝑘). (10)

he vector for mass percentage of all comminuted particles, 𝐩out , is
alculated as,

out = 𝑪 ⋅

(

𝑿(1) ⋅ 𝐩in +
∞
∑

𝑘=2
𝑿(𝑘) ⋅ 𝐫(𝑘−1)

)

. (11)

he particle size distribution of comminuted particles refers to the
ange in 𝐱 that corresponds to the effective range in 𝐩out , i.e., the range
etween the first value below 1 and the last value above 0 in 𝐩out .
The five parameters that appear in the above calculations, 𝑓res, 𝑤min,

, 𝛼, and 𝑑, are related to feedstock material properties and priori
nknown for a material that has not been previously studied. These
arameters can be determined by fitting the PBM calculation results
o the experimental data. As 𝑤min is related to particle size, the term
𝑖 ⋅𝑤min,𝑖 in Eq. (2) is assumed to be a constant, 𝐱 ⋅𝐰𝑇

min∕𝑛, for a specific
aterial. If 𝐟N is used to represent the set of fitting parameters as,

N =

(

𝑓res,
𝐱 ⋅ 𝐰T

min
𝑛

, 𝛾, 𝛼,
−𝛾

(𝑘 ⋅ 𝑥𝑖 ⋅𝑤kin)𝛼 ⋅ 𝑑

)

=

(

𝑓res,
𝐱 ⋅ 𝐰T

min
𝑛

, 𝛾, 𝛼, 𝑐
𝑑

)

,

(12)

where the fifth parameter is denoted 𝑐∕𝑑 for simplicity and each of the
ive parameters is set to be in a range between 0 and 1. The objective is
o minimize the difference between the experiment output 𝐩Expout (𝐱) and
he PBM output 𝐩PBMout (𝐱, 𝐟N) with 𝐟N. An objective function is written as,

in
{

∑𝑛
𝑖=1 ||𝑝

PBM
out,𝑖 (𝑥𝑖, 𝐟N) − 𝑝Expout,𝑖(𝑥𝑖)||2

}

𝑠.𝑡. 𝐟N ∈ (0, 1).
(13)

hen the fitting parameters are determined, the PBM model can be
sed to predict the particle size distribution of comminuted mate-
ial. A PBM model based on the probability and empirical formula
s numerically stable. An example of PBM calculations is provided in
upplementary Information A for reference.
Despite the relative simplicity of PBM in its formulation and imple-
entation, one must be aware of a few assumptions and limitations of
BM when applying to a milling system. First, the influence of inter-
article collisions and particle–boundary collisions on the resultant
article size distribution of comminuted material is assumed negligible,
7

here the boundary refers to mill chamber casing, mill shaft and
lades, and discharge screen. Second, the milling system is assumed
o operate in a stable condition, where the empirical formulas and
he classification efficiency are considered valid and constant during
he operation. Thus, the use of PBM ignores any possible abnormal
perating conditions or stochastic events in reality that are likely to
ead to unexpected particle size distribution results of comminuted
aterial. Third, the original applications of PBM to the comminu-
ion of conventional bulk solids such as rock granules do not require
onsidering the influence of moisture and thus moisture content of a
aterial is not in the formulation of PBM at all. However, moisture
ontent is a critical material attribute in biomass and has a profound
nfluence on preprocessing, handling, and conversion. A change of
oisture content in biomass feedstocks indicates the need to change
he parameter 𝐟N in Eq. (13), which requires new experimental data
or re-calibrating 𝐟N. Moreover, moisture content does not only affect
N but also the classification efficiency and other mechanisms in the
illing process. To overcome some of the limitations of PBM for
iomass comminution, data-driven approaches were proposed, which
an search for the relationships between the inputs (material attributes,
ill operating conditions, etc.) and outputs (e.g., particle size distri-
ution of comminuted material) from a wider and higher dimensional
pace. A deep learning model is a potential candidate to start with for
his development eventually toward a surrogate model of the milling
rocess.

.2. Enhanced deep neural operator (DNO+)

The DNO+ model does not only aim to find the operator between
he input and output of a system like the standard deep neural oper-
tor but also allows for including new variables which influence the
utcome of the system. The feasibility of DNO+ is derived from the
niversal approximation theorem.
The universal approximation theorem for operator [56] states that

uppose 𝐾1 ⊂ 𝑋, 𝐾2 ⊂ R𝑑 are two compact sets in Banach space 𝑋 and
𝑑 , respectively. 𝑉 is a compact set in 𝐶(𝐾1) which is a Banach space of
ll continuous functions defined on 𝐾1 with ‖𝑓‖𝐶(𝐾1) = max𝑥⊂𝐾 |𝑓 (𝑥)|.

𝜎 is a continuous non-polynomial function. 𝐺 is a nonlinear continuous
operator to map 𝑉 into 𝐶(𝐾2). For any 𝜖 > 0, there are positive integers
𝑛, 𝑝, 𝑚, and constants 𝑐𝑘𝑖 , 𝜉

𝑘
𝑖𝑗 , 𝜃

𝑘
𝑖 , 𝜁𝑘 ∈ R𝑑 , 𝑥𝑗 ∈ 𝐾1, such that

𝐺(𝑢)(𝑦) −
𝑝
∑

𝑘=1

𝑛
∑

𝑖=1
𝑐𝑘𝑖 𝜎(

𝑚
∑

𝑗=1
𝜉𝑘𝑖𝑗𝑢(𝑥𝑗 ) + 𝜃𝑘𝑖 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
branch

⋅ 𝜎(𝑤𝑘 ⋅ 𝑦 + 𝜁𝑘)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

trunk

| < 𝜖, (14)

hich holds for all 𝑢 ∈ 𝑉 and 𝑦 ∈ 𝐾2. It was then developed as a
eneralized universal approximation theorem for operator [46] and can
e expressed as,

𝐺(𝑢)(𝑦) − ⟨𝑔(𝑢(𝑥1), 𝑢(𝑥2),… , 𝑢(𝑥𝑚))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

branch

, 𝑓 (𝑦)
⏟⏟⏟
trunk

⟩| < 𝜖, (15)

here 𝑔 and 𝑓 are continuous vector functions that can be chosen as
iverse classes of neural networks. 𝑥1, 𝑥2,… , 𝑥𝑚 ∈ 𝐾1. ⟨⋅, ⋅⟩ denotes the
ot product.
Let us assume that the operator of the response of an ideal system

o inputs can be described by 𝐺(𝑢)(𝑦), and the disturbance factors
hat influence the response of the system can be expressed by another
perator, 𝐹 (𝑢′)(𝑦). Then, the system response to inputs and disturbance
actors can be represented by the combination of two operators 𝐻 =
(𝑢)(𝑦) + 𝐹 (𝑢′)(𝑦). Subsequently, Eq. (15) can be simplified to express
he two operators,

𝐺(𝑢)(𝑦) − ⟨𝑔(𝑢(𝑥)), 𝑓 (𝑦)⟩| < 𝜖1 (16)

nd

𝐹 (𝑢′)(𝑦) − ⟨𝑔′(𝑢′(𝑥)), 𝑓 (𝑦)⟩| < 𝜖 . (17)
2
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Fig. 5. A diagram of the DNO+ model structure that contains three different DNNs — trunk net, branch net, and parameter net. The trunk net handles the sieve size that runs
hrough the system. The branch net processes the cumulative mass corresponding to the sieve size. The parameter network processes the influence of the material properties and
perating conditions on the system.
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ccording to the triangle inequality, the combination of Eqs. (16) and
(17) can be expressed as,

𝐻 − ⟨𝑔(𝑢(𝑥)), 𝑓 (𝑦)⟩ − ⟨𝑔′(𝑢′(𝑥)), 𝑓 (𝑦)⟩| < 𝜖3, (18)

here 𝜖3 = 𝜖1 + 𝜖2.
The DNO+ model is established based on Eq. (18), which consists

f a trunk net, a branch net, and a parameter net, shown in Fig. 5.
he trunk network handles an independent variable 𝑥 that consistently
raverses the system; the branch network processes the dependent
ariables that vary with 𝑥; the parameter network processes the un-
ertain influencing parameters 𝑝. In the implementation of DNO+ for
iomass comminution, the trunk net handles the particle size sequence
hrough the entire comminution process; the branch network processes
he cumulative mass distribution with reference to the particle size
equence; the parameter network essentially correlates the impact of
mportant material attributes (e.g., feed moisture content) and process-
ng parameters (e.g., discharge screening size and blade tip speed) on
he resultant particle size distribution of comminuted material.
The trunk network is a fully connected neural network (FNN) that

rocesses each input feature independently. As a fundamental type of
eural network architecture, the FNN consists of multiple layers of
nterconnected nodes. The FNN with 𝐿 layers can be written as,

(𝑥) = 𝑢(𝐿)(⋯ (𝜙𝑢(3)(𝜙𝑢(2)(𝜙𝑢(1)(𝑥))))), (19)

here 𝑢(𝑖) = 𝑤(𝑖)𝑥+𝑏(𝑖), the superscript (𝑖) represents the 𝑖th layer of the
eural network, 𝑤(𝑖) and 𝑏(𝑖) are hyperparameters. 𝑥 is the input, and
is the activation function. The FNN is suitable for tasks that require
8

𝑠

reserving the order of input features, such as working with sequence
ata or tabular data. This allows for the FNN to effectively capture and
odel the sequential or structured relationships among the variables.
The branch network and parameter network are convolutional neu-

al networks (CNNs) that can process and extract features from spatially
tructured data by virtue of their shared-weight architecture, wherein
he convolution kernels slide across input features and yield translation-
quivariant responses. Typically, CNN consists of convolutional layers,
ooling layers (e.g., Max pooling in this work), and fully connected
ayers. A one-dimension convolution can be expressed as,

= 𝜙(𝑓 ∗ 𝑥 + 𝑏), (20)

here, (∗) is the convolution operator. The 𝑖th value of the convolution
erm can be written as,

𝑓 ∗ 𝑥)[𝑖] =
𝑁
∑

𝑗=1
𝑥[𝑗] ⋅ 𝑓 [𝑖 − 𝑗], (21)

here 𝑓 is the filter weight, 𝑁 is the length of the data sequence. The
ax pooling layer reduces the spatial dimensions of the input data,
hile retaining the most significant features. The Max pooling takes
he maximum value from the window, reducing the spatial dimensions
hile emphasizing the most prominent features. The operation can be
epresented as,

[𝑖] = max{𝑐[𝑗] ∶ 𝑗 ∈ 𝑛}, (22)

here 𝑦 is the pooled output vector, 𝑛 = [𝑖⋅𝑠, 𝑖⋅𝑠+1, 𝑖⋅𝑠+2, ⋅𝑠, 𝑖⋅𝑠+𝑤−1],

is the stride, and 𝑤 is the window size. The results after pooling layer
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are then connected to the fully connected layers, and the entire CNN
can be written as,

𝒞(𝑥) = ℱ(𝑦(𝑥)). (23)

In the implementation of the DNO+ model for biomass comminu-
ion, the primary input of the model is the feed cumulative mass
istribution 𝜱in with reference to particle size sequence 𝐱, plus the
nfluence factors 𝐩 to the system. The cumulative discharge mass 𝜱out
an be expressed as,

out = 𝒞(𝜱in) ⋅ ℱ(𝐱) +𝒞(𝐩) ⋅ ℱ(𝐱). (24)

y introducing the additional parameter network, the DNO+ model can
onstruct the relationship between the input and output of a system
ith growing complexity.

. Results and discussions

Based on the experimental data obtained in the test of corn stalk
illing using the JRS knife mill, this section reports and analyzes the
nfluence of moisture content, blade tip speed, and discharge screen size
n the particle size distribution of comminuted material. The perfor-
ance of the PBM and DNO+ models for predicting the corresponding
rocess is also presented and evaluated.

.1. Experiment results and analysis

The sorted corn stalks were served as the input biomass fed into
he JRS knife mill. The impact of moisture content of corn stalks,
ischarge screen size, and blade tip speed was considered, respectively,
n the experimental results. The resultant particle size distribution
f comminuted material in each test was measured three times to
etermine the mean (𝜇) and standard deviation (𝜎). Typically, for a
ormal distribution, 95% of the data fell within approximately 1.96
tandard deviations of the mean. Therefore, a 95% confidence interval
s often constructed using the formula:

𝐼 = 𝜇 ± 1.96𝜎. (25)

95% confidence interval of particle size distribution is constructed
sing the upper bound of 𝜇 + 1.96𝜎 and the lower bound of 𝜇 − 1.96𝜎.
n this paper, the particle size distribution of comminuted material
s represented corresponding to the cumulative mass percentage (0 −
00%).
First, the influence of feed moisture content on the comminution

utcome with a fixed blade tip speed and discharge screen was inves-
igated. Two motor output frequencies of 60 Hz and 40 Hz were used,
espectively, corresponding to the full (9.8 m s−1 blade tip speed) and
educed power (6.5 m s−1 blade tip speed) of the mill. The discharge
creen perforation diameter is 12.7 mm. The profiles of cumulative
ass percentage versus sieve size of comminuted material are shown
n Fig. 6 for the settings of (9.8 m s−1 blade tip speed, 12.7 mm screen
ize) and (6.5 m s−1 blade tip speed, 12.7 mm screen size), respectively.
nder each setting, a medium moisture content of 20% and a high
oisture content of 40% were chosen, which are within the typical
anges of moisture content of corn stover feedstocks in the U.S. Midwest
nd South. These tests allowed for investigating the influence of the
rocessing parameters and material attributes on the particle size distri-
ution of comminuted corn stalks. Observed in Fig. 6, there is a distinct
ap between the 95% confidence interval boundaries of the profiles
or the case of 20% moisture content and the case of 40% moisture
ontent, which indicates a measurable influence of moisture content on
he resultant particle size distribution of comminuted particles. Fig. 6
lso shows that a higher moisture content in feed corn stalks resulted in
arger sizes of the comminuted particles (though not necessarily wider
ize distributions). Though seeking a scientific understanding of the
elationship between the feed moisture content and the particle size
9

istribution of comminuted particles is beyond the work scope, it is
orth noting that the change of moisture content in corn stalks alters
heir mechanical properties, which consequently affects the outcome
f the collisions between the particles and knife blades as well as the
ynamics of the particles in the mill chamber.
Second, the influence of blade tip speed on the particle size dis-

ribution of comminuted material with a fixed feed moisture content
nd discharge screen was investigated. Two discharge screens with
erforation diameters of 12.7 mm and 19.05 mm, respectively, were
sed. In this study, the feed corn stalks with a fixed moisture content
f 40% were used. The profiles of cumulative mass percentage versus
ieve size of comminuted particles with the 95% confidence bandwidths
re shown in Fig. 7 for the settings of (40% moisture content, 12.7 mm
screen size) and (40% moisture content, 19.05 mm screen size), respec-
tively. Under each setting, three blade tip speeds, 9.8 m s−1, 8.2 m s−1,
and 6.5 m s−1, were selected respectively, resulting in three profiles.
Fig. 7a shows that with the setting of (40% moisture content, 12.7 mm
discharge screen size), the three profiles partially overlap with each
other over the entire size range. In contrast, Fig. 7b shows that with
the setting of (40% moisture content, 19.05 mm discharge screen size),
the overlap between the three profiles is even more pronounced. These
results suggest that the particle size distribution of comminuted corn
stalk particles produced by the JRS knife mill is relatively insensitive
to the change of blade tip speed in the tested range. At the lowest
motor power tested (40 Hz), the energy of knife cutting is enough
to sufficiently break the corn stalks. It is worth noting again that by
default the JRS knife mill can only provide the 60 Hz motor power.
By re-configuring the power system of the mill, the motor power was
reduced. Nevertheless, the motor power cannot be arbitrarily reduced
to sustain the stable mill operation. The motor power of 40 Hz is found
to be the lowest to guarantee safe operation. To conclude, the balde
tip speed is found not a critical processing parameter for milling corn
stalks with the JRS knife mill. The JRS knife mill operating at a 33%
reduction from the default power can substantially decrease the cost
of energy, while producing about the same particle size distribution of
comminuted corn stalks.

Finally, the influence of discharge screen size on the comminution
outcome with a fixed feed moisture content and blade tip speed was
investigated. Two motor frequencies of 40 Hz (6.5 m s−1 blade tip
speed) and 60 Hz (9.8 m s−1 blade tip speed), respectively, were used.
In this study, the feed corn stalks with a fixed moisture content of
40% were used. By mill design, discharge screen size is the leading
processing parameter that controls the comminution outcome. The
profiles of cumulative mass percentage versus sieve size of comminuted
material with the 95% confidence bandwidths are shown in Fig. 8 for
the settings of (6.5 m s−1 blade tip speed, 40% moisture content) and
(9.8 m s−1 blade tip speed, 40% moisture content), respectively. Under
each setting, two screen sizes were chosen, respectively, resulting in
two profiles. As expected, the two profiles are distant from each other,
clearly demonstrating the criticality of discharge screen size in control-
ling the comminution outcome. The profile corresponding to the larger
screen size (19.05 mm) resulted in a wider size distribution and larger
maximum size (13–14 mm). In contrast, the profile corresponding to
the smaller screen size (12.7 mm) resulted in smaller maximum size
(9–10 mm). Notice that the maximum sizes in each profile are 20−30%
smaller than the discharge screen sizes, which are partially attributed
to the large aspect ratio of the comminuted corn stalk particles.

Based on the parametric investigations of the experimental data,
moisture content of feed corn stalks and discharge screen size are
found to significantly influence the comminution outcome, whereas
the impact of blade tip speed is less evident. However, to save energy
cost by reducing motor power of a mill with the fixed factory settings
requires additional cost of technical staff for equipment maintenance.
Thus, from the safe operation perspective, achieving control of biomass
comminution is most feasible by choosing proper discharge screen sizes

and feed moisture content.
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Fig. 6. Influence of two M.C. levels of feed corn stalks on the cumulative mass percentage versus milled particle sieve size with the 12.7 mm screen size, and (a) 6.5 and (b) 9.8
m s−1 blade tip speed, respectively.
Fig. 7. Influence of three blade tip speeds on the cumulative mass percentage versus comminuted particle sieve size with the 40% M.C. in feed corn stalks, and (a) 12.7 and (b)
9.5 mm screen size, respectively.
Fig. 8. Influence of two discharge screen sizes on the cumulative mass percentage versus comminuted particle sieve size with 40% M.C. in feed corn stalks, and (a) 6.5 and (b)
.8 m s−1 blade tip speed, respectively.
.2. Fitting and predictability of extended PBM

Based on the obtained experimental data, the PBM model for the
RS mill process of corn stalks was calibrated by incorporating 𝐟N
n Eq. (12) as the unknown parameters. The objective function in
10
Eq. (13) was optimized using the genetic algorithm (GA) [57]. To de-
scribe the GA method briefly, it solves optimization problems through
a process inspired by natural selection. In this study, a population
size of 100 was set for each generation and each variable in 𝐟𝑟𝑚𝑁 is
represented with 16-bit binary encoding. To begin with the calibration,
the initial population was created and graded according to Eq. (13).
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Fig. 9. Examples of the PBM fitting accuracy in two test conditions in Table 1: (a) test No. 1 (6.5 m s−1 blade tip speed, 20% M.C. and 12.70 mm screen.). (b) test No. 12 (9.8
m s−1 blade tip speed), 40% M.C. and 19.05 mm screen.
p
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Table 2
The fitting parameters in 𝐟N corresponding to the list of test conditions for the JRS
knife mill operation of corn stalks.
Test no. 𝑓res 𝐱 ⋅ 𝐰min∕𝑛 𝛾 𝛼 𝑐∕𝑑 𝑅2

1 0.3918 0.0515 0.1652 0.3811 0.8955 0.9965
2 0.2567 0.0713 0.2746 0.4060 0.8104 0.9905
3 0.4661 0.0461 0.1315 0.7891 0.1943 0.9924
4 0.1665 0.1084 0.2225 0.5189 0.5555 0.9940
5 0.6248 0.0157 0.1449 0.4937 0.8096 0.9902
6 0.0612 0.0308 0.1707 0.2337 0.8719 0.9941
7 0.1189 0.0482 0.1641 0.2942 0.7919 0.9975
8 0.1447 0.1958 0.2544 0.9922 0.4755 0.9935
9 0.6129 0.0075 0.1176 0.2837 0.5696 0.9942
10 0.9883 0.1667 0.1486 0.5232 0.4442 0.9917
11 0.2903 0.0094 0.1632 0.8088 0.3260 0.9933
12 0.0801 0.2855 0.1117 0.0666 0.4860 0.9948

The individuals from the current population who had high scores were
selected as the parents for producing the children by crossover and
mutation for the next generation, during which a crossover rate of 0.9
and a mutation rate of 0.05 were used. Over successive generations,
the population evolved toward an optimal solution that determined
𝐟N. Finally, the parameters in 𝐟N were inserted into Eqs. (2) and (4)
to complete a functioning PBM model that can be used to predict
the particle size distribution of comminuted corn stalks given the
reasonable inputs.

Following the calibration method described above, 12 sets of 𝐟N
were determined, respectively, based on 12 experimental test condi-
tions in Table 1 and their corresponding test data sets. Table 2 lists
the 12 sets of 𝐟N and the coefficient of determination 𝑅2 for each test
condition, calculated as,

𝑅2 = 1 −
∑

𝑖(𝑈̂ − 𝑈PBM)2
∑

𝑖(𝑈̂ − ̄̂𝑈 )2
, (26)

where, 𝑈̂ is the experiment data, ̄̂𝑈 is the mean value of 𝑈̂ , and 𝑈PBM
stands for the PBM predictions. As shown in Table 2, the PBM predic-
tions reached very high 𝑅2 values (or in other words, good fitting) for
all the 12 test conditions. Some representative PBM fitting results from
these tests are shown in Fig. 9, demonstrating the feasibility to adapt
and extend the existing PBM model for biomass comminution [36] to
predict the large-scale JRS knife mill operation. More test conditions
that show the PBM fitting accuracy like in Fig. 9 can be found in
Supplementary Information B.

Despite the accurate fitting of the PBM prediction in each individual
test condition, PBM requires re-calibration for a different set of 𝐟N when
the feed moisture content is changed. To overcome this limitation, one
11
needs a mechanism that accounts for the influence of feed moisture con-
tent in the PBM model to reduce the need for the effort of re-calibrating
or choosing different 𝐟N, for using the PBM model given different
feed moisture content. In this work, a novel method is introduced to
incorporate feed moisture content into the PBM calculations by using
the process of random forest regression (RFR) [58,59]. The RFR process
established correlations (or specifically, a mapping operator) from feed
moisture content and discharge screen size to the determined 𝐟N in
Table 2. To articulate this procedure by example, part of the sets of
𝐟N (No. 1, 2, 5, 6, and 9–12) in Table 2 were chosen for training
the RFR process and generating the mapping operator, as the test
conditions corresponding to these sets of 𝐟N involved the minimum and
maximum values of the input parameters. Given the input parameters
(i.e., blade tip speed, feed moisture content, and discharge screen
size), the resultant mapping operator can calculate a set of 𝐟N in the
intrinsic workflow of PBM, instead of requiring it as part of the input.
This reduces the reliance of the PBM model on predetermined 𝐟N and
significantly improves the applicability of the model.

After the mapping operator was generated, two sources of reference
data were used respectively: (1) experimental data of the No. 3, 4, 7,
and 8 test conditions in Table 1, and (2) PBM predictions for conditions
that use the No. 1, 2, 5, 6, 9–12 sets of 𝐟N in Table 2, to assess the PBM
redictions that used the mapping operator. For an individual test case,
he 𝐿2 norm is used to represent the relative error (𝜀) regarding the
eference data:

= 1
𝑛
‖(𝜱ref

out −𝜱pred
out )∕𝜱

ref
out‖2 × 100%, (27)

where 𝑛 is the number of data points in the profile of cumulative mass
percentage (above 0 and below 100%) versus particle size sequence.
Fig. 10 displays examples of the comparative PBM predictions, showing
that the PBM prediction profiles that used the mapping operator (green
dash curves) agree closely with those used the individually determined
groups of fitting parameters 𝑓𝑁 (red solid curves). In the two examples
in Fig. 10, the PBM predictions (green dash curves) reached a relative
error of 14.13% and 10.25%, respectively, with reference to the ex-
perimental data profiles (blue cross markers). This corresponds to the
prediction accuracy in 85%–93%, which is practically acceptable for
biomass comminution design regarding the high variability of biomass
physical properties in large bulks and hence the input parameters for
PBM. More test conditions that show the comparison like in Fig. 10 can
be found in Supplementary Information B.

With the extended PBM, it becomes feasible to predict the particle
size distribution of JRS knife-milled biomass beyond the experimental
conditions in Table 1, though within the training parameter range.

The influence of the primary processing parameters (i.e., screen size
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Fig. 10. Examples of comparison between PBM predictions using individually determined sets of fitting parameters (red solid curve) and PBM predictions using trained mapping
perator (green dash curve) in two test conditions in Table 1: (a) test No. 3 (6.5 m s−1 blade tip speed, 40% M.C.and 12.70 mm screen) (b) test No. 8 (8.2 m s−1 blade tip speed,
40% M.C. and 19.05 mm screen).
Fig. 11. Examples of influence of (a) screen size and (b) moisture content on the PBM predictions.
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and moisture content) on the PBM predictions can be observed in a
parametric study, as illustrated in Fig. 11. Fig. 11a depicts the variation
f PBM predicted particle size distributions with screen size increasing
rom 10 mm to 30 mm, under a fixed moisture content of 40%. Wider
article size distribution with larger maximum particle size results
rom larger screen size, which is consistent with the experimental
bservations. Fig. 11b depicts the variation of PBM predicted particle
ize distribution with moisture content increasing from 20% to 40%,
nder a fixed screen size of 19.05 mm. When the cumulative mass is
elow 50%, the influence of moisture content is not monotonic. When
he cumulative mass exceeds 50%, higher moisture content tends to
enerate slightly larger particle size, shown in the zoom-in graph in
ig. 11b. This is likely due to decreased brittleness of biomass with
ncreasing moisture content, making it less effective to size reduce with
hear cut.

.3. Training and accuracy of DNO+

Due to the sparsity of experimental datasets for the training purpose
f deep learning-based model DNO+, the extended PBM which uses
he mapping operator and demonstrates satisfying predictability in
ection 4.2, was used to generate the needed training datasets. The
nformation contained in one training dataset includes distribution of
eed mass versus sieve size, feed moisture content, discharge screen
ize, and distribution of discharged mass versus sieve size. The blade tip
12
peed is excluded from the DNO+ model, since the comminution out-
ome is found relatively insensitive to blade tip speed in the operational
ange, shown in Section 4.1. The training datasets were generated in an
xpanded input parameter space with a refined resolution. For example,
he range of feed moisture content was expanded from (20%, 40%) to
10%, 50%), and the range of discharge screen size was expanded to
10 mm, 30 mm).
To determine the critical amount of datasets for training the DNO+
odel, a sensitivity study ranging from 100 to 600 datasets in the
xpanded input parameter space was conducted to find the relationship
etween the relative error of the DNO+ model and the number of
raining datasets. Fig. 12 shows the distribution of relative errors versus
he number of training datasets, where the median of the relative error
ecreases from 1.034% to 0.4% when the training datasets increase
rom 100 to 600. This has verified that the increasing training datasets
n a fixed input parameter space improves the prediction accuracy of
he trained DNO+ model. In the meantime, it is worth noting that
hough the median of the relative error in the case of 100 training
atasets is only about 1%, the stability of the model prediction, in-
icated by the maximum relative error over 6%, is not satisfying. In
ontrast, when 300 or more training datasets are used, the maximum
elative error drops below 3% and the 75th percentile relative error
tays below 1%, indicating the least datasets to guarantee both the
ccuracy and stability of predictions for training the DNO+ model.
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Fig. 12. Box plot of the relative error of the DNO+ model versus the number of training
data sets. In each box, the center mark (red) represents the median of the relative errors
of individual cases; the bottom and top edges of the box represent the 25th and 75th
percentiles of the relative error; the maximum whisker length is specified as four times
of the interquartile range.

Based on the critical amount of datasets suggested from the sen-
sitivity study, 400 datasets were generated using the extended PBM,
where 300 of the 400 datasets were used for training the DNO+ model.
The remaining 100 datasets were used as test cases for evaluating the
prediction accuracy of the trained DNO+ model. To reduce the chance
of overfitting, 5% Gaussian noise was added to the original datasets
to make the trained model more robust and avoid excessive reliance
on input data, thus enhancing the model’s general predictability. This
approach is useful when dealing with small training datasets or poor
source data quality. The assessment shows that the median of the total
relative error of the trained DNO+ model is 0.71% for the 100 test
cases, corresponding to an accuracy of 99.29%. Fig. 13 displays the
results of predictions for 2 of the 100 test cases, which correspond
to the experimental test No. 8 and No. 12 in Table 1. These two
test cases refer to comminution with low feed moisture content and
small discharge screen, and high feed moisture content and large dis-
charge screen, respectively, which are representative of the prediction
accuracy of the trained DNO+ model. In each plot of Fig. 13, the
predicted profile of cumulative mass versus sieve size is compared
with the reference profile, exhibiting a high degree of agreement over
the entire sieve size range of discharged mass. Furthermore, Fig. 14
displays the model predictions for four test cases in the expanded and
refined parameter space. In addition to the profiles of cumulative mass
versus sieve size (blue lines), the profiles of distributed mass versus
sieve size (red lines) are also plotted to allow for easier observation
of the errors of predictions. Since the values of input feed moisture
content and screen size in these test cases are outside of the original
experimental test range, they are adequate examples to demonstrate
the true predictability of the DNO+ model. Again, over the entire sieve
size range of discharged mass, the predictions (cross markers) closely
matched the reference data (solid lines) in all the four test cases, shown
in Fig. 14.

To gain an in-depth understanding of the DNO+ model for engi-
neering design applications, three particular sieve sizes, namely D10,
D50, and D90, which correspond to the 10%, 50%, and 90% cumulative
mass of comminuted material for the four test cases in Fig. 14, are
provided in Table 3. The set of D10, D50, and D90 is a popular
engineering criterion for characterizing particle size distribution in
aiding the design of comminution strategies, as only three values are
required. They are most suitable for hard solids and powders that do not
have particle shapes of high aspect ratios (>5) such as biomass [53]. In
Table 3, the magnitude of relative errors of D10, D50, and D90 is within
±2% in the four test cases, except for D50 in test case (c) and D10 in
test case (d), which are −2.16% and −3.59%, respectively. However,
13
Table 3
The DNO+ model predicted D10, D50 and D90 values in the four test cases
in Fig. 14.
Test case (a) Reference DNO+ Error Relative error

D10 1.3207 (mm) 1.3190 (mm) −0.0017 (mm) −0.13%
D50 3.6774 (mm) 3.6275 (mm) −0.0499 (mm) −1.36%
D90 6.3869 (mm) 6.4395 (mm) 0.0526 (mm) 0.82%

Test case (b) Reference DNO+ Error Relative error

D10 1.9149 (mm) 1.8981 (mm) −0.0168 (mm) −0.88%
D50 4.8855 (mm) 4.9787 (mm) 0.0932 (mm) 1.91%
D90 8.3252 (mm) 8.2867 (mm) −0.0385 (mm) −0.46%

Test case (c) Reference DNO+ Error Relative error

D10 0.8336 (mm) 0.8385 (mm) 0.0049 (mm) 0.59%
D50 2.4768 (mm) 2.4234 (mm) −0.0534 (mm) −2.16%
D90 4.3261 (mm) 4.3577 (mm) 0.0316 (mm) 0.73%

Test case (d) Reference DNO+ Error Relative error

D10 1.4756 (mm) 1.4227 (mm) −0.0529 (mm) −3.59%
D50 4.1719 (mm) 4.1334 (mm) −0.0385 (mm) −0.93%
D90 7.3074 (mm) 7.3350 (mm) 0.0276 (mm) 0.38%

the absolute errors for D50 in test case (c) and D10 in test case (d) are
only 0.0534 mm and 0.0529 mm, which are not much larger than the
others. Above all, this study has proved the feasibility of developing and
applying deep learning-based model DNO+ for accurately predicting
biomass comminution in a production-scale mill. More importantly, the
DNO+ model is capable of involving influencing factors of different
data types such as the critical material attributes and mill processing
parameters, which is a significant advancement over the standard DNO
model that only admits the identical type of data from input to output.

5. Conclusion

Particle size distribution of lignocellulosic biomass resulted from
comminution is a critical material attribute that impacts the overall
productivity of biofuels or bio-based products. Predictive models for
the outcome of biomass comminution based on feed material attributes
and mill processing parameters are useful tools to support the design
of effective biomass preprocessing. In this work, a concerted effort has
been carried out to develop predictive models for biomass comminution
in a large knife mill. The accomplishments and findings are summarized
as follows.

• Using experimental data as the foundation for model develop-
ment, a series of parametric physical tests on corn stalk comminu-
tion were conducted to determine the criticality of select feed
material attributes and mill processing parameters. It is found
that the moisture content of feed corn stalks and discharge screen
size significantly influence the resultant particle size distribution
of comminuted particles. It is also found that within the safe
operational power range of the knife mill, rotor blade tip speed
has little impact on the comminution outcome.

• An extended population balance model (PBM) for biomass com-
minution in a large knife mill has been introduced, which includes
the feed moisture content as a new input parameter that is absent
in the original PBM model. This is achieved by introducing the
random forest regression (RFR), which establishes a mapping
operator from the feed moisture content and discharge screen size
to the existing groups of fitting parameters in the PBM model.
Given the input parameters (moisture content, discharge screen
size, blade tip speed), the mapping operator calculates a new
group of fitting parameters to supply the workflow of PBM, and
thus reduces the need for re-calibrating fitting parameters for
different feed moisture content levels. The extended PBM model
has been calibrated using the experimental data, where the PBM
results match the experimental data with 99% accuracy.
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3

Fig. 13. Examples of DNO+ predictions (green line) for two test cases in Table 1: (a) test No. 8 (blade tip speed = 9.8 m s−1, M.C. = 20%, screen size = 12.70 mm); (b) test No.
12 (blade tip speed = 9.8 m s−1, M.C. = 40%, screen size = 19.05 mm). The PBM data are used as the reference 𝜱out .
Fig. 14. Examples of DNO+ predictions (cross marker) for four test cases in the expanded and refined parameter space: (a) M.C. = 18%, screen size = 23.01 mm; (b) M.C. =
4%, screen size = 29.56 mm; (c) M.C. = 16%, screen size = 15.70 mm; (d) M.C. = 14%, screen size = 26.43 mm. The PBM data (solid line) are used as the reference.
• A deep learning-based predictive model, namely enhanced deep
neural operator (DNO+), has been developed for biomass com-
minution. The original deep neural operator (DNO) model iden-
tifies an operator between the single type of input and output
sequences of a system (e.g., feed particle size distribution versus
outcome particle size distribution) and cannot involve other dif-
ferent types of input. In contrast, the DNO+ model can include
additional types of input such as feed moisture content and
discharge screen size that exert influence on the system behavior.
The DNO+ model has been trained to predict corn stalk comminu-
tion in a large knife mill based on the extensive training datasets
14

generated by the extended PBM model. A sensitivity study has
been conducted to suggest the minimum training datasets for
DNO+ to sustain consistent accuracy in the training parameter
space, where the trained DNO+ model has achieved over 98%
accuracy.

• Though both the extended PBM model and the DNO+ model
achieved accurate predictions for biomass comminution at scale,
the extension and application of DNO+ do not require strong
subject matter expertise. Therefore, it would be easier to adapt
the DNO+ model for other preprocessing operations with differ-
ent physical mechanisms, such as air classification and separa-
tion. However, due to the expensive costs and hence sparsity of
production-scale experimental data, the future development and



Powder Technology 441 (2024) 119830M. Lu et al.

D
m
o
e
t

C

S
C
t
t
D
R

v

D

c
i

D

A

e
B
t
C
t
r
f
I
r
(
u
M
A
U
u
U

A

a

b

m

a

application of the DNO+ model in the area of biomass preprocess-
ing will still likely rely heavily on high-quality emulated training
datasets such as those generated by the PBM predictions in this
work or other regression methods.

As a final word, it is straightforward to apply the extended PBM and
NO+ models to the traditional comminution of hard solids such as
ineral ores and pharmaceutical intermediates. A focus of the follow-
n research will be on developing efficient methods to streamline
xperimental data production and post-processing to support the rapid
raining of the DNO+ model.
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