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Abstract: We used the transfer matrix method to investigate the conditions supporting the existence
of directional bulk waves in a two-dimensional (2D) phononic crystal. The 2D crystal was a square
lattice of unit cells composed of rectangular subunits constituted of two different isotropic continuous
media. We established the conditions on the geometry of the phononic crystal and its constitutive
media for the emergence of waves, which, for the same handedness, exhibited a non-zero amplitude
in one direction within the crystal’s 2D Brillouin zone and zero amplitude in the opposite direction.
Due to time-reversal symmetry, the crystal supported propagation in the reverse direction for the
opposite handedness. These features may enable robust directional propagation of bulk acoustic
waves and topological acoustic technology.

Keywords: phononic crystal; directional waves; topological acoustics

1. Introduction

Unconventional topological features can endow waves in acoustic metamaterials
and phononic crystals with exotic properties [1]. Breaking time-reversal symmetry of
the equations governing the propagation of acoustic waves in a medium may lead to
conditions for which a bulk wave or an edge/interface wave (localized at a surface or
interface) propagates in only one direction. These one-way propagating waves are robust
against backscattering due to obstacles, such as defects in the medium, as a reflected
wave is not supported by the medium. In this scenario, physically realizing one-way
propagation of acoustic waves requires the use of active media in which one injects energy
to break time-reversal symmetry. Examples of such an approach include media subjected
to spatiotemporal modulation of their physical properties [2-7] or media supporting time-
reversal symmetry-breaking elements such as circulators [8] or gyroscopes [9].

A less demanding approach to achieving some form of immunity to backscattering of
acoustic waves is to employ media structured in such a way that leads to breaking inversion
or parity symmetry [10,11]. Conditions in these media arise for the existence of edge waves
propagating in opposite directions at surfaces or interfaces that are orthogonal to each
other, and hence support a form of resilience against back reflections. The conversion
of an incident wave impinging on an obstacle to a reflected wave (propagating in the
opposite direction) is more difficult in these media than in conventional materials, as it
requires an obstacle shape that couples the two otherwise orthogonal waves. Immunity to
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backscattering is therefore possible for a range of defects; however, this approach does not
lead to robust immunity to backscattering.

An interesting opportunity in this context arises when we combine broken inver-
sion/parity symmetry with Fabry—Pérot resonances, leading to directional bulk waves that
are more robust to backscattering [12,13]. These waves, called DRAK (Deymier, Runge,
Alu, Khanikaev) modes, exhibit non-zero amplitudes when propagating in one direction
but zero amplitude when propagating in the opposite direction for the same handedness.
So far, DRAK modes have been studied in continuous or discrete one-dimensional super-
lattices. These superlattices are composed of periodic arrays of alternating layers of two
different materials. The DRAK mode arises when a Fabry-Pérot resonance [14] of one
type of layer becomes incompatible with the translational periodicity of the superlattice,
that is, the resonance becomes incompatible with the Bloch wave character of waves in
periodic media. While scattering of orthogonal edge modes does not offer robust immunity
against backscattering [15,16], DRAK modes have been shown to exhibit robust immunity
to backscattering by general scattering potentials [13].

The current paper extends previous work on DRAK modes in 1D superlattices to 2D
phononic crystals. Here, we derive conditions for the existence of DRAK modes in the 2D
Brillouin zone of a square lattice of unit cells composed of rectangular subunits constituted
of two different continuous media. This work demonstrates that DRAK modes may not
be limited to one-way propagation in low dimensionality phononic structures but also to
propagation in composite structures with dimensionality higher than one.

We introduce the 2D model system in Section 2. In Section 3, we use the transfer matrix
method [17] to establish relations between the amplitudes of the constitutive subunits of
the phononic crystal. Section 4 illustrates some of the conditions which may lead to DRAK
modes in the 2D Brillouin zone of the phononic crystal. Finally, some conclusions are
drawn in Section 5 regarding the relevance of this work in the context of reducing reflection
loss in acoustic devices.

2. Model System

We consider a two-dimensional (2D) phononic crystal composed of two different types
of materials (Figure 1). The phononic crystal is periodic in the x and y directions. The
square unit cell is constituted of four subunits labelled 1/ and 1* for material 1 and 2 and
2" for material 2. The upper scripts “I” and “u” stand for lower and upper quadrants of
the unit cell. The length of the edges of the subunits are labeled d; and d,. The length
of the edge of the unit cell is L = d; + dy. The origin of a unit cell in the (x,y) system of
coordinates is given by (nL, mL), where n and m are integers.

The interfaces between subunits belonging to the different unit cells (nL, mL) and
((n — 1)L, mL) are labelled (I) and (II). The interfaces between subunits belonging to the unit
cells (nL,mL) and (nL, (m — 1)L) are labelled (II) and (IV). Interfaces between subunits
within the same unit cell (nL, mL) are indicated by (V), (VI), (VII), and (VIII).

We consider elastic shear waves polarized in the direction perpendicular to the
phononic crystal plane and seek solutions for the displacement field, u, taking the general
form of Bloch waves.

Within a medium of type 1, the displacement field is written as

(v, y) = el (Agefk&”u—nw + Ale—fkﬁ”(x—nm)
(1a)
x elfymL (Bﬂreiky)(y_m” + Ble_iky)(y_mm>

ul (x,y) = eitent (A@efk.&”(xnw " Aleik&”ww>
(1b)
« plymL (Bieik<yl>(yde1) n Bieiky)(ydel))
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For medium 2, we have

I igenL [ 1 ik (x—nL—dy) o 1 ,—ik? (x—nL—d;)

up(x,y) = o Cpe Ve !
(2a)

x elfymL <Dl+eik§2) (y—mL) 4 Dl,e_ik(yz) (y—mL)>
u (x,y) = eltnt (ciefki” (x=nL) 4 cueik9><xnw)

(2b)

w el9ymL (Dieikf) (y—mL—d) + Dzefiksz) (ydel)>

In Equations (1) and (2), g4x and g, are wave numbers in the x and y directions, and

the displacements ulllé are time-dependent and multiplied by the factor ¢’“*, where w is the

wave angular frequency. The waves’ displacement in media 1 and 2, assumed homogeneous

iwt

. . . . %u; .
and isotropic, obey the equation of motions of the form pj?z] = Wi (aaxzz + aayzz) u; with
j = 1,2, where p; is the mass density and y; is the stiffness. Considering the ansatz

2 () (). i i . . . . .
uj = uojelkx etk et the wave numbers kg(] ) >0, k;] ) > 0 satisfy the dispersion relations in

AN 2 AN 2 .
medialand 2, w = cj\/(kgf)) + (ky)) where ¢; = /% is the speed of shear waves in

medium j.

y
L=d,+d,

dl|() 24 (vin) 1u

(V) (V1)

d, ([ 1t (v 2!

d, d,
(mLmL) (1) (lv) L=d

Figure 1. Schematic illustration of the unit cell of the model 2D periodic phononic crystal.

X
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Jry

Al A B, B, A, A", B%, B, C, CL, D\, D", C¥%, C", D", D" are 16 unknown
amplitudes to be determined using displacement and stress continuity conditions at the
eight interfaces.

The various components of stress in the subunits are obtained from Equations (1a,b)
and (2a,b) as follows. For medium 1, we get

C%aulla(;‘ry) — p1C%€iqanl'k£¢1) (Al_"_eik,(\-l)(X—”L) _ Al_e—ikgtl)(x—nL)>
(3a)

gyl <Bz+eik§1)(y—mL) +Bze—ik;1)(y—mL)>
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o C%aul( ) _ = prc2eitanl (AereikS)(x—nL) +A1_e—ikf3>(x—nL))
(3b)
xeiqymLiky) <Bl+eik;1)(y_m” — Ble_iky)(y—m”)
o1 C% 3”18(;‘&) plc%eiqanikgcl) (AqueikgCl)(andl) _ Aueikgcl)(andﬂ)
€9
« eldymL <Bi€ik£’1>(yde1) + Bzeikﬁl)(ydel))
01 C%aul (xy) _ =013 2piqxnL <Au zk (xfandl) 4 AH eikil)(and1)>
% -
(3d)
« eldymL; k( ) (Bu zk (ymefdl) _ Bueik(yl)(ydel)> )
For medium 2, we have
02 C%auza( Y) _ = 0263 equnle(Z) <C zk( )(xfand]) gl eikgtz)(anoh))
P -
(4a)
o plfymL <Dz+eik§2)(ymL) n Dziefik;” (ymL)>
02 Cgauza(x/y) = pacZeitanl (Cl ok (x=nL—di) 4 (I eikg?)(andl))
Y -
(4b)
it if ) (Dz+ M -mL) _ pl eik;z)(ymL)>
P2C% a“za( y) _ elfxnL k( )(Cu 1k (x nL) _ Cze—ikﬁz)(x—nL)>
4c
iqymL ik (y—mL—d —ikl? (y—mL—d o
x iy Dﬁgly(ym 1) 4 pu p=iky (y=—ml—d)
po% auga(yx,y) — ¢l9xnlL (Cieikgz)(x—nL) + Cue—ikgz)(x—nL)>
(4d)

xeiL ) (Diel‘kf) (y=ml—di) _ pu =ik’ <y—ml~—d1>>.
where p]-c]2 = p;j is the stiffness of medium j.

3. Conditions of Continuity
3.1. Interfaces (1) and (VII)

To begin solving for the modal amplitudes, we write the conditions of continuity of dis-

placement and stress at interfaces (II) and (VII). At interface (II), continuity of displacement

takes the form ull in unit cell {n,m} = ulz in unit cell {n — 1,m}, or:

(AL +AL) <Baeik§”<y—mw + Ble—iké”w—mM) = el (caefki”dz + cleik.&”dz)

(5a)
(Dl )(y mL) +Dle ()(ymL)>

To obtain Equation (5), we have used the fact that L — d; = dj.
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The condition of continuity of stress at interface (II) takes the form
(1) (1) .
Fy (Ai — AL ) (Bielky (y=mb) 1 Bl =iy <ymL>) = eIl (cl 2yl gk )

(5b)
x (Dgeikﬁ” (y=mL) 4 DL =ik <y—mL>>

At interface (VII), for displacement we obtain ull in unit cell {n,m} = ulz in unit cell {n,m}

(Al zk d1 —i—Al ﬂk >(Bl (y mL) —i—Bl —zk( )(y—mL)> _ (Cle—l—Cl,)

@) () (62)

" ( DI, r-mL) | pl =i (ymL))

Continuity of stress at interface (VII) leads to
F, <Al ik _ Al e —ik{1 )(Bl k() (y—mL) LBl ()(y—mL)) _ (CLF—C’_)

(6b)

(Dl (y mL) + Dl flk )(ymL))
In Equations (5b) and (6b), we have introduced the quantity F, = 2 1C1k" by redefining

2
( )

A, = Al+ (Bl W (y-mL) + Bl e (y—mL)> (7a)
A=Al (Bl W (y-mL) +Ble ik (y— mL)) (7b)
c,=ch (Die""f) (y-ml) 4 pl g=iky’ (ymL)) (7¢)
c_=c. (Die""f (v=ml) | pl o=ik” (y_mL)) (7d)

In Equation (7a—d), we assume that the quantities in parentheses are not zero. Note
that the parentheses in Equation (7a,b) are the same, as are those in Equation (7c,d).

The conditions of continuity given by Equations (5a,b) and (6a,b) can be arranged in
matrix form:

a1q B11 -1 -1 Ay
Frayr —FePrn -1 1 A |
igL igL =0 ®)
1 1 —e Hx Ny —€ x 1622 C+
Fx —Fx —eiqul‘lxzz eiqu[‘ﬁn C_
. : 1 ik d 1 iK?d
We introduced the notation aq; = g = and apyy = B = 2,

22
We can solve for the amplitudes A4, A_, C, C_ using the transfer matrix approach.

For this we rewrite a part of Equation (8) as

(n )= 22 () o

Equation (9) can be reformulated as

(@) -wEe G w
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The remaining part of Equation (8) gives:

G —11) @) - <Ff3cln —zéiflsu> (ﬁf) 1)

This latter equation results in:

(&) =2(r B By (4

Combining Equations (12) and (10) yields:

etiaxk (i*) _ ! ((FX +1ay  (Fr— 1)ﬁ22) % ((1 +F)agy (1- Fx)ﬁll) (A+) (13)

T 2R \(Fx—Daxn  (Fr+1)Bxn (1—Foayy  (1+Fo)pyy ) \A-

or

A . i (Fx—l—l)tx (Fx—l)ﬁzg 1 (1+Fx)0é (1 —Fx)ﬁll A
(A-)M =25, ((Fx Dam (Rt 1)1%22) > ((1 ~Fay, (14 a)xan) (A) (14

where we have used the Bloch wave definition (ng) = etiganl (ng) .
~/n

Calculating the transform matrix relating the A, A_ amplitudes between two adja-

cent unit cells leads to
A+) <T11 le) (A+>
— 15
<A_ n+1 In T A- n ( )

The components of the transfer matrix are defined as

1
Tn =T} = zrom [(Fx +1)%am — (F — 1)2/322} (16a)
" -1
Tip =Ty = Eﬁn(Fx +1)(Fy — 1)[an — B2o] (16b)

The “*” in Equation (16a,b) stands for the complex conjugate.
Using the Bloch theorem, we are seeking eigenvalues of the transfer matrix taking the
form A = /7L, and A satisfies the second order equation:

A2 - MTy +Tfy) + Ty — TiaTy =0

There exist two solutions given by

_In+T4
o 2

1
A + E\/(Tll —T3)? + 4T Ty, (17)

)

We now investigate the condition sin kiz dy = 0, which corresponds to a Fabry—Pérot

resonance [12,14] of medium 2/ in the x direction. This condition is satisfied if k}((z) dy = pm,
where p is an integer. There are two cases to consider, even and odd multiples of 7.
To solve for the amplitudes, we rewrite Equation (15) in the form of an eigenvalue

problem:
Typ — et it Tz > (A+)
, =0 (18)
<L
< T21 Tzz — E—Hq A_ "

where e/l is an eigenvalue, then we get

(Tll — €+iqu> Ay = —TpA_ (19)
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We can solve for the amplitudes:

Al =—-Tp (20a)

A_ =Ty — el (20b)

We first consider the case when p is odd. Under this condition, ay; = 2 = —1 and

Tio = T;; = 0. At the Fabry-Pérot resonance, Ay = 0. Provided that the dispersion
relation of the superlattice satisfies cos qxL = — Coskgl)dh we have Ty; = —aqp and also
A_ = fisinkgcl)dl —isingyL. A- =0 when gL = kgcl)dl + It where the integer [ is odd.

Note that this mode may be outside the first Brillouin zone. We recall that kgcl)dl > 0. Due
to the periodicity in the wave vector space, g, L is therefore located on the negative side

of the first Brillouin zone, gxL € [—7, 0] and we can rewrite gxL = —kg(l)dl < 0. When
A4 = A_ =0, Equation (12) ensures that C; = C_ = 0.

We now consider the case when p is even. Under this condition, ay; = B2 = +1 and
T, = T;; = 0. At the Fabry—Pérot resonance, we still have, Ay = 0. Provided that the

dispersion relation of the superlattice satisfies cos gxL = cos k§}

and A_ = isin k§}>d1 —isingyL = 0 when q,L = k§1>d1 + I7t, where the integer [ is even.

gxL is therefore located on the positive side of the first Brillouin zone, qxL € [0, 7t]. Due

)dl, we have T11 = +aqq

to the periodicity in the wave vector space, we can rewrite gyL = kg)dl > 0. Again,
Ay =A_ =0, implying that Cy = C_ =0.

3.2. Interfaces (I) and (VIII)

The conditions of continuity of displacement at (I):

(Ct+cCn) (Dieik(yz) (y—mL—dy) 4 Dniefik(yz) (]/del)) — il (Aljreikﬁ”dz I Aueikg,l)dz)

(1) (1) (21a)
« (Bieiky (y—mL—dq) + BEe‘iky (y—mL—d1)>
The condition of continuity of stress at interface (I) takes the form of
(Ci _ CZ) <Di€ik§2) (y—mL—dy) + Due—ikéz)(y—mL—d1)> — efiquFx (Au zk dz Ate 7lk )d >
(1) . (1) (21b)
« (Bﬁelky (y—mL—dq) + Bpie—lky (y—mL—d1)>
At interface (VIII), for displacement we obtain
(Cu zk d1 4+ Cle 7zk )(Du zk (ymefdl) +D5eik§2)(y’”Ld1)> _ (Al-f- +A1i)
(1) (1) (222)
" (Bieiky (y-mL—d) | pu ik} (yde1)>
The continuity of stress at interface (VIII) leads to
(Cieikﬁf)dl Cle _ik? dl) (Du ik (y—mL—dy) +Dzeik<yz)(ydel)> = Fe(AY — AY)
(1) (1) (22b)
< (Bielky (y—mL—dy) + Bﬁefzky (yde1)>
By redefining
C+ — Cu <Du Zk (y mL— dl) + Du )(y mL— d1)> (233)

C/, —Cct (Dieik(yz)(ydel) 4+ Dhe )(y mL— dl)) (23b)
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Al = At (Bieiky)(ydel) +Bueik$j”(yde1)> (230)
Al = A% <Bieik§1)(yde1) —|—Bﬁeik;1)(yml“d1)> (23d)

1

. . iV d 1 ik d
we introduced the notation a1y, = By = ¢ 2and ap; = 57— = ex A,

The conditions of continuity given by Equations (21a,b) and (22a,b) can be arranged in
matrix form:

efinLoclz eifq"Lﬁlz -1 -1 Al_,'_
eiquLFxtXlz —EiquLFxlBu -1 1 A —0 (24)

1 1 —N1 _,321 C;

Fy —Fy —a21 P c

Following Section 3.1, we introduce a transfer matrix such that

G (I ()
= (25)
(C’ 1 ) Tn)\C./,

The components of the transfer matrix are defined as

1
T =Ty = e [(Fx +1)agy — (Fx — 1)2ﬁ12] (26a)
1
T, =Ty = Eﬁzl(Fx + 1) (Fx — 1)[a12 — B12] (26b)

The Bloch theorem implies that:
Ch=-Tp (27a)

C. =T, —eént (27b)

In Section 3.1. we considered the resonant condition sin kﬁf)dz = 0. This condition is

not sufficient to lead to zero amplitudes (e.g., a1p — B12 = 0). Here, one needs to consider
the condition sin kg(l)dz = 0. This is the condition kg(l)dz = p'7t, where p’ can be odd or even.
We first consider the case when p’ is odd. Under this condition, aj; = B = —1

and T}, = T5; = 0. At this resonance, C/, = 0. Provided that the dispersion relation
(2)

of the superlattice satisfies cosgxL = — cosk!?
—isink{Pd; — isin gxL. C"_ =0 when q;L = K2 dy + 't where the integer I’ is odd, that is
gx < 0 but not when g, > 0. When C/, = C. =0, wealso get A, = A’ = 0.
We now consider the case when p’ is even. Under this condition, a1y = B = +1
and Tj, = T}; = 0. At the resonance we still have, C/, = 0. Provided that the dispersion
)

relation of the superlattice still satisfies cos gxL = cosky’d;, we have T|; = +ap; and

C. = isinkg(z)dl —isingyL = 0 when gL = kﬁf)dl + 't where I is even, i.e., when g, > 0
but not when g, < 0. Again, when C/, = C’. = 0, implying that A, = A’ =0.

dy, we have Tj; = —ap; and also C_. =

3.3. Interfaces (1II) and (V)
At interface (III), the condition of continuity of displacement reads:

, ) )
(B4 +B_) =e 't (D+e’ky h D e dz) (28a)
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At interface (V), displacement continuity yields
iV —ikMd
Bie™v 1+ B e M) = (D + D) (28b)
The continuity of stress at interfaces (III) and (V) gives
; ()
Fy(By —B_) = it <D KD _p ik ) (29a)
ik d —ikMd
Fy| Bye™ @™ —B e ™ @) =(Dy —D-) (29b)
_ pic k(l)
where we have defined the quantity F, = —5.
]/ 02 C%k( )
In Equations (28) and (29), we have defined:
Ry ) (30a)
.(2) 7(2)
Dy = Di <Cf:_€lkx (x—nL) + Ciefzkx (xnl)) (30b)
Equations (28) and (29) are reformulated in matrix form:
711 o1 -1 -1 B+
Fymn —Fydn -1 1 B_
Y Y . . =
1 1 —e vlyyy  —eMvlsy || Dy 0 (31)
F]/ —Fy —eilquﬂzz eilquézz D_
1 ik a ik?d - -
where we used the notation #1; = 5 = ¢ Tand #p = 0 = 2. Equation (31) is

isomorphic to Equation (8) but for the direction Y.

)

We now investigate the condition sin k§ d = 0 which corresponds to a Fabry-Pérot

(2)

resonance of medium 2" in the y direction. This condition is satisfied if k;’d, = r7r, where
r is an integer. There are two cases to consider, even and odd multiples of 7.

Solving for the amplitudes, we first consider the case when r is odd. Under this
condition, 7y = d» = —1. At the Fabry-Pérot resonance, B, = 0. Provided that the

dispersion relation of the superlattice satisfies cosq,L = — Coskél)dl, and also A_ =

—isin k;l)dl —isingyL. A~ =0 when g,L = k;l)dl + s7T where the integer s is odd, that is,

when g, < 0 but not when g, > 0. The condition By = B_ = (0leadsto Dy = D_ = 0.

We now consider the case when r is even. Under this condition, #pp = dp = +1. At
the Fabry—Pérot resonance we still have, By = 0. Provided that the dispersion relation
of the superlattice still satisfies cos g, L = cos ky)dl, B_ =isin ky)dl —isingyL = 0 when
gyL = k;l)dl + st where s is even. This corresponds to a wave number in the negative
region of the Brillouin zone g, > 0. Again, when By = B_ =0,Dy =D_ =0.

3.4. Interfaces (IV) and (VI)

The conditions of displacement and stress continuity at interfaces (IV) and (VI) can be
arranged in matrix form:

e Ml e hoy, -1 —1 B,
e ML Fupy  —e ML ES,  —1 1 BL | _ 0 (32)
1 1 -1 —dy | | D4

Fy — Fy —121 521 D/_
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(D) 7(2)
Here, we introduced the notation 71, = % =k ® and 47y = (51—1 = efky
We have also defined
D, =D\ (Cie”‘f) (r—nl—dy) cLeik§2><x"ldl>> (33b)

We can perform the same analysis as was done for the pair of interfaces (I) and (VIII)
but for propagation along the y direction.

We now investigate the resonant condition sin k;l)dz = 0. This condition is satisfied if

k;l)dz = r'7t, where 1’ is an integer. There are two cases to consider, even and odd multiples
of .

Solving for the amplitudes, we first consider the case when r’ is odd. Under this
condition, 171, = 612 = —1. At resonance, B’Jr = 0. Provided that the dispersion relation

of the superlattice satisfies cosg,L = — coskéz)dl, and also B”. = —isin ki,Z)dl — isingy L.

B’ =0 when q,L = k§2)d1 + 5’7t where the integer s is odd. This corresponds to g, < 0
but not g, > 0. The condition B, = B’ =0leadsto D, =D’ =0.

We now consider the case when 7’ is even. Under this condition, 715 = 615 = +1. At
the resonance we still have, B/, = 0. Provided that the dispersion relation of the superlattice
still satisfies cos g, L = cos k§2)d1, B’ =isin k;z)dl —isingyL = 0 when g, L = ky)dl +s'm
where s is even, corresponding to the positive side of the Brillouin zone in the y direction,
that is, g, > 0 but not g, < 0. Again, B), = B’ = 0implies that D', = D’ = 0.

Table 1 summarizes these findings.

Table 1. Resonant conditions resulting from continuity conditions at interfaces leading to zero
amplitudes. See the text for details.

Interfaces Resonance Dispersion Bloch Wave Number Amplitudes
@, _ _ Ap=4-=0
K ;é;dpn cosqxL = — coskg(l)rh L 7lk§dgl in Cp=C.=0
<0
(I) & (VII) x
K2 d, = prt 1) qxL = KV, + 17 Ar=4-=0
' p éven cos gxL. = cos k- dy ’ l e)i/en1 Cr=C-=0
gx >0
c.=C_=0
Ky = p'm @) gl = Kdy + ' Al —a —o
- E = =0
P 0dd cosgxL cosky ' dy I odd T . <_0
(1) & (VIII) ——
Wy — Dy Cy=C_ =0,
kx p‘f"’ev_el’: T cos gxL = cos k§2>d1 gxL _l/kgvg;Jrl T A=A =0
gx >0
@4 _ _ By =B- =0
Ky rdcz)d;l " cosqyl = — coskél)dl vl _Skgdil e Dy=D-=0
<0
(IT) & (V) Py
kP d, = 1 (1) gL =kVd, +sm By=5-=0
y 2 cos qyL = cosky 'd; y y “1 Dy =D_=0
7 even s even gy >0
B =B_ =0
Ky = r'm (2) gL =K2d) +¢'n S
y = — y y 1 D). =D_=0
+odd cos qyL cosky ™ dq " odd T ; 2
Y
(IV) & (VI)
Ky = ' @) gL =k2d +s'n By = B2 =0
! v’ 2even cos gyl = cosky"dx ! s’ zzve; Dy=D-=0

gy >0
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4. DRAK Modes

In this section, we identify sets of conditions which lead to directional modes, i.e.,
DRAK modes based on the findings of the previous section.

4.1. Case ]
Within a medium of type 1, the displacement field can be written as

ull(x,y) — plxnL piqymL <A+eik§(l)(x—nL) + Ae—ik&”(x—nL)) (34a)
Mﬁl(x,]/) — pixnL yigymL (A/Jreik@(andl) + A/eik,(Yl)(andl)> (34b)
In medium 2, we can write
M%(X, y) — o9l piqymlL (A{'_eikgl)(x—nL—dl) + A/_e—ikgcl)(x—nL—dl)> (35a)
. . . (2) i(2)
ug<x,y) — ol9xnL piqymL (C;elkx (x—nL) —l—C/,e_lk" (x—nL)) (35b)
For the amplitudes, we recall Equation (7a—d):
As = AL (Bﬂreiky) (y=mL) gl =iy’ W"””) (36a)
- (2) . (2)
Ci=Cl (Die’ky (y=mb) 4 pl =iy <ymL>> (36b)
C/i — Ci <Dieik;2) (y—mL—dy) + Dbieiky)(ydel)) (36C)
(1) (1)
Al= AL <Biel’<y (y=ml=di) 4 pue—iky W—’"L—dl)) (36d)

To find DRAK modes, we seek conditions for the displacement field {ull, uf, uZZ, uy },

that is, for the corresponding amplitudes, to vanish for wave vectors located on one side of
the 2D Brillouin zone and not the other. For this, we use Table 1.
Let us consider the resonant conditions for medium 2/ corresponding to sin kiz)dz = 0.
(2)

For instance, we chose ky’dp, = pr, with p being an odd integer. The dispersion relation
that must be satisfied is cos qxL = — coskgcl)dl, with gL = kgcl)dl + It and [ an odd integer.
Under these conditions we have A+ = 0 and C4+ = 0 for g5 < 0. This resonance implies
that u! (x,y) = ub(x,y) = 0.

We also consider the additional resonance of medium 1%, sin kgcl)dz =0, such that
kgcl)dz = p'm with being p’ an odd integer. The corresponding dispersion relation that
must be satisfied by the wave vector is cos gL = — coskﬁf)dl with gL = k&z)dl + ' and
I’ odd. Under these conditions, we have C. = C_ = 0, and A/, = A” = 0, leading to
ui (x,y) = uz(x,y) =0.

These conditions for the existence of a DRAK mode are independent of g,. The
motion associated with the joint resonances in the x direction of the subunits 2/ and 1*
is incompatible with the translational periodicity of Bloch waves in that same direction,
leading to zero amplitudes.
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A DRAK mode will exist when the 2D dispersion relation of the phononic crystal,
w(qx, qy), satisfies specific conditions. In the current case, these conditions are independent
of gy. When both resonances are satisfied, the wave number in the x direction is defined as

gL = kVdy + 1 =kPd; + '
Which, using the resonant conditions for the wave number in the x direction, leads to

(P =p)g, = ("=1) (37)

Equation (37) determines the ratio of geometric parameters L yielding the wave
number, g, which corresponds to specific resonances.
We recall that the angular frequency of the Bloch waves is given by

w=enyf () + (6) = g/ (62) + (2 69)

At the specific frequency w(qy, qy), the relation of Equation (38) imposes k;l) and k;z)
to take the values

2
1 _ Jw* (pm
K = o (dz) (39a)
and
2
@ _ |w* (prm
K = z- (dz) (39b)

These relationships can be used to determine the speeds of sound of the constitutive
materials which are compatible with the dispersion relation and the resonance conditions of
the 2D phononic crystal. For example, combmmg Equation (39a,b) and taking into account

thatk( ) >Oandk()>0 we get 2 < p

4.2. Case 11

The displacement of the four subunits forming the unit cell given by Equation (7a—d)
can be rewritten as

ull(x,y) — 9L yiqymL (B P (y mL) +B_ e_lk( )(y_mL)> (40a)
; ; (D (D
uil(x/]/) — pifxnL piqymL (Bg_elkV (y—mL—dq) +B/_€71ky (ydel)> (40b)
and
ulz(x,y) — plxnL pigymL (D;e"k (y—mL) +D e —ik )(y mL)) (41a)
ug(x’y) — pidxnL piqymL (D ¢ (y mL—dq) +D_ efzk( )(yde1)> (41b)

The resonances associated with sin k;z)dz = 0 (subunit 2%) and sin k;l)dz = 0 (subunit
1")may leadtoB, =B_ =0,Dy =D_=0,B, =B’ =0,and D/, =D’ =0forg, <0,
yielding displacements that vanish.
2)

For instance, we may choose k;,;’d, = r7t with r being an odd integer. The dispersion

relation that must be satisfied is cos gL = — COSk;l)dl, with g, L = k;l)dl +smrand s an odd
integer. Under these conditions we have B+ = 0 and D+ = 0 for gy < 0. This resonance
implies that u! (x,y) = u(x,y) = 0.
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We also consider the additional resonance associated with sin k;l)dz =0, such that
kgl)dz = /7t with 7 an odd integer. The corresponding dispersion relation that must
be satisfied by the wave vector is cosgyL = — cosk§2>d1 with g,L = kﬁz)dl + s'm, and
s’ odd. Under these conditions, we have B/, = B. = 0 and D/, = D = 0, leading to
ub(x,y) = ub(x,y) = 0 for g, < 0.

These conditions for the existence of a DRAK mode are independent of gy. The
motion associated with these joint resonances in the y direction of the subunits 1* and 2*
is incompatible with the translational periodicity of Bloch waves in that same direction
leading to zero amplitudes.

A DRAK mode will exist when the 2D dispersion relation of the phononic crystal,
w(qx,qy), satisfies some specific conditions. In the current case, these conditions are
independent of gy. When both resonances are satisfied, the wave number in the x direction
is defined as

qyL = k;l)dl +sm = kéz)dl +s'm
Which, using the resonant conditions for the wave number in the y direction, leads to:

(NG =) “)

Equation (42) determines the ratio of geometric parameters %, yielding the wave

number, gy, which corresponds to specific resonances.
We recall that the angular frequency of Bloch waves is given by

w =y () (60Y = o (k) + ()’ )

At the specific frequency w(qx, gy), the relation of Equation (42) imposes kg(l) > 0 and
ka) > 0 to take the values

2
W _ @ _(rm
ky’ = 2 <d2> (44a)
and
2
@ _ |w (¢
=% ( d2> (44b)

Again, these relationships can be used to determine the speeds of sound of the con-
stitutive materials which are compatible with the dispersion relation and the resonance
conditions of the 2D phononic crystal.

5. Conclusions

We used the transfer matrix method to investigate the conditions leading to the
existence of one-way propagating bulk waves, called DRAK modes, in a two-dimensional
(2D) phononic crystal. The model system investigated here was a 2D phononic crystal
taking the form of a square lattice of unit cells composed of rectangular subunits constituted
of two different continuous media. We sought conditions where local resonances of the
Fabry—Pérot type of the subunits became incompatible with the translational periodicity
associated with the Bloch theorem. We established conditions on the geometry of the
phononic crystal and the physical properties of the constitutive media for the existence of
waves that exhibit a non-zero amplitude in one direction within the crystal’s 2D Brillouin
zone and zero amplitude in the opposite direction for the same handedness. Because
of time-reversal symmetry, we can expect a twin mode with a non-zero amplitude and
opposite handedness propagating in the reverse direction. This work extends previous
studies that have focused on DRAK modes in one-dimensional discrete and continuous



Crystals 2024, 14, 674 14 of 15

superlattices. The existence of directional DRAK waves in 2D phononic structures opens
new avenues in the design of acoustic devices which may exhibit robust immunity to
scattering by obstacles such as defects, imperfections, or impedance mismatch between
different parts of the devices, expectedly making them less prone to back reflections for a
broader range of obstacles that do not couple modal handedness. Indeed, acoustic wave
devices such as bulk acoustic wave (BAW) and surface acoustic wave (SAW) devices find
many applications in radio frequency telecommunication [18,19] and sensors of various
physical quantities [20]. However, the performance of these devices is strongly affected
by loss such as return loss, which measures the amount of reflected signal caused by the
impedance mismatch between the transduction parts of the device and that of the delay
line part. DRAK modes may help overcome return loss in such acoustic devices beyond
what can be achieved with current technologies.

Future work will involve numerical studies of DRAK modes in more complex phononic
structures than the idealized “checkerboard” system studied here, as well as phononic struc-
tures with different symmetries or phononic structures more amenable to contemporary
fabrication techniques.
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