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Abstract: This work presents numerical modeling-based investigations for detecting and monitoring
damage growth and material nonlinearity in plate structures using topological acoustic (TA) and
sideband peak count (SPC)-based sensing techniques. The nonlinear ultrasonic SPC-based technique
(SPC-index or SPC-I) has shown its effectiveness in monitoring damage growth affecting various
engineering materials. However, the new acoustic parameter, “geometric phase change (GPC)” and
GPC-index (or GPC-I), derived from the TA sensing technique adopted for monitoring damage
growth or material nonlinearity has not been reported yet. The damage growth modeling is carried
out by the peri-ultrasound technique to simulate nonlinear interactions between elastic waves and
damages (cracks). For damage growth with a purely linear response and for the nonlinearity arising
from only the nonlinear stress—strain relationship of the material, the numerical analysis is conducted
by the finite element method (FEM) in the Abaqus/CAE 2021 software. In both numerical modeling
scenarios, the SPC- and GPC-based techniques are adopted to capture and compare those responses.
The computed results show that, from a purely linear scattering response in FEM modeling, the
GPC-I can effectively detect the existence of damage but cannot monitor damage growth since the
linear scattering differences are small when crack thickness increases. The SPC-I does not show
any change when a nonlinear response is not generated. However, the nonlinear response from
the damage growth can be efficiently modeled by the nonlocal peri-ultrasound technique. Both
the GPC-I and SPC-I techniques can clearly show the damage evolution process if the frequencies
are properly chosen. This investigation also shows that the GPC-I indicator has the capability to
distinguish nonlinear materials from linear materials while the SPC-I is found to be more effective in
distinguishing between different types of nonlinear materials. This work can reveal the mechanism
of GPC-I for capturing linear and nonlinear responses, and thus can provide guidance in structural
health monitoring (SHM).

Keywords: topological acoustic sensing; geometric phase change-index (GPC-I); sideband peak
count-index (SPC-I); damage monitoring; material nonlinearity; numerical modeling; structural
health monitoring

1. Introduction

Ultrasonic nondestructive testing and evaluation (UNDT&E)-based techniques are
widely used in engineering structural health monitoring (SHM) to ensure structural
safety [1,2]. Nonlinear ultrasonic (NLU) techniques, due to their high sensitivity, are
receiving increasing attention over conventional linear acoustic techniques [3-5]. Robust
techniques with high sensitivity are desirable for the development of reliable SHM techniques.
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In general, monitoring damage or material evolution using ultrasonic waves relies on
linear or nonlinear changes in the waves’ main characteristics such as velocity, amplitude,
resonance frequency and dynamic phase [6]. For instance, at the early stages of acoustics
research, linear parameters like the wave velocity, attenuation and dynamic phase changes
were commonly used to detect damage features such as material evolution, porosity of
additive manufacturing parts and cracks in plate structures [7-10]. In recent decades,
some classic NLU techniques, such as higher harmonics generation (HHG) [11-13] and
nonlinear wave modulation spectroscopy (NWMS) or frequency modulation (FM) [14,15]
have been used to detect changes in material states. In nonlinear resonance techniques,
such as nonlinear impact resonance acoustic spectroscopy or NIRAS, resonance frequency
shifts and attenuation variations with increasing amplitudes of excitation are recorded and
analyzed [16,17]. Recently, another nonlinear technique called a sideband peak count-index
(or SPC-I), which focuses on changes in multiple sideband peak amplitudes, has been
proposed [18-25]. A correlation between the amplitude levels of sideband peaks and the
degree of nonlinear response has been established [26]. It can be concluded that most
currently available NLU techniques are focused on variations in nonlinear amplitude and
frequency and can be referred to as magnitude-based or frequency feature-based methods.
In spite of the high sensitivity of NLU techniques, limitations and restrictions still exist in
terms of their practical implementation.

An emerging method called topological acoustic (TA) sensing has recently been intro-
duced to sense defects and environmental and structural changes [6,27-31]. This method
utilizes a geometric phase change (GPC) that quantifies the variation in the geometric
phase of an acoustic field represented as a state vector in Hilbert space. The states of
the acoustic field in the unperturbed (damage-free) and perturbed (damaged) states are
mapped as multidimensional vectors in the Hilbert space and compared. By exploiting
sharp topological features spanned by the acoustic field’s multidimensional state vector,
the geometric phase sensing modality can achieve higher sensitivity than magnitude- or
frequency-based sensing approaches. This approach is not limited to linear wave fields but
can also include nonlinear contributions to the wave field and their associated state vectors.

With the TA sensing technique, changes in complex environments such as forests [27]
or the state of permafrost in the arctic [28] have been monitored using seismic waves. This
method has been further extended to monitor perturbations in the form of (1) a mass defects
located on an array of coupled acoustic waveguides [6], (2) mass defects in a nonlinear
granular metamaterial [29] and (3) a small subwavelength object on a flat surface submerged
in water [30]. These investigations reported in the literature have introduced the capability
of GPC to sense defects by analyzing linear scattering. Such sensitivity with GPC is useful in
damage detection. Zhang et al. [31] adopted the GPC technique to monitor damage growth
in heterogeneous structures with different topographies using nonlocal peri-ultrasound
modeling. They found that GPC is superior to the amplitude-based SPC technique for
monitoring damage growth in heterogeneous structures. In peri-ultrasound modeling, both
linear and nonlinear scattering can be generated by cracks. Separate investigations of linear
and nonlinear responses are needed to arrive at a clear understanding of the mechanism of
GPC and its capability of sensing and monitoring damage. Investigations of monitoring
material nonlinearity using GPC are also very few.

In this work, in light of the above discussion, a TA sensing technique using GPC
is investigated numerically in terms of detecting and monitoring damage and material
nonlinearity in plate structures. The GPC-index (GPC-I) is used to detect and monitor
perturbations (such as defects) and material evolution using the TA sensing technique. The
numerical modeling is carried out by nonlocal peri-ultrasound modeling of damage growth
that produces both linear and nonlinear responses. The finite element method (FEM) in
the Abaqus/CAE 2021 software is used for damage growth modeling that produces pure
linear responses. The comparison of these two numerical methods can thus provide a
comprehensive understanding of the effectiveness of the GPC technique for detecting and
monitoring damage growth in structures using its linear and nonlinear responses. The
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In Equation (1), Cy and ¢ (k=1, 2, 3, ..., n) are the magnitude and spatial phase at each
receiving point. The components of this multi-dimensional state vector are the complex
amplitudes of the field at every location in the discretized space of the 1 detectors. When
damage is introduced, as shown in Figure 1b, the perturbation in the physical space scatters
the acoustic waves and modifies the spatial distribution of the acoustic field. Perturbations
such as damage then change the normalized complex amplitude of the acoustic field to

C{ei‘i’é

1 Cﬁei‘i’é
\/C{2+C§2+C§+...C{3

C;lei‘P;r

At a single given frequency f, the angle between the vector representation of the
acoustic field along the n locations in the damage-free and damaged systems corresponds
to a change in the geometric phase of the acoustic wave. This angle or single geometric
phase change at the given frequency f can be obtained through the dot product of these
two state vectors and can be expressed as

Ag = arcos(Re(C *-Cr)), Ag¢ € [0,7] 3)

where Cx denotes the complex conjugate of state vector C while Re stands for the real part
of a complex quantity.

Generally, the acoustic signals at each receiving point contain multiple frequencies
because input excitation signals own the bandwidth which contains multiple frequency
components, then a series of geometric phase changes at each frequency component can
be plotted as a function of frequency, as shown in Figure 2a, with different levels of
damage (Dgp—no damage, D;—medium level of damage and D,—higher level of damage).
The spectral dependency of the GPC A¢ measures changes in the spatial characteristics
of the acoustic field during the wave propagation due to perturbations—the larger the
perturbations are in structures the higher the GPC values are in the plots. The GPC-index
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3. Model Description and Numerical Modeling
3.1. Peri-Ultrasound and FEM Modeling for Cracked Geometry

As illustrated in Section 2, for TA sensing the vector representation of an acoustic
field in an infinite dimensional Hilbert space can be compared for damage-free and dam-
aged plates. However, for practical applications, a much smaller discretized n-dimen-
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3. Model Description and Numerical Modeling
3.1. Peri-Ultrasound and FEM Modeling for Cracked Geometry

As illustrated in Section 2, for TA sensing the vector representation of an acoustic field
in an infinite dimensional Hilbert space can be compared for damage-free and damaged
plates. However, for practical applications, a much smaller discretized n-dimensional
subspace is considered to describe the acoustic field. In this investigation, this subspace is
generated from seven receiving points (so 7 = 7) as shown in Figure 3. It should be noted that
in TA sensing at least two receiving points are needed to reflect the spatial characteristics
of the acoustic field. More receiving points improve the spatial resolution of the acoustic
field and its geometry. Here, seven receiving points are distributed symmetrically about
the y-axis, as shown in Figure 3a (without any cracks) and in Figure 3b (with one crack).
The distance between two adjacent receiving points is set at 25 mm. The dimensions of
the plate structure for numerical modeling are 201 x 201 x 3mm?3. The thickness d of the
crack in Figure 3b takes values 0, 1, 2 and 4 mm for modeling damage growth in the plate
and the length of the crack is fixed at 19 mm. A plate having no cracks is considered as
the reference state or reference shape with respect to which the cracked plates (perturbed
states) are compared. For wave propagation modeling, the vertical distances from the
transmitting point and the seven receiving points to the x-axis are set at 60 mm. The crack
is symmetrically placed about the y-axis with the bottom surface coinciding with the x-axis
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signals is 50 MSa/s (mega samples per second) to ensure computation accuracy.
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At the receiving points, velocity values (in the z direction or perpendicular to the plate
surface) for each crack thickness are recorded at every calculation step to obtain the time
history signal at each receiving point. Thus, seven signals are recorded at seven receiving
points for every crack thickness: 0 mm (no crack), 1 mm, 2 mm and 4 mm. Then, GPC
analysis is carried out with these signals.

3.2. FEM Modeling for Material Nonlinearity Problems

The effect of material nonlinearity on GPC is investigated by FEM modeling. The
2-D view (the xy plane) of the problem geometry that is modeled is shown in Figure 5a.
The dimensions of the plate structure are 200 x 200 x 3mm?, the linear elastic material
properties for numerical modeling are listed in Table 1 and the nonlinear material properties
(stress—strain relationships) are prescribed in the Abaqus/CAE software. For wave propa-
gation setup, the excitation point or the transmitting point is selected on the top surface
of the plate, on the y-axis, and the seven receiving points are distributed symmetrically
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the Seven receiving points for geometric phase analys1s The samplmg trequency at the
receiving point is 50 MSa/s (mega samples per second). For each stress—strain relationship
shown in Figure 5b, there are three recorded signals which correspond to the AF values
equal to 1, 2 and 3, respectively, at each receiving point, so a total of nine signals are rec-

orded at each receiving point for the material nonlinearity analysis by the TA sensing
P
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each receiving point, so a total of nine signals are recorded at each receiving point for the
material nonlinearity analysis by the TA sensing technique.

4. Numerical Modeling Results
4.1. Effects of FEM and Peri-Ultrasound Modeling on Wave Propagation

Both local FEM modeling and nonlocal peridynamics (PD)-based peri-ultrasound
modeling are used to investigate the effect of crack initiation and growth on the wave
propagation behavior and GPC calculation. In FEM modeling, the surfaces of cracks
remain separated as the waves propagate, so elastic waves cannot pass through an open
crack but are scattered by it. However, in nonlocal peri-ultrasound modeling, due to the
nonlocal effect, waves can pass through a crack, so both linear and nonlinear responses
{@re generated. of 18

In the TA sensing technique the GPC parameter can theoretically sense both hnear

and nonlinear responses. However, separate as well as combined investigations of linear
and nonlinear effects on GPC can provide guidance on the applicability of GPC for sensing
iere-eracks (NOnlinear reSpOnses). A compiinh Of e results of these twe medeling
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For the no-crack case, it can be seen from Figure 6 that the two numerical modeling

techriiguengeretaiv Rivalar fieshtbbubareriHc HigtReak gt IRk idep trahiifea PAtoRId el
teanisugpedshrseshamthe tamd eral dhe v wvlilg the pibes snainnel Hewsomaheth
slmpeerhmedslingdne hodsclelyshene differemeanidsthavareemadse Hbarehieyams
RERReiRch R RRRAAT I hiBh e s oy S RANSRerRing RIBP WisReFsIRIL S WhKESS fht’é
Eigguaca t&&%&mm&!&m&%@%me%mm&é el pEha s mplizedn

¥atues at reeplendfenthedatatade Hicknesredtiptited %%1%&%@8&%%%&%@5&9
bxithess e aic de &sm%teégs@}é%ﬁmﬁqﬁ az'#lﬁbgweur}ﬁﬁgyggzer-
ated By thesEEVD modeling e EtinBoum i iig aie Sfo hieisaCaba e S /A e Pipguis

enerated from the cracks, there are significant changes between the no-crack case (0 mm
thick crack) and the cracked cases (1 mm, 2 mm and 4 mm). However, there are almost no
changes for 1 mm, 2 mm and 4 mm thick cracks (these three curves overlap). Therefore, it
can becoli¢liided that damage growth (the increasein, ¢tk thickness) doespot significantly
affect théphiieline g response. H@weveﬁ:fo.n the pgri-ultragspund modeling
results shown in Fig} bl o

N ol

e linear response is from fhe reﬂectlon refractlon and scattermg of ,' e waves by the
crack s surface whlle the nonhnear response is from the nonlocal effects when some elastic
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Figure 7. Normalized velocity time history at receiver 4 for four cases (0 mm or no-crack, 1 mm, 2

mm and 4 mm thick cracks) from two different numerical modeling techniques: (a) finite element
moathad (CEA: (k) moridyrmarmice (PD) acad riart 111+ vacemnvt1mvd A aliao
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crack’s surface while the nonlinear response is from the nonlocal effects when some elastic
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in crack thickness) on spectrdl plots is shown in Figures 8 and 9. The multiple peaks and
dips‘show#in the spect‘f‘al plots are generated by the%onstf‘ug:c,lve”and destructive inter-

ferences between the incident wave from the source and_the reflected wave from the
boundary at the%ensor location. In the time histories ShOWI(]? Figure 7, both incident and

S e

,r@v)) petidynamics (PD)-baged pen'ulttasound modeling.

1.2 'a, where only linear scattering is gen-
—No crack os bet th K 0

' 1! ——| mm thick crack, €S between the no-crack case (0 mm

f - = 2 mm thick crack 4 mm). However, there are almost no

C=08 -4 mm thick crack]  se three curves overlap). Therefore, it

e in crack thickness) does not signifi-
wever, for the peri-ultrasound model-
can pass through the no-crack case as

Normalized amplitude
(=]
=)

0.4} um thicknesses) and to a lesser degree
1d nonlinear responses are generated.
0.2
0
0 200 400 600 800

Frequency (kHz)

Figure 8. Nommalizesd] spmettrd Ippdtes btemieinet fdnoiEM Matekiegjherhedhniior foraeckraakecasd
ancbéhiifeedéierbidithickaesdasraticrack.

For the purely linear scattering respomnse in FEM showmn in Figure 8, there is almost
no change on the spectral envelope shape for the four cases, indicating that no additional
frequency eomponents are generated. Ak, tihate e my diifferances fiox the thiee erack
thicknesses (1, 2 and 4 mm). This dleatly proves that the erack thickness inerease does net
affeet the purely linear seattering from eraeks.

In the peri-ultrasound modeling results shown in Figure 9, it can be observed that
the gnwelopes for 2 mm and 4 mm thick cracks are distorted (the 1 mm thick crack case
is also slightly distorted compatréd teadhe no-crack case). Therefore, additional frequency

compdnents are generated. Such dduititfaFRdguency components indicate the presence of
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For the purely linear scattering response in FEM shown in Figure 8, there is almost
no change on the spectral envelope shape for the four cases, indicating that no additional
frequency components are generated. Also, there are no differences for the three crack
thicknesses (1, 2 and 4 mm). This clearly proves that the crack thickness increase dod$ abt’

affect the purely Iinear scattering from cracks.

1.2 :
—No crack
I --=-1 mm thick crack
'g - - 2 mm thick crack
= -4 mm thick crack
=%
=
S
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E Upper threshold
g limit 0.12
e 0. M B : ing techni :
Figyre 0. ctral at sensot 4 from/PD-based modeling technique for no-crack and
three di A\bf cracks.. - .. _X____]

0 . ke T
I the per@fltrasouttdlmodelitl¥) results8Hown in Figure 9, it can be observed that
the envelopes for Xgfvaney4d kkin)thick cracks are distorted (the 1 mm thick crack case is
also slightly drstorted compared to the fiin crack case). Therefore add1t10nal frequen
Figure 9. Nq[rm ized S c{reﬂ f%ots at s&as? f)fn D-base modelm c ni ue {o Hhe crack an
&n are Uch addifional frequency componen ISR e presence
three d1 ferent %hrgkg esses of gracks.
honlineari TS eracks:

The RORKREAF BERAVIOHS From the cracks are alsg analyzed with the help of the gide-

ﬂ?mp&akmmt-wgqr%ﬂwm%ﬁ&rwyﬁwﬁ ae&#&q%aalﬂmth&@z&%
dekAadhreding)ie 5942 AR AR i e Phlhsslastd %r@ﬁmd%pza%gr
RAYSPInY ARe

firlelinsvitla the spsrpRirietvinled g m&w@m@r%
diheridabgpskpeakstlacatardbhayenss qi@i‘%&u%ﬁhmlﬁ&l{ﬁé‘sﬁ@l Scistonlating
fEbiubicaypanbarndandsalep adrrtahisehsissnevgl tacalcaipte (06l dorp serumabE
g otihesedwiadeshspaes H(Eimng) GPC-I).

4.2. GPC Computation for Damage Groah
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frequencies, the peak values in Figure 10b increase with crack thickness but at higher fre-
quencies (above 198 kHz) the peak values first increase for crack thicknesses up to 2 mm
and then decrease. The higher frequency trend is consistent with previous investigations
with SPC-I [18,38-40] where it was shown that the nonlinear parameter SPC-I value first
increases and then decreases with damage growth. Since the SPC-I technique mainly cap-
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nnn]innnrﬂy (PA]\T) and the SPC-I value increases. When these micro-cracks coalesce to

form macro-cracks, the crack surfaces do not come into contact to generate nonlinearity
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range from 347 kHz (the second vertical line in Figure 10b) to 700 kHz is considered to
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obtain GPC-I values from the two numerical modeling techniques. The GPC-I variations
obtained from this analysis are shown in Figure 11c,f (the third column).

It can be seen from the FEM modeling results (the top row in Figure 11), that the
normalized SPC-I value which mainly captures the nonlinear response in structures shows
almost no variation in Figure 11a, confirming that in FEM modeling only a linear scattering
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as the crack thickness changes. In the peri-ultrasound modeling results (the bottom row
in Figure 11&, both g}PC—I and SPC-I show consistent trends—first increasing up to 2 mm
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4.3. GPC Computation for Material Nonlinearity

The investigations of the effect of material nonlinearity on GPC were carried out with
FEM modeling in the Abaqus/CAE sofftware. Thenenmalized spectral plots, obtained from
the recorded time histories at receiver 4 for three different stress-strain relationships are
shown in Figure 12. The normalized curves are plotted in a logarithmic scale to provide a
clear undienstandiingobhhvisisichbahgaaksichahgags ixpiniprxcitrtieaidnsraaseefic ebidul
benld praklimgei tatéationtion e Amftioetioh bipnpekeatiivneaabbaisec e determine
whether the response is linear or nonlinear [26). For linear responses, the normalized plots
sheuld net shew any differenee but for nenlinear responses the nermalized plots should
shew synerdiffeseaseavierthenaphibyifgractaetcr AFThangemhRiguRsgifeq 2arregppnd
ipbRaa fivedratc aarheruate LfaEsssos iy delationshinsicRERLS RIS At idppciegleln
igeg, iaFiBa hves CHHY ¢h AU TR B O dirlg 2Ad 3 aVerkaRt 3 overlap.

10"

] 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Frequency (kHz) Frequency (kHz) Frequency (kHz)

(a) (b) (c)

Figure 12 Nosmalizecispgetighp otstioron aherial RORBRsRTa b 9T (i arefelsHestrabiain reia tionships:
éaipina@i) dtresa-strein-rtlationshipobhipiaBiagicstrasic-strein-rstiationshipofehigy (ep sgatsiresst
stresnsthatiomshiponship.

It ean e sieniinFiigwee 23 athainimiessoraranglided stlotsrin dinenradgeserairain
rstasignspips hothibemgin psrk s iibedpbsnasemartHee cent bl & 200 kHz) and
the sideband peaks(vrhishasedvatbes awy - GionmmodioH e senimbfeamsnenshon
anfditirrerres Mrdificrant Ak Emphyinadestenheslvet Herhsatyad stissteessmstaain
FrIaURAShiRe sepeatral Rlustatetied i Figureoly Bisbrvithahas HRessitation amplitude
inereases themaimlebsamppinderinhaRuBlizadRA¢iote astrhrass it tha sidebrnd
Bsal PRk tdeiideqmasicriage. fonthe padfatipsiisstictainselationsiupdbsHifmass
sfitheroalerinl increass? withigad the higher exeitagnn ekesdba materiathardetand
harder and produces lower sideband peak amplitude values. Similarly, for square root
stress—strain relationships, as can be seen in Figure 12c, the sideband peaks also show
nonlinearly —this time, the sideband peak amplitudes increase as the AF increases while
the main lobe amplitudes remain unchanged in the normalized plots. The GPC plots for
these three tvpes of materials are shown in Figure 13. Fiecure 13a—c correspond to linear,
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produces lower sideband peak amplitude values. Similarly, for square root stress—strain
relationships, as can be seen in Figure 12c, the sideband peaks also show nonlinearly—this
time, the sideband peak amplitudes increase as the AF increases while the main lobe
amplitudes remain unchanged in the normalized plots. The GPC plots for these three
éqnsggfss% % X%%%\G&%pes of materials are shown in Figure 13. Figure 13a—c correspond to linear, quadra]:léicofﬁ%
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two nonlinear materials GPC-I values increase as input excitations increase. For the SPC-I
plots shown in Figure 14b, for the linear material, SPC-I values do not change as input
excitations increase, which is consistent with what the GPC-I plots show. However, for
the other two nonlinear stress—strain relationships—quadratic and square root—the SPC-I
plots show two opposite trends for the two types of nonlinearities. When input excitations
increase, an increasing trend is observed for the square root stress—strain relationship while
a decreasing trend is found for the quadratic stress—strain relationship. Such differences
between GPC-I and SPC-I variations for nonlinear materials can be explained in the follow-
ing manner. GPC-I shows the degree of deviations between the perturbed system (when
AF is not equal to 1 in linear and nonlinear materials) and the reference system (AF = 1).
Both quadratic and square root stress—strain relationships lead to perturbations from the
reference state. The GPC-I senses and plots higher differences for higher AF values. In
the SPC-I technique, the variations are related to the sideband peaks” amplitudes, which
are linked to the stiffness of the material. When the stiffness of the material increases with
strain (in the quadratic case), the generated nonlinear strain levels for the same stress levels
become smaller, thus causing lower sideband peak amplitudes. When the stiffness of the
material decreases with strain (in the square root case), the generated strains for the same
stress level become larger, thus causing higher sideband peak amplitudes. In addition to
the three stress—strain relationships discussed above, two more (one-third root and cubic
stress—strain relationships) are analyzed. The SPC-I and GPC-I variations for all five cases
are shown in Figure 14. The expected trends are observed: the one-third root relationship is
similar to the square root relationship (since here material stiffness decreases as excitation
increases), and the cubic relationship is similar to the quadratic relationship (since here
material stiffness increases as excitation increases). Both the GPC-I and SPC-I variations
could distinctly separate the five different stress—strain behaviors of the material. It can
be also concluded from Figure 14 that SPC-I is more effective for distinguishing between
different types of material nonlinearity than GPC-I. From the SPC-I plots (noticing whether
the variation has an upward or a downward trend) one can say whether the material stiff-
ness increases or decreases when the excitation amplitude increases which is not possible
from the GPC-I plots.

5. Conclusions

In this work, a numerical investigation is carried out to compare the effects of dam-
age initiation, damage growth and the change in material nonlinearity on the nonlinear
ultrasonic technique SPC-I and the TA sensing technique GPC-I. Damage growth (increas-
ing crack thickness) problems are modeled by two numerical techniques—the local finite
element method (FEM) and the nonlocal peridynamics (PD)-based peri-ultrasound model-
ing technique. The effectiveness of the FEM and peri-ultrasound techniques in terms of
modeling wave propagation in nonlinear and linear materials in the presence or absence of
cracks is also investigated in depth. In FEM modeling, the surface of cracks is not artificially
changed. No compressive or shear springs are placed inside the crack, unlike the case in
some FE-based models to represent partially closed cracks. Thus, elastic waves cannot
pass through an open crack and only purely linear scatterings are generated. However,
in nonlocal peri-ultrasound modeling, due to the nonlocal effect, the elastic waves can
pass through cracks so both linear and nonlinear responses are generated. A new acoustic
parameter called the geometric phase change- index (or GPC-I), which is generated from
TA sensing, is defined and adopted to monitor damage growth and material nonlinear-
ity. In damage growth problems, the numerical results show that, for a linear response
generated by FEM modeling, the GPC-I is sensitive enough to detect defects but cannot
monitor damage growth. In the combined linear and nonlinear responses generated by
peri-ultrasound modeling, at the higher frequency range, the GPC-I and SPC-I techniques
show consistent trends—first increasing and then decreasing as damage grows. These
results indicate that GPC-I can be used to detect the initiation of damage in structures from
the linear analysis. From the combined linear/nonlinear analysis, it is shown that GPC-I
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can also be used effectively to monitor damage growth by selecting only the higher fre-
quencies in the analysis. The higher frequency boundaries are selected from the GPC plots.
Recently, using a scanning laser doppler vibrometer (LDV), experimental investigation has
been carried out to see if GPC-I and SPC-I can detect and monitor damage growth [43]. In
this experimental investigation, the submillimeter indentations served as surrogates for
flaws/defects. Similar to the numerical predictions in the current paper, in the experimental
paper it was shown that the variations in the geometric phase and the SPC-I in the vicinity
of the indentations are significant. The magnitudes of the variations in geometric phase
and SPC-I have been shown to be strongly dependent on the number of indentations, i.e.,
on the level of damage to the plate.

The effect of pure material nonlinearity on GPC (in the absence of any cracks) is
investigated by FEM modeling. Different stress—strain relationships—linear and nonlinear—
are considered. The numerical results show that for linear materials the GPC-I obtained
from the normalized plots does not change as the input excitation increases while for
nonlinear materials—with quadratic and square root stress—strain relationships (as well as
for cubic and one-third root stress—strain relationships) the GPC-I increases as the input
excitations increase, which indicates that nonlinear material behavior can be detected by
the GPC-I technique. SPC-I analysis is also carried out for the same nonlinear materials. For
linear, square root and one-third root stress—strain relationships, SPC-I shows consistent
trends with GPC-I plots. However, for quadratic and cubic stress—strain relationships, SPC-I
shows a decreasing trend as input excitations increase, which is the opposite of the GPC-I
trends. This is because GPC-I measures the degree of deviations from the reference state
(the linear material), and any perturbations introduced into the reference state can result in
an increase in GPC-I values. The SPC-I technique, on the other hand, measures the number
and strength of sideband peaks generated due to nonlinearity. The material’s nonlinearity
causes the stiffness changes with loading. Such stiffness changes affect the amplitudes
and the number of sideband peaks. Therefore, SPC-I can capture trends in the change in
material stiffness—whether increasing or decreasing with the excitation amplitude. For
quadratic and cubic materials, the SPC-I shows a downward trend as load increases, while
for square root and one-third root stress—strain relationships, the SPC-I shows an upward
trend as load increases. Thus, the SPC-I technique can not only detect material nonlinearity
but can also distinguish between types of nonlinearity. From its variation it can identify
whether the material stiffness increases or decreases with increasing strain.
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