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ARTICLE INFO ABSTRACT

Keywords: The strong force which binds hadrons is described by the theory of quantum chromodynamics
Lattice gauge theory (QCD). Determining the character and manifestations of QCD is one of the most important and
Quantum chromodynamics challenging outstanding issues necessary for a comprehensive understanding of the structure of

Parton distribution functions
Generalized parton distributions
Nucleons and mesons

hadrons. Within the context of the QCD parton picture, the parton distribution functions (PDFs)
have been remarkably successful in describing a wide variety of processes. However, these PDFs
have generally been confined to the description of collinear partons within the hadron. New
experiments and facilities provide the opportunity to additionally explore the three-dimensional
structure of hadrons, which can be described by generalized parton distributions (GPDs), for
example.

In recent years, a breakthrough was made in calculating the Bjorken-x dependence of
PDFs in lattice QCD by using large-momentum effective theory (LaMET) and other similar
frameworks. The breakthrough has led to the emergence and rapid development of direct
calculations of Bjorken-x-dependent structure. In this review article, we show some of the recent
progress made in lattice QCD in PDFs and GPDs and discuss future challenges.
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1. Introduction

Gluons and quarks are the underlying degrees of freedom in quantum chromodynamics (QCD) that explain the properties of
hadrons, such as the nucleon and pion. Fully understanding how they contribute to the properties of hadrons (such as their mass
or spin structure) helps to decode the Standard Model that rules our physical world. Many mysteries remain after decades of
experimental effort; for example, what is the origin of the proton mass? How are sea quarks and gluons, and their spins, distributed
in space and momentum inside the nucleon? A great deal has been learned about hadron PDFs from analysis of hard-scattering
experiments and others since the 1960s (see example reviews and latest results in Refs. [1-7]), and these measurements have
provided a standard against which theoretical calculations can be judged. However, greater experimental precision is required to
answer these remaining QCD mysteries; hence, the exploration of hadron structure continues: in the US, physics targets are being
pursued by multiple DOE laboratories, Brookhaven National Lab (BNL) and Jefferson Lab (JLab), as well as the future Electron—
Ion Collider (EIC) [8-10]. Worldwide, facilities such as GSI in Germany and J-PARC in Japan will join the effort, and future
facilities are being considered, such as an EIC in China and the LHeC at CERN. The pursuit of PDFs has led to collaborations
of theorists and experimentalists working side-by-side to take advantage of all available data, evaluating different combinations of
input theories, parameter choices and assumptions, resulting in multiple global-PDF determinations. Comparison of these different
global-fit determinations of the PDFs is important to reveal hidden uncertainties in PDF data sets. Often, in kinematic regions where
experimental data are plentiful or overconstrained, such as the mid-x region of the PDFs, there is consistency among different
PDF data sets. However, in the regions where data are sparse or suffer from complicated nuclear effects, such as at small- or
large-x or for heavy-flavor PDFs, disagreements are seen. For more details, we refer readers to the non-technical review in Ref. [4].
A nonperturbative approach from first principles can provide the necessary inputs to fill gaps in the experimental data or add
information to constrain global fits.

Lattice quantum chromodynamics (LQCD) is an ideal theoretical tool to study the parton structure of hadrons, starting from
quark and gluon degrees of freedom. LQCD is a regularization of continuum QCD using a discretized four-dimensional spacetime;
it contains a small number of natural parameters, such as the strong coupling constant and quark masses. LQCD discretizes four-
dimensional continuum QCD to allow the study of the strong-coupling regime of QCD, where perturbative approaches converge
poorly. As in continuum QCD, we calculate an observable of interest through a path integral:

(010G . A)0) = % / [dAIdF N[y 1067, v, A)e' / & Lo @A), an

where Lqcp is the sum of the pure-gauge and fermion Lagrangian, O is the operator that gives the correct quantum numbers for our
observable, and Z is the partition function of the space-time integral of the QCD Lagrangian. It is straightforward to carry out this
path integral numerically within a finite spacetime volume and under an ultraviolet cutoff (the lattice spacing a). Unlike continuum
QCD, LQCD works in Euclidean spacetime (rather than Minkowski), and the coupling and quark masses can be set differently than
those in our universe. The theory contains two scales that are absent in continuum QCD, one ultraviolet (the lattice spacing a) and
one infrared (the spatial extent of the box L); this setup keeps the number of degrees of freedom finite so that LQCD can be solved
on a computer. For observables that have a well-defined operator in the Euclidean path integral for numerical integration, we can
find their values in continuum QCD by taking the limits a — 0, L — co and quark mass m, — mghys.

In order to make predictions using QCD on the lattice, we calculate observables corresponding to vacuum expectation values of
operators O, taking the form

(0)= % / [dUTIdy][dile S V=56 oW, v, )
where
Z= / [dUT[dy][dy]eSF =5, 1.2)

S is the gauge action and S; = yMy is the fermion action with Dirac operator M. The bilinear structure of the fermion
action allows the integration over the fermion fields to be done explicitly, bringing down a factor of det M. This means that the
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Fig. 1.1. (left) Ilustration of an example four-dimensional topological QCD vacuum of the N, = 2+ 1+ 1 gauge field configurations (generated by MILC
collaboration) represented in two-dimensional frame. (right) The SciDAC Layers showing the modular software architecture; taken from USQCD software website,
https://usqcd-software.github.io.

anticommuting fermion fields (impossible to simulate on a computer) are integrated out, leaving an integrand that depends only
the values of the gauge fields:

(0) = %/[dU]detMe‘SG(U)O(U)

In the early days of lattice QCD, computational resources were insufficient to compute the fermionic determinant. Instead, the
determinant was approximated by a constant. This is equivalent to removing quark loops from the Feynman diagrams of a
perturbative expansion, and this technique became known as the “quenched approximation”. Although quenching retains many
of the important properties of QCD, such as asymptotic freedom and confinement, it introduces an uncontrollable systematic error,
and modern calculations keep at least the up, down, strange and charm quarks in the sea.

The discrete integral we have derived can be evaluated numerically using Monte-Carlo methods. Monte-Carlo integration uses
random points within the domain of gauge configurations to approximately evaluate the integral. The “importance sampling”
technique is introduced to perform this task more efficiently: instead of choosing points from a uniform distribution, they are chosen
from a distribution proportional to the Boltzmann factor e~Seff() which is det M e=56¢(U), which concentrates the points where the
function being integrated is large.

Using this method, we accumulate an ensemble of gauge-field configurations generated using a Markov-chain technique. Based
on the current state of the gauge configuration, a new configuration is selected. A transition probability P([U'] < [U]) is determined
based solely on this new configuration and the current one. The new configuration is added to the ensemble or rejected, according
to the resulting probability. If the “detailed balance” condition

P([U"] < [UNe 5@ = P([U] « [U])e~Ser@") 1.3)

is satisfied by this update procedure, then the canonical ensemble is a fixed point of the transition probability matrix. Under this
condition, repeated updating steps will bring the gauge-field distribution to the canonical ensemble. One can then save each of
the gauge-field configurations; that is, effectively taking snapshots of QCD vacuum (see the right-hand side of Fig. 1.1 for an
illustration). These calculations require high-performance supercomputer centers with software developed by and shared among
the community. The right-hand side of Fig. 1.1 shows an example of commonly used software from the US lattice community
(i.e. USQCD collaboration) and their dependencies. Once the proper QCD vacuum is obtained, one can move on to calculate QCD
observables, such as spectroscopy and structure of hadrons. One will then repeat the calculations as many times as the available
QCD ensembles; these forms the statistical errors in the lattice-QCD hadronic observables.

For a long while, lattice PDF calculations were limited to lattice observables, “moments” only, that is, where the x dependence
of the parton distributions is integrated out. A breakthrough came in 2013 when Large-momentum effective theory (LaMET) [11,12]
enables computation of the Bjorken-x dependence of hadron PDFs on a Euclidean lattice. LaMET relates equal-time spatial
correlators, whose Fourier transforms are called quasi-PDFs, to PDFs in the limit of infinite hadron momentum. For large but finite
momenta accessible on a realistic lattice, LaMET relates quasi-PDFs to physical ones through a factorization theorem, the proof of
which was developed in Refs. [13-15]. Since LaMET was proposed, a lot of progress has been made in the theoretical understanding
of the formalism [14,16-20,20-41]. The method has been applied in lattice calculations of PDFs for the up and down quark content of
the nucleon [42-56,56-59], = [60-63] and K [62] mesons, and the A% [64] baryon. Despite limited volumes and relatively coarse
lattice spacings, previous state-of-the-art nucleon isovector quark PDFs, determined from lattice data at the physical pion mass,
have shown reasonable agreement [49,50] with phenomenological results extracted from the experimental data. Encouraged by this
success, LaMET has also been extended to twist-three PDFs [65-67], as well as gluon [68,69], strange and charm distributions [70]. It
was also applied to meson distribution amplitudes [71-79] and generalized parton distributions (GPDs) [80-83]. Attempts have also
been made to generalize LaMET to transverse momentum dependent (TMD) PDFs [84-91], to calculate the nonperturbative Collins—
Soper evolution kernel [86,92,93] and soft functions [94] on the lattice. Alternative approaches to access x-dependent structure in
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Fig. 1.2. A timeline showing the rapid development of the lattice methods for x-dependent hadron structure calculations, starting from the quasi-PDF (or
LaMET method) in unpolarized and polarized isovector nucleon calculation, towards first of the many methods used in different approaches and hadron
structure [42,57,103,113,117,118,145,146].

lattice QCD are also proliferating; for example, the Compton-amplitude approach (or “OPE without OPE”) [95-107], the “hadronic-
tensor approach” [57,108-112], the “current—current correlator” [13,63,102,113-117] and the pseudo-PDF approach [14,69,115,
118-135]. A few works have started to include lattice-QCD systematics, such as finite-volume effects [56,117] and lattice-spacing
dependence for quark [59,62,73,136-138] and gluon [132,134,135] distributions, in their x-dependent structure calculations. Most
lattice calculations of PDFs use next-to-leading-order (NLO) matching [5,16,20,139], but recently some lattice calculations of the
valence pion PDF [140] have incorporated NNLO matching [141,142]. Figs. 1.2 and 1.3 shows the important milestones that has
been made in lattice QCD in x-dependent hadron structure in the past decade. We refer interested readers to these recent reviews
for more details on lattice moments [4,6,143,144].

In this review, we will focus on the x-dependent parton-distribution results from two popular methods: the LaMET (or sometimes
also called “quasi-PDF”) and pseudo-PDF method. We will briefly describe the methods currently used on the lattice in Section 2,
focusing on selected PDFs and GPDs results that demonstrate the lattice progress in Section 3 and 4, and summary of the
state-of-the-art and remaining challenges in the future in Section 5.

2. Methodology
2.1. x-dependent parton distribution methodologies in lattice QCD

In this section, we briefly review recent approaches to determining the x-dependence of parton distributions from lattice QCD.
For this review, we will only focus on those new methods whose lattice-calculated matrix elements can be treated similarly to the
experimental cross-sections to be combined in the global-QCD analysis. These will one day be used to extract the best knowledge from
both available lattice-QCD and experimental data. Modern moment methods, such as Refs. [149,150], that extend the traditional
moment method beyond the leading few moments are not included in this review.

2.1.1. Hadronic tensor

Parton distributions can be determined from hadronic tensors provided that the higher-twist contributions, which have different
0? dependence than the leading-twist, can be subtracted. Using the hadronic-tensor method in the Euclidean path-integral approach
has the advantage that no complicated lattice renormalization is required if conserved vector currents are used in the current—current
correlation, and the renormalization for the local currents is well understood on the lattice. Furthermore, hadronic tensors can be
calculated in any momentum frame of the nucleon, since the structure functions are frame-independent. One can choose the nucleon
momenta and momentum transfers judiciously to yield the desired coverage of x for a given Q2. However, the inverse Laplace
transform that is needed to convert the hadronic tensor from Euclidean space to Minkowski space can be a challenge [108,110].
Three numerical approaches, the Backus-Gilbert method [151], improved maximum entropy, and fitting with model spectral
functions, are suggested to tackle this inverse Laplace-transform problem [111]. The hadronic-tensor approach also provides a
promising avenue to directly evaluate of the lepton-nucleon scattering cross sections across quasi-elastic, resonance, shallow-
inelastic, and deep inelastic regions, which gives its special applications among the available x-dependent methods. Examples of
recent results using hadronic tensor can be found in Ref. [152,153].
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Fig. 1.3. Timeline from 2013 to 2023 of the first x-dependent observables calculated on the lattice [42-44,62,70,71,80,147,148].

2.1.2. Compton amplitude method
Both unpolarized and polarized PDFs are accessible, theoretically and experimentally, through the forward Compton scattering
amplitude

T, (p.4,5) = / d*z e (p. s|T (20, O)lp.5) @1

at large virtual photon momenta ¢> = —Q?. Here T is the time-ordering operator, J «(2) and J,(0) are vector currents at spacetime
points z and 0 respectively, and the external states are hadronic states with momentum p and spin s. The Compton-amplitude
method proposes to directly calculate T),,(p, q) in lattice QCD. The disconnected contributions can be calculated by application of
the Feynman-Hellmann technique to lattice QCD [103,154-156]. The Compton amplitude will be dominated by the leading twist-two
contributions, provided one works at sufficiently large Q2. Varying Q? allows one to test the twist expansion and even isolate twist-
four contributions [105]. Moreover, one can distinguish between contributions from up, down and strange quarks, connected and
disconnected, by appropriate insertions of the electromagnetic current. Recent example results of the Compton-amplitude method
can be found in Ref. [157,158].

2.1.3. Lattice cross sections

A lattice cross section is defined as a single-hadron matrix element of a time-ordered, renormalized, nonlocal operator O,(z):
6,(v, 22, p*) = (p|T{0O,(z)}|p) with four-vectors p and z effectively defining the collision kinematics; the choice of 0, determines the
dynamical features of the lattice cross section (LCS) [13]. An example class of good LCS can be constructed in terms of a correlation
of two renormalizable currents, ©@ p (B = 2ty W Zj, 11(2))2(0), where Z; is the renormalization constant of the current j with
dimension d - There are many choices for the current, such as a vector quark current j;’(z) =y,(2)y - zy,(2), or a tensor gluonic
current, jé‘v(z) o« FH(z)F,"(z). Different combinations of the two currents could help enhance the lattice cross sections’ flavor
dependence. If z? is sufficiently small, the lattice cross section constructed from two renormalizable currents can be factorized into

PDFs [13],
1
d
o, v 2P =) / 1 7" Jale WK Gev, 22,57 p7 1) + O(22 Agyp) 2.2)
~ |_

where u is the factorization scale, K¢ are perturbatively calculable hard coefficients, and f, is the parton distribution. Note
that a subset of LCS, including the short-distance factorization of spatial current-current correlators, was explored by Braun and
Mueller in 2007 [102]. Parton distributions can be extracted from fits of LQCD data for various LCS o, (v, z2, p?) with corresponding
perturbatively calculated coefficients K¢ in Eq. (2.2). Recent example results using the lattice-cross-sections method can be found
in Ref. [117].
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tsource

Fig. 2.1. Illustration of examples pion distribution amplitude (left), kaon gluon PDF (middle) and nucleon GPDs in Breit frame (right) matrix-element calculation
depicted on top of the LQCD vacuum.

2.1.4. Pseudo-PDF

For the pseudo-PDF method, one will first calculate three-point correlators, as shown in Fig. 2.1 and then extract the ground-
state matrix elements of the desired hadron Ai(z, P,) = (H(P,)|O(z)|H(P,)), where P is the hadron momentum and z is the Wilson
displacement of the quark and antiquark (or gluon) fields in ©(z). One can then introduce h(v,z%) = h(z, p.) as a function of the
Lorentz invariants v = z - p (Ioffe time [159,160]) and z2, where z and p are general 4-vectors and compute the reduced Ioffe-time
pseudo-distribution (RpITD) [118,120,161,162]

_ h(zP,,z%) /0 P,,0)
" h(z-0,22)/h(0-0,0)
By construction, the renormalization of O(z) and kinematic factors are canceled in the RpITDs, and the ultraviolet divergences are
removed. The RpITD double ratios employed here are normalized to one at z = 0, and the lattice systematics are reduced due to the

double ratio. These RpITDs will be input into the pseudo-PDF framework detailed in Ref. [118,119] to obtain the desired parton
distribution:

M(v, Z%) (2.3)

1 2
M(v,z%) = / dxf(x’u )Rf]fz(xv, 221, 2.49)
0 (xm) ,
where u is the renormalization scale in the MS scheme, (x") ris the moment of f = {¢q,xg} (with n = 0 and 1, respectively), R e
are parton-in-parton (could be quark-in-quark, gluon-in-gluon or quark-gluon) matching kernels, and f(x, 4?) is the desired parton
distribution. One can obtain the desired parton distribution g(x, u?) by fitting the RpITD through the matching condition in Eq. (2.4)
with phenomenologically motivated form commonly used in global analyses
xA(1 - x)€

foou) = ——F—kx), (2.5)

for x € [0, 1] and zero elsewhere with k(x) additional polynomial functions, B to normalize the area to 1. Recent example results
using the pseudo-PDF method can be found in Refs. [131-133].

2.1.5. LaMET/quasi-PDF
Large Momentum Effective Theory (LaMET) [11,12] also takes the matrix elements calculated in Fig. 2.1 and Fourier transforms
the renormalized matrix elements iR,

F(x.P) = / %e-f“”z P.hR(z, P)). (2.6)

In order to prevent unphysical oscillations in the quasi-PDF, we first extrapolate the renormalized matrix element 4R (z, P,) to infinite
distance before Fourier transforming. There is no unique way of performing this step; Refs. [140,163,164] propose a model used
for extrapolation:
-m'z
mR(z, P)— Ae _
|zP,|

as z — oo, (2.7)

where A, m’ and d are fitting parameters. This extrapolation model is inspired by the PDF having the functional form f(x, u) ~ x4~!
at small x, which corresponds to the anticipated large-distance behavior in the renormalized matrix element in the above equation.
Note that the extrapolation mainly affects the small-x region and has very little impact on moderate to large x, where LaMET
makes predictions. With the current P["®* ranging 2-3 GeV, the systematics due to different z — oo extrapolations are smaller
than the LaMET matching systematic in the small-x region. With the renormalized coordinate-space matrix element computed and
extrapolated to infinite length of Wilson-line displacement, the quasi-PDF is computed via Eq. (2.6).

The lightcone parton distribution in the MS scheme at scale y is then convolved with a perturbative hard matching kernel, up
to power corrections that are suppressed by the hadron momentum:

2 2
z dy . (x & yP, Ao Moo
L P)= [ —=C(=,=, L&t o |- 2.8
ek /Iyl (y yom >f(yétﬂ)+ <x2PZZ (1-x2P2 @8

where Aqqp is the QCD scale (0.3-0.5 GeV, depending on the lattice), and the matching kernel C connects finite quasi-distribution
calculated at P, to lightcone parton distribution and has been computed up to NNLO [14,142]. In the zero-skewness limit & = 0
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Fig. 2.2. Various different x-dependent methods can be categorized into the quantities (usually three- or four-point matrix elements) that can be calculated at
finite boosted hadron momentum initial and final states, and connect with the wanted quantities, such as PDFs, GPD, TMDs, as shown in the green ellipse on
the right-hand side that often couple with a complicated perturbative calculated kernel.

for GPDs (more details in Section 4), the matching kernel C is the same as the matching kernel for the PDF [39,51]. There have
been many developments in multiple renormalization schemes to treat the short- and long-distance physics properly and additional
improvements to deal with the renormalon and divergences; more details are given in the later subsections. There are many more
lattice parton-distribution calculations done using LaMET method; rather than listing a few example references, a few recent review
articles have summarized the progress made using this method [2,4-7].

2.1.6. Connections among the methods

Before discussing further the recent developments in the most popular x-dependent LaMET methods, let us summarize the various
x-dependent methods. All the various methods can be summed up by the diagram as shown in Fig. 2.2. There are proposals to
calculate various matrix elements via three-point (one insertion of operators with quark-antiquark or gluon fields separated by
some distance) or four-point functions (usually composed of two local currents separated by some distance) calculated on the lattice
with some momentum dependence (the left purple object). These are related to the quantities we want to determine (the green
ellipse), such as PDFs, GPDs, TMDs, but connected by some matching kernel that is usually calculable via perturbative QCD with
the infrared differences of the physics canceled out. In some cases, one can directly derive the relationship directly.

For example, the LaMET/quasi-PDF and pseudo-PDF methods can be related to the lattice cross-sections method in the calculation
of the unpolarized quark PDFs by choosing

0,(2) = Z(BW 2y - z Pe sy =AYy, (), (2.9)

with the renormalization constant Z,(z%) [13]. With K;'(O)(xv, 22,0, i) = 2xve’™”, one finds

/ Q omixV o0, zz, P2) N (2.10)
v 4r 9 q

modulo O(«,) and higher twist corrections. By choosing z, = 0 and both Pandz along the z-direction, one finds that v = —zP,, and
the left-hand side of Eq. (2.10) is the quasi-quark distribution introduced in Ref. [11] if the integral is performed by fixing P,. It is
effectively the pseudo-quark distribution used in Ref. [120] if the integral is performed by fixing z. That is, these two approaches
for extracting PDFs are equivalent in the infinite-momentum P, — oo (z — 0) limit if the matching coefficients are calculated at the
lowest order in «,, neglecting all power corrections. However, at finite P, or z, the LaMET and pseudo-PDF (similar to all other short-
distance operator product expansion methods) are two different approaches to extract parton distributions from coordinate-space
correlation functions in large-momentum hadrons [165,166].

2.2. Improved renormalization schemes

2.2.1. Hybrid-renormalization scheme

Early renormalization methods for the LaMET matrix elements used in lattice parton calculations were the regularization-
independent momentum-subtraction (RI/MOM) scheme [167] in Refs. [22,42,43,45-48,48-52,54,56,68,73,83,148,168-170] and
the ratio scheme, similar to those used in the pseudo-PDF method [118,120]. There also exist variants to the ratio renormalization
scheme, such as using a vacuum matrix element [142,171], and the hadron matrix elements of a nonzero-momentum state [170].
Later, improved renormalized schemes, such as hybrid-ratio and hybrid-RI/MOM schemes [163], were proposed to normalize the
matrix elements by zero-momentum boosted hadron matrix elements and RI/MOM nonperturbatively calculated renormalization
constant, respectively, for short distance (say up to a distance z, ~ 0.3 fm) [140,163,164,172]; for large distance, z > z, the bare
matrix elements are instead multiplied by an exponential term designed to remove both the linear divergence and the renormalon
ambiguity. In such a scheme, the hybrid renormalized matrix elements h‘},(z, P,) are given by

B (z,P,) .
R HZ(ZZ)Z if z < z
Y (z, P,) = B e 2.11)
Neldm+mo)(z—zg) ZH 227 i >z,

Z(z5)
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where Z(z) can be the bare matrix element at zero momentum hi(z, P, = 0) for the hybrid-ratio or RI/MOM factor or
ZRVMOM(z, yipy.p%, = 0) for the hybrid-RI/MOM scheme; ém and m, are the linear divergence and renormalon ambiguity,
respectively [146]; the normalization N = Z (O)/hZ(z = 0, P,) sets the matrix element hl}{(O, P,) = 1, satisfying conservation of
charge for unpolarized PDFs or renormalized charges (for other structures). The constants Z(z,) and e~(¢"+™m0)%s enforce continuity
at z = z,. The Z(z) is expected to contain the same factor e~%"%; so at large z, one may fit Z(z) to Ae~%"* in order to extract m. At
short distances, one demands z, hR(z,0, u) = Cy(z, u), where Cy(z, u) is the zeroth Wilson coefficient, so with the nonperturbative
renormalization (NPR) factor and Wilson coefficients, we may fit m,

< e~Mm2Cy(z, 1)
In | ——02%

7(2) > =mpzte (2.12)

where ¢ is an unimportant shift, as shown in Ref. [146]. One can also determine ém(a) by using the combination of the static
quark-antiquark potential and the free energy of a static quark at nonzero temperature [71,140,163,173].

2.2.2. Self-renormalization scheme

There are some ambiguities in determining m, and 6m independently using matrix elements from a single lattice-spacing. One
can further improve the procedure by using multiple lattice spacings’ Z(z,), a procedure called “self-renormalization” [174]. The
philosophy behind self-renormalization is that the divergences in the bare matrix elements at zero momentum can be determined by
studying multiple lattice spacings fit to a functional form dictated by perturbative QCD. The parameters determined in this process
can then be used to divide out the divergences producing the renormalized matrix element at non-zero momentum. The functional
form is

1\ kz 3Cr In(aAqcp) d
In <%> Ty E— n(aAge) +g(z)+ f(z)a+ M In <—1n(AQCD/M)> +1In <1 + —ln(a/\QCD)> s (2.13)

where k is the linear divergence arising from the self-energy of the Wilson link that appears in the bare matrix elements, a is
the lattice spacing, Agcp is the cutoff scale for QCD, f(z) is a function describing the discretization effects of the lattice, u is the
final desired renormalization scale, d is a parameter determined by demanding that the short-distance behavior (z < 0.3 fm) of
the renormalized matrix element agrees with perturbation theory, Cp is the quadratic Casimir for the fundamental representation
of SU(3), and 4, is the first coefficient of the QCD beta-function. The remaining term, g(z), encapsulates the renormalized matrix
element.

The linear divergence and QCD cutoff (k and Agcp) are independent of lattice spacing and are not treated as fit parameters but
as global parameters. One does not know the value of d, so the procedure starts by setting it to zero initially and later determines
it by the required condition [174,175]. The bare matrix elements are fitted to Eq. (2.13) at fixed z as a function of a with g and f
as the fitting parameters across a range of values for k and Agcp. For each pair of k and Agcp values, the average y? is computed
across the range of z-values. For a choice of Agcp, the optimum k value (i.e. the one with the lowest average z?) is then used for
the subsequent steps in the procedure.

Having determined the QCD cutoff, the linear divergence and the corresponding values of g across the z-range, we now demand
that the renormalized matrix element agrees with perturbation theory for distances z < 0.3 fm. The short distance behavior is
described by the Wilson coefficients, Cy(z, ) at NLO or at NNLO [14,142,176]. The term g(z) encapsulates the renormalized matrix
element, but we must take into account the renormalon ambiguity mentioned earlier. The renormalized matrix element should obey
at short distances

hR (2, P, =0,a) = exp [g(2) — myz] = Cy(z, u) + @(zzAéCD), (2.14)

where m, is the renormalon ambiguity. The parameter d is determined by fitting g(z) — In(Cy(z, )) to a function linear in z: myz + ¢
by demanding ¢ = 0 to a desired accuracy in order to ensure that the short-distance behavior of the renormalized matrix element
agrees with perturbation theory. With each alteration of d, the k parameter will also change but very weakly.

Having determined d, a full renormalization factor can be constructed as

1 kz 3Cr In(aAgcp) d
7o exp aln(@Aocp) +myz+ f(z)a+ ‘Fﬂo In <—1n(AQCD/M)> +In <1 + m)] . (2.15)
Note that
Z(z,a)hB(z,a) = exp [g(z) - moz] ) (2.16)

which, by construction, will agree with Cy(z,u) at small z. One can then combine the self-renormalization factors with the
hybrid-renormalization scheme, as shown in the earlier section.
ANL/BNL collaboration proposed a new procedure for the hybrid scheme in order to use larger z:

lim e"(@(z=20) —hg(z’ 0.4) = e"ho(z—zt))—co(ﬂzzz) + Az ,
a=0 hE (29,0, a) Co(u2z)) + Az}
2
QCD
comparing the subtracted matrix elements of O(z) or W (z,0) with their MS operator product expansion (OPE); however, it requires
z 502 fm [163], so there is a narrow window of z that can be used. They chose z > z, = 0.24 fm and found agreement between

(2.17)

where z,z, > a, and the parameter A ~ O(A7..) [140]. m, was originally proposed in Refs. [174,177] to be obtained by
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the a = 0.04 fm and a = 0.06 fm ratios at subpercent level up to z ~ 1 fm. They further modified the hybrid scheme by correcting
the Az2 term in A(z,0, ) at short z as

hp (2,25, P*,p,0) =

B 2 2,2 2
hy(z, P%,a) Cy(22 ) + Az Ozg — )+ N oo G-z5)
hB(z,0,a)  Co(z22u?) hE(z5.0,a)  Co(zu?)

hB (z, P%, a) Cy(z:u®) + AZ2
1 0s S0z - zg), (2.18)

where 6m’ = 6m + g, and N = hg(O, 0,a)/h(0, P?, a) normalizes hZ(z, zg, P%, i, a) to one at z = 0. See Ref. [140] for more details.
2.3. RGR and LRR improvements

The renormalization scheme and the lightcone matching can each be augmented with the methods of renormalization group
resummation (RGR) [178] and leading renormalon resummation (LRR) [146] to both the renormalization scheme and the lightcone
matching. RGR involves resumming the large logarithms that arise from the difference in renormalization scale and the intrinsic
physical scale. The method involves setting the renormalization scale such that the logarithms vanish and then evolving to the desired
energy scale using the renormalization group equation. The use of RGR enhances the presence of the renormalon divergence which
arises from the asymptotic nature of perturbation series [179]; this should be accounted for by including LRR in the calculations,
which resums the series to account for the renormalon divergence.

One would start with the Wilson coefficients that was used to tune the m, parameter to improve the divergences in the
renormalization. The Wilson coefficients depend on the renormalization scale u, as well as the intrinsic physical scale, and
the difference between the results in logarithmic terms that need to be resummed. We perform the resummation using the
renormalization-group equation (RGE)

dCy(z,p)
W =y(WCo(z, u) (2.19)

where y(u) is the anomalous dimension, which has been calculated up to three loops [180]. One can then set the energy scale such
that the logarithms vanish and then evolve the Wilson coefficient to the desired energy scale by solving Eq. (2.19):

C(EN)NLOXRGR(Z, ) = C(()N)NLO(Z, 2 Y T(u,z7h), (2.20)
where z~! = 2e77E /z, T(u,z7") is defined by

ag(u) ’
-1y _ : I4CH)
I(u,z7") =exp (/a (Zil)da ﬁ(a’)) ) (2.21)

s

B(a,) is the QCD g function, and y must be computed to the same order as Cy(z,z~'). Note that RGR has not only been used in the
LaMET calculations, but also in the short-distance factorization (SDF), such as pseudo-PDF method, analyses in the Mellin moment
space [145], where the resummation formulas were derived. Note that RGR in SDF reveals that the perturbation theory breaks
down beyond z ~ 0.2 fm, providing guidance on the maximum range of matrix elements that one can use with SDF method. For the
remainder of the section, we will focus on LaMET method, where more results on the further systematics are published.

The Wilson coefficients themselves are determined by a perturbation series in the strong coupling, which in general is not
convergent to all orders, resulting in the renormalon ambiguity. We can account for this by improving the Wilson coefficients
with LRR. Ref. [146] suggests modifying the Wilson coefficient according to

k-1

k k .

Co MOz, ) = €Oz ) + 2 <va<z, 0= a;+1<u>r,~>, (2.22)
i=0

where k = 1 for NLO, k =2 for NNLO, and Cpy the Cauchy principal value to regulate the poles in the integrand:

dz [ Azu 1
Cpy(z, 4) = N, ﬁ_o /O‘PV du exp(— as(ﬂ)ﬁo) X T2
The improvements in the systematic errors in the renormalized matrix elements can be estimated by varying the energy scales, say
1.5 to 3 GeV with the central value calculated at 4 = 2 GeV. These errors then propagate into the Wilson coefficients and fitting
of m, to the renormalized matrix elements and so on. Example recent results on these systematic improvements can be found in
Refs. [172,181-183].
The matching process aligns the UV behavior of the quasi-PDF with that of the lightcone PDF g (x, 4). The two quantities are
related through the matching formula

(T4e(1=2w)+cy(1=2u +...). (2.23)

N 1 dy AZQCD
P)=[ —K P O =——— 2.2
fG&x, P) /_1 bl 6y, P2 ) f (3o ) + <P§x2(1—x) , (2.24)

where K is the matching kernel. The corrections to the matching process arise from the fact that the quasi-PDF is computed at finite
momentum, whereas the lightcone PDF is defined at infinite momentum [140,171]. The full matching kernel is

K(x, v, 4, Pz’ Zs) - lCh-ratio, h-RI/MOM, h-self + AICLRR, (2.25)
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depending on whether we renormalize in the hybrid-ratio, hybrid-RI/MOM or hybrid-self renormalization scheme. The matching
kernel has been computed up to NNLO for unpolarized quasi-PDFs renormalized in the hybrid-ratio scheme with LRR [141,142,178]
as well as to NLO in the RI/MOM scheme in Refs. [22,184]. Note that when the RI/MOM matrix elements are computed at
momentum py = 0, the hybrid-ratio and hybrid-RI/MOM matching kernels coincide at NLO as was shown in Ref. [184].

The LRR modification [146] in the matching kernel can be written as

AJCLRR — yPdz i(x—)zP, = i+1
= / 76 =X zp | Cpy(z, u) — 25 a (wr; | - (2.26)
i=

with k = 1 for NLO and k = 2 for NNLO. Since the matching process can be numerically expensive, we convert the matching kernel
K of Eq. (2.25) into a matrix in x and y, K,,, then multiply a vector of quasi-PDF values by the inverse lC;y‘.

The method of RGR can also be applied to the matching process; the algorithm has been derived in Ref. [178]. This time, the
intrinsic physical scale is that of the parton (~ 2xP,). One can perform the lightcone matching at the scale y = 2x P, so the logarithms
vanish, and then evolve to the desired energy scale using the DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) equation:

df e ) /‘ dz x
= —P(z =u), 2.27

dlIn(u?) <zl @7 (z M) ( )
where P(z) is the DGLAP kernel, which has been calculated up to three loops [185]. It should be noted that the DGLAP evolution
formula begins to break down at x ~ 0.2 for P, ~ 1.7 GeV where a,(4 = 2xP,) becomes nonperturbative.

3. Parton distribution functions

In this section, we briefly discuss selected highlight results from the commonly used LaMET method for quark PDF and pseudo-
PDF method for gluon PDFs, which used RI/MOM and ratio renormalization, respectively, with NLO matching kernel, unless
otherwise specified. In Section 3.4, we show selected results including the updated renormalization scheme and additional RGR
and LRR in NLO and NNLO matching in LaMET method.

3.1. Flavor nonsinglet PDFs

3.1.1. Isovector nucleon PDFs

There has been rapid progress calculating the Bjorken-x dependence of PDFs on the lattice since the proposal of Large-Momentum
Effective Theory (LaMET, also called the “quasi-PDF” method) [11,12]. LaMET relates equal-time spatial correlators, whose Fourier
transforms (FTs) are called quasi-PDFs, to PDFs in the limit of infinite hadron momentum. For large but finite momenta accessible
on a realistic lattice, LaMET relates quasi-PDFs to physical ones through a factorization theorem, the proof of which was developed
in Refs. [13-15]. Since the first lattice x-dependent PDF calculation [42], much progress has been made and calculations done. For
recent reviews, see Refs. [4,5,7,186,187]. In this subsection, a few selected calculations at physical pion mass are shown.

The most studied x-dependent structures are the nucleon unpolarized isovector parton distribution functions (PDFs). The right-
hand side of Fig. 3.1 shows a state-of-the-art lattice calculation of the nucleon isovector unpolarized PDFs. Most of the calculations
are performed on a single ensemble (See Fig. 7 in Ref. [187]) except the results from MSULat group [136]. The lattice results
are calculated using ensembles with multiple sea pion masses with the lightest one around 135 MeV, three lattice spacings
a € [0.06,0.12] fm, and multiple volumes with M, L ranging 3.3 to 5.5. A simultaneous chiral-continuum extrapolation is performed
on the RI/MOM-renormalized nucleon matrix elements with various Wilson-link displacements to obtain the physical-continuum
matrix elements. Then one-loop perturbative matching is applied to the quasi-PDFs to obtain the lightcone PDFs and compare the
LQCD results with a selection of global-fit PDFs. The lattice nucleon isovector PDFs (with statistical and estimated systematic errors
shown as inner/outer band) have nice agreement with those obtained from global fits, CT18NNLO [188], NNPDF3.1NNLO [189],
ABP16 [190], and CJ15 [191]. The errors increase towards the smaller-x region for both lattice and global-fit PDFs, but overall,
they agree within two standard deviations.

The middle and right of Fig. 3.1 show a summary of lattice nucleon isovector helicity and PDFs at physical pion mass for
the helicity and transversity PDFs, respectively, obtained in Refs. [50,52-54]. The helicity lattice results are compared to two
phenomenological fits, NNPDFpoll.1 [192] and JAM17 [193], exhibiting nice agreement. The lattice results for the transversity
PDFs has better precision than the global analysis by PV18 and LMPSS17 [194]. Note that none of these current polarized lattice
calculations have taken the continuum limit (¢ - 0) and have remaining lattice artifacts (such as finite-volume effects); disagreement
among the lattice results in the obtained distributions is not unexpected. Further studies of the systematic uncertainties, including
multiple lattice spacings and volumes, from each collaboration will be needed.

3.1.2. Pion and kaon valence-quark PDFs

Light pseudoscalar mesons, such as pion and kaon, play a fundamental role in QCD as they are the Nambu-Goldstone bosons
associated with dynamical chiral symmetry breaking (DCSB). While studies of pion and kaon structure both reveal physics of DCSB,
a comparison between them also helps to reveal the relative impact of DCSB versus the explicit breaking of chiral symmetry by the
quark masses. The pion and kaon PDFs can be measured by scattering a secondary pion (z) or kaon (K) beam over target nuclei
(A), inducing the Drell-Yan process, 7(K)A — X u*u~ [198-202]. With a combined analysis of #* A Drell-Yan on the same nuclear
target, the valence and sea distributions can be separated [198], provided that the nuclear PDF is known. Currently, the nuclear
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Fig. 3.1. (left) The first lattice calculation of continuum-physical limit NLO nucleon isovector unpolarized PDFs [187] is compared with global fits from
Refs. [188-191]. Summary of the lattice calculation of isovector helicity (middle) and transversity (right) with LP3 and ETMC physical-pion-mass NLO isovector
quark taken from LP318 [53,54], ETMC18 [52,83], and global fits from NNPDFpoll.1 [192], JAM17 [193], DSSV08 [195] (helicity), MEX19 [196], PV18 [197],
LMPSS17 [194] (transversity).

PDFs are approximated by a combination of proton and neutron PDFs. The valence-quark PDF of the pion for momentum fraction
x 2 0.2 has been determined reasonably well [198,199,202-204], subject to the systematic uncertainty in the PDF parametrization.
Combining K~ A and z~ A Drell-Yan data, the kaon valence PDF can be measured through the ratio [205] L‘cf—(x) / [H’U‘_ (x)C(x)] where
zZUK_(”_) denotes the valence anti-up distribution in the K~(x~). The function C(x) encodes the corrections needed due to the nuclear
modification of the target PDFs, the omission of meson sea-quark distributions and the ignorance of the ratio sff(x)/ﬁl’f*(x). In
principle, the first two can be addressed by new experiments. For example, the valence and sea PDFs for the pion and kaon at
x > 0.2 can be separated in the z* and K* Drell-Yan experiments proposed by the COMPASS++/AMBER collaboration using the
CERN M2 beamline [206].

The first lattice-QCD calculation of the pion and kaon valence-quark distribution functions was reported in Ref. [62,148]. The
latest calculation was performed with multiple pion masses with the lightest one around 220 MeV, two lattice spacings « = 0.06 and
0.12 fm, (M, )pmin L ~ 5.5, and high statistics ranging from 11,600 to 61,312 measurements. This calculation uses a chiral-continuum
extrapolation to obtain the renormalized matrix elements at physical pion mass, using a simple ansatz to combine the data from
220, 310 and 690 MeV: hR(P,,z, M) = cy; + ¢; ;M? + c,a* with i = K, z. Mixed actions, with light and strange quark masses tuned
to reproduce the lightest sea light and strange pseudoscalar meson masses, can suffer from additional systematics at O(a?); such
artifacts are accounted for by the ¢, coefficient. All the ¢, were found to be consistent with zero.

Fig. 3.2 shows the final results for the pion valence distribution at physical pion mass (u’f) multiplied by Bjorken-x as a function
of x. The inner bands indicate the statistical errors while the outer bands account for systematics errors from parametrization
choices in the fits, the dependence on the maximum available Wilson-line displacement, etc. The LQCD results were evolved to a
scale of 27 GeV? using the NNLO DGLAP equations from the Higher-Order Perturbative Parton Evolution Toolkit (HOPPET) [207]
to compare with other results. The LQCD result approaches x = 1 as (1 — x)!°! and is consistent with the original analysis of the
FNAL-E615 experiment data. On the other hand, there is tension with the x > 0.6 distribution from the re-analysis of the FNAL-E615
experiment data using next-to-leading-logarithmic threshold resummation effects in the calculation of the Drell-Yan cross section
(labeled as “ASV’10”), which agrees better with the distribution from Dyson-Schwinger equations (DSE) [208]; both prefer the form
(1-x)? as x — 1. An independent lattice study of the pion valence-quark distribution [117], also extrapolated to physical pion mass,
using the “lattice cross sections” (LCSs), reported similar results. There has also been a first next-to-next-to-leading order (N>LO)
matching [141,142] lattice calculation of the pion valence-quark PDF [140] with 300-MeV pion mass. Both works take important
steps towards precision PDFs from lattice QCD. The left-hand side of Fig. 3.2 illustrates selected lattice PDF predictions for the
valence-quark PDF at x — 1, where it can be compared against various nonperturbative approaches [63,148,209-216].

The middle of Fig. 3.2 shows the ratios of the light-quark distribution in the kaon to the one in the pion (uf+/ug+). When
comparing the LQCD result with the experimental determination of the valence quark distribution via the Drell-Yan process by
NA3 Collaboration in 1982, good agreement is found between the LQCD results and the data [62]. The LQCD result approaches 0.4
as x — | and agrees nicely with other analyses, such as constituent quark model, the DSE approach (“DSE’11”), and basis light-front
quantization with color-singlet Nambu-Jona-Lasinio interactions (“BLFQ-NJL’19”). The LQCD prediction for xsf is also shown in
Fig. 3.2 with the lowest three moments of sX being 0.261(8)gtat(B)systs 0-120(7)star(Dsysts 0-069(6)sear(8)syst> respectively; the moment
results are within the ranges of the QCD-model estimates from chiral constituent-quark model (0.24, 0.096, 0.049) and DSE [208]
(0.36, 0.17, 0.092).

3.2. Flavor-singlet PDFs

3.2.1. Gluon PDFs

The nucleon gluon PDF g(x) is an important input to calculate the cross section for processes in pp collisions, such as the
cross section for Higgs boson production and jet production at the Large Hadron Collider (LHC) [217,218], and the direct J/y
photoproduction at Jefferson Lab [219]. In contrast with the quark PDFs, gluon-PDF calculations are less calculated due to their
notoriously noisier matrix elements on the lattice. To date, there have only been a few exploratory gluon-PDF calculations for
unpolarized nucleon [68,69,131,135], pion [132,220] and kaon [134], and polarized nucleon [133] using the pseudo-PDF [119]
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Fig. 3.2. (left) Lattice results on the valence-quark distribution of the pion, N, =2+ 1 BNL (NNLO with a.,;, = 0.04 fm P> ~ 2.4 GeV at M, =300 MeV) [140]
and N, =2+1+1 MSULat (NLO with ay;, = 0.06 fm P* ~ 1.3 GeV extrapolated to physical pion mass) [62] lattice groups using LaMET method, JLab and
N, =2+1 W&M group (NLO with a,;, =0.09 fm P"* ~ 1.6 GeV extrapolated to physical pion mass) [117], using the LCS method. Results on the ratio of the
light-quark valence distribution of kaon to that of pion (middle) and fo (x) as a function of x (right) at a scale of 27 GeV?, both labeled “MSULat’20”, along
with results from relevant experiments and other calculations [62]. The inner bands indicate statistical errors with the full range of zP. data while outer bands
includes errors from using different data choices and fit forms.

and quasi-PDF [55,161] methods. Most of these calculations, like many exploratory lattice calculations, are done only using one
lattice spacing at heavy pion mass (exceptions in Refs. [135,220]).

The very first LQCD gluon-PDF exploratory study was only done in 2018 [68], since to gluon quantities are much noisier than
quark disconnected loops, and calculations with very high statistics are necessary. The calculations were done using overlap valence
fermions on gauge ensembles with 2+1 flavors of domain-wall fermions with a ~ 0.1 fm, P,,, = 0.93 GeV and at M;* = 330 MeV.
The gluon operators were calculated for all spacetime lattice sites and a high-statistics of 207,872 two-point functions measurements
were taken with valence quarks at the light sea and strange masses. The coordinate-space gluon quasi-PDF matrix element ratios
were then compared to the corresponding ones of the gluon PDF based on two global fits at NLO: the PDF4LHC15 combination [221]
and the CT14 [222]. The lattice matrix elements at 330-MeV pion mass are compatible with the ones from global fits within the
statistical uncertainty up to z ~ 0.66 fm. The pion gluon quasi-PDFs were also studied for the first time in Ref. [68], revealing
features similar to those observed for the proton.

A first continuum-physical-limit unpolarized N, = 2 + 1 + 1 gluon nucleon PDF study using three lattice spacings: 0.09, 0.12
and 0.15 fm with pion mass ranging from 220 to 700 MeV with P ~ 3 GeV using the pseudo-PDF method was reported
in Ref. [135]. They calculated the reduced pseudo-ITD using the fitted lattice matrix elements and studied their pion-mass and
lattice-spacing dependence, finding it to be mild compare with the statistical errors. The reduced pseudo-ITDs were extrapolated
to physical-continuum limit before extracting the NLO gluon parton distribution xg(x)/(x), in the MS scheme at 2 GeV. Using the
nonperturbatively renormalized nucleon momentum fraction calculated on same lattice ensembles, xg(x) was obtained for the first
time on the lattice. It was found both the lattice 0.09-fm and continuum-physical limit xg(x) to be in good agreement with CT18
and NNPDF3.1 NNLO global-fit results for x € [0.2,1] in MS scheme at 2 GeV, as shown on the left-hand side of Fig. 3.3. There is
some tension with the gluon PDF from JAM20 [223] for x < 0.6, but its gluon PDF also behaves quite differently from the CT18
and NNPDF results, even with smaller errors. We look forward to updates by the global-fit community to resolve this discrepancy.
Comparison with prior lattice calculations of xg(x) from N r=2+1 HadStruc [131] (a = 0.09 fm M, ~ 360 MeV and P"™ = 2.5 GeV)
and N;=2+1+1MSULat [69] (a =~ 0.1 fm M, ~ 310 MeV and P ~ 22 GeV) are also shown in the plot.

Using nonperturbatively renormalized pion gluon moments, Ref. [220] provides the latest state-of-the-art pion gluon PDFs using
the pseudo-PDF method. The pion gluon PDF was studied using lattice spacings 0.12 and 0.15 fm with three pion masses, 220, 310
and 690-MeV; the pion-mass and lattice-spacing effects in this study were found to be negligible within the large statistical errors of
the gluon matrix elements. The xg(x, u) pion PDFs are shown in the middle of Fig. 3.3, focusing on the gluon PDF result at the lightest
pion mass, 220 MeV, and comparing with the global fits [213,224,225] and phenomenological results from the Dyson-Schwinger
equation (DSE) [226]. The inset plot weights an additional factor of x and provides a further zoomed-in view of large x. The lattice
pion gluon PDF results are consistent with the results from JAM and the DSE for x > 0.2, while the xFitter results are consistent
with lattice ones for x > 0.15 with slight tension for 0.3 < x < 0.375. The discrepancies in the small-x region are likely due to lack
of precision data in the small-x region on the global-fit side and the lack of larger-momentum lattice matrix elements, which would
provide better constraint of the results. Overall, with the current accuracy in lattice calculation and global fits, there is reasonable
agreement among them in the mid-to large-x region.

The right-hand side of Fig. 3.3 shows the only lattice kaon gluon PDF results [134]. Only the kaon gluon PDF from smallest lattice
spacing, a ~ 0.12 fm, is compared with the DSE results [226] and found consistent within one-sigma error for x > 0.15. Ref. [134]
also compares the kaon result at smaller lattice spacing with the pion results obtained from the same ensembles; it is noted that
the kaon gluon PDF is slightly smaller than the one obtained for the pion, similar to its corresponding quark valence PDF and
DSE [226] results. The kaon gluon PDF moments, <x2>g/<x>g and <x3)g/(x)g, are predicted to be 0.0779(94) and 0.0187(42), which
is in good agreement with corresponding results from DSE [226]: 0.075 and 0.015. The pion (xz)g /{x), and (x3)’g /{x), 310-MeV
results give 0.092(15) and 0.0250(75), which have some tension with those from DSE [226], JAM [224,225] and xFitter [213],
which are 0.076, 0.103, 0.158 and 0.015, 0.024, 0.048, respectively. Future study including finer lattice spacing and lighter pion
mass will be important to refine this calculation and provide better predictions on this poorly known meson quantity.
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Fig. 3.3. (right) The N, =2+ 1+ lunpolarized gluon PDF, xg(x, u), obtained from the NLO fit to the lattice data at pion masses M, = 135 (extrapolated) [135],
compared with the NNLO CT18 and NNPDF3.1 gluon PDFs. The x > 0.3 PDF results are consistent with the NNLO CT18 and NNPDF3.1 unpolarized gluon
PDFs in MS scheme at u =2 GeV [135]. (middle) A comparison of the a ~ 0.12 fm M, ~ 220 MeV xg(x, ) result compared with the NLO pion gluon PDFs
from xFitter’20 [213] and JAM’21 [224,225], along with the DSE’20 [226] at y =2 GeV in the MS scheme [220]. The inset shows x2g(x, u) to highlight the
agreements between the PDFs. All the results are fairly consistent in the regions where x > 0.2. (right) The kaon gluon PDF xg(x, u)/(x), as a function of x
obtained from the fit to the lattice data on ensembles with lattice spacing a ~ {0.12,0.15} fm (inset plot), pion masses M, ~ 310 MeV at a ~ 0.12 fm, compared
with the kaon gluon PDF from DSE’20 at y =2 GeV in the MS scheme [134].

3.2.2. Strange and charm PDFs

In order to distinguish the flavor content (strange or charm) of the PDFs, experiments use nuclear data, such as neutrino scattering
off heavy nuclei, and the current understanding of medium corrections in these cases is limited. Thus, the uncertainty in the strange
and charm PDFs remains large. In many global-analysis cases, the assumptions 5(x) = s(x) and ¢(x) = ¢(x) and other assumptions to
reduce the number of fitting parameters are often made; many assumptions, regardless of physical basis, can fit the data well due to
their large uncertainty. At the LHC, strangeness can be extracted through the W + ¢ associated-production channel, but their results
are rather puzzling. For example, ATLAS got the ratios of averaged strange and antistrange to the antidown distribution, (s+5)/(2d),
to be 0.96fg:§8 at 0? = 1.9 GeV? and x = 0.023 [227]. CMS performed a global analysis with deep-inelastic scattering (DIS) data
and the muon-charge asymmetry in W production at the LHC to extract the ratios of the total integral of strange and antistrange
to the sum of the antiup and antidown, at 02 = 20 GeV?, finding it to be 0.521’3:}2 [228]. Future high-luminosity studies may help
to improve our knowledge of the strangeness. In the case of the charm PDFs, there has been a long debate concerning the size of
the “intrinsic” charm contribution, as first raised in 1980 [229] and developed in subsequent papers [230-232].! It is important
to distinguish this contribution from radiative contributions in future NNLO and N3LO global PDF analyses. c¢(x) — ¢(x) provides
an important check of the intrinsic-charm contribution to the proton. Again, the current experimental data are too inconclusive
to discriminate between various proposed QCD models, and future experiments at LHC or EIC could provide useful information in
settling this mystery.

The first LQCD calculations of the strange and charm parton distributions using LaMET approach were also reported in Ref. [70]
using non-physical pion mass calculations to extrapolate its results to physical pion mass value at a single-lattice (a ~ 0.12) ensemble.
The left-hand side of Fig. 3.4 shows the real strange-quark matrix elements that are proportional to the integral of the difference
between strange and antistrange ( / dx (s(x) — 5(x)) cos(xzP,)) and they are consistent with zero at 95% confidence level for most zP,
points at P, > 1 GeV, indicating that the strange quark-antiquark asymmetry is likely very small. The CTI8NNLO PDFs assumes a
symmetric s — § distribution, so are exactly zero under the transformation with the renormalization scale used, consistent with the
lattice findings. The imaginary matrix elements are proportional to / dx (s(x) + 5(x)) sin(xzP,) calculated at different boost momenta
and there are some small discrepancies, but overall are consistent with each other at large momentum and seem to be approaching
a universal curve. The quasi-PDF matrix elements from both CT18 and NNPDF3.1 are consistent with the lattice results within 2
standard deviations up to zP, ~ 2, and deviate from the results at large zP,, suggesting deviations at moderate to small-x in the
PDFs. The same work also studied charm matrix elements and compared the charm results with the global-fit PDFs, as shown on
right-hand side of Fig. 3.4. Note that CT18 and NNPDF3.1 both assume c¢(x) = ¢(x); therefore, both of them have vanishing real matrix
elements, which is consistent with those for the charm quasi-PDF. The lattice imaginary charm matrix elements have much smaller
magnitudes than the strange, similar to the strange-charm relation observed by global PDF fitting, such as CT18 and NNPDF3.1. The
charm-PDF errors from global fits are significantly different, because the CT18 charm PDF is generated by perturbatively evolving
from light-quark and gluon distributions at O, = 1.3 GeV, while NNPDF3.1 numerically fit the charm distribution. The lattice
imaginary matrix elements are close to zero at small zP,; at large zP, they are about a factor of 10 smaller than the strange ones
and are within the bounds of the NNPDF3.1 results.

To extract the correct x-dependence for the strange and charm PDFs, one needs to compute both disconnected quark matrix
elements and gluon matrix elements on the lattice, renormalize them with the mixing renormalization matrix, then apply the full
matching in momentum space [55]. A direct inverse Fourier transformation from the global-fit PDF shows that in coordinate space,
the strange PDF matrix element does not converge until very large zP,. This indicates that to obtain a reliable x-dependence for
the strange PDF, one needs go to even larger zP, in coordinate space beyond the capability of a lattice calculation. A direct inverse
Fourier transformation of the lattice data truncated at z = 8, then applied the inverse matching kernel to obtain the lightcone

1 We refer interested readers to Ref. [233] and references within [234,235] for a review of intrinsic charm.
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Fig. 3.4. The real (top) and imaginary (bottom) parts of the strange (left) and charm (right) quasi-PDF matrix elements in coordinate space from N, =2+1+1
MSULat calculations at a ~ 0.1 fm physical pion mass with P, € [0.43,2.15] GeV, along with those from CT18 and NNPDF NNLO in RI/MOM renormalized scale
of 2.3 GeV [70]. The CT18 analysis assumes s(x) = 5(x), so their results are exactly zero after matching and Fourier transformation. MSULat real matrix elements
at P, > 1 GeV are consistent with zero, supporting strange—antistrange symmetry, while the imaginary ones are smaller than global-fit results. The real charm
quasi-PDF matrix elements are also consistent with zero, while the charm imaginary ones within the bounds of NNPDF3.1, but smaller than CT18 results.
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Fig. 3.5. The x-dependent strange (left) and charm (right) PDF from a naive truncated inverse Fourier transformation and inverse matching for P,
{1.29,1.72,2.15} GeV extrapolated to physical pion mass [70].
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Fig. 3.6. (left) Impact of constraints from lattice QCD (black dashed area) on the difference between strange quark and antiquark PDFs in a recent CT18As NNLO
fit [236]. The red (green) error bands are obtained with the current (reduced by 50%) LQCD errors. (middle) The lightcone N, =2+ 1+ 1 pion valence-quark
PDFs at a ~ 0.09 fm physical pion mass as a function of x renormalized in hybrid-ratio scheme with NLO (cyan), (NLO+LRR)XRGR (blue), NNLO (orange)
and (NNLO+LRR)XRGR (red) improvement with P, ~ 1.72 GeV. In each PDF, the inner darker band shows statistical error, while the outer lighter band shows
combined statistical and systematic errors (due to scale variation). The dark-gray region is where the LaMET calculation begins to break down, and the light-gray
region is where the RGR matching begins to break down. (right) Lightcone NLO N, =2+ 1+ 1 nucleon helicity PDFs at NLO (blue) and (NLO+LRR)XRGR (red)

with pion mass M, ~ 310 MeV with P, ~ 1.75 GeV in the continuum limit [175]. The inner error bars are statistical, and the outer error bars are combined
statistical and systematic errors.
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distribution as shown in Fig. 3.5. Because the lack of larger-z contributions, which one expects to be large, the distribution in
the smaller-x region would suffer larger systematic uncertainties in the lattice calculations. The momentum dependence is also
significant, although their matrix elements are consistent in coordinate space; this is likely due to different momenta correspond to
different truncation ranges of zP,. Note that the lattice strange and charm imaginary matrix elements mix with the gluon operator;
therefore, one will need to apply the full nonperturbative renormalization to the strange PDFs alongside the gluon matrix elements,
as well as the NPR factors for gluon and gluon-quark mixing [55]. Future studies will be necessary to discern the full strange and
charm PDF structure from lattice calculations.

3.3. Strange and antistrange asymmetric PDF input to global fits

The experimental uncertainty of the strange quark and antiquark PDFs remains large. In the global fits, they contribute in
subleading channels and in neutrino-nucleus DIS experiments with substantial uncertainties. DIS and LHC experiments, while not
in a certain disagreement on the amount of strangeness in the proton, exert contradicting pulls on it, such that the extracted results
depend on the type of global analysis used [188,237-241]. Some of these tensions are relieved by allowing s(x) # 5(x) at the Q,
scale, as is done in some [240,242] but not all analyses. The strangeness contributes a large part of the PDF uncertainty to precision
W and Z measurements at the LHC [243], so understanding its behavior is important. Lattice QCD can already provide competitive
constraints on the strangeness asymmetry s_(x) = s(x) — 5(x) and reduce some of the uncertainties that are not constrained by
experiment [236]. The left-hand side of Fig. 3.6 shows that the uncertainty on s_(x) in the CT18As NNLO fit is notably reduced
upon adding the first LQCD constraints on s_(x) at x € [0.3,0.8]. In the figure, the uncertainty in the lattice data points at x > 0.3 is
quite small compared to the error band of CT18As determined from the global fit, so that including the lattice data in the CT18As_Lat
fit greatly reduces the s_-PDF error-band size in the large-x region. The reduction of the CT18As_Lat error band at x < 0.3 depends
on the chosen parametrization form of s_(x) at Q, = 1.3 GeV Hence, it is important to have more precise lattice data, extended to
smaller x. The figure also illustrates the projected reduction in the CT18As_Lat uncertainty on s_(x) if the current uncertainties on
lattice data are reduced by half.

3.4. Systematic improvements

In the x-dependent PDFs, improvements have been made in the development of the hybrid renormalization scheme [163]
(compared to the pure ratio or pure regularization-independent momentum-subtraction (pure RI/MOM)-schemes), lightcone match-
ing up to two-loop order and the inclusion of Wilson-line extrapolation in the renormalized matrix elements, which reduces the
presence of unphysical oscillations in the PDF. However, the presence of large logarithms and the renormalon ambiguity both in
the renormalization and matching processes were not addressed in many of the published works yet. The large logarithms and
renormalon ambiguity can be handled with renormalization group resummation (RGR) [178] and leading renormalon resummation
(LRR) [146]. The RGR method accounts for the fact that lightcone matching depends on the longitudinal momentum of the parton
as well as the final renormalization scale, and the difference between them results in large logarithms, which require resummation.
The RGR technique, as applied to the matching process, chooses the renormalization scale such that the logarithms vanish, and
the result is evolved to the final desired scale with the DGLAP equations. The LRR method is applied to the renormalization of the
bare matrix elements by demanding that the short-distance behavior agrees with the theoretical predictions of the operator-product
expansion (OPE). The Wilson coefficients are computed as a perturbation series in the strong coupling; however, the series is not
convergent due to the presence of an infrared renormalon (IRR). The LRR method resums the terms due to the IRR and improves the
convergence of the perturbative calculation. The two methods of RGR and LRR in both the renormalization and matching processes
performed up to next-to-next-to-leading-order (NNLO) result in greatly reduced systematic uncertainties in the computed PDF. The
method of RGR in the matching process has been applied to the pion PDF [178] as well as the nucleon transversity PDF [172]. The
RGR and LRR methods were applied simultaneously to the pion [146,181] and helicity [175] and transversity PDFs [183] for the
renormalization and lightcone matching processes. Two examples are described below to provide context for the impact of these
systematics.

Ref. [181] applied both RGR and LRR methods to different renormalization schemes to examine their effects on the pion valence-
quark PDFs and their systematic errors at physical pion mass. The pion matrix elements were calculated with a boost momentum
P, =8x 2%~ 1.72 GeV with the number of measurements for each source-sink separation up to O(10). The study showed that
the renormalized matrix elements in both the hybrid-RI/MOM and hybrid-ratio scheme were consistent with each other within the
statistical errors, but the former have slightly higher central value across all the Wilson-line displacements studied. The systematic
errors from scale variation in the renormalized matrix elements in the hybrid-RI/MOM and hybrid-ratio schemes were greatly
reduced by the simultaneous application of RGR and LRR at one- and two-loop level respectively. However, the application of
RGR on its own at either level increased the systematic errors, due to its enhancement of the renormalon ambiguity. It was also
found that pion valence-quark PDF in hybrid-RI/MOM and hybrid-ratio scheme were consistent with each other within one sigma.
In studying the x-dependent PDFs, the middle plot of Fig. 3.6 shows pion valence-quark PDFs for one- and two-loop treatments
are compared with NLO (dotted cyan), (NLO+LRR)XRGR (solid blue), NNLO (dashed orange) and (NNLO+LRR)XRGR (solid red)
improvements. One would normally expect a calculation to yield more precise results as one goes to higher order (e.g. NLO to NNLO);
however, this is not the case, since the systematic errors increase from NLO to NNLO. It is necessary to account for the effects of
large logarithms and the renormalon divergence with the methods of RGR and LRR, respectively. The systematic errors decrease
from (NLO+LRR)XRGR to (NNLO+LRR)XRGR, showing that, in this case, the calculation becomes more precise. The left-hand side
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of Fig. 3.6 is a demonstration that it is necessary to control the sources of systematic errors if higher-order terms are to be included
in the lightcone matching. Since the systematic errors decrease from (NLO+LRR)XRGR to (NNLO+LRR)XRGR by 10% to 15%, one
can see the benefits of including higher-order terms in the matching and renormalization. This demonstrates that it is necessary to
include both RGR and LRR if we wish to renormalize and match to two-loop level.

The first lattice calculation of the nucleon isovector helicity PDF in the LaMET framework that uses the hybrid scheme with self-
renormalization at lattice spacings a € {0.1207,0.0888,0.0582} fm with pion mass of M, ~ 315 MeV [175]. The right-hand side of
Fig. 3.6 shows the helicity PDFs at the continuum limit with NLO ((NLO+LRR)XRGR) improvement plotted as a blue (red) band. The
inner error bars are statistical and the outer error bars are combined statistical and systematic errors, the latter of which is computed
with scale variation. The regions x > 0 and x < 0 correspond to Au(x, u)— Ad(x, u) (“quark region”) and Au(x, u)—Ad(x, y) (“antiquark
region”), respectively. One can see that the antiquark region becomes much flatter when going from NLO to (NLO+LRR)XRGR. The
two cases have opposite signs in the antiquark region for all lattice spacings, whereas the (NLO+LRR)XRGR case is more reliable
due to its improved control of systematic errors. In addition, it predicts Au(x)— Ad(x) > 0 which is consistent with results from global
fits in Refs. [195,244,245].

4. Generalized parton distributions

Generalized parton distributions (GPDs) provide hybrid momentum and coordinate-space distributions of partons and bridge the
standard nucleon structure observables: form factors and collinear PDFs. Thus, GPDs not only depend on fraction of the hadron
momentum carried by the parton, x but also the square of the invariant momentum transfer ¢ and the longitudinal momentum
transfer £. GPDs bring the energy-momentum tensor matrix elements within experimental grasp through electromagnetic scattering
and can be viewed as a hybrid of PDFs, form factors, and distribution amplitudes. For example, the forward limit of the unpolarized
and helicity GPDs leads to the f,(x) and g,(x) PDFs, respectively. Taking the integral over x at finite values of the momentum
transfer results in the form factors and generalized form factors. In the case of the unpolarized GPDs, for example, one obtains the
Dirac (F;) and Pauli (F,) form factors. More importantly, GPDs provide information on the spin and mass structure of the nucleon.
Several limits of the GPDs have physical interpretations, for instance, the spin decomposition of the proton using Ji’s sum rule [246].
GPDs also provide information about gravitational form factors, which have been interpreted as a measure of the pressure and shear
forces inside hadrons [247-250]; a detailed recent review on this topic can be found in Ref. [251].

Experimentally, one can access GPDs via, for example, deeply virtual Compton scattering (DVCS) [246,252-255] and hard
exclusive meson production (DVMP) [256-258] processes, but with limited information. Some information is available in the
intermediate to high-x range from fixed-target DVCS and in the low-x region from HERA measurements. The upcoming JLab 12-GeV
program will offer more data on GPDs, as will the future EIC. However, successfully disentangling the GPDs from the experimental
data is very challenging due to the strict requirements in luminosity, center-of-mass energy, and hadron beam parameters [8]. Lattice
QCD can play an important and complementary role to provide crucial information on GPDs in different kinematic regions that is
not available (say ¢ = 0) or those regions that are difficult to reach experimentally. Furthermore, the recent x-dependent lattice
results provides even more important input to GPDs than PDFs since the inverse problem in GPDs is way more severe than those
in PDFs. We started this section with the selected results of nucleon isovector (Section 4.1) and pion valence (Section 4.2) GPD
directly calculated at physical pion mass results, and showed example results with the improved renormalization and RGR+LRR
improvement in Section 4.3.

4.1. Nucleon isovector GPDs

The unpolarized and longitudinally polarized GPDs can be parametrized in terms of the quark and gluon correlation functions
involving matrix elements of operators at a lightlike separation between the parton fields [254],
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where the kinematic variables are: the lightcone longitudinal momentum fraction x = k*/P* (with P = (p + p')/2); the lightcone
component of the longitudinal momentum transfer between the initial and final proton ¢ = —A*/(2P*) (with 4 = p’ — p); and the
transverse component, Ay = p}. — pr. the latter is taken into account through a invariant variable, r = A= M2E2 /(1 - &%) — A% /(=
£2),t < 0). At leading twist-two level, four quark-chirality-conserving (chiral-even) GPDs, H, E, H and E, defined in Egs. (4.1) and
(4.2), parametrize the quark-proton correlation functions.

Information on GPDs from lattice QCD has been available via their form factors and generalized form factors, using the operator
product expansion (OPE), for many decades; recent efforts have been put towards direct calculation at the physical pion mass
(more details can be found in Ref. [6]). As in PDFs, such information is limited due to the suppression of the signal as the order

~ AT <
a, A') [y%H(x, g+ B, r)] u(p, A), (4.2)
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Fig. 4.1. Nucleon isovector H (left), E (middle) and A (right) GPDs at ¢ = 0 with z-expansion to Q? at selected x values.

of the Mellin moments increases and the momentum transfer between the initial and final state increases. Significant progress has
been made towards new methods to access the x- and t-dependence of GPDs (t = —Q?2), which is driven by the advances in PDF
calculations. In lattice QCD, there are several challenges in calculating GPD using these new methods. The extraction of x-dependent
GPDs is more challenging than collinear PDFs, because GPDs require momentum transfer, 2, between the initial (source) and final
(sink) states. Another complication is that GPDs are defined in the Breit frame, in which the momentum transfer is equally distributed
to the initial and final states; such a setup increases the computational cost, as separate calculations are necessary for each value of
the momentum transfer. Nevertheless, there has been progress made extracting x-dependent GPDs using lattice QCD.

The first lattice x-dependent GPD calculations were carried out in 2019 using LaMET method, to study the pion valence-quark
GPD at zero skewness with multiple transfer momenta (P***1.7 GeV) with N r=2+1+1a=0.1 fm pion mass M, ~ 310 MeV [80].
There is a reasonable agreement with traditional local-current form-factor calculations at similar pion mass, but the current
uncertainties remain too large to show a clear preference among different model assumptions about the kinematic dependence
of the GPD. In 2020, another effort is made to study the Bjorken-x dependence of the N, = 2+ 1+ | isovector nucleon GPDs, H,
E and H [81] also using LaMET with single momentum transfer at pion mass a ~ 0.09 fm M, ~ 260 MeV with PP~ 1.7 GeV.
This work also presented results at one nonzero skewness, which has an additional divergence near x = ¢ due to the matching.
About the same time and following year, Refs. [82,259] reported the first lattice-QCD calculations of the N, = 2+ 1+ 1 NLO
RI/MOM-renormalized unpolarized and helicity nucleon GPDs with boost momentum around 2.0 GeV at a ~ 0.09 fm physical pion
mass with multiple transfer momenta, allowing study of the three-dimensional structure and impact-parameter-space distribution.
The z-expansion is used interpolate the Q> dependence of the lightcone GPD functions, and as shown in Fig. 4.1, the fit describes
the lattice data well. The authors used the interpolated Q2 dependence to study the tomography.

To ensure that the lattice inputs can generate reliable tomography results, Refs. [82,259] take the integral over x of the H, E and
H GPDs extracted from the lattice to obtain the moments. These are compared with previous lattice calculations using traditional
form factors and generalized form factors at or near the physical pion mass. The zero-skewness limit of GPD function is related to
the Mellin moments by taking the x-moments [260,261]:

+1 n—1
/ dxx"TH(x,E 0D = Y, (=28 4,(0%) + (=29 Coo(QD), evens
-1 i=0, even
+1 n—1
/ dex"E(x,E 00 = Y (=2 B, () — (=2)" C,o(Q), even-
-1 i=0, even
+1 n—1
/ dxx"TA(x,E 0D = Y, (28 A,(0%) + (=29 Coo (@D, evens (4.3)
-1 i=0, even
where the unpolarized and polarized generalized form factors (GFFs) are A,;(Q?), B,;(Q%) and C,;(Q%), and 4,,(Q?), and C,;(Q?).
When n = 1, we get the Dirac and Pauli electromagnetic, and axial form factors F;(Q?) = A;((Q?), F>(Q?) = B;((0?), G4(Q?) =
A10(0%); n =2, GFFs A,,(Q?), Byy(Q?) and A,y (Q?).

The upper row of Fig. 4.2 shows the n = 1 moments of MSULat’s x-dependent GPDs calculated at physical pion mass [82,259],
alongside prior LQCD OPE calculations obtained by other lattice collaborations. To compare with more lattice results, the Sachs
electric (Gg) and magnetic (G),) form factors are plotted by using the F,, obtained from the x-integral in Gz(Q?) = F(Q%) +
P F(0%)/(2My)? and G, (0% = F(Q?) + F,(Q%). In each plot, the green point and green band indicate MSULat’s results from x-
dependent GPDs, while the OPE calculations are shown as points in various colors. We can see nice agreement among the methods
and between different LQCD calculations for the single lattice-spacing results. The lower row of Fig. 4.2 shows n = 2 moment of
MSULat’s x-dependent GPD results with those obtained from GFFs at or near the physical pion mass using OPE methods [262,263].
We note that even with the same OPE approach by the same collaboration, the two data sets for A, in the ETMC calculation exhibit
some tension. This is an indication that the larger lattice systematic uncertainties are more complicated for these GFFs. Given that
the blue points correspond to finer lattice spacing, larger volume and larger M, L, we expect that the blue points have suppressed
systematic uncertainties. MSULat’s moment result 4,,(Q?) is in better agreement with those obtained using the OPE approach at
small momentum transfer 02, while BZO(QZ) is in better agreement with OPE approaches at large Q?. The comparison between the
N; =2 ETMC data and N, = 2 RQCD data reveals agreement for A,, and B,,. However, the RQCD data have a different slope
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Fig. 4.2. (top) The nucleon isovector electric (left), magnetic (middle) and axial (right) form factor results obtained from x-dependent GPDs [82,259] (labeled
as green bands in the plots) as functions of transfer momentum Q?, and comparison with other lattice works calculated near physical pion mass [264-274].
(bottom) The unpolarized nucleon isovector GFFs { A, B},,(Q?) and A4,,(Q*) obtained from x-dependent GPDs [82,259] (labeled as green bands in the plots by
taking n =2 in Eq. (4.3), compared with other lattice results calculated near physical pion mass as functions of transfer momentum Q> [262,263].

than the ETMC data, which is attributed to the different analysis methods and systematic uncertainties. Both MSULat’s results and
ETMC’s are done using a single ensemble; future studies to include other lattice artifacts, such as lattice-spacing dependence are
important to account for the difference in the results.

MSULat group further took the Fourier transform of the non-spin-flip Q?-dependent GPD H(x,£ = 0,0?) to calculate the
impact-parameter-dependent distribution [275]

d .
qCx, b) = / (z,?)z H(x,§=01=—-q")e®, “4.4)

where b is the transverse distance from the center of momentum [82]. Fig. 4.3 shows the first LQCD results for the impact-parameter-
dependent 2D distributions at x = 0.3, 0.5 and 0.7. The impact-parameter-dependent distribution describes the probability density
for a parton with momentum fraction x at distance b in the transverse plane, providing x-dependent nucleon tomography using
LQCD for the first time. Similar tomography results for the helicity GPD, H(x,& =0, 0?) can be found in Ref. [259].

4.2. Pion valence-quark GPDs

Similar efforts have also been made to make progress on pion tomography on the lattice; the pion is much harder to study
experimentally due to its decay. MSULat also reported the first LQCD x-dependent pion valence-quark generalized parton distribution
(GPD) calculated directly at N, =2+1+1 a = 0.09-fm physical pion mass using LaMET with P["®* ~ 1.7 GeV next-to-next-to-leading
order perturbative matching correction [276]. The pion valence distribution in the zero-skewness limit is renormalized in hybrid
scheme with Wilson-line mass subtraction at large distances in coordinate space, followed by a procedure to match it to the MS
scheme; H” as a function of Q? at selected values of x can be found on the left-hand side of Fig. 4.4. The integral of the H” GPD
functions is taken to generate leading moment to make comparisons with past LQCD and experimental determinations of the pion
form factors. This found consistent agreement among them, as shown on the right-hand side of Fig. 4.4. MSULat predicts the higher
GPD moments and reveals the x-dependent tomography of the pion for the first time using lattice QCD (see middle of Fig. 4.4). This
work also shows GPD has a probability-density interpretation in the longitudinal Bjorken x and the transverse impact-parameter
distributions (as shown in Fig. 4.3).

4.3. Recent developments in systematic improvements

There have been new developments in reducing the computational cost in the x-dependent GPDs calculations. ANL-BNL-ETMC
collaboration introduced the “asymmetric” frame (rather than directly using Breit frame, as shown in the above examples) and
were able to calculating more transfer momenta without requiring too much computational resources [285,286]. This is achieved
by using the Lorentz covariant parametrization of the matrix elements in terms of Lorentz-invariant amplitudes, allowing them to
connect matrix elements in different frames. Nucleon isovector polarized and polarized GPDs functions of many momentum transfer
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Fig. 4.3. Nucleon (left and middle) and pion (right) tomography: three-dimensional impact-parameter-dependent parton distribution as a function of x and »
using lattice H, H and H* GPD functions at physical pion mass [82,259,276].
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Fig. 4.4. (left) Pion valence-quark GPD at physical pion mass as a function of transfer momentum at selected Bjorken-x indicated in the bands. The z-expansion
is used to interpolate between the five transfer momenta. (middle) Lowest four unpolarized pion GFFs A,, with n € [1,4] obtained from taking the moment
integral using the pion GPD function obtained from this work. (right) Selected pion form factor F,(Q?) at the physical pion mass flavors of light quarks from
different lattice groups (labeled “yQCD’20” [277], “BNL’21” [278]), together with the result obtained in this work (labeled “MSULat’23”) and experimental
data [279]. The leading moments of the pion GPD are in agreement with prior lattice works and existing experimental data [280-284].
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evaluated at Q% = 0.39 GeV? and & = 0 [182]. The inner bands are statistical errors; the outer bands are combined statistical and systematic errors, derived
from the scale variation. The dark-gray regions are the x-values at which the LaMET calculation breaks down. In addition, when RGR is applied, the matching
formula breaks down for |x| < 0.2, which is shaded in light gray.

at 260-MeV pion mass are reported in Refs. [285,286], and the pion valence-quark GPD distribution at 300-MeV pion mass in
Ref. [287]. There should be more results at physical pion mass on more GPD functions and tomography in the near future.

Since the aforementioned numerical studies of GPDs, there have been developments in the framework of LaMET including
renormalization-group resummation (RGR) [178] and leading-renormalon resummation (LRR) [146]. RGR is designed to resum
the logarithms that arise from the differing intrinsic physical scale and the final renormalization scale of the parton. The method is
to set the energy scale such that the logarithmic terms vanish and then evolve to the desired scale with the renormalization group.
This process can be applied both to the renormalization of the bare matrix elements as well as the perturbative matching. LRR is
designed to resum the divergence arising from the infrared renormalon (IRR) which plagues perturbation series [179] and whose
effect is more pronounced with the application of RGR alone. The first application of LRR was to the pion PDF in Ref. [146] and
showed that LRR in combination with RGR results in greatly reduced systematics. Both of these improvements have been applied
to distribution amplitudes (DA) [288], PDFs [146,178,181,183] but only MSULat group has applied these improvement to nucleon
isovector H and E GPDs [182] at physical pion mass ensemble with momentum transfers 0? = [0,0.97] GeV? at skewness E=0
as well as Q2 € 0.23 GeV? at ¢ = 0.1, renormalized in the MS scheme at scale u = 2.0 GeV, with two- and one-loop matching,
respectively.?

Fig. 4.5 shows example results from the N, = 2+ 1 + 1 unpolarized H and E GPDs at a ~ 0.09-fm physical pion mass with
P ~ 2 GeV in the NLO, NNLO, (NLO+LRR)XRGR and (NNLO+LRR)xXRGR cases for 0? = 0.39 GeV>. The inner error bars are
statistical and the outer error bars are combined statistical and systematic errors the latter computed in the same way as in the
0? = 0 case. As indicated in the figure, the systematics are at a minimum in the (NNLO+LRR)XRGR scheme both for H and E
GPDs. The upper and lower systematic errors increase from NLO to NNLO for almost the whole interval x € [0.2,0.8] which shows
that the need to account for both the large logarithms and the renormalon divergence persists across different Q% values. Also, the
systematic errors decrease by up to 40% from (NLO+LRR)XRGR to (NNLO+LRR)XRGR in the interval x € [0.3,0.9] both for H and E
GPDs. This shows the benefits of going up to two loops in the matching process. The central values for all four schemes are in general
agreement, showing that the main improvement afforded by RGR and LRR is a reduction in systematic errors. It is also evidence
for convergence in the matching procedure, since the central values for (NLO+LRR)XRGR and (NNLO+LRR)xXRGR are close. It is
to be expected that the improved systematic errors persist across Q> values since the RGR and LRR improvements are universal
and should be applicable in all LaMET calculations. The fact that the systematics increase from NLO to NNLO and decrease from
(NLO+LRR)XRGR to (NNLO+LRR)xXRGR, shows that the handling of systematic uncertainties must keep pace with higher orders in
the matching and renormalization processes. It was found that the simultaneous application of RGR and LRR significantly reduces
the systematic errors in renormalized matrix elements and distributions for both the zero and nonzero skewness GPDs, and that it
is necessary to include both RGR and LRR at higher orders in the matching and renormalization processes. More detailed impacts
on other momentum transfers for the GPD function and non-zero skewness results can be found in Ref. [182]. The application of
these methods to GPDs would offer a much more precise calculation of such quantities which would correspond to a more precise
calculation of tomography in the future.

5. Summary and future outlook

There has been much exciting progress made on the lattice in extracting the parton distributions of hadrons. Many of the widely
calculated hadronic quantities, such as charges, moments and form factors, have made significant progress in the study of their

2 Soon after, the authors of Ref. [287] also applies both improvements in their 300-MeV lattice pion GPD Q* = [0, 1.69] GeV>.
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Fig. 5.1. Example of impacts with LQCD input on the global QCD analysis. Transversity PDFs h‘l"” (left) and favored zH; (av) and unfavored zH, (un) Collins

FFs (right) for the SIDIS+ Lattice-QCD g, constraint (red and blue bands) at Q> =2 GeV?, compared with the SIDIS-only fit uncertainties (yellow bands). The
range of direct experimental constraints is indicated by the horizontal dashed lines [194].

systematics and are entering an era of precision structures for lattice QCD. The field also overcame longstanding obstacles; one of
the greatest being the ability to study the Bjorken-x dependence of parton distributions, which has now been widely studied with
LaMET method and its variants. However, there remain challenges to be overcome in the lattice calculations, such as reducing the
noise-to-signal ratio in flavor-singlet matrix elements, extrapolating lattice-calculated quantities to the physical-continuum limits,
and most importantly, increasing hadronic boosts to suppress systematic uncertainties and reach the large- and smaller-x regions.
Computational resources place significant limitations on the achievable precision, as sufficiently large and fine lattices are necessary
to suppress finite-size and higher-twist contaminating contributions. Novel ideas can bypass these limitations faster with more
support from a diverse workforce in the future. With sufficient support in both computational and human resources, lattice QCD
can fill in the gaps where experiments are difficult or not yet available, improve the precision of global fits, and provide better SM
inputs to aid new-physics searches across several QCD frontiers. Snowmass [144] and EIC Theory Alliance [289] whitepapers and
references within provide more details on the rapid advances in LQCD calculations of PDFs, GPDs and other QCD quantities (such
meson distribution amplitudes and transverse-momentum-dependent distributions) and have more complete references to relevant
work.

There have also been multiple new developments in incorporating LQCD inputs into the global QCD analysis framework to
compensate supplement kinematic regions where data is either sparse, not as precise or suffers greater systematic uncertainties.
Using precision moments from lattice QCD as inputs can effectively constrain the PDFs. Consider the transversely polarized PDF, the
least known leading twist-2 PDF, for example. Ref. [194] used the lattice-averaged isovector g, to constrain the global-analysis fits
of SIDIS charged-pion production data from proton and deuteron targets, including their x, z and P, dependence, with a total of 176
data points collected from measurements at HERMES and COMPASS. This gives in principle eight linear combinations of transversity
TMD PDFs and Collins TMD FFs for different quark flavors, from which we attempt to extract the « and d transversity PDFs and the
unflavored Collins FFs, together with their respective transverse-momentum widths, as shown on the left-hand side of Fig. 5.1. With
lattice calculations alone, one only has limited information about the area under the integral of the up and down-quark distribution,
and knows nothing about the shapes of the x-dependence. Without the lattice constraints, the distribution is consistent with zero
within 2 sigma; with both the constraints from the lattice tensor charge and experimental analysis from global-QCD analysis, one
is able to make world-best predictions for the large-x transversity for both up and down quarks. Similarly, one can also perform a
global analysis of GPDs by combining LQCD calculations and experimental measurements including PDFs, form factors and DVCS
measurements by parametrizing the GPDs in terms of their moments for zero and small-skewness GPDs [290,291].

Now with the past decade of the new x-dependent quantities, LQCD calculations can provide a wider range of inputs in the
global-QCD analysis. Section 3.3 provides examples of lattice calculation of the strange-antistrange asymmetry for x € [0.3,0.8] (a
conservative choice due to the boost momentum used being smaller than 2 GeV). Nevertheless, one can predict that by reducing the
LQCD uncertainty in this region by another factor of 2, there will be even greater improvement in the strange-quark distribution,
even down to as low as x = 10°, where the LQCD cannot reliably calculate directly. There are many quantities where lattice
x-dependent parton distributions can make impacts, for example, charm-anticharm asymmetry and gluon PDFs at Bjorken-x above
0.4. On the GPDs, LQCD can provide zero-skewness results, as discussed in Section 4, and explore a few nonzero-skewness GPD
results. Given that GPDs are more complicated to extract from experimental data than PDFs, it is not hard to imagine that LQCD
inputs to GPDs can have greater impact on the ongoing efforts in GPD determination [10,289,292] with a pipeline as shown in Fig.
5.2.

With more complex tasks ahead of the hadronic community, machine learning and Al tools have also been widely adopted
by lattice community as well. For the parton-distribution-related quantities, early work by MSULat [58] attempted to battle the
noise-to-signal problems in gluonic observables, and for large momentum and long Wilson-line displacements by using machine
learning to improve the signal. Machine learning has also been used to extract various parton distributions from lattice-calculated
LaMET and pseudo-PDF matrix elements; see Refs. [73,183,294] for a few selected examples. Efforts in global extraction of Compton
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Fig. 5.3. Proposed pipeline of a physics-informed deep-learning framework that goes from exclusive scattering data to information on hadron structure by
EXCLAIM collaboration [293].

form factors and GPDs from deeply virtual exclusive scattering and other experimental processes using machine learning has been
in progress [292,295]. A proposed pipeline of QCD phenomenology and LQCD inputs into global GPD extraction with the aid of Al
was proposed by EXCLAIM (EXCLusives with Al and Machine learning) collaboration [293]; see Fig. 5.3. Similar ideas and efforts
to explore the unknowns of hadron distributions will be carried out and will lead to greater understanding of the three-dimensional
structure of hadrons and tomography in the near future.
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