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We present a comparison of different quantum state preparation algorithms and their overall
efficiency for the Schwinger model with a theta term. While adiabatic state preparation is proved to be
effective, in practice it leads to large CNOT gate counts to prepare the ground state. The quantum
approximate optimization algorithm (QAOA) provides excellent results while keeping the CNOT counts
small by design, at the cost of an expensive classical minimization process. We introduce a “blocked”
modification of the Schwinger Hamiltonian to be used in the QAOA that further decreases the length of
the algorithms as the size of the problem is increased. The rodeo algorithm (RA) provides a powerful
tool to efficiently prepare any eigenstate of the Hamiltonian, as long as its overlap with the initial guess
is large enough. We obtain the best results when combining the blocked QAOA ansatz and the RA,
as this provides an excellent initial state with a relatively short algorithm without the need to perform

any classical steps for large problem sizes.
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I. INTRODUCTION

Despite the enormous success of the Standard Model
(SM) of particle physics, many unanswered questions
remain, such as what constitutes dark matter (and dark
energy), or the observed amount of matter-antimatter
asymmetry of the Universe. It was established many years
ago, thanks to the work of Sakharov [1], that the funda-
mental interaction and mechanism at the origin of the
baryon asymmetry in the Universe must satisfy three
conditions, known as the Sakharov conditions. An impor-
tant aspect of these conditions is that the fundamental
interaction should break CP symmetry. While the SM
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contains, due to quark-flavor mixing, a direct source of CP
violation, the strength of this violation is not sufficient to
explain the observed asymmetry [2,3]. The search for
physics beyond the Standard Model (BSM) thus includes
a search for new sources of CP violation. A prototypical
example of a CP-violating interaction that has several
phenomenological implications (e.g., axions, electric
dipole moments, the baryon asymmetry of the universe)
is the 6 term of the strong interactions described by
quantum chromodynamics (QCD).

QCD is a theory asymptotically free at short distances,
where it is amenable to a perturbative treatment, but at low
energy becomes nonperturbative, and to this day the only
way to perform calculations of QCD at low energy with
systematically improvable uncertainties is to regulate the
theory on a four-dimensional lattice (lattice QCD) and
solve it numerically. Lattice QCD (LQCD) is a mature field
with a well-defined selection of problems that it can
address, but also with clear obstacles that nowadays seem
insurmountable. One of these difficulties is the impossibil-
ity to solve theories that possess a complex Euclidean
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action, because it prevents the use of stochastic methods
to properly sample the field space. A classic example of
complex action in Euclidean space is QCD with a 6 term.
To circumvent this problem, it is common to expand the
theory in powers of the parameter 6, which is known to be
smaller than about 107!° [4,5], and treat the CP-violating
interaction as a perturbation of QCD. While calculations of
the neutron electric dipole moment have been done this way
[5-8], confirming the smallness of the 8 parameter, ideally
we would like to have a computational framework that is
able to deal with a generic complex action, or even better that
does not need the theory to be rotated to Euclidean space,
rather allowing real-time simulations of the theory prepared
in Minkowski space. The impossibility of simulating com-
plex actions is just one of the aspects of what nowadays goes
under the very general definition of “sign problem.”

A solution, at least in theory, is represented by the
Hamiltonian formalism, which deals directly with real-time
systems, but it cannot be simulated using state-of-the-art
supercomputers, due to the large number of degrees of
freedom stemming from the regulated infinite-dimensional
Hilbert space. The simulation of a theory using the
Hamiltonian formalism seems to be a problem perfectly
suited for a quantum computer, and even though the number
of qubits currently available is still far too low to directly
simulate QCD in 3 4 1 dimensions, it is possible to use
lower-dimensional field theories that share certain properties
with QCD to test new ideas and algorithms. It is particularly
important to understand the scaling of the algorithms
with increasing size of the system and towards the con-
tinuum limit. In this work, we study quantum electrody-
namics (QED) in 1 + 1 dimensions, also known as the
Schwinger model [9], with the addition of a € term. The
Schwinger model shares many interesting properties with
QCD, such as fermion confinement and the breaking of
the chiral U(1) symmetry due to the Schwinger anomaly,
making it an ideal toy model for testing algorithmic or
computational paradigms. Various properties of the
Schwinger model are discussed in Refs. [10-12].

The field of quantum computing for field theories,
like the Schwinger model [13-31], is making significant
advances. A possible approach is to rely on discretizing the
spatial coordinates, allowing the form of the discretized
Hamiltonians of the system to be determined using stan-
dard techniques currently employed in lattice QCD. We
have used the Schwinger model with a @ term to test several
quantum algorithms for quantum state preparation with
particular emphasis on the scaling with the size of the
problem and the number of qubits. In Sec. II we introduce
the discretization of the Schwinger model on a quantum
system, while in Sec. Il we study the first algorithm, the
adiabatic state evolution. In Sec. IV we study the quantum
approximate optimization algorithm (QAOA) and in Sec. V
the newly proposed rodeo algorithm [32]. In Sec. VI we
present our summary and conclusions.

II. DISCRETIZATION OF THE SCHWINGER
MODEL ON A QUANTUM SYSTEM

A. The continuum Schwinger model

The Schwinger model is the theory of QED in 1+ 1
dimensions. In the presence of a topological € term its
Lagrangian is typically written as

1 0
L= =G Fub" + Z—ﬂe,wF/“’ + ipy(0, + igA, )y — iy,
(1)

where F,, =d,A, —0d,A, is the field tensor, the A, are
U(1) gauge fields, and ¢, is the totally antisymmetric
tensor. In 141 dimensions, the gamma matrices are
Y’ =0% y! =ie”, and y° = yOyl.

The theory has three parameters; the gauge coupling g,
the fermion mass m, and the 6 angle. Following prior
works [13], we perform a chiral transformation of the fields
v — eig75l//, 1174 —>1pei§75 and the path integral measure
[33,34] to arrive at an equivalent Lagrangian

1 . . 7 o
L= = FuF" + iy (0, + igA )y — mpe™sy. (2)

We choose the temporal gauge A, = 0, and then a standard
Legendre transform yields the Hamiltonian

) 1
H:/dx |:—ll/_/7/](a] +igA|)l//+m1[/e’975l//+§E2 s (3)

where in one spatial dimension, the electric field E = F'0 =
—A" has only one component, and there is no magnetic
field. To satisfy gauge invariance in the temporal gauge,
additional local constraints that govern the interaction
between matter and gauge fields must be imposed.
These constraints are provided by the Gauss law

01E(x) = g (x)7"w (x).

B. Discretization

To simulate the Schwinger model on a quantum device,
we need a discretized formulation of the Hamiltonian
Eq. (3). We use a one-dimensional spatial lattice with N
sites and lattice spacing a. Time is kept continuous.
Following prior works [13,35,36] we use Kogut-Susskind
staggered fermions [37,38] to arrive at the Hamiltonian,

N-1
1 .
H=—i Z (— - (—1)"%sin 9> [yie®y, | —H.c!]

n=1 2a
N gzaN—l
0 —1)y) 2N 2 4
+ mcos ;( ))H(n+2; 2 (4)
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The gauge operators have been rescaled as A'(x,) —
—¢,/(ag) and E(x,) — gL,, where ¢, lives on site n,
and L, lives on the link between sites n and n + 1.
The Dirac fermion w(x) = (w,(x),wq(x))T, which is
a 2-component spinor in 1+ 1 dimensions, has been
mapped to a pair of 1-component fermions y, living on
neighboring sites such that y,, = v/ay,(x,) for even n and
In = Vayy(x,) for odd n. In this formulation the Gauss

law becomes [36]

. 1—-(-1)"
Ln_Ln—lz)(r‘l)(n_#' (5)
For a given matter configuration, the gauge fields are now
completely determined.'

C. Spin Hamiltonian

The y field can be transformed into a qubit formulation
using the Jordan-Wigner transformation [39] that trans-
forms the fermionic variables into spin variables

tn= (H - izl> i (©

I<n

where the spin variables are the Pauli matrices located at
each lattice point, X; = 6%, Y; = 0], Z; = ¢¢. Using open
boundary conditions, i.e., fixing the conjugate momentum
L at the boundary, and solving the Gauss law, one obtains

Lo=lo433 @ (1)), )

where the value of L specifies the boundary conditions.
Removing L, is equivalent to shifting the € angle by
2L [10], thus, we can safely set L, = 0. The ¢ phases can
be absorbed into the fields by a gauge transformation
Xn = Hl<n[e_i¢n])(n'

The final Hamiltonian, omitting constant terms, can be
decomposed as H = H;; + H, + H,, where

JN—l

Huz =3 Y Zii

n=2 1<k<I<n
1 V=1 m
H. = EZ (w — (—1)"Esin 9) (X, X1+ Y, Y1)

n=1
NZ_I(n mod 2) iZ,,
n=1

I=1

1 cos 0 o
HZ = B Z(_l)nzn -
n=1

|~

(8)

"This is true when using open boundary conditions as in this
work.

where, using the same notation as Ref. [13], we denote
the relevant couplings for the adiabatic evolution as
w=1/(2a) and J = g*a/2.

ITI. ADTIABATIC STATE PREPARATION

Adiabatic state preparation (ASP) is a common refer-
ence when dealing with state-preparation algorithms,
because of its relative simplicity and robustness. The
algorithm allows one to initialize a set of qubits to the
ground state of a chosen “target” Hamiltonian without
the need for any additional qubits. What is needed
instead is to find a “simple” Hamiltonian that possesses
a readily achievable ground state. The simple
Hamiltonian should be related to the full target one in
such a way that a set of coefficients can be used to
interpolate between them.

ASP works by applying a set of time evolution operators
each with a different Hamiltonian, which come from a
discretization of the interpolation between the simple and
the target Hamiltonians. This allows the state to evolve
towards the desired target ground state by always remain-
ing close to the ground state of the interpolating
Hamiltonians at all time steps.

In the Schwinger model, we select the initial
Hamiltonian as follows:
HO = HZZ + HZlm—»tn0,0—>O’ (9)

whose ground state is a state of alternating spins. The
parameters of the Hamiltonian, w = 1/(2a), 6 and m, are
rewritten to be adiabatically dependent on an additional
variable called ‘“‘adiabatic time” t,

t; t; t; t;

w —>%w 6‘—»%9 m— <1 —Yi)mo—kzim, (10)
for a set of i =1,...,M values of the adiabatic time
t; = t,_; + ot; with time intervals &¢;. The end time of
the adiabatic evolution is denoted by T = Y™, 61;.

The simplest discretization is a linear one, corresponding
to taking all &¢; to be the same, 6t; = T /M, but other
nonuniform values for 6t; can be chosen.

To prepare the desired quantum state, we define an
adiabatic time-evolution operator U(z, t + 8t) = e~ a3,
where H 4 (?) is the interpolating adiabatic Hamiltonian at
adiabatic time 7. We distinguish between two types of
linear discretizations of the adiabatic evolution, labeled
“L1” and “L2” according to the order of the Trotter
product formula used to evaluate the evolution operator
U(t,t+ 6t).

Since we have three sets of noncommuting operators, the
Trotter decompositions for the time evolution operator to
first and second order are
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Ul(t,t—l— 51‘) — e—iHX(t)&te—iHy(t)éte—i[HZ(t)-‘erz(t)]ﬁt’
Uz(l, t+ 5[) — e—iHX(l)%e—iHY(’)%e_i[HZ(I)Jerz(f)]&

X e_iHY(l)%e_iHX(l)% (11)

)

where the terms Hy and Hy come from the trivial splitting
of H,.

We also consider other discretizations in this paper,
given by

. .
6, = 2 sin’ (;;ﬁ) (12)

T .
St; :2MCOSQ (ﬂﬁ), (13)

and which we denote respectively by “S1” (or “S2”) and
“C1” (or “C2”) depending on whether we use a first-order
or a second-order Trotter product formula for the adiabatic
time evolution.

These choices are made in order to achieve discretiza-
tions that are either denser or sparser at different stages
of the adiabatic evolution. The S1, S2 discretizations are
denser at the beginning and the end of the adiabatic
evolution, while the C1, C2 choices are sparser at the
beginning of the adiabatic evolution and denser at the end.

It is common practice, in the field of quantum comput-
ing, to count the number of two-qubit gates, typically CNOT
gates, as a quantity that measures the length of the
algorithm as they have a smaller fidelity on current
quantum hardware and hence dominate the noise. For
the Hamiltonian we are considering, the number of
CcNOT gates required for a single first-order Trotter step
are given by 4(N — 1) + (N — 1)(N —2), where N is the
number of sites of the lattice. The first term comes from the
hopping term H=+; the second comes from the nonlocal
term H;; and crucially grows quadratically in N. The
mapping of the terms of the Hamiltonian to quantum gates
is explained in [13].

For reference, in Table I, we report the average CNOT gate
count per qubit for each step of the adiabatic time evolution
for system with N =4, 8, 12 and both first- and second-
order Trotter discretizations, which differ by a simple factor
of two. The quadratic scaling coming from H;; dominates

TABLE I. Average number of CNOT gates per qubit for each
step of the adiabatic time. N is the number of points in the spatial
direction and the order refers to Trotterization adopted.

N First-order Second-order
4 4.5 9

8 8.8 17.5

12 12.8 25.7

already for small values of N, making the average number
of gates grow linearly with the size of the problem.

A. Numerical results

We investigate the quantum algorithm for ASP on a
classical computer, exploring how the choice of discretiza-
tion and total evolution time 7 influence the quality of
the prepared ground state. To assess our algorithms, we
consider the energy and overlap with the exact ground state
obtained from diagonalization. We focus in particular on
small values of M and T for two systems with N =4, §,
which lead to short overall algorithms.

We use the Qiskit software package [40] for our numerical
simulations. This choice allows to use a gate-based
representation of the algorithms and to also access the
state vector during the simulations. There are two param-
eters that significantly impact the final approximation. The
first is the ratio 6¢/T, which determines the speed of the
system’s evolution between the initial and the target
Hamiltonian. A large ratio reduces the number of steps
required, but at the cost of lower precision in the inter-
mediate states, as they are further away from their eigen-
states. A small ratio, on the other hand, ensures the state
remains close to the intermediate ground states during the
evolution, but requires more steps to achieve convergence.

The second parameter is ot, which affects the ASP
algorithm by influencing the accuracy of the time evolution
operators used to approximate the Hamiltonian with the
Trotter product formula. This error can be reduced with
higher-order schemes, but this comes at the cost of longer
algorithms per time step.

In Fig. 1, we present the time evolution of the ground-
state energy, E,(t), using different discretizations with
T =5 and M = 10. The exact values are computed by
direct diagonalization of the intermediate Hamiltonian at
every time step. As shown, all the discretizations exhibit
good agreement with the exact results even with as few as
M = 10 steps. However, we observe that the C2 and C1
discretizations yield better agreement, indicating that it may
be beneficial to perform more precise steps towards the end
of the evolution, where the Hamiltonian is closer to the
target one.

The overlap w(t) between the evolved state |y, (¢)) and
the exact ground state |y (t)) of the adiabatic Hamiltonian
obtained via full diagonalization at each time ¢, is
o(t) = |(ya(t)|lwo(2))|>. The plot reveals that  is always
within 10% of the exact ground state, indicating that the
evolution successfully keeps the state close to the inter-
mediate ground state throughout the process. Notably,
we find that discretization C1 offers the most precision
throughout the adiabatic evolution but loses precision
towards the end, whereas C2 yields the best approximation
at the end of the evolution.

We investigate the dependence of the ground state energy
and its error on the total adiabatic time evolution 7 and the
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Ground State Energy
(N, 0, J,w,my,m) = (4,7/4,0.5,0.5,0.5,0.1)

—1.71
= 18-
<

—1.9 1

—2.01

Ground State Overlap
(N,0, J,w,mg,m) = (4,7/4,0.5,0.5,0.5,0.1)

1.00 1

0.98 1

< 0.96 1

0.94

0.92 1

FIG. 1. Ground-state energy E,(z) (top) and overlap with the
true ground state, () (bottom), versus adiabatic time ¢ for the
Schwinger model with a theta term. The exact results, represented
by the solid line, are obtained through exact diagonalization of
the adiabatic Hamiltonian at each value of 7. Various discretiza-
tions are employed, as explained in the main text.

number of steps M. The top panel of Fig. 2 displays the
relative error for the ground state energy E4(7) obtained
at the end of the adiabatic evolution as a function of M.
The different colors correspond to distinct adiabatic time
evolutions 7', with linear discretization orders of L1 or L2.
As expected, a larger T results in smaller errors. However,
we also observe that there is a threshold value of M for a
given T at which the relative error is minimized and after
which increasing the number of steps indefinitely does not
further reduce the relative error. This is fixed by T and is
unaffected by the order of the Trotterization.

In the bottom panel of Fig. 2 the difference between first-
order and second-order Trotterization is apparent, as the
two classes have different slopes. This indicates that using
second-order Trotterization allows smaller values of &¢,
as expected, as long as the total adiabatic time 7 is large
enough for the algorithm to be in the scaling regime.

Overall, ASP is a reliable method for preparing the
ground state of our Hamiltonian, however, the required
algorithm is limited by the bounds imposed by the adiabatic

5 Order =1

10 Order = 1
20 Order = 1
50 Order = 1
5 Order = 2

10 Order = 2
20 Order = 2
50 Order = 2

1072

T

Relative Error |[E4 — Eg|/|Eg|

25 50 75 100 125 150 175 200
Number of Steps M

Relative Error |[E4 — Eg|/|Eg|

107" 10°
Step Size ot

FIG. 2. Relative error of the ground state energy E, obtained
with ASP for the same simulation parameters as Fig. 1 for the L1
and L2 discretizations. The results are compared against the exact
energy E obtained through direct diagonalization. The top figure
shows the error as a function of the total number of steps (7'/5T)
for a fixed set of total times 7. The lower panel shows the error
just as a function of 6T for the same set of values for 7.

theorem, which then requires longer evolution times and
hence more steps and longer quantum algorithms.

B. Noise model for adiabatic state preparation

One major challenge of ASP is the length of the
algorithm resulting from the adiabatic time evolution
discretization. On noisy intermediate-scale quantum
(NISQ) machines, such algorithms can become prohibi-
tively expensive due to the presence of many CNOT gates
with relatively low precision. To investigate the impact of
cNotr gate errors on ASP, we conducted a series of
simulations using Qiskit (using discretization L.2) where
we varied the error rate of the cCNOT gates. Figure 3 shows
the results of this study for T =5 and M = 10 where we
varied the error rate of cNOT gates from 1072 to 0, i.e.,
noiseless. The goal is to determine what error rate would
allow the ASP algorithm to produce a good estimate of the
ground state of the N =4 Schwinger model. The plot
compares the resulting ground-state energy to the exact
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e Noiseless

= —0.5 = —— CNOT Noise = 102
LS —}— CNOT Noise = 103
;D- —}— CNOT Noise = 1074
g —10 " 4~ CNOT Noise = 105
Lj —— CNOT Noise = 10~6
3
2 15
8
=5 —
<

—2.0

0 1 2 3 4 5
Adiabatic Time t
FIG. 3. Ground state energy from ASP with L2 discretization

with varying CNOT error rate. The parameters chosen are the same
as in Fig. 1 with 7T =5 and M = 10.

Effects of Noise in Adiabatic State Preparation

g 00 S
g !
M 05 -
= -10 =
< o
g -15 et
= cos®
—2.0 - -
1077 10-6 107° 10~ 1073 1072 107!

CNOT Error Rate

FIG. 4. Energy of the ground state from ASP at the end of
adiabatic evolution, 7 = 5, with varying CNOT error rate. The
band indicates state-of-the-art CNOT error gates [42].

results, and it is clear that, at current error rates ranging
from 1072 to 1073 [41], the noise significantly hinders the
algorithm’s ability to produce a high-quality state.

Figure 4 illustrates how the ground-state energy, calcu-
lated with L2 discretization at the end of the adiabatic
evolution 7 = 5 (with M = 10) depends on the error rate of
the cNOT gates. In the case of a large CNOT error rate, the
wave function tends towards a maximally disordered state,
resulting in an energy close to 0. The figure also demon-
strates that extrapolating the error rates from the current
accessible ones (indicated by a band) to regions where
the results become independent on them is not currently
possible. It will be very difficult to perform an extrapolation
unless error rates improve by 1-2 orders of magnitude.

To summarize, the limits of current quantum hardware
further limit the applicability of ASP to our system, making
a case for the need of shorter and more efficient algorithms.

IV. QUANTUM APPROXIMATE
OPTIMIZATION ALGORITHM

The QAOA [43] is a method that relies on the variational
principle to solve optimization problems. State preparation
can be cast to such a problem by giving a parametrized

ansatz for the ground state wave function and then
optimizing its parameters variationally. One of the most
prominent benefits it offers is the relatively short length
of the algorithms and the small number of parameters it
requires.

Similar to ASP, the starting point is a trivially solvable
Hamiltonian H, with eigenstate |y). The QAOA ansatz
for the ground state of the target Hamiltonian is

M-1

|W@mz<HfWMWWﬂW@<w

k=0

where the 2M real coefficients 577 parametrize the wave
function. From the variational principle, we know that

given the parameters y* and ﬁ* the expectation value of the
Hamiltonian operator is

(wu 7P Hlwu 7. F)) =E§ > Ep,  (15)

where E| is the true ground state of the system. This means
that we can use a minimization algorithm; in our case, we
used simulated annealing [44], because it is suitable for the
multiple local minima of the problem. The minimization is
performed classically and not on quantum hardware,
though in the future a hybrid classical-quantum algorithm
could be feasible as well.

As opposed to ASP, the length of the QAOA is chosen as
a parameter instead of having to find the optimal number of
Trotter steps. The precision of the results then depends on
the quality of the optimal solution found by the minimizer,
not on the length of the algorithm.

A. QAOA results

We applied the QAOA to the case of the Schwinger
model with the same parameters as Sec. III, so (m, m,
w,J,0) =(0,0.5,0.5,0.5,0) and (1,0.5,0.5,0.5,7/4).
Table II displays the results for the energy expectation
value and ground-state overlap for the ground state,
obtained using the second-order Trotter formula, with
two and three QAOA steps.

For the given ansatz, the total number of CNOT gates is
givenby M(8(N — 1) + (N — 1)(N — 2)) for the first-order
Trotterization and twice as many for second order. This is
the same quadratic scaling as ASP, considering that
the dominant term is given by H,,. However, the total
number of CNOT gates is much reduced because the number
of steps M is fixed beforehand to a very small number. We
used M = 2, 3, which is orders of magnitude smaller than
those used in ASP.

The results show that QAOA is highly efficient in
preparing the ground state and estimating its energy, using
significantly fewer cNOT gates compared to ASP. Note
that the values in Table II refer to the total length of the
algorithm, while in Table I the count was per step.
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TABLE II. Results for the QAOA method for varying system
sizes and parameters with first-order Trotter formula. Here N, 6,
and m are the parameters of the simulation, and M is the number
of QAOA steps. The remaining columns give the CNOT gates per
qubit, the relative error of the ground state energy measurement,
and the ground state overlap.

GS
Method N (0,m) M cNot/qubit Rel. Ermr. E; overlap
QAOA 4 0, 0) 2 30 0.0029 0.9798
QAOCA 4 0, 0) 3 45 0.0012 0.9928
QAOA 4 (n/4,0.1) 2 30 0.0023  0.9855
QAOA 4 (n/4,0.1) 3 45 0.0021 0.9871
QAOA 8 0, 0) 2 49 0.0021 0.9679
QAOA 8 0, 0) 3 73.5 0.0016 0.9856
QAOA 8 (n/4,0.1) 2 49 0.0077 0.9732
QAOA 8 (z/4,0.1) 3 73.5 0.0067  0.9789

Specifically, for the M = 10 case of ASP, the second-
order approximation results in 90 CNOT gates per qubit
for N = 4, leading to less accurate results when compared
to QAOA, which in turn requires only 48 CNOT gates
with three steps.

The downside of QAOA, however, is the minimization
process, which requires an accurate determination of the
optimal parameters. Although classical machines can
simulate the process with exact exponentiation for small
systems, these become problematic for larger systems.
Moreover, it is uncertain whether the minimization process
can be performed efficiently in the hybrid computation
scenario with NISQ machines. Furthermore, the results
reported in the table are the best results out of five runs
of the optimizer, as the stochasticity of the simulated
annealing method leads to slightly different results. In
principle, the variational system of Eq. (15) can have
several local minima, and any algorithm could get stuck
in one of them instead of the global minimum which
corresponds to the true ground state. However, the quali-
tative conclusions drawn from comparing QAOA with ASP
remain unchanged, as the former is orders of magnitude
better for comparable algorithm lengths. In summary, the
results indicate that once a set of optimal coefficients y*,

and ,B* is determined, QAOA is more effective than ASP in
preparing the ground state.

B. Blocked QAOA

To reduce the number of CNOT gates per qubit, an option
is to employ custom optimized 2-qubit gates, which can
be tailored for any unitary operation on two qubits, as
proposed in [45,46]. However, because of nonlocality of
the Hamiltonian in Eq. (8) owing to the presence of the H,
term, this task is not straightforward. Nevertheless, the
QAOA algorithm can still be used since it relies on a
relatively general ansatz. To handle the nonlocal term, we

introduce a modified Hamiltonian, denoted as “blocked” or
Hp, which retains only the diagonal and nearest-neighbor
terms of the full Hamiltonian. Thus, defining Hyz = H, +
Hj + H',, this can be represented by a single 2-qubit gate,
where HY, is the local part of H,,. We then modify the
QAOA ansatz as follows:

k=1

M-1
(7. B)) = e~ Putho =it (H e M“'H"e'in"‘””) wo)-
(16)

In the above equation the first M — 1 unitary applications
involve Hp, and only one application of the full
Hamiltonian is applied on the final step. The aim is to
encode the nearest-neighbor interactions using the
blocked Hamiltonian, while the last step should adjust
for nonlocal effects. This approach can be implemented
only when H,,, which comprises nonlocal terms, is not
the dominant term of the Hamiltonian. Thus, we are
restricted to cases where J is not large. The results for
the blocked approach in the N = 4, 8 case are presented
in Table III.

The decrease in the number of CNOT gates is more
noticeable for larger values of N. An exact expression
for this type of blocking would be 8M(N —1)+
(N = 1)(N —2). One can note that there is no significant
difference between the results with the full and blocked
QAOA ansatz. This implies that the nonlocal part of the
Hamiltonian can be encoded efficiently just in the last step.
Consequently, a possible advantage of the blocking pro-
cedure is the potential to scale the system size while

maintaining the optimal parameters ¥ or E fixed as N
changes. This approach is not perfect as the nonlocal part
of the Hamiltonian changes with increasing system size.
However, it produces good ansatz for larger systems without
requiring costly optimization procedures. Table IV illustrates

TABLE III.  Blocked QAOA results for N = 4. Here N, 0, and
m are the parameters of the simulation, M is the number of
QAOA steps. The remaining columns give the CNOT gates per
qubit, the relative error of the ground state energy measurement,
and the ground state overlap.

GS
Method N (0,m) M cNot/qubit Rel. Err. E; overlap
QAOA 4 (0,00 2 27 0.0026  0.9853
QAOCA 4 0, 0) 3 39 0.0022 0.9922
QAOA 4 (z/4,0.1) 2 30 0.0019 0.9887
QAOA 4 (n/4,0.1) 3 45 0.0015 0.9941
QAOA 8 0, 0) 2 38.5 0.0028 0.9553
QAOA 8 0, 0) 3 52.5 0.0024 0.9632
QAOA 8 (w/4,0.1) 2 38.5 0.0023 0.9763
QAOA 8 (z/4,0.1) 3 52.5 0.0034 09711
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TABLE IV. QAOA blocked with M = 3 steps. The results for
the N = 4 are obtained after parameter optimization; the results
for Ne{6,8,10,12} have been computed using the same
optimal parameters for N = 4.

N CNOT/qubit Rel. Err. E, GS overlap
4 39 0.0003 0.9995
6 46.6 0.0022 0.9839
8 52.5 0.0021 0.9722
10 57.6 0.0022 0.9599
12 62.3 0.0020 0.9479

the results for different system sizes using the same QAOA
parameters obtained through simulated annealing on the
N = 4 system for the (6, m) = (0,0) case with three steps,
two of which are blocked while the last one is executed with
the full Hamiltonian.

The data presented indicates that blocked QAOA can
serve as a very cheap starting point for subsequent
optimizations or alternative state-preparation algorithms,
particularly when dealing with large values of N.

V. RODEO ALGORITHM

The recently proposed RA [32,47,48] is a promising
method that uses a stochastic cosine filter to isolate eigen-
states of a given Hamiltonian. It can be used to extract the
energy spectrum of a Hamiltonian, and it can also be used as
a state-preparation algorithm. One of its biggest advantages
is that it allows one to prepare a system in any eigenstate of
the Hamiltonian, not just the ground state.

The rodeo algorithm uses one or more ancilla qubits to
control the time evolution of the initial object state |w;) by
the object Hamiltonian H. In the general case, the M-cycle
RA uses a set of M ancilla qubits. However, for quantum
computers that allow midcircuit measurements, a single
ancilla qubit may be used repeatedly [47]. The algorithm
starts with all ancilla qubits in the same state e.g., |1). A
Hadamard gate is applied to fully mix each ancilla qubit.
Then for the mth control/ancilla qubit, a controlled time
—ifit,,

evolution e is applied to the object system, followed
by a phase rotation P(Et,,) applied to the ancilla qubit. In
the end, a Hadamard gate is applied to each ancilla qubit,
and it is measured (see Fig. 5 for a gate representation of the
algorithm).

Let us consider a single rodeo cycle. Starting from the
initial state |1)|w;), after performing one cycle of the RA
and inserting a complete set of energy eigenstates, the
system is in the state

S E ) (1 — e EB) o) )

FSSE I+ eI ). (17)

)«{m,,, )

[¥r)

FIG. 5. Gate representation of the rodeo algorithm.

The probability, as a function of E, of measuring the ancilla
qubit in the original state [1) is

P(E) = SNl Poos (- £5). (19

Thus, if we take random values of the evolution time ¢,,, we
have a cosine filter for the energy, which can be tuned to
exponentially suppress eigenstates outside an energy range.
For large M, the spectral weight for any eigenstate with
E; # E is suppressed by a factor of 1 /4M.

The RA can be used to extract the spectrum of the
Hamiltonian H. If we label the eigenstates of H as |E;),
we can define the initial-state spectral overlap function as
S(E) = |(E;lw;)|* for E=E; and S(E) =0 for E #E,.
In practice, one runs the RA at some fixed energy E and
random value ¢,, for each rodeo cycle. This is repeated with
a set of Gaussian random values for the times 7,,, and the
results are averaged over to get the value of S at E. The
function S(E) is constructed by repeating this procedure for
arange of values E. An example for the Schwinger model is
shown in Fig. 6.

The RA however has limitations for NISQ machines.
First, it requires an additional number of qubits, the ancilla,
that are not available for the simulation after the state is

Schwinger Model for 8 Spins

1.07 —— 3 cycles, tyms =5
—— 6 cycles, tyms =5
) 0.8 1 === 9 cycles, tyms =5
E) o  Exact
© 0.6 1
)
jg
N
= 0.4 1
=
=

FIG. 6. Spectral overlap factors for the [10101010) initial state
from the rodeo algorithm.
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prepared. Furthermore, the stochastic values for the con-
trolled time evolution have to be chosen from a distribution
with a certain width . This unphysical parameter controls
the width of the cosine filters that are effectively applied.
If a too small value is chosen the filtering effect is not
sufficient to isolate the different peak corresponding to
distinct eigenvalues. But choosing a too large value
necessitates simulating large times with a time evolution
operator, increasing the necessary Trotter steps.

A. Rodeo algorithm for state preparation

The RA suppresses eigenstates whose eigenvalues differ
from E and thereby effectively amplifies any eigenstate
whose energy is close to E. This means the RA can be used
for state preparation.

If the exact energy E) of the target eigenstate |E}) is
known, then one simply performs some number M of rodeo
cycles at the energy E = E;. In the end, if all ancilla qubits
are measured to be in the state |1), then the object state is
|E;) with a probability which ranges from the initial state
overlap probability |[(E;|w;)|*> when M =0 to 1 in the
limit of large M. If any ancilla qubits are measured to be
in the state |0), then the state is discarded and one restarts
the algorithm. There are two probabilities to keep in
mind; the probability of measuring all ancilla qubits to
be in the state |1), and the conditional probability that
the object state is |E}) given that all ancillas are in the
state |1). In the limit of large M, the first probability is
equal to the initial state overlap probability, and the
second is equal to one. The cost, in terms of gates and
circuit depth, of the RA for state preparation depends on
several factors including the initial state overlap with the
desired eigenstate, and the number of rodeo cycles M.
The controlled time evolution can be realized through
Toffoli gates, which extend CNOT gates to have two
control qubits. These in turn can be decomposed in a
series of six CNOT gates and single qubit rotations.
In general, the cost of the RA for our Schwinger
Hamiltonian, with first-order Trotterization, is then
6M[4A(N —1)+ (N-1)(N-=2)].

If the energy E; of the target eigenstate |E;) is not
known, then the RA can be used to scan for the precise
energy by trying a range of energies E as in Fig. 6. Once
the relevant peak is isolated in the spectral overlap
function, its precise location can be extracted using a
Gaussian fit as shown in Fig. 7. The algorithm is then
repeated at this energy.

B. Preconditioning the rodeo algorithm with QAOA

The RA efficiency greatly improves when the overlap of
the initial state with the desired state is large. In particular,
the number of required cycles in the RA and their total time
evolution length, and hence the overall length of the
algorithm, can be reduced. One can then use a state coming

9 cycles, tims =5

9 cycles, tems = 10

9 cycles, tims = 15

9 cycles, tems = 20
Gaussian fit tyms = 20
Exact = —5.816725

0.30

o[ [ 1]

Initial State Overlap
o
o
S

0.15 4

0.10 A

0.05 1

0.00 T T T T T T T

-62 —-6.1 -6.0 -59 -58 57 —-56 55 54
Energy

FIG. 7. Gaussian fit to the data of the ground state peak from
Fig. 6.

from the blocked QAOA presented in Sec. IV B, which is
cheap to prepare, and use it as initial state for the RA.

The procedure is as follows. First, a classical optimiza-
tion of the blocked QAOA model is made on a small
system, in our case we used the N = 4 Schwinger model,
the same of Table III. Secondly, the state coming from the
QAOA ansatz for a larger system is prepared. As seen in the
table, for the N = 8 the overlap ~96%, which is consid-
erably better as an initial guess when compared to the
alternating chain of spins up and down, see Fig. 8. Finally,
one can perform just three cycles of the RA with a small
time evolution step, in practice, we restrict the random
times ¢, to have a root-mean-square value of f,,,_; ,, and
perform a scan of the energies close to the ground state and
use the fitting procedure outlined in Sec. V A. Keeping the
time short is crucial to reduce the number of Trotter steps
required to perform the controlled time evolution. In
particular, since the values of ¢, are stochastic, we fix a
value for the time steps of 6f = 0.25, with the last step
being shorter depending on the exact value of ¢,,.

1.0
+ |10101010)

0.8 *  Blocked QAOA
= ' Ground State
E
S 0.6
5}
=
£ 0.4+
5}
.20
€3}

0.2 1

0.0 Y IhIIIIJ-TL!LI PO TR

-5 —4 -3 -2 -1 0
Energy
FIG. 8. Comparison of the eigenstate overlaps between the

QAOA ansatz and the simple alternating spin initial state.
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1.02

3 cycles, trms = 1
—— Gaussian fit tyms = 1

== Bt =1 = —5.8088, overlap #0.9975
3 cycles, trms = 2
—— Gaussian fit tyms = 2
== Et,,.=2 = —5.8155, overlap +=10.9947

O  Exact = —5816725

0.90 T T
—6.0 -5.9 —5.8 —5.7 —5.6
Energy

Initial State Overlap
(=) o [ —
Ne) =) Ne) o
> (=) [o7e) (=)

0.92 4

FIG. 9. Gaussian fit to the data of the ground state peak from
located starting from the blocked QAOA ansatz for N = 8 and
=1,2.

trms

As seen in Fig. 9, the ground state energy can be
determined with a good degree of accuracy with very
few cycles and a short time evolution.

The advantage of combining the blocked QAOA and the
RA is that one can perform the classical hybrid optimiza-
tion for large systems in QAOA and correct for the error
coming from the mistuned parameters using the RA, which
in turn benefits in efficiency from the improved initial
ansatz. The total algorithm for the blocked QAOA pre-
conditioned RA for N = 8 cannot be estimated exactly
as the length depends on the random choices for the
various t,,. However, with ¢,,;, =1 and 6t = 0.25 and 3
cycles one can expect that on average the CNOT count will
be on the order of 12 time evolution steps plus the initial
QAOA preconditioning. Considering the decomposition
of the Toffoli gates, we find that on average the total count
of CNOT gates per qubit is 661, which corresponds to
75 adiabatic steps, while reproducing the ground state with
99.5% accuracy. It should be noted that this procedure
retains the requirement to check the values of the ancilla
qubits of the RA to determine whether the state prepared is
valid or not.

VI. SUMMARY AND CONCLUSIONS

In this paper, we explore efficient quantum state prepa-
ration algorithms for the Schwinger model with a theta
term, focusing on ASP, the QAOA, and the RA. We have
analyzed these algorithms based on their efficiency, scal-
ability, and quantum resource requirements, with particular
focus given to the length of the algorithms as measured in
terms of the total number of two-qubit gates, as this is a
useful metric for their performance on NISQ machines.

While ASP has its strength in its simplicity and inter-
pretability, it requires many time-evolution steps to reach
good accuracy as it is bounded by both numerical dis-
cretization in the size of the steps and by the adiabatic

theorem for the total time of the evolution. We have found
that choosing different discretizations for the size of the
time-evolution steps can lead to improved accuracy, but that
is not a significant improvement as the overall scaling is
the same.

The QAOA produces a short algorithm with high
precision, but it requires a classical optimization step which
can be extremely costly and doesn’t scale with the system
size. We have implemented a blocked ansatz for the QAOA
that enables scaling the system by classically optimizing
the parameters for a small system and reusing them for
larger ones, though the precision decreases with the scaling.

The RA excels in preparing any eigenstate, not just the
ground state. Its success depends on the overlap between
the initial and target states, which can be optimized using
other algorithms. We find that combining blocked QAOA
with the RA provides the best results. Blocked QAOA
efficiently prepares a high-quality initial state, which
enhances the performance of the RA by reducing the
number of required cycles and improving the accuracy
of the state preparation. For the 8-site system, we find that
our procedure returns states that have 99.5% overlap with
the true ground state with the equivalent CNOT gate counts
of just 75 adiabatic steps.

The combination of blocked QAOA and the RA presents
a scalable and resource-efficient method for state prepara-
tion in quantum simulations of the Schwinger model.
This hybrid approach minimizes gate counts and classical
optimization complexity, making it well-suited for larger
systems and NISQ-era quantum devices. The results
demonstrate promising directions for future research in
quantum algorithms for quantum field theory simulations,
paving the way for applications in more complex models.

ACKNOWLEDGMENTS

This work was supported by the Department of Energy
Grant No. DE-SC0021152. Additionally, D.L. was sup-
ported by Department of Energy Grant No. DE-SC0023658
and National Science Foundation Grant No. PHY-2310620,
and A.B. and L.H. were supported by Department of
Energy Grant No. DE-SC0019139. G.P. acknowledges
funding by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation)—Project No. 460248186
(PUNCH4NFDI). A.S. acknowledges funding support
from Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) through Grant No. 513989149,
under the National Science Foundation Grant No. PHY-
2209185 and from the Department of Energy Topical
Collaboration “Nuclear Theory for New Physics,” Award
No. DE-SC0023663.

DATA AVAILABILITY

The data supporting this study’s findings are available
within the article.

074515-10



EFFICIENT STATE PREPARATION FOR THE SCHWINGER ...

PHYS. REV. D 111, 074515 (2025)

[1] A.D. Sakharov, Pis’ma Zh. Eksp. Teor. Fiz. 5, 32 (1967).

[2] M. Gavela, P. Hernandez, J. Orloft, and O. Pene, Mod. Phys.
Lett. A 9, 795 (1994).

[3] P. Huet and E. Sather, Phys. Rev. D 51, 379 (1995).

[4] C. Abel et al. (nEDM Collaboration), Phys. Rev. Lett. 124,
081803 (2020).

[5] J. Dragos, T. Luu, A. Shindler, J. de Vries, and A. Yousif,
Phys. Rev. C 103, 015202 (2021).

[6] C. Alexandrou, A. Athenodorou, K. Hadjiyiannakou, and A.
Todaro, Phys. Rev. D 103, 054501 (2021).

[7] T. Bhattacharya, V. Cirigliano, R. Gupta, E. Mereghetti, and
B. Yoon, Phys. Rev. D 103, 114507 (2021).

[8] J. Liang, A. Alexandru, T. Draper, K.-F. Liu, B. Wang, G.
Wang, and Y.-B. Yang (yQCD Collaboration), Phys. Rev. D
108, 094512 (2023).

[9] J.S. Schwinger, Phys. Rev. 128, 2425 (1962).

[10] S.R. Coleman, Ann. Phys. (N.Y.) 101, 239 (1976).

[11] N.S. Manton, Ann. Phys. (N.Y.) 159, 220 (1985).

[12] R. Dempsey, L. R. Klebanov, S.S. Pufu, and B. Zan, Phys.
Rev. Res. 4, 043133 (2022).

[13] B. Chakraborty, M. Honda, T. Izubuchi, Y. Kikuchi, and A.
Tomiya, Phys. Rev. D 105, 094503 (2022).

[14] R. C. Farrell, M. Illa, A.N. Ciavarella, and M. J. Savage,
Phys. Rev. D 109, 114510 (2024).

[15] J.-Y. Desaules, D. Banerjee, A. Hudomal, Z. Papi¢, A. Sen,
and J. C. Halimeh, Phys. Rev. B 107, L201105 (2023).

[16] C. W. Bauer, Z. Davoudi, N. Klco, and M. J. Savage, Nat.
Rev. Phys. 5, 420 (2023).

[17] R. C. Farrell, M. Illa, A.N. Ciavarella, and M. J. Savage,
PRX Quantum 5, 020315 (2024).

[18] D. Pomarico, L. Cosmai, P. Facchi, C. Lupo, S. Pascazio,
and F. V. Pepe, Entropy 25, 608 (2023).

[19] A. Florio, D. Frenklakh, K. Ikeda, D. Kharzeev, V.
Korepin, S. Shi, and K. Yu, Phys. Rev. Lett. 131,
021902 (2023).

[20] X.-D. Xie, X. Guo, H. Xing, Z.-Y. Xue, D.-B. Zhang, and
S.-L. Zhu (QuNu Collaboration), Phys. Rev. D 106, 054509
(2022).

[21] N.H. Nguyen, M.C. Tran, Y. Zhu, A.M. Green, C.H.
Alderete, Z. Davoudi, and N. M. Linke, PRX Quantum 3,
020324 (2022).

[22] W. A. de Jong, K. Lee, J. Mulligan, M. Ploskon, F. Ringer,
and X. Yao, Phys. Rev. D 106, 054508 (2022).

[23] M. Honda, E. Itou, Y. Kikuchi, and Y. Tanizaki, Prog. Theor.
Exp. Phys. 2022, 033B01 (2022).

[24] M. Honda, E. Itou, Y. Kikuchi, L. Nagano, and T. Okuda,
Phys. Rev. D 105, 014504 (2022).

[25] M. C. Baiiuls et al., Eur. Phys. J. D 74, 165 (2020).

[26] C. Kokail et al., Nature (London) 569, 355 (2019).

[27] N. Klco, E.F. Dumitrescu, A.J. McCaskey, T. D. Morris,
R. C. Pooser, M. Sanz, E. Solano, P. Lougovski, and M. J.
Savage, Phys. Rev. A 98, 032331 (2018).

[28] H.-H. Lu et al., Phys. Rev. A 100, 012320 (2019).

[29] E. A. Martinez et al., Nature (London) 534, 516 (2016).

[30] S. Kiihn, J.I. Cirac, and M.-C. Baiiuls, Phys. Rev. A 90,
042305 (2014).

[31] P. Hauke, D. Marcos, M. Dalmonte, and P. Zoller, Phys.
Rev. X 3, 041018 (2013).

[32] K. Choi, D. Lee, J. Bonitati, Z. Qian, and J. Watkins, Phys.
Rev. Lett. 127, 040505 (2021).

[33] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979).

[34] R. Roskies and F. Schaposnik, Phys. Rev. D 23, 558 (1981).

[35] E. A. Martinez, C. Muschik, P. Schindler, D. Nigg, A.
Erhard, M. Heyl, P. Hauke, M. Dalmonte, T. Monz, P.
Zoller, and R. Blatt, Nature (London) 534, 516 (2016).

[36] C. Muschik, M. Heyl, E. Martinez, T. Monz, P. Schindler,
B. Vogell, M. Dalmonte, P. Hauke, R. Blatt, and P. Zoller,
New J. Phys. 19, 103020 (2017).

[37] J. Kogut and L. Susskind, Phys. Rev. D 11, 395 (1975).

[38] L. Susskind, Phys. Rev. D 16, 3031 (1977).

[39] E. Wigner and P. Jordan, Z. Phys. 47, 631 (1928).

[40] qiskit, IBM  software  package, https:/qiskit.org/
documentation/faq.html.

[41] A. Kandala, K.X. Wei, S. Srinivasan, E. Magesan, S.
Carnevale, G.A. Keefe, D. Klaus, O. Dial, and D.C.
McKay, Phys. Rev. Lett. 127, 130501 (2021).

[42] E. Pelofske, A. Birtschi, and S. Eidenbenz, IEEE Trans.
Quantum Eng. 3, 1 (2022).

[43] E. Farhi, J. Goldstone, S. Gutmann, and L. Zhou, Quantum
6, 759 (2022).

[44] S. Kirkpatrick, C. D. Gelatt, and M. P. Vecchi, Science 220,
671 (1983).

[45] F. Vatan and C. Williams, Phys. Rev. A 69, 032315 (2004).

[46] V. V. Shende, I. L. Markov, and S. S. Bullock, Phys. Rev. A
69, 062321 (2004).

[47] Z. Qian, J. Watkins, G. Given, J. Bonitati, K. Choi, and D.
Lee, Eur. Phys. J. A 60, 151 (2024).

[48] M. Bee-Lindgren, Z. Qian, M. DeCross, N. C. Brown, C. N.
Gilbreth, J. Watkins, X. Zhang, and D. Lee, arXiv:2208
.13557.

074515-11



	Efficient state preparation for the Schwinger model with a theta term
	I. INTRODUCTION
	II. DISCRETIZATION OF THE SCHWINGER MODEL ON A QUANTUM SYSTEM
	A. The continuum Schwinger model
	B. Discretization
	C. Spin Hamiltonian

	III. ADIABATIC STATE PREPARATION
	A. Numerical results
	B. Noise model for adiabatic state preparation

	IV. QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM
	A. QAOA results
	B. Blocked QAOA

	V. RODEO ALGORITHM
	A. Rodeo algorithm for state preparation
	B. Preconditioning the rodeo algorithm with QAOA

	VI. SUMMARY AND CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


