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This paper is concerned with estimating the column subspace of a low-
rank matrix X* € R"1*"2 from contaminated data. How to obtain opti-
mal statistical accuracy while accommodating the widest range of signal-
to-noise ratios (SNRs) becomes particularly challenging in the presence of
heteroskedastic noise and unbalanced dimensionality (i.e., np > ny). While
the state-of-the-art algorithm HeteroPCA emerges as a powerful solution for
solving this problem, it suffers from “the curse of ill-conditioning,” namely,
its performance degrades as the condition number of X* grows. In order
to overcome this critical issue without compromising the range of allow-
able SNRs, we propose a novel algorithm, called Deflated — HeteroPCA,
that achieves near-optimal and condition-number-free theoretical guaran-
tees in terms of both £, and £; o, statistical accuracy. The proposed algo-
rithm divides the spectrum of X* into well-conditioned and mutually well-
separated subblocks, and applies HeteroPCA to conquer each subblock suc-
cessively. Further, an application of our algorithm and theory to two canonical
examples—the factor model and tensor PCA—Ieads to remarkable improve-
ment for each application.

1. Introduction. In adiverse array of science and engineering applications, we are asked
to identify a low-dimensional subspace that best captures the information underlying a large
collection of high-dimensional data points, a classical problem that goes by the names of
principal component analysis (PCA), subspace estimation, subspace tracking, among others
(Johnstone and Paul (2018), Balzano, Chi and Lu (2018), Chen et al. (2021)). A simple yet
useful mathematical model is of the following form: imagine we have an unknown large-
dimensional matrix X* € R"1*"2 whose columns are high-dimensional vectors embedded in
a r-dimensional subspace (so that X* has rank » << min{n, ns}), and we seek to estimate the
column space of X* from noisy observations:

(1) Y =X*+ E eR""2,

where E stands for the noise matrix that contaminates the data. Despite decades-long re-
search, there remain substantial challenges to handle heteroskedastic noise in high dimension,
as we shall elaborate on below.

1.1. Challenges: Unbalanced dimensionality and heteroskedasticity. How to achieve sta-
tistically efficient PCA in high dimension is an active research topic that has received much
recent interest (Lounici (2014), Johnstone and Paul (2018), Cai et al. (2021), Zhu, Wang and
Samworth (2022), Zhang, Cai and Wu (2022), Agterberg, Lubberts and Priebe (2022)). In
this paper, we pay particular attention to the case where n| and ny are both enormous but

Received March 2023; revised April 2024.

MSC2020 subject classifications. Primary 62F10; secondary 62H25.

Key words and phrases. Principal component analysis (PCA), heteroskedastic noise, the curse of ill-
conditioning, factor models, tensor PCA.

91



92 Y. ZHOU AND Y. CHEN

highly unbalanced in the sense that n; < na, a scenario that arises frequently in, say, covari-
ance estimation (when there are many noisy samples available) and tensor estimation (when
one has to matrice the tensor before estimation). Such unbalanced dimensionality gives rise
to unique challenges not present in the complement case: as the signal-to-noise ratio (SNR)
keeps decreasing, one might soon enter a regime where consistent estimation of X* is no
longer infeasible but its column subspace—which is much smaller dimensional than the full
matrix—remains estimatable. This regime is often considerably more challenging than the
case with np = O (n1), given that the majority of low-rank matrix estimation algorithms that
directly attempt to estimate X* become completely off.

One natural strategy that comes into mind is thus to estimate the column subspace of X* by
calculating the left singular subspace of the observed matrix ¥ (Cai and Zhang (2018), Abbe
et al. (2020), Chen et al. (2021)), which we shall refer to as the vanilla SVD-based approach
throughout. In the case with n; < n», this simple scheme has only been shown to achieve
the desired statistical performance when the noise matrix E is composed of i.i.d. entries, but
falls short of effectiveness when handling heteroskedastic noise (i.e., the scenario where the
variances of the entries of E are location-varying) (Zhang, Cai and Wu (2022), Cai et al.
(2021)). This issue presents a hurdle to transferring this scheme from theory to practice, due
to the ubiquity of heteroskedastic data in applications like social networks, recommendation
systems, medical imaging, etc.

To mitigate this issue, at least two strategies have been proposed that attempt estimation
by looking at the empirical covariance matrix (or gram matrix) Y¥ T. Recognizing that large
heteroskedastic noise might lead to significant bias in the diagonal of YY T that distorts esti-
mation, one natural remedy is to zero out (or sometimes rescale) the diagonal entries of YY T
before computing its eigendecomposition (Koltchinskii and Giné (2000), Lounici (2014),
Florescu and Perkins (2016), Loh and Wainwright (2012), Montanari and Sun (2018), Elsener
and van de Geer (2019), Cai et al. (2021), Ndaoud, Sigalla and Tsybakov (2022)). A more
refined iterative procedure called HeteroPCA was subsequently proposed by Zhang, Cai and
Wu (2022), which starts with the solution of diagonal-deleted PCA (cf. (10)) and alternates
between:

e imputing the diagonal entries of X*X*T;
e computing the rank-r eigenspace of YY T with its diagonal replaced by the imputed values.

See Section 3 for precise descriptions. In both theory and numerical experiments, this iterative
paradigm yields enhanced performance compared to diagonal-deleted PCA (Zhang, Cai and
Wu (2022), Yan, Chen and Fan (2024)).

1.2. The curse of ill-conditioning. Nevertheless, one drawback stands out when running
either diagonal-deleted PCA or HeteroPCA in practice; that is, both algorithms become inef-
fective as the condition number of X* (when restricted to its nonzero singular values) grows.
Let us illustrate this point more clearly via numerical experiments.

o (Numerical example) Consider the case where the unknown signal X™* has rank » =2 and
obeys X* = U*X*V* T, where the columns of U* € R"1*2 (resp., V* € R"2*2) are the two
left (resp., right) singular vectors of X*, and £* € R?*? is a diagonal matrix composed of
the two singular values o > o5 > 0 of X*. Denote by k = o{ /o5 the condition number
of X*. We conduct a series of experiments based on randomly generated X* with ny >
ni, as detailed in the caption of Figure 1. As illustrated in Figure 1, when « is not too
large, both diagonal-deleted PCA and HeteroPCA fail to return reliable estimates of the
subspace U™, even in the noiseless case (i.e., E = 0).
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FIG. 1. Subspace estimation error versus condition number k of X*. Here, we set r = 2, nj = 200 and
ny = 40,000. The truth X* = U*S*V*T has rank 2 with U* € R *2 and V* € R"2*2 generated ran-
domly. Plot (a) represents the noiseless case (E = 0). In plot (b), we choose the two singular values of X*
as o} = «oy and oy = 200, generate {w;}1<i<n, independently from Unit([0,2]) and draw the entries of
E =[E; jli<i<n,1<j<n, independently such that E; j ~ N, a)l-z). We compare multiple subspace estimators
here, where HeteroPCA is run with 100 iterations. For each estimator U, we compute the spectral-norm-based
error ||l7R(7 — U*|| as « varies, where Rp = argmingcorr ||l7R — U*||g; the results are averaged over 50
independent runs.

In summary, both diagonal-deleted PCA and HeteroPCA suffer from the “curse of ill-
conditioning,” namely they might lead to grossly incorrect subspace estimates as the largest
signal component strengthens with all other signal components unchanged. This observation
is somewhat counterintuitive; after all, altering the signal this way only serves to increase the
SNR, and hence, simplify the task from the information-theoretic perspective. In this sense,
the aforementioned curse of ill-conditioning seems to be algorithm specific, although the two
algorithms it concerns happen to be the state-of-the-art methods. All this naturally leads to
the following question:

Can we overcome the above curse of ill-conditioning without compromising the advantages
of both diagonal-deleted PCA and HeteroPCA?

1.3. This paper. As it turns out, we can answer the above question in the affirmative,
which forms the main contribution of this paper. Our main findings are summarized as fol-
lows:

e Algorithm design. In an attempt to address the above question, we propose a new
algorithm—dubbed as Deflated-HeteroPCA—on the basis of HeteroPCA. In a nutshell,
the proposed algorithm divides the spectrum of X* into well-conditioned yet mutually
well-separated subblocks, and successively applies HeteroPCA to conquer each subblock.
This approach counters the adverse influence of ill-conditioning via successive “deflation”
(a term borrowed from Dobriban and Owen (2019)), which gradually “deflates” the unde-
sirable bias effect resulting from the diagonal deletion operation.

e Statistical guarantees. We develop sharp theoretical guarantees, in terms of both {3
(spectral-norm-based) and ¢> o, estimation errors, for the proposed algorithm. Encourag-
ingly, all of these statistical guarantees are condition-number-free, and match the minimax
lower bounds established in Zhang, Cai and Wu (2022) and Cai et al. (2021) (up to some
logarithmic factors). To the best of our knowledge, these provide the first near-optimal
results in the heteroskedastic PCA setting herein that (i) do not degrade as the condition
number of the truth increases, and (ii) accommodate the widest range of SNRs.
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e Consequences in two canonical examples. To illustrate the utility of our algorithm and
theory, we develop concrete consequences of our results for two canonical examples:
(a) the factor model, and (b) tensor PCA. We demonstrate that (i) Deflated-HeteroPCA
achieves rate-optimal and condition-number-free estimation under the factor model, and
(ii) Deflated-HeteroPCA followed by the HOOI algorithm improves upon the state-of-the-
art performance guarantees for tensor PCA. Numerical experiments are carried out to cor-
roborate the effectiveness of the proposed algorithm.

Paper organization. The rest of the paper is organized as follows. We formulate the problem
precisely in Section 2, and present the proposed algorithm in Section 3. The theoretical guar-
antees of our algorithm, along with their implications, are presented in Section 4. We develop
concrete consequences of our results in two applications in Section 5. Additional numerical
experiments are reported in Section 6, and a discussion of further related works is provided in
Section 7. The technical proofs are collected in the Supplementary Material (Zhou and Chen
(2025)).

1.4. Notation. Throughout this paper, we denote [n] := {1, ..., n} for any positive inte-
ger n. We let bold capital letters (e.g., X) and bold lowercase letters (e.g., x) denote matrices
and vectors, respectively. For any matrix A € R"1*"2_ };(A) and o;(A) are used to represent
the ith largest eigenvalue (in magnitude) and the ith largest singular value of A, respectively.
Let | - ||r indicate the Frobenious norm and || - || the spectral norm. We denote by A; . and A. ;
the ith column and the jth row of A, respectively. We also let A. ;. ; denote the submatrix of A
containing those columns with indices falling in [i, j]. Let ||Al|2,00 := max; ||A; .||2 denote
the €2~ norm of A. We use 0" :={U e R"*": U'U = 1.} to represent the set containing
all n x r matrices with orthonormal columns. For any U € O™", we define the projection ma-
trix Py = UU . Let U | € O™"~" denote the orthogonal complement of U. We use Pdiag(+)
to represent the projection operator that keeps all diagonal entries and sets to zero all nondi-
agonal entries; meanwhile, we define Poft.giag(M) := M — Pgiag(M) for any M € R"*". For
any vector a = (a1, ..., a,), we denote by diag(a) € R"*" the diagonal matrix whose (i, i)th
entry is ¢;. For any full-rank matrix H € R"*" with singular value decomposition (SVD)
UXVT, we define the sign matrix

) sgn(H):=UV'.

We let C, ¢, Co, cg, ... denote numerical constants whose values may change from line to
line. The boldface calligraphic letters (e.g., X) are used to represent tensors. For any tensor
G € R"*"2%73 gnd any matrix V| € R" "1 we define the multilinear product x| as follows:

r
gx1 V= <Z G iz Viw’)
j=1

We can define x; and x3 analogously. For any tensor X € R">"2X"3 Jet M ;(X) e
R7x(min2n3/nj) depote the Jjth matricization of X such that for any (i, i3, i3) € [n1] x [n2] X
[n3],

[MI(X)]il,i2+n2(i3—l) = [M2(X)]i2,i3+n3(il—1) = [M3(X)]i3,i1+n1(i2—1) = Xiyini-
The Frobenious norm of a tensor X € R"1*"2X"3 ig defined as

n na n3 1/2
||X||F=<ZZZX?,,-,k> :

i=1j=1k=1

i1€[n1],iz€lr2],iz€lr3]

The notation f(n1,n2) S g(ny,n2) or f(ny,n) = O(g(ny,nz)) means that | f(ny, ny)| <
Cg(ny,ny) holds for some numerical constant C > 0; we let f(n1,n2) 2 g(n1, n2) indicate
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that f(ny,n2) > C|g(ny,ny)| for some numerical constant C > 0; f(ny,n3) < g(ny, n2)
means that both f(ny,n2) < g(ny,n2) and f(ny,n2) 2 g(ny,n2) hold; we use the nota-
tion f(ny,ny) K g(ni,ny) to represent that f(ny,ny) < cg(ny, ny) holds for some suffi-
ciently small constant ¢ > 0, and we say f(ny,n2) > g(ni,ny) if g(ny,n2) < f(ny, no).
In addition, we use f(n1,ny) = o(g(ny,n2)) to indicate that f(ny,nz)/g(ny,ny) — 0 as
min{n, ny} — oo. For any a, b € R, we define a A b := min{a, b} and a Vv b := max{a, b}.

2. Problem formulation.

Models and assumptions. Let us present a more precise description of the problem to be
studied here. Imagine that we have access to the following noisy data matrix:

3) Y=X*"+EcR*m,

where E = [E; jli<i<n,,1<j<n, 1 a zero-mean noise matrix composed of independent en-
tries, and X* = [Xl-*j] l<i<nj,1<j<n, 18 arank-r matrix to be estimated. The SVD of the signal
matrix X* is given by

(4) —U*S* V*T Zo_* * *TeRnlxnz

i=1

Here, of > --- > o} > 0 denote the singular values of X*, u} (resp., v¥) represents the
left (resp., right) singular vector associated with o/, and we introduce the matrices X* =
diag(of,...,07), U* =[u},...,u;] € O"" and V* = [v],...,v;] € O"". Clearly, U*
and V* represent the column and row subspaces of X*, respectively.

Moreover, we introduce additional definitions and assumptions to be used throughout:

e To begin with, let us introduce the following incoherence condition that appears frequently
in the low-rank matrix estimation literature (Candes and Recht (2009), Keshavan, Monta-
nari and Oh (2010), Chen et al. (2021)).

DEFINITION 1 (Incoherence). The incoherence parameters | and po of X* are de-
fined as

ni na
(5) p1:=— max |U7. |5 and po:=— max 1vs. 3.

r o1<i<m r 1<j<np

It is self-evident that 1 < pu; <n;/r and 1 < up < ny/r. In words, if the incoherence
parameter (1 (resp., p2) is small, then the energy of of U* (resp., V*) would be more or
less dispersed across all rows of U* (resp., V*). Throughout this paper, for simplicity we
denote

(6) w=max{u, u2} and n:=max{n,nz}.

e Turning to the zero-mean noise matrix E, we first introduce the following parameters:

2 . 2 .
(ul’j = Var[E,-,j], Wmax = HzR}X Var[E,;j],
) e n ) ny
Wi 1= Max Z Var[E; ;], Weop 1= m]ax ZVar[El-,j],
j=1 i=1

where w;, j, Wmax, Wrow, @Wcol > 0. Here, we allow the variances {a)l-2 j} to be location-
varying, in order to account for heteroskedasticity of noise. Moreover, we impose the fol-
lowing assumptions throughout.
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ASSUMPTION 1 (Noise). Suppose the noise components satisfy the following proper-
ties:

1. The E; ;’s are statistically independent and obey E[E; ;] =0 for all (i, j) € [n1] x
[n2];
2. P(|E; j| > B) < n~12, where the quantity B satisfies

min{(a)rowwcol)l/z’ @row}

Jlogn

B <Gy
for some numerical constant Cp > 0.

REMARK 1. Assumption 1 imposes a mild condition on the tails of noise. For instance,
if w; j < wmax forall i, j, then B is allowed to be as large as min{(nnz)'/4, /N2}Omax (up
to some logarithmic factor), which can be substantially larger than the typical noise level
Wmax- In comparisons to prior works, (i) this assumption is similar to—in fact slightly
weaker than—Cai et al. (2021), Assumption 2 (in that the assumption therein requires
noise distributions to be symmetric); (ii) given that Assumption 1 is satisfied if {E; ;} are
C wmax-sub-Gaussian and ®max S min{(a)rowa)co|)1/ 2 wrow}/ logn, it is less stringent than
the one assumed in Zhang, Cai and Wu (2022), Theorem 4.

Goal. We seek to estimate the column subspace U* (up to global rotation) on the basis
of Y. Our goal is to design an estimator that satisfies the following two desirable properties
simultaneously:

(1) it allows for faithful estimation of the column subspace despite the presence of het-
eroskedasticity and unbalanced dimensionality; we hope to accomplish this for the widest
possible range of SNRs;

(2) it achieves the desirable statistical guarantees that do not degrade when the condition
number k = o /o) increases.

3. Algorithms. In this section, we proceed to describe the proposed algorithm in attempt
to achieve the goal set forth in Section 2, following a brief overview of previous algorithms.

Review: SVD, diagonal-deleted PCA and HeteroPCA. Before continuing, we briefly review
three popular methods that are commonly studied in the literature.

e The vanilla SVD-based approach. This approach computes the leading r singular vectors
of Y, or equivalently, the top-r eigenspace of the Gram matrix YY ', namely

(8) (vanilla SVD) Usyq < eigs, (YY),

where eigs,. () stands for the leading rank-r eigensubspace of a matrix. While this approach
works well when ny, = O (n1), it suffers from some fundamental limitations in the case with
na > n and heteroskedastic noise. To illustrate this point, direct calculation reveals that

ny
9) E[YY']=Xx*Xx*T + diag([z E[Efj]} )
Jj=1 1<i<n

When n, > n; and when the noise components are highly heteroskedastic, the set of di-
agonal entries {Z?il E[El.z, j]}lfifll , might vary drastically, thereby resulting in a large
deviation between the top-r eigenspace of E[YY '] and that of X*X* T (which is the de-

sirable U™).



DEFLATED HETEROPCA 97

Algorithm 1: HeteroPCA(Gin, 1, tmax) (Zhang, Cai and Wu (2022))
1 input: symmetric matrix Giy, rank r, number of iterations #max.

2 initialization: G° = Gj,.

3fort=0,1,...,nax do

4 U'A'U'T < rank-r leading eigendecomposition of G'.

5 L G = Pottdiag(G") + Piag(U'A'U'T).

6 output: matrix estimate G = G'™ and subspace estimate U = U'max,

e Diagonal-deleted PCA. In an effort to rectify the above limitation of the vanilla SVD-based
approach, prior works have put forward a solution called “diagonal-deleted PCA,” which
suppresses the influence of the diagonal entries of YY T by suppressing them (Koltchinskii
and Giné (2000), Florescu and Perkins (2016), Cai et al. (2021), Ndaoud, Sigalla and Tsy-
bakov (2022), Ndaoud (2022), Abbe, Fan and Wang (2022)); that is, this approach outputs

(10) (diagonal-deleted PCA) U gel < eigs, (YY | — Pgiag(YY 1)),

where Pgiag denotes Euclidean projection onto the set of diagonal matrices. When the
diagonal entries of X*X*T are sufficiently small, we have

E[Poff-(ﬂag (YYT)] — X*X*T _ Pdlag (X*X*T) ~ X*X*T — U*E*ZU*T,

which forms the rationale of this approach.

e The HeteroPCA algorithm. The above diagonal-deleted approach can be further improved.
Employing (10) as an initialization, Zhang, Cai and Wu (2022) put forward the HeteroPCA
algorithm that combines the spectral method with successively refined diagonal estimates;
more precisely, HeteroPCA initializes G as Poff_diag(YYT), and alternates between the fol-
lowing two steps until convergence:

(HeteroPCA) repeat (i) UAU T < rank-r eigendecomposition of (G);
(ii) G < Potr.aiag(YY ") + Paiag(UAU ).

See Algorithm 1 for a complete description of this procedure, with the input matrix (or
initialization) chosen to be Gin = YY" — Pgiag(YY 7). The key lies in employing the im-
proved diagonal estimates to help alleviate the bias induced by diagonal deletion.

When the condition number o /o * is large, however, the magnitude of the diagonal entries
of X*X*T can be substantially larger than, say, the square of the least singular value of X*
(i.e., or*z). If this is the case, then diagonal-deleted PCA might erase a significant fraction of
the useful signal, resulting in loss of effectiveness. This issue carries over to HeteroPCA, as its
initialization—which is based on diagonal-deleted PCA—might already be highly unreliable.

The proposed algorithm: Deflated-HeteroPCA. We now describe how to alleviate the above
curse of ill-conditioning. One lesson that we have learned from past HeteroPCA theory
(Zhang, Cai and Wu (2022), Yan, Chen and Fan (2024)) is that: this procedure works well if
(i) the condition number of the truth is well controlled and (ii) the least singular value is not
buried by noise. Motivated by this fact, we propose to divide the set of eigenvalues of interest
into “well-conditioned” subblocks that are sufficiently separated from each other, and include
more subblocks one by one. More precisely, the main ideas of the proposed algorithm are as
follows:
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Algorithm 2: Deflated-HeteroPCA

input: data matrix Y (cf. (3)), rank r, maximum number of iterations #;,i = 1,2, ...
initialization: k =0, 7o = 0, Go = Poft-diag(YY ).
while r;, <r do

k=k—+1.

select ry via Equation (12).

(G, Uy) =HeteroPCA(Gj—_1, ri, tr).

output: subspace estimate U = Uy.

A U AW N -

2

(1) Sequentially identify a collection of ranks ro =0 <r) <ry < --- < rg,,, =7, which
partitions the set of eigenvalues (or singular values) of interest into disjoint subblocks. These
points are chosen to ensure that (i) o*,k ) +1/07; 1s sufficiently small for each k, and (ii) there
is a sufficient gap between o, and o* 1 leen that we do not know the true singular values
a priori, we shall make careful use of the singular values of our running estimates instead.

(2) In the kth round, we invoke HeteroPCA with the rank r; and the initialization Gj_
to impute the diagonal entries and obtain an improved estimate Gj of the Gram matrix of
interest. Here, the first iteration employs the diagonal-deleted version Gg = Poff_diag(YYT).

It then boils down to how to select the aforementioned ranks {r} in a data-driven manner.
Toward this end, we look at the following set of ranks in the kth round:'

G
Ry = {r’:rk_l <r’§r,w <4 and
(11) 0 (Gk—1)

1
0, (Gi—1) — 041(Gr—1) = ;Ur/(Gk—l)},

and select ry as follows:

(12) rk:imaka if Ry # 9,

r otherwise.

Here, we remind the readers that o;(Gy—1) is the ith singular value of G_;. Evidently, the
first condition in (11) is imposed to ensure well conditioning of each subblock, whereas the
second condition in (11) aims to guarantee a sufficient spectral separation between adjacent
subblocks.

In a nutshell, the proposed algorithm counters the bias effect initially incurred by diagonal
deletion via successive “deflation,” a term that we borrow from Dobriban and Owen (2019)
(although the problem considered therein is drastically different). More concretely, we first
estimate the first subblock (which contains the largest eigenvalues of interest) by means of
the diagonal deletion idea; once we finish estimating the eigensubspace associated with this
subblock, we can readily compensate for the contribution of this subblock in the diagonal of
interest. This strategy is then repeated subblock by subblock in order to successively reduce—
or “deflate”—the original bias in the diagonal. For this reason, we refer to the proposed
algorithm as Deflated-HeteroPCA, whose complete details are summarized in Algorithm 2.

The computatlon cost of Deflated-HeteroPCA (Algorithm 2) is O(nlnz + nlr kaax
Here, O(b) is equivalent to O(b) except that it hides the logarithmic factors. The computa—
tional cost of the initialization step is O(nlnz). For other steps, the main computation cost

IThe threshold 4 in (11) can be replaced with any numerical constant Cgap > 4.
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is attributed to the top-r; eigendecomposition, which amounts to 5(11%1’). Numerically, by
setting all #;’s equal to 10, the algorithm performs well and the computational cost simplifies
to 5(n%n2 + n%rkmax) = 5(11%112 + n%rz) (recall that the number of blocks kmax is at most ).
As a comparison, the computation cost of HeteroPCA is 0 (n%nz + n%rt), where ¢ is the num-
ber of iterations. As a result, it can be seen that Deflated-HeteroPCA does not incur a higher
computational burden than HeteroPCA when r = O (/n2).

4. Main theory. In this section, we demonstrate the desirable statistical performance for
the proposed algorithm, which enjoys substantially improved dependency on the condition
number. Before continuing, we find it helpful to introduce the following rotation matrix for
any U € O"V":

(13) Ry =argmin|[UR — U*|,
ReQO" 7

the one that best aligns U with U* in the Euclidean sense; after all, it is in general infeasible
to resolve the ambiguity brought by global rotation. As is well known in the literature (e.g.,
Ma et al. (2020), Section D.2.1),

(14) Ry =sgn(U U™,
where sgn(-) is defined in (2).

4.1. Spectral-norm-based statistical guarantees. Let us begin with statistical guaran-
tees based on the spectral norm accuracy. The following theorem asserts that the proposed
Deflated-HeteroPCA algorithm enjoys appealing theoretical guarantees in terms of the spec-
tral norm error ||U Ry — U*||, no matter how large the condition number of X* is. The proof
of this theorem is deferred to Section A in the Supplementary Material (Zhou and Chen
(2025)).

THEOREM 1. Suppose that Assumption 1 holds. Assume that
(15a) Ur* > Cor (weol + IV wcola)row)\/ logn,
(15b) W< o,

r

(15¢) 0< /Lra)2 < w?

max — “col

for some sufficiently large (resp., small) constant Co > 0 (resp., co > 0). If the numbers of
iterations obey

*2

O 141

(16a) tr > log CT , 1<k < kmax,
Grk+1
0_*2

(16b) T log<Crk”’+_l+l)

max

for some large enough constant C > 0, then with probability exceeding 1 — O (n~'°), the
output returned by Algorithm 2 satisfies

|| < a)co| A/ IOg n Cl)co|a)row IOg n
~ O_* *

*2
oy

(17) |[URy — U*

r

Here,ro =0, 11, ..., 'y are the ranks selected in Algorithm 2 and kmax satisfies ry,.,, =r.
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We find it helpful to compare our theoretical guarantees with prior theory for this problem.
To begin with, the prior theory Zhang, Cai and Wu (2022) only covers the well-conditioned
case; when « is a bounded constant (as assumed therein), our statistical error bound (17)
matches the one in Zhang, Cai and Wu (2022), Theorem 4 (up to some logarithmic factors).2
In addition, when it comes to the case where w; j < wmax for all (i, j) € [n1] x [n2], our error
bound (17) simplifies to

oo AT Tognwmax  \Min2logt nwd
|[URy —U* | S ————+
.

*2
Oy

’

which matches the minimax lower bounds (Cai et al. (2021), Theorem 2 and Cai and Zhang
(2018), Theorem 4) ignoring logarithmic factors. It is noteworthy that when w; j < wmax for
all (i, j) € [n1] x [n2] and r = O(1), the signal-to-noise ratio condition (15a) simplifies to

(18) o7 2 [(11n2)""* + n}"*|omaxy/logn

which is necessary to ensure—up to logarithmic factor—the existence of a consistent esti-
mator (which means the existence of an estimator U obeying |[U Ry — U*|| = o(1)) (see Cai
et al. (2021), Theorem 2).

4.2. Fine-grained ¢ oo-norm-based statistical guarantees. Moving beyond the spectral
norm bounds, we proceed to the fine-grained £» ~-norm-based error bounds for column sub-
space estimation, which further capture how well the estimation error is spread out across
the rows (Ma et al. (2020), Chen et al. (2020, 2019, 2021), Agterberg, Lubberts and Priebe
(2022), Zhang and Zhou (2024), Cai et al. (2022)). As has been shown in the literature,
such €2 ~-based subspace estimation guarantees play a crucial role in deriving performance
bounds for the subsequent tasks like entrywise covariance estimation, entrywise tensor esti-
mation, exact recovery in a variety of clustering and mixture models (Cai et al. (2021), Yan,
Chen and Fan (2024), Abbe et al. (2020), Cai et al. (2021), Abbe, Fan and Wang (2022)).

Before formally presenting our £» ~-norm-based result, we first introduce the following
assumption on the noise matrix E.

ASSUMPTION 2. Suppose that the noise components satisfy Condition 1 in Assump-
tion 1. In addition, we assume that
(19) P(|E; ;| > B) <n™ "2,
where B satisfies, for some universal constant Cy, > 0, that

min{(n1n2)'/*, /)
logn '

B < Cpwmax

REMARK 2. Our assumptions on the noise are very mild and they hold across a diverse
array of distributions, including

e uniform distributions;

o Cwmax-sub-Gaussian random variables;
2 > log*n .
max ~ min{(nyn2)!/2,n}’
log2 n 1— logzn ]
Cgmin{(nlnz)l/z,nz}’ Cgmin{(nlnz)l/z,nz} ’

e centered Poisson random variables with parameter Amax = o,

o centered Bernoulli random variables with p; ; € [

2Zhang, Cai and Wu (2022) establish estimation guarantees for the sin® distance || sin®(l7 L, UM,
which is (nearly) equivalent to the metric minger=r [UR — U*|| (or more precisely, ||sin®U,U")| <
mingcrxr |[UR — U*||). See Chen et al. (2021), Lemma 2.6 for details.
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In addition, it is worth noting that the constant 12 can be replaced by any other constant
¢ > 2 to ensure a high probability result. Here, we choose 12 simply to guarantee that the
final estimation error bound holds with probability exceeding 1 — O (n~'?). With the loga-
rithmic factors neglected, the only difference between Assumption 2 and (Cai et al. (2021),
Assumption 2) is that no symmetric distribution requirement is needed in Assumption 2.

Built upon Assumption 2, we derive the following £ ».-based theoretical guarantees for
Deflated-HeteroPCA, with the proof postponed to Section B in the Supplementary Material
(Zhou and Chen (2025)).

THEOREM 2. Suppose that Assumption 2 holds and the signal-to-noise ratio satisfies

*

(20a) I > Cor[(nin)'* +n)*]logn,
Wmax
(20b) usm%

for some large (resp., small) enough constant Co > 0 (resp., co > 0). If the numbers of iter-
ations satisfy (16), then with probability exceeding 1 — O (n~'9), then the estimate returned
by Algorithm 2 satisfies

r
@1 Uy =V, 5 A

(21b) |URy — U*| 5 Zop.

where

2 _ ,/nlngw%]ax logzn VI 1Wmax logn
( ) é'op - 0:2 + O"f .

Encouragingly, both the £, -based and spectral-norm-based estimation guarantees in (21)
match the minimax lower bounds previously established in (Cai et al. (2021), Theorem 2) (up
to logarithmic factors), thus confirming the near minimax optimality of our results. It can also
been seen from (Cai et al. (2021), Theorem 2) that the signal-to-noise ratio requirement (20a)
is, in general, essential (ignoring logarithmic factors) in order to enable the plausibility of
consistent estimation.

Comparison with prior results. In order to demonstrate the utility of our algorithm and
the accompanying theory, we compare our results with past works in the sequel. To ease
presentation, the discussion below focuses attention on the case where p, r = O(1).

e Requirement on the condition number . In order to obtain a consistent estimator,” all prior
theory for both diagonal-deleted PCA (see Cai et al. ((2021), Theorem 1)) and HeteroPCA
(see Zhang, Cai and Wu (2022), Theorem 4, Yan, Chen and Fan (2024), Theorem 5 and
Agterberg, Lubberts and Priebe (2022), Assumption 4) assumes the condition number « to
obey

. . 1/4
(23) (prior requirementon k) «k Sn,

’

in order to control the bias incurred during the diagonal deletion step. This, however, falls
short of accommodating a wider range of condition numbers. In contrast, our result in
Theorem 2 does not impose any assumptions on the condition number.

3Here, a column subspace estimator U is said to be consistent if mingcor.r ||I7R —U*|| =o(1).
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e Statistical error bounds. We now compare our statistical error bounds with the ones ob-
tained in Cai et al. (2021), Agterberg, Lubberts and Priebe (2022), Yan, Chen and Fan
(2024). For notational convenience, define

max logn n K wmax+/n1 logn
*2 o
r r

Nn1now

(24) Enoise 1=

’

which makes it more convenient for us to describe the previous results.
— Under the signal-to-noise ratio condition

*

(o2
(25) "> (k(nnp)/* + 3n}/z),/logn,

®max

(Caietal. (2021), Theorem 1) asserts that the estimate U del returned by diagonal-deleted
PCA obeys, with high probability,

e \ [1
(26) ngg},r ” Ude|R -U ”2,00 ,S K2 E(Enoise + 5diag—del),

where Egiag-del 1s an additional error term due to the bias resulting from diagonal deletion.
— Focusing on the case where ny 2 ny, (Agterberg, Lubberts and Priebe (2022), Theo-
rem 2) establishes an £» o, error bound for the HeteroPCA estimate Unpca as follows:

N 1
27) Jmin NUnpeaR —U ||200N,/afnoise,

albeit under a much more stringent SNR requirement:

(28) 0} > KWmaxy/n2logn.

— (Yan, Chen and Fan (2024), Theorem 5) furt}l\lf:r shows that under the same SNR con-
dition (25), HeteroPCA yields an estimator Unpca With the following high-probability
£2,00 error bound:

5 |1
(29) len H UhpcaR U Hz 00 ~ < K n_lgnoise.

Let us compare our bounds with the above results. Recognizing that &gise is at least
as large as {op if we ignore logarithmic factors, our £; « error bound (21a) improves the
theoretical guarantees (26) and (29) by at least a factor of K2, Additionally, our bound
(21a) outperforms the bound (27) in terms of the dependency on « (ignoring logarithmic
factors).

e SNR requirement. Let us also briefly make comparisons regarding the SNR required for
consistent estimation. To begin with, we make note that the vanilla SVD-based approach
(cf. (8)) requires the SNR to exceed (Cai et al. (2021), Zhang, Cai and Wu (2022))

2 \/n1+ 4 /na,

which can be substantially more stringent than the one required in (20a) if 7y > n;. In
addition, compared with the SNR requirement imposed in the existing theory for diagonal-
deleted PCA and HeteroPCA, our condition (20a) is weaker than the one used in Cai et al.
(2021) and Yan, Chen and Fan (2024) (see (25)) by at least a factor of «, while at the same
time being weaker than the condition (28) assumed in Agterberg, Lubberts and Priebe
(2022) by a factor of k (n2/n1)'/* when ny > nj.

(30)

Wmax
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High-level proof strategy. While the proofs of our main theorems are deferred to the Sup-
plementary Material, we highlight some novelty and technical challenges in our proof. In an
attempt to obtain fine-grained £; o, control while remaining condition-number-free, we de-
velop a new proof strategy that differs drastically from the state-of-the-art techniques based
on leave-one-out decoupling arguments (Yan, Chen and Fan (2024), Cai et al. (2021)). In-
spired by a spectral representation lemma derived in the recent work Xia (2021) (see also
Lemma 1), we proceed by decomposing the difference between the subspaces into an in-
finite sum of polynomials of the error matrix. With this decomposition at hand, one major
part of our proof hinges upon establishing sharp ¢ », bounds on each of the polynomials
of the error matrix. The key challenge for this part lies in how to deal with the complicated
and accumulated dependence brought by the power of the error matrix, for which we resort to
careful induction analyses. We will then single out several sequences of critical quantities and
develop intricate arguments to control these quantities in a recursive and inductive manner.

5. Consequences for specific models. To better illustrate the effectiveness of the pro-
posed algorithm, we develop concrete consequences of our theory in Section 4 for two spe-
cific models. In each case, we shall begin by describing the model, followed by concrete
algorithms and theory tailored to the specific model.

5.1. Factor models and spiked covariance models.

Model. A frequently studied model employed to capture low-dimensional structure in high-
dimensional sample data is the factor model, which finds applications numerous contexts
including finance and econometrics (Lawley and Maxwell (1962), Fan et al. (2020, 2021)),
functional magnetic resonance imaging (Chen et al. (2015)) and signal processing (Zhao,
Krishnaiah and Bai (1986), Kritchman and Nadler (2008, 2009)), to name just a few. For
concreteness, suppose that we observe a collection of n independent sample vectors in R¢
generated as follows:

(31a) y;=B"f;+e;eR’,

where B* € R?*" represents the factor loading matrix with » < d, { f ;} stands for the latent
factor vectors, and {¢;} denotes the noise vectors. We assume that

(31b) B*=UA"2 R and f; "N, 1), 1<j=<n,

with U* € O%" and A* = diag(A*, ..., AY¥) being a diagonal matrix containing all eigenvalues
of B*B*". Equivalently, one can express it as the following spiked covariance model:

(32) yi=x;+¢&; withx; < N©O,U*AU*T),1<j<n.

The noise vectors are allowed to be heteroskedastic, and it is assumed that

e the ¢; ;’s are statistically independent, zero-mean and w-sub-Gaussian,

where w > 0 is an upper bound on the sub-Gaussian norm of any noise entry. We also assume
that

Mpclr

33 (0] < 2

Our goal is to estimate the subspace U* based on the observed vectors {y;}1<i<n.
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5.1.1. Algorithm and theoretical guarantees. Taking the data matrixasY =[y;...y,] €
R?*" we can readily invoke Algorithm 2 to estimate the subspace U*. The performance

guarantees are stated below, whose proof is deferred to Section C.1.

COROLLARY 1. Consider the factor model in (31). Assume that

A d\V* d
(34a) > Clrz[(—) + —} log(n + d),
w n n
d
(34b) Mpc Vlog(n +d) <c; 3
(34¢) rVviogn+d)<cin

for some sufficiently large (resp., small) constant C1 > 0 (resp., c1 > 0). Suppose that the
numbers of iterations obey, for some large enough constant C > 0,

)\':k 1+1
(352) > 1og2(c = ) V1 <k < kmax — 1.
rr+1
nix
(35b) fo > 1og(c”‘m+l+‘),
w

where kmax satisfies ry,,,. = r. Then with probability exceeding 1 — O ((n + d)~19), the output
U returned by Algorithm 2 satisfies

|URy — U5,

6 / (12pc + log(n + d)r ( d[no?log?(n+d) | Jd[nwlogn + d))
~ d A VAE ’
d/nw*log?(n +d) N Jd/nwlog(n + d)
A VAE '

Let us briefly discuss the implications of our results. Consider, for example, the case where
E[e ] < o2 for all (i, j) € [d] x [n]. The spectral norm bound (36b) matches the minimax
11m1t (see (Zhang, Cai and Wu (2022), Theorems 1 and 4) modulo some logarithmic factor.
In addition, recognizing that

(36b) |URy —U*| <

d|URy —U*[; o = [URy —U*[;= [URy — U*|?

we see that the £ o, bound (36a) is also near optimal when tpe, ¥ < 1. Again, our result
does not rely on the condition number kpc = A]/AY. Moreover, Zhang, Cai and Wu (2022),
Theorem 1, assumes that «pc is bounded by a numerical constant, while Cai et al. (2021),
Corollary 2, requires kpc < ,/ %; these form another aspect in which Corollary 1 improves
upon the prior literature.

5.2. Tensor PCA.

Model. Another canonical example in which column subspace estimation plays a key role
is tensor PCA (or low-rank tensor estimation), a problem that has been studied extensively
in recent literature (Richard and Montanari (2014), Zhang and Xia (2018), Cai et al. (2021,
2022), Han, Willett and Zhang (2022), Zhou et al. (2022), Han and Zhang (2023)). To be
precise, assume that we observe a noisy tensor as follows:

(372[) y = X" + £ c Rnlxngxn3’
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where X™* is an unknown low-rank tensor to be estimated, and &€ represents the noise tensor.
We assume that X™* has low-Tucker rank in the sense that (Zhang, Cai and Wu (2022), Han
and Zhang (2023), Xia, Zhang and Zhou (2022))

(37b) X*=8"x1 U] x, U5 x3 U3,
where the core tensor S* lies in R"1*"2*"3 (with small r{, 2, r3), and the tensor “principal

components” U} € O"*'" (1 <i < 3) satisfy the incoherence condition

” nri
Zoo— ni’

(38) |UF 1<i<3.

Moreover, the noise tensor € = [E; j x1(i,j,k)e[n]xn2]x[n3] 1S composed of independent en-
tries such that

e the E; ; i’s are statistically independent, zero-mean and w-sub-Gaussian,

where @ > 0 is an upper bound on the sub-Gaussian norm of each noise entry. The aim is to
compute a faithful estimate of the true tensor X* as well as the principal components U7}, U3
and U3%.

3

Additional notation. Before presenting the algorithm and our theoretical results, we intro-
duce several useful notation. For any 1 <i <3 and 1 < j <r;, we denote by aif j the jth
largest singular value of the ith matricization of X—denoted by M; (X'). Define

* L . * * *
Omin -= mln{al,rl ’ 02,r2’ U3,r3 }’
and the condition number of the true tensor is then defined as
max{ail, 02*,1, 031}

K = .

Omin

Forany 1 <i <3, wealso letriy,ri2,....r; ki denote the ranks selected in Algorithm 2
if we apply this algorithm with the input matrix ¥ = M; (), the rank r; and the numbers
of iterations #1, ..., %; ;i . As usual, we choose ki . such that ryi = ri. In addition, for

notational convenience we let

max

n= max n; and r = max r;,
1<i<3 1<i<3

and define
U,=U] and U35=U5.

Algorithm and statistical guarantees. In order to apply Deflated-HeteroPCA, let us look at
the matrix M; (X*) € R%>*(mmn3)/ni the jth matricization of X*. Recognizing that Utis
also the left singular space of M; (X™) since

Mi(X7) = UiMi(87)(Uf,, @ ULy),

we propose to apply the Deflated-HeteroPCA algorithm to compute an initial subspace es-

timate U ? for U7. Armed with these initial estimates, we invoke the high-order orthogonal

iteration (HOOI) algorithm (De Lathauwer, De Moor and Vandewalle (2000), Zhang and Xia

(2018)) to iteratively refine the estimates. More specifically, in the ¢th iteration, we calculate
ﬁf = the first r left singular vectors of M; (Y x;41 f/f;i Xit2 ﬁf;;), 1<i<3,

where i + 1 and i + 2 are calculated modulo 3. Once the above iterative procedure converges,
we employ the resulting subspace estimates U, U, U3 to construct the following estimator
for the true tensor:

X=Yx Py, x2Pg, x3 Py,

where we recall the notation Py = UU .
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Algorithm 3: High-order orthogonal iteration (HOOI) (De Lathauwer, De Moor and
Vandewalle (2000), Zhang and Xia (2018))

1 input: ), ranks ry, r, r3, number of iterations {#; j};<;<3 1< J<kin and fmax.

2 initialization: call Algorithm 2 to compute

17 = Deflated-HeteroPCA(M | (Y), r1, 1,1, 11,2, - -+ ] 1

*Tmax

);
17(2) Deflated-HeteroPCA(M2(Y), r2, 12,1, 12,2, - - - tzykrznax);
17(3) = Deflated-HeteroPCA(M3(Y), 3,131,132, - - -, t3!kr3nax).

while 1 < tmax do
3 l7t1 = leading r; left singular vectors of M (Y x» 17;_1 X3 17;_1).
4 l7t2 = leading r; left singular vectors of M (Y x3 ﬁg X1 Utl 1).
X2 U2 ).

N . . =r—1
5 U ; = leading r3 left singular vectors of M3(Y x; U tl
77 !max UtmaxT U’max UtmaxT Ufmax U;maxT )

6 compute X = Y x1U;
7 output: subspace estimates U,=U lmax U,= U, tmax ,O3=U gma" and tensor estimate
X.

The whole procedure is summarized in Algorithm 3, where Deflated-HeteroPCA(Y, r,
11, ..., tmax) is the output of Algorithm 2 with the input matrix Y, the rank r and the num-
bers of iterations fi, ..., fmax. The computational cost for the initialization step (Deflated-

HeteroPCA) is~ O(n* + n%r 2?21 ZI;"‘:af ti,j). For each orthogonal iteration, the computa-
tional cost is O (n3r2 + nr?). Therefore, the total computational complexity for Algorithm 3
amounts to O(n +n rZ 1Z max 1 J + (1°r? + nr¥)tmax)- Numerically, the algorithm
achieves great performance with all t,, j’s and fmax set to 10, in which case the computational

cost simplifies to O (n* + n3r?). Our main theory for Deflated-HeteroPCA readily leads to
the following statistical guarantees for Algorithm 3.

COROLLARY 2. Consider the tensor PCA model in (37). Suppose that n; < ny <X n3 <n,
and

(39a) Imin > o rn34logn,
w
(390) n<o
;

for some sufficiently large (resp., small) constant C > 0 (resp., co > 0). Forany 1 <i <3, if
one chooses

*2
o’
(40a) fi1 > log, <C2"7‘1+1> l<k<ki—1,
O rix+1

O_*Z

i1 !
(40b) ti’kznax > 10g<C T) ,
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then with probability exceeding 1 — O (n™19), the initial estimator U ? satisfies

wur (n32w?log’>n  /nwlogn
e ) + * )9
\/ﬁ min OVl’ﬂil’]
320210g”n J/nwlogn

+ < .

*2
min

(41) |0/ Rgo = Ut < ~

(41b) |07 Rgo - U] 5

g g

min
In addition, if the number of iterations in HOOI obeys tmax = C(log(#) Vv 1) for some large
enough constant C > 0, then with probability exceeding 1 — O (n~1°) one has

(42a) Hl?,-Rﬁi—U;Hg@, 1<i<3,
min
(42b) ||)Ac’ — X*H% < (n1r1 4 nary + n3r3)e?.

The bounds in (42) are rate optimal, since they match the minimax lower bounds estab-
lished for the i.i.d. Gaussian noise case in Zhang and Xia (2018), Theorem 3. This confirms
that the proposed Deflated-HeteroPCA algorithm serves as an effective paradigm to initialize
the HOOI algorithm. It is also noteworthy that when r = O (1), the SNR condition (39) is es-
sential (ignoring logarithmic factor) to ensure that consistent estimation is computable within
polynomial time; see Zhang and Xia (2018), Theorem 4.

It is then helpful to compare our results with the prior works Zhang and Xia (2018) and
Han, Willett and Zhang (2022). First, Zhang and Xia ((2018), Theorem 1) assume that the
noise tensor has i.i.d. Gaussian entries, which is clearly much more stringent than our re-
sult. Second, while Han, Willett and Zhang ((2022), Theorem 4.1) allow the noise to be het-
eroskedastic, it requires the condition number of the tensor to be bounded (see the analysis
for their main theorems); in comparison, our theory in Corollary 2 suggests that Algorithm 3
succeeds no matter how large the condition number « is.

6. Numerical experiments. In this section, we conduct additional numerical experi-
ments to verify the practical applicability of our algorithm. All results in this section are
averaged over 50 Monte Carlo runs.

Low-rank subspace estimation from noisy observation. 'To begin with, we consider the prob-
lem of estimating the column subspace of X™* from the noisy data (3). We randomly gener-
ate U* € O"" and V* € O">", and X* = U*X*V*', where T* = diag(oy, ..., o). For
each i € [n1], we independently and uniformly draw w; € [0, ], whereas the E; ;’s are in-
dependently drawn from N (0, a)iz). We fix n; = 100, set o) = (nina)'/* + ni/z and con-
sider the following two settings: (i) r = 3, o = ko3 and o) = o3; (ii) r =5, of = k03,
0y =03 = i/ 205* and o} = 0. We report the spectral-norm-based error [URy — U*|| and
the £3 o error ||[URy — U*||2.» for each of the following four algorithms: (a) Deflated-
HeteroPCA in Algorithm 2, where the numbers of iterations are chosen to be #; = 10; (b) the
diagonal-deleted PCA procedure as in (10); (c) HeteroPCA in Algorithm 1, where the num-
ber of iterations is taken to be 100; (d) the vanilla SVD-based approach described in (8). The
results for r =3 and r = 5 are reported in Figures 2 and 3, respectively. As can be seen from
the plots, the proposed Deflated-HeteroPCA algorithm significantly outperforms the other
three methods, and it is the only algorithm whose performance is unaffected by the condition
number k.
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FI1G. 4. Estimation errors of U for Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and Vanilla SVD
under the factor model (32) when r = 3. Plot (a) (resp., (b)) displays the £, (resp., £3 o) error versus the noise
level w (Where d =100, n = 1000, kpc = 100). Plot (c) (resp., (d)) shows the €y (resp., €2 o) error versus the
condition number kpc (where d =100, n = 1000, @ = 1). Plot (e) (resp., (f)) displays the £, (resp., {3 o) error
versus the sample size n (where d =100, kpc = 100, w = 1).

Factor model. 'We then turn attention to the factor model (32). We consider the case with
d = 100, r = 3 and randomly generate the subspace U* € O¢3and F =[f, ... f,] € R¥*"
with i.i.d. standard Gaussian entries. We set the diagonal matrix A* = diag(A], A3, A3) with
=«MA3yand A5 =23 = (d/ n)!/2 4 d/n. The noise matrix is generated in the same way
as in the previous setting. We report in Figure 4 the ¢» and {2 o errors for the principal
subspace for the four methods, Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and
Vanilla SVD. The numerical results suggest that the proposed Deflated-HeteroPCA algorithm
achieves the best performance among all these methods, which is not affected as «pc varies.

Poisson PCA. We consider the Poisson PCA problem (Zhang, Cai and Wu (2022), Liu,
Dobriban and Singer (2018)): suppose that the truth X* = U*X*V* € R"1*"2 is a rank-r ma-
trix with positive entries. Our goal is to estimate the column subspace U* € R"'*" based on
the observations ¥ € R"1*"2, where each entry Y; ; of Y is an independent random variable
following a Poisson dlstrlbutlon with mean X7 D that is, ¥; ; ~ Poisson(X f j). More specif-
1cally, we fix n; = 100, np, = 1000, r = 3 and generate random matrices U € R"*3 and
V € R™*3 with i.i.d. standard Gaussian entries. We let U e R">3 (resp., V € R"2%3) denote

the matrix with entrles U, = |U, jl (resp., V; = |V, i) We define A= 1dlag()n2 A, A)

and let X*=U AV . The empirical ¢ and {5  errors for the subspace estimation for the
four methods, Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and Vanilla SVD are
illustrated in Figure 5. It is clearly seen that Deflated-HeteroPCA outperforms the other three
methods.

Tensor PCA. Finally, we conduct numerical experiments for the tensor PCA model (37). We
fix n = 50 and r = 3, and introduce a quantity o* = n>/%. The subspaces U* € 01003, Use
01903 and U 3 € 01903 are generated randomly, and the core tensor S* € R>*3 is a diagonal
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FI1G. 5. Estimation errors of U for Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and Vanilla SVD
under the Poisson PCA model. Plot (a) (resp., (b)) reports the £ (resp., €2 o) error versus A (wWhere nj = 100,
no = 1000, r = 3).

tensor with entries S1,1,1 = ko™ and S22 = 53.3,3 = 0*. The noise tensor is generated in
the following way: we first generate three random vectors e, B and y, where {«;}, {8},
{yx} are independently drawn from [0, 1]. We then generate each E; ; x independently from
N(O, a)zozl-2 /3/2-)/,3). The above four subspace estimation methods are applied to obtain initial
subspace estimates, followed by 50 iterations of HOOI to refine the subspace estimators and
construct the final tensor estimates. Figures 6 and 7 report the initial subspace estimation
errors and the final subspace/tensor estimation errors, respectively. We can see from these
plots that the Deflated-HeteroPCA algorithm produces faithful initial estimators in terms of
both the ¢, and ¢, o errors, outperforming the other three methods. Moreover, compared
with the other three methods, the Deflated-HeteroPCA algorithm serves as a more effective
initialization scheme that can help one achieve more reliable subspace and tensor estimators.

7. Related works. This paper is closely related to the problem of matrix denoising,
which aims to estimate either a low-rank matrix or its column subspace based on noisy ob-
servations and spans a diverse array of applications (Chen et al. (2021)). In addition to the
examples of factor models and tensor estimation (Cai and Zhang (2018), Cai et al. (2021),
Zhu, Wang and Samworth (2022), Richard and Montanari (2014), Zhang and Xia (2018), Cai
et al. (2021)), it can also help us understand and solve several clustering problems (Rohe,
Chatterjee and Yu (2011), Florescu and Perkins (2016), Cai et al. (2021), Chen, Liu and Ma
(2022), Cai and Zhang (2018), Loffler, Zhang and Zhou (2021), Ndaoud (2022), Srivastava,
Sarkar and Hanasusanto (2023), Han et al. (2022), Zhang and Zhou (2024)). When it comes
to the task of estimating the whole matrix, a number of methods have been put forward and
thoroughly studied in the literature, including but not limited to singular value hard thresh-
olding (Gavish and Donoho (2014), Chatterjee (2015)), singular value soft thresholding (Cai,
Candes and Shen (2010), Koltchinskii, Lounici and Tsybakov (2011), Donoho and Gavish
(2014)) and singular value shrinkage (Nadakuditi (2014), Gavish and Donoho (2017)). Turn-
ing to the task of subspace estimation, the vanilla SVD-based approach (see (8)) has been
commonly used and widely studied in the literature (Koltchinskii and Xia (2016), Cai and
Zhang (2018), Bao, Ding and Wang (2021), Xia (2021), Chen et al. (2021)). How to per-
form uncertainty quantification for this approach has also been demonstrated in the previous
work (see Chen et al. (2021)). In the scenario where the matrix dimensions are extremely
unbalanced and the noise is heteroskedastic, however, such estimators can be highly subop-
timal for subspace estimation. As already mentioned previously, the diagonal-deleted PCA
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FIG. 6. Initial estimation errors of 17(1) for Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and Vanilla
SVD under the tensor SVD model (37). Plot (a) (resp., (b)) diplays the £y (resp., £ o) error versus the noise
level w (Where ny =np =n3 =50, r =3, k =6). Plot (c) (resp., (d)) shows the £, (resp., £3 ) error versus the
condition number k (wWhere ny =npy =n3=50,r =3, w=2).

and HeteroPCA algorithms have been proposed to improve the performance over the vanilla
SVD approach (Cai et al. (2021), Zhang, Cai and Wu (2022), Agterberg, Lubberts and Priebe
(2022), Yan, Chen and Fan (2024)). In fact, it has also been shown in Yan, Chen and Fan
(2024) that the HeteroPCA admits a nonasymptotic distributional theory, which paves the way
to construction of fine-grained confidence regions for this problem. Another family of effec-
tive algorithms—which can even accommodate the case when there is additional prior struc-
ture on the low-rank factors—is approximate message passing (Montanari and Venkatara-
manan (2021), Deshpande, Abbe and Montanari (2017), Feng et al. (2022), Li, Fan and Wei
(2023), Li and Wei (2022), Montanari and Wu (2024)), for which the existing theory often
requires more stringent assumptions on the noise components (e.g., i.i.d. Gaussian). It is also
worth mentioning that how to accelerate optimization-based low-rank estimation algorithms
in spite of ill conditioning has been an active research topic as well, which oftentimes in-
volves proper preconditioning (Tong, Ma and Chi (2021), Xu et al. (2023)); the statistical
guarantees therein, however, are still dependent on the condition number.

With regards to the factor model, one can easily find numerous works on this topic. The
model (32) has been extensively studied under the names of spiked covariance models (John-
stone (2001), Paul (2007), Bai and Ding (2012), Wang and Fan (2017), Donoho, Gavish
and Johnstone (2018), Perry et al. (2018), Bao et al. (2022)) and factor models (Lawley and
Maxwell (1962), Bai and Li (2012), Fan, Liao and Wang (2016), Bai and Wang (2016)). Fo-
cusing on principal component estimation under heteroskedastic noise, Hong, Balzano and



112

Y. ZHOU AND Y. CHEN

14 ; 30 :
~ -~ Deflated-HeteroPCA 2 -&~Deflated-HeteroPCA P {;
£ 1.2 |~0-Vanilla SVD s S pg| -0~ Vanilla SVD red
g Diagonal-deleted PCA ” Z Diagonal-deleted PCA s 7
2 4 ||=x-HeteroPCA o ® ||=-HeteroPCA i !

8 / P g o0t X @
) /) 1 = V4 7
% 0.8 X ’ s s )
z 2 / 515 X /
<06k ’ ¢ 4 /
7 0.6 / ] 5 ¥ F
5 ! g
< X z 10 D
= 0.4 V o] 2] ” )( ’ z
& ’ 4 g ¥4
202 o 4 \ E 5 e
<5 > 5 4

— = —

0.5 1 15 2 0.5 1 1.5 2
w: noise level w: noise level

(a) kK =6, subspace estimation (b) k = 6, tensor estimation

1.4 £ 30 7y )
5 - = 5 B> B—@mR=R=R=Q
£ 1.2 ~6- /—6*-9—--0-—0-—-9—-—-0——-&-—49 g 25 //
g1 [ - f
< S
5] U —&~ Deflated-HeteroPCA g 20 ') —&~ Deflated-HeteroPCA
508 ! ~o-Vanilla SVD = 1 ~o-Vanilla SVD
28 06 ,I Diagonal-deleted PCA 3 1 Diagonal-deleted PCA
@ h —x=HeteroPCA S15¢ ! —x=HeteroPCA i
k<) 5 I
04 J ] ]

E ' Sq0r =g @ & o4 & @ g g
¢ 0.2 i—a & . a o 2 & a g
&' 2
10° 10! 102 10° 10° 10" 102 10°

#: condition number K: condition number

(c) w =2, subspace estimation (d) w =2, tensor estimation

FIG. 7. Final estimation errors 0fl71 and ;Y\for Deflated-HeteroPCA, Diagonal-deleted PCA, HeteroPCA and
Vanilla SVD under the tensor SVD model (37). We report (a) (resp., (b)) £o (resp., Frobenious) error of 171
(resp. ./X'\) versus noise level w (where ny =ny =n3 =50, r =3, k = 6); (¢) (resp., (d)) £» (resp., Frobenious)
error ofﬁl (resp., /X\) versus condition number k (where ny =nyp =n3=50,r =3, v =2).

Fessler (2016, 2018), Hong et al. (2023) investigate the case where the noise components
within each noise vector € are 1.i.d., and develop asymptotic analysis for PCA and a variant
called Weighted PCA. Turning to nonasymptotic analysis, the theoretical performances of
diagonal-deleted PCA (Cai et al. (2021)) and HeteroPCA have been investigated in (Cai et al.
(2021), Zhang, Cai and Wu (2022), Yan, Chen and Fan (2024)). It is also worth noting that
principal component estimation in the presence of missing data encounters additional chal-
lenges (Cai et al. (2021), Zhang, Cai and Wu (2022), Zhu, Wang and Samworth (2022), Pavez
and Ortega (2021), Yan, Chen and Fan (2024)), which is beyond the scope of this work.

8. Discussion. This paper has studied subspace estimation from noisy low-rank matrices
in the presence of unbalanced dimensionality and heteroskedastic noise. Recognizing a curse
of ill-conditioning that appears in two cutting-edge algorithms, we have developed a new
algorithm called Deflated-HeteroPCA to strengthen the state-of-the-art statistical performance
in the face of a large condition number, without compromising the range of SNRs that can be
accommodated. We have demonstrated that the proposed estimator enjoys nearly rate-optimal
statistical guarantees (in terms of both the spectral-norm error and the more fine-grained
£2,00-based error), which are unaffected by the underlying condition number (regardless of
how large it is). When applied to two concrete statistical models (i.e., factor models and
tensor PCA), our theory has led to remarkable improvement over the prior art (particularly
for the ill-conditioned scenarios).



DEFLATED HETEROPCA 113

Our work suggests several potential avenues for future investigation. For example, the
signal-to-noise ratio conditions (15a) and (20a) in our theory remain suboptimal when it
comes to their dependency on the rank r. How to tighten this rank dependency calls for a more
refined analysis or a more powerful algorithm. Another direction worthy of future studies is
the case with missing data (i.e., suppose we only have access to highly incomplete observa-
tions of the entries of the data matrix Y in (1)). It would be of great interest to extend our
approach and develop a computationally efficient estimator that enjoys condition-number-
free and rate-optimal estimation guarantees in the presence of missing data. Furthermore,
note that the independent noise assumption plays an important role on our current theoreti-
cal analysis. Having said that, our method has potential to deal with more general correlated
noise distributions (e.g., the one arising in network data). Our follow-up work Zhou and Chen
(2023) applied a clustering method based on Deflated-HeteroPCA to the flight route network
data, which demonstrates superior clustering performance compared to prior algorithms. We
leave more extensive theoretical studies for the case with correlated data to future investiga-
tion.
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SUPPLEMENTARY MATERIAL

Supplement: Proofs (DOI: 10.1214/24-A0S2456SUPPA; .pdf). All technical proofs of
the results in this paper can be found in the Supplementary Material (Zhou and Chen (2025)).

Supplement to “Deflated HeteroPCA: Overcoming the curse of ill-conditioning in
heteroskedastic PCA” (DOI: 10.1214/24-A0S2456SUPPB; .zip). Supplementary informa-
tion.
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