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Minimax Estimation of Linear Functions of
Eigenvectors in the Face of

Small Eigen-Gaps
Gen Li, Changxiao Cai , H. Vincent Poor , Life Fellow, IEEE, and Yuxin Chen , Senior Member, IEEE

Abstract— Eigenvector perturbation analysis plays a vital role
in various data science applications. A large body of prior works,
however, focused on establishing ℓ2 eigenvector perturbation
bounds, which are often highly inadequate in addressing tasks
that rely on fine-grained behavior of an eigenvector. This paper
makes progress on this by studying the perturbation of linear
functions of an unknown eigenvector. Focusing on two funda-
mental problems — matrix denoising and principal component
analysis — in the presence of Gaussian noise, we develop a
suite of statistical theory that characterizes the perturbation of
arbitrary linear functions of an unknown eigenvector. In order to
mitigate a non-negligible bias issue inherent to the natural “plug-
in” estimator, we develop de-biased estimators that (1) achieve
minimax lower bounds for a family of scenarios (modulo some
logarithmic factor), and (2) can be computed in a data-driven
manner without sample splitting. Noteworthily, the proposed
estimators are nearly minimax optimal even when the associated
eigen-gap is substantially smaller than what is required in prior
statistical theory.

Index Terms— Linear forms of eigenvectors, matrix denoising,
principal component analysis, bias correction, small eigen-gap.

I. INTRODUCTION

A
VARIETY of large-scale data science applications
involve extracting actionable knowledge from the eigen-

vectors of a certain low-rank matrix. Representative examples
include principal component analysis (PCA) [1], phase syn-
chronization [2], clustering in mixture models [3], community
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recovery [4], [5], to name just a few. In reality, it is often the
case that one only observes a randomly corrupted version of
the low-rank matrix of interest, and has to retrieve information
from the “empirical” eigenvectors (i.e., the eigenvectors of the
observed noisy matrix). This motivates the studies of eigen-
vector perturbation theory from statistical viewpoints, with
particular emphasis on high-dimensional scenarios [6]. In the
current paper, we seek to further expand such a statistical
theory, focusing on the following two concrete models.

• Matrix denoising under i.i.d. Gaussian noise. Let M⋆ ∈
R
n×n be an unknown rank-r symmetric matrix whose

l-th eigenvector (resp. eigenvalue) is u⋆l (resp. ¼⋆l ). What
we have observed is a corrupted version M = M⋆+H

of M⋆, where H = [Hi,j ]1fi,jfn represents a symmetric

Gaussian random matrix with Hi,j
i.i.d.∼ N (0, Ã2), i > j

and Hi,i
i.i.d.∼ N (0, 2Ã2). The aim is to estimate u⋆l based

on the l-th eigenvector of the data matrix M .
• Principal component analysis (PCA) and covariance esti-

mation. Imagine that we have collected n independent
p-dimensional sample vectors si

ind.∼ N (0,Σ), 1 f i f n.
Suppose that the underlying covariance matrix enjoys a
“spiked” structure Σ = Σ

⋆ + Ã2Ip, where Σ
⋆ ° 0

is an unknown rank-r matrix whose l-th eigenvector
(resp. eigenvalue) is given by u⋆l (resp. ¼⋆l ). We seek
to estimate u⋆l by examining the l-th eigenvector of the
sample covariance matrix 1

n

∑n
i=1 sis

¦
i .

While a large body of prior literature has investigated
eigenvector perturbation theory for the aforementioned two
models, the majority of past works focused on ℓ2 statistical
analysis, namely, quantifying the ℓ2 estimation error of ul
when it is employed to estimate u⋆l . Such ℓ2 perturbation
theory, however, is often too coarse if the ultimate goal
is to retrieve fine-grained information from the eigenvector
of interest, say, some linear function of the eigenvector u⋆l
(e.g., the Fourier transform of or any given entry of u⋆l ).
Motivated by the inadequacy of existing ℓ2 theory, we seek
to investigate how to faithfully estimate linear functionals of
the eigenvectors — that is, a¦u⋆l for some vector a ∈ R

n

given a priori. Towards achieving this goal, two challenges
stand out, which merit careful thinking.

• The need of bias correction. A natural strategy towards
estimating the linear form a¦u⋆l is to invoke the naive
“plug-in” estimator a¦ul. However, it has already been
pointed out in the literature (e.g., [7], [8]) that the

0018-9448 © 2024 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence
and similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore.  Restrictions apply. 



LI et al.: MINIMAX ESTIMATION OF LINEAR FUNCTIONS OF EIGENVECTORS 1201

plug-in estimator might suffer from a non-negligible bias.
This calls for careful designs of algorithms that allow
for proper bias correction in a data-driven yet efficient
manner.

• How to cope with small eigen-gaps. When estimating the
eigenvector u⋆l , most prior works require the associated
eigen-gap mini ̸=l |¼⋆i −¼⋆l | to exceed the spectral norm of
the perturbation matrix (i.e., H in the matrix denoising
case and 1

n

∑
i sis

¦
i − Σ in the PCA setting) [6], [9].

However, there is no lower bound in the literature that
precludes us from achieving faithful estimation when the
eigen-gap violates such requirements. It would thus be of
great interest to understand the statistical limits when the
eigen-gap of interest is particularly small.
a) Main contributions: This paper investigates estimat-

ing the linear form a¦u⋆i for the aforementioned two statistical
models under Gaussian noise, with particular emphasis on
those scenarios with small eigen-gaps. Our main contributions
are summarized below.

1) We develop fine-grained perturbation analysis for lin-
ear forms of eigenvectors, which is valid even when
the eigen-gap mini ̸=l |¼⋆i − ¼⋆l | is substantially smaller
than the spectral norm of the perturbation matrix. This
eigen-gap condition significantly improves upon what is
required in prior theory.

2) The natural “plug-in” estimator suffers from a non-
negligible bias issue, which is particularly severe when
the associated eigen-gap is small. To address this issue,
we put forward a de-biased estimator for a¦u⋆l by
multiplying the plug-in estimator by a correction factor,
which can be computed in a data-driven manner without
the need of sample splitting. The proposed estimator
provably achieves enhanced estimation accuracy com-
pared to the plug-in estimator, and is shown to be
minimax optimal (up to some logarithmic factor) for a
broad class of scenarios.

b) Organization: The rest of this paper is organized as
follows. In Section II, we formulate the problem precisely and
introduce basic definitions. Section III presents our main theo-
retical findings, whereas Section IV provides a non-exhaustive
overview of prior works. The analysis strategy of our main
theorems is outlined in Section V. The detailed proofs and
auxiliary lemmas are postponed to the appendix. We conclude
this paper with a discussion of future directions in Section VI.

c) Notation: For any vector v, we denote by ∥v∥2 and
∥v∥∞ its ℓ2 norm and ℓ∞ norm, respectively; for any vectors
v and u, we use ïv, uð to represent their inner product. For
any matrix M , we let ∥M∥ and ∥M∥F denote the spectral
norm and the Frobenius norm of M , respectively. For any
matrix U whose columns are orthonormal, we use U§ to
denote a matrix whose columns form an orthonormal basis of
the orthogonal complement of the column space of U , and
let PU (M) = UU¦M be the Euclidean projection of a
matrix M onto the column space of U . For any two random
matrices Z and X , the notation Z

d
= X means Z and X are

identical in distribution. For notational simplicity, we write
[n] for the set {1, · · · , n}. For any a, b ∈ R, we introduce
the notation a ' b = min{a, b}, a ( b = max{a, b}, and

min |a± b| = min{|a− b|, |a+ b|}. We denote by Br(z) :=
{x | ∥x − z∥2 f r} the ball of radius r centered at
z. Throughout the paper, we denote by f(n) ≲ g(n) or
f(n) = O(g(n)) the condition |f(n)| f Cg(n) for some
universal constant C > 0 when n is sufficiently large; we
use f(n) ≳ g(n) or f(n) = Ω(g(n)) to indicate that
f(n) g C|g(n)| for some universal constant C > 0 when
n is sufficiently large; and we also use f(n) ≍ g(n) or
f(n) = Θ(g(n)) to indicate that f(n) ≲ g(n) and f(n) ≳

g(n) hold simultaneously. In addition, the standard notation
Õ(g(n)) (resp. Ω̃(g(n))) is similar to O(g(n)) (resp. Ω(g(n)))
except that it hides the logarithmic dependency. The notation
f(n) = o(g(n)) means that limn→∞ f(n)/g(n) = 0, and
f(n) k g(n) (resp. f(n) j g(n)) means that there exists
some large (resp. small) constant c1 > 0 (resp. c2 > 0) such
that f(n) g c1g(n) (resp. f(n) f c2g(n)). Finally, for any
1 f l f r, we set the expression

∑
k ̸=l,1fkfr g(k) to be zero

for any g(·) if r = 1 (that is, the case where no k satisfies the
requirement in the summation).

II. PROBLEM FORMULATION

A. Matrix Denoising

Suppose that we are interested in a symmetric matrix M⋆ =
[M⋆

i,j ]1fi,jfn ∈ R
n×n with eigen-decomposition

M⋆ =

r∑

i=1

¼⋆iu
⋆
iu

⋆¦
i =: U⋆

Λ
⋆U⋆¦, (1)

where the u⋆i ’s are orthonormal. Here, {¼⋆i } denotes the
set of non-zero eigenvalues of M⋆, and u⋆i indicates the
(normalized) eigenvector associated with ¼⋆i . It is assumed
throughout that

¼⋆min = |¼⋆r | f · · · f |¼⋆1| = ¼⋆max, (2)

and the condition number of M⋆ is defined as

» :=
¼⋆max

¼⋆min

. (3)

In addition, for any 1 f l f r, we introduce an eigen-gap
(or eigenvalue separation) metric that quantifies the distance
between the eigenvalue ¼⋆l and the remaining spectrum:

∆⋆
l :=

{
mink: k ̸=l, 1fkfr

∣∣¼⋆l − ¼⋆k
∣∣, if r > 1,

¼⋆max, if r = 1,
(4)

which plays a crucial role in our perturbation theory.
What we have observed is a randomly corrupted data matrix

M = [Mi,j ]1fi,jfn as follows

M = M⋆ + H, (5)

where H = [Hi,j ]1fi,jfn represents a symmetric noise matrix
with independent random entries

Hi,j
ind.∼

{
N (0, 2Ã2), i = j,

N (0, Ã2), i > j.
(6)

Throughout this paper, we denote by ¼l the l-th largest
eigenvalue (in magnitude) of M , and let ul represent the
associated eigenvector of M . Our goal is to estimate linear
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functionals of an eigenvector u⋆l — that is, a¦u⋆l (1 f l f r)
for some fixed vector a ∈ R

n — based on the observed noisy
data M .

B. Principal Component Analysis and Covariance estimation

Turning to principal component analysis (PCA) or covari-
ance estimation, we concentrate on the following spiked
covariance model. Imagine that we have collected a sequence
of n i.i.d. zero-mean Gaussian sample vectors in R

p as
follows

si
ind.∼ N (0,Σ) , 1 f i f n,

where

Σ = Σ
⋆ + Ã2Ip ∈ R

p×p

denotes the covariance matrix. Here and throughout,
we assume that the “spiked component” Σ

⋆ of Σ is an
unknown rank-r matrix with eigen-decomposition

Σ
⋆ = U⋆

Λ
⋆U⋆¦ =

r∑

i=1

¼⋆iu
⋆
iu

⋆¦
i ° 0,

where ¼⋆i denotes the i-th largest eigenvalue of Σ
⋆, with u⋆i

representing the associated eigenvector. Akin to the matrix
denoising case, we assume

0 < ¼⋆min = ¼⋆r f · · · f ¼⋆1 = ¼⋆max,

and introduce the condition number » := ¼⋆max/¼
⋆
min and the

eigen-separation metric

∆⋆
l :=

{
mink: k ̸=l, 1fkfr

∣∣¼⋆l − ¼⋆k
∣∣, if r > 1,

¼⋆max, if r = 1.
(7)

Given a fixed vector a ∈ R
p, our aim is to develop a reliable

estimate of the linear functional a¦u⋆l of an eigenvector u⋆l
(1 f l f r), on the basis of the sample vectors {si}1fifn (or
the sample covariance matrix 1

n

∑n
i=1 sis

¦
i ).

III. MAIN RESULTS

With the above description of the problem settings in place,
we are ready to present our findings concerning eigenvector
perturbation. Given that we cannot distinguish u⋆l and −u⋆l
based on the observed matrix, the error of an estimator ua for
estimating a¦u⋆l shall be measured via the following metric
that accounts for such a global ambiguity issue:

dist
(
ua,a

¦u⋆l
)

:= min
{∣∣ua ± a¦u⋆l

∣∣}

= min
{∣∣ua − a¦u⋆l

∣∣,
∣∣ua + a¦u⋆l

∣∣} . (8)

A. Matrix Denoising

We begin with the matrix denoising problem introduced
in Section II-A. Recalling that ul is the eigenvector of M

associated with ¼l (1 f l f n), we investigate the following
two estimators when estimating the linear function a¦u⋆l .

• A plug-in estimator:

uplugin
a := a¦ul; (9a)

• A modified estimator that we propose (which we shall
refer to as a de-biased estimator from now on):

udebiased
a :=

√
1 + bl a

¦ul

with bl :=
∑

i: r<ifn

Ã2

(¼l − ¼i)2
, (9b)

where bl can be computed directly using the eigenvalues
of M without the need of sample splitting. As we shall
see shortly, this new estimator is put forward in order to
remedy a non-negligible bias issue underlying the naive
plug-in estimator.

The following theorem quantifies the estimation errors for both
of these estimators.

Theorem 1 (Eigenvector Perturbation): Consider any 1 f
l f r, and suppose that

Ã
√
n f c0¼

⋆
min, r f c1n/ log2 n and ∆⋆

l > C0Ã
√
r log n

(10)

for some sufficiently small (resp. large) constants c0, c1 > 0
(resp. C0 > 0). Let a ∈ R

n be any fixed vector with ∥a∥2 = 1.
With probability at least 1 − O(n−10), the estimators in (9)
satisfy

dist
(
uplugin

a ,a¦u⋆l
)

≲ Emd,l +
Ã2n

¼⋆2l

∣∣a¦u⋆l
∣∣ , (11a)

dist
(
udebiased

a ,a¦u⋆l
)

≲ Emd,l, (11b)

where Emd,l is defined as

Emd,l :=
Ã2r log n

(∆⋆
l )

2

∣∣a¦u⋆l
∣∣

+ Ã

√
r log

(n»¼max

∆⋆
l

) ∑

k: k ̸=l,1fkfr

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

+
Ã
√

log
(
n»¼max

∆⋆
l

)

|¼⋆l |
. (12)

Remark 1: While the rank r of the true matrix M⋆ might
be unknown a prior in practice, it can often be estimated accu-
rately in a data-driven manner. For instance, under the model
assumed herein, one might simply choose r by identifying the
smallest (in magnitude) eigenvalue ¼l that is larger than ¼l+1

by an order of Ã
√
n; see also [10] for a different approach.

Remark 2: While the quantity bl is provided in a data-
driven manner (cf. (9b)), we find it helpful to also make
note of another expression derived from its asymptotic limit.
Specifically, the random matrix theory tells us that the eigen-
values {¼i}r<ifn of M obey the celebrated semi-circular law
asymptotically (see, e.g., [11]), and therefore the de-biased
term bl satisfies (as n grows):

bl =
∑

i: r<ifn

Ã2

(¼l − ¼i)2
≈
∫ 2

−2

√
4 − ¼2

2Ã
(

¼l

Ã
√
n
− ¼

)2 d¼. (13)

Remark 3: According to the definition of ∆⋆
l in (4), the

condition (10) reduces to Ã
√
n f c0¼

⋆
min in the rank-1 case.

This is consistent with the observation that it is, in general,
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information-theoretically infeasible to obtain non-trivial esti-
mation in the rank-1 case when the eigenvalue is smaller than
the spectral norm of the noise.

1) Implications: Theorem 1 develops statistical perfor-
mance guarantees for the aforementioned two estimators when
estimating the linear form a¦u⋆l for a prescribed vector
a ∈ R

n. We now single out several main implications of our
results.

• Estimation guarantees in the face of a small eigen-gap.
In view of (10), the eigen-gap ∆⋆

l (i.e., the minimal gap
between the l-th eigenvalue and other top-r eigenvalues)
is allowed to be substantially smaller than the spectral
norm ∥H∥ of the perturbation matrix when the rank
r > 1. This stands in stark contrast to, and significantly
improves upon, the celebrated Davis-Kahan sinΘ theo-
rem that requires ∆⋆

l ≳ ∥H∥ [6], [9]. To be more precise,
recalling from standard random matrix theory [12] that
∥H∥ ≍ Ã

√
n with high probability, one can compare our

result with classical matrix perturbation theory as follows

our eigen-gap requirement: ∆⋆
l = Ω̃

(
Ã
√
r
)
;

classical theory: ∆⋆
l = Ω̃

(
Ã
√
n
)
. (14)

As a comparison, the prior work [13] studied the distri-
butions of the singular vectors under the matrix denoising
setting with Ã ≍ n−1/2, provided that the eigen-gap
exceeds Ω(1); our theory improves their eigen-gap con-
dition by a factor on the order of

√
n/r.

• Near minimaxity. In order to assess the effectiveness
of our proposed estimator, it is helpful to compare the
statistical guarantees in Theorem 1 with minimax lower
bounds. Consider, for simplicity, the scenario where r =
O(1) and |a¦u⋆l | f (1 − ϵ)∥a∥2 for any small non-zero
constant ϵ > 0 (so that a is not perfectly aligned with
u⋆l ), and an instance-dependent minimax lower bound has
been established in [14, Theorem 3] for this scenario.
Specifically, if we define the following two sets

M0(M
⋆) :=

{
A | rank(A)=r, ¼i(A)=¼⋆i (1 f i f r),

∥A − M⋆∥F f Ã

2

}
,

M1(M
⋆) :=

{
A | rank(A)=r, ¼i(A)=¼⋆i (1 f i f r),

∥ul(A) − u⋆l ∥2 f Ã

4 |¼⋆l |
}
,

then we necessarily have

inf
ua,l

sup
A∈M0(M⋆)∪M1(M⋆)

E

[
dist

(
ua,l, a¦ul(A)

) ]

≳
Ã2

(∆⋆
l )

2

∣∣a¦u⋆l
∣∣+ Ã max

k: k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
+

Ã

|¼⋆l |
, (15a)

where the infimum is over all estimators ua,l based on
the observed matrix M = A+H , and ul(A) denotes the
l-th eigenvector of the matrix A. In addition, the analysis
for [14, Theorem 3] directly implies that

inf
ua,l

sup
A∈M0(M⋆)∪M1(M⋆)

P

{
dist

(
ua,l, a¦ul(A)

)

≳
Ã2

(∆⋆
l )

2

∣∣a¦u⋆l
∣∣+ Ã max

k: k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
+

Ã

|¼⋆l |

}
g 1

5
.

(15b)

In comparison, our statistical guarantee (11b) for the
proposed de-biased estimator obeys

dist
(
udebiased

a ,a¦u⋆l
)
f Õ

(
Ã2

(∆⋆
l )

2

∣∣a¦u⋆l
∣∣

+ Ã
∑

k: k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
+

Ã

|¼⋆l |

)
(16)

with high probability in this scenario, thereby matching
the minimax lower bound (15) (modulo some logarithmic
factor). This confirms the near optimality of our de-biased
estimator when r ≍ 1.

2) Sub-Optimality of the Vanilla Plug-in Estimator: Fur-
thermore, Theorem 1 suggests that the statistical error (11a) of
the vanilla plug-in estimator a¦ul might contain an additional
“bias” term

Ebias
md,l :=

Ã2n

¼⋆2l

∣∣a¦u⋆l
∣∣ (17)

when compared to that of the de-biased estimator (cf. (11b)).
It is natural to wonder if the theoretical guarantee of the plug-
in estimator in (11a) is tight or not. To answer the question,
we develop the following lower bound on the estimation
error of the plug-in estimator uplugin

a ; the proof is deferred
to Appendix F.

Theorem 2: Instate the assumptions of Theorem 1. Let a ∈
R
n be any fixed vector with ∥a∥2 = 1. With probability at

least 1/3, the plug-in estimator in (9) satisfies

dist
(
uplugin

a ,a¦u⋆l
)

≳
Ã2n

¼⋆2l

∣∣a¦u⋆l
∣∣ . (18)

In short, Theorem 2 demonstrates that it is impossible for
the plug-in estimator to get rid of this “bias” term (17).
The influence of this extra term becomes increasingly large
and non-negligible as the correlation of a and u⋆l increases.
To demonstrate the possibly severe impact incurred by this
additional term, let us examine a simple case as follows.

• Example. Suppose that r = 2, ¼⋆1 = 2¼⋆2 (so that
¼⋆1 − ¼⋆2 ≍ ¼⋆1), |a¦u⋆l | ≍ 1 and Ã

√
n ≍ |¼⋆1|. As can

be straightforwardly verified, the main term (12) and the
addition term (17) in this example satisfy

Emd,1 = Õ

(
Ã2

¼⋆21

∣∣a¦u⋆1
∣∣+ Ã

|¼⋆1|
∣∣a¦u⋆2

∣∣+ Ã

|¼⋆1|

)

= Õ

(
Ã2

¼⋆21

+
Ã

|¼⋆1|

)
= Õ

(
1√
n

)
;

Ebias
md,1 ≍ Ã2n

¼⋆21

∣∣a¦u⋆1
∣∣ ≍ 1.

In other words, the additional bias term Ebias
md,1 could be a

factor of Õ(
√
n) times larger than the main term Emd,1

in this case, and cannot be neglected.
The above discussion reveals the necessity of proper bias
correction in order to mitigate the undesired effect of the
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bias term Ebias
md,l. Aimed at addressing this issue, our de-

biased estimator udebiased
a compensates for the bias term Ebias

md,l

by properly rescaling the plug-in estimator by a data-driven
correction factor

√
1 + bl. Note that when the signal-to-noise

ratio is sufficiently large such that |¼⋆l | ≳ Ãn, then Emd,l

becomes the dominant term in the error bound; in such a case,
there is no need for bias correction.

3) Comparisons With Prior Works: While estimation of
linear forms of eigenvectors remains largely under-explored
in the literature, a small number of prior works have studied
this problem or its variants. Among them, perhaps the one
that is the closest to the current paper is [8], which considered
estimating linear forms of singular vectors under i.i.d. Gaus-
sian noise. In what follows, we briefly compare our result
with [8], focusing on the setting where the ground-truth matrix
is symmetric (so that the eigenvectors and the singular vectors
become identical up to global signs).

• To begin with, the theory in [8, Theorem 1.3] operates
under the assumption

∆⋆
l = Ω

(
E[∥H∥]

)
= Ω(Ã

√
n),

which is Õ
(√

n/r
)

times more stringent than the eigen-
gap condition imposed in our theory (see (14)).

• The estimation bias of the plug-in estimator was already
pointed out in [8]. However, the approach proposed in [8]
required additional independent copies of M in order to
estimate — and hence correct — the bias effect (see [8,
Section 1]). By contrast, our de-biased estimator does not
require an additional set of data samples and allows one
to use all available information fully.

• Next, we compare our theoretical guarantee with the
one developed for the de-biased estimator udebiased,KD

a

proposed in [8]. When r ≍ 1, [8, Theorem 1.3] asserts
that

dist
(
udebiased,KD

a ,a¦u⋆l
)
f Õ

(
Ã

∆⋆
l

)
=: EKD

md,l,

provided that ∆⋆
l ≳ Ã

√
n. This result, however, might fall

short of attaining minimax optimality. More specifically,
comparing our error bound Emd,l (cf. (12)) with EKD

md,l

makes clear that the theoretical gain is on the order of

EKD
md,l

Emd,l
= Õ

(
∆⋆
l

Ã |a¦u⋆l |
' 1∑

k:k ̸=l |a¦u⋆k|
' |¼⋆l |

∆⋆
l

)
.

For concreteness, consider the case with r ≍ 1, |a¦u⋆k| ≍
1/
√
n for all k ̸= l, ∆⋆

l ≍ |¼⋆l | /
√
n, and ∆⋆

l ≍ Ã
√
n,

thus leading to the gain

EKD
md,l

Emd,l
= Õ

(√
n
)
.

In other words, our results might lead to considerable
theoretical improvement over [8] in the presence of a
small eigen-gap.

Remark 4: Note that the case |a¦u⋆k| ≍ 1/
√
n is of partic-

ular interest if one studies entrywise statistical performance;
namely, when a is taken to be the standard basis (i.e. a = ei
for some i ∈ [n]) and when the energy of u⋆k is more or less
spread out across all entries (i.e. ∥u⋆k∥∞ ≍ ∥u⋆k∥2/

√
n).

B. Principal Component Analysis

Next, we turn attention to the problem of principal compo-
nent analysis as formulated in Section II-B. Denote by

S = [s1, · · · , sn] ∈ R
p×n

the data matrix whose columns consist of i.i.d. samples si
i.i.d.∼

N (0,Σ), and let ¼l represent the l-th largest eigenvalue
of 1

nSS¦ with associated eigenvector ul. Our focus is the
following two estimators aimed at estimating the linear form
a¦u⋆l (1 f l f r).

• A plug-in estimator:

uplugin
a := a¦ul; (19a)

• A “de-biased” estimator:

udebiased
a :=

√
1 + cl a

¦ul. (19b)

Here, cl is a quantity that can be directly computed using
the spectrum of 1

nSS¦ as follows:

cl :=





¼l

n+
∑

i: r<i≤n

¼i
¼l−¼i

∑
i: r<ifn

¼i

(¼l−¼i)2
,

if n g p,
Ã2p

n

¼l−Ã2p

n

+

¼l

¼l−Ã2p

n

¼l

n+
∑

i: r<i≤n

¼i
¼l−¼i

∑
i: r<ifn

¼i−Ã2p

n

(¼l−¼i)2
,

if n < p,

(20)

without any need of using sample splitting.
Akin to the matrix denoising counterpart, the plug-in estima-
tor (19a) often incurs some non-negligible estimation bias,
which motivates the design of the adjusted estimator (19b)
to compensate for the bias.

We are now ready to present our statistical guarantees for
the two estimators introduced in (19).

Theorem 3: Consider any 1 f l f r, and assume that

¼⋆max

√
r

n
+

√
¼⋆maxÃ

2
p

n
+ Ã2

(
p

n
+

√
p

n

)
f C0

¼⋆min

log2 n
(21a)

and ∆⋆
l > C1(¼

⋆
max + Ã2)

√
r

n
log n (21b)

hold for some sufficiently small (resp. large) constant C0 >
0 (resp. C1 > 0). Consider any fixed vector a ∈ R

p with
∥a∥2 = 1. Then with probability at least 1 − O(n−10), the
estimators in (19) satisfy

dist
(
uplugin

a ,a¦u⋆l
)

≲ EPCA,l +
(¼⋆l + Ã2)Ã2p

¼⋆2l n

∣∣a¦u⋆l
∣∣ ,

(22a)

dist
(
udebiased

a ,a¦u⋆l
)

≲ EPCA,l, (22b)

where the quantity EPCA,l is defined as

EPCA,l :=
(¼⋆max + Ã2)(¼⋆l + Ã2) r log n

(∆⋆
l )

2n

∣∣a¦u⋆l
∣∣
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+

√
(¼⋆max + Ã2)Ã2»2r

¼⋆2l n
log2 n

+
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

·
√

(¼⋆l +Ã
2)(¼⋆max + Ã2)(»2+r) log

(
n»¼max

∆⋆
l

)
.

(23)

Remark 5: Akin to the matrix denoising case, while the
expression of the de-biasing term cl (cf. (20)) is fully
data-driven and preferable in practice, we remark that the
Marchenko-Pastur law allows us to approximate the de-biasing
term cl as follows (as n grows)

cl ≈





λl

1+
∫

¼
¼l−¼

µ(dλ)

∫
λ

(λl−λ)2
µ(dλ),

if n ≥ p,
Ã2p

n

λl−
Ã2p

n

+ λl

λl−
Ã2p

n

λl

1+
∫

¼
¼l−¼

µ(dλ)

∫ λ−
Ã2p

n

(λl−λ)2
µ(dλ),

if n < p,

(24)

where

µ(d¼) =
n
√

(¼+ − ¼)(¼− ¼−)

2ÃÃ2p¼
1{¼− f ¼ f ¼+}d¼

with ¼± = Ã2(1 ±
√
p/n)2. (25)

1) Implications: In short, Theorem 3 characterizes the sta-
tistical accuracy of both the plug-in estimator and the modified
de-biased estimator, the latter of which enjoys improved statis-
tical guarantees. In the sequel, we single out a few implications
of this result.

• Estimation guarantees. Let us first assess the statistical
error bound of the de-biased estimator (namely, EPCA,l

in (23)). For simplicity of presentation, we shall focus
on the case with r, » ≍ 1, where the error term EPCA,l

admits the following simpler expression

EPCA,l = Θ̃

(
(¼⋆l + Ã2)2

(∆⋆
l )

2n

∣∣a¦u⋆l
∣∣

+ (¼⋆l + Ã2) max
k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

+
Ã

¼⋆l
√
n

√
¼⋆l + Ã2

)
. (26)

In particular, the first term on the right-hand side of (26)
quantifies the role of the ground truth a¦u⋆l on the
estimation error, which scales inverse quadratically in the
eigen-gap ∆⋆

l ; the second term on the right-hand side
of (26) can be understood as the additional interference
resulting from the linear form of other eigenvectors
(namely, a¦u⋆k for k ̸= l), which is inversely proportional
to the corresponding eigen-gap |¼⋆l − ¼⋆k|.

• Relaxed eigen-gap condition. To simplify discussions, let
us again focus on the case with r, » ≍ 1 and omit
logarithmic factors. Classical matrix perturbation theory
(e.g., the Davis-Kahan sinΘ theorem [9]) requires the
eigen-gap to exceed the size of perturbation, namely,

∆⋆
l ≳

∥∥∥
1

n
SS¦ − Σ

∥∥∥.

As it turns out, the eigen-gap requirement above leads to
the following condition (by invoking the high-probability
bound to be presented shortly in Lemma 7)

∆⋆
l ≳

¼⋆l√
n

+

√
¼⋆l Ã

2p

n
+ Ã2

(√
p

n
+
p

n

)
=: gapDK.

In comparison, the eigen-gap condition (21b) in Theo-
rem 3 reads

∆⋆
l ≳

¼⋆l + Ã2

√
n

=: gap.

To better understand and compare these two eigen-gap
requirements, we shall discuss them for a couple of
distinct scenarios.

– If Ã2
(√

p
n + p

n

)
≲ ¼⋆l ≲ Ã2 (the sample size needs

to satisfy n g p by the assumption (21a)), the eigen-
gap conditions above simplify to

gap ≍ Ã2

√
n

and gapDK ≍ Ã2

√
p

n
.

=⇒ gapDK

gap
≍ √

p.

– If Ã2 ≲ ¼⋆l ≲ Ã2p, then one has

gap ≍ ¼⋆l√
n

and gapDK ≍
√
¼⋆l Ã

2p

n
+
Ã2p

n
.

Comparing these two terms reveals that

gapDK

gap
≍
√
Ã2p

¼⋆l

(
1 +

√
Ã2p

¼⋆l n

)
(i)≍
√
Ã2p

¼⋆l

(ii)

≳ 1,

where (i) holds due to the assumption (21a) and (ii)
follows from the condition ¼⋆l ≲ Ã2p.

– If ¼⋆l ≳ Ã2p, then it is straightforward to see that

gap ≍ gapDK ≍ ¼⋆l√
n
.

To sum up, our eigen-gap requirement (21b) is

Ω

(√
p
(
1 ' Ã2

¼⋆l

)
( 1

)

times less stringent than the one demanded in clas-
sical matrix perturbation theory, thereby justifying the
improvement of our results upon prior art. In addition,
we note that [15] also considered statistical inference
for principal components of spike covariance matrices;
when Ã = 1, the eigen-gap therein needs to satisfy
∆⋆
l ≳ n−1/2+ϵ for an arbitrary small fixed constant

ϵ > 0, thereby leading to a more stringent condition than
ours.

• Bias reduction. Similar to the matrix denoising case,
the plug-in estimator a¦ul suffers from the following
extra “bias” term in comparison to the de-biased estima-
tor (22b):

Ebias
pca,l :=

(¼⋆l + Ã2)Ã2p

¼⋆2l n

∣∣a¦u⋆l
∣∣ . (27)

If a and u⋆l are fairly correlated, then this additional term
becomes non-negligible and might affect the estimation
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accuracy negatively. To see this, let us consider the
following simple case.

– Example. Assume that r = 2, ¼⋆1 = 2¼⋆2 > 0,
|a¦u⋆1| ≍ 1, Ã2 ≍ ¼⋆1 and p ≍ n. As can
be straightforwardly verified, the error terms (23)
and (27) in this case become

Epca,1 = Õ

(
1

n

∣∣a¦u⋆1
∣∣+ 1√

n

∣∣a¦u⋆2
∣∣+ 1√

n

)

= Õ
( 1√

n

)
;

Ebias
pca,1 ≍ p

n

∣∣a¦u⋆1
∣∣ ≍ 1.

In other words, the bias term Ebias
pca,1 could be

√
n

times larger than the error term Ebias
pca,1 (up to some

logarithmic factor).
As a takeaway message from the above example, it is cru-
cial to reduce the bias incurred by Ebias

pca,1. The proposed
de-biased estimator udebiased

a achieves bias reduction by
enlarging the plug-in estimator by a factor of

√
1 + cl,

where cl is computable in a data-driven manner. It is
worth noting that the factor cl (cf. (20)) takes two
different forms, depending on the relative ratio between
the sample size n and the dimension p.

2) Minimax Lower Bounds and Optimality: In order to
evaluate the tightness of our statistical guarantees, we develop
minimax lower bounds for PCA. Here and below, we denote
by ul(Σ) ∈ R

p the eigenvector associated with the l-th largest
eigenvalue of a matrix Σ, and we define two sets of covariance
matrices as follows:

M1(Σ
⋆) :=

{
Σ ∈ R

p×p : rank(Σ) = r,

¼i(Σ) = ¼⋆i (1 f i f r),

∥Σ − Σ
⋆∥F f max

k: k ̸=l

√
(¼⋆l + Ã2)(¼⋆k + Ã2)

n

}
.

M2(Σ
⋆) :=

{
Σ ∈ R

p×p : rank(Σ) = r,

¼i(Σ) = ¼⋆i (1 f i f r),

∥ul(Σ) − u⋆l ∥2 f
√

(¼⋆l + Ã2)Ã2

¼⋆2l n

}
.

Theorem 4: Consider any fixed vector a ∈ R
p. For any

given Σ, let {si}ni=1 be independent samples satisfying si
i.i.d.∼

N (0,Σ + Ã2Ip). Assume that the sample size obeys

n g
{

max
k: k ̸=l

(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|2
}
( (¼⋆l + Ã2)Ã2

¼⋆2l
. (28)

Then one has

inf
ua,l

sup
Σ∈M1(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳ max
k: k ̸=l, 1fkfr

(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|2 n
∣∣a¦u⋆l

∣∣

+ max
k: k ̸=l, 1fkfr

√
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|
√
n

∣∣a¦u⋆k
∣∣ =: Elb1,l;

inf
ua,l

sup
Σ∈M2(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
∥PU⋆⊥a∥2 =: Elb2,l.

Here, the infimum is taken over all estimator ua,l for the linear
form of the l-th eigenvector.

The proof of this theorem can be found in Appendix E.
To interpret this lower bound, let us consider, for simplicity,
the scenario where

r, » ≍ 1 and |a¦u⋆l | f (1 − ϵ)∥a∥2 (29)

for some arbitrarily small constant ϵ > 0. In this scenario, the
statistical error bound (22b) derived in Theorem 3 matches the
preceding minimax lower bounds in the sense that

EPCA,l ≍ Elb1,l + Elb2,l.

To verify this relation under the conditions (29), it is sufficient
to see that

max
k:k ̸=l

√
(¼⋆k+Ã

2)(¼⋆l +Ã
2)

|¼⋆l −¼⋆k|
√
n

∣∣a¦u⋆k
∣∣+
√

(¼⋆l +Ã
2)Ã2

¼⋆2l n
∥PU⋆⊥a∥2

≍
∑

k: k ̸=l

√
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|
√
n

∣∣a¦u⋆k
∣∣

+

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
∥PU⋆⊥a∥2

(i)≍
∑

k: k ̸=l

√
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|
√
n

∣∣a¦u⋆k
∣∣

+

√
(¼⋆l + Ã2)Ã2

¼⋆2l n

( ∑

k: k ̸=l

∣∣a¦u⋆k
∣∣+ ∥PU⋆⊥a∥2

)

(ii)≍
∑

k: k ̸=l

√
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|
√
n

∣∣a¦u⋆k
∣∣

where (i) holds true since maxk:k ̸=l

√
(¼⋆

k
+Ã2)(¼⋆

l
+Ã2)

|¼⋆
l
−¼⋆

k
|√n ≳√

(¼⋆
l
+Ã2)Ã2

¼⋆2

l
n

, and (ii) holds true as long as |a¦u⋆l | f (1 −
ϵ)∥a∥2 for some constant ϵ > 0. In conclusion, the above
calculation unveils the statistical optimality of the proposed
de-biased estimator for the scenario specified in (29).

3) Comparison With Past Works: Estimation for linear
forms of eigenvectors in the context of PCA has been investi-
gated in several recent works [7], [16], [17], with the bias
issue of plug-in estimators first recognized in [7]. Among
these works, the state-of-the-art result was due to [17], which
proposed an efficient de-biased estimator and established its
asymptotic normality. To better understand our contributions,
it is helpful to compare Theorem 3 with the theoretical
guarantees in [17] under the spiked covariance model with
Σ = Σ

⋆+Ã2Ip. The theoretical guarantees developed in [17,
Theorem 3.3] operate under the following conditions (when
translated to our setting using our notation)

∆⋆
l = Ω(¼⋆max + Ã2), Ã2 = o(¼⋆min), r, » ≍ 1,
∑

k: k ̸=l

∣∣a¦u⋆k
∣∣2 +

Ã2

¼⋆l
∥PU⋆⊥a∥2

2 ≍ ∥a∥2
2. (30)
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In comparison, our results make improvements in the follow-
ing aspects:

• Eigen-gap requirement: our eigen-gap requirement (21b)
is Õ(

√
r/n) times less stringent than the one in (30);

• Requirement on noise variance: our result (i.e., Theo-
rem 3) allows the noise variance Ã2 to be larger than
¼⋆min;

• Requirement on condition number and rank: our theory
permits both » and r to grow with the dimension.

It is worth noting that [17] accommodates a more general
class of covariance matrices than the aforementioned spiked
covariance. The main purpose of our discussion above is to
make clear the inadequacy of prior theories when the eigen-
gap is small.

IV. RELATED WORKS

Spectral methods have served as an effective paradigm
for a variety of statistical data science problems, examples
including matrix completion [18], [19], [20], [21], tensor
completion [22], [23], [24], [25], community detection [4],
[26], ranking from pairwise comparisons [27], [28], and so
on. The mainstream analysis framework for spectral methods
is largely built upon classical matrix perturbation theory [6],
[29]. This set of classical theory typically focuses on deriving
ℓ2 eigenspace or singular subspace perturbation bounds (e.g.,
the Davis-Kahan theorem [9] and the Wedin theorem [30]),
which has been derived for general purposes without incorpo-
rating statistical properties of the specific problems of interest.
Several useful extensions have been developed tailored to
high-dimensional statistical applications, particularly when the
perturbation matrix of interest enjoys certain random struc-
ture [31], [32], [33], [34], [35], [36]. In particular, the ℓ2
perturbation bounds for the eigenvector (or eigenspace) of the
sample covariance matrix has been extensively studied in the
PCA literature, e.g., [37], [38], [39], [40], [41], [42], [43],
and [44]. Another line of works [31], [36] improved Davis-
Kahan’s and Wedin’s theorems in the matrix denoising setting
with small eigen-gaps, which, however, is not tight unless the
spectral norm ∥H∥ of the noise matrix is extremely small.

Moving beyond ℓ2 perturbation theory, more fine-grained
eigenvector perturbation bounds — particularly entrywise
eigenvector perturbation or ℓ2,∞ eigenspace perturbation —
has garnered growing attention over the past few years [4],
[21], [24], [26], [45], [46], [47], [48], [49], [50], [51]. Among
these ℓ∞ or ℓ2,∞ theoretical guarantees, the results in [4],
[21], [24], [46], [47], [52], [53], and [54] were established
via a powerful leave-one-out analysis framework, while the
works [48], [55] invoked a Neumann expansion trick paired
with proper control of moments.

In contrast to the rich literature on ℓ2, ℓ∞ and/or ℓ2,∞
perturbation theory, estimation theory concerning linear
functionals of eigenvectors (or singular vectors) are rather
scarce and under-explored. While entrywise perturbation
can be regarded as a special type of linear functionals of
eigenvectors, the analysis techniques mentioned above are
typically incapable of analyzing an arbitrary linear form. Only
until recently, progress has been made towards addressing

this problem. In the matrix denoising setting, effective con-
centration bounds have been established in [8] for estimating
linear forms of singular vectors under i.i.d. Gaussian noise,
while [13] established the limiting distributions of the angle
between the singular vectors of the noisy matrix and the
corresponding ground-truth singular vectors. In [7], [16],
and [17], several bias reduction procedures were developed
for the problem of PCA and covariance estimation, which
established the asymptotic normality and statistical efficiency
of the proposed estimator. The eigen-gap conditions required
therein, however, are considerably more stringent than the
ones required in our theory. Another line of recent works has
studied linear form of eigenvectors was [14], [48], which,
however, tackled a different setting of the matrix denoising
problem. Specifically, [14] and [48] focused on the case where
the noise matrix H is asymmetric and contains independent
entries (so that Hi,j and Hj,i are two independent copies of
noise); in this case, a carefully de-biased estimator proposed
based on the eigenvector of the asymmetric data matrix
M is shown to be minimax-optimal. Additionally, [56]
pinned down the asymptotic distribution for bilinear forms
of eigenvectors for large spiked random matrices, while [57]
proposed a de-biasing method to estimate linear forms of the
matrix for noisy matrix completion. These are beyond the
reach of the current paper.

Finally, we note that the recent advances in random matrix
theory might shed light on how to generalize our the-
ory beyond i.i.d. Gaussian noise. For instance, the recent
works [58], [59] developed sharp concentration bounds for
various important quantities (e.g., (¼I −H)−1) for a broader
family of random matrices, which could potentially be applied
to help broaden the applicability of our results.

V. ANALYSIS

In this section, we discuss the analysis ideas for establishing
Theorem 1 and Theorem 3. One of the main tools lies in the
key theorems stated below, which characterize the principal
angle between the perturbed eigenvector and an arbitrary sub-
space of interest. We shall see momentarily the effectiveness
of these key theorems when applied to matrix denoising and
PCA.

A. Key Theorems

For any matrix Q ∈ R
n×k obeying Q¦Q = Ik (1 f k f

n), let Q§ ∈ R
n×(n−k) be an arbitrary matrix whose columns

form an orthonormal basis of the complement to the subspace
spanned by the columns of Q, namely

[
Q,Q§]¦[Q,Q§] = In. (31)

Our results concern the decomposition of an eigenvector ul
of matrix M taking the following form:

ul = ul,∥ cos ¹ + ul,§ sin ¹. (32)

Here, ¹ denotes the principal angle between ul and the
subspace spanned by Q, whereas ul,∥ and ul,§ are two unit
vectors (i.e. ∥ul,∥∥2 = ∥ul,§∥2 = 1) such that

• ul,∥ lies in the subspace spanned by Q; this means that
QQ¦ul,∥ = ul,∥, where QQ¦ is the projection matrix
onto the subspace spanned by Q;
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• ul,§ is perpendicular to the subspace spanned by Q, so
that Q§(Q§)¦ul,§ = ul,§.

1) When Q is a Unit Vector: We shall begin with the case
when Q is a unit vector. For notational simplicity, let us write
q for Q in this case to emphasize that this is a vector, and let
q§ ∈ R

n×(n−1) indicate Q§. In this case, we can take ul,∥
to be equal to q. Our result is this:

Theorem 5: Consider any vector q ∈ R
n with ∥q∥2 = 1.

Write

ul = q cos ¹ + ul,§ sin ¹ (33)

for some ¹ as well as some vector ul,§ obeying ∥ul,§∥2 =
1 and q¦ul,§ = 0. Suppose that ¼lIn−1 − (q§)¦Mq§ is
invertible. Then one has

cos2 ¹ =
1

1 +
∥∥(¼lIn−1 − (q§)¦Mq§)−1

(q§)¦Mq
∥∥2

2

,

(34a)

and

¼l = q¦Mq

+ q¦Mq§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq.

(34b)

In addition, when sin ¹ ̸= 0, the vector ul,§ satisfies

ul,§ = ± q§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq

∥∥(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq

∥∥
2

. (34c)

Proof: See Appendix A-A. □

In words, Theorem 5 derives closed-form expressions for
both cos ¹ and ul,§ (up to global signs), in terms of sim-
ple and direct manipulation of the data matrix M as well
as the associated eigenvalue ¼l. While the identities (34a)
and (34c) might seem somewhat complicated at first glance,
they often allow for convenient decomposition of the noise
into independent components, thus streamlining the analysis.
Similarly, while the relation (34b) takes the form of a nonlinear
equation about ¼l, it often enables convenient decoupling of
complicated statistical dependency, as we shall demonstrate
momentarily.

2) When Q is a More General Orthonormal Matrix: The
next theorem extends the relation (34b) to the case when Q is
a general orthonormal matrix (beyond the vector case), which
proves useful in eigenvalue analysis for more general low-rank
problems.

Theorem 6: Assume that k < n. Consider the correspond-
ing decomposition (32) for any matrix Q ∈ R

n×k obeying
Q¦Q = Ik. Suppose that ¼lIn−k − (Q§)¦MQ§ and
¼lIk − Q¦MQ are both invertible. Then one has

cos2 ¹=
1

1 +
∥∥(¼lIn−k − (Q§)¦MQ§)−1

(Q§)¦Mul,∥
∥∥2

2

,

(35a)

and
(
¼lIk − Q¦MQ

)
Q¦ul,∥

=Q¦MQ§(¼lIn−k−(Q§)¦MQ§)−1
(Q§)¦Mul,∥.

(35b)

Proof: See Appendix A-B. □

B. Analysis for Matrix Denoising

Armed with the preceding key theorems, we are now
positioned to develop consequences for matrix denoising. As a
crucial first step of the analysis, we need to establish an
eigenvalue perturbation theory that is tightly connected to the
eigenvector perturbation bounds. Recalling that ¼l is the l-th
largest eigenvalue (in magnitude) of M , we present a theorem
that reveals the proximity of ¼l and the ground truth ¼⋆l .

Theorem 7 (Eigenvalue Perturbation for Matrix Denois-

ing): Consider the model in Section II-A. Fix any 1 f l f r,
and instate the assumptions of Theorem 1. With probability at
least 1 −O(n−10), one has

|¼l − µ(¼l) − ¼⋆l | f C1Ã
√
r log n (36)

for some sufficiently large constant C1 > 0, where µ(·) is
defined as

µ(¼) := Ã2tr
[(
¼In−r − (U⋆§)¦HU⋆§

)−1]
. (37)

Remark 6: Here, we recall that the columns of U⋆§ ∈
R
n×(n−r) form an orthonormal basis of the complement to

the subspace spanned by U⋆.
Remark 7: The error bound (36) concerning the empirical

eigenvalue ¼l contains a systematic non-negligible term µ(¼l).
This makes clear the presence of a bias effect, which needs to
be properly subtracted if one desires a near-optimal estimate
of ¼⋆l . It is also worth noting that the importance of bias
correction in eigenvalue estimation has been recognized in
prior literature as well (e.g. [60]).

1) Proof of Eigenvalue Perturbation Theory (Theorem 7):

We start by demonstrating how to prove the eigenvalue pertur-
bation bound in Theorem 7. Let us fix an arbitrary 1 f l f r.
The key ingredient of the analysis is to invoke our key theorem
(namely, Theorem 6).

Before proceeding, we first verify a few useful facts. It is
well known that if Ã

√
n f c0¼

⋆
min for some sufficiently small

constant c0 > 0, then with probability exceeding 1−O(n−20)
one has (see, e.g., [6, Theorem 3.1.4])

∥H∥ f ¼⋆min/3. (38)

Recall that

(U⋆§)¦MU⋆§ = (U⋆§)¦M⋆U⋆§ + (U⋆§)¦HU⋆§

= (U⋆§)¦HU⋆§, (39)

which together with (38) implies that
∥∥(U⋆§)¦MU⋆§∥∥=

∥∥(U⋆§)¦HU⋆§∥∥ f ∥H∥ f ¼⋆min/3

(40)

with probability exceeding 1−O(n−20). This means that with
high probability: (i) the Weyl inequality yields

|¼l| g |¼⋆l |−∥H∥ g 2 |¼⋆l |/3, |¼l| f |¼⋆l |+∥H∥ f 4 |¼⋆l |/3;

(41)

(2) it holds true that ¼⋆min/3 g ∥H∥ g ∥(U⋆§)¦MU⋆§∥,
and hence

¼In−r − (U⋆§)¦MU⋆§ is invertible

for any ¼ ∈ R obeying |¼| g 2¼⋆min/3.
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With the above two observations in mind, take Q = U⋆ in
Theorem 6 to show that

(
¼lIr − U⋆¦MU⋆

)
U⋆¦ul,∥ = G(¼l)U

⋆¦ul,∥ (42)

with probability exceeding 1−O(n−20), where for any given
¼ with 2¼⋆min/3 f |¼| f 4¼⋆max/3, we define

G(¼) :=

U⋆¦MU⋆§
(
¼In−r − (U⋆§)¦MU⋆§

)−1

(U⋆§)¦MU⋆.

(43)

Note that U⋆§ and u⋆§l are not uniquely defined. To avoid
ambiguity, here and throughout, we let U⋆§ ∈ R

n×(n−r)

denote an arbitrary matrix whose columns form an orthonor-
mal basis of the complement to the subspace spanned by U⋆,
and define

u⋆§l = [u⋆1,u
⋆
2, . . . ,u

⋆
l−1,u

⋆
l+1, . . . ,u

⋆
r ,U

⋆§] ∈ R
n×(n−1)

(44)

for each 1 f l f r.
Recognizing that U⋆¦M⋆U⋆ = Λ

⋆, M⋆U⋆§ = 0 and
(U⋆§)¦M⋆ = 0, we can rewrite (42) as
(
¼lIr − Λ

⋆ − U⋆¦HU⋆
)
U⋆¦ul,∥ = G(¼l)U

⋆¦ul,∥
(45a)

with

G(¼) =

U⋆¦HU⋆§
(
¼In−r − (U⋆§)¦HU⋆§

)−1

(U⋆§)¦HU⋆.

(45b)

Rearranging terms further gives
(
¼lIr − Λ

⋆ − G§(¼l)
)
U⋆¦ul,∥

= U⋆¦HU⋆U⋆¦ul,∥ +
(
G(¼l) − G§(¼l)

)
U⋆¦ul,∥, (46)

where we define

G§(¼) :=
{
Ã2tr

[(
¼In−r − (U⋆§)¦HU⋆§)−1

]}
Ir, (47)

with the (conditional) expectation taken assuming that ¼ is
independent of H . Here, we single out the component G§(¼)
since — as will be seen momentarily — it often contains some
non-negligible bias term. Combining (46) with the triangle
inequality and the fact ∥U⋆¦ul,∥∥2 = 1 then yields
∥∥(¼lIr − Λ

⋆ − G§(¼l)
)
U⋆¦ul,∥

∥∥
2

f
∥∥U⋆¦HU⋆

∥∥+
∥∥G(¼l) − G§(¼l)

∥∥ (48)

f
∥∥U⋆¦HU⋆

∥∥+ sup
¼: |¼|∈

[
2|¼⋆

l
|/3, 4|¼⋆

l
|/3
]
∥∥G(¼) − G§(¼)

∥∥

(49)

with probability at least 1−O(n−20), where the last line arises
from (41).

In order to justify that
(
¼lIr−Λ

⋆−G§(¼l)
)
U⋆¦ul,∥ ≈ 0,

it remains to show that the two terms on the right-hand side
of (49) are both fairly small, which we accomplish through
the following lemma.

Lemma 1: Assume that H ∈ R
n×n is a symmetric matrix

with Hij
i.i.d.∼ N (0, Ã2), i > j and Hii

i.i.d.∼ N (0, 2Ã2) for
all i, and Ã

√
n f c0¼

⋆
min for some sufficiently small constant

c0 > 0. Then for any 1 f l f r, with probability at least
1 −O(n−11), one has

∥

∥U
⋆¦

HU
⋆
∥

∥ ≲ σ
(√

r +
√

log n
)

,

sup
¼:|¼|∈

[

2|¼⋆
l
|/3, 4|¼⋆

l
|/3

]

∥

∥G(λ)−G
§(λ)

∥

∥≲
σ2

λ⋆
min

(
√

rn log n+r log n
)

.

(50)

In addition, one has

G§(¼) =
{
Ã2tr

[(
¼In−r − (U⋆§)¦HU⋆§)−1

]}
Ir

= E
[
G(¼) | (U⋆§)¦HU⋆§] . (51)

Proof: See Appendix B-A. □

With the above lemma in place, by introducing

M¼ := Λ
⋆ + G§(¼) = Λ

⋆ + µ(¼)Ir (52a)

µ(¼) := Ã2tr
[(
¼In−r − (U⋆§)¦HU⋆§)−1

]
(52b)

for any ¼ with 2¼⋆min/3 f |¼| f 4¼⋆max/3, we can invoke the
union bound to show that with probability at least 1−O(n−10),
∥∥(¼lIr − M¼l

)U⋆¦ul,∥
∥∥

2

f
∥∥U⋆¦HU⋆

∥∥+ sup
¼: |¼|∈

[
2|¼⋆

l
|/3, 4|¼⋆

l
|/3
]
∥∥G(¼) − G§(¼)

∥∥

≲ Ã
(√
r +

√
log n

)
+

Ã2

¼⋆min

(√
rn log n+ r log n

)

f C1Ã
√
r log n =: EMD (53)

holds for all 1 f l f r, where C1 > 0 is some suffi-
ciently large constant. Intuitively, this means that (¼lIr −
M¼l

)U⋆¦ul,∥ ≈ 0, and hence ¼l is expected to be close
to an eigenvalue of M¼l

— which is ¼⋆i + µ(¼l) for some
1 f i f r.

With the above bound in place, the only possible range of
¼l is characterized by the following lemma, which in turn
establishes Theorem 7.

Lemma 2: Under the condition (53) and the eigen-gap
assumption (10), with probability at least 1 − O(n−10) one
has

∣∣¼l − ¼⋆l − µ(¼l)
∣∣ f EMD, 1 f l f r. (54)

Proof: See Appendix B-B. □

2) Proof of Eigenvector Perturbation Theory (Theorem 1):

Let us begin by decomposing ul along the ground-truth
direction u⋆l and its complement subspace as follows

ul = u⋆l cos ¹ + ul,§ sin ¹, (55)

where the vector ul,§ obeys ∥ul,§∥2 = 1 and u¦
l,§u⋆l = 0.

Writing a = PU⋆a + PU⋆§a with PU⋆ =
∑

1fkfr u⋆ku
⋆¦
k

and PU⋆§ = I − PU⋆ , we obtain

a¦ul = (PU⋆a)¦ul + (PU⋆§a)¦ul

= (PU⋆a)¦(u⋆l cos ¹ + ul,§ sin ¹) + ïPU⋆§a, ulð
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=

r∑

k=1

a¦u⋆ku
⋆¦
k (u⋆l cos ¹+ul,§ sin ¹) + ïPU⋆§a, PU⋆§ulð

=a¦u⋆l cos ¹+
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹+ïPU⋆§a,PU⋆§ulð,

where the third line relies on the fact PU⋆§PU⋆§ = PU⋆§ .
It then follows that

a¦ul ± a¦u⋆l = a¦u⋆l (cos ¹ ± 1)

+
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹ + ïPU⋆§a, PU⋆§ulð,

allowing us to deduce that

min
∣∣a¦ul ± a¦u⋆l

∣∣ f
∣∣a¦u⋆l

∣∣(1 − | cos ¹|)
+
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣+
∣∣ïPU⋆§a, PU⋆§ulð

∣∣

f
∣∣a¦u⋆l

∣∣(1 − cos2 ¹) +
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣

+
∣∣ïPU⋆§a, PU⋆§ulð

∣∣. (56)

and

min
∣∣a¦ul

√
1 + bl ± a¦u⋆l

∣∣f
∣∣a¦u⋆l

∣∣ ·
∣∣1−

√
1 + bl| cos ¹|

∣∣

+
√

1 + bl
∣∣ïPU⋆§a, PU⋆§ulð

∣∣

+
√

1 + bl

∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣. (57)

As a result, it boils down to bounding the terms

1 − cos2 ¹, 1 −
√

1 + bl| cos ¹|,
√

1 + bl,∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹, and ïPU⋆§a, PU⋆§ulð.

We claim that ¼lIn−1 − (u⋆§l )¦Mu⋆§l is invertible. This
can be seen from (64) stated in Lemma 3 directly, whose
validation is independent with this claim. The invertibility
taken together with Theorem 5 reveals that cos ¹ ̸= 0. If
sin ¹ = 0, then we have ul = ±u⋆l and the conclusion is
obvious since min

∣∣a¦ul ± a¦u⋆l
∣∣ = 0. Therefore, we shall

assume cos ¹ ̸= 0 and sin ¹ ̸= 0 in the remainder of the proof.
Invoking Theorem 5 yields

cos2 ¹

=
1

1 +
∥∥(¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l

∥∥2

2

,

(58a)

u⋆¦k ul,§

=
u⋆¦k u⋆§l

(
¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l∥∥u⋆§l

(
¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l

∥∥
2

.

(58b)

Recognizing that M⋆u⋆l = ¼⋆l u
⋆
l , we can alternatively

write (58) as follows

cos2 ¹ =
1

1 +
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

,

(59a)

u⋆¦k ul,§ =
u⋆¦k u⋆§l

(
¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l∥∥u⋆§l

(
¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥
2

.

(59b)

Here, we define

M (l) := (u⋆§l )¦Mu⋆§l = (u⋆§l )¦M⋆u⋆§l + (u⋆§l )¦Hu⋆§l .

(60)

With the above relations in mind, we can demonstrate that
∣∣ ∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣=
∣∣ ∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§

∣∣
√

1−cos2 ¹

=

∣∣∑
k:k ̸=l a

¦u⋆ku
⋆¦
k u⋆§l

(
¼lI − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣
∥∥u⋆§l

(
¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥
2

·

√√√√
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

1 +
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

f
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣∣,

where the last inequality comes from the fact
∥∥u⋆§l

(
¼lI −

M (l)
)−1

(u⋆§l )¦Hu⋆l
∥∥

2
=
∥∥(¼lI −M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥
2

(since the columns of u⋆§l are orthonormal). Substituting this
into (56) and (57) yields

min
∣∣a¦ul ± a¦u⋆l

∣∣

f
∣∣a¦u⋆l

∣∣ · (1 − cos2 ¹) +
∣∣ïPU⋆§a, PU⋆§ulð

∣∣

+
∣∣∣
∑

k:k ̸=l
a¦u⋆k · u⋆¦k u⋆§l

(
¼lI − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣∣;

(61)

and

min
∣∣√1 + bla

¦ul ± a¦u⋆l
∣∣

f
∣∣a¦u⋆l

∣∣ ·
∣∣1 −

√
1 + bl| cos ¹|

∣∣+
√

1 + bl
∣∣

ïPU⋆§a, PU⋆§ulð
∣∣

+
√

1 + bl

∣∣∣
∑

k:k ̸=l
a¦u⋆k · u⋆¦k u⋆§l

(
¼lI − M (l)

)−1

(u⋆§l )¦Hu⋆l

∣∣∣. (62)

In what follows, we shall control these quantities separately.
3) Step 1. Controlling the Spectrum of M (l): Before pro-

ceeding, we find it helpful to first study the spectrum of
M (l). Let {¼(l)

i }n−1
i=1 denote the eigenvalues of M (l) with

|¼(l)
1 | g |¼(l)

2 | g · · · g |¼(l)
n−1| with associate eigenvectors

{u(l)
i }n−1

i=1 . In addition, we define several matrices as follows

U⋆
∖l := [u⋆1, · · · ,u⋆l−1,u

⋆
l+1, · · · ,u⋆r ] ∈ R

n×(r−1), (63a)

U⋆(l) := (u⋆§l )¦U⋆
∖l =

[
Ir−1

0

]
∈ R

(n−1)×(r−1), (63b)

U⋆(l)§ := (u⋆§l )¦U⋆§ =

[
0

In−r

]
∈ R

(n−1)×(n−r), (63c)

Λ
⋆(l) := diag

(
{¼⋆i }i ̸=l

)
∈ R

(r−1)×(r−1), (63d)
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and define

u
(l)
k,∥ :=

1

∥PU⋆(l)u
(l)
k ∥2

PU⋆(l)u
(l)
k

for each k ̸= l.
Armed with this set of notation, we are ready to present

Lemma 3, which studies the eigenvalues of M (l).
Lemma 3: Instate the assumptions of Theorem 1, and recall

the definition of EMD in Lemma 2. With probability at least
1 −O(n−10), the following holds:

1) For each 1 f k < r, one has ¼(l)
k − µ(¼

(l)
k ) ∈ BEMD

(¼⋆i )
for some i ̸= l, and
∥∥(¼(l)

k Ir−1 − µ(¼
(l)
k )Ir−1 − Λ

⋆(l)
)
U⋆(l)¦u

(l)
k,∥
∥∥

2

≲ Ã
√
r log n;

2) For each k g r, one has |¼(l)
k | ≲ Ã

√
n;

3) Moreover, one has

∣∣¼− ¼l
∣∣ ≳





∆⋆
l , if ¼− µ(¼) ∈ BEMD

(¼⋆k)

for some k ̸= l and 1 f k f r;

|¼⋆l |, if |¼| ≲ Ã
√
n.

In particular, we have

∣∣¼(l)
k − ¼l

∣∣ ≳
{

∆⋆
l , 1 f k < r;

|¼⋆l |, k g r.
(64)

Proof: See Appendix C-A. □

In words, this lemma tells us that:
• For any 1 f k f r, the properly corrected ¼(l)

k (namely,
¼

(l)
k −µ(¼(l)

k )) stays very close to one of the true non-zero
eigenvalues excluding ¼⋆l ;

• For any k g r, the eigenvalue ¼(l)
k is reasonably small;

• Any eigenvalue of M (l) is sufficiently separated from the
l-th eigenvalue ¼l of M , where the separation is lower
bounded by the order of the associated eigen-gap.

4) Step 2. Controlling cos2 ¹: We now turn to bounding
cos2 ¹. In view of the expression of cos2 ¹ in (59a), it suf-
fices to look at

∥∥(¼lI − M (l)
)−1

(u⋆§l )¦Hu⋆l
∥∥

2
. A simple

yet crucial observation is that: the matrix (u⋆§l )¦Hu⋆§l is
independent of (u⋆§l )¦Hu⋆l (which follows from the same
argument as in the proof of Lemma 1 in Appendix B-A).
Consequently, M (l) (defined in (60)) is independent of
(u⋆§l )¦Hu⋆l ∼ N (0, Ã2In−1), which is a Gaussian random
vector in R

n−1. In light of this observation, we can bound∥∥(¼lI − M (l)
)−1

(u⋆§l )¦Hu⋆l
∥∥

2
as follows.

Lemma 4: Instate the assumptions of Theorem 1. The fol-
lowing holds with probability at least 1 −O(n−10):
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

=
∑

k: r<kfn

Ã2

(¼l − ¼k)2
+O

(
Ã2r log n
(
∆⋆
l

)2 +
Ã2

√
n log n

¼⋆2l

)
,

(65)

which further indicates that
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

≍ Ã2n

¼⋆2l
+O

(
Ã2r log n
(
∆⋆
l

)2
)

j 1. (66)

Proof: See Appendix C-B. □

Combining this lemma with (59a), we reach

1 − cos2 ¹ = 1 − 1

1 +
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

≍ Ã2n

¼⋆2l
+O

(
Ã2r log n
(
∆⋆
l

)2
)

j 1, (67)

where the last step arises from the assumption (10). In addi-
tion, recalling the de-bias parameter bl

bl =
∑

k: r<kfn

Ã2

(¼l − ¼k)2
,

one arrives at
∣∣(1 + bl) cos2 ¹ − 1

∣∣

=

∣∣∣∣∣
1 + bl

1 +
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

− 1

∣∣∣∣∣

=

∣∣∣bl −
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

∣∣∣

1 +
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

f
∣∣∣bl −

∥∥(¼lIn−1 − M (l)
)−1

(u⋆§l )¦Hu⋆l
∥∥2

2

∣∣∣
(i)

≲
Ã2r log n
(
∆⋆
l

)2 +
Ã2

√
n log n

¼⋆2l

(ii)
j 1, (68)

where (i) follows from (65) and (ii) is due to the assump-
tion (10). Combined with (67), this further allows us to obtain
1 + bl ≲ 1 and

∣∣1 −
√

1 + bl| cos ¹|
∣∣ =

∣∣∣∣
1 − (1 + bl) cos2 ¹

1 +
√

1 + bl| cos ¹|

∣∣∣∣

≲
∣∣1 − (1 + bl) cos2 ¹

∣∣

≲
Ã2r log n
(
∆⋆
l

)2 +
Ã2

√
n log n

¼⋆2l
. (69)

5) Step 3. Controlling
∑
k:k ̸=l a

¦u⋆k · u⋆¦k u⋆§l
(
¼lI −

M (l)
)−1

(u⋆§l )¦Hu⋆l : The key observation is that
(u⋆§l )¦Hu⋆l ∼ N (0, In−1) is independent of M (l)

(but dependent of ¼l). This term can be bounded via the
following lemma, which will be established in Appendix C-C.

Lemma 5: Instate the assumptions of Theorem 1. With
probability at least 1 −O(n−10), one has
∣∣∣
∑

k:k ̸=l
a¦u⋆k · u⋆¦k u⋆§l

(
¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣∣

≲
Ã

|¼⋆l |

√
log

(
n»¼max

∆⋆
l

)

+ Ã

√
r log

(
n»¼max

∆⋆
l

) ∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
. (70)

6) Step 4. Controlling ïPU⋆§a, PU⋆§ulð: When it comes
to the last term ïPU⋆§a, PU⋆§ulð, one can take advantage of
the rotational invariance of PU⋆§ul in the subspace spanned
by U⋆§ to upper bound it. This is formalized in Lemma 6,
with the proof postponed to Appendix C-D.
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Lemma 6: Instate the assumptions of Theorem 1. With
probability at least 1 −O(n−10),

∣∣ïPU⋆§a, PU⋆§ulð
∣∣ ≲

√
log n

n

∥∥PU⋆§a
∥∥

2

∥∥PU⋆§ul
∥∥

2
.

(71)

Consequently, it remains to upper bound
∥∥PU⋆§ul

∥∥
2
. Recall

ul,∥ := PU⋆(u)/∥PU⋆(u)∥2 defined in in Section V-A.
By virtue of Theorem 6, one has
∥∥PU⋆§ul

∥∥2

2

=1 − 1

1 +
∥∥(¼lIn−r−(U⋆§)¦MU⋆§)−1

(U⋆§)¦Mul,∥
∥∥2

2

f
∥∥(¼lIn−r − (U⋆§)¦MU⋆§)−1

(U⋆§)¦Mul,∥
∥∥2

2

f
∥∥(¼lIn−r − (U⋆§)¦HU⋆§)−1∥∥2∥(U⋆§)¦Hul,∥∥2

2,

(72)

where the last inequality makes use of the fact that

(U⋆§)¦M = (U⋆§)¦M⋆ + (U⋆§)¦H = (U⋆§)¦H.

Additionally, it is easily seen that

∥¼lIn−r−(U⋆§)¦HU⋆§∥g|¼l|−∥(U⋆§)¦HU⋆§∥ ≳ |¼⋆l |
∥U⋆§¦Hul,∥∥2 f ∥H∥ ≲ Ã

√
n

with high probability. These combined with (72) lead to

∥∥PU⋆§ul
∥∥

2
≲
Ã
√
n

|¼⋆l |
. (73)

Substitution into (71) reveals that

∣∣ïPU⋆§a, PU⋆§ulð
∣∣ ≲

√
log n

n

∥∥PU⋆§a
∥∥

2

∥∥PU⋆§ul
∥∥

2

≲
Ã
√

log n

|¼⋆l |
∥∥PU⋆§a

∥∥
2
. (74)

a) Step 5. Combining bounds: In view of (61), the
bounds (67), (70) and (74) taken collectively lead to our
advertised result

min
∣∣a¦ul ± a¦u⋆l

∣∣

≲

(
Ã2n

¼⋆2l
+
Ã2r log n
(
∆⋆
l

)2
)∣∣a¦u⋆l

∣∣+ Ã
√

log n

|¼⋆l |
∥∥PU⋆§a

∥∥
2

+ Ã

√
r log

(
n»¼max

∆⋆
l

) ∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

+
Ã

|¼⋆l |

√
log

(
n»¼max

∆⋆
l

)
.

Regarding the analysis for the de-biased estimate, one can
substitute (69), (70) and (74) into (62) to obtain

min
∣∣a¦ul

√
1 + bl ± a¦u⋆l

∣∣

≲

(
Ã2

√
n log n

¼⋆2l
+
Ã2r log n
(
∆⋆
l

)2
)∣∣a¦u⋆l

∣∣+ Ã
√

log n

|¼⋆l |
∥∥PU⋆§a

∥∥
2

+ Ã

√
r log

(
n»¼max

∆⋆
l

) ∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

+
Ã

|¼⋆l |

√
log

(
n»¼max

∆⋆
l

)

≲
Ã2r log n
(
∆⋆
l

)2
∣∣a¦u⋆l

∣∣+ Ã

√
r log

(
n»¼max

∆⋆
l

) ∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

+
Ã

|¼⋆l |

√
log

(
n»¼max

∆⋆
l

)

where the last step holds since Ã
√
n ≲ ¼⋆min and

∣∣a¦u⋆l
∣∣ f

∥a∥2∥u⋆l ∥2 = 1. This concludes the proof.

C. Analysis for Principal Component Analysis

Akin to the matrix denoising counterpart, the first step
towards establishing the desired eigenvector perturbation
bounds lies in the development of a fine-grained eigen-
value perturbation theory. Here and throughout, we let
U⋆§ ∈ R

p×(p−r) represent a matrix consisting of orthonormal
columns perpendicular to the subspace spanned by U⋆.

Theorem 8 (Eigenvalue Perturbation for PCA): Consider
the model in Section II-B. Fix any 1 f l f r, and instate
the assumptions of Theorem 3. Then with probability at least
1 −O(n−10), one has
∣∣∣∣

¼l
1 + ´(¼l)

− ¼⋆l − Ã2

∣∣∣∣ f C2(¼
⋆
max + Ã2)

√
r

n
log n (75)

for some sufficiently large constant C2 > 0, where we define

´(¼) :=
1

n
tr
[ 1

n
S¦
§
(
¼Ip−r −

1

n
S§S¦

§
)−1

S§
]

with S§ := (U⋆§)¦S. (76)

Remark 8: As asserted by Theorem 8, the empirical eigen-
value ¼l exhibits a form of “inflation” in comparison to the
corresponding ground-truth value ¼⋆l + Ã2. As a result, it is
advisable to properly shrink ¼l when estimating ¼⋆l + Ã2.

In what follows, we shall first outline the proof for Theo-
rem 8 (which is very similar to the analysis for Theorem 7),
followed by a proof sketch for the eigenvector perturbation
theory in Theorem 3.

1) Proof of Eigenvalue Perturbation Theory (Theorem 8):

Before embarking on the proof, we shall define

S∥ := U⋆¦S ∈ R
r×n, S§ := (U⋆§)¦S ∈ R

(p−r)×n

and Λ := U⋆¦
ΣU⋆ = Λ

⋆ + Ã2Ir (77)

for notional convenience, allowing one to express

(U⋆§)¦SS¦U⋆§ = S§S¦
§ , (78a)

(U⋆§)¦SS¦U⋆ = S§S¦
∥ , (78b)

U⋆¦SS¦U⋆ = S∥S
¦
∥ . (78c)

As can be straightforwardly verified:
• The columns of S∥ are independent zero-mean Gaussian

random vectors with covariance matrix Λ;
• The columns of S§ are i.i.d. zero-mean Gaussian random

vectors with covariance matrix Ã2Ip−r;
• S∥ is statistically independent of S§ (from standard

properties for Gaussian random vectors).
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In addition, the following lemma controls the distance between
1
nSS¦ and Σ when measured by the spectral norm.

Lemma 7: Assume that n g r. Then with probability at
least 1 −O(n−10), one has

∥∥∥
1

n
SS¦ − Σ

∥∥∥ ≲ ¼⋆max

√
r log n

n
+

√
(¼⋆max + Ã2)Ã2

p

n
log n

+ Ã2

(√
p

n
+
p

n
+

√
log n

n

)
. (79)

Proof: See Appendix D-A. □

Remark 9: In particular, under the noise assumption (21a),
Lemma 7 tells us that

∥∥ 1
nSS¦−Σ

∥∥j ¼⋆min with probability
at least 1 − O(n−10), which together with Weyl’s inequality
gives

2¼⋆l /3 f ¼l f 4¼⋆l /3, 1 f l f r. (80)

We now move on to present the proof of Theorem 8. The key
ingredient underlying the analysis is, once again, to invoke our
key theorem (namely, Theorem 6), by treating 1

nSS¦, Σ⋆ and
U⋆ as M , M⋆ and Q, respectively. Recalling the definition
of

ul,∥ :=
1

∥PU⋆(u)∥2
PU⋆(u) (81)

as in Section V-A (so that U⋆U⋆¦ul,∥ = ul,∥), one can
invoke (35b) in Theorem 6 to derive

(
¼lIr −

1

n
S∥S

¦
∥

)
U⋆¦ul,∥ = K(¼l) U⋆¦ul,∥, (82)

where we recall the definitions of S∥ and S§ in (77), and
K(¼) is given by

K(¼) :=
1

n
S∥ ·

1

n
S¦
§
(
¼Ip−r −

1

n
S§S¦

§
)−1

S§
︸ ︷︷ ︸

=: C(¼)

·S¦
∥ . (83)

It is also helpful to define

K§(¼) := E
[
K(¼) | C(¼)

]
, (84)

with ¼ regarded as a deterministic quantity independent of the
data samples. Then rearranging terms in (82) yields

(
¼lIr − Λ − K§(¼l)

)
U⋆¦ul,∥

=
( 1

n
S∥S

¦
∥ − Λ + K(¼l) − K§(¼l)

)
U⋆¦ul,∥,

which together with (80) results in the following bound:

∥∥(¼lIr − Λ − K§(¼l)
)
U⋆¦ul,∥

∥∥
2
f
∥∥∥

1

n
S∥S

¦
∥ − Λ

∥∥∥

+ sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

∥∥K(¼) − K§(¼)
∥∥, (85)

Akin to the proof of Theorem 7 in Section, our goal is to show(
¼lIr−Λ−K§(¼l)

)
U⋆¦ul,∥ ≈ 0, which would then imply

that ¼l is sufficiently close to some eigenvalue of Λ+K§(¼l).
In light of this, we intend to upper bound the two terms on
the right-hand side of (85) in the sequel.

• Let us first look at the first term on the right-hand
side of (85). Since the columns of S∥ = U⋆¦S are

independent Gaussian random vectors with distribution
N (0,Λ), we can rewrite

S∥ = Λ
1/2Z, (86)

where Z = [Zi,j ] ∈ R
r×n is a Gaussian random

matrix with i.i.d. entries Zi,j
i.i.d.∼ N (0, 1). Applying

standard Gaussian concentration inequalities reveals that:
with probability at least 1 −O(n−10),

∥∥∥
1

n
S∥S

¦
∥ − Λ

∥∥∥ f ∥Λ∥ ·
∥∥∥

1

n
ZZ¦ − Ir

∥∥∥

≲ (¼⋆max + Ã2)

√
r log n

n
. (87)

• As for the second term on the right-hand side of (85), we
claim for the moment that

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

∥∥K(¼)−K§(¼)
∥∥j(¼⋆max+Ã

2)

√
r

n
log n,

(88)

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

∥C(¼)∥ ≲
Ã2

¼⋆l

(
1 +

p

n

)
,

(89)

where C(¼) is defined in (83). The proof of this claim
is postponed to the end of the section.

Substituting (87) and (88) into (85) reveals that with proba-
bility exceeding 1 −O(n−10),

∥∥(¼lIr−Λ−K§(¼l)
)
ul,∥

∥∥
2
≲(¼⋆max+Ã2)

√
r

n
log n=:EPCA.

(90)

With the preceding inequality in place, we are ready to study
the eigenvalues of Λ+K§(¼l). Similar to the analysis in the
proof of Lemma 1 in Appendix B-A, it is straightforward to
verify that

K§(¼) = ´(¼)Λ, (91)

where ´(¼) = 1
n tr
(
C(¼)

)
has been defined in (76). This

immediately demonstrates that the l-th eigenvalue of Λ +
K§(¼l) is equal to

(
1 + ´(¼l)

)
(¼⋆l + Ã2).

Moreover, it is readily seen from (89) that ´(¼) satisfies

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

´(¼) f sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

n ' p
n

∥C(¼)∥

≲
n ' p
n

· Ã
2

¼⋆l

(
1 +

p

n

)
≍ Ã2p

¼⋆l n
= o(1)

(92)

as long as the noise level obeys Ã2p/nj ¼⋆min/ log n. Finally,
combining (91) with (77) and (90), we can repeat the same
argument as in the proof for Lemma 2 in Section B-B to reach

∣∣¼l − (¼⋆l + Ã2)
(
1 + ´(¼l)

)∣∣ ≲ (¼⋆max + Ã2)

√
r

n
log n;

for conciseness, we omit the details of proof. This inequality
establishes the proximity of ¼l and (¼⋆l + Ã2)

(
1 + ´(¼l)

)
.

Taking this collectively with (92) (i.e., 1 + ´(¼l) ≍ 1), we
establish the advertised bound (75).
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a) Proof of the inequality (88): Recall the definitions of
K(¼), C(¼) as well as K§(¼) in (83) and (84). Recognizing
that one can express S∥ = Λ

1/2Z with Z ∈ R
r×n being an

i.i.d. standard Gaussian matrix (see (86)), we can define

K(¼)v :=
1

n
ZC(¼)Z¦ and K

§
(¼) :=E

[
K(¼) | C(¼)

]
,

which allow us to express

K(¼) :=
1

n
S∥C(¼)S¦

∥ =
1

n
Λ

1/2ZC(¼)Z¦
Λ

1/2

= Λ
1/2K(¼)Λ1/2,

K§(¼) := E
[
K(¼) | C(¼)

]
= Λ

1/2
E
[
K(¼) | C(¼)

]
Λ

1/2

= Λ
1/2K

§
(¼)Λ1/2.

One can then develop the following upper bound
∥∥K(¼) − K§(¼)

∥∥ =
∥∥Λ1/2

(
K(¼) − K

§
(¼)
)
Λ

1/2
∥∥

f ∥Λ∥
∥∥K(¼) − K

§
(¼)
∥∥

= (¼⋆max + Ã2)
1

n

∥∥ZC(¼)Z¦ − E[ZC(¼)Z¦ | C(¼)]
∥∥.

(93)

By construction, S∥ := U⋆¦S and S§ := (U⋆§)¦S are
mutually statistically independent, thus implying that Z is also
independent of C(¼) with ¼ treated as a deterministic quantity.

The remainder of the proof thus comes down to controlling
∥∥ZC(¼)Z¦ − E[ZC(¼)Z¦ | C(¼)]

∥∥.
By virtue of the rotational invariance of Gaussian random
matrices, we can replace C(¼) in the quantity above by a
diagonal matrix comprised of the eigenvalues of C(¼). To see
this, we denote by V DV ¦ the eigen-decomposition of C(¼)
and find that

ZC(¼)Z¦ = ZV DV ¦Z¦ d
= ZDZ¦,

where the last step arises from the rotational invariance of
the Gaussian random matrix, namely ZV

d
= Z. In view of

Lemma 18, it suffices to control the eigenvalues of C(¼).
As can be straightforwardly verified, the rank of C(¼) is

upper bounded by (p− r) ' n and the i-th largest eigenvalue
of C(¼) (cf. (83)) satisfies

¼i
(
C(¼)

)
= ¼i

( 1

n
S¦
§
(
¼Ip−r −

1

n
S§S¦

§
)−1

S§
)

=
¼i(

1
nS§S¦

§)

¼− ¼i(
1
nS§S¦

§)
, 1 f i f (p− r) ' n.

In addition, (177) demonstrates that with probability at least
1 −O(n−10),

0 f ¼i

( 1

n
S§S¦

§
)

≲ Ã2

(
1 +

√
p

n
+
p

n
+

√
log n

n

)
j ¼⋆min

for 1 f i f (p − r) ' n, where the last step holds due to
the noise assumption (21a). Combining these two observations
establishes the claim bound (89):

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

∥C(¼)∥ ≲
Ã2

¼⋆l

(
1 +

√
p

n
+
p

n
+

√
log n

n

)

≍ Ã2

¼⋆l

(
1 +

p

n

)
,

where the last step arises from the Cauchy-Schwarz inequality.
Consequently, one can invoke Lemma 18 and apply the stan-
dard epsilon-net argument (similar to the proof of Lemma 1
in Appendix B-A and hence omitted here) to demonstrate that

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

1

n

∥∥ZC(¼)Z¦ − E[ZC(¼)Z¦ | C(¼)]
∥∥

≲ sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

1

n
∥C(¼)∥F

√
r log n

+ sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

1

n
∥C(¼)∥

(
r log n+ log2 n

)

≲ sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

1

n
∥C(¼)∥

√
r(n ' p) log2 n

≲
Ã2

¼⋆l

(
p

n
+

√
p

n

)√
r

n
log2 nj

√
r

n
log n

with probability at least 1 − O(n−10). Here, the last line
follows from (89) and the noise assumption that Ã2(p/n +√
p/n) j ¼⋆min/ log n. Combining this with (93), we arrive

at

sup
¼:¼∈[2¼⋆

l
/3,4¼⋆

l
/3]

∥∥K(¼)−K§(¼)
∥∥j (¼⋆max + Ã2)

√
r

n
log n

as claimed.
2) Proof of Eigenvector Perturbation Theory (Theorem 3):

We now turn to our eigenvector perturbation theory. As before,
we find it convenient to decompose the l-th eigenvector ul of
1
nSS¦ as follows

ul = u⋆l cos ¹ + ul,§ sin ¹, (94)

where the vector ul,§ obeys ∥ul,§∥2 = 1 and u¦
l,§u⋆l = 0.

We shall employ this decomposition to identify several key
quantities that we’d like to control. Specifically, armed with
this decomposition, we can derive

a¦ul =(PU⋆a)¦ul + (PU⋆§a)¦ul

=(PU⋆a)¦(u⋆l cos ¹ + ul,§ sin ¹) + (PU⋆§a)¦ul

=
∑

1fkfr
a¦u⋆ku

⋆¦
k (u⋆l cos ¹ + ul,§ sin ¹)

+ (PU⋆§a)¦(PU⋆§ul)

=a¦u⋆l cos ¹ +
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

+ (PU⋆§a)¦(PU⋆§ul),

where we use the fact that a = PU⋆a + PU⋆§a with

PU⋆ =Σ1fkfru
⋆
ku

⋆¦
k and PU⋆§ = I − PU⋆ .

As a result, we arrive at

a¦ul ± a¦u⋆l=a¦u⋆l (cos ¹ ± 1) +
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

+ (PU⋆§a)¦(PU⋆§ul),

which further implies

min
∣∣a¦ul ± a¦u⋆l

∣∣ f
∣∣a¦u⋆l

∣∣(1 − | cos ¹|)
+
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣
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+
∣∣(PU⋆§a)¦(PU⋆§ul)

∣∣

f
∣∣a¦u⋆l

∣∣(1 − cos2 ¹)

+
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣

+
∣∣(PU⋆§a)¦(PU⋆§ul)

∣∣. (95)

and

min
∣∣a¦ul

√
1 + cl ± a¦u⋆l

∣∣

f
∣∣a¦u⋆l

∣∣ ·
∣∣1 −

√
1 + cl| cos ¹|

∣∣
+
√

1 + cl
∣∣ïPU⋆§a, PU⋆§ulð

∣∣

+
√

1 + cl

∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣. (96)

Thus, it comes down to bounding the following terms

1 − cos2 ¹, 1 −
√

1 + cl| cos ¹|,
√

1 + cl,∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹, and ïPU⋆§a, PU⋆§ulð.

separately, which forms the main content of the remainder of
the proof.

We claim that ¼lIp−1 − (u⋆§l )¦ 1
nSS¦u⋆§l is invertible.

This will be seen from (106) stated in Lemma 8 directly. The
invertibility taken together with Theorem 5 reveals that cos ¹ ̸=
0. If sin ¹ = 0, then we have ul = ±u⋆l and the conclusion is
obvious since min

∣∣a¦ul ± a¦u⋆l
∣∣ = 0. Therefore, it suffices

to focus on the case where cos ¹ ̸= 0 and sin ¹ ̸= 0 in the
sequel.

a) Step 1. Identifying several key quantities: Invoke
Theorem 5 to show that

cos2 ¹

=
1

1+
∥∥(¼lIp−1−(u⋆§l )¦ 1

nSS¦u⋆§l
)−1

(u⋆§l )¦ 1
nSS¦u⋆l

∥∥2

2

,

(97a)

u⋆¦k ul,§

=
u⋆¦k u⋆§l

(
¼lIp−1−(u⋆§l )¦1

nSS¦u⋆§l
)−1

(u⋆§l )¦ 1
nSS¦u⋆l∥∥u⋆§l

(
¼lIp−1−(u⋆§l )¦ 1

nSS¦u⋆§l
)−1

(u⋆§l )¦ 1
nSS¦u⋆l

∥∥
2

.

(97b)

For notational convenience, we shall define

sl,∥ := u⋆¦l S ∈ R
1×n, Sl,§ := (u⋆§l )¦S ∈ R

(p−1)×n,

(98)

allowing us to write (97) more succinctly as follows

cos2 ¹ =
1

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥
∥∥2

2

,

(99a)

u⋆¦k ul,§ =
u⋆¦k u⋆§l

(
¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥∥∥u⋆§l

(
¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥
∥∥

2

.

(99b)

With the above relations in mind, we can demonstrate that
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§ sin ¹

∣∣∣=
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k ul,§

∣∣∣
√

1−cos2 ¹

=

∣∣∣
∑
k:k ̸=l a

¦u⋆ku
⋆¦
k u⋆§l

(
¼lIp−1− 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥

∣∣∣
∥∥u⋆§l

(
¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥
∥∥

2

·

√√√√√
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥
∥∥2

2

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§
)−1 1

nSl,§s¦
l,∥
∥∥2

2

f

∣∣∣∣∣∣

∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼lIp−1−

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∣∣∣∣∣∣
,

where the last step follows since the columns of u⋆§l are
orthonormal. Substitution into (95) then yields

min
∣∣a¦ul ± a¦u⋆l

∣∣

f
∣∣a¦u⋆l

∣∣ · (1 − cos2 ¹) +
∣∣(PU⋆§a)¦(PU⋆§ul)

∣∣

+
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼lIp−1−

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∣∣∣;

(100)

and

min
∣∣√1 + cla

¦ul ± a¦u⋆l
∣∣

f
∣∣a¦u⋆l

∣∣ ·
∣∣1 −

√
1 + cl| cos ¹|

∣∣
+
√

1 + cl
∣∣ïPU⋆§a, PU⋆§ulð

∣∣

+
√

1 + cl

∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∣∣∣.

(101)

In what follows, we shall control these quantities separately.
b) Step 2. Controlling the spectrum of 1

nSl,§S¦
l,§:

Before moving forward to bound the terms mentioned above,
we take a moment to first look at the eigenvalues of
1
nSl,§S¦

l,§. We first introduce some useful notation as follows:

• Let {µ(l)
i }p−1

i=1 denote the eigenvalues of 1
nSl,§S¦

l,§ (see
the definition of Sl,§ in (98)), and we assume that

µ
(l)
1 g · · · g µ

(l)
p−1. (102)

• Let u
(l)
i be the eigenvector of 1

nSl,§S¦
l,§ associated with

the eigenvalue µ(l)
i .

Similar to (63), we find it helpful to introduce the following
matrices

U⋆
∖l := [u⋆1, · · · ,u⋆l−1,u

⋆
l+1, · · · ,u⋆r ] ∈ R

p×(r−1);

(103a)

U⋆(l) := (u⋆§l )¦U⋆
∖l =

[
Ir−1

0

]
∈ R

(p−1)×(r−1); (103b)

U⋆(l)§ := (u⋆§l )¦U⋆§ =

[
0

Ip−r

]
∈ R

(p−1)×(p−r); (103c)

Λ
⋆(l) := diag

(
{¼⋆i }i:i ̸=l

)
∈ R

(r−1)×(r−1). (103d)

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore.  Restrictions apply. 



1216 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

In addition, we define

u
(l)
i,∥ :=

1
∥∥PU⋆(l)u

(l)
i

∥∥
2

PU⋆(l)u
(l)
i , i ̸= l, (103e)

where PU⋆(l) = U⋆(l)
(
U⋆(l)

)¦
. Equipped with this set of

notation, we are ready to present a lemma that characterizes
the eigenvalues of the matrix 1

nSl,§S¦
l,§.

Lemma 8: Instate the assumptions of Theorem 3, and recall
the definition of ´(·) in (76). With probability at least
1 − O(n−10), the eigenvalues {µ(l)

i }p−1
i=1 of 1

nSl,§S¦
l,§

(see (102)) satisfy the following properties.
1) For each 1 f i < r, one has

µ
(l)
i

1 + ´(µ
(l)
i )

∈ BEPCA
(¼⋆k + Ã2)

for some k ̸= l and 1 f k f r, and
∥

∥

∥

(

γ
(l)
i Ir−1 −

(

1 + β(γ
(l)
i )

)(

Λ
⋆(l)+σ

2
Ir−1

)

)

U
⋆(l)¦

u
(l)

i,∥

∥

∥

∥

2

≲ EPCA,

where EPCA is defined in (90).
2) For each r f i f n ' (p− 1), one has

∣∣∣µ(l)
i − Ã2 p ( n

n

∣∣∣ ≲ Ã2

√
p+ log n

n
. (104)

3) For each n ' (p− 1) < i f p− 1, we have µ(l)
i = 0.

4) Furthermore, one has

|¼− ¼l| ≳





∆⋆
l , if ¼

1+´(¼) ∈ BEPCA
(¼⋆i + Ã2)

for some i ̸= l and 1 f i f r;

¼⋆l , if
∣∣¼− Ã2 p(n

n

∣∣ ≲ Ã2
√

p+log n
n .

(105)

In particular, one has

∣∣µ(l)
i − ¼l

∣∣ ≳
{

∆⋆
l , 1 f i < r;

¼⋆l , i g r.
(106)

Proof: See Appendix D-B. □
c) Step 3. Controlling cos2 ¹: In view of the expres-

sion of cos2 ¹ in (99a), it suffices to control ∥(¼lIp−1 −
1
nSl,§S¦

l,§)−1 1
nSl,§s¦

l,∥∥2
2, which is accomplished in the fol-

lowing lemma.
Lemma 9: Consider any 1 f l f r. Instate the assumptions

of Theorem 3, and recall the definition of cl in (20). The
following holds with probability at least 1 −O(n−10):
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
(¼⋆l + Ã2)Ã2p log2 n

¼⋆2l n

j 1. (107)

Moreover, for the case with n g p, one has
∣∣∣∣
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2
− cl

∣∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
Ã2p

¼⋆2l n

(
(¼⋆l + Ã2)

√
log n

p
+ (¼⋆max + Ã2)

√
r log n

n

)
,

(108)

and for the case with p > n, we have
∣∣∣∣
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2
− cl

∣∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
Ã2»

√
pr log n

¼⋆l n
. (109)

Proof: See Appendix D-C. □

This lemma taken collectively with (99a) leads to

| cos2 ¹ − 1|

=

∣∣∣∣∣
1

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

− 1

∣∣∣∣∣

=

∥∥(¼lIp−1 − 1
nSl,§S¦

l,§)−1 1
nSl,§s¦

l,∥
∥∥2

2

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
(¼⋆l + Ã2)Ã2p log2 n

¼⋆2l n

j 1. (110)

where the last step follows from the assumptions (21a)
and (21b). In addition, when n g p, one can combine (99a)
and (108) to demonstrate that
∣∣(1 + cl) cos2 ¹ − 1

∣∣

=

∣∣∣∣∣
1 + cl

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

− 1

∣∣∣∣∣

=

∣∣∣cl −
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

∣∣∣

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

f
∣∣∣cl −

∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2

∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
Ã2p

¼⋆2l n

(
(¼⋆max + Ã2)

√
r log n

n
+ (¼⋆l + Ã2)

log2 n√
p

)
,

(111)

where the first line comes from the definition of cos2 ¹
in (99a), and the last inequality holds due to (108). Moreover,
if p > n, putting (99a) and (109) together reveals that
∣∣(1 + cl) cos2 ¹ − 1

∣∣

=

∣∣∣∣∣
1 + cl

1 +
∥∥(¼lIp−1 − 1

nSl,§S¦
l,§)−1 1

nSl,§s¦
l,∥
∥∥2

2

− 1

∣∣∣∣∣

f
∣∣∣cl −

∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2

∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
Ã2»

√
pr log n

¼⋆l n
j 1,

(112)
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where the last inequality holds due to the conditions (21a)
and (21b). Taken collectively with (110), this leads to 1+cl ≲

1 and
∣∣1 −

√
1 + cl| cos ¹|

∣∣

=

∣∣∣∣
1 − (1 + cl) cos2 ¹

1 +
√

1 + cl| cos ¹|

∣∣∣∣ ≲
∣∣1 − (1 + cl) cos2 ¹

∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

(
∆⋆
l

)2
n

+
Ã2»

√
pr log n

¼⋆l n
. (113)

d) Step 4. Controlling
∑
k:k ̸=l a

¦u⋆ku
⋆¦
k u⋆§l

(
¼lIp−1 −

1
nSl,§S¦

l,§
)−1 1

nSl,§s¦
l,∥: Recognizing that the vector sl,∥

(see (98)) obeys

sl,∥ ∼ N
(
0, (¼⋆l + Ã2)In

)

and is independent of Sl,§ (see (98)), we can control this
quantity through the lemma below.

Lemma 10: Instate the assumptions of Theorem 3. The
following holds with probability at least 1 −O(n−10):
∣∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∣∣∣∣

≲
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

·
√

(¼⋆l + Ã2)(¼⋆max + Ã2)(»2 + r) log

(
n»¼max

∆⋆
l

)

(114)

Proof: See Appendix D-D. □
e) Step 5. Controlling (PU⋆§a)¦(PU⋆§ul): When it

comes to (PU⋆§a)¦(PU⋆§ul), we attempt to utilize certain
rotational invariance property of PU⋆§ul in the subspace
spanned by U⋆§ to upper bound this quantity. This is for-
malized in Lemma 11.

Lemma 11: Instate the assumptions of Instate the assump-
tions of Theorem 3. With probability at least 1 −O(n−10),

∣∣(PU⋆§a)¦(PU⋆§ul)
∣∣ ≲

√
log n

p− r

∥∥PU⋆§a
∥∥

2

∥∥PU⋆§ul
∥∥

2
.

(115)

Proof: The proof is almost identical to the proof
of Lemma 6, and is hence omitted for conciseness of
presentation. □

In view of Lemma 11, it suffices to control
∥∥PU⋆§ul

∥∥
2
.

To this end, it is seen from Theorem 6 that
∥∥PU⋆§ul

∥∥2

2

= 1 − 1

1 +
∥∥(¼lI − 1

nS§S¦
§
)−1 1

nS§S¦
∥ U⋆¦ul,∥

∥∥2

2

f
∥∥∥
(
¼lI − 1

n
S§S¦

§
)−1 1

n
S§S¦

∥ U⋆¦ul,∥
∥∥∥

2

2

f
∥∥∥
(
¼lI − 1

n
S§S¦

§
)−1∥∥∥

2

·
∥∥∥

1

n
S§S¦

∥

∥∥∥
2

·
∥∥U⋆¦ul,∥

∥∥2

2

=
∥∥∥
(
¼lI − 1

n
S§S¦

§
)−1∥∥∥

2

·
∥∥∥

1

n
S§S¦

∥

∥∥∥
2

, (116)

where we recall ul,∥ is defined to be a unit vector ul,∥ :=
PU⋆(u)/∥PU⋆(u)∥2 and satisfies U⋆U⋆¦ul,∥ = ul,∥.

The preceding inequality then motivates us to control both∥∥(¼lI− 1
nS§S¦

§
)−1∥∥ and

∥∥ 1
nS§S¦

∥
∥∥. As shown in the proof

of Lemma 7 in Appendix D-A (cf. (177 and (179)), we know
that
∣∣∣∣
1

n

∥∥S§S¦
§
∥∥− Ã2

∣∣∣∣ ≲ Ã2

(√
p

n
+
p

n
+

√
log n

n

)
= o(¼⋆min),

(117)

1

n

∥∥S§S¦
∥
∥∥ ≲

√
(¼⋆max + Ã2)Ã2(p− r)

n
log n, (118)

where the relation in (117) arises from the noise condi-
tion (21a). Combining these with Theorem 8, we obtain

¼l −
1

n

∥∥S§S¦
§
∥∥

= ¼l − Ã2 − o(¼⋆min)

(i)

g
(
1 + ´(¼l)

)
(¼⋆l + Ã2) −

(
1 + ´(¼l)

)
·

O
(
(¼⋆max + Ã2)

√
r

n
log n

)

− Ã2 − o(¼⋆min)

=
(
1 + ´(¼l)

)
¼⋆l + ´(¼l)Ã

2

−O
((

1 + ´(¼l)
)
(¼⋆max + Ã2)

√
r

n
log n

)

− o(¼⋆min)

(ii)

≳ ¼⋆l +O

(
Ã4p

¼⋆l n

)
(iii)≍ ¼⋆l ,

where (i) is due to the bound developed for ¼l in (75) in
Theorem 8; (ii) arises from the fact ´(¼l) ≲ Ã2p

¼⋆
l
n j 1 (as

shown in (92)) and the noise condition (21a) that (¼⋆max +

Ã2)
√
r/n log n j ¼⋆min; (iii) is legal as long as Ã2

√
p/n j

¼⋆min. As a result, we obtain
∥∥∥
(
¼lI − 1

n
S§S¦

§
)−1∥∥∥ f 1

¼l − ∥ 1
nS§S¦

§∥ ≲
1

¼⋆l
; (119)

Plugging (118) and (119) into (116) immediately reveals
that

∥∥PU⋆§ul
∥∥

2
f
∥∥∥
(
¼lI − 1

n
S§S¦

§
)−1∥∥∥ · 1

n

∥∥S§S¦
∥
∥∥

≲

√
(¼⋆max + Ã2)Ã2

¼⋆l

√
p− r

n
log n. (120)

Taken together with Lemma 11, this leads to the bound

∣∣(PU⋆§a)¦(PU⋆§ul)
∣∣≲
√

(¼⋆max+Ã2)Ã2

¼⋆2l n
log2 n

∥∥PU⋆§a
∥∥

2
.

(121)

f) Step 6. Combining bounds: Finally, we can com-
bine (110), (114) and (121) to arrive at the error bound for
the plug-in estimator:

min
∣∣a¦ul ± a¦u⋆l

∣∣

≲

((
¼⋆max+Ã2

) (
¼⋆l + Ã2

)
r log n

∆
⋆2
l n

+
(¼⋆l + Ã2)Ã2p

¼⋆2l n

)∣∣a¦u⋆l
∣∣
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+
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

·
√

(¼⋆l + Ã2)(¼⋆max + Ã2)(»2 + r) log

(
n»¼max

∆⋆
l

)

+

√
(¼⋆max + Ã2)Ã2

¼⋆2l n
log2 n

∥∥PU⋆§a
∥∥

2

as claimed.
g) Step 7. Analyzing the de-biased estimator: To finish

up, let us turn to the de-biased estimator.
• Consider first the case with n g p. We can substi-

tute (111), (113), (114), and (121) into (101) to obtain

min
∣∣a¦ul

√
1 + cl ± a¦u⋆l

∣∣

≲
∣∣a¦u⋆l

∣∣
(

(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

∆
⋆2
l n

+
Ã2p

¼⋆2l n

(
(¼⋆max+Ã2)

√
r log n

n
+(¼⋆l + Ã2)

log n√
p

))

+
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

·
√

(¼⋆l +Ã
2)(¼⋆max+Ã2)(»2 + r) log

(
n»¼max

∆⋆
l

)

+

√
(¼⋆max + Ã2)Ã2

¼⋆2l n
log2 n

∥∥PU⋆§a
∥∥

2

≲
(¼⋆max + Ã2)(¼⋆l + Ã2) r log n

∆
⋆2
l n

∣∣a¦u⋆l
∣∣

+
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
√
n

·
√

(¼⋆l +Ã
2)(¼⋆max + Ã2)(»2 + r) log

(
n»¼max

∆⋆
l

)

+

√
(¼⋆max + Ã2)Ã2r

¼⋆2l n
log2 n,

where the last step holds due to the noise assump-
tion (21a) as well as the facts that |a¦u⋆l | f
∥a∥2∥u⋆l ∥2 f 1 and

∥∥PU⋆§a
∥∥

2
f ∥a∥2 = 1.

• Consider instead the case with n < p (which implies
Ã2 j ¼⋆min). Then we can substitute (112), (113), (114)
and (121) into (101) to derive

min
∣

∣a
¦
ul

√
1 + cl ± a

¦
u

⋆
l

∣

∣

≲

(

(λ⋆
max+σ2)(λ⋆

l +σ2)r log n

∆
⋆2
l n

+
σ2

√

κ2pr log n

λ⋆
l n

)

∣

∣a
¦
u

⋆
l

∣

∣

+
∑

k:k ̸=l

∣

∣a
¦
u

⋆
k

∣

∣

|λ⋆
l − λ⋆

k|
√

n

·
√

(λ⋆
l + σ2)(λ⋆

max + σ2)(κ2 + r) log

(

nκλmax

∆⋆
l

)

+

√

(λ⋆
max + σ2)σ2

λ⋆2
l n

log2
n
∥

∥PU⋆§a
∥

∥

2

≲
(λ⋆

max + σ2)(λ⋆
l + σ2)r log n

∆
⋆2
l n

∣

∣a
¦
u

⋆
l

∣

∣

+
∑

k:k ̸=l

∣

∣a
¦
u

⋆
k

∣

∣

|λ⋆
l − λ⋆

k|
√

n

·
√

(λ⋆
l + σ2)(λ⋆

max + σ2)(κ2 + r) log

(

nκλmax

∆⋆
l

)

+

√

(λ⋆
max + σ2)σ2κ2r

λ⋆2
l n

log2
n.

Here, we use the noise assumption (21a), |a¦u⋆l | f
∥a∥2∥u⋆l ∥2 f 1 and

∥∥PU⋆§a
∥∥

2
f ∥a∥2 = 1 again in

the last step.

VI. DISCUSSION

This paper has explored estimation of linear functionals of
unknown eigenvectors under i.i.d. Gaussian noise, covering the
contexts of both matrix denoising and principal component
analysis. We have demonstrated a non-negligible bias issue
inherent to the naive plug-in estimator, and have proposed
more effective estimators that allow for bias correction in a
minimax-optimal and data-driven manner. In comparison to
prior works, our theory accommodates the scenario in which
the associated eigen-gap is substantially smaller than the size
of the perturbation, thereby expanding on what generic matrix
perturbation theory has to offer in these statistical applications.

Moving forward, there are numerous extensions that are
worth pursuing. For example, the present work is likely
suboptimal with respect to the dependence on the rank r
and the condition number », which calls for a more refined
analytical framework to achieve optimal estimation for more
general scenarios. In addition, our current theory focuses on
i.i.d. Gaussian noise, and a natural question arises as to how
to accommodate sub-Gaussian noise and/or heteroscedastic
data. Furthermore, given the minimax estimation guarantees,
an interesting direction lies in developing statistical inference
and uncertainty quantification schemes for linear forms of the
eigenvectors. Accomplishing this task would require devel-
oping distributional guarantees for the proposed de-biased
estimators as well as accurate estimation of the error variance,
which we leave to future investigation.

APPENDIX A
PROOFS OF KEY THEOREMS

A. Proof of Theorem 5

Given that ul is an eigenvector of M , one has Mul =
¼lul, which together with the decomposition (33) and the
condition ul,§ = q§(q§)¦ul,§ gives

M(q cos ¹ + ul,§ sin ¹) = ¼l(q cos ¹ + ul,§ sin ¹),

which is equivalent to

Mq cos ¹ + Mq§(q§)¦ul,§ sin ¹=¼lq cos ¹ + ¼lul,§ sin ¹.

(122)

Left-multiplying both sides of this equation by q¦

(resp. (q§)¦) and using the assumptions of ul,§ (namely,
q¦ul,§ = 0 and q§(q§)¦ul,§ = ul,§) give

q¦Mq cos ¹ + q¦Mq§(q§)¦ul,§ sin ¹ = ¼l cos ¹,

(123a)

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore.  Restrictions apply. 



LI et al.: MINIMAX ESTIMATION OF LINEAR FUNCTIONS OF EIGENVECTORS 1219

(q§)¦Mq cos ¹+(q§)¦Mq§(q§)¦ul,§ sin ¹

=¼l(q
§)¦ul,§ sin ¹. (123b)

Rearrange terms in (123b) to arrive at
(
¼lIn−1 − (q§)¦Mq§)(q§)¦ul,§ sin ¹ = (q§)¦Mq cos ¹.

(124)

Given the assumption that ¼lIn−1− (q§)¦Mq§ is invertible
and the fact that ∥(q§)¦ul,§∥2 = ∥q§(q§)¦ul,§∥2 =
∥ul,§∥2 = 1, we claim that it is straightforward to verify
that cos ¹ ̸= 0. To see this, suppose instead that cos ¹ =
0, then the right-hand side of (124) equals to 0, whereas
the left-hand side of (124) is non-zero because

(
¼lIn−1 −

(q§)¦Mq§)(q§)¦ul,§ ̸= 0 and sin ¹ =
√

1 − cos2 ¹ = 1.
This leads to contradiction, which in turn reveals that cos ¹ ̸=
0. In addition, if sin ¹ = 0 (or cos ¹ = 1), then one has q = ul
and (q§)¦Mq = 0 (see the relation (124)), from which the
claims (34) immediately follow. Hence, we shall focus on the
cases where cos ¹ ̸= 0 and sin ¹ ̸= 0 in the sequel.

Notice that (124) can be rewritten as

(q§)¦ul,§ =
cos ¹

sin ¹

(
¼lIn−1 − (q§)¦Mq§)−1

(q§)¦Mq.

(125)

This together with the unit norm constraint of ul,§ and ul,§ =
q§(q§)¦ul,§ implies that

ul,§ = ± q§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq

∥∥q§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq

∥∥
2

(126)

as claimed in (34c). In addition, substitution of (125)
into (123a) with a little algebra yields
(
¼l − q¦Mq

)
cos ¹ = q¦Mq§(q§)¦ul,§ sin ¹

= q¦Mq§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq cos ¹,

and hence

¼l − q¦Mq

= q¦Mq§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq, (127)

thus establishing the claim (34b).
Finally, rearranging terms in (123a) yields

sin ¹

cos ¹
=

¼l − q¦Mq

q¦Mq§(q§)¦ul,§
. (128)

This taken collectively with the elementary identity cos2 ¹ +
sin2 ¹ = 1 immediately leads to

cos2 ¹ =
1

1 + |¼l−q¦Mq|2
|q¦Mq§(q§)¦ul,§|2

(i)
=

1

1+
|¼l−q¦Mq|2·∥q§(¼lIn−1−(q§)¦Mq§)−1(q§)¦Mq∥2

2

|q¦Mq§(¼lIn−1−(q§)¦Mq§)−1(q§)¦Mq|2
(ii)
=

1

1 + ∥q§(¼lIn−1 − (q§)¦Mq§)−1
(q§)¦Mq∥2

2

(iii)
=

1

1 + ∥
(
¼lIn−1 − (q§)¦Mq§)−1

(q§)¦Mq∥2
2

,

where (i) relies on the expression (126), (ii) results from the
identity (127), and (iii) follows since (q§)¦q§ = In−1. This
establishes the claimed relation (34a).

B. Proof of Theorem 6

Given that Mul = ¼lul, one can invoke the decomposi-
tion (32) to obtain

Mul,∥ cos ¹ + Mul,§ sin ¹ = ¼lul,∥ cos ¹ + ¼lul,§ sin ¹,

(129)

which together with the conditions ul,∥ = QQ¦ul,∥ and
ul,§ = Q§(Q§)¦ul,§ implies that

MQQ¦ul,∥ cos ¹ + MQ§(Q§)¦ul,§ sin ¹

= ¼lul,∥ cos ¹ + ¼lul,§ sin ¹. (130)

Left-multiplying both sides of this relation by Q¦

(resp. (Q§)¦) gives

Q¦MQQ¦ul,∥ cos ¹ + Q¦MQ§(Q§)¦ul,§ sin ¹

= ¼lQ
¦ul,∥ cos ¹, (131a)

(Q§)¦MQQ¦ul,∥ cos ¹ + (Q§)¦MQ§(Q§)¦ul,§ sin ¹

= ¼l(Q
§)¦ul,§ sin ¹, (131b)

thus indicating that
(
¼lIk−Q¦MQ

)
Q¦ul,∥ cos ¹

v=Q§MQ§(Q§)¦ul,§ sin ¹,
(
¼lIn−k−(Q§)¦MQ§)(Q§)¦ul,§ sin ¹

=(Q§)¦MQQ¦ul,∥ cos ¹=(Q§)¦Mul,∥ cos ¹, (132)

where the last identity follows since QQ¦ul,∥ = ul,∥. These
two relations taken together demonstrate that
(
¼lIk−Q¦MQ

)
Q¦ul,∥ cos ¹=Q§MQ§((Q§)¦ul,§ sin ¹

)

=Q§MQ§(¼lIn−k−(Q§)¦MQ§)−1
(Q§)¦Mul,∥ cos ¹.

In addition, in view of the invertibility of ¼lIn−k −
(Q§)¦MQ§ (due to the assumption) and ∥(Q§)¦ul,§∥2 =
∥ul,§∥2 = 1, one can deduce from (132) that cos ¹ ̸= 0.
To verify this, suppose cos ¹ = 0 (or sin ¹ = 1), then the
left-hand side of (132) is non-zero while the right-hand side
of (132) is zero. This results in contradiction, thus justifying
that cos ¹ ̸= 0. Consequently, dividing both sides of the above
identity by cos ¹ concludes the proof for the claim (35b).

APPENDIX B
PROOFS OF AUXILIARY LEMMAS FOR THEOREM 7

A. Proof of Lemma 1

For notational convenience, divide the matrix H as follows

H =

[
Hul Hur

H¦
ur Hlr

]
, Hul ∈ R

r×r,

Hur ∈ R
r×(n−r), Hlr ∈ R

(n−r)×(n−r). (133)

In view of the rotational invariance of a symmetric Gaussian
matrix, we know that RHR¦ has the same distribution as H
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for any fixed orthonormal matrix R ∈ R
n×n obeying RR¦ =

In. As a result, it is easily seen that the triple
(
U⋆¦HU⋆, (U⋆§)¦HU⋆§,U⋆¦HU⋆§

)

d
= (Hul,Hlr,Hur), (134)

where
d
= denotes equivalence in distribution. Equipped with

this fact, we are ready to derive the advertised concentration
bounds.

a) Controlling
∥∥U⋆¦HU⋆

∥∥: Apply the standard Gaus-
sian concentration inequalities [61] and (134) to conclude that
with probability at least 1 −O(n−10),

∥U⋆¦HU⋆∥ = ∥Hul∥ ≲ Ã(
√
r +

√
log n).

b) Controlling
∥∥G(¼) − G§(¼)

∥∥: Consider any fixed ¼
obeying 2 |¼⋆l |/3 f |¼| f 4 |¼⋆l |/3. Recalling the expression
of G(¼) in (45b), we have
∥∥G(¼)

∥∥ =
∥∥U⋆¦HU⋆§(U⋆§)¦

·
(
¼In − U⋆§(U⋆§)¦HU⋆§(U⋆§)¦

)−1

· U⋆§(U⋆§)¦HU⋆
∥∥

=
∥∥U⋆¦HU⋆§(¼In−r−(U⋆§)¦HU⋆§)−1

(U⋆§)¦HU⋆
∥∥.

(135)

Combining this with the fact (134), we see that ∥G(¼)∥ has the
same distribution as

∥∥Hur

(
¼In−r − Hlr

)−1
H¦

ur

∥∥. Repeating
the same argument also indicates that

∥∥G(¼) − G§(¼)
∥∥ has

the same distribution as
∥∥∥Hur

(
¼In−r − Hlr

)−1
H¦

ur

− E
[
Hur

(
¼In−r − Hlr

)−1
H¦

ur | Hlr

]∥∥∥. (136)

This allows us to turn attention to Hur(¼In−r − Hlr)
−1H¦

ur .
As a key observation, Hur and Hlr are statistically indepen-

dent, thus enabling convenient decoupling of the randomness.
Let µ1 g · · · g µn−r represent the eigenvalues of Hlr. Denote
by {hi}n−ri=1 the columns of Hur, i.e. Hur = [h1, · · · ,hn−r],
which are independent of Hlr and {µi}. Invoking the rotational
invariance of Gaussian random matrices once again, we see
that

Hur(¼In−r − Hlr)
−1H¦

ur

d
=

n−r∑

i=1

1

¼− µi
hih

¦
i , (137)

which is a sum of independent random matrices when con-
ditional on Hlr. This can be controlled via Lemma 18.
Specifically, conditional on Hlr and assuming that |µi| f
¼⋆min/3 for all i, we have

∥∥∥
∑

i

Hur(¼In−r − Hlr)
−1H¦

ur

− E

[∑

i

Hur(¼In−r − Hlr)
−1H¦

ur | Hlr

] ∥∥∥

=
∥∥∥
∑

i

1

¼− µi

(
hih

¦
i − E[hih

¦
i ]
)∥∥∥

≲
Ã2

mini |¼− µi|
(√

rn log n+ r log n
)

≲
Ã2

|¼⋆l |
(√

rn log n+ r log n
)

with probability at least 1 −O(n−20), where the penultimate
line relies on Lemma 18, and the last step follows since |¼−
µi| g |¼| −maxi |µi| g 2 |¼⋆l |/3− ∥H∥ g ¼⋆min/3 (see (38)).
Consequently, we have established that, with probability at
least 1 −O(n−11),
∥∥G(¼) − G§(¼)

∥∥ ≲
Ã2

|¼⋆l |
(√

rn log n+ r log n
)

f Ã2

¼min

(√
rn log n+ r log n

)
(138)

for a given ¼.
Finally, we apply the standard epsilon-net argument to

establish a uniform bound that holds simultaneously over all
¼ obeying 2 |¼⋆l |/3 f |¼| f 4 |¼⋆l |/3. Set ϵ0 = c |¼⋆l |/n for
some sufficiently small constant c > 0, and let Nϵ0 denote
an ϵ0-net for [−4|¼⋆l |/3, −2|¼⋆l |/3] ∪ [2|¼⋆l |/3, 4|¼⋆l |/3] with
cardinality

|Nϵ0 | ≲ ¼⋆l /ϵ0 ≍ n; (139)

see [62] for an introduction of the epsilon-net. This means that
for each ¼ obeying 2 |¼⋆l |/3 f |¼| f 4 |¼⋆l |/3, one can find a
point ¼̂ ∈ Nϵ0 such that |¼− ¼̂| f ϵ0.

• Take the union bound to show that: with probability
exceeding 1 −O(n−11),
∥∥G(¼̂) − G§(¼̂)

∥∥ ≲
Ã2

¼⋆min

(√
rn log n+ r log n

)

(140)

for all ¼̂ ∈ N .
• For any ¼ of interest, let ¼̂ be a point in Nϵ0 obeying

|¼− ¼̂| f ϵ0. Then conditioned on ∥H∥ f ¼⋆min/3,

∥G(¼) − G(¼̂)∥
f
∥∥Hur

(
¼In−r−Hlr

)−1
H¦

ur−Hur

(
¼̂In−r−Hlr

)−1
H¦

ur

∥∥
f ∥Hur∥2 ·

∥∥(¼In−r−Hlr

)−1 −
(
¼̂In−r − Hlr

)−1∥∥

f ∥Hur∥2 max
i

∣∣∣
1

¼− µi
− 1

¼̂− µi

∣∣∣

= ∥Hur∥2 max
i

∣∣∣
¼− ¼̂

(¼− µi)(¼̂− µi)

∣∣∣

≲ Ã2n · max
i

|¼− ¼̂|
¼⋆2l

f Ã2n · ϵl
¼⋆2l

≲
Ã2

¼⋆min

(141)

holds with probability 1 − O(n−11). Here, the penulti-
mate line has made use of the Gaussian concentration
bound ∥Hur∥ ≲ Ã

√
n, whereas the last inequality results

from (139).
• Combining the above two facts together, we arrive at

sup
¼: |¼|∈[2|¼⋆

l
|/3, 4|¼⋆

l
|/3]

∥∥G(¼) − G§(¼)
∥∥

= sup
¼: |¼|∈[2|¼⋆

l
|/3, 4|¼⋆

l
|/3]

∥∥G(¼) − G(¼̂) + G§(¼̂)
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− G§(¼) + G(¼̂) − G§(¼̂)
∥∥

f sup
¼: |¼|∈[2|¼⋆

l
|/3, 4|¼⋆

l
|/3]

∥G(¼) − G(¼̂)∥

+ sup
¼̂: ¼̂∈Nϵ0

∥∥G(¼̂) − G§(¼̂)
∥∥

+ sup
¼: |¼|∈[2|¼⋆

l
|/3, 4|¼⋆

l
|/3]

∥G§(¼) − G§(¼̂)∥

≲
Ã2

¼⋆min

(√
rn log n+ r log n

)
. (142)

Here, the last inequality results from (140), (141), and
the following consequence of Jensen’s inequality

∥G§(¼)−G§(¼̂)∥=∥E
[
G(¼) | Hlr

]
− E

[
G(¼̂) | Hlr

]
∥

f E

[
∥G(¼)−G(¼̂)∥ | Hlr

]
≲

Ã2

¼⋆min

,

where we have used (141) again in the last step.
This concludes the proof of (50).

Finally, the above argument also reveals that

G§(¼)

=E

[
U⋆¦HU⋆§(¼In−r−(U⋆§)¦HU⋆§)−1

(U⋆§)¦HU⋆

︸ ︷︷ ︸
=: A∣∣∣ (U⋆§)¦HU⋆§
]

= Ã2
tr

[(
¼In−r − (U⋆§)¦HU⋆§)−1]

Ir,

which holds since the matrix A obeys A
d
= Hur(¼In−r −

Hlr)
−1H¦

ur , which has been analyzed in (137).

B. Proof of Lemma 2

We first claim that: with (53) in place, one necessarily has
∣∣¼l − ¼⋆i − µ(¼l)

∣∣ f EMD, for some 1 f i f r (143a)

or
∣∣¼l
∣∣ f EMD (143b)

for any 1 f l f r. To see this, we recall that for any symmetric
matrix A, one has

min
i

∣∣¼i(A)
∣∣=
√
¼min(A2)=

√
min

x∈Sn−1
x¦A2x

= min
x∈Sn−1

∥Ax∥2,

where S
n−1 := {z ∈ R

n | ∥z∥2 = 1} and ¼i(A) denotes
the i-th largest eigenvalue of A. Recall the definition of M¼

in (52a). Given that the eigenvalues of ¼lI −M¼l
are exactly

¼l − ¼i(M¼l
) (1 f i f n) and that ul,∥ is a unit vector,

we obtain

min
1fifn

∣∣¼l − ¼i(M¼l
)
∣∣ = min

1fifn

∣∣¼i
(
¼lI − M¼l

)∣∣

f
∥∥(¼lIn − M¼l

)ul,∥
∥∥

2
f EMD.

This immediately establishes (143), since the set of eigenval-
ues of M¼l

is {¼⋆i + µ(¼l) | 1 f i f r}∪ {0} (in view of the
definition (52a)).

It thus boils down to how to use (143) to establish the
advertised claim (54). Towards this, we find it helpful to define

M(t) := M⋆ + tH, (144)

µ(¼, t) := t2Ã2
tr

((
¼In−r − t(U⋆§)¦HU⋆§)−1

)
. (145)

We denote by {¼i,t}ni=1 the eigenvalues of M(t) obeying
|¼1,t| g · · · g |¼n,t|; in other words, ¼1,t, · · · , ¼r,t correspond
to the r eigenvalues of M(t) with the largest magnitudes.
Armed with this notation, we clearly have

¼l,1 = ¼l, 1 f l f r.

The subsequent analysis consists of three steps.
• First, we establish the correspondence between {¼l,t |

1 f l f r} and {¼⋆i | 1 f i f r} through the following
lemma; the proof is postponed to Appendix B-C.
Lemma 12: Instate the assumptions of Lemma 1. Then
with probability exceeding 1−O(n−10), for any 1 f l f
r, one can find 1 f i f r such that

sup
t∈[1/

√
n, 1]

∣∣¼l,t − µ(¼l,t, t) − ¼⋆i
∣∣ f Et,

where Et := C1tÃ
√
r log n for some constant C1 >

0 large enough.
In other words, this lemma reveals that for all 1/

√
n f

t f 1, one has

¼l,t − µ(¼l,t, t) ∈ ∪ri=1BEt
(¼⋆i ),

where BÄ (¼) := {z | |z − ¼| f Ä} denotes the ball of
radius Ä centered at ¼.

• Secondly, when 0 f t f 1/
√
n, one has ∥tH∥ ≲ c0/

√
n·

(Ã
√
n) f Ã/2, where c0 > 0 is some sufficiently small

constant. In this scenario, Weyl’s inequality tells us that
|¼l,t − ¼⋆l | f ∥tH∥ f Ã/2. Further, the definition of
µ(·, ·) indicates that

∣∣µ(¼l,t, t)
∣∣f t2Ã2 n− r

|¼l,t|−∥tH∥ ≲
1

n
·Ã2 n

¼⋆min

=
Ã2

¼⋆min

fÃ/2,

where the last inequality holds due to the assumption
Ã
√
n ≲ ¼⋆min. As a result,

|¼l,t−µ(¼l,t, t)−¼⋆l |f|¼l,t−¼⋆l |+|µ(¼l,t, t)|fÃ ≲ E1/
√
n

=⇒ ¼l,t − µ(¼l,t, t) ∈ B(¼⋆l , E1/
√
n), 0 f t f 1/

√
n.

(146)

• Recognizing that the set of eigenvalues ¼l,t (1 f l f r)
depends continuously on t [63, Theorem 6], we know
that ¼l,t − µ(¼l,t, t) is also a continuous function in t.
In addition, for any 1 f l f r, if mink:k ̸=l

∣∣¼⋆l − ¼⋆k
∣∣ >

2E1 g 2Et (1/
√
n f t f 1), then one necessarily has

BEt
(¼⋆l ) ∩ {∪k:k>lBEt

(¼⋆k)} = ∅

and

BEt
(¼⋆l ) ∩ {∪k:k<lBEt

(¼⋆k)} = ∅.

In other words, BEt
(¼⋆l ) remains an isolated region within

the set ∪ri=1BEt
(¼⋆i ) when we increase t from 1/

√
n to

1. This together with the above two facts (namely, the
continuity of ¼l,t−µ(¼l,t, t) in t and (146)) requires that

¼l,t − µ(¼l,t, t) ∈ BEt
(¼⋆l ), 1/

√
n f t f 1,

provided that mink:k ̸=l
∣∣¼⋆l − ¼⋆k

∣∣ > 2E1.
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Given that our notation satisfies ¼l,1 = ¼l, µ(¼l,1, 1) = µ(¼l),
and E1 = EMD, we conclude that with probability at least
1 −O(n−10),

∣∣¼l − µ(¼l) − ¼⋆l
∣∣ f EMD, 1 f l f r. (147)

C. Proof of Lemma 12

Fix an arbitrary 1 f l f r. We have already shown in (143)
that the claim holds when t = 1. An inspection of the proof
of (143) reveals that: Lemma 12 can be established using
the same argument, except that we need to generalize the
bound (50) into a uniform bound on ∥G(¼, t) − G§(¼, t)∥,
namely,

∥G(¼, t) − G§(¼, t)∥ ≲
tÃ2

¼⋆min

√
rn log n

holds simultaneously for all 1/
√
n f t f 1 and ¼ with |¼| ∈

[2|¼⋆l |/3, 4|¼⋆l |/3]. Towards this end, we shall resort to the
epsilon-net argument once again. Choose ϵ1 = c/

√
n for some

sufficiently small constant c > 0, and let Nϵ1 be an ϵ-net for
[1/

√
n, 1] such that (1) it has cardinality |Nϵ1 | ≲

√
n; (2) for

any t ∈ [1/
√
n, 1], there exists some point t̂ ∈ Nϵ1 obeying

|t̂− t| f ϵ1.
• Applying Lemma 1 with the noise matrix chosen as
tH and applying the union bound, we see that with
probability exceeding 1 −O

(
n−11

)
, one has

sup
¼: |¼|∈[2|¼⋆

l
|/3, 4|¼⋆

l
|/3]

∥G(¼, t̂) − G§(¼, t̂)∥

≲
t̂2Ã2

¼⋆min

(√
rn log n+ r log n

)
f t̂Ã2

¼⋆min

√
rn log n

simultaneously for all t̂ ∈ Nϵ1 , where in the second line
we have used t̂2 f t̂ since t̂ ∈ [0, 1].

• For any t ∈ [1/
√
n, 1], let t̂ ∈ Nϵ1 be a point

obeying |t̂ − t| f ϵ1. Recognizing that G(¼, t̂) −
G(¼, t)

d
= t2Hur

(
¼In−r−tHlr

)−1
H¦

ur−t̂2Hur

(
¼In−r−

t̂Hlr

)−1
H¦

ur , one can bound

∥G(¼, t̂) − G(¼, t)∥
f
∥∥t̂2Hur

(
¼In−r − t̂Hlr

)−1
H¦

ur

− t2Hur

(
¼In−r − tHlr

)−1
H¦

ur

∥∥

f
∥∥t̂2Hur

(
¼In−r − t̂Hlr

)−1
H¦

ur

− t2Hur

(
¼In−r − t̂Hlr

)−1
H¦

ur

∥∥

+
∥∥t2Hur

(
¼In−r − t̂Hlr

)−1
H¦

ur

− t2Hur

(
¼In−r − tHlr

)−1
H¦

ur

∥∥

f |t− t̂| · |t+ t̂| · ∥Hur∥2
∥∥(¼In−r − t̂Hlr

)−1∥∥

+t2∥Hur∥2
∥∥(¼In−r−tHlr

)−1 −
(
¼In−r − t̂Hlr

)−1∥∥.

Recalling the notation that µ1 g · · · g µn−r represent
the eigenvalues of Hlr, we have
∥∥(¼In−r − t̂Hlr

)−1∥∥ = max
i

∣∣∣
1

¼− t̂µi

∣∣∣ ≲
1

¼⋆min

and

∥∥(¼In−r − tHlr

)−1 −
(
¼In−r − t̂Hlr

)−1∥∥

=max
i

∣∣∣
1

¼−tµi
− 1

¼− t̂µi

∣∣∣ = max
i

∣∣∣
(t− t̂)µi

(¼− tµi)(¼− t̂µi)

∣∣∣

≲
|t− t̂|
¼⋆min

f ϵ1
¼⋆min

,

where we have used the bounds 2 |¼⋆l |/3 f |¼| f
4 |¼⋆l |/3, |µi| f ¼⋆min/3 and t̂ f t+ ϵ1 f 1.1. Combining
these with the high-probability bound ∥Hur∥ ≲ Ã

√
n, we

arrive at

∥G(¼, t̂)−G(¼, t)∥ ≲ ϵ1 · t · Ã2n· 1

¼⋆min

+t2 · Ã2n · ϵ1
¼⋆min

≲
tÃ2

¼⋆min

√
n,

where the last step arises since t2 f t for any t ∈ [0, 1].
Similarly, this bound holds for ∥G§(¼, t̂)−G§(¼, t)∥ as
well.

Putting these two upper bounds together, we conclude that
with probability at least 1 −O(n−11),

∥G(¼, t) − G§(¼, t)∥
f ∥G(¼, t̂) − G§(¼, t̂)∥ + ∥G(¼, t̂) − G(¼, t)∥

+ ∥G§(¼, t̂) − G§(¼, t)∥

≲
t̂Ã2

¼⋆min

√
rn log n+

tÃ2

¼⋆min

√
n ≍ tÃ2

¼⋆min

√
rn log n

holds simultaneously for all ¼ with |¼| ∈ [2|¼⋆l |/3, 4|¼⋆l |/3]
and all t ∈ [1/

√
n, 1]. Finally, taking a union bound over

1 f l f r concludes the proof.

APPENDIX C
PROOFS OF AUXILIARY LEMMAS FOR THEOREM 1

A. Proof of Lemma 3

To begin with, let us first analyze the eigenvalues of M (l),
which is accomplished by the following lemma.

Lemma 13: Instate the assumptions of Theorem 1. With
probability at least 1 −O(n−10), one has

∣∣¼(l)
k − µ(¼

(l)
k ) − ¼⋆k

∣∣ f EMD, 1 f k < l, (148a)
∣∣¼(l)
k − µ(¼

(l)
k ) − ¼⋆k+1

∣∣ f EMD, l f k < r, (148b)
∣∣¼(l)
k

∣∣ f ∥H∥ ≲ Ã
√
n, k g r, (148c)

where EMD = C1Ã
√
r log n for some sufficiently large con-

stant C1 > 0 and µ(·) is defined in (37).
Proof: See Appendix C-A.1. □

Lemma 13 can then be invoked to study Lemma 3. Recalling
the fact

¼k − µ(¼k) ∈ BEMD
(¼⋆k), 1 f k f r (149)

|¼k| f ∥H∥ ≲ Ã
√
n, k > r

as shown in Theorem 7, we are positioned to prove the
claim (64) as follows.

• For any ¼ such that |¼| ≲ Ã
√
n, one has

∣∣¼l − ¼
∣∣ g

∣∣¼l − µ(¼l)
∣∣−
∣∣µ(¼l)

∣∣− |¼|
(i)

g
∣∣¼⋆l
∣∣− EMD −

∣∣µ(¼l)
∣∣−O(Ã

√
n)
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(ii)

g
∣∣¼⋆l
∣∣−O(Ã

√
r log n) −O

( Ã2n

¼⋆min

)
−O(Ã

√
n)

(iii)

≳
∣∣¼⋆l
∣∣,

where (i) arises from (149) and (148c), (ii) follows since

∣∣µ(¼l)
∣∣ =

∣∣∣∣∣
∑

i

Ã2

¼l − ¼i
(
(U⋆§)¦HU⋆§)

∣∣∣∣∣

≲
Ã2n

|¼l| − ∥H∥ ≲
Ã2n

¼⋆min

, (150)

and (iii) is valid as long as Ã
√
r log n f c0¼

⋆
min and

Ã
√
n f c0¼

⋆
min hold for some small constant c0 > 0.

• For any ¼ satisfying ¼ − µ(¼) ∈ BEMD
(¼⋆k) for some

1 f k f r, we define an auxiliary function f :
±[2¼⋆min/3, 4¼⋆max/3] → R by

f(¼) := ¼− µ(¼), (151)

where we denote ±[a, b] = [−b,−a] ∪ [a, b] for a < b
and µ(·) is defined in (37). To begin with, for any ¼ with
|¼| ∈ [¼⋆min/3, 2¼⋆max] one has

f ′(¼) = 1 +
∑

i

Ã2

[
¼− ¼i

(
(U⋆§)¦HU⋆§)]2

g 1 − Ã2n

( 1
3¼min − ∥H∥)2 g 1

2
,

f ′(¼) f 1 +
Ã2n

( 1
3¼min − ∥H∥)2 f 3

2
,

with the proviso that Ã
√
n f c0¼

⋆
min for some constant

c0 > 0 small enough. This means that within the
range |¼| ∈ [2¼⋆min/3, 4¼⋆max/3], the function f(·) is
monotonically increasing and continuous. As a result,
the inverse of f(·) exists, which is also monotonically
increasing and obeys

2

3
f df−1(Ä)

dÄ
f 2 ∀Ä with |Ä | ∈ [¼⋆min/2, 3¼

⋆
max/2].

(152)

In view of (54) and the condition that ¼ − µ(¼) ∈
BEMD

(¼⋆k) for some 1 f k f r, one can invoke (152)
to reach

∣∣¼l − ¼
∣∣ =

∣∣f−1(¼⋆l +O(EMD)) − f−1(¼⋆k +O(EMD))
∣∣

g inf
Ä : |Ä |∈[¼⋆

min/2, 3¼
⋆
max/2]

∣∣∣
df−1(Ä)

dÄ

∣∣∣
∣∣¼⋆l − ¼⋆k +O(EMD)

∣∣

g 2

3

∣∣¼⋆l − ¼⋆k +O(EMD)
∣∣ ≳

∣∣¼⋆l − ¼⋆k
∣∣,

where the last inequality holds due to our eigen-gap
assumption (10) and the fact that EMD ≍ Ã

√
r log n.

• With the analysis above, we note that (64) is an imme-
diate consequence of (148) in Lemma 13.

1) Proof of Lemma 13: The proof of this lemma follows
from the same argument employed to establish Theorem 7. The
idea is to invoke Theorem 6 to analyze the spectrum of M (l).
Before proceeding, we introduce several notation tailored to
this setting as well as a few simple facts. To begin with, we
define

M⋆(l) := (u⋆§l )¦M⋆u⋆§l = (u⋆§l )¦U⋆
Λ
⋆U⋆¦u⋆§l

= U⋆(l)
Λ
⋆(l)U⋆(l)¦,

H(l) := (u⋆§l )¦Hu⋆§l ,

where we recall the definitions of u⋆§l (resp. U⋆(l) and Λ
⋆(l))

in (44) (resp. (63)). In addition, denote

G(l)(¼) := U⋆(l)¦H(l)U⋆(l)§
(
¼In−r − (U⋆(l)§)¦H(l)U⋆(l)§)−1

· (U⋆(l)§)¦H(l)U⋆(l),

G(l)§(¼) := E
[
G(l)(¼) | (U⋆(l)§)¦H(l)U⋆(l)§],

where U⋆(l)§ is defined in (63) and the expectation is taken
assuming that ¼ is independent of H . By construction, one
has u⋆§l U⋆(l)§ = U⋆§, and consequently

(U⋆(l)§)¦H(l)U⋆(l)§ = (U⋆(l)§)¦(u⋆§l )¦Hu⋆§l U⋆(l)§

= (U⋆§)¦HU⋆§,

(U⋆(l)§)¦H(l)U⋆(l) = (U⋆(l)§)¦(u⋆§l )¦Hu⋆§l U⋆(l)

= (U⋆§)¦HU⋆P (l), (153)

where P (l) is obtained by removing the l-th column of Ir,
namely,

P (l) :=




Il−1 0

0 0
0 Ir−l


 ∈ R

r×(r−1).

Therefore, G(l)(¼) and G(l)§(¼) admit the following simpli-
fied expressions

G(l)(¼) =U⋆¦u⋆§l (u⋆§l )¦HU⋆§
(
¼In−r−(U⋆§)¦HU⋆§)−1

· (U⋆§)¦Hu⋆§l (u⋆§l )¦U⋆

= P (l)¦U⋆¦HU⋆§(¼In−r − (U⋆§)¦HU⋆§)−1

· (U⋆§)¦HU⋆P (l)

= P (l)¦G(¼)P (l)

G(l)§(¼) = E
[
G(l)(¼) | (U⋆§)¦HU⋆§],

where G(¼) is defined in (45b).
With the above preparation in place, we can repeat the proof

of Theorem 7 to obtain
∥∥U⋆(l)¦H(l)U⋆(l)

∥∥ ≲ Ã
(√
r +

√
log n

)

sup
¼: |¼|∈[2¼⋆

min/3, 4¼
⋆
max/3]

∥∥G(l)(¼) − G(l)§(¼)
∥∥

≲
Ã2

¼⋆min

(√
rn log n+ r log n

)

G(l)§(¼) = µ(¼)P (l)¦U⋆U⋆¦P (l)
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with probability at least 1 − O(n−10), where µ(·) is defined
in (37). The above observations reveal that the k-th eigenvalue
of M⋆(l) + G(l)§(¼) is given by

¼k
(
M⋆(l) + G(l)§(¼)

)
=





¼⋆k + µ(¼), 1 f k f l − 1;

¼⋆k+1 + µ(¼), l f k f r − 1;

0, r f k.

As a result, repeating the same arguments of Theorem 7 (which
we omit for brevity) immediately establishes the claim of this
lemma.

B. Proof of Lemma 4

Let U (l)
Λ

(l)U (l)¦ represent the eigen-decomposition of
M (l), where U (l) =

[
u

(l)
1 , · · · ,u(l)

n−1

]
. We can derive

∥∥(¼lIn−1 − M (l)
)−1

(u⋆§l )¦Hu⋆l
∥∥2

2

=
∥∥U (l)

(
¼lIn−1 − Λ

(l)
)−1

U (l)¦(u⋆§l )¦Hu⋆l
∥∥2

2

=
∥∥(¼lIn−1 − Λ

(l)
)−1

U (l)¦(u⋆§l )¦Hu⋆l
∥∥2

2

=
∑

1fk<n

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

¼l − ¼
(l)
k

)2

. (154)

By construction(cf. (60)), the matrix M (l) (and hence Λ
(l)

and U (l)) is independent of (u⋆§l )¦Hu⋆l , thus indicating that

U (l)¦(u⋆§l )¦Hu⋆l ∼ N (0, Ã2In−1).

In addition, notice that the distribution of U (l)¦(u⋆§l )¦Hu⋆l
is independent with U (l) and Λ

(l). In what follows, we shall
look at (154) by controlling the sum over k < r and the sum
over k g r separately.

• To begin with, let us upper bound
∑

1fk<r

(
u

(l)¦
k

(u⋆§

l )¦Hu⋆
l

¼l−¼(l)
k

)2

. Given a sequence

of i.i.d. standard Gaussian random variables
Zi

i.i.d.∼ N (0, Ã2), one knows from the standard
Gaussian concentration inequality that the following
holds with probability at least 1 −O(n−20):

max
1fifn

|Zi| ≲ Ã
√

log n; (155a)

max
1fifn

|Z2
i − Ã2| f max

1fifn
|Zi − Ã| · max

1fifn
|Zi + Ã|

≲ Ã2 log n. (155b)

In addition, Lemma 3 tells us that min1fk<r
∣∣¼l −

¼
(l)
k

∣∣2 ≳ mini:i ̸=l |¼⋆l − ¼⋆i |2. These two bounds taken
together give

∑

1fk<r

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

¼l − ¼
(l)
k

)2

≲
Ã2r log n

mini:i ̸=l |¼⋆l − ¼⋆i |2

=
Ã2r log n
(
∆⋆
l

)2 . (156)

• Next, we move on to the remaining term (the sum over
r f k < n). We claim for the moment that: with
probability exceeding 1 −O(n−10),
∣∣∣∣
∑

rfk<n

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

¼l − ¼
(l)
k

)2

−
∑

rfk<n

Ã2

(¼l − ¼
(l)
k )2

∣∣∣∣

≲
Ã2

¼⋆2l

√
n log n, (157)

The proof of this claim is deferred to the end
of this section. It then suffices to control the
term

∑
rfk<n Ã

2/(¼l − ¼
(l)
k )2, which is established

in the lemma below (with the proof postponed to
Appendix C-B.1).
Lemma 14: Instate the assumptions of Theorem 1. With
probability at least 1 −O(n−10),
∣∣∣∣
∑

rfkfn−1

1

(¼l − ¼
(l)
k )2

−
∑

r+1fkfn

1

(¼l − ¼k)2

∣∣∣∣ ≲
1

¼⋆2l
.

(158)

As a consequence, we have
∣∣∣∣
∑

rfkfn−1

1

(¼l − ¼
(l)
k )2

∣∣∣∣(
∣∣∣∣
∑

r+1fkfn

1

(¼l − ¼k)2

∣∣∣∣ ≲
n

¼⋆2l
.

(159)

Therefore, combining (157) and (158) gives
∣∣∣∣
∑

rfkfn−1

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

¼l − ¼
(l)
k

)2

−
∑

r+1fkfn

Ã2

(¼l−¼k)2
∣∣∣∣

≲

∣∣∣∣
∑

rfkfn−1

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

¼l−¼(l)
k

)2

−
∑

rfk<n

Ã2

(¼l − ¼
(l)
k )2

∣∣∣∣

+

∣∣∣∣
∑

rfk<n

Ã2

(¼l − ¼
(l)
k )2

−
∑

r+1fkfn

Ã2

(¼l − ¼k)2

∣∣∣∣

≲
Ã2

¼⋆2l

√
n log n+

Ã2

¼⋆2l
≍ Ã2

¼⋆2l

√
n log n. (160)

• Inserting (156) and (160) into (154), we arrive at the
advertised bound:
∥∥(¼lIn−1 − M (l)

)−1
(u⋆§l )¦Hu⋆l

∥∥2

2

=
∑

r+1fkfn

Ã2

(¼l−¼k)2
+O

(
Ã2r log n
(
∆⋆
l

)2 +
Ã2

¼⋆2l

√
n log n

)

≍ Ã2n

¼⋆2l
+O

(
Ã2r log n
(
∆⋆
l

)2
)

j 1,

where the last inequality holds due to our noise assump-
tion (10).
a) Proof of the claim (157): While ¼

(l)
k and u

(l)
k

are statistically dependent on H , they are independent of
(u⋆§l )¦Hu⋆l . This is because (u⋆§l )¦Hu⋆l is independent
of (u⋆§l )¦Hu⋆§l , as u⋆l is orthogonal to the column space
of u⋆§l by definition and a symmetric Gaussian matrix
is rotationally invariant. Similarly, one can also show that
(U⋆§)¦HU⋆§ is independent of (u⋆§l )¦Hu⋆l . It is also
convenient to denote the event ¼ − µ(¼) ∈ BEMD

(¼⋆l ) by Ω,
which occurs with high probability.

In light of the observation above, we note that conditioned
on (u⋆§l )¦Hu⋆§l , {u(l)¦

k (u⋆§l )¦Hu⋆l }k
i.i.d.∼ N (0, Ã2).

In addition, they are independent of Λ
(l) but depend

on Λ. Therefore, we shall use the epsilon-net argument
(i.e. Lemma 20) to bound their sum. Before proceeding,
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observe that from (64), (150) and the condition Ã
√
nj ¼⋆min,

the following holds for any ¼ obeying ¼− µ(¼) ∈ BEMD
(¼⋆l ):

|¼− ¼
(l)
k | g |¼l − ¼

(l)
k | − |¼− ¼l − µ(¼l)| − |µ(¼l)| ≳ |¼⋆l |

(161)

for k g r. Now we begin to check the conditions of
Lemma 20. Since |f(x) − f(y)| f supx |f ′(x)||x − y|, the
following holds with probability at least 1 − O(n−20) for all
¼ with ¼− µ(¼) ∈ BEMD

(¼⋆l ):

∣∣∣∣
d

d¼

∑

rfk<n

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

)2 − Ã2

(¼− ¼
(l)
k )2

∣∣∣∣

=

∣∣∣∣
∑

rfk<n
2

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

)2 − Ã2

(¼− ¼
(l)
k )3

∣∣∣

f 2n · max
rfk<n

1
∣∣¼− ¼

(l)
k

∣∣3 · max
rfk<n

∣∣u(l)¦
k (u⋆§l )¦Hu⋆l

)2 − Ã2
∣∣

≲
Ã2n log n

¼⋆3l
,

where we use (155b) and (161). In addition, for any fixed ¼
obeying ¼− µ(¼) ∈ BEMD

(¼⋆l ), one has

max
rfk<n

1

(λ − λ
(l)
k )2

∥

∥

(

u
(l)¦
k (u⋆§l )¦Hu

⋆
l

)2
− σ

2
∥

∥

È1
≲

σ2

λ⋆2l
=: L;

∑

rfk<n

1

(λ − λ
(l)
k )4

E

[

((

u
(l)¦
k (u⋆§l )¦Hu

⋆
l

)2
− σ

2)2
]

≲
σ4n

λ⋆4l
=: V

where ∥ · ∥È1
denotes the sub-exponential norm. We can then

apply the Bernstein inequality [64, Corollary 2.1] to find: with
probability exceeding 1 −O(n−20),
∣∣∣∣
∑

rfk<n

(
u

(l)¦
k (u⋆§l )¦Hu⋆l

)2 − Ã2

(¼− ¼
(l)
k )2

∣∣∣∣ ≲ L log2 n+
√
V log n

≲
Ã2

√
n log n

¼⋆2l
.

Recognizing the fact that {¼ : ¼−µ(¼) ∈ BEMD
(¼⋆l )} ¢

[
¼⋆l −

|¼⋆l |/3, ¼⋆l + |¼⋆l |/3
]
, the claim (161) immediately follows

from Lemma 20.
1) Proof of Lemma 14: Let us look at (159) first. According

to Lemma 3, we have |¼l − ¼
(l)
k | ≳ |¼⋆l | for all k g r, thus

leading to
∣∣∣∣
∑

rfkfn−1

1

(¼l − ¼
(l)
k )2

∣∣∣∣ ≲
n

¼⋆2l
.

In addition, the upper bound for
∑
rfkfn−1 1/(¼l − ¼k)

2 is
an immediate consequence of (158). Therefore, the remainder
of the proof amounts to establishing (158), which requires us
to characterize the relation between the spectrums of M (l) =
(u⋆§l )¦Mu⋆§l and M .

Without loss of generality, assume that ¼⋆l > 0, and
that there are m (resp. r − m) eigenvalues of M⋆ larger
(resp. smaller) than 0. By Weyl’s inequality (similar to (41)
in the proof of Theorem 7), it is easily seen that there are
m eigenvalues of M larger than cÃ

√
n and that there are

r−m eigenvalues of M smaller than −cÃ√n, where c > 0 is

some constant. Recalling that {¼k}nk=1 are defined as the
eigenvalues of M satisfying |¼1| g · · · g |¼n|, we further
denote by {ϕk}nk=1 the eigenvalues of M so that ϕ1 g · · · g
ϕn. Consider the set of eigenvalues of M with magnitudes
upper bounded by cÃ

√
n. We have the following relation:

∑

k: r+1fkfn

1

(¼l − ¼k)2
=

∑

k:m+1fkfn−r+m

1

(¼l − ϕk)2
.

(162)

Similarly, for M (l) we can write
∑

k: rfkfn−1

1

(¼l − ¼
(l)
k )2

=
∑

k:mfkfn−r+m−1

1

(¼l − ϕ
(l)
k )2

,

(163)

where {ϕ(l)
k }n−1

k=1 denote the eigenvalues of M (l) in descend-
ing order. As a result, in order to establish (158), it is sufficient
to show
∣∣∣

∑

k:mfkfn−r+m−1

1

(¼l − ϕ
(l)
k )2

−
∑

k:m+1fkfn−r+m

1

(¼l−ϕk)2
∣∣∣

≲
1

¼⋆2l
. (164)

In view of an eigenvalue interlacing result stated in
Lemma 21, the definition M (l) := (u⋆§l )¦Mu⋆§l allows us
to deduce that

ϕk+1 f ϕ
(l)
k f ϕk 1 f k < n. (165)

By the assumption ¼⋆l > 0, one has ¼l g ¼⋆l − ∥H∥ ≳ ¼⋆l
and thus ϕk f ¼l for all k g m. Consequently, we know
from (165) that for all k g m,

ϕk+1 f ϕ
(l)
k f ϕk f ¼l,

which further implies that

1

(¼l − ϕk+1)2
f 1

(¼l − ϕ
(l)
k )2

f 1

(¼l − ϕk)2
, k g m.

This enables us to bound
∑

k:mfkfn−r+m−1

1

(¼l − ϕ
(l)
k )2

f 1

(¼l − ϕ
(l)
m )2

+
∑

k:m+1fkfn−r+m−1

1

(¼l − ϕk)2
;

∑

k:mfkfn−r+m−1

1

(¼l − ϕ
(l)
k )2

g
∑

k:mfkfn−r+m−1

1

(¼l − ϕk+1)2
=

∑

k:m+1fkfn−r+m
1

(¼l − ϕk)2
.

Consequently, we conclude that
∣∣∣

∑

k:mfkfn−r+m−1

1

(¼l−ϕ(l)
k )2

−
∑

k:m+1fkfn−r+m

1

(¼l−ϕk)2
∣∣∣

f 1

(¼l − ϕ
(l)
m )2

≍ 1

¼⋆2l
,
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where the last relation holds since |ϕ(l)
m | f ∥H∥ and hence

¼l − ϕ
(l)
m ≍ ¼l ≍ ¼⋆l .

The above analysis can be easily adopted to handle the
case where ¼⋆l < 0 as well (which we omit here for brevity).
Therefore, we have finished the proof.

C. Proof of Lemma 5

Since (u⋆§l )¦Hu⋆l ∼ N (0, Ã2In−1) is a Gaussian random
vector independent from M (l) but dependent on ¼l, our proof
strategy is to apply Lemma 20.

To this end, recall the definition

u
⋆(l)
k := (u⋆§l )¦u⋆k

and the eigen-decomposition of

M (l) = U (l)
Λ

(l)U (l)¦ =
∑

1fi<n
¼

(l)
i u

(l)
i u

(l)¦
i .

To begin with, we claim that with probability at least 1 −
O(n−10):

V := sup
¼−µ(¼)∈BEMD

(¼⋆
l
)

∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k

(
¼I − M (l)

)−1
∥∥∥∥

2

≲
∑

k:k ̸=l

|a¦u⋆k|
√
r

|¼⋆l − ¼⋆k|
+

1

|¼⋆l |
. (166)

whose proof is postponed to the end of the section.
Consequently, we can invoke standard Gaussian concentra-
tion inequalities to obtain: with probability at least 1 −
O
(
»−10(¼max/∆

⋆
l )

−20n−20
)
,

∣∣∣∣
( ∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼I − M (l)

)−1
)

(u⋆§l )¦Hu⋆l

∣∣∣∣

≲ Ã

√
log

(
n»¼max

∆⋆
l

)
· V.

In addition, we collect a basic fact regarding the derivatives
of matrices: for any invertible matrix A,

dA−1

dx
= −A−1 dA

dx
A−1.

With this identity in mind, one can derive: with probability at
least 1 −O(n−10), for all ¼ with ¼− µ(¼) ∈ BEMD

(¼⋆l ),

∣∣∣∣
d

d¼

∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼I − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣∣∣

=

∣∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

(
¼I − M (l)

)−2
(u⋆§l )¦Hu⋆l

∣∣∣∣

f n · max
1fi<n

1

(¼− ¼
(l)
i )2

·
∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆¦
k u⋆§l

∥∥∥∥
2

·
∥∥(u⋆§l )¦Hu⋆l

∥∥
2

(i)

≲ n · 1

∆⋆2
l ' ¼⋆2l

·
∑

k:k ̸=l
|a¦u⋆k|

∥∥u⋆¦k u⋆§l
∥∥

2
·Ã
√
n log n

(ii)

f n3/2 · maxi:i ̸=l |¼⋆l − ¼⋆i |
∆⋆2
l ' ¼⋆2l

· Ã
√

log n
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

(iii)

≲ n3/2 ·
(
¼⋆2max

∆⋆2
l

+ »2

)
· 1

|¼⋆l |
·Ã
√

log n
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|
(iv)

≲ n3/2 · »
2¼⋆2max

∆⋆2
l

· 1

|¼⋆l |
· V.

Here, (i) arises from (64) in Lemma 8 and the standard Gaus-
sian concentration inequality; (ii) holds since

∥∥u⋆¦k u⋆§l
∥∥

2
f

∥u⋆k∥2∥u⋆§l ∥ f 1; (iii) is due to maxi:i ̸=l |¼⋆l − ¼⋆i | ≲ ¼⋆max;
(iv) uses the definition of V in (166). Moreover, it is easy to see
that {¼ : ¼−µ(¼) ∈ BEMD

(¼⋆l )} ¢
[
¼⋆l −|¼⋆l |/3, ¼⋆l + |¼⋆l |/3

]
.

As a consequence, we invoke Lemma 20 and the union bound
to find: with probability at least 1 −O(n−10):

∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k

(
¼lI − M (l)

)−1
(u⋆§l )¦Hu⋆l

∣∣∣

≲ Ã

√
r log

(
n»¼max

∆⋆
l

)
· V

≲ Ã

√
r log

(
n»¼max

∆⋆
l

) ∑

k:k ̸=l

∣∣a¦u⋆k
∣∣

|¼⋆l − ¼⋆k|

+
Ã

|¼⋆l |

√
log

(
n»¼max

∆⋆
l

)

as claimed.
The remainder of this section amounts to establishing (166),

and we shall work under the event where Lemma 8 holds,
which happens with probability at least 1 − O(n−10). Note
that for any ¼ such that ¼−µ(¼) ∈ BEMD

(¼⋆l ), one can express
∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k

(
¼I − M (l)

)−1
∥∥∥∥

2

=

∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k U (l)

(
¼I − Λ

(l)
)−1

U (l)¦
∥∥∥∥

2

=

∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k U (l)

(
¼I − Λ

(l)
)−1
∥∥∥∥

2

=

√√√√
∑

1fi<n

(
1

¼− ¼
(l)
i

∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

. (167)

In what follows, we shall control the sum over i < r and the
sum over i g r separately.

• Let us consider the sum over i g r first. According to
Lemma 3, we know that |¼ − ¼

(l)
i | ≳ |¼⋆l | for all i g r.

This in turn yields
√√√√

∑

rfifn−1

(
1

¼− ¼
(l)
i

∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

≲
1

|¼⋆l |

√√√√
∑

rfifn−1

( ∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

f 1

|¼⋆l |
∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k U (l)

∥∥∥
2

f 1

|¼⋆l |
∥a∥2 ·

∥∥∥
∑

k:k ̸=l
u⋆ku

⋆(l)¦
k

∥∥∥ · ∥U (l)∥ =
1

|¼⋆l |
.

(168)
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Here, we make use of the fact that ∥a∥2 = 1, ∥U (l)∥ = 1

as well as
∥∥∑

k:k ̸=l u
⋆
ku

⋆(l)¦
k

∥∥ = 1, since both {u⋆k} and

{u⋆(l)k }k:k ̸=l form orthonormal bases.
• We then move on to the sum over the range 1 f i < r.

Given that {u(l)
i }i are orthonormal, it is straightforward

to demonstrate that
√√√√
∑

1fi<r

(
1

¼− ¼
(l)
i

∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

=

∥∥∥∥
∑

1fi<r

(
1

¼− ¼
(l)
i

∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)
u

(l)
i

∥∥∥∥
2

=

∥∥∥∥
∑

k:k ̸=l
a¦u⋆k

∑

1fi<r

u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

u
(l)
i

∥∥∥∥
2

f
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣ ·
∥∥∥∥
∑

1fi<r

u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

u
(l)
i

∥∥∥∥
2

=
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣
√√√√ ∑

1fi<r

(
u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

)2

. (169)

The preceding inequality motivates us to control the

quantity
∑

1fi<r

(
u

⋆(l)¦
k

u
(l)
i

¼−¼(l)
i

)2

. Towards this, let us

decompose it as follows

∑

1fi<r

(
u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

)2

=
∑

i∈A1

(
u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

)2

+
∑

i∈A2

(
u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

)2

.

Here, the sets A1 and A2 are defined respectively by

A1 := {1 f i < r | ¼(l)
i − µ(¼

(l)
i ) ∈ BEk

(¼⋆k)},
A2 := {1 f i < r | ¼(l)

i − µ(¼
(l)
i ) /∈ BEk

(¼⋆k)},

where Ek := c |¼⋆l − ¼⋆k| for some sufficiently small
constant c > 0. In the sequel, we shall control these two
sums separately.

– For each i ∈ A1, we claim that

|¼− ¼
(l)
i | g

∣∣¼− f−1(¼⋆k)
∣∣−
∣∣f−1(¼⋆k) − ¼

(l)
i

∣∣

g 1

2

∣∣¼− f−1(¼⋆k)
∣∣ ≳ |¼⋆l − ¼⋆k|. (170)

To see this, arguing similarly as in the proof of
Lemma 3, we can use the Lipschitz property of f
(cf. (151)) to obtain

∣∣¼− f−1(¼⋆k)
∣∣ g 1

2

∣∣f(¼) − f
(
f−1(¼⋆k)

)∣∣

=
1

2

∣∣(¼− µ(¼)) − ¼⋆k
∣∣

g 1

2
|¼⋆l − ¼⋆k| −

1

2

∣∣¼− µ(¼) − ¼⋆l
∣∣

g 1

2
|¼⋆l − ¼⋆k| −

1

2
EMD

≳ |¼⋆l − ¼⋆k|.

In a similar manner, we can also derive
∣∣f−1(¼⋆k) − ¼

(l)
i

∣∣ f 2
∣∣f
(
f−1(¼⋆k)

)
− f(¼

(l)
i )
∣∣

= 2
∣∣¼⋆k −

(
¼

(l)
i − µ(¼

(l)
i )
)∣∣.

Therefore, for any ¼
(l)
i such that ¼(l)

i − µ(¼
(l)
i ) ∈

BEk
(¼⋆k), one has

∣∣f−1(¼⋆k) − ¼
(l)
i

∣∣ f 2 Ek + 2 EMD f 2c |¼⋆l − ¼⋆k|

f 1

2

∣∣¼l − f−1(¼⋆k)
∣∣.

Then the claim is an immediate consequence of these
two bounds. As a result, we conclude that

∑

i∈A1

(
u
⋆(l)¦
k u

(l)
i

¼−¼(l)
i

)2

≲
1

(¼⋆l −¼⋆k)2
∑

i∈A1

(
u
⋆(l)¦
k u

(l)
i

)2

f 1

(¼⋆l − ¼⋆k)
2
.

– Turning to the set A2, we know from Lemma 3 that
for any i ∈ A2, |¼− ¼

(l)
i | ≳ mini:i ̸=l |¼⋆l − ¼⋆i | and

∥∥∥
(
¼

(l)
i Ir−1 − Λ

⋆(l) − µ(¼
(l)
i )Ir−1

)
U⋆(l)¦u

(l)
i,∥

∥∥∥
2

≲ EMD = Ã
√
r log n.

Meanwhile, since u
(l)
i,∥ is the projection of u

(l)
i onto

the space of U⋆(l) followed by normalization, one
has

∣∣u⋆(l)¦k u
(l)
i

∣∣ f
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣,

and therefore,
∥∥∥
(
¼

(l)
i Ir−1 − Λ

⋆(l) − µ(¼
(l)
i )Ir−1

)
U⋆(l)¦u

(l)
i,∥

∥∥∥
2

g
∣∣¼(l)
i − ¼⋆k − µ(¼

(l)
i )
∣∣ ·
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣

g Ek ·
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣

≳
∣∣¼⋆l − ¼⋆k

∣∣ ·
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣.

This in turn allows us to derive that
(

u
⋆(l)¦
k u

(l)
i

¼−¼(l)
i

)2

f
(

u
⋆(l)¦
k u

(l)
i,∥

¼−¼(l)
i

)2

f
(

u
⋆(l)¦
k u

(l)
i,∥(

∆⋆
l

)2
)2

≲
Ã2r log2 n

|¼⋆l − ¼⋆k|2
(
∆⋆
l

)2 .

Putting the above two sums together reveals that

∑

1fi<r

(
u
⋆(l)¦
k u

(l)
i

¼−¼(l)
i

)2

≲
1

(¼⋆l − ¼⋆k)
2

+
Ã2r2 log2 n

|¼⋆l − ¼⋆k|2
(
∆⋆
l

)2

≲
r

(¼⋆l − ¼⋆k)
2
,

where the last inequality follows since
(
∆⋆
l

)2
≳

Ã2r log2 n. Combining this inequality with (169), one
readily obtains

√√√√
∑

1fi<r

(
1

¼l − ¼
(l)
i

∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore.  Restrictions apply. 



1228 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

f
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣
√√√√ ∑

1fi<r

(
u
⋆(l)¦
k u

(l)
i

¼− ¼
(l)
i

)2

≲
∑

k:k ̸=l

∣∣a¦u⋆k
∣∣√r

|¼⋆l − ¼⋆k|
. (171)

Substituting the above two partial sums (168) and (171)
into (167), we conclude that: with probability exceeding 1 −
O(n−10),

∥∥∥∥
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k

(
¼lIn−1 − M (l)

)−1
∥∥∥∥

2

≲
∑

k:k ̸=l

|a¦u⋆k|
√
r

|¼⋆l − ¼⋆k|
+

1

|¼⋆l |

holds for any ¼ such that ¼ − µ(¼) ∈ BEMD
(¼⋆l ), as claimed

in (166).

D. Proof of Lemma 6

Recall the definitions of u⋆§l , ul,§ and U⋆(l)§ in (44), (55)
and (63), respectively. Let us rewrite
∣∣〈PU⋆§a, PU⋆§ul

〉∣∣
(i)
=
∣∣〈(U⋆§)¦a, (U⋆§)¦ul

〉∣∣
=
∣∣〈(U⋆§)¦a, (U⋆§)¦(u⋆l u

⋆¦
l ul + Pu⋆§

l
ul)
〉∣∣

(ii)
=
∣∣〈(U⋆§)¦a, (U⋆§)¦Pu⋆§

l
ul)
〉∣∣

(iii)
=
∣∣〈(U⋆§)¦a, (U⋆§)¦ul,§

〉∣∣ ·
∥∥Pu⋆§

l
ul
∥∥

2
(iv)
=
∣∣〈(u⋆§l U⋆(l)§)¦a, (u⋆§l U⋆(l)§)¦ul,§

〉∣∣ ·
∥∥Pu⋆§

l
ul
∥∥

2

=
∣∣〈(U⋆(l)§)¦

(
(u⋆§l )¦a

)
, (U⋆(l)§)¦

(
(u⋆§l )¦ul,§

)〉∣∣
·
∥∥Pu⋆§

l
ul
∥∥

2
(v)
=
∣∣〈PU⋆(l)§

(
(u⋆§l )¦a

)
,PU⋆(l)§

(
(u⋆§l )¦ul,§

)〉∣∣·
∥∥Pu⋆§

l
ul
∥∥

2

(vi)=
1∥∥ũl,§
∥∥

2

∣∣〈PU⋆(l)§

(
(u⋆§l )¦a

)
, PU⋆(l)§

(
(u⋆§l )¦ũl,§

)〉∣∣

·
∥∥Pu⋆§

l
ul
∥∥

2
. (172)

Here, (i) follows since (U⋆§)¦U⋆§ = In−r; (ii) holds
true since (U⋆§)¦u⋆l = 0; (iii) holds due to the definition
ul,§ := (Pu⋆§

l
ul)/∥Pu⋆§

l
ul∥2; (iv) results from the fact

u⋆§l U⋆(l)§ = U⋆§; (v) holds true since (U⋆(l)§)¦U⋆(l)§ =
In−r; (vi) arises from (34c) in Theorem 5, where we denote
(i.e., ul,§ is the normalized version of ũl,§)

ũl,§ := u⋆§l
(
¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l .

(173)

Our proof strategy is to show that
P

U
⋆(l)§

(
(u⋆§

l )¦ũl,§

)
∥∥P

U
⋆(l)§

(
(u⋆§

l
)¦ũl,§

)∥∥
2

is a random vector uniformly distributed in the unit sphere
of the subspace U⋆(l)§. If this claim were true, then it
would follow from standard measure concentration for uniform
distributions results [62, Theorem 3.4.6] that, with probability
at least 1 −O(n−10),
∣∣〈PU⋆(l)§

(
(u⋆§l )¦a

)
, PU⋆(l)§

(
(u⋆§l )¦ũl,§

)〉∣∣

≲

√
log n

n− r

∥∥PU⋆(l)§

(
(u⋆§l )¦a

)∥∥
2

∥∥PU⋆(l)§

(
(u⋆§l )¦ũl,§

)∥∥
2

≍
√

log n

n

∥∥PU⋆§a
∥∥

2

∥∥PU⋆§(u⋆§l )¦ũl,§
∥∥

2
,

where we use u⋆§l U⋆(l)§ = U⋆§ and the rank assumption
r j n/ log2 n in the last step. Combining this with (172),
we arrive at the advertised bound:
∣∣〈PU⋆§a, PU⋆§ul

〉∣∣

≲

√
log n

n

∥∥PU⋆§(u⋆§l )¦ũl,§
∥∥

2∥∥ũl,§
∥∥

2

∥∥PU⋆§a
∥∥

2

∥∥Pu⋆§

l
ul
∥∥

2

f
√

log n

n

∥∥PU⋆§a
∥∥

2

∥∥Pu⋆§

l
ul
∥∥

2
.

To justify the distributional property claimed above,
we define — for an arbitrary rotation matrix Q ∈
R

(n−r)×(n−r) — a new rotation matrix

R = PU⋆(l) + U⋆(l)§Q (U⋆(l)§)¦ ∈ R
(n−1)×(n−1);

the matrix R rotates vectors in the subspace spanned by
U⋆(l)§ according to Q, while preserving the part in the
subspace spanned by U⋆(l). We make note of two important
“rotational invariance” properties as follows.

• As shown in the proof of Lemma 3, it is seen that

R (u⋆§l )¦Hu⋆l

= U⋆(l)(U⋆(l))¦(u⋆§l )¦Hu⋆l

+ U⋆(l)§Q (U⋆(l)§)¦(u⋆§l )¦Hu⋆l

= (u⋆§l )¦U⋆
∖lU

⋆¦
∖l Hu⋆l + (u⋆§l )¦U⋆§Q (U⋆§)¦Hu⋆l

d
= (u⋆§l )¦U⋆

∖lU
⋆¦
∖l Hu⋆l + (u⋆§l )¦U⋆§(U⋆§)¦Hu⋆l

= (u⋆§l )¦
(
In − u⋆l u

⋆¦
l

)
Hu⋆l

= (u⋆§l )¦Hu⋆l .

Here, the second line arises from the definitions of
U⋆(l) and U⋆(l)§ in (63); the third line follows because
Q (U⋆§)¦Hu⋆l

d
= (U⋆§)¦Hu⋆l ; the last line holds due

to the fact (u⋆§l )¦u⋆l = 0.
• In a similar manner, we also know that

R (u⋆§l )¦Hu⋆§l R¦

= (u⋆§l )¦
(
U⋆

∖lU
⋆¦
∖l + U⋆§Q (U⋆§)¦

)
H

·
(
U⋆

∖lU
⋆¦
∖l + U⋆§Q¦ (U⋆§)¦

)
u⋆§l

= (u⋆§l )¦
(
U⋆U⋆¦ + U⋆§Q (U⋆§)¦

)
H

·
(
U⋆U⋆¦ + U⋆§Q¦ (U⋆§)¦

)
u⋆§l

d
= (u⋆§l )¦Hu⋆§l ,

where the second line comes from (U⋆U⋆¦ −
U⋆

∖lU
⋆¦
∖l )u⋆§l = u⋆l u

⋆¦
l u⋆§l = 0, and the last line holds

since U⋆U⋆¦ + U⋆§Q¦ (U⋆§)¦ is a rotation matrix.
Using the statistical independence between these two parts,
we reach

R (u⋆§l )¦ũl,§

= R
(
¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l

=
(
¼lIn−1 − R (u⋆§l )¦Mu⋆§l R¦)−1

R (u⋆§l )¦Mu⋆l

=
(
¼lIn−1 − R (u⋆§l )¦Hu⋆§l R¦)−1

R (u⋆§l )¦Hu⋆l
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d
=
(
¼lIn−1 − (u⋆§l )¦Hu⋆§l

)−1
(u⋆§l )¦Hu⋆l

=
(
¼lIn−1 − (u⋆§l )¦Mu⋆§l

)−1
(u⋆§l )¦Mu⋆l

= (u⋆§l )¦ũl,§,

where the last step replies on the definition of ũl,§ in (173)
and the fact (u⋆§l )¦u⋆§l = In−1. This enables us to conclude

that
P

U
⋆(l)§

(
(u⋆§

l )¦ũl,§

)
∥∥P

U
⋆(l)§

(
(u⋆§

l
)¦ũl,§

)∥∥
2

is uniformly distributed in the

unit sphere spanned by U⋆(l)§.

APPENDIX D
PROOF OF AUXILIARY LEMMAS IN THE ANALYSIS

FOR THEOREM 3
A. Proof of Lemma 7

For any matrix A ∈ R
n×n, we know from the orthogonal

invariance of the spectral norm that

∥A∥ = ∥[U⋆,U⋆§]¦A[U⋆,U⋆§]∥
=

∥∥∥∥
[

U⋆¦AU⋆ U⋆¦AU⋆§

(U⋆§)¦AU⋆ (U⋆§)¦AU⋆§

] ∥∥∥∥
f ∥U⋆¦AU⋆∥ + ∥U⋆¦AU⋆§∥ + ∥(U⋆§)¦AU⋆∥

+ ∥(U⋆§)¦AU⋆§∥,
where the last step holds due to the triangle inequality. As a
result, one can upper bound
∥∥∥

1

n
SS¦ − Σ

∥∥∥

f
∥∥∥U⋆¦

( 1

n
SS¦ − Σ

)
U⋆
∥∥∥+

∥∥∥(U⋆§)¦
( 1

n
SS¦ − Σ

)
U⋆
∥∥∥

+
∥∥∥U⋆¦

( 1

n
SS¦ − Σ

)
U⋆§

∥∥∥

+
∥∥∥(U⋆§)¦

( 1

n
SS¦ − Σ

)
U⋆§

∥∥∥

=
∥∥∥

1

n
S∥S

¦
∥ − Λ

∥∥∥+ 2
∥∥∥

1

n
S§S¦

∥

∥∥∥+
∥∥∥

1

n
S§S¦

§ − Ã2Ip−r
∥∥∥

(174)

where we remind the readers of the notation S∥ := U⋆¦S,
S§ := (U⋆§)¦S and Λ := U⋆¦

ΣU⋆ introduced in (77).
Before describing how to control these quantities, we pause

to collect a few results regarding a Gaussian random matrix
G ∈ R

p×n consisting of i.i.d. N (0, 1) entries [62, Theo-
rem 4.6.1]: with probability at least 1 −O(n−10),

∥G∥ ≲
√
p+

√
n,

∥∥∥
1

n
GG¦ − Ip

∥∥∥ ≲

√
p

n
+
p

n
+

√
log n

n
, (175)

∥∥∥
1

n
G¦G − p

n
In

∥∥∥ ≲ 1 +

√
p

n
. (176)

With these bounds in place, we can start to bound the spectral
norms of the quantities in (174). Note that the columns of
S∥ (resp. S§) are i.i.d. zero-mean Gaussian random vectors
with covariance Λ (resp. Ã2Ip−r). Since we can rewrite S∥ =
Λ

1/2Z with Z ∈ R
r×n being a Gaussian random matrix with

i.i.d. N (0, 1) entries, it immediately follows from (175) that
with probability more than 1 −O(n−10),
∥∥∥

1

n
S§S¦

§ − Ã2Ip−r
∥∥∥ ≲ Ã2

(√
p

n
+
p

n
+

√
log n

n

)
and

(177)

∥∥∥
1

n
S∥S

¦
∥ − Λ

∥∥∥ =
∥∥∥

1

n
Λ

1/2ZZ¦
Λ

1/2 − Λ

∥∥∥

f ∥Λ∥
∥∥∥

1

n
ZZ¦ − Ir

∥∥∥

≲ (¼⋆max + Ã2)

(√
r

n
+
r

n
+

√
log n

n

)

≲ (¼⋆max + Ã2)

√
r log n

n
, (178)

where the last step arises from the sample size assumption
n g r. As for S§S¦

∥ , we can invoke Lemma 19 to show that:
with probability at least 1 −O(n−10),
∥∥∥

1

n
S§S¦

∥

∥∥∥ =
1

n

∥∥S§Z¦
Λ

1/2
∥∥ f 1

n

∥∥S§Z¦∥∥∥∥Λ1/2
∥∥

≲
Ã

n

(√
pn log n+

√
pr log n

)
·
√
¼⋆max + Ã2

≲

√
(¼⋆max + Ã2)Ã2

p

n
log n, (179)

where the last step holds since n g r. Putting the bounds
above together immediately concludes the proof.

B. Proof of Lemma 8

The proof of this lemma is similar to that of Lemma 3.
By definition, one can compute

Σl,§ :=
1

n
E
[
Sl,§S¦

l,§
]

(180)

=
1

n
(u⋆§l )¦E

[
SS¦]u⋆§l = (u⋆§l )¦Σu⋆§l

= (u⋆§l )¦U⋆
Λ
⋆U⋆¦u⋆§l + Ã2Ip−1

= U⋆(l)
Λ
⋆(l)U⋆(l)¦ + Ã2Ip−1,

where U⋆(l) and Λ
⋆(l) have been defined in (103). Our

proof strategy is to invoke Theorem 6 by treating 1
nSl,§S¦

l,§
(resp. U⋆(l)) as M (resp. Q).

• We shall start with the first claim. Let us define the
following matrices in R

(r−1)×(r−1):

K(l)(¼) =U⋆(l)¦ 1

n
Sl,§S¦

l,§U⋆(l)§
(
¼Ip−r−(U⋆(l)§)¦

· 1

n
Sl,§S¦

l,§U⋆(l)§
)−1

(U⋆(l)§)¦
1

n
Sl,§S¦

l,§U⋆(l),

K(l)§(¼) := E

[
G(l)(¼) | (U⋆(l)§)¦Sl,§S¦

l,§U⋆(l)§
]
.

Recall the definitions of K(¼) (cf. (84)) and P (l)

(cf. (153)), and notice that

u⋆§l U⋆(l)§=U⋆§,

(U⋆(l)§)¦Sl,§=(U⋆(l)§)¦(u⋆§l )¦S = (U⋆§)¦S=S§.

Straightforward calculation allows us to simplify the
above expressions as follows

K(l)(¼) :=
1

n
P (l)¦S∥ ·

1

n
S¦
§
(
¼Ip−r −

1

n
S§S¦

§
)−1

· S§ · S¦
∥ P (l)

= P (l)¦K(¼)P (l),
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K(l)§(¼) := E
[
G(l)(¼) | (U⋆(l)§)¦Sl,§S¦

l,§U⋆(l)§]

= ´(¼)P (l)¦(Λ⋆ + Ã2Ir)P
(l)

= ´(¼)(Λ⋆(l) + Ã2Ir−1).

Theorem 6 then tells us that
(

γ
(l)
i Ir−1 − Λ

⋆(l)
− σ

2
Ir−1 −K

(l)§(γ
(l)
i )

)

U
⋆(l)¦

u
(l)

i,∥

=
( 1

n
P

(l)¦
S∥S

¦
∥ P

(l)
−Λ

⋆(l)
−σ

2
Ir−1+K(γ

(l)
i )−K

§(γ
(l)
i )

)

·U
⋆(l)¦

u
(l)

i,∥.

One can then adopt a similar argument as in the proof of
Theorem 8 to demonstrate that: with probability at least
1 −O(n−10),
∥∥∥
(
µ

(l)
i Ir−1−

(
1+´(µ

(l)
i )
)(

Λ
⋆(l)+Ã2Ir−1

))
U⋆(l)¦u

(l)
i,∥

∥∥∥
2

f
∥∥∥

1

n
P (l)¦S∥S

¦
∥ P (l) − Λ

⋆(l) − Ã2Ir−1

∥∥∥
+ sup
¼:¼∈[2¼⋆

l
/3, 4¼⋆

l
/3]∥∥∥

(
K(µ

(l)
i ) − K§(µ

(l)
i )
)
U⋆(l)¦u

(l)
i,∥

∥∥∥
2

f
∥∥∥

1

n
S∥S

¦
∥ − Λ

⋆ − Ã2Ir

∥∥∥

+ sup
¼:¼∈[2¼⋆

l
/3, 4¼⋆

l
/3]

∥∥∥K(µ
(l)
i ) − K§(µ

(l)
i )
∥∥∥ ≲ EPCA

and there exists some k ̸= l (1 f k f r) obeying
∣∣∣∣

µ
(l)
i

1 + ´(µ
(l)
i )

− ¼⋆k − Ã2

∣∣∣∣ ≲ EPCA.

• Next, we turn to the second claim and we shall prove the
upper and lower bounds for µ(l)

i separately.
– For the upper bound, it suffices to upper bound µ(l)

r

since {µ(l)
i }i are defined in descending order. In view

of (U⋆(l)§)¦Sl,§ = S§, we can invoke Lemma 21
to see that

µ(l)
r f ¼1

( 1

n
S§S¦

§
)
.

This suggests that we look at the spectrum of
1
nS§S¦

§ . From (175) and (176), we can obtain

∣∣∣¼i
( 1

n
S§S¦

§
)
− Ã2n ( (p− r)

n

∣∣∣ ≲ Ã2

√
p+ log n

n

for all 1 f i f (p−r)'n, where we use the fact that
the non-zero eigenvalues of 1

nS§S¦
§ and 1

nS¦
§S§

are identical. Therefore, one has

µ
(l)
i f µ(l)

r f Ã2(n ( p)/n+O(Ã2
√

(p+ log n)/n)

for all r f i f n ' (p− 1).
– Next, we move on to consider the lower bound.

Observe that the matrix Σl,§ defined in (180) satis-
fies the following properties: (i) Σl,§ ° Ã2Ip−1; (ii)
Σ

−1/2
l,§ Sl,§ is a Gaussian random matrix composed

of i.i.d. standard Gaussian entries. Then we can lower
bound the eigenvalues µ(l)

i for any 1 f i f (p−1)'n
as follows

µ
(l)
i = ¼i

( 1

n
Sl,§S¦

l,§
)

(i)
= ¼i

( 1

n
S¦
l,§Sl,§

)

= ¼i

( 1

n

(
Σ

−1/2
l,§ Sl,§

)¦
Σl,§Σ

−1/2
l,§ Sl,§

)

(ii)

g Ã2¼i

( 1

n

(
Σ

−1/2
l,§ Sl,§

)¦
Σ

−1/2
l,§ Sl,§

)

(iii)
= Ã2¼i

( 1

n
Σ

−1/2
l,§ Sl,§

(
Σ

−1/2
l,§ Sl,§

)¦)
,

where (i) and (iii) hold because i f (p − 1) '
n; (ii) follows since for any matrix A, one has
A¦(Σl,§−Ã2I)A ° 0 and hence ¼i(A¦

Σl,§A) g
Ã2¼i(A

¦A). By invoking (175) and (176) once
again, we arrive at
∣∣∣¼i
( 1

n
Σ

−1/2
l,§ Sl,§

(
Σ

−1/2
l,§ Sl,§

)¦)− Ã2n ( (p− 1)

n

∣∣∣

≲ Ã2

√
p+ log n

n
, 1 f i f n ' (p− 1).

This immediately establishes the claimed lower
bound.

• The third claim is an immediate consequence of the fact
that

rank

( 1

n
Sl,§S¦

l,§
)
f n ' (p− 1).

• Finally, let us consider the last claim. In view of Theo-
rem 8, we have

¼l
1 + ´(¼l)

∈ BEPCA
(¼⋆l + Ã2).

In addition, the first claim asserts that for each 1 f i < r,
one has

µ
(l)
i

1 + ´(µ
(l)
i )

∈ BEPCA
(¼⋆k + Ã2)

for some k ̸= l. In view of the Lipschitz property of the
function f(¼) := ¼

1+´(¼) (so that |f ′(¼)| ≲ 1), applying
a similar argument as in the proof of Lemma 3 (see
Appendix C-A) immediately allows us to establish the
claim.

C. Proof of Lemma 9

Before continuing, we introduce several useful notation that
will be used throughout.

• Let U (l)
√

Γ(l)V (l)¦ denote the SVD of 1√
n
Sl,§, where

Γ
(l) is a diagonal matrix consisting of the singular values

of interest. Here, we recall that Sl,§ has been defined
in (98).

• Let u
(l)
i (resp. v

(l)
i ) indicate the i-th column of U (l)

(resp. V (l)), and let µ(l)
i represent the i-th diagonal entry

of Γ
(l).

In addition, we note that the vector sl,∥ (see (98)) obeys

s¦
l,∥ ∼ N

(
0, (u⋆¦l Σu⋆l )In

)
= N

(
0, (¼⋆l + Ã2)In

)

and is independent of Sl,§ (and thus Γ
(l) and V (l)). This

implies that condition on V (l), one has

v
(l)¦
i s¦

l,∥
i.i.d.∼ N

(
0, ¼⋆l + Ã2

)
, 1 f i < p. (181)
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Moreover, by virtue of the rotational invariance of i.i.d. Gaus-
sian random matrices, it is readily seen that Γ(l) is independent
of V (l).

Now, we can begin to present the proof, towards which we
start with the following decomposition
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2

=
1

n

∥∥∥
(
¼lIp−1−U (l)

Γ
(l)U (l)¦)−1

U (l)
√

Γ(l)V (l)¦s¦
l,∥

∥∥∥
2

2

=
1

n

∥∥∥U (l)
(
¼lIp−1−Γ

(l)
)−1

U (l)¦U (l)
√

Γ(l)V (l)¦s¦
l,∥

∥∥∥
2

2

=
1

n

∥∥∥
(
¼lIp−1 − Γ

(l)
)−1
√

Γ(l)V (l)¦s¦
l,∥

∥∥∥
2

2

=
1

n

∑

1fifn'(p−1)

µ
(l)
i

(¼l − µ
(l)
i )2

(
v

(l)¦
i s¦

l,∥
)2
. (182)

In what follows, we shall control the sum over i < r and the
sum over i g r separately.

a) Controlling the sum over i < r: According to
Lemma 8, one has

µ
(l)
i ≲ ¼⋆max + Ã2 and (µ

(l)
i − ¼l)

2 ≳ min
i:i ̸=l

(¼⋆l − ¼⋆i )
2

for all 1 f i < r. In addition, recall that v
(l)¦
i s¦

l,∥ (1 f i < p)
are i.i.d. zero-mean Gaussian random variables with variance
¼⋆l + Ã2 (see (181)). Invoking standard Gaussian inequalities
shows that with probability at least 1 −O(n−10),

max
1fi<r

(
v

(l)¦
i s¦

l,∥
)2

≲ (¼⋆l + Ã2) logn. (183)

As a result, we obtain

∑

1fi<r

µ
(l)
i

(
v

(l)¦
i s¦

l,∥
)2

(¼l − µ
(l)
i )2

≲
(¼⋆max + Ã2)(¼⋆l + Ã2) r log n

(
∆⋆
l

)2

(184)

with probability at least 1 −O(n−10).
b) Controlling the sum over i g r: Now, let us control

the sum over i g r, and we shall consider the case with n g p
and the case with n < p separately.

• Case I: n g p. Note that v
(l)¦
i s¦

l,∥
i.i.d.∼ N (0, ¼⋆l + Ã2).

This suggests that we decompose

∑

rfifn'(p−1)

µ
(l)
i (v

(l)¦
i s¦

l,∥)
2

(¼l − µ
(l)
i )2

=
∑

rfifn'(p−1)

µ
(l)
i (¼⋆l + Ã2)

(¼l − µ
(l)
i )2

︸ ︷︷ ︸
=:³1

+
∑

rfifn'(p−1)

µ
(l)
i

(
(v

(l)¦
i s¦

l,∥)
2 − (¼⋆l + Ã2)

)

(¼l − µ
(l)
i )2

︸ ︷︷ ︸
=:³2

, (185)

and control ³1 as well as ³2 individually.
– To begin with, let us consider ³1, which requires

estimating ¼⋆l + Ã2 and
∑
rfifn'(p−1) µ

(l)
i /

(¼l−µ(l)
i )2. This task is accomplished in Lemma 15

and Lemma 16 stated below.
Lemma 15: Instate the assumptions of Theorem 3.
With probability at least 1 −O(n−10), we have
∣∣∣∣
∑

igr

µ
(l)
i

(¼l−µ(l)
i )2

−
∑

i>r

¼i
(¼l − ¼i)2

︸ ︷︷ ︸
=: ϵ1

∣∣∣∣ ≲
Ã2

¼⋆2l

(
1 +

p

n

)
.

(186)

and
∣∣∣∣
∑

i>r

¼i
(¼l − ¼i)2

∣∣∣∣ (
∣∣∣∣
∑

igr

µ
(l)
i

(¼l − µ
(l)
i )2

∣∣∣∣ ≲
Ã2p

¼⋆2l
,

(187)

Proof: See Appendix D-C.1. □

Lemma 16: Instate the assumptions of Theorem 3.
With probability at least 1 −O(n−10), one has

∣∣∣∣
¼l

1 + 1
n

∑
i>r

¼i

¼l−¼i

− (¼⋆l + Ã2)

︸ ︷︷ ︸
=: ϵ2

∣∣∣∣

≲ (¼⋆max + Ã2)

√
r log n

n︸ ︷︷ ︸
= EPCA

. (188)

and

¼l

1 + 1
n

∑
i>r

¼i

¼l−¼i

≍ ¼⋆l . (189)

Proof: See Appendix D-C.2. □

With these two lemmas in place, we are ready to
control ³1. According to (187), we have

³1 ≲
(¼⋆l + Ã2)Ã2p

¼⋆2l
. (190)

In addition, recall the definition of cl (cf. (15)).
We can upper bound

|³1 − cl · n| =

∣∣∣∣(¼
⋆
l + Ã2)

∑

igr

µ
(l)
i

(¼l − µ
(l)
i )2

− cl · n
∣∣∣∣

=

∣∣∣∣∣(¼
⋆
l + Ã2)

(∑

i>r

¼i
(¼l − ¼i)2

+ ϵ1

)

− (¼⋆l + Ã2 + ϵ2)
∑

i>r

¼i
(¼l − ¼i)2

∣∣∣∣∣

=

∣∣∣∣ϵ1(¼
⋆
l + Ã2) − ϵ2

∑

i>r

¼i
(¼l − ¼i)2

∣∣∣∣

(i)

≲ (¼⋆l + Ã2)|ϵ1| +
Ã2p

¼⋆2l
|ϵ2|

(ii)

≲ (¼⋆l + Ã2) · Ã
2

¼⋆2l

(
1 +

p

n

)
+
Ã2p

¼⋆2l
· (¼⋆max + Ã2)

√
r log n

n
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≍ (¼⋆l + Ã2)Ã2

¼⋆2l
+

(¼⋆max + Ã2)Ã2p

¼⋆2l

√
r log n

n
.

(191)

Here, (i) makes use of (187) and (186); (ii) relies
on (186) and (188).

– Next, we move on to look at ³2. Observe that{
(v

(l)¦
i s¦

l,∥)
2 − (¼⋆l + Ã2)

}
igr is a sequence

of zero-mean sub-exponential random variables,
which is independent of Γ

(l) but depends on ¼l.
Hence, we shall apply the epsilon-net argument
(cf. Lemma 20) to bound ³2. To do so, let us
first verify the conditions required therein. With
probability exceeding 1 −O(n−20), one has
∣∣∣∣∣

d

d¼

∑

rfifn'(p−1)

µ
(l)
i

(¼−µ(l)
i )2

(
(v

(l)¦
i s¦

l,∥)
2−(¼⋆l +Ã

2)
)
∣∣∣∣∣

=

∣∣∣∣∣
∑

rfifn'(p−1)

2µ
(l)
i

(¼−µ(l)
i )3

(
(v

(l)¦
i s¦

l,∥)
2−(¼⋆l +Ã

2)
)
∣∣∣∣∣

f 2(p ' n) · max
rfifn'(p−1)

µ
(l)
i

(¼− µ
(l)
i )3

· max
rfifn'(p−1)

∣∣(v(l)¦
i s¦

l,∥)
2 − (¼⋆l + Ã2)

∣∣

≲ (p ' n) · Ã
2(p ( n)

¼⋆3l n
· (¼⋆l + Ã2) logn

=
(¼⋆l + Ã2)Ã2p log n

¼⋆3l

for all ¼ with ¼/
(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2).
In addition, it is seen that∥∥(v(l)¦

i s¦
l,∥)

2 − (¼⋆l + Ã2)
∥∥
È1

≲ ¼⋆l + Ã2,

E

[(
(v

(l)¦
i s¦

l,∥)
2 − (¼⋆l + Ã2)

)2]
≲ (¼⋆l + Ã2)2,

where ∥ · ∥È1
denotes the sub-exponential norm.

Invoke the Bernstein inequality [64, Corollary 2.1] to
show that: for any fixed ¼ obeying ¼/

(
1 + ´(¼)

)
∈

BEPCA
(¼⋆l + Ã2), one has

∣∣∣∣∣
∑

rfifn'(p−1)

µ
(l)
i

(¼−µ(l)
i )2

(
(v

(l)¦
i s¦

l,∥)
2−(¼⋆l +Ã

2)
)
∣∣∣∣∣

≲ max
rfifn'(p−1)

µ
(l)
i

(¼− µ
(l)
i )2

· (¼⋆l + Ã2)(log n+
√
p ' n log n)

≲
(¼⋆l + Ã2)Ã2

¼⋆2l

p ( n
n

√
p ' n log n

≲
(¼⋆l + Ã2)Ã2p

¼⋆2l

log n√
p ' n

with probability at least 1−O(n−10), where the last
inequalities hold since |¼ − µ

(l)
i | ≳ ¼⋆l and µ

(l)
i ≲

Ã2(1 + p/n). In addition, we make the observation
that

{¼ : ¼/
(
1 + ´(¼)

)
∈BEPCA

(¼⋆l +Ã
2)}

¦ [2¼⋆l /3, 4¼⋆l /3].

With these in place, one can readily invoke
Lemma 20 to derive

³2 ≲
(¼⋆l + Ã2)Ã2p

¼⋆2l

log n√
p ' n (192)

with probability at least 1 −O(n−10).
– Combining (190) and (192), we conclude

∑

rfifn'(p−1)

µ
(l)
i (v

(l)¦
i s¦

l,∥)
2

n (¼l − µ
(l)
i )2

f |³1| + |³2|
n

≲
(¼⋆l + Ã2)Ã2p

¼⋆2l n

+
(¼⋆l + Ã2)Ã2p

¼⋆2l n

log n√
p ' n

≲
(¼⋆l + Ã2)Ã2p log n

¼⋆2l n
. (193)

Moreover, putting (191) and (192) together gives
∣∣∣∣∣
∑

igr

µ
(l)
i (v

(l)¦
i s¦

l,∥)
2

n (¼l − µ
(l)
i )2

− cl

∣∣∣∣∣ f
|³1 − cl · n| + |³2|

n

≲
(¼⋆l + Ã2)Ã2

¼⋆2l n
+

(¼⋆max + Ã2)Ã2p

¼⋆2l n

√
r log n

n

+
(¼⋆l + Ã2)Ã2p

¼⋆2l n

log n√
p ' n

≍ Ã2p

¼⋆2l n

(
(¼⋆max+Ã2)

√
r log n

n
+ (¼⋆l +Ã

2)
log n√
p ' n

)
,

(194)

where cl is defined in (20).
• Case II: n < p. As it turns out, the above analysis

for (194) is not tight when it comes to the case n < p.
To remedy the issue, we provide a more precise estimate
for terms (185) in the following lemma.
Lemma 17: Instate the assumptions of Theorem 3. Sup-
pose that p > n, then the following holds with probability
at least 1 −O(n−10):

∑

igr

γ
(l)
i (v

(l)¦
i s¦

l,∥
)2

(λl − γ
(l)
i )2

=
σ2p

λl−σ2p/n
+

λl

λl−σ2p/n

λl

1 + 1
n

∑

i>r
¼i

¼l−¼i

∑

r<ifn

λi − σ2p/n

(λl − λi)2

︸ ︷︷ ︸

=cl·n

+O
( σ2pr log n

mini:i̸=l
∣
∣λ⋆l − λ⋆i

∣
∣n

+
σ2κ

√
pr log n

λ⋆l

)

. (195)

Proof: See Appendix D-C.3. □

Here, the quantity cl introduced above is precisely the
one defined in (20). Consequently, we arrive at

∣∣∣∣∣
∑

igr

µ
(l)
i (v

(l)¦
i s¦

l,∥)
2

n (¼l − µ
(l)
i )2

− cl

∣∣∣∣∣

≲
Ã2pr log n

mini:i ̸=l |¼⋆l − ¼⋆i |n
+
Ã2»

√
pr log n

¼⋆l n
. (196)
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c) Combining two sums: Substituting (184) and (193)
(which holds universally for any n) into (182), we reach the
first claim (107):
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2

≲
(¼⋆max + Ã2)(¼⋆l + Ã2) r log n

mini:i ̸=l |¼⋆l − ¼⋆i |
2
n

+
(¼⋆l +Ã

2)Ã2p log2 n

¼⋆2l n
j 1,

where the last step holds due to the assumptions (21a)
and (21b).

We now turn attention to the estimation error. Regarding the
case with n g p, we can combine (184) and (194) to conclude
that∣∣∣∣
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2
− cl

∣∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2) r log n

mini:i ̸=l |¼⋆l − ¼⋆i |2n

+
Ã2p

¼⋆2l n

(
(¼⋆l + Ã2)

log2 n√
p ' n + (¼⋆max + Ã2)

√
r log n

n

)
.

As for the case with n < p, substituting (184) and (196)
into (182) yields

∣∣∣∣
∥∥∥
(
¼lIp−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§s¦

l,∥

∥∥∥
2

2
− cl

∣∣∣∣

≲
(¼⋆max + Ã2)(¼⋆l + Ã2)r log n

mini:i ̸=l |¼⋆l − ¼⋆i |
2
n

+
Ã2»

√
pr log n

¼⋆l n

+
Ã2pr log n

mini:i ̸=l |¼⋆l − ¼⋆i |n2

≍ (¼⋆max + Ã2)(¼⋆l + Ã2)r log n

mini:i ̸=l |¼⋆l − ¼⋆i |
2
n

+
Ã2»

√
pr log n

¼⋆l n
,

where in the last line we use the conditions
mini:i ̸=l |¼⋆l − ¼⋆i | ≲ ¼⋆max and Ã2p/n j ¼⋆l (according
to the noise assumption (21a)).

1) Proof of Lemma 15: To begin with, let us consider (186).
By construction, we have Sl,§S¦

l,§ = (u⋆§l )¦SS¦u⋆§l , and

it follows from Lemma 21 that ¼i+1 f µ
(l)
i f ¼i for all

1 f i < p. Simple calculation yields

µ
(l)
i

(¼l − µ
(l)
i )2

− ¼i
(¼l − ¼i)2

=
(µ

(l)
i − ¼i)(¼

2
l − ¼iµ

(l)
i )

(¼l − µ
(l)
i )2(¼l − ¼i)2

,

and consequently

¼i+1

(¼l − ¼i+1)2
f µ

(l)
i

(¼l − µ
(l)
i )2

f ¼i
(¼l − ¼i)2

, i g r.

We can then invoke a similar argument used in the proof of
Lemma 14 to bound

∑

r<ifn

¼i
(¼l − ¼i)2

f
∑

rfifn

µ
(l)
i

(¼l − µ
(l)
i )2

f
∑

r<ifn

¼i
(¼l − ¼i)2

+
µ

(l)
r

(¼l − µ
(l)
r )2

.

Hence, the conclusion immediately follows since µ(l)
r /(¼l −

µ
(l)
r )2 ≲ Ã2(1 + p/n)/¼⋆2l by Lemma 8.

We proceed to consider (187). According to Lemma 8, the
following holds for eigenvalues {µ(l)

i }igr: (i) |¼l−µ(l)
i | ≳ ¼⋆l

for all i g r; (ii) |µ(l)
i | ≲ Ã2(p ( n)/n for all r f i f

n ' (p− 1); (iii) µ(l)
i = 0 for n ' (p− 1) < i < p. Therefore,

we can upper bound
∣∣∣∣
∑

i: igr

µ
(l)
i

(¼l − µ
(l)
i )2

∣∣∣∣ ≲ (p ' n)
Ã2(p ( n)

¼⋆2l n
=
Ã2p

¼⋆2l
,

and the upper bound for
∑
i>r ¼i/(¼l − ¼i)

2 immediately
follows from the triangle inequality.

2) Proof of Lemma 16: By the definition of ´(·) in (76),
we can express

´(¼l) =
1

n

∑

1fifp−r

¼i(
1
nS§S¦

§)

¼l − ¼i(
1
nS§S¦

§)
.

From Lemma 21, we know that ¼i+r f ¼i(
1
nS§S¦

§) f ¼i
for each 1 f i f p− r, and thus

¼i+r
¼l − ¼i+r

f ¼i(
1
nS§S¦

§)

¼l − ¼i(
1
nS§S¦

§)
f ¼i
¼l − ¼i

, i > r.

Hence, we have

0 f ´(¼l) −
1

n

∑

r<ifp

¼i
¼l − ¼i

f 1

n

∑

1fifr

¼i(
1
nS§S¦

§)

¼l − ¼i(
1
nS§S¦

§)
.

(197)

As shown in ((75)), the eigenvalue ¼l satisfies ¼l/
(
1 +

´(¼l)
)

= ¼⋆l + Ã2 +O(EPCA) where EPCA is defined in (90).
In particular, we note that for the case with n < p, the
assumption (21a) guarantees that

Ã2 =o(¼⋆min) and EPCA := (¼⋆max + Ã2)

√
r

n
log n = o(¼⋆min).

(198)

Combined with (92), this also implies that

¼l ≍ ¼⋆l . (199)

With these estimates in place, one can use (197) and the
high-probability bound ∥ 1

nS§S¦
§∥ ≲ Ã2(1 + p/n) j ¼⋆l

in (177) to derive
∣∣∣∣
1

n

∑

r<ifp

¼i
¼l − ¼i

− ´(¼l)

∣∣∣∣ f
r

n
· max
1fifr

∣∣∣∣
¼i(

1
nS§S¦

§)

¼l − ¼i(
1
nS§S¦

§)

∣∣∣∣

≲
r

n
· Ã

2

¼⋆l

(
1 +

p

n

)
= o
( r
n

)

(200)

where the last step holds due the noise condition (21a).
Meanwhile, we can combine (92) with (200) to find

∣∣∣∣
1

n

∑

r<ifp

¼i
¼l − ¼i

∣∣∣∣j 1 (201)

as long as nk r. Plugging this into ((75)) reveals that

¼⋆l + Ã2 =
¼l

1 + ´(¼l)
+O(EPCA)

(i)
=

¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i
+ o( rn )

+O(EPCA)
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=
¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+ o
(¼⋆l r
n

)
+O(EPCA)

=
¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+O(EPCA), (202)

where (i) holds due to (200); (ii) follows from (199) and (201);
(iii) holds as long as r j n. This completes the proof
for (188).

In addition, the claim (189) is an immediate consequence
of (198) and (201).

3) Proof of Lemma 17: In view of (104) and the fact that
v

(l)¦
i s¦

l,∥
i.i.d.∼ N (0, ¼⋆l + Ã2) (see (181)), we are motivated to

first decompose

∑

rfifn

µ
(l)
i (v

(l)¦
i s¦

l,∥)
2

(¼l − µ
(l)
i )2

=
∑

rfifn

Ã2p/n

(¼l − Ã2p/n)2
(v

(l)¦
i s¦

l,∥)
2

︸ ︷︷ ︸
=:³1

+
∑

rfifn

( µ
(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

)
(¼⋆l + Ã2)

︸ ︷︷ ︸
=:³2

+
∑

rfifn

( µ
(l)
i

(¼l−µ(l)
i )2

− Ã2p/n

(¼l−Ã2p/n)2

){
(v

(l)¦
i s¦

l,∥)
2−(¼⋆l +Ã

2)
}

︸ ︷︷ ︸
=:³3

.

(203)

In what follows, we shall control ³1, ³2 and ³3 separately
in a reverse order.

a) Controlling ³3.: We intend to apply Lemma 20 in
Section G to control ³3. Before proceeding, we pause to
make a few observations. It is straightforward to compute
that f ′(x) = k

(¼−x)k+1 for the function f(x) := 1
(¼−x)k and

g′(x) = ¼+(k−1)x
(¼−x)k+1 for the function g(x) := x

(¼−x)k . Since
|f(x) − f(y)| f {supz |f ′(z)|} |x− y| for any function f(·),
one can demonstrate that: for all ¼ satisfying ¼/

(
1+´(¼)

)
∈

BEPCA
(¼⋆l + Ã2), we claim that the following holds

max
1fifn

∣∣∣∣
1

¼− µ
(l)
i

− 1

¼− Ã2p/n

∣∣∣∣

≲

{
max

µ: |µ−Ã2p/n|≲Ã2
√
p/n

1

(¼− µ)2

}
· max
1fifn

|µ(l)
i − Ã2p/n|

≲
Ã2

¼⋆2l

√
p

n
, (204a)

max
1fifn

∣∣∣∣
1

(¼− µ
(l)
i )2

− 1

(¼− Ã2p/n)2

∣∣∣∣

≲

{
max

µ: |µ−Ã2p/n|≲Ã2
√
p/n

1

(¼− µ)3

}
· max
1fifn

|µ(l)
i − Ã2p/n|

≲
Ã2

¼⋆3l

√
p

n
, (204b)

max
1fifn

∣∣∣∣
µ

(l)
i

(¼− µ
(l)
i )2

− Ã2p/n

(¼− Ã2p/n)2

∣∣∣∣

≲

{
max

µ: |µ−Ã2p/n|≲Ã2
√
p/n

|¼+ µ|
|¼− µ|3

}
· max
1fifn

∣∣µ(l)
i − Ã2p/n

∣∣

≲
¼⋆l
¼⋆3l

· Ã2

√
p

n
=

Ã2

¼⋆2l

√
p

n
, (204c)

and

max
1fifn

∣∣∣∣
µ

(l)
i

(¼− µ
(l)
i )3

− Ã2p/n

(¼− Ã2p/n)3

∣∣∣∣

≲

{
max

µ: |µ−Ã2p/n|≲Ã2
√
p/n

|¼+ 2µ|
(¼− µ)4

}
· max
1fifn

∣∣µ(l)
i − Ã2p/n

∣∣

≲
¼⋆l
¼⋆4l

· Ã2

√
p

n
=

Ã2

¼⋆3l

√
p

n
. (204d)

To justify the inequalities above, we have taken advantage of
the following conditions:

• It is seen from (104) in Lemma 8 that |µ(l)
i − Ã2p/n| ≲

Ã2
√
p/n.

• We have used the condition that for any ¼, µ satisfying
¼/
(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2) and |µ − Ã2p/n| ≲

Ã2
√
p/n, one has

|¼− µ| ≳ ¼⋆l ;

this can be established via almost the same argument for
justifying (105) in Lemma 8 (which we omit here for
brevity).

With the preceding upper bounds in place, one can begin to
verify the conditions required to invoke Lemma 20. First, one
can derive: with probability at least 1 − O(n−20), for all ¼
satisfying ¼/

(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2),

∣

∣

∣

∣

∣

d

dλ

∑

rfifn

( γ
(l)
i

(λ − γ
(l)
i )2

− σ2p/n

(λ − σ2p/n)2

)

(

(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

rfifn

2
( γ

(l)
i

(λ−γ
(l)
i )3

− σ2p/n

(λ − σ2p/n)3

)

(

(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

)

∣

∣

∣

∣

∣

f n · max
1fifn

∣

∣

∣

∣

γ
(l)
i

(λ − γ
(l)
i )3

− σ2p/n

(λ − σ2p/n)3

∣

∣

∣

∣

· max
1fifn

∣

∣(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

∣

∣

≲ n · σ2

λ⋆3l

√

p

n
· (λ⋆l + σ2)2 log n ≍ σ2√pn log n

λ⋆l
,

where the last line holds due to the upper bound (204c), the
fact Ã2 f Ã2p/n j ¼⋆l (from the noise assumption (21a)),
as well as the standard Gaussian concentration inequality.
In addition, one can then apply the Bernstein inequality
[64, Corollary 2.1] to conclude: for any fixed ¼ satisfying
¼/
(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2), with probability at least
1 −O(n−10),
∣

∣

∣

∣

∣

∑

rfifn

( γ
(l)
i

(λ − γ
(l)
i )2

− σ2p/n

(λ − σ2p/n)2

)

(

(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

)

∣

∣

∣

∣

∣

≲ max
1fifn

∣

∣

∣

∣

γ
(l)
i

(λ − γ
(l)
i )2

− σ2p/n

(λ − σ2p/n)2

∣

∣

∣

∣

· (λ⋆l + σ2) · (log2 n +
√

n log n)

≲
σ2

λ⋆2l

√

p

n
· λ⋆l (log2 n +

√

n log n) ≍ σ2
√

p log n

λ⋆l
,
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where the second line arises from the Bernstein inequality, and
the last line follows from (204d) and the facts ¼⋆l + Ã2 ≍ ¼⋆l
(given the assumption that Ã2 f Ã2p/n j ¼⋆l ). Taking this
together with the fact
{
¼ : ¼/

(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2)
}
¦ [2¼⋆l /3, 4¼⋆l /3],

we can apply Lemma 20 to show that

|³3| ≲
Ã2

¼⋆l

√
p log n (205)

with probability exceeding 1 −O(n−10).
b) Controlling ³2.: With regards to ³2, we claim that

the following upper bound holds, whose proof is deferred to
the end of this section.

∣∣∣∣
∑

r<ifn

( ¼i
(¼l − ¼i)2

− Ã2p/n

(¼l − Ã2p/n)2

)

−
∑

rfifn

( µ
(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

)∣∣∣∣

≲
Ã2

¼⋆2l

√
p

n
. (206)

Combing this with EPCA defined in (90), we arrive at

³2 =
∑

rfifn

( µ
(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

)
(¼⋆l + Ã2)

(i)
=
∑

rfifn

( µ
(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

)

·
(

¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+O(EPCA)

)

f
∑

rfifn

( µ
(l)
i

(¼l−µ(l)
i )2

− Ã2p/n

(¼l−Ã2p/n)2

) ¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+ n · max
1fifn

∣∣∣∣
µ

(l)
i

(¼− µ
(l)
i )2

− Ã2p/n

(¼− Ã2p/n)2

∣∣∣∣ ·O(EPCA)

(ii)
=

(
∑

r<ifn

( ¼i
(¼l − ¼i)2

− Ã2p/n

(¼l − Ã2p/n)2

)
+O

(
Ã2

¼⋆2l

√
p

n

))

· ¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+ n · max
1fifn

∣∣∣∣
µ

(l)
i

(¼− µ
(l)
i )2

− Ã2p/n

(¼− Ã2p/n)2

∣∣∣∣ ·O(EPCA)

=
∑

rfifn

( ¼i
(¼l − ¼i)2

− Ã2p/n

(¼l − Ã2p/n)2

) ¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+O

(
Ã2

¼⋆2l

√
p

n

)
· ¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+ n · max
1fifn

∣∣∣∣
µ

(l)
i

(¼− µ
(l)
i )2

− Ã2p/n

(¼− Ã2p/n)2

∣∣∣∣ ·O(EPCA)

(iii)=
∑

rfifn

( ¼i
(¼l−¼i)2

− Ã2p/n

(¼l−Ã2p/n)2

) ¼l

1+ 1
n

∑
r<ifp

¼i

¼l−¼i

+O

(
Ã2

¼⋆2l

√
p

n
· ¼⋆l
)
+O

(
Ã2

¼⋆2l

√
p

n
· n · (¼⋆max+Ã2)

√
r log n

n

)

(iv)
=
∑

rfifn

( ¼i
(¼l−¼i)2

− Ã2p/n

(¼l − Ã2p/n)2

) ¼l

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

+O
(Ã2

¼⋆l
»
√
pr log n

)
. (207)

Here, (i) arises from (188); (ii) is due to the claim (206);
(iii) follows from (189), (204c) and the definition of
EPCA; (iv) holds true under the condition Ã2 j ¼⋆max

(see (198)).
c) Controlling ³1.: Regarding ³1, the key step lies in

controlling
∑
rfifn(v

(l)¦
i s¦

l,∥)
2. Recall that U (l)

√
Γ(l)V (l)¦

is the SVD of 1√
n
Sl,§ with V (l) := [v

(l)
1 , · · · ,v(l)

n ] ∈ R
n×n.

Towards this, we invoke Theorem 5 to derive the following
identity:

λl
(i)
=

1

n
u
⋆¦
l SS

¦
u
⋆
l+

1

n
u
⋆¦
l SS

¦
u
⋆§
l

(

λlIp−1 − 1

n
(u⋆§l )¦SS

¦
u
⋆§
l

)−1

1

n
(u⋆§l )¦SS

¦
u
⋆¦
l

(ii)
=

1

n
∥s¦l,∥∥2

2 +
1

n
s
¦
l,∥S

¦
l,§

(

λlIp−1 − 1

n
Sl,§S

¦
l,§

)−1 1

n
Sl,§s

¦
l,∥

(iii)
=

1

n

∑

1fifn

(v
(l)¦
i s

¦
l,∥)2 +

1

n

∑

1fifn

γ
(l)
i

λl − γ
(l)
i

(v
(l)¦
i s

¦
l,∥)2

=
1

n

∑

1fifn

(v
(l)¦
i s

¦
l,∥)2

(

1 +
γ
(l)
i

λl − γ
(l)
i

)

=
λl

n

∑

1fifn

(v
(l)¦
i s¦

l,∥
)2

λl − γ
(l)
i

,

where (i) arises from (34b); (ii) relies on the definitions of
sl,∥ and Sl,§ in (188); (iii) follows since {v(l)

i }1fifn forms
a set of orthonormal bases in R

n. Rearranging terms, we are
left with

n=
∑

1fifn

(v
(l)¦
i s

¦
l,∥)

2

λl − γ
(l)
i

=
∑

1fi<r

(v
(l)¦
i s

¦
l,∥)

2

λl − γ
(l)
i

+
∑

rfifn

(v
(l)¦
i s

¦
l,∥)

2

λl − γ
(l)
i

=
∑

1fi<r

(v
(l)¦
i s

¦
l,∥)

2

λl − γ
(l)
i

+
∑

rfifn

(v
(l)¦
i s

¦
l,∥)

2

λl − σ2p/n

+
∑

rfifn

( 1

λl − γ
(l)
i

− 1

λl − σ2p/n

)
(v

(l)¦
i s

¦
l,∥)

2.

As a result, we obtain the following decomposition:

∑

rfifn

(v
(l)¦
i s¦

l,∥)
2

¼l − Ã2p/n
= n

−
∑

1fi<r

(v
(l)¦
i s¦

l,∥)
2

¼l − µ
(l)
i︸ ︷︷ ︸

=:φ1

− (¼⋆l + Ã2)
∑

rfifn

( 1

¼l − µ
(l)
i

− 1

¼l − Ã2p/n

)

︸ ︷︷ ︸
=:φ2
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−
∑

rfifn

( 1

¼l−µ(l)
i

− 1

¼l − Ã2p/n

)(
(v

(l)¦
i s¦

l,∥)
2 − (¼⋆l + Ã2)

)

︸ ︷︷ ︸
=:φ3

.

(208)

In what follows, we shall control φ1, φ2 and φ3 separately.

• We start with φ1. Given that v
(l)¦
i s¦

l,∥
i.i.d.∼ N (0, ¼⋆l +

Ã2), we can develop an upper bound as follows: with
probability at least 1 −O(n−10),

|φ1|
(i)

f
∑

1fi<r(v
(l)¦
i s¦

l,∥)
2

mini:i ̸=l |¼⋆l − ¼⋆i |
(ii)

≲
(¼⋆l + Ã2)r log n

mini:i ̸=l |¼⋆l − ¼⋆i |
(iii)≍ ¼⋆l r log n

mini:i ̸=l |¼⋆l − ¼⋆i |
. (209)

Here, (i) utilizes the condition |¼l − µ
(l)
i | ≳

mini:i ̸=l |¼⋆l − ¼⋆i | (in view of Lemma 8), (ii) holds due
to (183), whereas (iii) arises from the noise assumption
Ã2 ≲ ¼⋆l .

• As for φ2, recall from Lemma 21 that ¼i+1 f µ
(l)
i f ¼i

for all 1 f i < p. This in turn leads to

∑

rfifn

( 1

¼l − µ
(l)
i

− 1

¼ l
− Ã2p/n

)

−
∑

r<ifn

( 1

¼l − ¼i
− 1

¼l − Ã2p/n

)

g 1

¼l − µ
(l)
n

− 1

¼l − Ã2p/n
;

∑

rfifn

( 1

¼l − µ
(l)
i

− 1

¼l − Ã2p/n

)
−
∑

r<ifn

( 1

¼l − ¼i
− 1

¼l − Ã2p/n

)

f 1

¼l − µ
(l)
r

− 1

¼l − Ã2p/n
.

This taken collectively with (204a) yields
∣∣∣∣∣
∑

rfifn

( 1

¼l − µ
(l)
i

− 1

¼l − Ã2p/n

)

−
∑

r<ifn

( 1

¼l − ¼i
− 1

¼l − Ã2p/n

)∣∣∣∣∣

≲
Ã2

¼⋆2l

√
p

n
. (210)

In addition, it is also seen from (204a) that
∣∣∣∣∣
∑

rfifn

( 1

¼l − µ
(l)
i

− 1

¼l − Ã2p/n

)∣∣∣∣∣

(
∣∣∣∣∣
∑

r<ifn

( 1

¼l − ¼i
− 1

¼l − Ã2p/n

)∣∣∣∣∣

≲
Ã2

¼⋆2l

√
pn. (211)

Therefore, we can obtain
∣∣∣∣∣(λ

⋆
l + σ2)

∑

rfifn

( 1

λl − γ
(l)
i

− 1

λl − σ2p/n

)

− λl

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

)∣∣∣∣∣

f
∣∣∣∣∣(λ

⋆
l + σ2) − λl

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

∣∣∣∣∣

·
∣∣∣∣∣

∑

rfifn

( 1

λl − γ
(l)
i

− 1

λl − σ2p/n

)∣∣∣∣∣

+
λl

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

∣∣∣∣∣
∑

rfifn

( 1

λl − γ
(l)
i

− 1

λl − σ2p/n

)

−
∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

)∣∣∣∣∣

≲ λ⋆max

√
r logn

n
· σ

2

λ⋆2l

√
pn+ λ⋆l ·

σ2

λ⋆2l

√
p

n

≍ σ2

λ⋆l
κ
√
pr logn,

where the last step uses (188), (189), (210) and (211).
This reveals that

ϕ2 =
λl

1 + 1
n

∑
r<ifp

¼i

¼l−¼i

∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

)

+O
(σ2

λ⋆l
κ
√
pr logn

)
. (212)

• Turning to φ3, we shall apply Lemma 20 to bound it.
Similar to the analysis above for bounding ³3, one can
check that the following holds with probability at least 1−
O(n−10): for all ¼ satisfying ¼/

(
1+´(¼)

)
∈ BEPCA

(¼⋆l +
Ã2),
∣

∣

∣

∣

∣

d

dλ

∑

rfifn

( 1

λ − γ
(l)
i

− 1

λ − σ2p/n

)

(

(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

rfifn

( 1

(λ − γ
(l)
i )2

− 1

(λ − σ2p/n)2

)

(

(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

)

∣

∣

∣

∣

∣

≲ n · max
rfifn

∣

∣

∣

∣

∣

1

(λ − γ
(l)
i )2

− 1

(λ − σ2p/n)2

∣

∣

∣

∣

∣

· max
rfifn

∣

∣(v
(l)¦
i s

¦
l,∥)2 − (λ⋆l + σ2)

∣

∣

≲ n · σ2

λ⋆3l

√

p

n
· (λ⋆l + σ2) log n ≍ σ2

λ⋆2l

√
pn log n,

where the last line comes from (204b). In addition, for
any fixed ¼ such that ¼/

(
1 + ´(¼)

)
∈ BEPCA

(¼⋆l + Ã2),
we can use the Bernstein inequality [64, Corollary 2.1] to
demonstrate that: with probability at least 1 −O(n−10),
∣∣∣∣∣

∑

rfifn

( 1

λ− γ
(l)
i

− 1

λ− σ2p/n

)(
(v

(l)¦
i s

¦
l,∥)

2 − (λ⋆l + σ2)
)
∣∣∣∣∣

≲ max
rfifn

∣∣∣ 1

λ− γ
(l)
i

− 1

λ− σ2p/n

∣∣∣
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· (λ⋆l + σ2)(log2 n+
√
n logn)

≲
σ2

λ⋆l

√
p logn,

where the last line comes from (204a). With these in
place, we invoke Lemma 20 to conclude that

|φ3| ≲
Ã2

¼⋆l

√
p log n (213)

with probability at least 1 −O(n−10).
• Substituting (209), (212) and (213) into (208) reveals that:

with probability exceeding 1 −O(n−10),

∑

rfifn

(v
(l)¦
i s

¦
l,∥)

2

λl − σ2p/n

=n− λl

1 + 1
n

∑
r<ifn

¼i

¼l−¼i

∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

)

+O
(σ2κ

√
pr logn

λ⋆l
+

λ⋆l r logn

mini:i̸=l |λ⋆l − λ⋆i |
)
. (214)

As a consequence, we arrive at

α1 =
σ2p/n

λl − σ2p/n

∑

rfifn

(v
(l)¦
i s

¦
l,∥)

2

λl − σ2p/n

=
σ2p/n

λl − σ2p/n

(
n− λl

1 + 1
n

∑
r<ifn

¼i

¼l−¼i

·
∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

))

+ o
(σ2

λ⋆l
κ
√
pr logn

)
+O

( σ2pr logn

mini:i̸=l |λ⋆l − λ⋆i |n
)
,

(215)

where we have made use of the bound ¼l−Ã2p/n ≳ ¼⋆l
and Ã2p/n = o(¼⋆l ).

d) Combining the bounds on ³1, ³2 and ³3:

Putting (203), (205), (207) and (215) together, we conclude

∑

rfifn

γ
(l)
i (v

(l)¦
i s

¦
l,∥)

2

(λl − γ
(l)
i )2

= α1 + α2 + α3

=
σ2p/n

λl − σ2p/n

(
n

− λl

1 + 1
n

∑
r<ifn

¼i

¼l−¼i

∑

r<ifn

( 1

λl − λi
− 1

λl − σ2p/n

))

+
λl

1 + 1
n

∑
r<ifn

¼i

¼l−¼i

∑

rfifn

( λi
(λl − λi)2

− σ2p/n

(λl − σ2p/n)2

)

+O
(σ2

λ⋆l
κ
√
pr logn+

σ2pr logn

mini:i̸=l |λ⋆l − λ⋆i |n
)

=
σ2p

λl − σ2p/n
+

λl

1 + 1
n

∑
r<ifn

¼i

¼l−¼i

·
∑

rfifn

( λi
(λl − λi)2

− σ2p/n

(λl − λi)(λl − σ2p/n)

)

+O
(σ2

λ⋆l
κ
√
pr logn+

σ2pr logn

mini:i̸=l |λ⋆l − λ⋆i |n
)

as claimed.

e) Proof of the inequality (206): Given that ¼i+1 f
µ

(l)
i f ¼i for all 1 f i < p, we can bound

∑

r<ifn

¼i
(¼l − ¼i)2

+
µ

(l)
n

(¼l − µ
(l)
n )2

f
∑

rfifn

µ
(l)
i

(¼l − µ
(l)
i )2

f
∑

r<ifn

¼i
(¼l − ¼i)2

+
µ

(l)
r

(¼l − µ
(l)
r )2

.

By subtracting
∑
rfifn

Ã2p/n
(¼l−Ã2p/n)2 from both sides and rear-

ranging terms, we have
∣∣∣∣∣
∑

rfifn

( µ
(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

)

−
∑

r<ifn

( ¼i
(¼l − ¼i)2

− Ã2p/n

(¼l − Ã2p/n)2

)∣∣∣∣∣

f
∣∣∣∣∣

µ
(l)
n

(¼l − µ
(l)
n )2

− Ã2p/n

(¼l − Ã2p/n)2

∣∣∣∣∣

(
∣∣∣∣∣

µ
(l)
r

(¼l − µ
(l)
r )2

− Ã2p/n

(¼l − Ã2p/n)2

∣∣∣∣∣.

In view of the basic property |f(x) − f(y)| f
{supz |f ′(z)|} |x− y|, we can upper bound

∣∣∣∣∣
µ

(l)
i

(¼l − µ
(l)
i )2

− Ã2p/n

(¼l − Ã2p/n)2

∣∣∣∣∣

f max
µ: |µ−Ã2p/n|≲Ã2

√
p/n

∣∣∣∣
¼l + µ

(¼l − µ)3

∣∣∣∣ ·
∣∣µ(l)
i − Ã2p/n

∣∣

≲
¼⋆l
¼⋆3l

Ã2

√
p

n
=

Ã2

¼⋆2l

√
p

n

for any r f i f n. Here, the last line holds because
(i) |¼l − ¼⋆l | ( Ã2(p/n +

√
p/n) j ¼⋆l holds due to the

assumption (21a), and hence |¼l − µ| ≳ ¼⋆l and ¼l + µ ≲ ¼⋆l ;
(ii) |µ(l)

i − Ã2p/n| ≲ Ã2
√
p/n holds according to Lemma 8.

This finishes the proof for the inequality (206).

D. Proof of Lemma 10

Our proof strategy is to utilize the Gaussian concentration
inequality and the epsilon-net argument.

To apply Lemma 20, we shall first check its conditions.
To begin with, we claim that the following holds with proba-
bility at least 1 −O(n−20):

V := sup
¼: ¼

1+´(¼)
∈BEPCA

(¼⋆
l
+Ã2)

∥∥∥∥
∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k

(
λIp−1 −

1

n
Sl,§S

¦
l,§

)−1 1

n
Sl,§

∥∥∥∥
2

≲
∑

k:k ̸=l

∣∣a¦
u
⋆
k

∣∣
|λ⋆l − λ⋆k|

√
(λ⋆max + σ2) (κ2 + r)

n
. (216)

Consequently, we can apply the Gaussian concentration
inequality to show that: for any fixed ¼ such that ¼/(1 +
´(¼)) ∈ BEPCA

(¼⋆l + Ã2), one has
∣∣∣
∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k

(
¼Ip−1 −

1

n
Sl,§S¦

l,§
)−1 1

n
Sl,§ · s¦

l,∥

∣∣∣
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≲

√
(¼⋆l + Ã2) log

(
n»¼max

∆⋆
l

)
· V

with probability exceeding 1 −O
(
»−10(¼max/∆

⋆
l )

−20n−20
)
.

In addition, one can derive: for all ¼ such that ¼/(1 +
´(¼)) ∈ BEPCA

(¼⋆l + Ã2),
∣∣∣∣

d

dλ

∑

k:k ̸=l

a
¦
u
⋆
k · u⋆¦k u

⋆§
l

(
λIp−1 −

1

n
Sl,§S

¦
l,§

)−1 1

n
Sl,§ · s¦

l,∥

∣∣∣∣

=

∣∣∣∣
∑

k:k ̸=l

a
¦
u
⋆
k · u⋆¦k u

⋆§
l

(
λIp−1 −

1

n
Sl,§S

¦
l,§

)−2 1

n
Sl,§ · s¦

l,∥

∣∣∣∣

f n · max
1fi<n

1

(λ− γ
(l)
i )2

·
∥∥∥∥

∑

k:k ̸=l

a
¦
u
⋆
ku

⋆¦
k u

⋆§
l

∥∥∥∥
2

·
∥∥sl,∥

∥∥
2

(i)

f n · 1

mini:i̸=l |λ⋆l − λ⋆i |2 ' λ⋆2l
·
∑

k:k ̸=l

|a¦
u
⋆
k|
∥∥u⋆¦k u

⋆§
l

∥∥
2
· (λ⋆l + σ2)

√
n logn

(ii)

≲ n3/2 · maxi:i̸=l |λ⋆l − λ⋆i |
mini:i̸=l |λ⋆l − λ⋆i |2 ' λ⋆2l

· (λ⋆l + σ2)
√

logn

·
∑

k:k ̸=l

|a¦
u
⋆
k|

|λ⋆l − λ⋆k|
(iii)

≲ n3/2 · κ
2λ⋆2max

∆⋆2
l

· 1

λ⋆l
· V

holds with probability at least 1 − O(n−20). Here, (i) uses
Lemma 8 and the high-probability fact that ∥sl,∥∥2 ≲ (¼⋆l +
Ã2)

√
n log n, (ii) holds since

∥∥u⋆¦k u⋆§l
∥∥

2
f ∥u⋆k∥2∥u⋆§l ∥ f

1, whereas (iii) arises from the definition of V in (216).
Combining the above two bounds, we are ready to invoke

Lemma 20 and the union bound to arrive at the advertised
bound

∥∥∥∥
∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k

(
λIp−1 −

1

n
Sl,§S

¦
l,§

)−1 1

n
Sl,§s

¦
l,∥

∥∥∥∥
2

≲

√
(λ⋆l + σ2) log

(
nκλmax

∆⋆
l

)
· V

≲
∑

k:k ̸=l

∣∣a¦
u
⋆
k

∣∣
|λ⋆l − λ⋆k|

√
n

√
(λ⋆l + σ2)(λ⋆max + σ2)(κ2 + r) log

(
nκλmax

∆⋆
l

)

with probability at least 1 −O(n−10).
Therefore, the remainder of the proof amounts to estab-

lishing (216). Let us work under the event where the claims
in Lemma 8 holds, which holds with probability exceeding
1−O(n−10). Recall the SVD of 1√

n
Sl,§ = U (l)

√
Γ(l)V (l)¦.

Similar to (167), any ¼ such that ¼/(1 + ´(¼)) ∈ BEPCA
(¼⋆l +

Ã2), one can rewrite
∥∥∥∥

∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k

(
λIp−1 −

1

n
Sl,§S

¦
l,§

)−1 1√
n
Sl,§

∥∥∥∥
2

=

∥∥∥∥
∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k U

(l)(λIp−1−Γ
(l))−1

U
(l)¦

U
(l)
√

Γ(l)V
(l)¦

∥∥∥∥
2

=

∥∥∥∥
∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k U

(l)(λIp−1 − Γ
(l))−1

√
Γ(l)

∥∥∥∥
2

=

√√√√
∑

1fifn'(p−1)

γ
(l)
i

(λ− γ
(l)
i )2

( ∑

k:k ̸=l

a¦u⋆ku
⋆(l)¦
k u

(l)
i

)2

.

• With regards to the sum over the range i g r, it is seen
from Lemma 8 and the assumption (21a) that for all i g
r, µ(l)

i ≲ Ã2(1+p/n) ≲ ¼⋆max+Ã2 and |¼l−µ(l)
i | ≳ ¼⋆l g

|¼⋆l − ¼⋆k| /» for any k ̸= i. This enables us to derive
√√√√

∑

rfifn'(p−1)

γ
(l)
i

(λl − γ
(l)
i )2

( ∑

k:k ̸=l

a¦u⋆ku
⋆(l)¦
k u

(l)
i

)2

f
√

(λ⋆max+σ2)
∑

rfifn'(p−1)

(∑

k:k ̸=l

κ

|λ⋆l −λ⋆k|
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

f
√
λ⋆max + σ2

∥∥∥∥
∑

k:k ̸=l

κ

|λ⋆l − λ⋆k|
a
¦
u
⋆
ku

⋆(l)¦
k U

(l)

∥∥∥∥

f
√

(λ⋆max + σ2)κ2
∑

k:k ̸=l

∣∣a¦
u
⋆
k

∣∣
|λ⋆l − λ⋆k|

∥∥u⋆(l)¦k U
(l)
∥∥

2

f
√

(λ⋆max + σ2)κ2
∑

k:k ̸=l

∣∣a¦
u
⋆
k

∣∣
|λ⋆l − λ⋆k|

,

where the last line holds since
∥∥u⋆(l)¦k U (l)

∥∥
2

f∥∥u⋆(l)k

∥∥
2

∥∥U (l)
∥∥ f 1.

• Turning to the sum over the range i < r, we can control
√√√√

∑

1fi<r

γ
(l)
i

(λl − γ
(l)
i )2

( ∑

k:k ̸=l

a¦u⋆ku
⋆(l)¦
k u

(l)
i

)2

=

∥∥∥∥∥
∑

1fi<r

(
(γ

(l)
i )1/2

λl − γ
(l)
i

∑

k:k ̸=l

a
¦
u
⋆
ku

⋆(l)¦
k u

(l)
i

)
u

(l)
i

∥∥∥∥∥
2

=

∥∥∥∥∥
∑

k:k ̸=l

a
¦
u
⋆
k

∑

1fi<r

(γ
(l)
i )1/2u

⋆(l)¦
k u

(l)
i

λl − γ
(l)
i

u
(l)
i

∥∥∥∥∥
2

f
∑

k:k ̸=l

|a¦
u
⋆
k|
∥∥∥∥

∑

1fi<r

(γ
(l)
i )1/2u

⋆(l)¦
k u

(l)
i

λl − γ
(l)
i

u
(l)
i

∥∥∥∥
2

=
∑

k:k ̸=l

|a¦
u
⋆
k|

√√√√ ∑

1fi<r

γ
(l)
i (u

⋆(l)¦
k u

(l)
i )2

(λl − γ
(l)
i )2

.

This leads us to control
∑

1fifr−1 µ
(l)
i

(u
⋆(l)¦
k u

(l)
i )2/(¼l − µ

(l)
i )2 for each k ̸= l, which

can be decomposed as follows

∑

1fi<r

µ
(l)
i (u

⋆(l)¦
k u

(l)
i )2

(¼l − µ
(l)
i )2

=
∑

i∈C1

µ
(l)
i (u

⋆(l)¦
k u

(l)
i )2

(¼l − µ
(l)
i )2

+
∑

i∈C2

µ
(l)
i (u

⋆(l)¦
k u

(l)
i )2

(¼l − µ
(l)
i )2

.

Here, the sets C1 and C2 are defined respectively as
follows

C1 := {1 f i < r | µ(l)
i /(1 + µ(µ

(l)
i )) ∈ BEk

(¼⋆k)},
C2 := {1 f i < r | µ(l)

i /(1 + µ(µ
(l)
i )) /∈ BEk

(¼⋆k)},

where we take Ek := c |¼⋆l − ¼⋆k| for some sufficiently
small constant c > 0. In the sequel, we shall control the
above two sums separately.
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– With respect to the sum over C1, one can apply a

similar argument for (170) to show |¼l − µ
(l)
i | ≳

|¼⋆l − ¼⋆k| for i ∈ C1. This enables us to bound

∑

i∈C1

µ
(l)
i

(
u
⋆(l)¦
k u

(l)
i

)2

(¼l−µ(l)
i )2

≲
¼⋆max+Ã2

|¼⋆l − ¼⋆k|
2

∑

i∈C1

(
u
⋆(l)¦
k u

(l)
i

)2

f ¼⋆max+Ã2

|¼⋆l −¼⋆k|
2

∥∥u⋆(l)k

∥∥2

2

∥∥U (l)
∥∥2

f ¼⋆max + Ã2

|¼⋆l − ¼⋆k|
2 .

– Next, we move on to look at the sum over C2.
According to Lemma 8, we have

EPCA ≳
∥∥∥
(
µ

(l)
i Ir−1−(1 +´(µ

(l)
i ))Λ(l)

)
U⋆(l)¦u

(l)
i,∥

∥∥∥
2

g
∣∣µ(l)
i − (1 + ´(µ

(l)
i ))¼

(l)
k

∣∣ ·
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣

≳ Ek ·
∣∣u⋆(l)¦k u

(l)
i,∥
∣∣

≳ |¼⋆l − ¼⋆k| ·
∣∣u⋆(l)¦k u

(l)
i

∣∣,

where we use the fact that
∣∣u⋆(l)¦k u

(l)
i

∣∣ f∣∣u⋆(l)¦k u
(l)
i,∥
∣∣ and

∣∣µ(l)
i − (1 + ´(µ

(l)
i ))¼

(l)
k

∣∣ ≳ Ek for
all i ∈ C2. Therefore, we arrive at the upper bound

µ
(l)
i (u

⋆(l)¦
k u

(l)
i )2

(¼l − µ
(l)
i )2

≲
(¼⋆max + Ã2)E2

PCA

|¼⋆l − ¼⋆k|
2
mini:i ̸=l |¼⋆l − ¼⋆i |2

≲
¼⋆max + Ã2

|¼⋆l − ¼⋆k|
2 , i ∈ C2,

where we invoke the condition mini:i ̸=l |¼⋆l − ¼⋆i | ≳

EPCA. Taking these two bounds collectively, we reach

∑

1fi<r

µ
(l)
i

(
u
⋆(l)¦
k u

(l)
i

)2

(¼l − µ
(l)
i )2

≲
¼⋆max + Ã2

|¼⋆l − ¼⋆k|
2

+

(
¼⋆max + Ã2

)
r

|¼⋆l − ¼⋆k|
2

≍
(
¼⋆max + Ã2

)
r

|¼⋆l − ¼⋆k|
2 ,

and hence
√√√√ ∑

1fi<r

µ
(l)
i

(¼l − µ
(l)
i )2

( ∑

k:k ̸=l
a¦u⋆ku

⋆(l)¦
k u

(l)
i

)2

≲
√

(¼⋆max + Ã2) r
∑

k:k ̸=l

|a¦u⋆k|
|¼⋆l − ¼⋆k|

.

• Combining the preceding two bounds, we finish the proof
for (216).

APPENDIX E
PROOF FOR MINIMAX LOWER BOUNDS (THEOREM 4)

Fix an arbitrary 1 f l f r and an arbitrary k ̸= l and
1 f k f r. In what follows, we intend to prove the following
two claims:

inf
ua,l

sup
Σ∈M1(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|2 n
∣∣a¦u⋆l

∣∣

+

√
(¼⋆k + Ã2)(¼⋆l + Ã2)

|¼⋆l − ¼⋆k|
√
n

∣∣a¦u⋆k
∣∣, (217)

inf
ua,l

sup
Σ∈M2(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
∥PU⋆§a∥2, (218)

where the infimum is over all estimators, and M1(Σ
⋆) and

M2(Σ
⋆) are defined right before the statement of Theorem 4.

It is self-evident that Theorem 4 follows from these two claims
by taking the maximum over all k ̸= l.

A. Proof of the Lower Bound (217)

a) Step 1: constructing a collection of hypotheses: Let
us consider the following two hypotheses:

H0 : si
i.i.d.∼ N (0,Σ⋆ + Ã2Ip), 1 f i f n;

Hk : si
i.i.d.∼ N (0,Σk + Ã2Ip), 1 f i f n.

Here, the covariance matrix Σk is defined as follows:

Σk := ¼⋆l ulu
¦
l + ¼⋆kuku

¦
k +

∑

i: i ̸=k,l, 1fifr
¼⋆iu

⋆
iu

⋆¦
i .

where ul and uk are defined as

[ul, uk] := [u⋆l , u⋆k]

[
cos ¹n − sin ¹n
sin ¹n cos ¹n

]
(219)

for some ¹n ∈ [−Ã/2, Ã/2] to be specified later. Straightfor-
ward calculation yields

ulu
¦
l + uku

¦
k = u⋆l u

⋆¦
l + u⋆ku

⋆¦
k .

This identity further leads to

Σk − Σ
⋆ = ¼⋆l ulu

¦
l + ¼⋆kuku

¦
k − (¼⋆l u

⋆
l u

⋆¦
l + ¼⋆ku

⋆
ku

⋆¦
k )

= ¼⋆l (ulu
¦
l + uku

¦
k ) + (¼⋆k − ¼⋆l )uku

¦
k

−
(
¼⋆l (u

⋆
l u

⋆¦
l + u⋆ku

⋆¦
k ) + (¼⋆k − ¼⋆l )u

⋆
ku

⋆¦
k

)

= (¼⋆k − ¼⋆l )(uku
¦
k − u⋆ku

⋆¦
k ).

In addition, it is also seen that

∥Σk − Σ
⋆∥F = |¼⋆k − ¼⋆l | · ∥uku¦

k − u⋆ku
⋆¦
k ∥F

f |¼⋆k − ¼⋆l | ·
(
∥uk(uk − u⋆k)

¦∥F + ∥(uk − u⋆k)u
⋆¦
k ∥F

)

= |¼⋆k − ¼⋆l | ·
(
∥uk∥2∥uk − u⋆k∥2 + ∥uk − u⋆k∥2∥u⋆k∥2

)

= 2 |¼⋆k − ¼⋆l | · ∥uk − u⋆k∥2

(i)
= 2 |¼⋆k − ¼⋆l | · ∥ − u⋆l sin ¹n + u⋆k cos ¹n − u⋆k∥2

f 2 |¼⋆k − ¼⋆l | ·
(
sin ¹n + 2 sin2(¹n/2)

)

(ii)

f 4 |¼⋆k − ¼⋆l | · |¹n|, (220)

where (i) arises from the definition of ul in (219); (ii) holds
since sin ¹ f |¹|.

In what follows, we denote by P
0 and P

k the distribution
of S under the hypothesis H0 and Hk, respectively, and let
P

0
i and P

k
i denote the distribution of si (i-th column of S)

under H0 and Hk, respectively.
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b) Step 2: bounding the KL divergence between hypothe-

ses: Recall the elementary fact that the KL divergence of
multivariate Gaussians is given by [65]

KL
(
N (0,Σ1)∥ N (0,Σ0)

)

=
1

2

(
tr
(
Σ

−1
0 Σ1

)
− p+ log

|Σ0|
|Σ1|

)
.

Since the KL divergence is additive over independent distri-
butions [66], one has

KL
(
P
k ∥ P

0
)

=

n∑

i=1

KL
(
P
k
i ∥ P

0
i

)

=
1

2

n∑

i=1

(
tr
(
(Σ⋆ + Ã2Ip)

−1(Σk + Ã2Ip)
)
− p
)
. (221)

This suggests that we need to compute tr
(
(Σ⋆+Ã2Ip)

−1(Σk+
Ã2Ip)

)
. By construction in (219), we know that ul and uk

span the same subspace as u⋆l and u⋆k, and are orthogonal to
{u⋆i }i:i ̸=k,l. Denote by U⋆§ ∈ R

p×(p−r) the matrix whose
columns form an orthonormal basis of the complement to the
subspace spanned by U⋆. One can then derive

(Σ⋆ + Ã2Ip)
−1(Σk + Ã2Ip)

=

( ∑

1fifr

1

¼⋆i + Ã2
u⋆iu

⋆¦
i +

1

Ã2
U⋆§(U⋆§)¦

)

·
(

(¼⋆l + Ã2)ulu
¦
l + (¼⋆k + Ã2)uku

¦
k

+
∑

i: i ̸=k,l, 1fifr
(¼⋆i + Ã2)u⋆iu

⋆¦
i + Ã2U⋆§(U⋆§)¦

)

=
( 1

¼⋆l + Ã2
u⋆l u

⋆¦
l +

1

¼⋆k + Ã2
u⋆ku

⋆¦
k

)

·
(
(¼⋆l + Ã2)ulu

¦
l + (¼⋆k + Ã2)uku

¦
k

)

+
∑

i: i ̸=k,l, 1fifr
u⋆iu

⋆¦
i + U⋆§(U⋆§)¦.

As a result, we find

tr
(
(Σ⋆ + Ã2Ip)

−1(Σk + Ã2Ip)
)

(i)
= tr

(( 1

¼⋆l + Ã2
u⋆l u

⋆¦
l +

1

¼⋆k + Ã2
u⋆ku

⋆¦
k

)

·
(
(¼⋆l + Ã2)ulu

¦
l + (¼⋆k + Ã2)uku

¦
k

))
+ p− 2

= |u⋆¦l ul|2 +
¼⋆k + Ã2

¼⋆l + Ã2
|u⋆¦l uk|2

+
¼⋆l + Ã2

¼⋆k + Ã2
|u⋆¦k ul|2 + |u⋆¦k uk|2 + p− 2

(ii)
= cos2 ¹n +

¼⋆k + Ã2

¼⋆l + Ã2
sin2 ¹n +

¼⋆l + Ã2

¼⋆k + Ã2
sin2 ¹n

+ cos2 ¹n + p− 2

=
(¼⋆l + Ã2)2 + (¼⋆k + Ã2)2

(¼⋆l + Ã2)(¼⋆k + Ã2)
sin2 ¹n − 2 sin2 ¹n + p

=
(¼⋆l − ¼⋆k)

2

(¼⋆l + Ã2)(¼⋆k + Ã2)
sin2 ¹n + p.

Here, (i) holds since tr(u⋆iu
⋆¦
i ) = 1 and tr

(
U⋆§(U⋆§)¦

)
=

tr
(
(U⋆§)¦U⋆§) = tr(Ip−r) = p − r; (ii) follows from the

following observations:

u⋆¦l ul = u⋆¦l u⋆l cos ¹n + u⋆¦l u⋆k sin ¹n = cos ¹n;

u⋆¦k ul = u⋆¦k u⋆l cos ¹n + u⋆¦k u⋆k sin ¹n = sin ¹n;

u⋆¦l uk = −u⋆¦l u⋆l sin ¹n + u⋆¦l u⋆k cos ¹n = − sin ¹n;

u⋆¦k uk = −u⋆¦k u⋆l sin ¹n + u⋆¦k u⋆k cos ¹n = cos ¹n;

where we have used the construction (219) and the fact that
u⋆¦l u⋆k = 0. Therefore, combining the above identities allows
us to conclude that

KL
(
P
k ∥ P

0
)

=
n(¼⋆l − ¼⋆k)

2

2(¼⋆l + Ã2)(¼⋆k + Ã2)
sin2 ¹n. (222)

c) Step 3: invoking Fano’s inequality: Suppose that we
choose ¹n

|¹n| = cn

√
(¼⋆l + Ã2)(¼⋆k + Ã2)

(¼⋆l − ¼⋆k)
2n

(223)

where cn ≍ 1 is a sequence that depends on n and obeys cn ∈
{1/64, 1/16, 1/4} (which we shall discuss momentarily).
Then we can see from (220) that

∥Σk − Σ
⋆∥F f

√
(¼⋆l + Ã2)(¼⋆k + Ã2)

n
.

In other words, Σk ∈ M1(Σ
⋆). Moreover, plugging the

value (223) of ¹n into (222) and using the facts | sin ¹| f |¹|
as well as maxn cn = 1/4 yields

KL(Pk ∥ P
0) f 1/16.

It then follows from Fano’s inequality [66, Theorem 2] that

pe,k := inf
È

max
{

P{ψ rejects H0 | H0}, P{ψ rejects Hk | Hk}
}

g 1/5,

where the infimum is taken over all tests. One can then apply
the standard reduction scheme in [66, Chapter 2.2] to show
that

inf
ua,l

sup
Σ∈M1(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳ pe,k min
∣∣a¦ul ± a¦u⋆l

∣∣

≳ min
∣∣a¦ul ± a¦u⋆l

∣∣.

Observe that once we prove

min
∣∣a¦ul ± a¦u⋆l

∣∣ g 1

8Ã2

(
¹2n ·

∣∣a¦u⋆l
∣∣+ |¹n| ·

∣∣a¦u⋆k
∣∣),

(224)

then (223) would immediately lead to the advertised bound

inf
u

a,l

sup
Σ∈M1(Σ⋆)

E

[

min
∣

∣u
a,l ± a

¦
ul(Σ)

∣

∣

]

≳ cn
(λ⋆k + σ2)(λ⋆l + σ2)

∣

∣a¦u⋆l

∣

∣

(λ⋆l − λ⋆k)
2n

+ cn

√

(λ⋆k + σ2)(λ⋆l + σ2)
∣

∣a¦u⋆k

∣

∣

|λ⋆l − λ⋆k|
√

n

≳
(λ⋆k + σ2)(λ⋆l + σ2)

∣

∣a¦u⋆l

∣

∣

(λ⋆l − λ⋆k)
2n

+

√

(λ⋆k + σ2)(λ⋆l + σ2)
∣

∣a¦u⋆k

∣

∣

|λ⋆l − λ⋆k|
√

n
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where the last step holds since minn cn = 1/64. As a con-
sequence, the remainder of the proof amounts to establishing
the claim (224). In view of (219), we know that
∣∣a¦u⋆l − a¦ul

∣∣ =
∣∣a¦u⋆l − a¦(u⋆l cos ¹n + u⋆k sin ¹n)

∣∣

=
∣∣a¦u⋆l (1 − cos ¹n) − a¦u⋆k sin ¹n

∣∣

=
∣∣2a¦u⋆l sin2(¹n/2) − a¦u⋆k sin ¹n

∣∣
(i)
=
∣∣2a¦u⋆l sin2(¹n/2)

∣∣+
∣∣a¦u⋆k sin ¹n

∣∣
(ii)

g 2

Ã2

(
¹2n · |a¦u⋆l | + |¹n| ·

∣∣a¦u⋆k
∣∣) (225)

where (i) holds true as long as we choose sign(¹n) =
−sign(a¦u⋆l /a

¦u⋆k); (ii) relies on the fact | sin ¹| g 2
Ã |¹|

for ¹ ∈ [−Ã
2 ,

Ã
2 ]. In addition, we can derive

∣∣a¦u⋆l + a¦ul
∣∣

=
∣∣a¦u⋆l + a¦(u⋆l cos ¹n + u⋆k sin ¹n)

∣∣
=
∣∣a¦u⋆l (1 + cos ¹n) + a¦u⋆k sin ¹n

∣∣
=
∣∣2a¦u⋆l cos2(¹n/2) + a¦u⋆k sin(¹n/2) cos(¹n/2)

∣∣
= cos(¹n/2)

∣∣2a¦u⋆l cos(¹n/2) + a¦u⋆k sin(¹n/2)
∣∣

(i)

g 1

2

∣∣a¦u⋆l cos(¹n/2) + a¦u⋆k sin(¹n/2)
∣∣

(ii)
=

1

2

∣∣∣
√

(a¦u⋆l )
2 + (a¦u⋆k)

2 sin(¹n/2 + Ék)
∣∣∣

g 1

4

(
|a¦u⋆l | sin |¹n/2 + Ék| + |a¦u⋆k| sin |¹n/2 + Ék|

)

(226)

where (i) holds due to |¹n| f 1/4 by the choice of cn in (223)
and the sample size condition (28); Ék ∈ [−Ã

2 ,
Ã
2 ] in (ii)

is defined such that tanÉk = a¦u⋆l /a
¦u⋆k. In particular,

recall that the sign of ¹n is chosen such that sign(¹n) =
−sign(a¦u⋆l /a

¦u⋆k), one has sign(¹n) = −sign(Ék). Next,
our goal is to show if we choose cn ∈ {1/64, 1/16, 1/4} of
¹n in (223) suitably, one has

sin |¹n/2 + Ék| g
1

2Ã
|¹n|. (227)

To this end, for each n, we choose cn of ¹n in (223) to be cn =
1/16 temporarily, and consider the following three scenarios:

• If |¹n|/2 g 2 |Ék|, then one has Ã/2 g |¹n/2 + Ék| g
|¹n|/2 − |Ék| g |¹n/4| where the first inequality holds
since the signs of ¹n and Ék are different. Combined with
the inequality | sin ¹| g 2

Ã |¹| for ¹ ∈ [−Ã
2 ,

Ã
2 ], this leads

to sin |¹n/2 + Ék| g sin |¹n/4| g 1
2Ã |¹n|;

• If |¹n|/2| f |Ék|/2, then we know Ã/2 g |¹n/2+Ék| g
|Ék| − |¹n|/2 g |Ék/2| g |¹n/2|. This implies that
sin |¹n/2 + Ék| g sin |¹n/2| g 1

Ã |¹n|.
• Otherwise, (i.e. |Ék|/2 < |¹n|/2 < 2 |Ék|), one can adjust
cn to be either 1/4 or 1/64 (namely, increasing it or
decreasing it by 4 times). After doing so, it is easily seen
that ¹n must satisfy one of the two conditions above,
thereby guaranteeing that sin |¹n/2 + Ék| g 1

2Ã |¹n|.
This completes the proof for the claim (227). Combining (227)
with (226), we arrive at
∣∣a¦u⋆l + a¦ul

∣∣ g 1

8Ã

(
|¹n| · |a¦u⋆l | + |¹n| · |a¦u⋆k|

)

g 1

8Ã2

(
¹2n · |a¦u⋆l | + |¹n| · |a¦u⋆k|

)
,

where the last step holds since |¹n| f 1. Combining this
with (225) finishes the proof of the claim (224).

B. Proof of the Lower Bound (218)

a) Step 1: constructing a collection of hypotheses:

Consider the following hypotheses regarding the eigen-
decomposition of the covariance matrix:

H0 : si
i.i.d.∼ N (0,Σ⋆ + Ã2Ip), 1 f i f n;

H1 : si
i.i.d.∼ N (0, Σ̃ + Ã2Ip), 1 f i f n.

Here, the covariance matrix Σ̃ is defined to be

Σ̃ := ¼⋆l ũlũ
¦
l +

∑

i:i ̸=l
¼⋆iu

⋆
iu

⋆¦
i ,

where ũl is defined as

ũl :=
u⋆l + ¶na§

∥u⋆l + ¶na§∥2
=

u⋆l + ¶na§√
1 + ¶2n

with

a§ :=
PU⋆§a

∥PU⋆§a∥2

for some 0 < ¶n < 1 to be specified later. We note that
u⋆¦i a§ = 0 for all 1 f i f r and u⋆¦i ũl = 0 for all i ̸= l.
As can be straightforwardly verified, one has

∥ũ − u⋆l ∥2 f
(
1 − 1√

1 + ¶2n

)
∥u⋆l ∥2 +

¶n√
1 + ¶2n

∥a§∥2

=

√
1 + ¶2n − 1 + ¶n√

1 + ¶2n
f 2¶n, (228)

where the last step holds since
√

1 + ¶2n f 1+ ¶n for ¶n > 0.
In the sequel, we denote by P

0 and P
1 the distribution of S

under the hypothesis H0 and H1, respectively. We also let P
0
i

and P
1
i denote the distribution of si (i-th column of S) under

H0 and H1, respectively.
b) Step 2: bounding the KL divergence between hypothe-

ses: Let us define vector ûl as

ûl :=
u⋆l − 1

¶n
a§

∥u⋆l − 1
¶n

a§∥2

=
u⋆l − 1

¶n
a§√

1 + 1
¶2n

.

where the last step holds since u⋆l is orthogonal to a§. Note
that ûl is a unit vector orthogonal to the subspace spanned by
ũl and {u⋆i }i ̸=l, namely, û¦

l ũl = 0 and u⋆¦i ûl = 0 for all
i ̸= l. Similar to the proof for the claim (217), one can derive

tr

(
(Σ⋆+σ2

Ip)
−1(Σ̃ + σ2

Ip)
)

=tr

(( 1

λ⋆l +σ
2
u
⋆
l u

⋆¦
l +

1

σ2
a§a

¦
§

)(
(λ⋆l + σ2)ũlũ

¦
l + σ2

ûlû
¦
l

))

+p− 2

=(ũ¦
l u

⋆
l )

2+
σ2

λ⋆l + σ2
(û¦

l u
⋆
l )

2 +
λ⋆l + σ2

σ2
(ũ¦

l a§)2 + (û¦
l a§)2

+ p− 2

=
1

1 + δ2n

(
1 +

λ⋆l + σ2

σ2
δ2n

)
+

1

1 + δ2n

(
σ2

λ⋆l + σ2
δ2n + 1

)
+ p− 2

=
λ⋆2l

(λ⋆l + σ2)σ2

δ2n
1 + δ2n

+ p,
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where the second step is due to u⋆¦i a§ = 0 and the third line
follows from the following facts:

ũ¦
l u⋆l =

u⋆¦l u⋆l + ¶na
¦
§u⋆l

∥u⋆l + ¶na§∥2
=

1√
1 + ¶2n

;

ũ¦
l a§ =

u⋆¦l a§ + ¶na
¦
§a§

∥u⋆l + ¶na§∥2
=

¶n√
1 + ¶2n

;

û¦
l u⋆l =

u⋆¦l u⋆l − 1
¶n

a¦
§u⋆l

∥u⋆l − 1
¶n

a§∥2

=
¶n√

1 + ¶2n
;

û¦
l a§ =

u⋆¦l a§ − 1
¶n

a¦
§a§

∥u⋆l − 1
¶n

a§∥2

= − 1√
1 + ¶2n

.

As a consequence, we can upper bound the KL divergence as
follows

KL
(
P

1 ∥ P
0
)

=

n∑

i=1

KL
(
P

1
i ∥ P

0
i

)

=
1

2

n∑

i=1

(
tr
(
(Σ⋆ + Ã2Ip)

−1(Σ̃ + Ã2Ip)
)
− p
)

=
n¼⋆2l

2(¼⋆l + Ã2)Ã2

¶2n
1 + ¶2n

f ¶2nn¼
⋆2
l

2(¼⋆l + Ã2)Ã2
.

c) Step 3: invoking Fano’s inequality: From the preced-
ing upper bound on the KL divergence, it is easy to see that
KL(P1 ∥ P

0) f 1/16 if we choose

¶n = cn

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
f 1, (229)

where cn ≍ 1 obeys cn ∈ {1/64, 1/16, 1/4} and the last
step holds due to the assumption (28). It follows from Fano’s
inequality [66, Theorem 2] that

pe :=inf
È

max
{
P{È rejects H0 | H0}, P{È rejects H1 | H1}

}

g 1/5,

where the infimum is taken over all tests. Further, we know
from (228), (229) and cn f 1/4 that

∥ũ − u⋆l ∥2 f
√

(¼⋆l + Ã2)Ã2

¼⋆2l n
,

namely, Σ1 ∈ M2(Σ
⋆).

Next, let us continue to control min
∣∣a¦ũl ± a¦u⋆l

∣∣. Our
goal is to show

min
∣∣a¦ũl ± a¦u⋆l

∣∣ ≳ ¶n∥PU⋆§a∥2,

and we shall use the same argument as for (224) to prove it.
Towards this, let us first consider

∣∣a¦ũl − a¦ũl
∣∣. By con-

struction, one can derive

a¦ũl − a¦u⋆l =
a¦u⋆l + ¶na

¦a§√
1 + ¶2n

− a¦u⋆l

=
¶n√

1 + ¶2n
∥PU⋆§a∥2

︸ ︷︷ ︸
=: ¸1

−
(

1 − 1√
1 + ¶2n

)
a¦u⋆l

︸ ︷︷ ︸
=: ¸2

(230)

where the last step holds because

a¦a§ = a¦PU⋆§a/∥PU⋆§a∥2

= (PU⋆§a)¦PU⋆§a/∥PU⋆§a∥2

= ∥PU⋆§a∥2.

Moreover, it is straightforward to verify that

1

4
¶2n f 1 − 1√

1 + ¶2n
f
√

1 + ¶2n − 1 f 1

2
¶2n (231)

for 0 < ¶n < 1. With these basic facts in place, let us first
choose the pre-factor cn ≍ 1 in 229 to be cn = 1/16 for the
moment, and compare the two terms on the right-hand side
of (230).

• If |¸1| g 2 |¸2|, then one has

∣∣a¦ũl − a¦u⋆l
∣∣ g |¸1| − |¸2| g

|¸1|
2

g ¶n
4
∥PU⋆§a∥2,

where we have used the fact that ¶n f 1.
• If |¸1| f |¸2|/2, then we know that

∣∣a¦ũl − a¦u⋆l
∣∣ g |¸2| − |¸1| g |¸1| g

¶n
2
∥PU⋆§a∥2

as long as ¶n f 1.
• Otherwise, consider the case where |¸2|/2 < |¸1| <

2 |¸2|. In this case, we can adjust the pre-factor cn to be
1/4. By doing so, |¸1| increases by at most 4 times, while
|¸2| increases by at least 8 times (according to (231)).
As a result, the new values of ¸1 and ¸2 satisfy |¸1| f
|¸2|/2, thus belonging to the second case discussed above
and hence

∣∣a¦ũl − a¦u⋆l
∣∣ g ¶n

4 ∥PU⋆§a∥2. Clearly,
we can also adjust cn to be 1/64 so as to meet the
condition of the first case discussed above.

To sum up, the above analysis reveals that: by properly
choosing the constants {cn} in (229), one can guarantee that

∣∣a¦ũl − a¦u⋆l
∣∣ g ¶n

4
∥PU⋆§a∥2.

Similarly, we can also derive

∣∣a¦ũl + a¦u⋆l
∣∣ =

∣∣∣∣
a¦u⋆l + ¶na

¦a§√
1 + ¶2n

+ a¦u⋆l

∣∣∣∣

=

∣∣∣∣
¶n√

1 + ¶2n
∥PU⋆§a∥2 +

(
1 +

1√
1 + ¶2n

)
a¦u⋆l

∣∣∣∣

g
∣∣∣∣

¶n√
1 + ¶2n

∥PU⋆§a∥2 −
(

1 +
1√

1 + ¶2n

)∣∣a¦u⋆l
∣∣
∣∣∣∣

≳
¶n√

1 + ¶2n
∥PU⋆§a∥2

Taking these two relations collectively yields the advertised
bound:

min
∣∣a¦ul ± a¦u⋆l

∣∣ ≳ ¶n ∥PU⋆§a∥2.

As a consequence, one can readily apply the standard
reduction scheme in [66, Chapter 2.2] again to arrive that

inf
ua,l

sup
Σ∈M2(Σ⋆)

E

[
min

∣∣ua,l ± a¦ul(Σ)
∣∣
]

≳ pe min
∣∣a¦ũl ± a¦u⋆l

∣∣ ≳ min
∣∣a¦ũl ± a¦u⋆l

∣∣
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≳cn

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
∥PU⋆§a∥2 ≳

√
(¼⋆l + Ã2)Ã2

¼⋆2l n
∥PU⋆§a∥2

where the last step holds since minn cn = 1/64.

APPENDIX F
PROOF FOR THE LOWER BOUND OF THE PLUG-IN

ESTIMATOR (THEOREM 2)

Evidently, it is sufficient to establish the lower bound for
the rank-1 case (i.e. r = 1), which forms the content of
this section. To begin with, let us decompose the leading
eigenvector u of M as follows:

u = u⋆ cos ¹ + u§ sin ¹, with ¹ ∈
[
0, Ã/2

]
,

where as before, u§ denotes some unit vector perpendicular
to u⋆. Denote by s := sign(a¦u§) the sign of a¦u§.
Armed with these, one can express the plug-in estimator uplugin

a

as

uplugin
a

= a¦u = a¦u⋆ cos ¹ + a¦u§ sin ¹

= a¦u⋆ cos ¹ + s |a¦u§| sin ¹,
which in turn leads to

dist
(
uplugin

a
,a¦u⋆

)
=min

∣∣a¦u ± a¦u⋆
∣∣=
∣∣|a¦u⋆|−|a¦u|

∣∣

=
∣∣∣|a¦u⋆|−

∣∣a¦u⋆ cos ¹+s |a¦u§| sin ¹
∣∣
∣∣∣.

In view of the analysis in Appendix C-D, one can see that:
conditioned on ¹, u§ is uniformly distributed over the unit
sphere when restricted to the subspace spanned by the columns
of u⋆§. Consequently, we have

P
{
s = 1 | |a¦u§|, ¹

}
= P

{
s = −1 | |a¦u§|, ¹

}
=

1

2
.

This implies the independence between s and |a¦u§| as well
as ¹, which further reveals that

s = argmax
s′=±1

∣∣∣|a¦u⋆| −
∣∣a¦u⋆ cos ¹ + s′ |a¦u§| sin ¹

∣∣
∣∣∣

with probability 1/2. Therefore, it is seen that

dist
(
uplugin

a
,a¦u⋆

)

= max
s′=±1

∣∣∣|a¦u⋆| −
∣∣a¦u⋆ cos ¹ + s′ |a¦u§| sin ¹

∣∣
∣∣∣

with probability 1/2. In the following, we seek to lower bound
maxs′=±1

∣∣|a¦u⋆|−|a¦u⋆ cos ¹+s′ |a¦u§| sin ¹|
∣∣, dividing

into two cases based on the relative size of a¦u⋆ cos ¹
compared to |a¦u§| sin ¹. Without loss of generality, let
us assume that a¦u⋆ g 0 in the sequel, and recall that
¹ ∈ [0, Ã/2].

• In the case where a¦u⋆ cos ¹ g |a¦u§| sin ¹, one can
demonstrate that

max
s′=±1

∣∣∣a¦u⋆ −
∣∣a¦u⋆ cos ¹ + s′ |a¦u§| sin ¹

∣∣
∣∣∣

= a¦u⋆(1 − cos ¹) + |a¦u§| sin ¹

g (1 − cos ¹)|a¦u⋆| g 1 − cos2 ¹

2
|a¦u⋆|

≳
Ã2n

¼⋆21

∣∣a¦u⋆
∣∣

with high probability, where the last step results
from (67).

• On the other hand, if instead a¦u⋆ cos ¹ < |a¦u§| sin ¹,
then one can deduce that

max
s′=±1

∣∣∣a¦u⋆ −
∣∣a¦u⋆ cos ¹ + s′

∣∣a¦u§| sin ¹
∣∣
∣∣∣

= max
s′=±1

∣∣∣a¦u⋆ −
∣∣s′a¦u⋆ cos ¹ + |a¦u§| sin ¹

∣∣
∣∣∣

(i)
= max

s′=±1

∣∣∣a¦u⋆ − |a¦u§| sin ¹ − s′a¦u⋆ cos ¹
∣∣∣

(ii)

g
∣∣a¦u⋆

∣∣ cos ¹
(iii)≍
∣∣a¦u⋆

∣∣
(iv)

≳
Ã2n

¼⋆21

∣∣a¦u⋆
∣∣ .

Here, (i) is valid since a¦u⋆ cos ¹ < |a¦u§| sin ¹; (ii)
holds given that max |a ± b| g |b| for any a, b; (iii)
follows since, according to (67), cos ¹ ≍ 1 holds with
high probability; and (iv) arises from the assumption (10).

Combining the preceding two cases, we can readily conclude
that

dist
(
uplugin

a
,a¦u⋆

)
≳
Ã2n

¼⋆21

∣∣a¦u⋆
∣∣

with probability at least 1/3.

APPENDIX G
TECHNICAL LEMMAS

This section collects a few technical lemmas that prove
useful in the analysis of our main results. In what follows,
we shall start by stating the precise statements of these
lemmas, followed by the proofs for each of them.

Lemma 18: Let {hi}ni=1 be a sequence of independent
zero-mean Gaussian random vectors in R

r with covariance
matrix Ã2Ir, and let a = [ai]1fifn ∈ R

n be a fixed vector.
Then with probability at least 1 −O

(
n−10

)
, one has

∥∥∥
∑

1fifn
ai
(
hih

¦
i − Ã2Ir

)∥∥∥

f C1Ã
2
(
∥a∥2

√
r log n+ ∥a∥∞(r log n+ log2 n)

)

f C2Ã
2∥a∥∞

(√
rn log n+ r log n

)
(232)

for some sufficiently large constants C1, C2 > 0. Here,
∥a∥∞ := max1fifn |ai|.

Lemma 19: Let {hi}ni=1 and {gi}ni=1 be two independent
sequences of standard Gaussian random vectors in R

r and R
p,

respectively. Then with probability at least 1−O
(
n−10

)
, the

following holds:
∥∥∥
∑

1fifn
hig

¦
i

∥∥∥ f C3

(√
pn log n+

√
pr log n

)

where C3 > 0 is some sufficiently large constant.
Lemma 20: Let {Xi}ni=1 be a sequence of independent

random variables in R, and let I be an interval in R. Consider
a collection of functions {fi}ni=1 from R × I to R, and we
suppose that
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1) for any fixed ¼ ∈ I, with probability at least 1 − ¶1,
∣∣∣∣
∑

1fifn
fi(Xi, ¼)

∣∣∣∣ f
ε

2
;

2) with probability at least 1 − ¶2,

sup
¼∈I

∣∣∣∣
d

d¼

∑

1fifn
fi(Xi, ¼)

∣∣∣∣ f L.

Then with probability exceeding 1 − 8L|I|
ε ¶1 − ¶2, one has

sup
¼∈I

∣∣∣∣
∑

1fifn
fi(Xi, ¼)

∣∣∣∣ f ε.

Next, we record an eigenvalue interlacing lemma, which has
been documented in [67, Corollary 4.3.37].

Lemma 21 (Poincaré separation theorem): Let M be a
symmetric matrix in R

n×n and U be an orthonormal matrix
in R

n×r satisfying U¦U = Ir. Then one has

¼n−r+i(M) f ¼i(U
¦MU) f ¼i(M), 1 f i f r,

where ¼i(A) denote the i-th largest eigenvalue of matrix A.

A. Proof of Lemma 18

As can be easily seen, the second inequality in (232) follows
immediately from the elementary bound ∥a∥2 f ∥a∥∞

√
n.

Hence, the proof boils down to justifying the first inequality
in (232).

We shall invoke the truncated matrix Bernstein inequal-
ity [68, Proposition A.7] to control the spectral norm of∑
i ai
(
hih

¦
i − Ã2Ir

)
, which is a sum of independent zero-

mean random matrices. To do so, we need to bound three
quantities: (1) the covariance of the sum

∑
i ai
(
hih

¦
i −Ã2Ir

)
,

(2) a high-probability upper bound L on maxi
∥∥ai
(
hih

¦
i −

Ã2Ir
)∥∥, (3) the expectation of the truncated summand

maxi E
[
∥ai
(
hih

¦
i − Ã2Ir

)
∥1{∥ai

(
hih

¦
i − Ã2Ir

)
∥ g L}

]
.

We shall look at each of them separately.
1) Straightforward computation gives

Σ :=

n∑

i=1

a2
iE
[
(hih

¦
i − Ã2Ir)

2
]

= (r + 1)Ã4
n∑

i=1

a2
i Ir = (r + 1)Ã4∥a∥2

2Ir. (233)

2) We now turn to bounding the spectral norm of each
summand ai

(
hih

¦
i − Ã2Ir

)
, which clearly satisfies

∥ai(hih¦
i − Ã2Ir)∥ f |ai| · (∥hi∥2

2 + Ã2).

By virtue of the Gaussian concentration inequality [69,
Proposition 1.1], we obtain

P
{
∥hi∥2

2 − Ã2r g t
}
f exp

(
− 1

16
min

{ t2

rÃ4
,
t

Ã2

})
.

(234)

In particular, this implies that with probability at least
1 −O

(
n−20

)
, one has

∥hi∥2
2 ≲ Ã2

(
r + log n

)
. (235)

In what follows, we shall set

L := CÃ2
(
r + log n

)
(236)

for some sufficiently large constant C > 0.
3) We then look at the truncated mean. To this end,

we observe that

E
[
∥hi∥2

21{∥hi∥2
2 g L}

]

f LP
{
∥hi∥2

2 g L
}
+

∫ ∞

L

P
{
∥hi∥2

2 g t
}

dt

f O
(
n−20

)
L+

∫ ∞

L

P
{
∥hi∥2

2 g t
}

dt.

For any t g L/2, it is seen that min
{
t2/(rÃ4), t/Ã2

}
g

t/Ã2, and hence
∫ ∞

L

P
{
∥hi∥2

2 g t
}

dt

f
∫ ∞

L/2

P
{
∥hi∥2

2−Ã2rg t
}

dt f
∫ ∞

L/2

exp

(
− t

16Ã2

)
dt

≲ Ã2exp

(
−C(r + log n)

32

)
≲

L

n2
,

provided that C > 0 is sufficiently large. As a result,
taking this together with ∥hih¦

i −Ã2Ir∥ f ∥hi∥2
2 +Ã2,

we arrive at

R := E
[
∥hih¦

i − Ã2Ir∥1{∥hih¦
i − Ã2Ir∥ g L}

]

f E
[(
∥hi∥2

2 + Ã2
)
1{∥hi∥2

2 + Ã2 g L}
]

≲
L

n2
.

(237)

With the preceding bounds in place, we can invoke the
truncated matrix Bernstein inequality [68, Proposition A.7] to
obtain that: with probability at least 1 −O

(
n−11

)
,

∥∥∥
∑

i

ai
(
hih

¦
i − Ã2Ir

)∥∥∥

≲
√

∥Σ∥ log n+ ∥a∥∞(nR+ L log n)
(i)≍
√

∥Σ∥ log n+ ∥a∥∞L log n

(ii)

≲

√√√√
n∑

i=1

a2
i (r + 1)Ã4 log n+ ∥a∥∞Ã2(r log n+ log2 n)

≲ Ã2
(
∥a∥2

√
r log n+ ∥a∥∞(r log n+ log2 n)

)
,

where (i) arises from (237), and (ii) relies on (233) and (236).
This completes the proof.

B. Proof of Lemma 19

The proof strategy here is almost identical to that for
Lemma 18 — we shall apply the truncated matrix Bernstein
inequality [68, Proposition A.7] to upper bound the spectral
norm of

∑
1fifn hig

¦
i , which is a sum of independent zero-

mean random matrices. Towards this, we start by estimating
several key quantities.

• In view of the independence between {hi}i and {gi}i,
the covariance matrices can be computed as

Σ1 :=
n∑

i=1

E
[
hig

¦
i gih

¦
i

]
=

n∑

i=1

E
[
∥gi∥2

2

]
E
[
hih

¦
i

]

= npIr; (238)
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Σ2 :=

n∑

i=1

E
[
gih

¦
i hig

¦
i

]
=

n∑

i=1

E
[
∥hi∥2

2

]
E
[
gig

¦
i

]

= nrIp. (239)

• As for the spectral norm of each summand hig
¦
i , we

know from (235) that with probability at least 1 −
O
(
n−20

)
,

∥hig¦
i ∥ = ∥hi∥2∥gi∥2 ≲

√
(r + log n)(p+ log n)

≍ √
pr +

√
p log n+ log n.

Therefore, this suggests that we define

L := C
(√
pr +

√
p log n+ log n

)
(240)

for some sufficiently large constant C > 0.
• Next, we turn to the truncated mean. Observe that

E
[
∥hig¦

i ∥1{∥hig¦
i ∥ g L}

]

f LP
{
∥hig¦

i ∥ g L
}

+

∫ ∞

L

P
{
∥hig¦

i ∥ g t
}

dt

f O
(
n−20

)
L+

∫ ∞

L

P
{
∥hig¦

i ∥ g t
}

dt

f O
(
n−20

)
L+

∫ ∞

L

P
{
∥hi∥2

2 g t
}

dt

+

∫ ∞

L

P
{
∥gi∥2

2 g t
}

dt,

where the last holds arises from the following bound due
to the union bound:

P
{
∥hig¦

i ∥ g t
}

= P
{
∥hi∥2

2∥gi∥2
2 g t2

}

f P
{
∥hi∥2

2 g t
}

+ P
{
∥gi∥2

2 g t
}
.

In addition, since min
{
t2/r, t

}
g t for all t g L/2 g

2r, we can use (234) to bound
∫ ∞

L

P
{
∥hi∥2

2 g t
}

dt

f
∫ ∞

L

P

{
∥hi∥2

2 − r g t

2

}
dt

≲

∫ ∞

L/2

P
{
∥hi∥2

2 − r g t
}

dt

f
∫ ∞

L/2

exp

(
− 1

16
min

{ t2
r
, t
})

dt

f
∫ ∞

L/2

exp

(
− t

16

)
dt

≲ exp

(
− C

32

√
pr + p log n+ log2 n

)
≲

L

n2
.

Clearly, the same bound also holds for
∫∞
L

P
{
∥gi∥2

2 g
t
}

dt. Therefore, combining these estimates yields

R := E
[
∥hig¦

i ∥1{∥hig¦
i ∥ g L}

]
≲

L

n2
. (241)

With these parameters in place, one can apply the truncated
matrix Bernstein inequality [68, Proposition A.7] to demon-
strate that: with probability at least 1 −O

(
n−10

)
,

∥∥∥
∑

1fifn
hig

¦
i

∥∥∥ ≲
√

(∥Σ1∥ + ∥Σ2∥) logn+ nR+ L log n

(i)≍
√
∥Σ1∥ log n+ L log n

(ii)

≲
√
pn log n+

√
pr log n+

√
p log3 n+log2 n

≍
√
pn log n+

√
pr log n.

Here, (i) uses (238), (238) and (241); (ii) arises from (240).
The proof is thus complete.

C. Proof of Lemma 20

Let N be a ε
2L -covering of I with cardinality |N | f 4L|I|

ε ,
and let E denote an event such that

sup
¼∈N

∣∣∣∣
∑

1fifn
fi(Xi, ¼)

∣∣∣∣ f
ε

2
,

sup
¼∈I

∣∣∣∣
d

d¼

∑

1fifn
fi(Xi, ¼)

∣∣∣∣ f L,

which holds with probability at least 1− 8L|I|
ε ¶1−¶2 (accord-

ing to the assumptions and the union bound).
For any ¼ ∈ I, let ¼̂ ∈ N such that |¼− ¼̂| f ε

2L . One can
easily check that on the event E , one has

sup
¼∈I

∣∣∣∣
∑

1fifn
fi(Xi, ¼)

∣∣∣∣

=sup
¼∈I

∣∣∣∣
∑

1fifn

(
fi(Xi, ¼) − fi(Xi, ¼̂) + fi(Xi, ¼̂)

)∣∣∣∣

fsup
¼∈I

∣∣∣∣
d

d¼

∑

1fifn
fi(Xi, ¼)

∣∣∣∣ · |¼− ¼̂|+ sup
¼̂∈N

∣∣∣∣
∑

1fifn
fi(Xi, ¼̂)

∣∣∣∣

f L · ε

2L
+ sup
¼̂∈N

∣∣∣∣
∑

1fifn
fi(Xi, ¼̂)

∣∣∣∣

f ε

2
+
ε

2
= ε,

thus concluding the proof.
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