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Minimax Estimation of Linear Functions of
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Abstract— Eigenvector perturbation analysis plays a vital role
in various data science applications. A large body of prior works,
however, focused on establishing ¢» eigenvector perturbation
bounds, which are often highly inadequate in addressing tasks
that rely on fine-grained behavior of an eigenvector. This paper
makes progress on this by studying the perturbation of linear
functions of an unknown eigenvector. Focusing on two funda-
mental problems — matrix denoising and principal component
analysis — in the presence of Gaussian noise, we develop a
suite of statistical theory that characterizes the perturbation of
arbitrary linear functions of an unknown eigenvector. In order to
mitigate a non-negligible bias issue inherent to the natural “plug-
in” estimator, we develop de-biased estimators that (1) achieve
minimax lower bounds for a family of scenarios (modulo some
logarithmic factor), and (2) can be computed in a data-driven
manner without sample splitting. Noteworthily, the proposed
estimators are nearly minimax optimal even when the associated
eigen-gap is substantially smaller than what is required in prior
statistical theory.

Index Terms— Linear forms of eigenvectors, matrix denoising,
principal component analysis, bias correction, small eigen-gap.

I. INTRODUCTION

VARIETY of large-scale data science applications
involve extracting actionable knowledge from the eigen-
vectors of a certain low-rank matrix. Representative examples
include principal component analysis (PCA) [1], phase syn-
chronization [2], clustering in mixture models [3], community

Received 16 November 2023; revised 1 November 2024;
accepted 3 December 2024. Date of publication 11 December 2024;
date of current version 22 January 2025. The work of H. Vincent Poor was
supported in part by NSF under Grant ECCS-2335876. The work of Yuxin
Chen was supported in part by the Alfred P. Sloan Research Fellowship;
in part by the Air Force Office of Scientific Research (AFOSR) Young
Investigator Program (YIP) Award under Grant FA9550-19-1-0030; in part
by the Office of Naval Research (ONR) under Grant N00014-19-1-2120;
and in part by NSF under Grant CCF-1907661, Grant DMS-2014279, Grant
11S-2218713, and Grant 1I1S-2218773. (Corresponding author: Yuxin Chen.)

Gen Li is with the Department of Statistics, The Chinese University of
Hong Kong, Hong Kong (e-mail: genli@cuhk.edu.hk).

Changxiao Cai is with the Department of Industrial and Operations
Engineering, University of Michigan, Ann Arbor, MI 48109 USA (e-mail:
cxcai @umich.edu).

H. Vincent Poor is with the Department of Electrical and Computer
Engineering, Princeton University, Princeton, NJ 08540 USA (e-mail:
poor@princeton.edu).

Yuxin Chen is with the Department of Statistics and Data Science, The
Wharton School, University of Pennsylvania, Philadelphia, PA 19104 USA
(e-mail: yuxinc@wharton.upenn.edu).

Communicated by V. Y. F. Tan, Associate Editor for Machine Learning and
Statistics.

Digital Object Identifier 10.1109/T1T.2024.3514795

recovery [4], [5], to name just a few. In reality, it is often the
case that one only observes a randomly corrupted version of
the low-rank matrix of interest, and has to retrieve information
from the “empirical” eigenvectors (i.e., the eigenvectors of the
observed noisy matrix). This motivates the studies of eigen-
vector perturbation theory from statistical viewpoints, with
particular emphasis on high-dimensional scenarios [6]. In the
current paper, we seek to further expand such a statistical
theory, focusing on the following two concrete models.
e Matrix denoising under i.i.d. Gaussian noise. Let M* €
R™ "™ be an unknown rank-r symmetric matrix whose
[-th eigenvector (resp. eigenvalue) is u; (resp. A}). What
we have observed is a corrupted version M = M*+ H
of M*, where H = [H; ;]1<i j<n represents a symmetric

. L ii.d. C

Gaussian random matrix with H, ; "< N(0,0%),i > j
pi.d. . .

and H, ; "*" N(0,20?%). The aim is to estimate u} based

on the [-th eigenvector of the data matrix M.

e Principal component analysis (PCA) and covariance esti-
mation. Imagine that we have collected n independent
p-dimensional sample vectors s; ind. N(0,%),1<i<n.
Suppose that the underlying covariance matrix enjoys a
“spiked” structure ¥ = ¥* + o2I,, where £* = 0
is an unknown rank-r matrix whose [-th eigenvector
(resp. eigenvalue) is given by wu; (resp. Aj). We seek
to estimate u; by examining the [-th eigenvector of the
sample covariance matrix = 3" | s;s].

While a large body of prior literature has investigated
eigenvector perturbation theory for the aforementioned two
models, the majority of past works focused on /o statistical
analysis, namely, quantifying the /5 estimation error of w;
when it is employed to estimate w;. Such {5 perturbation
theory, however, is often too coarse if the ultimate goal
is to retrieve fine-grained information from the eigenvector
of interest, say, some linear function of the eigenvector w;
(e.g., the Fourier transform of or any given entry of uj).
Motivated by the inadequacy of existing ¢5 theory, we seek
to investigate how to faithfully estimate linear functionals of
the eigenvectors — that is, aTuZ‘ for some vector a € R"
given a priori. Towards achieving this goal, two challenges
stand out, which merit careful thinking.

e The need of bias correction. A natural strategy towards
estimating the linear form a'w} is to invoke the naive
“plug-in” estimator a " wu;. However, it has already been
pointed out in the literature (e.g., [7], [8]) that the
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plug-in estimator might suffer from a non-negligible bias.

This calls for careful designs of algorithms that allow

for proper bias correction in a data-driven yet efficient

manner.

o How to cope with small eigen-gaps. When estimating the
eigenvector uj, most prior works require the associated
eigen-gap min;»; |A\Y — 7| to exceed the spectral norm of
the perturbation matrix (i.e., H in the matrix denoising
case and = 3. ;8] — 3 in the PCA setting) [6], [9].
However, there is no lower bound in the literature that
precludes us from achieving faithful estimation when the
eigen-gap violates such requirements. It would thus be of
great interest to understand the statistical limits when the
eigen-gap of interest is particularly small.

a) Main contributions: This paper investigates estimat-
ing the linear form a " u? for the aforementioned two statistical
models under Gaussian noise, with particular emphasis on
those scenarios with small eigen-gaps. Our main contributions
are summarized below.

1) We develop fine-grained perturbation analysis for lin-
ear forms of eigenvectors, which is valid even when
the eigen-gap min;»; |\ — Af| is substantially smaller
than the spectral norm of the perturbation matrix. This
eigen-gap condition significantly improves upon what is
required in prior theory.

2) The natural “plug-in” estimator suffers from a non-
negligible bias issue, which is particularly severe when
the associated eigen-gap is small. To address this issue,
we put forward a de-biased estimator for aTuZ‘ by
multiplying the plug-in estimator by a correction factor,
which can be computed in a data-driven manner without
the need of sample splitting. The proposed estimator
provably achieves enhanced estimation accuracy com-
pared to the plug-in estimator, and is shown to be
minimax optimal (up to some logarithmic factor) for a
broad class of scenarios.

b) Organization: The rest of this paper is organized as
follows. In Section II, we formulate the problem precisely and
introduce basic definitions. Section III presents our main theo-
retical findings, whereas Section IV provides a non-exhaustive
overview of prior works. The analysis strategy of our main
theorems is outlined in Section V. The detailed proofs and
auxiliary lemmas are postponed to the appendix. We conclude
this paper with a discussion of future directions in Section VI.

¢) Notation: For any vector v, we denote by ||v|2 and
|lv||oo its €2 norm and £, norm, respectively; for any vectors
v and u, we use (v, u) to represent their inner product. For
any matrix M, we let | M| and || M| denote the spectral
norm and the Frobenius norm of M, respectively. For any
matrix U whose columns are orthonormal, we use U+ to
denote a matrix whose columns form an orthonormal basis of
the orthogonal complement of the column space of U, and
let Py(M) = UU"M be the Euclidean projection of a
matrix M onto the column space of U. For any two random
matrices Z and X, the notation Z 4 X means Z and X are
identical in distribution. For notational simplicity, we write
[n] for the set {1,---,n}. For any a,b € R, we introduce
the notation a A b = min{a,b}, a V b = max{a,b}, and
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min |a £ b| = min{|a — b|, |a + b|}. We denote by B,(z) :=
{x | |l — z|]2 < r} the ball of radius r centered at
z. Throughout the paper, we denote by f(n) < g(n) or
f(n) = O(g(n)) the condition |f(n)| < Cg(n) for some
universal constant C' > 0 when n is sufficiently large; we
use f(n) = g(n) or f(n) = Q(g(n)) to indicate that
f(n) > C|g(n)| for some universal constant C' > 0 when
n is sufficiently large; and we also use f(n) =< g(n) or
f(n) = ©(g(n)) to indicate that f(n) < g(n) and f(n) 2
g~(n) hold simultaneously. In addition, the standard notation
O(g(n)) (resp. Q(g(n))) is similar to O(g(n)) (resp. 2(g(n)))
except that it hides the logarithmic dependency. The notation
f(n) = o(g(n)) means that lim, . f(n)/g(n) = 0, and
f(n) > g(n) (resp. f(n) < g(n)) means that there exists
some large (resp. small) constant c¢; > 0 (resp. ca > 0) such
that f(n) > c1g(n) (resp. f(n) < cog(n)). Finally, for any
1 <1<, we set the expression > ; | ;<. g(k) to be zero
for any g(-) if r = 1 (that is, the case where no k satisfies the
requirement in the summation).

II. PROBLEM FORMULATION
A. Matrix Denoising

Suppose that we are interested in a symmetric matrix M* =

(M} ;]1<ij<n € R™™ with eigen-decomposition

M* =Y Nuju; = UAU*, (1)
=1

where the w}’s are orthonormal. Here, {\’} denotes the
set of non-zero eigenvalues of M™*, and w; indicates the
(normalized) eigenvector associated with A}. It is assumed
throughout that

min = AR < AT = A (2)
and the condition number of M ™ is defined as
)\*
= max . 3
K= O 3)

min
In addition, for any 1 < [ < r, we introduce an eigen-gap
(or eigenvalue separation) metric that quantifies the distance
between the eigenvalue A\; and the remaining spectrum:
AT 4)
! A if =1,

max?

. {mink:k¢l7lgk§r |>\Z( - )\Z‘, if r>1,

which plays a crucial role in our perturbation theory.
What we have observed is a randomly corrupted data matrix
M = [M; jli<i j<n as follows

M=M"+H, &)

where H = [H,;7j]1§7;7 j<n TEpresents a symmetric noise matrix
with independent random entries

o ind. N(O’ng), 1= ja
I N(0,02), i>j.
Throughout this paper, we denote by \; the [-th largest

eigenvalue (in magnitude) of M, and let u; represent the
associated eigenvector of M. Our goal is to estimate linear

(6)
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functionals of an eigenvector u} — that is, aTul* 1<i<r)
for some fixed vector @ € R™ — based on the observed noisy
data M.

B. Principal Component Analysis and Covariance estimation

Turning to principal component analysis (PCA) or covari-
ance estimation, we concentrate on the following spiked
covariance model. Imagine that we have collected a sequence
of n ii.d. zero-mean Gaussian sample vectors in RP as
follows

s MN(0,X), 1<i<n,
where
2 =3*+ 0T, e RPP
denotes the covariance matrix. Here and throughout,

we assume that the “spiked component” 3* of 3 is an
unknown rank-r matrix with eigen-decomposition

T

Z/\: * *T>_0

i=1

* _ U*A*U*T _

where A7 denotes the i-th largest eigenvalue of X*, with w}
representing the associated eigenvector. Akin to the matrix
denoising case, we assume

0< /\:mn - )‘: < /\* - )‘*mdx’
and introduce the condition number x := A%, /A%, and the
eigen-separation metric
" ming; gz, 1<k<r | A — Ap|, i 7> 1,
A=A . @
Aaxs if r=1.

Given a fixed vector @ € RP, our aim is to develop a reliable
estimate of the linear functional @ u} of an eigenvector u}
(1 <1< r), on the basis of the sample vectors {s;}1<i<n (Or
the sample covariance matrix f ZZ 18i8; .

IIT. MAIN RESULTS

With the above description of the problem settings in place,
we are ready to present our findings concerning eigenvector
perturbation. Given that we cannot distinguish w; and —u}
based on the observed matrix, the error of an estimator u, for
estimating aTuf shall be measured via the following metric
that accounts for such a global ambiguity issue:

dist (uq,a " u}) := min { uq + aTuﬂ}

:min{‘ua Tuy

+a'uf|}.

A. Matrix Denoising

We begin with the matrix denoising problem introduced
in Section II-A. Recalling that u; is the eigenvector of M
associated with \; (1 <[ < n), we investigate the following
two estimators when estimating the linear function a ' u}.

e A plug-in estimator:

plugin . T
Uq,

=a' u; (9a)
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+ A modified estimator that we propose (which we shall
refer to as a de-biased estimator from now on):

uiebiased — \/ﬂaTuz
2
g
ith b, := (N — )2 o
W1 l ' Z (Al _ /\1)2 ( )
i:r<i<n

where b; can be computed directly using the eigenvalues
of M without the need of sample splitting. As we shall
see shortly, this new estimator is put forward in order to
remedy a non-negligible bias issue underlying the naive
plug-in estimator.
The following theorem quantifies the estimation errors for both
of these estimators.
Theorem 1 (Eigenvector Perturbation): Consider any 1 <
I <, and suppose that

ovn < coXiy, T < ein/log?n and AF > Coov/rlogn
(10)

for some sufficiently small (resp. large) constants cg,cq; > 0
(resp. Cp > 0). Let @ € R™ be any fixed vector with ||al|2 = 1.
With probability at least 1 — O(n~19), the estimators in (9)
satisfy

dist (uf"8™, a"u}) < Emdy +2

|aTul*y . (lla)

)\*2

dist (ud®P>=*d g Tu}) < Epa,, (11b)

where Epnq; is defined as

a’rlogn | T
@i |
|a " uj]

/ NKEAmax Tug
+oy(rlog <7A* ) Z At
l b kAl 1<k<r 'l k

log ('rm)\max )
+ ] . (12)
Remark 1: While the rank r of the true matrix M™* might
be unknown a prior in practice, it can often be estimated accu-
rately in a data-driven manner. For instance, under the model
assumed herein, one might simply choose 7 by identifying the
smallest (in magnitude) eigenvalue )\; that is larger than A\;1
by an order of o+/n; see also [10] for a different approach.
Remark 2: While the quantity b; is provided in a data-
driven manner (cf. (9b)), we find it helpful to also make
note of another expression derived from its asymptotic limit.
Specifically, the random matrix theory tells us that the eigen-
values {\; }r<i<n of M obey the celebrated semi-circular law
asymptotically (see, e.g., [11]), and therefore the de-biased
term b; satisfies (as n grows):

B o? N 2 NSV
by = Z v — N2 ~ /227T( N _)\)Qd)\.

Eng =

(13)
r<iin o/

Remark 3: According to the definition of Aj in (4), the
condition (10) reduces to ov/n < oAk, in the rank-1 case.
This is consistent with the observation that it is, in general,
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information-theoretically infeasible to obtain non-trivial esti-
mation in the rank-1 case when the eigenvalue is smaller than
the spectral norm of the noise.

1) Implications: Theorem 1 develops statistical perfor-
mance guarantees for the aforementioned two estimators when
estimating the linear form a'u} for a prescribed vector
a € R™. We now single out several main implications of our
results.

o Estimation guarantees in the face of a small eigen-gap.
In view of (10), the eigen-gap A} (i.e., the minimal gap
between the [-th eigenvalue and other top-r eigenvalues)
is allowed to be substantially smaller than the spectral
norm ||H| of the perturbation matrix when the rank
r > 1. This stands in stark contrast to, and significantly
improves upon, the celebrated Davis-Kahan sin ® theo-
rem that requires A} 2> || H|| [6], [9]. To be more precise,
recalling from standard random matrix theory [12] that
||H|| =< o+/n with high probability, one can compare our
result with classical matrix perturbation theory as follows

Q(ovr);
SIENDE

As a comparison, the prior work [13] studied the distri-
butions of the singular vectors under the matrix denoising
setting with o = n~1/2, provided that the eigen-gap
exceeds Q(1); our theory improves their eigen-gap con-
dition by a factor on the order of /n/r.

e Near minimaxity. In order to assess the effectiveness
of our proposed estimator, it is helpful to compare the
statistical guarantees in Theorem 1 with minimax lower
bounds. Consider, for simplicity, the scenario where r =
O(1) and |a"u}| < (1 — €)||al|2 for any small non-zero
constant € > 0 (so that a is not perfectly aligned with
uj), and an instance-dependent minimax lower bound has
been established in [14, Theorem 3] for this scenario.
Specifically, if we define the following two sets

our eigen-gap requirement: A} =

classical theory: A} = (14)

Mo(M*):={ A | rank(A)=r, \i(A)=A; (1 <i < 1),
A - M < 2,
Ml(M*):Z{A | rank(A) =7, \;(A)=

then we necessarily have

inf sup

E [dist (uavl, aTul(A)) ]
UYa,l Ae Mo(M*)UM;(M*)

|aTu;|
P IAF — A%

5 o
~(A))?

|a ul’—l-a + , (15a)

\A*I
where the infimum is over all estimators uq,; based on
the observed matrix M = A+ H, and u;(A) denotes the

[-th eigenvector of the matrix A. In addition, the analysis
for [14, Theorem 3] directly implies that

inf sup

]P{dist (ua,z, GTUZ(A))
Ua,l Ae Mo(M*)UMq(M*)
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> o’ |a ! +0- L + g } > 1
~(A])? STV VIRRPYIE
(15b)

In comparison, our statistical guarantee (11b) for the
proposed de-biased estimator obeys

2|a ul|

dist (ug debiased ul) < O((A*)

a uk o
+ (16)
A An)

with high probability in this scenario, thereby matching

the minimax lower bound (15) (modulo some logarithmic

factor). This confirms the near optimality of our de-biased
estimator when r =< 1.

2) Sub-Optimality of the Vanilla Plug-in Estimator: Fur-

thermore, Theorem 1 suggests that the statistical error (11a) of

the vanilla plug-in estimator a " «; might contain an additional
“bias” term

bias ._ Tu

= S fa (1)

when compared to that of the de-biased estimator (cf. (11b)).
It is natural to wonder if the theoretical guarantee of the plug-
in estimator in (11a) is tight or not. To answer the question,
we develop the following lower bound on the estimation
error of the plug-in estimator uP“8"; the proof is deferred
to Appendix F.

Theorem 2: Instate the assumptions of Theorem 1. Let a €
R™ be any fixed vector with ||a||s = 1. With probability at
least 1/3, the plug-in estimator in (9) satisfies

2
di plugin T, x\ > on T, ,% 18
|st(ua ,a ul) —|a Uu; (18)

~ )\?2

In short, Theorem 2 demonstrates that it is impossible for

the plug-in estimator to get rid of this “bias” term (17).

The influence of this extra term becomes increasingly large

and non-negligible as the correlation of a and wu; increases.

To demonstrate the possibly severe impact incurred by this
additional term, let us examine a simple case as follows.

e Example. Suppose that » = 2, A\ = 2)\} (so that
A= A5 < AD), l[aTwuf| < 1 and oy/n < |\]]. As can
be straightforwardly verified, the main term (12) and the
addition term (17) in this example satisfy

Emd,l = 6()\*2

-0+ i) -o(5)

2

Ebias - g | T
md,1 ™ "y %2
Al

x| -
u1|,\1.

In other words, the additional bias term Ert;ijfl could be a
factor of O(y/n) times larger than the main term Ernd 1
in this case, and cannot be neglected.
The above discussion reveals the necessity of proper bias
correction in order to mitigate the undesired effect of the
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bias term Ert,’jjsl Aimed at addressing this issue, our de-
biased estimator ud¢®2ed compensates for the bias term Erﬁ’jgfl
by properly rescaling the plug-in estimator by a data-driven
correction factor /1 + b;. Note that when the signal-to-noise
ratio is sufficiently large such that |A| 2 on, then Eng
becomes the dominant term in the error bound; in such a case,
there is no need for bias correction.

3) Comparisons With Prior Works: While estimation of
linear forms of eigenvectors remains largely under-explored
in the literature, a small number of prior works have studied
this problem or its variants. Among them, perhaps the one
that is the closest to the current paper is [8], which considered
estimating linear forms of singular vectors under i.i.d. Gaus-
sian noise. In what follows, we briefly compare our result
with [8], focusing on the setting where the ground-truth matrix
is symmetric (so that the eigenvectors and the singular vectors
become identical up to global signs).

o To begin with, the theory in [8, Theorem 1.3] operates

under the assumption

[ =QE[IH]]) = Q(ov/n),

which is 6( \/n/ r) times more stringent than the eigen-
gap condition imposed in our theory (see (14)).

o The estimation bias of the plug-in estimator was already
pointed out in [8]. However, the approach proposed in [8]
required additional independent copies of M in order to
estimate — and hence correct — the bias effect (see [8,
Section 1]). By contrast, our de-biased estimator does not
require an additional set of data samples and allows one
to use all available information fully.

o Next, we compare our theoretical guarantee with the
one developed for the de-biased estimator qydebiased.KD
proposed in [8]. When r =< 1, [8, Theorem 1.3] asserts
that

dist (u(l:llebiased,KD T *) < O<A*> Emd y

provided that A} > o+/n. This result, however, might fall
short of attaining minimax optimality. More speciﬁcally,
comparing our error bound Eng; (cf. (12)) with Emd .
makes clear that the theoretical gain is on the order of

KD
Emit _ 5 At 1 N
Emd, olaTuf| > laTug Af
For concreteness, consider the case with r < 1, |aTu;\ =
1/y/n for all k # 1, A} =< |\ /+/n, and A} =< o/n,
thus leading to the gain

Emdl LY
Emd,l =0 (Vn).

In other words, our results might lead to considerable
theoretical improvement over [8] in the presence of a
small eigen-gap.

Remark 4: Note that the case |au}| =< 1/y/n is of partic-
ular interest if one studies entrywise statistical performance;
namely, when a is taken to be the standard basis (i.e. a = e;
for some ¢ € [n]) and when the energy of u} is more or less
spread out across all entries (i.e. ||u}|loo < [|u}|l2/v/n).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

B. Principal Component Analysis

Next, we turn attention to the problem of principal compo-
nent analysis as formulated in Section II-B. Denote by

S =[s1, " ,8,] € RPX"

the data matrix whose columns consist of i.i.d. samples s; i
N(0,3), and let \; represent the I-th largest eigenvalue
of %SST with associated eigenvector w;. Our focus is the
following two estimators aimed at estimating the linear form
a'uf (1<1<r).

. A plug-in estimator:

uPen = auy; (19a)
o A “de-biased” estimator:
uffbiased =vI+tca'u. (19b)

Here, ¢; is a quantity that can be directly computed using
the spectrum of 1SS as follows:

A A
N+ rci<n ﬁ i r;ﬁn Ae=Ai)*>
if n > p,
o2p
Ccp = Iy 7#4’
AL A :

Ai— L
> u—i)2?

=
o?p i
M=t icn X—X; dir<i<n

if n < p,
(20)

without any need of using sample splitting.

Akin to the matrix denoising counterpart, the plug-in estima-
tor (19a) often incurs some non-negligible estimation bias,
which motivates the design of the adjusted estimator (19b)
to compensate for the bias.

We are now ready to present our statistical guarantees for
the two estimators introduced in (19).

Theorem 3: Consider any 1 <[ < r, and assume that

A
m'n( + /\;rmxo-2 b +o < \/5) < CO min
Vo o n log®n

(21a)

and A} > Cr( Nk 2)\/?logn (21b)
n

hold for some sufficiently small (resp. large) constant Cy >

0 (resp. C; > 0). Consider any fixed vector a € RP with

|lal]l2 = 1. Then with probability at least 1 — O(n~1?), the

estimators in (19) satisfy

)

05+ 090 | 7,

H plugin T, %
dist (ua ,a ul) S Epcag + )\;271 ]

(22a)

dist ( debiased T (22b)

;a'u}) < Epcay,
where the quantity Epca; is defined as
(A

max

2)()‘; + 02)rlogn |aTu*|
(A})?n t

Epcay i=
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. \/(A;mxw?)awr log?n

AF2n
N Z ’aTu;‘
kik£L RV
>\maX
. \/()\z*+02)()\§1ax + 02)(Kk?+7r)log (nnA*)
l
(23)

Remark 5: Akin to the matrix denoising case, while the
expression of the de-biasing term c¢; (cf. (20)) is fully
data-driven and preferable in practice, we remark that the
Marchenko-Pastur law allows us to approximate the de-biasing
term c; as follows (as n grows)

A
1+ 5 lw(cm J (- A)zﬂ(d/\)

if n > p, 24)
ar 22p A A o%p
ozt Al,izp TH] s A(aY) J o EYESVEIACER
if n <p,
where
ny/(Ar =)A= A)
) = Y g LA A<

with Ay = o?(1++/p/n)>. (25)

1) Implications: In short, Theorem 3 characterizes the sta-
tistical accuracy of both the plug-in estimator and the modified
de-biased estimator, the latter of which enjoys improved statis-
tical guarantees. In the sequel, we single out a few implications
of this result.

o Estimation guarantees. Let us first assess the statistical
error bound of the de-biased estimator (namely, Epca ;
in (23)). For simplicity of presentation, we shall focus
on the case with r, k =< 1, where the error term Fpca
admits the following simpler expression

Py ()\?—’_02)2 T, %
EPCAJ_@((A?)%M U,
aTu*’
)\*_1_ | k
HOTE R v
g
———\/AF 2. 26
T Nvm l”) 2o

In particular, the first term on the right-hand side of (26)
quantifies the role of the ground truth aTuf on the
estimation error, which scales inverse quadratically in the
eigen-gap A7; the second term on the right-hand side
of (26) can be understood as the additional interference
resulting from the linear form of other eigenvectors
(namely, a " u} i for k # 1), which is inversely proportional
to the corresponding eigen-gap | A} — Af|.

e Relaxed eigen-gap condition. To simplify discussions, let
us again focus on the case with r,x =< 1 and omit
logarithmic factors. Classical matrix perturbation theory
(e.g., the Davis-Kahan sin ® theorem [9]) requires the
eigen-gap to exceed the size of perturbation, namely,

2 lss 5]
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As it turns out, the eigen-gap requirement above leads to
the following condition (by invoking the high-probability
bound to be presented shortly in Lemma 7)

Al Ajo?p p D
2 e =+ /= + =) = gapp-
lN\/ﬁ n U<\/; n &3Pk

In comparison, the eigen-gap condition (21b) in Theo-
rem 3 reads

A+ 0.2

Ar > 2L —:gap.

I~ \/’ﬁ gap

To better understand and compare these two eigen-gap

requirements, we shall discuss them for a couple of

distinct scenarios.

- If (/2 + 2) < A\; < o2 (the sample size needs

to satisfy n > p by the assumption (21a)), the eigen-
gap conditions above simplify to

0.2

gapxﬁ

and gappk =< 0°

gaPpk
=— =< /p.
gap VP

- If 02 < A} < o?p, then one has

BN

)\* /\* 2 2
L and gappk < 7P + 7L

ap <
gap vn n n

Comparing these two terms reveals that

gpok _ [o%p (. [0\ ©) [o%p (2) 1
gap Af Afn Af

where (i) holds due to the assumption (21a) and (ii)
follows from the condition A} < o2p.
- If \f 2 o?p, then it is straightforward to see that
AL
gap = gappk = N

To sum up, our eigen-gap requirement (21b) is

Q< p<1A‘;;)v1>

times less stringent than the one demanded in clas-
sical matrix perturbation theory, thereby justifying the
improvement of our results upon prior art. In addition,
we note that [15] also considered statistical inference
for principal components of spike covariance matrices;
when o = 1, the eigen-gap therein needs to satisfy
AF 2 n~1/2t¢ for an arbitrary small fixed constant
€ > 0, thereby leading to a more stringent condition than
ours.

e Bias reduction. Similar to the matrix denoising case,

the plug-in estimator a'w; suffers from the following
extra “bias” term in comparison to the de-biased estima-
tor (22b):

gpim, = AL 7y
pca,l - )\;

27

If @ and u; are fairly correlated, then this additional term
becomes non-negligible and might affect the estimation
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accuracy negatively. To see this, let us consider the
following simple case.

— Example. Assume that r = 2, \] = 2X5 > 0,

laT™ui| < 1, 0> < M and p < n. As can

be straightforwardly verified, the error terms (23)

and (27) in this case become

~/(1 1 1
B = O3 JaTwil + o]+ 77 )
~7 1
:O<\/ﬁ);
b = D aTuj| < 1.

In other words, the bias term Eg'czsl could be /n
times larger than the error term E[E"Caasl (up to some
logarithmic factor).

As a takeaway message from the above example, it is cru-

cial to reduce the bias incurred by E,Eiiil- The proposed

de-biased estimator udePiased achieves bias reduction by
enlarging the plug-in estimator by a factor of /1 + ¢,
where ¢; is computable in a data-driven manner. It is
worth noting that the factor ¢; (cf. (20)) takes two
different forms, depending on the relative ratio between
the sample size n and the dimension p.

2) Minimax Lower Bounds and Optimality: In order to
evaluate the tightness of our statistical guarantees, we develop
minimax lower bounds for PCA. Here and below, we denote
by u;(X) € RP? the eigenvector associated with the [-th largest
eigenvalue of a matrix 3, and we define two sets of covariance
matrices as follows:

My (Z*) = {2 € RPP ; rank(Z) = r,
Ai(B)= A (1<i<r),
15— S < max \/(Al* +0%) (M +0?) )
k: k£l n
My (XF) = {E € RP*P : rank(X) =r,

M(E) =X (1<i<r),

(A + 02)0? \
A2n '

[ur(E) —ufl2 <
Theorem 4: Consider any fixed vector @ € RP. For any

given X, let {s;}?_; be independent samples satisfying s; N
N(0,% + oI ) Assume that the sample size obeys

f QL1

k: k£l I — Af |2

(AF + 02)0?
2

(28)

Then one has

inf  sup

E {min |ua’l + aTul(E)”
Ua,1 EEM](E*)

* 2 * 2
> max (Mg +02) N\ +o )|aTul*
ki kAl 1<k<r IAF =A% n

VO F )+ 0?)
RV

T *
la"up| =: Eip1;

+ max
k:k#l,1<k<r
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inf sup E [min |ua,l + aTul(E)H

Ua,l 3 My ()
(N +0%)0?

>
~ A

|Pysrallz =: Eip2,-
Here, the infimum is taken over all estimator uq ; for the linear
form of the [-th eigenvector.

The proof of this theorem can be found in Appendix E
To interpret this lower bound, let us consider, for simplicity,
the scenario where

re=1  and  laTuf| < (1-¢)llall (29)

for some arbitrarily small constant ¢ > 0. In this scenario, the
statistical error bound (22b) derived in Theorem 3 matches the
preceding minimax lower bounds in the sense that

Epca, < Eip1, + Eipa,i.

To verify this relation under the conditions (29), it is sufficient
to see that

VOGFAN+0%), - [(A+o?)e?
- .o P *
kikol SN |a uk“" Nn | Pyvall2
VOr+a2) (A +02), 1,
= Z |)\*_)\*|\/’ |a uk|
k: k£l
(Af + 02)0?
— N0 P *
[ | Po-salz
\/)\*4—02 A +002), +
Z * * |a uk|
k: k£l A= Aklvn
(A +02)0?
+ W > laTuj| +[|Pyrall;
! k: kL
Yy R T T
S |>\* A*‘f
where (i) holds true since man:k#W >
l k
w, and (ii) holds true as long as |aTul*| < (1 -
l

€)||la|l2 for some constant € > 0. In conclusion, the above
calculation unveils the statistical optimality of the proposed
de-biased estimator for the scenario specified in (29).

3) Comparison With Past Works: Estimation for linear
forms of eigenvectors in the context of PCA has been investi-
gated in several recent works [7], [16], [17], with the bias
issue of plug-in estimators first recognized in [7]. Among
these works, the state-of-the-art result was due to [17], which
proposed an efficient de-biased estimator and established its
asymptotic normality. To better understand our contributions,
it is helpful to compare Theorem 3 with the theoretical
guarantees in [17] under the spiked covariance model with
¥ = ¥* + 0?1, The theoretical guarantees developed in [17,
Theorem 3.3] operate under the following conditions (when
translated to our setting using our notation)

Q()‘:nax 2)7 o = O(Armn) rok =<1,
Z jaTu|” + ;IIPU*LaH% = |jal3. (30)
l

k: k#l
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In comparison, our results make improvements in the follow-
ing aspects:

o Eigen-gap requirement: our eigen-gap requirement (21b)
is O(y/r/n) times less stringent than the one in (30);

e Requirement on noise variance: our result (i.e., Theo-
rem 3) allows the noise variance o? to be larger than
/\:nin;

e Requirement on condition number and rank: our theory
permits both « and r to grow with the dimension.

It is worth noting that [17] accommodates a more general
class of covariance matrices than the aforementioned spiked
covariance. The main purpose of our discussion above is to
make clear the inadequacy of prior theories when the eigen-
gap is small.

IV. RELATED WORKS

Spectral methods have served as an effective paradigm
for a variety of statistical data science problems, examples
including matrix completion [18], [19], [20], [21], tensor
completion [22], [23], [24], [25], community detection [4],
[26], ranking from pairwise comparisons [27], [28], and so
on. The mainstream analysis framework for spectral methods
is largely built upon classical matrix perturbation theory [6],
[29]. This set of classical theory typically focuses on deriving
{5 eigenspace or singular subspace perturbation bounds (e.g.,
the Davis-Kahan theorem [9] and the Wedin theorem [30]),
which has been derived for general purposes without incorpo-
rating statistical properties of the specific problems of interest.
Several useful extensions have been developed tailored to
high-dimensional statistical applications, particularly when the
perturbation matrix of interest enjoys certain random struc-
ture [31], [32], [33], [34], [35], [36]. In particular, the /5
perturbation bounds for the eigenvector (or eigenspace) of the
sample covariance matrix has been extensively studied in the
PCA literature, e.g., [37], [38], [39], [40], [41], [42], [43],
and [44]. Another line of works [31], [36] improved Davis-
Kahan’s and Wedin’s theorems in the matrix denoising setting
with small eigen-gaps, which, however, is not tight unless the
spectral norm ||H || of the noise matrix is extremely small.

Moving beyond ¢y perturbation theory, more fine-grained
eigenvector perturbation bounds — particularly entrywise
eigenvector perturbation or /5 o, eigenspace perturbation —
has garnered growing attention over the past few years [4],
[21], [24], [26], [45], [46], [47], [48], [49], [50], [51]. Among
these ¢, or {3 theoretical guarantees, the results in [4],
[21], [24], [46], [47], [52], [53], and [54] were established
via a powerful leave-one-out analysis framework, while the
works [48], [55] invoked a Neumann expansion trick paired
with proper control of moments.

In contrast to the rich literature on /3, £, and/or /3 o
perturbation theory, estimation theory concerning linear
functionals of eigenvectors (or singular vectors) are rather
scarce and under-explored. While entrywise perturbation
can be regarded as a special type of linear functionals of
eigenvectors, the analysis techniques mentioned above are
typically incapable of analyzing an arbitrary linear form. Only
until recently, progress has been made towards addressing
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this problem. In the matrix denoising setting, effective con-
centration bounds have been established in [8] for estimating
linear forms of singular vectors under i.i.d. Gaussian noise,
while [13] established the limiting distributions of the angle
between the singular vectors of the noisy matrix and the
corresponding ground-truth singular vectors. In [7], [16],
and [17], several bias reduction procedures were developed
for the problem of PCA and covariance estimation, which
established the asymptotic normality and statistical efficiency
of the proposed estimator. The eigen-gap conditions required
therein, however, are considerably more stringent than the
ones required in our theory. Another line of recent works has
studied linear form of eigenvectors was [14], [48], which,
however, tackled a different setting of the matrix denoising
problem. Specifically, [14] and [48] focused on the case where
the noise matrix H is asymmetric and contains independent
entries (so that H; ; and H;; are two independent copies of
noise); in this case, a carefully de-biased estimator proposed
based on the eigenvector of the asymmetric data matrix
M is shown to be minimax-optimal. Additionally, [56]
pinned down the asymptotic distribution for bilinear forms
of eigenvectors for large spiked random matrices, while [57]
proposed a de-biasing method to estimate linear forms of the
matrix for noisy matrix completion. These are beyond the
reach of the current paper.

Finally, we note that the recent advances in random matrix
theory might shed light on how to generalize our the-
ory beyond i.i.d. Gaussian noise. For instance, the recent
works [58], [59] developed sharp concentration bounds for
various important quantities (e.g., (\] — H)~!) for a broader
family of random matrices, which could potentially be applied
to help broaden the applicability of our results.

V. ANALYSIS

In this section, we discuss the analysis ideas for establishing
Theorem 1 and Theorem 3. One of the main tools lies in the
key theorems stated below, which characterize the principal
angle between the perturbed eigenvector and an arbitrary sub-
space of interest. We shall see momentarily the effectiveness
of these key theorems when applied to matrix denoising and
PCA.

A. Key Theorems

For any matrix Q@ € R™"** obeying Q'Q = I, (1 < k <
n), let Q+ € R"*(n=k) pe an arbitrary matrix whose columns
form an orthonormal basis of the complement to the subspace
spanned by the columns of @, namely

@.Q']'[Q.Q*] =1

Our results concern the decomposition of an eigenvector u;
of matrix M taking the following form:

&1y

(32)

Here, 6 denotes the principal angle between wu; and the
subspace spanned by @, whereas u; ) and w; | are two unit
vectors (i.e. |lug (|2 = [Jus, 1|2 = 1) such that
o uy lies in the subspace spanned by Q; this means that
QQ ;| = uy, where QQ' is the projection matrix
onto the subspace spanned by Q);

U = Uy cosf + w1 sin 6.

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore. Restrictions apply.



1208

o uy | is perpendicular to the subspace spanned by Q, so
that Q(Q+) Tuy L = w1 .

1) When Q is a Unit Vector: We shall begin with the case
when @ is a unit vector. For notational simplicity, let us write
q for @ in this case to emphasize that this is a vector, and let
gt € R ("D indicate Q. In this case, we can take u
to be equal to g. Our result is this:

Theorem 5: Consider any vector ¢ € R™ with ||g||2 = 1.
Write

(33)

for some 6 as well as some vector u;, | obeying |u; |2 =
1 and unLl = 0. Suppose that NI, — (g1) " Mq* is
invertible. Then one has

u; = qcosf +uy | sind

1
cos? 0 = — 55
L+ [Ny — (¢5)TMgt)  (gH) T Mg,
(34a)
and
N =q Mg
-1
+q" Mg~ (MI-1 — (¢5)"Mqt) (¢h)"Mq.
(34b)
In addition, when sin § # 0, the vector u; | satisfies
LI, — LTML_l NT A
wp s =+ (NTn-1 — (gt) q_)1 (q*) 2 a4
|(MTn1 — (@) TMqt) " (g)T Mq|l,
Proof: See Appendix A-A. (]

In words, Theorem 5 derives closed-form expressions for
both cos6@ and w,;  (up to global signs), in terms of sim-
ple and direct manipulation of the data matrix M as well
as the associated eigenvalue );. While the identities (34a)
and (34c) might seem somewhat complicated at first glance,
they often allow for convenient decomposition of the noise
into independent components, thus streamlining the analysis.
Similarly, while the relation (34b) takes the form of a nonlinear
equation about J;, it often enables convenient decoupling of
complicated statistical dependency, as we shall demonstrate
momentarily.

2) When Q is a More General Orthonormal Matrix: The
next theorem extends the relation (34b) to the case when Q is
a general orthonormal matrix (beyond the vector case), which
proves useful in eigenvalue analysis for more general low-rank
problems.

Theorem 6: Assume that k < n. Consider the correspond-
ing decomposition (32) for any matrix Q € R™** obeying
Q'Q = I. Suppose that NI, ;, — (Q+)"MQ~+ and
MI, — QT MQ are both invertible. Then one has
1

L [ Mk — Q1) TMQE) Q1) Mouy [}
(35a)

cos? 0=

and
NI —QTMQ)Q T uy,
—Q"MQ (M, —(QH)TMQY) Q") Muy,.
(35b)
Proof: See Appendix A-B. (]
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B. Analysis for Matrix Denoising

Armed with the preceding key theorems, we are now
positioned to develop consequences for matrix denoising. As a
crucial first step of the analysis, we need to establish an
eigenvalue perturbation theory that is tightly connected to the
eigenvector perturbation bounds. Recalling that )\; is the [-th
largest eigenvalue (in magnitude) of M, we present a theorem
that reveals the proximity of )\; and the ground truth A}.

Theorem 7 (Eigenvalue Perturbation for Matrix Denois-
ing): Consider the model in Section II-A. Fix any 1 < < r,
and instate the assumptions of Theorem 1. With probability at
least 1 — O(n~1%), one has

AL —v(\) = Af| < Cioy/rlogn (36)

for some sufficiently large constant C; > 0, where (-) is
defined as

A\ == 02trK}\In,r - (U*l)THU*L)_l] 37)

Remark 6: Here, we recall that the columns of U*L &
R™*("=7) form an orthonormal basis of the complement to
the subspace spanned by U™.

Remark 7: The error bound (36) concerning the empirical
eigenvalue \; contains a systematic non-negligible term ~(\;).
This makes clear the presence of a bias effect, which needs to
be properly subtracted if one desires a near-optimal estimate
of Aj. It is also worth noting that the importance of bias
correction in eigenvalue estimation has been recognized in
prior literature as well (e.g. [60]).

1) Proof of Eigenvalue Perturbation Theory (Theorem 7):
We start by demonstrating how to prove the eigenvalue pertur-
bation bound in Theorem 7. Let us fix an arbitrary 1 <[ <.
The key ingredient of the analysis is to invoke our key theorem
(namely, Theorem 6).

Before proceeding, we first verify a few useful facts. It is
well known that if oy/n < oA, for some sufficiently small
constant cg > 0, then with probability exceeding 1 —O(n~20)
one has (see, e.g., [6, Theorem 3.1.4])

[1H || < ALin/3. (38)
Recall that
U*HTMU = (UHT MU + (U THU
- (U*HTHU*, (39)
which together with (38) implies that
|5 T MU ||=|(U*)THU || < |H|| < Moy /3
(40)

with probability exceeding 1 —O(n . This means that with
high probability: (i) the Weyl inequality yields

Ml = INI=IHI = 27173, ] < [N +HIHI < 4A71/3;
(41)

(2) it holds true that \*. /3 > ||H|| > |(U*)T MU**||,
and hence

M, _, — (U)TMU** s invertible
for any A € R obeying |A| > 2A%. /3.

—20)
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With the above two observations in mind, take Q = U™ in
Theorem 6 to show that

(ML — U MU U "y = GOOU Ty (42)

with probability exceeding 1 — O(n~2°), where for any given
A with 205, /3 < |A| < 44X .. /3, we define

G(\) =
-1
U*TMU*L (AInfr _ (U*L)TMU*L> (U*L)TMU*.
(43)

Note that U*+ and u}* are not uniquely defined. To avoid
ambiguity, here and throughout, we let U*- e R®*(n=7)
denote an arbitrary matrix whose columns form an orthonor-
mal basis of the complement to the subspace spanned by U™,
and define

* L

wit = [l uj, . wp, U] e R

(44)

* *
.,u1717ul+1,...,

foreach 1 <[ <r.
Recognizing that U*" M*U* = A*, M*U** = 0 and
(U*H)TM* = 0, we can rewrite (42) as

(NI — A = U*THU*) U Ty = GON)U Ty

(45a)
with
G =
U T HUL ()\In—r -~ (U*L)THU*L> 71(U*L)THU*.
(45b)

Rearranging terms further gives

(NI — A = G () U Ty

=U""THU'U*  "u | + (G(N) — GF(N))U* Ty, (46)
where we define

G()) = {ﬁn[(ﬂn,r - (U*l)THU*L)‘l} }Ir, @7)

with the (conditional) expectation taken assuming that A is
independent of H. Here, we single out the component G ()
since — as will be seen momentarily — it often contains some
non-negligible bias term. Combining (46) with the triangle
inequality and the fact |[U*Tuy ||z = 1 then yields

[\ = A* = G () U T

< U THU|| + |G(\) = GV (48)
<|UuTHU*| + sup G\ — G+
XA [21011/3,41771/3]

(49)

with probability at least 1—O(n~=2°), where the last line arises
from (41).

In order to justify that ()\IIT —A*— GL(AZ))U*Tul,H ~ 0,
it remains to show that the two terms on the right-hand side
of (49) are both fairly small, which we accomplish through
the following lemma.
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Lemma 1: Assume that H € R"*" is a symmetric matrix
with H;; K N(0,02),i > § oand Hy K N(0,202) for
all i, and o/n < AL, for some sufficiently small constant
co > 0. Then for any 1 < | < r, with probability at least
1 —O(n=11), one has

[U"THU"|| < o(v/r + \/logn),
2
g (\/rnlogn—i—rlogn).

wp GG (S 52
MIAI€ 2107 1/3, 4107 1/3] min
(50)
In addition, one has
1 2 *\T x1y—1
G\ = {o— tr[(AIn,r — (U THU) ]}I
=E[G\\) | (U)THU*]. (51)
Proof: See Appendix B-A. ]
With the above lemma in place, by introducing
My = A* + G+ (\) = A* +y(V)I, (52a)
A\ = aQtr[(/\In_T - (U*L)THU*l)‘l} (52b)

for any A with 2%, /3 < |\ <4\ ,./3, we can invoke the

union bound to show that with probability at least 1—O(n~10),

NI = My )U* Ty

< | TEU | + e -6

sup
X A€ [21071/3, 41a71/3]

2
So(Vr+ logn) + )\Z—(\/rnlognJrrlogn)

min

< C’lo\/ﬂogn =: €MD (53)

holds for all 1 < [ < r, where C; > 0 is some suffi-
ciently large constant. Intuitively, this means that (A I, —
M,\l)U*TuLH ~ 0, and hence ); is expected to be close
to an eigenvalue of M), — which is A} + ~v()\;) for some
1< <r.

With the above bound in place, the only possible range of
A; is characterized by the following lemma, which in turn
establishes Theorem 7.

Lemma 2: Under the condition (53) and the eigen-gap
assumption (10), with probability at least 1 — O(n =) one
has

|\ = A —v(M)] < Emp, 1<i<r (54)

Proof: See Appendix B-B. (|

2) Proof of Eigenvector Perturbation Theory (Theorem 1):

Let us begin by decomposing wu; along the ground-truth
direction u; and its complement subspace as follows

u; = uj cos + uy | sind, (55)

where the vector u; | obeys ||u; |2 = 1 and u, | u} = 0.
Writing @ = Py-a + Py.ia with Py = Y, ujui’

and Py« = I — Py+, we obtain

a'u; = (Py-a) u; + (Py..a) u

= (Py-a)" (uf cosf +u; | sinf) + (Py.1a, w)
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fz a uiul" (u} cosO4u; | sinf) + (Py..a, Py.ow)

Tul cos O+ E a'uiui v | sin0-HPy..a, Py.ow),

k£l

=a

where the third line relies on the fact Py.1 Pyt = Ppyay.
It then follows that

=a'uf(cosf £1)

+ Z a'ujul u, | sinf + (Py..a, Pyeoiu),
kik£l

a'u ta' u; =

allowing us to deduce that
Tul*‘(l — |cos b))
+ ‘ Z a'wiul v | sin@‘ + |[(Py-1a, Py
k:k#l
Tul*|(1 —cos®0) + ‘ Z a'uju} u) | sin 9’
kik#l
+ |<PU*LGI7 PU*L'U/Z>|.

min ‘aTul + aTuﬂ <|a

<|a

(56)
and
min|a"u/1+b +a uf|<|a"uf]|- ’1—@\ cos |
+ \/m|<PU*La PU*iul>‘
+ \/Tbl‘ Z aTuZuzTulﬁL sin@’.

ekl

(57)

As a result, it boils down to bounding the terms

—V1+b|cosb|, +/1+1,

E a'uiul"u; | sinf,and (Py..a, Py.iuw).
kik#l

We claim that A\ I,,_1 — (ujt) " Mwujt is invertible. This
can be seen from (64) stated in Lemma 3 directly, whose
validation is independent with this claim. The invertibility
taken together with Theorem 5 reveals that cosf # 0. If
sinf = 0, then we have u; = Fu; and the conclusion is
obvious since min |a"u; + a”uj| = 0. Therefore, we shall
assume cos 6 # 0 and sin # # 0 in the remainder of the proof.
Invoking Theorem 5 yields

1—cos?0,

cos® 0
B 1
- -1 12
1+ |[(ALne1 = (uph) T Muit) ™ (uft) T Moug |
(58a)
u;Tul n
_wTut (Nl — () T Mut) ™ (wft) T Mg
i (AT — (uf ) T M) ™ () T M|,
(58b)

Recognizing that M™*u; =
write (58) as follows

Ajuj, we can alternatively

1
L+ || (Mdney — M®)

cos? 6 =

gt

(592)
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T | — up Tt (NI, 1—M(l)) ( T Huy

1,1 — .

' o~ (M Lumy — MO) ™ ()T Hug |,
(59b)

Here, we define

MO = (ui ) Muj* = () M upt + (uit) THuit

(60)

With the above relations in mind, we can demonstrate that

| Z a'uiul u sin 0|=]| Z aTuZuZTulq\/ 1—cos? 6

k:kA et
— | Xkenr @ wpup T uft (NI — M(l)) H(u i) T Huj|
s (MLt — MO) ™ (up )T Hug|,

(s = MO) ™ (i) T Hu |
1 + || ()\lIn—l - M(l))_l(u*J-)THuz(Hz

S‘ Z a'uiul urt (NI —M(l)) ( T Hup|,
kil

where the last inequality comes from the fact Hu ()\lI —
M)~ (i )T Hu |, = || (W = M©O) 7w )T Hu
(since the columns of w;~ are orthonormal). Substituting this
into (56) and (57) yields

min |aTul + aTuﬂ

< |aTul*‘ (1= cos®0) + |(Py-ra, Py.ow)|
—1—‘ Z a'u (NI - M(l))fl(qu)THuf ;
kAL
(61)

and

min‘\/ﬂaTul +a'uf
< laTuf|-[1—+/1+bcosb| +/1+b
(Py.1a, Py.ou)|
+ \/ﬂ‘ Z a'up-ul ut (NI -
k:k£l
(u;*) " Huy|.

]\/_[(l))*1

(62)

In what follows, we shall control these quantities separately.

3) Step 1. Controlling the Spectrum of MW Before pro-
ceeding, we find it helpful to first study the spectrum of
MO, Let {/\gl }n7! denote the eigenvalues of M) with
|/\l)| > |/\(l | > - > |)\£Ll_1| with associate eigenvectors
{ul(.l)}?:_f. In addition, we define several matrices as follows

L= ug, 7“?-17“1*4-1»"' ,upl € € R (- 1) (63a)
U = (uih)TUz, = [I’b—l} e RDX(=1 1 (63b)

0
y -

A o= diag({A} i) € RUTDXUTD),

U*(l)L — (U;L)TU*L — |: :| e R(n—l)x(n—r)’ (63C)

(63d)
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and define
1
l(cl)\l 7([)PU*”)US)
[Py, 2
for each k #£ 1.

Armed with this set of notation, we are ready to present
Lemma 3, which studies the eigenvalues of M 0,

Lemma 3: Instate the assumptions of Theorem 1, and recall
the definition of &yp in Lemma 2. With probability at least
1 — O(n™19), the following holds:

1) For each 1 < k < r, one has /\,(f) — W(Ag)

for some i # [, and

[TCNS5 ARYOVE)) A
< ov/rlogn;

2) For each k > r, one has |)\,(€l)| < oyn;
3) Moreover, one has

) € BSMD (/\:)

Afm)quT UHE

A?v if A — ’Y(A) € BfMD(/\Z)
’/\_/\I‘Z for some k #1 and 1 < k < r;
AL i S oy
In particular, we have
Ar, 1<k ;
Dy Y e e A 0
IAr|, k>

Proof: See Appendix C-A. ([
In words, this lemma tells us that:

e For any 1 < k < r, the properly corrected A ) (namely,
/\(l) (/\(l )) stays very close to one of the true non-zero
eigenvalues excluding \};

e For any k > r, the eigenvalue )\,(j) is reasonably small;

« Any eigenvalue of M® is sufficiently separated from the
[-th eigenvalue \; of M, where the separation is lower
bounded by the order of the associated eigen-gap.

4) Step 2. Controlling cos?§: We now turn to bounding
cos? . In view of the expresswn of C0820 in (59a), it suf-
fices to look at ||(MI — M®) ™ (wjH)T Hug||,. A simple
yet crucial observation is that: the matrix (u *l)ZTH urt s
independent of (u}*)" Hu} (which follows from the same
argument as in the proof of Lemma 1 in Appendix B-A).
Consequently, M () (defined in (60)) is independent of
(ujt)"Hu} ~ N(0,0%I,_1), which is a Gaussian random
vector in R”~!. In light of this observation, we can bound

(AT = MO) ™ (uh) T Hug||, as follows.
Lemma 4: Instate the assumptions of Theorem 1. The fol-
lowing holds with probability at least 1 — O(n~10):
[ = MO) 7 i) H
o2 o’rlogn  o%y/nlogn
- Y ahyro(Takt e k).
k:r<k<n ! k (Al ) !
(65)
which further indicates that
Ly = MO) ™ ()T Hou
2 1
XU*ZJFO(UTOg”) <1 (66)
A (A1)
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Proof: See Appendix C-B. (]
Combining this lemma with (59a), we reach
1
1—cos?f=1-—
L[| (MLt = MO) 7 (i) T Hug
2 1
xiqu(“WW)<1 67)
A (a7)°

where the last step arises from the assumption (10). In addi-
tion, recalling the de-bias parameter b;

> ol
b= .
k:r<k<n (Al a )\k)
one arrives at

|(1 4 by) cos® 6 — 1
14+ b

~1
L ([ (M = MO) ™ ()T Hu | ‘
1

‘bz —[[(NTn—s —M(l)) ujt) T Hujl|, ‘
Ut (L — MO) ) T Hg |2
< \bl — ATy — MDY THUzHEI
%)arlogn a\/rTgn(%)l 68)

S |
where (i) follows from (65) and (ii) is due to the assump-
tion (10). Combined with (67), this further allows us to obtain
1406, <1and

(1+b;)cos? 6
-1+ 0
1 1 cos o] = 1+\/1+bl|c059|
<1 — (14 by)cos® )
2 2
< o rlog2n o \/Tiiogn- 69)
(A7) A
5) Step 3. Controlling 3y, k#a wp - oup wt (AT -
M(l)) ( *L)THu}: The key observation is that

(uf)THuf ~ N(0,I, ;) is independent of M
(but dependent of )\;). This term can be bounded via the
following lemma, which will be established in Appendix C-C.

Lemma 5: Instate the assumptions of Theorem 1. With

probability at least 1 — O(n~1%), one has
‘ Z a *T *L()\lIn 1 _M(l)) ( ?L)THU?
ey
o nKEA
< 1 max
SNV < Af >
n/ﬁAmax
+ o4 /rlog Z )\* (70)
Pt A= Ail k|

6) Step 4. Controlling (Py..a, Py.1u;): When it comes
to the last term ( Py« a, Py.1u;), one can take advantage of
the rotational invariance of Py« u; in the subspace spanned
by U** to upper bound it. This is formalized in Lemma 6,
with the proof postponed to Appendix C-D.
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Lemma 6: Instate the assumptions of Theorem 1. With
probability at least 1 — O(n~1Y),

log n

(Py-ia, Pyoou)| < 1Py al, | Poswl,.
(71)

Consequently, it remains to upper bound || Py w||,. Recall
uy| = Py-(u)/||Py-(u)|l2 defined in in Section V-A.
By virtue of Theorem 6, one has

| Py
1
1t [ — (U TMUD) T (U T My |
< [[(WLoy = (U TMU) T (U)T Muy |
< | T — (U THU) |0 T Houy |13,
(72)

where the last inequality makes use of the fact that
UM = U M* + (U TH = (U)TH.
Additionally, it is easily seen that
MLy —(UH) THU 2 N [(U) THU™ | 2 [N
IO Huy ||z < |H|| S ovn
with high probability. These combined with (72) lead to

ovn
ATl

[Py, S (73)

Substitution into (71) reveals that

1
(Py-sa, Pyosw)| S/ 2o ||Puesal, | Py,
<V b Lal, (74)

=N
a) Step 5. Combining bounds: In view of (61), the

bounds (67), (70) and (74) taken collectively lead to our
advertised result

min ‘aTul + aTuﬂ

o’n  o?rlogn N o+/logn
< (5 e et +*VW| |Py--al,

+ o4/ rlog (nﬁ)\max) Z uk‘
kiktl AT

+ % o NKEAmax
NIV TA )

Regarding the analysis for the de-biased estimate, one can
substitute (69), (70) and (74) into (62) to obtain

min |aTul\/ 14+b, + aTuﬂ
o?y/nlogn  o?rlogn Ty ov/logn
S *2 + | Uy ! t *
Al (A*) A7

+ 04 [rlog (nKAInaX> Z
k£l Y

1Pu--all,

“k|
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N o log (n/f)\max>
A7 Af
o?rlogn

(a7)°

~

‘ Tu ’—|—0’ Tlog(

log < NKAmax )
Af

where the last step holds since o/n < A%,
llall2]|w} ]2 = 1. This concludes the proof.

+

g
A7

. and faTul*| <

C. Analysis for Principal Component Analysis

Akin to the matrix denoising counterpart, the first step
towards establishing the desired eigenvector perturbation
bounds lies in the development of a fine-grained eigen-
value perturbation theory. Here and throughout, we let
U*+ € RP*(P=7) represent a matrix consisting of orthonormal
columns perpendicular to the subspace spanned by U*.

Theorem 8 (Eigenvalue Perturbation for PCA):  Consider
the model in Section II-B. Fix any 1 < [ < r, and instate
the assumptions of Theorem 3. Then with probability at least

1 —O(n=19), one has
2)\/?10gn (75)
n

Al
o -
for some sufficiently large constant Cy > 0, where we define

< Cy(X:

max

1+5(\)

1 1 1 _
B(N) == Etr{—SI (A, — —-518T) 's.]

with S := (U*l) S. (76)

Remark 8: As asserted by Theorem 8, the empirical eigen-
value \; exhibits a form of “inflation” in comparison to the
corresponding ground-truth value A} + o2, As a result, it is
advisable to properly shrink \; when estimating \}' + o2

In what follows, we shall first outline the proof for Theo-
rem 8 (which is very similar to the analysis for Theorem 7),
followed by a proof sketch for the eigenvector perturbation
theory in Theorem 3.

1) Proof of Eigenvalue Perturbation Theory (Theorem 8):
Before embarking on the proof, we shall define

Sy =U"TSeR™", S8 = (U*)TSecRFP "
and A:=U""SU* = A* + I, (77)
for notional convenience, allowing one to express
U*H)'ss'urt=8,87, (78a)
U*H)'ss'ur=5.5), (78b)
U*'SSTU* =SS (78¢)

As can be straightforwardly verified:
o The columns of S are independent zero-mean Gaussian
random vectors with covariance matrix A;
e The columns of S| are i.i.d. zero-mean Gaussian random
vectors with covariance matrix o Ip s
o S| is statistically independent of S (from standard
properties for Gaussian random vectors).
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In addition, the following lemma controls the distance between
%S ST and ¥ when measured by the spectral norm.

Lemma 7: Assume that n > r. Then with probability at
least 1 — O(n~1Y), one has

1 [r1
H*SST - EH ’g )\:nax rost + max +02 1Ogn
n n
I
+02(\/5+p+ Ogn>. (79)
n n n

Proof: See Appendix D-A. ]
Remark 9: In particular, under the noise assumption (21a),
Lemma 7 tells us that ||2SST — || < Ay, with probability
at least 1 — O(n~10), which together with Weyl’s inequality
gives

NF/B< N <AN/3,  1<I<r. (80)

We now move on to present the proof of Theorem 8. The key
ingredient underlying the analysis is, once again, to invoke our
key theorem (namely, Theorem 6), by treating %S ST, ¥* and
U* as M, M* and Q, respectively. Recalling the definition
of

1
’U/l,H = mpu* (’U,) (81)
as in Section V-A (so that U*U* ;| = wuy), one can
invoke (35b) in Theorem 6 to derive
1
(ML = 88T ) U T = KO U Ty, (82)

where we recall the definitions of S and S, in (77), and
K ()) is given by

1 1 1 -1
K(\) =8 ~S] (AI,H - ESLSI) S. 5. 83)

=:C(N\)
It is also helpful to define

K*+(\) :=E[K(\) | C(\)],

with A regarded as a deterministic quantity independent of the
data samples. Then rearranging terms in (82) yields

(84)

(NI — A — KH(\) U Ty
1
- (ESHS[ —A+K(\) - KL(Az)) U Ty,
which together with (80) results in the following bound:
1
(ML = A = KX O0))U Ty ]|, < Hgsusﬁ - AH
K\ — K-, (85)

+ sup
A:AE[2X}/3,47; /3]
Akin to the proof of Theorem 7 in Section, our goal is to show
()\ZIT —A - KL(AZ))U*TULH ~ 0, which would then imply
that )\; is sufficiently close to some eigenvalue of A+ K= ()\;).
In light of this, we intend to upper bound the two terms on
the right-hand side of (85) in the sequel.
e Let us first look at the first term on the right-hand
side of (85). Since the columns of S| = U*TS are
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independent Gaussian random vectors with distribution
N(0,A), we can rewrite

S =AY?Z,
where Z = [Z;;] € R™™ is a Gaussian random

matrix with iid. entries Z;; <" A(0,1). Applying

standard Gaussian concentration inequalities reveals that:
with probability at least 1 — O(n=19),

1
Al <|A|-||-2ZT -
n

2 rlogn
W—,

o As for the second term on the right-hand side of (85), we
claim for the moment that

HK(A)_KL(A)H << III'LX+U )\/Zlog n,

(86)

5T -

S (Mnax +

87)

sup
At AE[2AF /3,407 /3]
(88)
p
ap - ow)s 5 (1+2)
X AE[2AF /3,407 /3]
(89)

where C()) is defined in (83). The proof of this claim
is postponed to the end of the section.
Substituting (87) and (88) into (85) reveals that with proba-
bility exceeding 1 — O(n~19),

H()\ZI —A— K ()\l )ulHHQN maX—‘r0'2) flogn::gp(:A.
n
(90)

With the preceding inequality in place, we are ready to study
the eigenvalues of A + K ()\;). Similar to the analysis in the
proof of Lemma 1 in Appendix B-A, it is straightforward to
verify that

K=(\) = B(VA, 1)
where B(A) = Ltr(C())) has been defined in (76). This
immediately demonstrates that the [-th eigenvalue of A +
K+()\) is equal to

(14 BN))(AF +0?).
Moreover, it is readily seen from (89) that 5(\) satisfies
nAp

sup BA) < sup [Nl
A AE[2AF /3,407 /3] ATAE[2AF /3,408 /3] T
2
< nAp o ( p) o(1)
n n

92)

as long as the noise level obeys o2p/n < A%,/ logn. Finally,
combining (91) with (77) and (90), we can repeat the same
argument as in the proof for Lemma 2 in Section B-B to reach

2= O+ ) (14 500) | € Qi+ %) g

for conciseness, we omit the details of proof. This inequality
establishes the proximity of A; and (A} + o2)(1 + B(N)).
Taking this collectively with (92) (i.e., 1 + B(N;) < 1), we
establish the advertised bound (75).

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore. Restrictions apply.



1214

a) Proof of the inequality (88): Recall the definitions of
K()\), C()\) as well as K+()\) in (83) and (84). Recognizing
that one can express S = A'/2Z with Z € R"™*" being an

i.i.d. standard Gaussian matrix (see (86)), we can define
KO =1zcNz" ad E-(0)=E[EN) | CO),
n

which allow us to express

K(\) = %SHC(A)s[ = %A1/2ZC()\)ZTA1/2
_ Al/Qf()\)AI/Q
K*(N):=E[K(\) | C()] = APE[K (V) | C(V)]AY?
= AYZET (VALY

One can then develop the following upper bound

I - || HA”( K() - K ()AY|
< IIAIIHK —K ()
<A;,dx+02>%f|ZC<A>zT—E[zc< NZT | CO-
93)
By construction, S| := U*'S and S, := (U*+)'S are

mutually statistically independent, thus implying that Z is also
independent of C'()\) with A treated as a deterministic quantity.
The remainder of the proof thus comes down to controlling

|zCc(NzZT —E[ZzCc(NZT | (V)]

By virtue of the rotational invariance of Gaussian random
matrices, we can replace C()\) in the quantity above by a
diagonal matrix comprised of the eigenvalues of C(\). To see
this, we denote by V.DV' T the eigen-decomposition of C())
and find that

Zc\NZT =zvDV'zT L zDZT,

where the last step arises from the rotational invariance of

the Gaussian random matrix, namely ZV 4 Z. In view of
Lemma 13, it suffices to control the eigenvalues of C'(\).

As can be straightforwardly verified, the rank of C'(\) is
upper bounded by (p — r) A n and the i-th largest eigenvalue
of C()) (cf. (83)) satisfies

Lot
A (ESL (AI]H -
~ N(pSasT)
A= N(ESLST)

In addition, (177) demonstrates that with probability at least
1—0(n™19),

1
OS)\i(nSLSI)Saz(l—&-\/g-&-z-i- )<<A:nin

for 1 < i < (p—r) An, where the last step holds due to
the noise assumption (21a). Combining these two observations
establishes the claim bound (89):
logn
n

2
ag
5/\*<1+\/§+i+
l
0'2 p
Z 1+ £
Af( *n)’

A(C) = %SLSD_lSL)

1<i<(p—r)An.

logn

sup
A AE[2X}/3,4A] /3]

ICNIl

X
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where the last step arises from the Cauchy-Schwarz inequality.
Consequently, one can invoke Lemma 18 and apply the stan-
dard epsilon-net argument (similar to the proof of Lemma 1
in Appendix B-A and hence omitted here) to demonstrate that

f||zc —E[zCcNZT | cN)

1
< sup —|ICN)|lpy/Tlogn

At AE[2AF /3,405 /3] TV

sup
A XE[2X] /3,401 /3] TV

+ sup

1

fHC()\)H (rlogn + log”n)
A: ,\e[2,\;/3,4,\;/3]

S sup e

MIV/r(n A p) log®n
A AE[2X; /3,407 /3] TV

5;( \/7)\/710;{ n<<\/710gn

with probability at least 1 — O(n~'). Here, the last line

follows from (89) and the noise assumptlon that o2(p/n +
\/p/n) < ;. /logn. Combining this with (93), we arrive
at

sup K\ -K(\)] < ( max-l-UQ)\/?logn
A XE[2X} /3,477 /3] n
as claimed.

2) Proof of Eigenvector Perturbation Theory (Theorem 3):
We now turn to our eigenvector perturbation theory. As before,
we find it convenient to decompose the [-th eigenvector u; of
%SST as follows

u; = uj cosf +u; | sinf, (94)

where the vector u;, | obeys ||u; 1|2 = 1 and ulTlul* = 0.
We shall employ this decomposition to identify several key
quantities that we’d like to control. Specifically, armed with
this decomposition, we can derive

a'u; =(Py-a) u + (Py.ra) 'y

=(Py-a)" (u} cos +u; sinf) + (Py..a) u,
Z a"ufu}" (uf cosf + | sinf)
1<k<r
+ (PU*LCL)T(PU*L'L”)
=a ' u} cosf + Z a'uju} u | sinf
kik#l
+ (PU*LCL)T(PU*L’UJ),
where we use the fact that a = Py+~a + Py+1a with

Py.=Yicaguiul’  and Py =1— Py-.

As a result, we arrive at

E a'ujul u | sinf
k:k#l

a'u +a uf=a"uf(cosf £1)

+ (PU*L a)T(PU*Lul),
which further implies
Tul*| §|aT'u,l*|(1 — | cosf))

+ ‘ E a'uful u; | sinf
kAl

min ’aTul +a
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+ |(PU*LCL)T(PU*L’U,Z)|
§|aTul*|(1 — cos®6)
+ l Z a'uju up sin@‘
k:k#l

+|(Pyera) (Pyerw)|.  (95)

and
min ’aTul\/l == aTul*|
< |aTuﬂ |1 = V1 + ¢ cosd|
++1+ cl|<PU*La, PU*lulM
+ 1+ cl’ Z aTuzuzTuu Sin@‘.

ikl

(96)

Thus, it comes down to bounding the following terms

1—cos?0, 1—+1+¢|cosh|, 1+,
Z a'uwiul"u; sinf, and (Py..a, Py.iu).
kil

separately, which forms the main content of the remainder of
the proof.

We claim that A I,—1 — (ujt)"28STujt is invertible.
This will be seen from (106) stated in Lemma 8 directly. The
invertibility taken together with Theorem 5 reveals that cos 6 #
0. If sin@ = 0, then we have u; = f+u; and the conclusion is
obvious since min |a"u; + a"uj| = 0. Therefore, it suffices
to focus on the case where cosf # 0 and sinf # 0 in the
sequel.

a) Step 1. Identifying several key quantities: Invoke
Theorem 5 to show that
cos? 0
B 1
(T () TESSTu ) T ) TESS Tug
(97a)
uZTUlJ_
:uf'—ul*L ()\le,l—(qu)T%SSTqu)_1(qu)T%SSTuf
Hul ()\le,l—(u;L)T%SSTul*L)_1(uZ‘L)T%SSTul*H2

(97b)
For notational convenience, we shall define

s = ulTS c Rlxn S, e ( ?J‘)TS c R(pfl)xn

(98)
allowing us to write (97) more succinctly as follows
1

L4 [ (Adp-1 — %SZVLSITL)A%SZ»LSZME’

(99a)
wiTuft (Mo — 280,08 ) T LS8
||uf (NLp-1 — %SMSJTL)A%SZ,LSZHHQ .

(99b)

cos? 0 =

* T
uk uu_
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With the above relations in mind, we can demonstrate that

‘ E a’ upuy, ullsme‘—‘ E a’ upuy, ull‘\/ —cos? 0

k:k#1 kik£l
’Zk;k;&laT“kuk wt (NI, 1 —£8.8]))

lurt (NTp—1 — ESI,LSl,L)i wStsy

I(NTp = £810ST) " ASis] I

L+ ||()‘le—1 - %SMSL)A%SLLSZH ||§

11 T
Esl,Lsz,H‘

1 -11
Z a 'u,kuk 'u,l (/\[ 1—551[@_5;5_) ESLJ_SITH s
k:k#l
where the last step follows since the columns of wj* are
orthonormal. Substitution into (95) then yields
min |a’w + a'uf|
< ’aTuﬂ (1—cos?6) +|( Py.ia)’ (Pyesw)|
- T - T
+‘ Z a ukuk 'U«l (Al nSl7LSl7J—> nSl’J‘SlvH‘7
k:k#l
(100)
and
min ‘\/1 Yau + aTuZ"
< laTuf|- |1 —vI+c]cosb||
+ V14 ¢ | Py.ia, PU*L'qu>|
+V1i+qg ‘ Z a'uiul ut
k:k#l
1 T -1 1 T
(>\le,1 — ﬁSlJ—Sl,J_> ﬁslqlsl,ﬂ ‘
(101)

In what follows, we shall control these quantities separately.
: 1 T .
b) Step 2. Controlling the spectrum of .S 1S, | :
Before moving forward to bound the terms mentioned above,
we take a moment to first look at the eigenvalues of
18,18/, . We first introduce some useful notation as follows:

o Let {vgl)}f;ll denote the eigenvalues of +S; | S| (see
the definition of S; | in (98)), and we assume that
!

>~ (102)

O]

o Letu,;’ be the eigenvector of +S; | S,", associated with
K2 n ’ l,l

the eigenvalue fyi(l).
Similar to (63), we find it helpful to introduce the following

matrices

* .
N

uy] € RP*(r=1).
(103a)

[Iro‘l] e RP=DX(=1: (103b)

_ * * *
=[ul, - uw Uy,

U*(l) = ( *L)TU _

N T
0
I,
AV = diag ({\} }iuit) € RO,

o0 = m#fU“Z[ } e RP-DX-); (103¢)

(103d)
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In addition, we define
-1
| Prwul]

Py.ou, il (103e)

where Py.oy = U (U*®)". Equipped with this set of
notation, we are ready to present a lemma that characterizes
the eigenvalues of the matrix %SL n SZT 1

Lemma 8: Instate the assumptions of Theorem 3, and recall
the definition of [(-) in (76). With probability at least
1 — O(n™19), the eigenvalues {5"}=! of 18, 8,
(see (102)) satisfy the following properties. ’

1) For each 1 < i < r, one has

l
50

1+ 80"
for some k #1 and 1 < k <7, and
(12 = (14 86N (A 40 L) JUr T
< Epca,

where Epca is defined in (90).
2) For each r <i<nA(p—1), one has

7(;)_02an‘ < 52 p+logn
v n |~V n

3) Foreachn A (p—1) <i<p—1, we have %(1) =0.
4) Furthermore, one has

€ Bc‘:PCA(/\;; + 02)

’ 2

(104)

Af, if ﬁ()\) € Bepea (A} + 02)
for some ¢ # [ and 1 <4 < r;

Ar, A [N — 02U < g2, fetlosn
n ~ n

(105)

IA—=N| 2

In particular, one has

M _ (> JAD
=N 2 { X,
Proof: See Appendix D-B. ]
c) Step 3. Controlling cos’f: In view of the expres-
sion of cos?6 in (99a), it suffices to control ||[(A\I,—1 —
%SlviSlTJ_)ﬂ%Sl»islT,H |2, which is accomplished in the fol-
lowing lemma.
Lemma 9: Consider any 1 <[ < r. Instate the assumptions
of Theorem 3, and recall the definition of ¢; in (20). The
following holds with probability at least 1 — O(n~19):

1<i<rm

106
7>, (106)

1 -11 2
NIy — =81 S ) ~Si.s)
H( dp—1 n L1 1 n LLSy) )
(A\r +02)a®plog®n
)\l*zn

Noax +02)(AF +0%)rlogn

< ( max 5
(A7)"n

~

< 1. (107)

Moreover, for the case with n > p, one has

1 -11 2
NI, — -8 ST) =S TH—
’H( Hp-l n BLPLL n LS| 2 “

Moax + 02N +0?)rlogn

< ( max 5
(A7)™n

~
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a’p 9 [logn o [Tlogn
e (0 40200 4 3t 02y B,
(108)
and for the case with p > n, we have
1 -11 2
w (Mhms = 80uSTL) - SSaely, -
Ao oY+ oH)rlogn  o?ky/priogn
< max l 109)
- (A7)°n i Amo (
Proof: See Appendix D-C. (|

This lemma taken collectively with (99a) leads to

|cos? 6 — 1]

1

L+ [[(Ndp1 — %Sl’lSlTL)_I%Sl’LSzT,uH; . ‘

T - 2SS i Suas

1+ [\Lp—r — %SlvlSlTL)_%Sl,lSIHH;

Noax T ) (AF + 0?)rlogn
(87)°n

(A + 02)a?plog®n

<
A2n

~

< 1 (110)

where the last step follows from the assumptions (21a)
and (21b). In addition, when n > p, one can combine (99a)
and (108) to demonstrate that

14 ¢)cos?h—1
( )

_ 1+¢ _ 1‘
L+ | (Adp1 — %SlﬁlSL)_I%Sl’LSIHHE
e = [y = 28108714811/ 5]

1+ [|(NLpe1 — %Sz,lSL)‘I%Sl,LSzT,uH;

1 -11 2
<o | (Mt = - S18L) S Siasly

— taa + 0V + 02)rlogn
" (a7)°n
o?p [rlogn log®n
I AX 2 X 2\ Vo '°
+>\?2ﬂ<( max+a) n +(l+0) \/ﬁ )7

(111)

where the first line comes from the definition of cos?d
in (99a), and the last inequality holds due to (108). Moreover,
if p > n, putting (99a) and (109) together reveals that

|(1 4 ) cos® 6 — 1

1+¢ B ‘
1+ ||()\le71 - %Sl,J_SlTl)_lisl,J_slTH ||§

1 -11 2
<o [ (uks = 81aSTL) Dssl |
n o?k/prlogn

Afn

Noax +02)(AF +02)rlogn

< ( max 5
(A7)"n

~

<1,

(112)
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where the last inequality holds due to the conditions (21a)
and (21b). Taken collectively with (110), this leads to 1+¢; <
1 and
|1 = V1+ccosd|
1—(1+c¢)cos?6

T+ VI alcosd < |1—(1+cl)00329‘
< hax + 2)()\1*2+ o?)rlogn N o?ry/priogn (113)
S (A*) n Al
d) Step 4 Controlling .. Kttt @ uzuzTul ()\ZIp_l —
%SlylSl,l) Sllsl I Recognizing that the vector s

(see (98)) obeys
si ~N(0,(\f +0*)I,)

and is independent of S; | (see (98)), we can control this
quantity through the lemma below.

Lemma 10: Instate the assumptions of Theorem 3. The
following holds with probability at least 1 — O(n~19):

g aTuZuzTuZ‘l(Ale,l—
k:k£l
*
| uk|

< * *

1 -11
=S ST) 28, s
n L9 1 n LLSy

. \/ (A + 02 (Njax +02) (8% + 1) log (”’fgr*nax>
l

(114)

Proof: See Appendix D-D. (]
e) Step 5. Controlling (PU*J_GJ)T(PUxJ_'U/l).’ When it
comes to (Py.1a) (Py.1u;), we attempt to utilize certain
rotational invariance property of Ppy.1u; in the subspace
spanned by U** to upper bound this quantity. This is for-
malized in Lemma 11.
Lemma 11: Instate the assumptions of Instate the assump-
tions of Theorem 3. With probability at least 1 — O(n 1),

log n

|(PU*LCL)T(PU*LU[)| g HPU*LG,H HPU*LUZHQ

(115)

Proof: The proof is almost identical to the proof
of Lemma 6, and is hence omitted for conciseness of
presentation. ([

In view of Lemma 11, it suffices to control ||PU*L'U;[||2.
To this end, it is seen from Theorem 6 that

1P|
T L+ (AW - £8.ST) LSS U |

o [ o e

cf(ur- L) T ] o
T

where we recall u; | is defined to be a unit vector u; =
Py« (u)/||Py-(u)|2 and satisfies U*U* Ty | = uy,.
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The preceding 1nequa11ty then motivates us to control both
|| ()\lI nSLSI) || and || L SLS[H As shown in the proof
of Lemma 7 in Appendix D-A (cf. (177 and (179)), we know

that
() -
< g + = - O mm

(117)

2ls.ST) -2

* 2 2 _
*HSLS [Bs \/(’\m“+g )o*(p—7) log 7, (118)

n

where the relation in (117) arises from the noise condi-
tion (21a). Combining these with Theorem 8, we obtain

1
A= | SLST|
=\ — 0% —o(\

mm)

2 (11 A0 O +0%) — (1 BON)-
O+ 7% 1087)
- 02 - O(A:nln)
= (1+ B(N))A + B(A)o?

—0((1+50w) max+a2>\/: log )
in)

(11) 4 (iii)
+O()\* ) =" AJ,

where (i) is due to the bound developed for /\l in (75) in
Theorem 8; (ii) arises from the fact S()\;) < s | (as

~ A\'n

shown in (92)) and the noise condition (21a) that (AX

max

—o(A;

\/r/n logn < A\ 5 (iii) is legal as long as 024/p/n <
)\ .- As a result, we obtain
1 -1 1 1
N==8uST) || € g e S (19

Plugging (118) and (119) into (116) immediately reveals
that

| Poera]), < H()\lI - ESLSI)_lH ' lHSLSﬂ’

~

log n. (120)

Taken together with Lemma 11, this leads to the bound

Ahax+0?)0?

T
’(PU*J_(I) (PU*J_U,[)’ 5 )\?2n

log®n HPU*J_GHQ.
(121)

f) Step 6. Combining bounds: Finally, we can com-
bine (110), (114) and (121) to arrive at the error bound for
the plug-in estimator:

min |aTul + aTuﬂ

(Moax+02) (Af + 02) rlogn
G —

(A +0%)ap\| T
+ )\1*2” ‘a uy
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|aTuZ|

"2 Xl

kk;ﬁl AT

' \/()‘z* +02)(Nhax +0%) (K2 +7) log (

NEAmax
Ay

()‘;la + 02)02 2
+4 /2 Jog“n||Py.La
)\fZTL g || U+t ||2
as claimed.
g) Step 7. Analyzing the de-biased estimator: To finish
up, let us turn to the de-biased estimator.
o Consider first the case with n > p. We can substi-

tute (111), (113), (114), and (121) into (101) to obtain

min ‘aTul\/l 4+ £ aTuﬂ
< |aTu*| (/\:nax + 02)(>\? + 02)T logn
~ ! An

rlogn N 9 logn

T2 (et o)

ArPn
|a ui’
_|_
k%l = Ailvn

: \/()\l*+02)(/\r*nax+02)(n2 +7)log ("“2“”)
l

* 252
Khax £02)0% ) 2, |Py-val,

A2n
()‘;w‘x 2)()‘? + 0'2)7“10g7’7, T
S A%n [
IaTuzl
DI
k: k#l )\z| f
)\max
V (8 +0%) O+ 22) (62 4 1) g 22 )
l
(A:(nax + 02)02T 2
A% log™n,

where the last step holds due to the noise assump-
tion (2la) as well as the facts that |a'uf| <
lall2|lufll2 <1 and ||[Py.ral|, < [lal> = 1.

. Con51der instead the case with n < p (which implies

ol < Alin)- Then we can substitute (112), (113), (114)
and (121) into (101) to derive

min ‘aTul\/l + ¢+ aTuﬂ
Moax+02)Af+0Drlogn  o?\/k2prlogn, 1 .
S + la" uf|

Al%n Afn

N Z !aTu2|

Rl AP HRV(D

- ¢ (8 02) O+ 07) 2 + ) o (22322 )
l

(Mnax + 02)0?

+ )\72” log2n HPU*iaHQ
Moax + 02N +0?)rlogn N
S o " ul
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N Z |aTuZ|

ikl AL = Akl v

’ \/(A? + 02)(Myax + 02) (k%2 + 1) log (nﬁgrfax>
l

Afnax + 02)02K2
+\/(Xgn>0f“”10gzn
l

Here, we use the noise assumption (21a), |aTuZ‘\ <
lal2llufllz < 1 and |Py.ral|, < |lall; = 1 again in
the last step.

VI. DISCUSSION

This paper has explored estimation of linear functionals of
unknown eigenvectors under i.i.d. Gaussian noise, covering the
contexts of both matrix denoising and principal component
analysis. We have demonstrated a non-negligible bias issue
inherent to the naive plug-in estimator, and have proposed
more effective estimators that allow for bias correction in a
minimax-optimal and data-driven manner. In comparison to
prior works, our theory accommodates the scenario in which
the associated eigen-gap is substantially smaller than the size
of the perturbation, thereby expanding on what generic matrix
perturbation theory has to offer in these statistical applications.

Moving forward, there are numerous extensions that are
worth pursuing. For example, the present work is likely
suboptimal with respect to the dependence on the rank r
and the condition number x, which calls for a more refined
analytical framework to achieve optimal estimation for more
general scenarios. In addition, our current theory focuses on
ii.d. Gaussian noise, and a natural question arises as to how
to accommodate sub-Gaussian noise and/or heteroscedastic
data. Furthermore, given the minimax estimation guarantees,
an interesting direction lies in developing statistical inference
and uncertainty quantification schemes for linear forms of the
eigenvectors. Accomplishing this task would require devel-
oping distributional guarantees for the proposed de-biased
estimators as well as accurate estimation of the error variance,
which we leave to future investigation.

APPENDIX A
PROOFS OF KEY THEOREMS
A. Proof of Theorem 5

Given that u; is an eigenvector of M, one has Mwu; =
Aiug, which together with the decomposition (33) and the
condition u; | = g (q*)Tu; gives

M (qgcost + uy | sinf) = A\j(gcosf + u;  sinh),
which is equivalent to
Mgqcosf + Mql(qL)Tul,L sin@=M\gcosf + N\ | sin6.

(122)

sides of this equation by gq'
)T) and using the assumptions of u; | (namely,
D) Ty = wy 1) give

Left-multiplying both
(resp. (q*
q'u; ;. =0and g (q

q Mqcosf + qTMqL(qL)Tul,L sinf = \; cos 6,

(123a)
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(g")"Mgqcos0+(q")" Mg (g") w1 sind

=Xi(q") w1 sinf. (123b)

Rearrange terms in (123b) to arrive at

()\lIn,l — (qJ‘)TMqJ‘)(qJ‘)TuLL sinf = (qJ‘)Tchos 0.
(124)

Given the assumption that \;I,,_; — (g*) T Mg is invertible
and the fact that H(ql)—'—ul,J_Hz = ||qL(ql)T’LLl7J_||2 =
|lw, 1|l = 1, we claim that it is straightforward to verify
that cosf # 0. To see this, suppose instead that cosf =
0, then the right-hand side of (124) equals to 0, whereas
the left-hand side of (124) is non-zero because ()\lIn,l —
(gt)"Mq*)(gt) w1 # 0 and sinf = V1 —cos?60 = 1.
This leads to contradiction, which in turn reveals that cos 6 #
0. In addition, if sin# = 0 (or cos § = 1), then one has g = u;
and (gt)" Mq = 0 (see the relation (124)), from which the
claims (34) immediately follow. Hence, we shall focus on the
cases where cos # 0 and sinf # 0 in the sequel.
Notice that (124) can be rewritten as

cosf

(WL — (@) Meh) (@) Ma.

(125)

(ql)Tul,L =

This together with the unit norm constraint of u;, | and u;, | =
qt (qL)Tul,L implies that

gt (NI — (g5)TMgh) " (gh) T Mg
la* (M L1 — (q4)"Mq) " (¢1)T My,
(126)

UZ,L:i

as claimed in (34c). In addition, substitution of (125)
into (123a) with a little algebra yields

()\l - qTMq) cosf) = qTMqJ‘(qJ‘)Tul_,J_ sin 6
=q Mg (M1 - (¢1) " Mq") " (q")T Mgcosd,
and hence
AN —q' Mgq
= ¢ Mq" (M1 — (¢") Mq") " (q") Mg, (127)
thus establishing the claim (34b).
Finally, rearranging terms in (123a) yields
sinf A\ —q' Mg
cos® q"Mgqt(gh)Tu,

(128)

This taken collectively with the elementary identity cos? 6 +
sin? @ = 1 immediately leads to
1

1+ [M\i—qT Mgql|?
lg"Mq+(gt) w1 |2

1
1+ AN—gT Mgq|%|lgt (\iln—1—(gt)T Mqt)~t(gt)T Mgq|3
la™ Ma~ (T, 1 —(g%) " MqL)T(qh) MqP?

(ii) 1
= —1

1+ |lg-(MT—1 — (gF)TMgt) (g-)TMgq|3
(iii) 1
iii - ,
1+ [[(MTp—1 — (g+)TMg*) ™ (q+)T Mg||3

cos? 6 =

—~
=
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where (i) relies on the expression (126), (ii) results from the
identity (127), and (iii) follows since (g*)" g+ = I,,_;. This
establishes the claimed relation (34a).

B. Proof of Theorem 6

Given that Mwu; = \ju;, one can invoke the decomposi-
tion (32) to obtain

Mul}H cosf + Mul,L sinf = )\l’u,l’” cos 6 + /\lul,L sin 6,

(129)
which together with the conditions u; ) = QQTul’H and
w1 = QH(Q1) uy . implies that

MQQ ucosf+MQH(Q) Tuy i sind
= /\I’U,LH cos 6 + )\lule sin 6. (130)

Left-multiplying both sides of this relation by QT
(resp. (Q*+)T) gives
Q'MQQ u;cost+QTMQ(QF) w1 sinf
=XNQ"uy | cosb, (131a)
(QY)TMQQ uycosd + (QH) T MQH(Q*) Ty, i sind
= N(Q") "uy, 1 sing, (131b)

thus indicating that

(MI—Q"MQ)Q "y cos b
v=Q " MQ"(Q") w1 sin,
NIk —(QF) "MQH)(QF) "wy 1 sind
= (QL)TMQQTul’” cos = (QL)TMul’” cosf, (132)

where the last identity follows since QQTuL” = uy|. These
two relations taken together demonstrate that

MNILi—QTMQ)Q  uy | cos0=Q-MQ™ (Q") "uy, 1 sino)
=Q*MQ* (M, —(QY)TMQ*) " (Q)T Muy  cosd.

In addition, in view of the invertibility of MNI,_p —
(QY)T"MQ+ (due to the assumption) and |[(Q+) Tuy 1 ||2 =
|l 1|l = 1, one can deduce from (132) that cosf # 0.
To verify this, suppose cosf = 0 (or sinf = 1), then the
left-hand side of (132) is non-zero while the right-hand side
of (132) is zero. This results in contradiction, thus justifying
that cos 6 # 0. Consequently, dividing both sides of the above
identity by cos 6 concludes the proof for the claim (35b).

APPENDIX B
PROOFS OF AUXILIARY LEMMAS FOR THEOREM 7

A. Proof of Lemma 1

For notational convenience, divide the matrix H as follows

Hul Hur
H;[ H,

Hur c R™ (nfr)7

H = |: :| ) H, e Rrxrv

H,, ¢ Rv—)x(n=r), (133)

In view of the rotational invariance of a symmetric Gaussian
matrix, we know that RH R has the same distribution as H
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for any fixed orthonormal matrix R € R"*" obeying RR" =
I,,. As a result, it is easily seen that the triple

(U*THU*7 (U*L)THU*J—7 U*THU*J_)

d

= (HulaleaHur); (134)

where < denotes equivalence in distribution. Equipped with
this fact, we are ready to derive the advertised concentration
bounds.

a) Controlling |{U*T HU*||: Apply the standard Gaus-

sian concentration inequalities [61] and (134) to conclude that
with probability at least 1 — O(n=10),

|U*T HU*|| = | Hull € o(v/7 + /Iogn).

b) Controlling |G(\) — G*()\)||: Consider any fixed A
obeying 2|Ar|/3 < |A| < 4]Af|/3. Recalling the expression
of G(A) in (45b), we have
||G()‘)H _ ||U*THU*J_(U*J_)T

. ()\In _ U*l(U*L)THU*L(U*L)T)—l
. U*J_(U*J_)THU*H
— HU*THU*l <>\In—’r'_ (U*L)THU*L) —1(U*L)THU*H.
(135)
Combining this with the fact (134), we see that || G(\)|| has the
same distribution as HHU,()\I,L,T — le)71H$’|- Repeating

the same argument also indicates that |G(\) — G*())]| has
the same distribution as

HHur ()\Infr - le)71H£

—E[H,(\M,_.— H,) 'H] |H]|. 136

This allows us to turn attention to H,, (\I,,_, — H,) ' H .

As a key observation, H,,, and H|, are statistically indepen-
dent, thus enabling convenient decoupling of the randomness.
Lety; > --- > 7,—, represent the eigenvalues of H|,. Denote
by {h;};~]" the columns of H,,, ie. Hy = [h1,--- ,hp_,],
which are independent of H), and {~; }. Invoking the rotational
invariance of Gaussian random matrices once again, we see
that

B d n—r 1
Hur(/\In—r _le) 1Hu—[ = Z/\i

i=1

hih!,  (137)

which is a sum of independent random matrices when con-
ditional on H,,. This can be controlled via Lemma 18.
Specifically, conditional on H), and assuming that |y;| <
Ari, /3 for all i, we have

min

H ZHur()\Infr - le)_lHLI

~E[Y Hu(\L—, - Hy)"'H | H|

IS5 e -
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2

< 07(\/rnlogn+7“logn)

min; |A — vl
2
< ‘(;—ﬂ(\/rnlogn—l—rlogn)
1

with probability at least 1 — O(n~2%), where the penultimate
line relies on Lemma 18, and the last step follows since |A —
il 2 A = max; || 2 2[A71/3 — [ H| > Aryn/3 (sce (38)).
Consequently, we have established that, with probability at
least 1 — O(n™11),

|G -GV <

2
|i (VrnlognqL rlogn)

H
2
< )\U' (\/rnlogn—l—rlogn) (138)

for a given A.

Finally, we apply the standard epsilon-net argument to
establish a uniform bound that holds simultaneously over all
A obeying 2 |A\f[/3 < |A| < 4|A]]/3. Set ¢g = c|Aj|/n for
some sufficiently small constant ¢ > 0, and let NEO denote
an ep-net for [—4|\[/3, =2|\f|/3] U [2|Af|/3, 4|AF]/3] with
cardinality

INeo| S Af /€0 < n; (139)

see [62] for an introduction of the epsilon-net. This means that
for each X obeying 2 |\f|/3 < |A| < 4|\}|/3, one can find a
point A € N, such that |A — A| < .
o Take the union bound to show that: with probability
exceeding 1 — O(n~11),

~ . 2
IGON) -GV £ /\Z (v/rnlogn +rlogn)

min

(140)

for all X € V. ~
o For any A of interest, let A be a point in N, obeying
A — A] < eg. Then conditioned on ||H | < A% /3,
e -G )
< ||Hur()\In—r*H|r)71HJ*Hur()\In—r*le)ilHlIH
S ||HurH2' H(>\In7r*le)71 - (B\\Infr - le)ilH
1

< ||H,,||? max —,\7’
([ ur || m PRETRN w
A=A ’
(A =7) (A=)
A=Al €l
WSy

— || Hy | max |

2
So n - max

0.2

<

™ Xain
holds with probability 1 — O(n~!1). Here, the penulti-
mate line has made use of the Gaussian concentration
bound || H,,|| < o+/n, whereas the last inequality results
from (139).

o Combining the above two facts together, we arrive at

sup |G = G|

A [ALE2IAF /3, 41A71/3]

(141)

= sup

G — GO + G+
A: \A|€[2|)\;|/3, 4\>\l*\/3]
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— G+ G -G
IGO) = GO

< sup
A [AIE[2INF /3, 4|Af1/3]

+ sup HG(X) - GJ‘(X)H
A AEN,

+ sup
A IAE2IAF1/3, 41A71/3]

2
< /\Z (\/rnlogn—l—rlogn).

min

IG-(\) - G|

(142)

Here, the last inequality results from (140), (141), and
the following consequence of Jensen’s inequality

IGE(N) -G NV|=IE[G(N) | Hy] —E[GQ) | Hy]||
<E[|GN-GR)| | Hi] £ 17—

min

where we have used (141) again in the last step.
This concludes the proof of (50).
Finally, the above argument also reveals that

G*(\)
) [U*THU*L ()\In_ri(U*J_)THU*J_)*1(U*J_)THU*
=A
‘ (U*L)THU*L}

= o’ [\, — (U THU*) 'L,

which holds since the matrix A obeys A 4 H,(\,_, —
H.r)’lHT which has been analyzed in (137).

B. Proof of Lemma 2
We first claim that: with (53) in place, one necessarily has
XM= AT =7 (M) < Ewmp,
or |)\l| < &mp

for some 1 <7 <r (143a)
(143b)

forany 1 <[ < r. To see this, we recall that for any symmetric
matrix A, one has

mlln ’/\l(A)’ :\/mz

= min [|Az|s,
xeSn—1

where S"71 := {z € R" | ||z]|2 = 1} and \;(A) denotes
the i-th largest eigenvalue of A. Recall the definition of M,
in (52a). Given that the eigenvalues of \;I — M, are exactly
Al = Ai(My,) (1 <4 < n) and that u; ) is a unit vector,
we obtain

Join [\ = Xi(My)| = min [\ (W = My

min zT A2z

xzesSn—1

< ||\ = My ug |, < Emp.
This immediately establishes (143), since the set of eigenval-
ues of My, is {A\F +~v(\) |1 <i<r}U{0} (in view of the
definition (52a)).
It thus boils down to how to use (143) to establish the
advertised claim (54). Towards this, we find it helpful to define

M(t):=M*+tH, (144)
A E) = t202tr((/\In_,. - t(U*l)THU*L)‘l). (145)
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We denote by {\;;}_; the eigenvalues of M(t) obeying
[A1,¢] > -+ > |Ay]; in other words, A1, -, Ar¢ correspond
to the r eigenvalues of M (t) with the largest magnitudes.
Armed with this notation, we clearly have

ALl = A, 1<i<r

The subsequent analysis consists of three steps.
o First, we establish the correspondence between {A;; |
1 <i1<r}and {\|1<i<r} through the following
lemma; the proof is postponed to Appendix B-C.
Lemma 12: Instate the assumptions of Lemma 1. Then
with probability exceeding 1 —O(n~10), for any 1 <[ <
r, one can find 1 < ¢ < r such that

’/\l,t - ’Y()\l,tat) - )\ﬂ <&,

sup
te[1/v/n; 1]

where & := Cito/rlogn for some constant C; >

0 large enough.

In other words, this lemma reveals that for all 1/y/n <

t <1, one has

ALt —Y( A, t) € Ui_y Be, (X)),

where B.(\) := {z ]|z — Al <7} denotes the ball of
radius 7 centered at .

Secondly, when 0 < ¢ < 1/4/n, one has |[tH|| < ¢o/v/n-
(o0y/n) < /2, where ¢y > 0 is some sufficiently small
constant. In this scenario, Weyl’s inequality tells us that
A1 — Af| < |[tH|| < o/2. Further, the definition of
~(-,-) indicates that

2
5 M o

1
<Z.g2 % <5/2
P o oL

min

|7()\l,t7t)|<t2 2 n-—r

2T
T =l H

min
where the last inequality holds due to the assumption
ovn S AL As a result,

At =7 (A, ) = AT A =AT [+ v (A, )| <o S Eyym

— )\l7t—’}/()\l,t,t)66< ?581/\/5)5 OStSl/\/ﬁ
(146)

o Recognizing that the set of eigenvalues A\, (1 <1 <7)
depends continuously on ¢ [63, Theorem 6], we know
that A\;; — (A, t) is also a continuous function in ¢.

In addition, for any 1 <1 < 7, if ming.p- ’/\Z‘ — A;! >
2& > 2& (1/4/n <t < 1), then one necessarily has

Be, (A7) N {Uk:e1Be, (Af)} =0
and
Bgt(A?) N {Uk:k<l65t()\2)} = @

In other words, B¢, (A]) remains an isolated region within
the set UJ_, Bg, (AF) when we increase ¢ from 1/4/n to
1. This together with the above two facts (namely, the
continuity of A;; — (A, t) in ¢ and (146)) requires that

At —Y( A, t) € Be, (A)), 1/Vn<t<l1,

provided that ming.; |Af — Xf| > 2&;.
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Given that our notation satisfies \; 1 = A\;, v(A\1,1) = v(N),
and & = &wp, we conclude that with probability at least
1—0(n~19),

|\ = v(A\) = AF| < Ewp, 1<i<r (147)

C. Proof of Lemma 12

Fix an arbitrary 1 <[ < r. We have already shown in (143)
that the claim holds when ¢ = 1. An inspection of the proof
of (143) reveals that: Lemma 12 can be established using
the same argument, except that we need to generalize the

bound (50) into a uniform bound on ||G(\,t) — G+ (), t)]],
namely,
o2
G\t =G\ 1) S )\* vrnlogn

holds simultaneously for all 1/4/n < ¢ <1 and A with [A| €
[2|AF]/3, 4|AF]/3]. Towards this end, we shall resort to the
epsilon-net argument once again. Choose €; = ¢/+/n for some
sufficiently small constant ¢ > 0, and let A/, be an e-net for
[1/+/n,1] such that (1) it has cardinality [N, | < v/n; (2) for
any t € [1/y/n, 1], there exists some point te /\/61 obeying
[t—t| <e.
e Applying Lemma 1 with the noise matrix chosen as
tH and applying the union bound, we see that with

probability exceeding 1 — O (n’“), one has
sSup ||G(Aa%\) - Gl()‘v%\)n
A: IA\€[2\>\*\/3 4|At1/3]
< )\* (\/rnlogn—l—rlogn) )\* \/rnlogn

snnultaneously for all te J\/El, where in the second line
we have used #* < 7 since € [0, 1].

o For any ¢t € [1/y/n,1], let t € N, be a point
obeying |t — t| < €. Recognizing that G(\,t) —
GO\1) = L2 H, (M-, —tH,) H}—2H, (A, —
tAH|,) HuTr, one can bound
IGX D) — G\ 1)
< |PHy (M, — tH,,) " H,]

— ?H, (M, — tH,)  H_||
< |[PHy (Mo — TH,) " HJ
— *H, (M, — tH,,) 'H]||
+ |[2H oy (AL, — EHL) T H,
— *H, (\,,_, — tH,) 'H]||
<t— |+ | Horl || (Mo — 2H) |
2| Hy || (AL —tHi) ™ = (AL — EH) .

Recalling the notation that v; >
the eigenvalues of Hj,, we have

‘ 1 1

- 2 Yn—p represent

— <
PR TS

min

and

|\, — L)

1
| = max
K3

-1

[EYA—

= (Mo~ 7H) |
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1 ‘ (t=1v
=max — ~ = max =
A=ty A=ty T = ty) (A = ty)
=i e ’
N A T,

where we have used the bounds 2|Af|/3 < |}
4INF1/3, vl < Afyn/3 and t < t+¢; < 1.1. Combining
these with the high-probability bound ||H,| < ov/n, we

arrive at
~ 1 €
IGND—-GA\ )| S e -t-o?n o +t2 - o%n Aj
to?
~ A;’kllll'] \/57
where the last step arises since t? < ¢ for any t€[0,1]
Similarly, this bound holds for |G (A, 1) — G (A, )] as

well.
Putting these two upper bounds together, we conclude that
with probability at least 1 — O(n~=11),

IGOAt) = GH(A 1)

<G = GEAD] + GAT) = G 1)
o+ ||GL(>\ t) - GL()\ £l

N)\* JrTﬂogn—}—)ﬁ Vn < \/rnlogn

holds simultaneously for all A with || € [2|)\Z*|/37 4|X7|/3]
and all ¢t € [1/y/n,1]. Finally, taking a union bound over
1 <1 < r concludes the proof.

APPENDIX C
PROOFS OF AUXILIARY LEMMAS FOR THEOREM 1

A. Proof of Lemma 3

To begin with, let us first analyze the eigenvalues of M (),
which is accomplished by the following lemma.

Lemma 13: Instate the assumptions of Theorem 1. With
probability at least 1 — O(n~19), one has

’)\g) . 7()\](j)) —Ai| < Ewo, 1<k<l, (148a)
|>\§€z) _ 7(/\;?)) _ )\2+1| < Evp, I<k<m, (148b)
A <|H| Sovn,  k>r, (1480)

where Eyp = Cio+/rlogn for some sufficiently large con-
stant C7 > 0 and () is defined in (37).
Proof: See Appendix C-A.l. (]
Lemma 13 can then be invoked to study Lemma 3. Recalling
the fact

Ak — ’Y(Ak) € BEMD (AZ)a
Al < [[H| S ov/n,

1<k<r
k>r

(149)

as shown in Theorem 7, we are positioned to prove the
claim (64) as follows.
o For any A such that |A\| < 0/n, one has

|)\1—| |)\l— )| = O] = 1A

‘)‘l‘_EMD_"Y)\l’_ (ov/n)
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(3,

min

(i)
> |\ ~O(ovrlogn) - ~ O(ov)

(111)
2 [l

where (i) arises from (149) and (148c), (ii) follows since

)\z’—lz/\l

o2

U*J-)THU*J-)
o’n o?n
S S (150)
|)\l| - ||H|| )\:mn
and (iii) is valid as long as oy/rlogn < coAk,, and

ov/n < coAk;, hold for some small constant ¢g > 0.
o For any X satisfying A — y(\) € Bg,,(Af) for some
1 < k < r, we define an auxiliary function f

(20 /35 ANan/3] — R by

(151)
where we denote +[a,b] = [—b, —a] U [a,b] for a < b

and «(-) is defined in (37). To begin with, for any A with
A€ Wi /3 2\op] one has

_1+Z

2

U*L)THU*J—)}
02n 1
= D HIET 2
Fy<t+ e <3
- (3Amin — [|H))2 ~ 2

with the proviso that oy/n < ¢oA%,;, for some constant
co > 0 small enough. This means that within the
range |\ € [2A%;./3, 425 .. /3]. the function f(-) is
monotonically increasing and continuous. As a result,
the inverse of f(-) exists, which is also monotonically

increasing and obeys

df~H(r)

< I <2 Vr with |7| € [A

:nin/27 3)‘:nax/2}
(152)

Wl o

In view of (54) and the condition that A — y(\) €
Beyo (Ar) for some 1 < k < 7, one can invoke (152)

to reach
X=Xl =100+ 0(5MD)) FH % + O(éwp))|
3 df * *
|T\e[xjm/2 3xs. /2] ’ ‘P\ i+ O(Ewo)|
Z3 |>\z* —Xi +O(Ewp)| 2 P\z* sk

where the last inequality holds due to our eigen-gap
assumption (10) and the fact that Eyp =< o+/r log n.

« With the analysis above, we note that (64) is an imme-
diate consequence of (148) in Lemma 13.
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1) Proof of Lemma 13: The proof of this lemma follows
from the same argument employed to establish Theorem 7. The
idea is to invoke Theorem 6 to analyze the spectrum of M ().
Before proceeding, we introduce several notation tailored to
this setting as well as a few simple facts. To begin with, we
define

M*(l) — (U?J‘)TM*U?J' _ (uzd_
— U*(Z)A*(Z)U*(Z)T,
HO .= (ul*L)THuZ‘L,

)T U*A* U*Tuzd_

where we recall the definitions of w}* (resp. U*() and A*(V)
in (44) (resp. (63)). In addition, denote

G(l)()\) = OT gO+HL

()\In,,,« o (U*(Z)L)TH(Z)U*(l)J_)71

. (U*(Z)J-)qu(l)(]*(l)7

G(l)L(}\) = E[G(l)()\) | (lj-*(l)L>TITI-(l)l]*(l)i]7
where U*(VL is defined in (63) and the expectation is taken
assuming that X\ is independent of H. By construction, one
has w+U*(O+ = U*+, and consequently

(U*(l) )TH(Z U* L _ U*(l)L) ( *l)THu;LU*(l)L
U*)"HU*,
U*(l)L) ( ?l)THu;LU*(l)
U "HU*PY, (153)

= (
=
(U*(Z)L)TH(Z)U* (
= (

where P() is obtained by removing the I-th column of I,.,
namely,

I, o0
PO =10 0 | e RP¥0-D),
0 Ir—l

Therefore, G (\) and G+
fied expressions
G(l)()\)
(/\In,r—(U*l)THU*L)
(U Hu

— pOT*T HU*L (AL, —
(U THU* PO

POTG)PWY

]E[G(”()\) | (U THU*],

(M) admit the following simpli-
— U*Tu?L (U;L)THU*L

-1

)TU*
(U*L)THU*L) -1

G(l)l()\>

where G(\) is defined in (45b).
With the above preparation in place, we can repeat the proof
of Theorem 7 to obtain

|UOTHOU*O|| < o(Vr + \/logn)
sup [eCV R elO]|
N A*

A AE22 0735 4>\max/3]
(\/rn logn +r logn)
min

’Y(A)P(l)TU*U*TP(l)

GO+ =
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with probability at least 1 — O(n=1?), where (-) is defined
in (37). The above observations reveal that the k-th eigenvalue
of M*W) 4 GWL()\) is given by

Ao (), 1<k<Ii-1;
Ae(MFD + GOEN)) = S Np (V) I<k<r—1;
0, r <k.

As a result, repeating the same arguments of Theorem 7 (which
we omit for brevity) immediately establishes the claim of this
lemma.

B. Proof of Lemma 4
Let UNAOUWDT represent the eigen-decomposition of
MO, where UV = [ugl), s u(l) } We can derive

» ¥'n—1
Ty = MO) " (i) T Hai |
= |[UD NIy = AO) T UOT (i) T Hui |2
= |(NLoer = AD)TUOT ()T Huf
S (u%”(ufifﬂul*)?
1<k<n At — )‘g)
By construction(cf. (60)), the matrix M ® (and hence A®
and U(®) is independent of (uf*)" Hu}, thus indicating that

UOT (uj )T Huf ~ N(0,0°I,1).

(154)

In addition, notice that the distribution of UM (uf )T Huj
is independent with U(®) and A(®). In what follows, we shall
look at (154) by controlling the sum over k£ < r and the sum
over k > r separately.

o To begin with, let us upper bound
()T *LNT *\ 2
w,” (uj™) Huj :
di<ker S Given a  sequence
.. Lk . .
of .1:1(.jd. standard  Gaussian random  variables
Z; "X N(0,0?%), one knows from the standard

Gaussian concentration inequality that the following
holds with probability at least 1 — O(n=20):

max |Z;| S o+/logn; (155a)
1<i<n
max |Z? — 0% < max |Z; — o| - max |Z; + 0|
1<i<n 1<i<n 1<i<n

< o?logn. (155b)

In addition, Lemma 3 tells us that min;<g<, |)\l —
/\Ecl)|2 2 min;.;z [\ — Af|%. These two bounds taken
together give

Z (ul(cl)T(uz*L)THuZ‘)z < a’rlogn
1<k<r A=Ay ™ ming. iz [Af — Af|?
2
1
(A7)

o Next, we move on to the remaining term (the sum over
r < k < n). We claim for the moment that: with
probability exceeding 1 — O(n~1Y),

5 <u,<j”(u;l)THu;>2 ¥ o2

A =AY

l
r<k<n r<k<n (>\l - Agc))g

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

2

SJ% nlogn, (157)
l
The proof of this claim is deferred to the end
of this section. It then suffices to control the
term Y., 02/ (N — )\g))z, which is established
in the lemma below (with the proof postponed to
Appendix C-B.1).
Lemma 14: Instate the assumptions of Theorem 1. With

probability at least 1 — O(n=10),
1 1 1
_ < -
> l Y | S e
r<kan—1 (A1 — )\IE:))Q r+1<k<n (A =) Al
(158)
As a consequence, we have
1 1 n
RS U ] I
1 )y 2|~ 2
r<ian—1 (A1 — )‘I(c))Q r1<k<n (At = Ax) AL
(159)

Therefore, combining (157) and (158) gives

(uiH)THu\* o?
> Z (M —Ak)?

T

> [

1
r<k<n-—1 AL — >\§<) r+1<k<n
=Y <u1(cl)T(uz*L)THuz*)2 3 o’
~ l o l
r<k<n—1 )\l_)\gc) r<k<n ()‘l - )\l(g))Q
> 2 > o
1 WY
rhen (A1 — )‘z(c))Q r+1<k<n (At = Ak)
2 o2 o2
< 2 nlogn—i—wxwx/nlogn. (160)
1 l l

« Inserting (156) and (160) into (154), we arrive at the
advertised bound:

|y = M©O) ™ )T Hug
2 2

o o’rlogn o
= Z (>\l_/\k)2+0< +)\l*2\/nlogn)

r+1<k<n (A;)2
2 2
_ O'*’127,+O<0' r10g2n> <l
A (A7)

where the last inequality holds due to our noise assump-

tion (10).

a) Proof of the claim (157): While /\,(Cl) and u,(cl)
are statistically dependent on H, they are independent of
(uft)" Huj. This is because (ujL)" Hu} is independent
of (ujt)THujt, as uf is orthogonal to the column space
of ul“- by definition and a symmetric Gaussian matrix
is rotationally invariant. Similarly, one can also show that
(U*H)THU** is independent of (u;*)" Huj. It is also
convenient to denote the event A — y(A) € Bg,,, (Af) by €,
which occurs with high probability.

In light of the observation above, we note that conditioned
on (w)THut, {ulT(w)THu}e " N(0,02).
In addition, they are independent of A() but depend
on A. Therefore, we shall use the epsilon-net argument
(i.e. Lemma 20) to bound their sum. Before proceeding,
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observe that from (64), (150) and the condition o/n < \*

min?

the following holds for any A obeying A — y(\) € Bg,, (A}):
A=A = A = = =0 = )] 2 A
(161)

for k > r. Now we begin to check the conditions of
Lemma 20. Since |f(x) — f(y)| < sup, |f'(z)||z — y|, the
following holds with probability at least 1 — O(n~=2%) for all
A with A — v(X) € B (A)):

(u" (w; )T Hu)® — o”

d
o 2

l
r<k<n (/\ - )‘](g))Q
DT, 2
| 5l i) T H ) Ll
l
r<k<n (/\ - AI(c)):‘
1

< 2n - max

N NN O TE R s |U£Z)T(U7L)THul*)2—02\
A =X

r<k<n
o?nlogn
~ T7
where we use (155b) and (161). In addition, for any fixed A
obeying A — v(\) € Bg,, (A]), one has

02

*2
>\l

1 ; ; !
E[((u,il)T(ulL)THul)z —02)2] S Z\*ZL =V
1

(" (i) T Hui)* = o], S 5 = L

Tsz<n ()‘ - )‘I(cl))4

where || - ||y, denotes the sub-exponential norm. We can then
apply the Bernstein inequality [64, Corollary 2.1] to find: with
probability exceeding 1 — O(n~=2°),

nT 2
g L ) i)
r<k<n ()\ - A](gl))2

< Llog®n +/Vlogn
< o?y/nlogn
~ A?Q M
Recognizing the fact that {A: A —~(X) € Bg,o (A)} C [Af —
IAF|/3, AF 4+ [Af]/3]. the claim (161) immediately follows
from Lemma 20.

1) Proof of Lemma 14: Let us look at (159) first. According

to Lemma 3, we have |\; — )\,(cl)\ 2 |Aj| for all £ > r, thus
leading to

Y |y
r<k<n—1 (N — /\k )2 )‘l

In addition, the upper bound for > _, .. 1/(A\ — Ap)? is
an immediate consequence of (158). Therefore, the remainder
of the proof amounts to establishing (158), which requires us
to characterize the relation between the spectrums of M) =
(ujt) " Mujt and M.

Without loss of generality, assume that A; > 0, and
that there are m (resp. r — m) eigenvalues of M™ larger
(resp. smaller) than 0. By Weyl’s inequality (similar to (41)
in the proof of Theorem 7), it is easily seen that there are
m eigenvalues of M larger than co+/n and that there are
r—m eigenvalues of M smaller than —co+/n, where ¢ > 0 is

1225

some constant. Recalling that {\;}}_, are defined as the
eigenvalues of M satisfying [A1| > --- > |\,|, we further
denote by {¢x}}_, the eigenvalues of M so that ¢ > --- >
¢y. Consider the set of eigenvalues of M with magnitudes
upper bounded by co+/n. We have the following relation:

1 1
D e WD DR el

k:r+1<k<n k:m+1<k<n—r+4+m
(162)
Similarly, for M) we can write
1 1
Y e 2 o aw
k:r<k<n-—1 (Al - /\,Sc))z k:m<k<n—r+m-—1 ()‘l - I(c))2
(163)

where {d),(cl) #~1 denote the eigenvalues of M in descend-
ing order. As a result, in order to establish (158), it is sufficient

to show

1 1

> s X Toa

k:m<k<n—r+m-—1 ()\l_ 2))2 k:m+1<k<n—r+m ()\l ¢k)
1

—5- 164
S5 (164)

In view of an eigenvalue interlacing result stated in
Lemma 21, the definition M) := (uf+)" Mu;t allows us
to deduce that

b1t < 0 < o (165)

By the assumption A > 0, one has X\; > A\ — ||H|| 2 A}
and thus ¢ < ); for all & > m. Consequently, we know
from (165) that for all & > m,

Gr+1 < 925;(;) <o <A,
which further implies that
1 < 1 < 1
M= des1)? 7 (A — i)z T (A — )

This enables us to bound
1

1<k<n.

k> m.

l
k:m<k<n—r+m-—1 (>\l - l(c))z

1 1
<— 4 3 S S
()\l - 5}?)2 k:m4+1<k<n—r+m—1 ()\l - ¢k‘)2
3 S
l
k:m<k<n—r+m-—1 (>\l - ](43))2

1
- 2 N = dre1)?

k:m<k<n—r+m-—1
1
(A — d)?
Consequently, we conclude that
Z 1
k:m<k<n—r+m—1 ()‘l_ ;(f))z

<1
T (=W TN

2.

k:m+1<k<n—r+4+m

1
Z (A1 —r)?

k:m+1<k<n—r+m
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where the last relation holds since |¢£,ll)| < ||H]| and hence
— oW~ = \F
¢m S AL S AL
The above analysis can be easily adopted to handle the
case where A\ < 0 as well (which we omit here for brevity).
Therefore, we have finished the proof.

C. Proof of Lemma 5

Since (ujt) " Hu} ~ N(0,0%1,_1) is a Gaussian random
vector independent from M () but dependent on );, our proof
strategy is to apply Lemma 20.

To this end, recall the definition

up o= (uf ) T

U
and the eigen-decomposition of

\T

MO _—UbLAO

Z A l)u u, OT

1<i<n

To begin with, we claim that with probability at least 1 —
O(n=10):

V= S aTufu T (AL - M©) 7
A= V(A)EBSMD()\ ALy 2
la’ “k|\[ 1
< Y - (166)
S 2 AT = A%l \)\z|

k:k#£l

whose proof is postponed to the end of the section.
Consequently, we can invoke standard Gaussian concentra-
tion inequalities to obtain: with probability at least 1 —

O(K_lo()\maX/Af)_%’n_%) ,

]( >~ aTujuiTuft (M - M(”)‘l)(uwﬂuz
k:k#Al

nKA
log ( max > . V
Ay

In addition, we collect a basic fact regarding the derivatives
of matrices: for any invertible matrix A,

dA~! dA
=A==
dx dx

With this identity in mind, one can derive: with probability at
least 1 — O(n=19), for all A with A — v(\) € Bg,, (A),

AL

— Y aTujupTuit (A - MO (T Hu}
ikl
S aTufup uit (A - M©O) 7 (uih) T Hup
k:k#l
< *T, x L
" 1rgza<xn (A — )\(l) Z alujuj ' uj 9

ltkl
|| (ui ) T Huf |,

(i) 1
. Z la"upl ||up " uit||,-0\/nlogn

Sne A2 *2
TN k:k#l

W a2 MK [N —
— 2 2
APZ A )\l*

oviogn 3 AL

ikl
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(iit) )\*2
3/2 max
< nd2. <A*2 +K )

. 2>\:;’123X 1

- AN
Here, (i) arises from (64) in Lemma 8 and the standard Gaus—
sian concentration inequality; (ii) holds since Huk uﬁ’
llugllzllurt|l < 1; Gii) is due to max;.iz [Af — AF| < N

\/@Z |’a “k}|

kA

V.

max?

(iv) uses the definition of V' in (166). Moreover, it is easy to see
that {A: A—(A) € Be,o (N} C [AF — [NF1/3, Af +[AF1/3].
As a consequence, we invoke Lemma 20 and the union bound
to find: with probability at least 1 — O(n~10):

5 e
kikAL
)\max
rlog (nKA* ) -V
NKAmax laTuj|
S oyfrlog <) T
A k%;él AT = AR

+ 2 o nAmax
TR Ay
as claimed.

The remainder of this section amounts to establishing (166),
and we shall work under the event where Lemma 8 holds,
which happens with probability at least 1 — O(n~1%). Note
that for any A such that A—~(\) € Bg,,, (AF), one can express

(NI — MDY (T Hug

Z aTu*uZ oT )\I—M(l))_1

k:k#l 2
Z a'l' * *(l)T (l)()\I_A(l))*lU(l)T
k:k#£l 2
Z aT * *(l (l)()\I—A(l))_l
:k#l 2

_ T *(l)T (l)

- Z (A 0 Z aTulu > . (167)
1<i<n k:k#l

In what follows, we shall control the sum over 7 < r and the
sum over i > r separately.
o Let us consider the sum over ¢ > r first. According to
Lemma 3, we know that |\ — )\Z(-l)| 2 |Ar] for all ¢ > r.
This in turn yields

>

1)
r<i<n—1 <)‘ )‘(

S aTutu®T (0)

k£l

1 2
Sy (X aruTal)

|l‘ r<i<n—1 > k:k#£l

1  x()T

= > alupu"TU ()Hz

ikl
S| 35 e
(168)
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Here, we make use of the fact that ||alj; = 1, |[U®| = 1
as well as || D kokl Wh *(Z)TH = 1, since both {u} } and
{uz(l)}k:k# form orthonormal bases.

We then move on to the sum over the range 1 <7 < r.

Given that {ugl)}i are orthonormal, it is straightforward
to demonstrate that

1
T *)T (l)
S (i 3 et )
1§i<r()‘ A )kk;él
-1 > (= za”*msw)uw
1<i<r A=A klc;él 2
"y O]
_ T, ., %
[ Saw ¥ e
kil 1<i<r 2
u(l)Tu(_l) z
<> laTup] | 30—’
1<i<r A=A 2

k£l

T, ()

ERARDD (1”€'“Z> : (169)

1
k:k#l 1<ier N A— >‘z(‘ )

The preceding inequality motlvates us to control the
w7,
quantity Zl<i <r (W) . Towards this, let us
decompose it as follows
u;(l)Tugl) 2
2 \Soa

1<i<r

( W OT 0\ 2 OO\ 2

- (M) ()
l l :

i€A; )\_)\z(') i€A )‘_)‘E)

Here, the sets .4; and As are defined respectively by

Av={1<i<r | AP =409y e Be, (M)},
Asi={1<i<r | A" =7(\") ¢ Be, (D)},

where & := c|\] — A;| for some sufficiently small
constant ¢ > 0. In the sequel, we shall control these two
sums separately.
— For each i € A;, we claim that
A=A = IA—f’l D] = £ 00 = A"
\A FHOW] 2 A =A%l (70)

To see this, arguing similarly as in the proof of
Lemma 3, we can use the Lipschitz property of f
(cf. (151)) to obtain

A= 770D 2 5 ) - £ 00)]
= 21 =)~ X
> 2N =M 5 A=) - ]
1

* * 1
> S |)\ k\—§5MD

2 |>\z*— il
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In a similar manner, we can also derive
7O = A <2 (7 OR) = £
APVES (“l—vﬁnﬂ
l

Therefore, for any )\( such that )\ ()\5 ))
Beg, (A\}), one has

1F71 ) = AP| < 26 + 28mp < 2¢|AF — ALl
1 _
< 3 A= %))

Then the claim is an immediate consequence of these
two bounds. As a result, we conclude that

ORIONE
> T3 > ()
A=W & A*Q

€A €A

< -
(A7 = /\2)

— Turning to the set As, we know from Lemma 3 that
for any i € Ag, |\ — )\ | 2 min,.; |Aj — A¥| and

|01 = A0 — T O |

< Ewvp = ov/rlogn.

O]

Meanwhile, since u! ” is the projection of u,” onto

the space of U*() followed by normalization, one
has

| *)T (l)| < |u*(l)T O]

b

and therefore,
AOL A0 7()\@)1 U*(l)T (l) H

(A
2|)\ )\* ()\(l))| | *()T gll)‘
S |urOTul)

§ ' H(l)'r u®
* *
2N = N g gy

This in turn allows us to derive that
w DT, DT,

(T ()N 2
(Y
A=A S TN ) T (ap)?
azrlogzn
~ . S N2
IAF = A2(A))

Putting the above two sums together reveals that

Z (uk(l)T ()>2< 1 N o2r?logn
1 ~ )2 P 2
1S VA=A =202 Iy = Ai(a))

r

S oo
(AF = Ap)?

where the last inequality follows since (Al*)z >

o2rlog?n. Combining this inequality with (169), one
readily obtains

> S aTugu 0Ty m)
zl) kik£l

( 1
1<i<r /\l A
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Z <uk(l)7u£l))
l
1<i<r A= /\E )
}aTuﬂ\/F
kik£l AT =A%
Substituting the above two partial sums (168) and (171)

into (167), we conclude that: with probability exceeding 1 —
O(nflo)’

< Z }aTu2|

kik£l

(171)

*()T
E aTuzuk(

(MI oy — M)

k£l 2
Z |aT'u,2|\f 1
2 D= I

holds for any A such that A — y(\) € Bg,, (A]), as claimed
in (166).

D. Proof of Lemma 6

Recall the definitions of u}*, u; ; and U*(+ in (44), (55)
and (63), respectively. Let us rewrite

|<PUua, PU*L’U/1>|

O) |<(U*L)Ta, (U*L)T >‘

(U ) Ta, (U T (wjuf T + Pyeow))|

11) K U*J_ (U*J_)TP Z*L'U/l)>|

LW U*L> i, 1] [[Pupr]

D Ut O e, (@t U 0N T )] [Py

(

|

TRl f@ o) (004 (0 )|
u;”'ul 2

(L)‘ <PU*(Z)L ((ufl)Ta) 5 PU*(Z)L ((U?l)—rul’l)ﬂ‘HPU;LUl H2
(vi)= |<PU*(I)L ((U?J‘)Ta), PU*(I)L ((u?l)—r’ljhl)ﬂ

@, ],
|| Puprwl],- (172)

A

Here, (i) follows since (U*+)TU*t = I, ,; (ii) holds
true since (U*1)Tu} = 0; (iii) holds due to the definition
s = (Pyrow)/||[Pyrrwll2; (iv) results from the fact
wt UL = U*J- ) holds true since (UL Tyt =
In_r, (vi) arises from (34c) in Theorem 5, where we denote
(i.e., w1 is the normalized version of u;, )
J_)TMu;d_) -1 (uzd_

'ljl’J_ = ’U,?J' ()\lInfl — (uf )TMU?

(173)

LT Om ((ul )T, L)
Ur()L ((u )T, J_) ||
is a random vector uniformly dlstrlbuted in the unit sphere
of the subspace U*OL If this claim were true, then it
would follow from standard measure concentration for uniform
distributions results [62, Theorem 3.4.6] that, with probability

at least 1 — O(n~10),

{( Py ((uft)Ta), Py ((wft)Ta,1))]

I
< )28 | Py (ui )T @) || Po-o (it

Our proof strategy is to show that H

)Tﬁl’l) HQ
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I ~
<\ Py sal, | P () T

where we use uftU*()L = U*L and the rank assumption
r < n/log?n in the last step. Combining this with (172),
we arrive at the advertised bound:

|<PU*La/7 PU*L'U;[>|
logn ||Py«(ujt)Ta

n s

by,
2

logn

1P~ all || P 2]

To justify the distributional property claimed above,
we define — for an arbitrary rotation matrix Q €
R(=7)x(n=7) _ 3 new rotation matrix

R= PU*(l) 4 U*(l)J_Q (U*(Z)J_)T c R(nfl)x(nfl);

the matrix R rotates vectors in the subspace spanned by
U*WL according to Q, while preserving the part in the
subspace spanned by U*(). We make note of two important
“rotational invariance” properties as follows.

e As shown in the proof of Lemma 3, it is seen that

R (uf*)" Huj
_ U*(l)(U*(l))T(UZ(L)THU?
+ U*(l)LQ (U*(Z)L)T( *L)THUZ(
_ (u*L)TU* U Hul + ( *L)TU*LQ (U*L)THU

( TU*lU Hul +( *L)TU*L(U*L)TH—U
= (u z* )" (I —uju )Huz
= (uj) " Huj.

Here, the second line arises from the definitions of
U*® and UL in (63); the third line follows because
QU*Y)THu; 4 (U*L)T Hu; the last line holds due
to the fact (ujt) u; = 0.
e In a similar manner, we also know that
R(u}*) Hu}*R"
_ (U?L)T( * U* + U*J_Q (U*J_) )
: (UilU*lT + U QT (U N)ut

— (u;L)T (U*U*T U*LQ (U*L )
. (U*U*T U*J_QT (U*J_) ) ?J_
< (ui™) Hui™,

where the second line comes from (U*U*T —
U U ut *urTut =0, and the last line holds

= uiu
1w
since U*U* " + U“lQT (U*L) is a rotation matrix.

Using the statistical independence between these two parts,
we reach

R(ujt)Tu

=R ()\lIn_l — (ufl‘
— (WLos - RO
= (MLp-1 — R(uj*

* -1 * *
)TM'U'Z L) (u l)T]V—’Uz
)T Mu"RT) 'R (upt) T Muj
)THui*R")"'R (uj*)" Huj
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L (NI — (ufY)THu ) ™ (wph) T Hug
= (NI — ()T Mut) " ) T Mg
( *L)T

ul ul 1,

where the last step replies on the definition of u; ; in (173)

and the fact (u1) Tuj+ = I,,_;. This enables us to conclude
P a1 ((Uz )L

Py (('U»Z*J')Tﬁz,L) ||2

unit sphere spanned by U*(D-+

that H is uniformly distributed in the

APPENDIX D
PROOF OF AUXILIARY LEMMAS IN THE ANALYSIS
FOR THEOREM 3
A. Proof of Lemma 7
For any matrix A € R"*", we know from the orthogonal
invariance of the spectral norm that

Al = [T U] A[U™, U]
U*TAU* U*TAU*L
H [ U*L TAU* (U*L TAU*L H
< |UTAU*| + |U*T AU || + [[(U*) T AU™||
+I(UH) AU,

where the last step holds due to the triangle inequality. As a
result, one can upper bound

iss 5]
" 1 1
< HU*T (-ssT-=)u+ H(U*L)T(fssT -s)Ur
n ) n
+ HU*T(fSST _ E)U*i‘
"
+ H U*J_ T(isST _ )U*J_ ‘
- HfsﬂsH AH+2H7.S'LS ’+H S, 8T — oI,
(174)
where we remind the readers of the notation S” =U*TS,

S, :=(U*)TS and A := U*"ZU™ introduced in (77).

Before describing how to control these quantities, we pause
to collect a few results regarding a Gaussian random matrix
G € RP*™ consisting of i.i.d. N(0,1) entries [62, Theo-
rem 4.6.1]: with probability at least 1 — O(n~19),

Gl < f+ f
[logn
n )

ﬁ
With these bounds in place, we can start to bound the spectral
norms of the quantities in (174). Note that the columns of
S| (resp. S1) are i.i.d. zero-mean Gaussian random vectors
with covariance A (resp. O'QIP_T). Since we can rewrite S| =
A2 Z with Z € R"*" being a Gaussian random matrix with
i.id. M(0,1) entries, it immediately follows from (175) that
with probability more than 1 — O(n~10),
log n)

sor(L+2+

HfGGT (175)

HfGTG (176)
n

’]4;15L o,

77)
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1., o1 1 -
|5sisT - a]| = Lo 2274 - 4|

1
SHAMfZZT—

max+0 <\/>+
+o2) [rlogn
n )

where the last step arises from the sample size assumption
n>r.Asfor S| SN—, we can invoke Lemma 19 to show that:
with probability at least 1 — O(n=10),

logn>

S (AL (178)

m dX

1 1 1
|—susT| = lisezTal?| < —|s.27||||a"2]
< %(\/pnlogn—i— Vprlogn) - /Ao + 02

(Noax + 02)02% logn, (179)

where the last step holds since n > r. Putting the bounds

above together immediately concludes the proof.

B. Proof of Lemma 8

The proof of this lemma is similar to that of Lemma 3.
By definition, one can compute

1
D= g]E[Sl,LSL] (180)

1 * *
= E(UTL)TE[SST]UI*L = (UlL)TzulL
_ (U?L)TU*A*U*TU?L + U2Ip71
_ U*(l)A*(l)U*(l)T + 02Ip,1,

where U*®) and A*") have been defined in (103). Our
proof strategy is to invoke Theorem 6 by treating ~S; 1 S,
(resp. U*D) as M (resp. Q).
o We shall start with the first claim. Let us define the
following matrices in R("—1*(r=1);

1
KO ()\) :U*(l)TESZ)LSLU*@)L()\IV —(UrOHT

l T (L)

nSlyJ—Sl,J_U )
(U*(Z)L)T%SLLSJJ_U*(Z),

KL =E[GO0) | 0TS, 87, U 04,

Recall the definitions of K()\) (cf. (84)) and P®

(cf. (153)), and notice that
*lU*(l)L _ U*L

(U* l)J_) S, 1= ( *(l)J_)T(u;d_)TS _ (U*J')TS:SJ_.

Straightforward calculation allows us to simplify the

above expressions as follows

KO = P<l>TSH sI (Mp,r -
-S1-8) p(l)

=PUTK\NPD,

Lost)
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KO0 =E[GOMN) | (U*DH)Ts, 1 8T U]
= BNPOT(A* + 621,) PO
= BA* D 4 L, _y).
Theorem 6 then tells us that

(WL =AY =Ly — KO () U O T
1
= (EPU)TS STP(l) —A*® —U2Ir71+K(’Yi(l))_KL(V'LG)))
LU DT,

i)

One can then adopt a similar argument as in the proof of
Theorem 8 to demonstrate that: with probability at least
1— O( —10)

|08+ (A0 o1, ) o0l
2
< HEP(”TSHS[P(” ~ A =
+ sup
MAE[2AF /3, 40} /3]
l l 1)
(KM = K-M)U Tl
1
< H*SHS[‘F — A
n
+ sup HK(%-(l))—Kl(’Y())H < Epca

MAE[2A /3,405 /3]
and there exists some k # [ (1 < k <) obeying
O]

’ Vi

L+ 8(1")
o Next, we turn to the second claim and we shall prove the
upper and lower bounds for *yi(l) separately.
— For the u]iper bound, it suffices to upper bound %(,)
since {% }; are defined in descending order. In view
of (U*D4)TS, | =8, we can invoke Lemma 21
to see that

- )\2 - O’2 S; gPCA~

A0 < >\1<%SLSI).

This suggests that we look at the spectrum of
18, S7. From (175) and (176), we can obtain

(L5810 o D

forall1 <i< (p—r)/\n, where we use the fact that

2n\/(

the non-zero eigenvalues of %S lSJT_ and %SIS n
are identical. Therefore, one has
7 <4 < o*(n v p)/n+ O(*/(p +logn) /n)

forallr <i<nA(p-—1).

— Next, we move on to consider the lower bound.
Observe that the matrix 3J; | defined in (180) satis-
fies the following properties: (i) %; | >~ O'QIp_l; (i)
Elj_/ 2517 1 is a Gaussian random matrix composed
of i.i.d. standard Gaussmn entries. Then we can lower
bound the eigenvalues % ) for any 1 <i < (p—1)An
as follows

W= (g Ssiy) Ea (i)
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:)\i( (= _1/2Sll) El,LE;i/2Sl,i>

(i1) 1
> 0’2/\<(n( 1/2Sl J_) 1/2SlJ_)

W52y, (n ;Jl_/2Sl,L( 1% 1) )7

where (i) and (iii) hold because i < (p — 1) A
n; (ii) follows since for any matrix A, one has
AT (%, —0?I)A = 0and hence \;(ATX; | A) >
02X\ (AT A). By invoking (175) and (176) once
again, we arrive at

1__ _
w(ise (218007 -

/ 1
502 w’ 1<i<nA(p-1).
n

This immediately establishes the claimed lower
bound.
o The third claim is an immediate consequence of the fact
that

Vip—1
2V (=1

n

1
rank(ﬁSuSll) <nA(p-1).

« Finally, let us consider the last claim. In view of Theo-
rem 8, we have

Al
———€B NS 2.
1+ﬁ()\l) SPCA( l+a)
In addition, the first claim asserts that foreach 1 <17 < r,
one has
l
o

€ Bepen (N +0?)
1 + 5(72(1)) PCA
for some k # [. In view of the Lipschitz property of the
function f()) := 1+5(}\ (so that | f’(A\)| < 1), applying
a similar argument as in the proof of Lemma 3 (see
Appendix C-A) immediately allows us to establish the
claim.

C. Proof of Lemma 9

Before continuing, we introduce several useful notation that
will be used throughout.
o Let UOVTOVOT denote the SVD of ﬁsu_, where

'™ is a diagonal matrix consisting of the singular values
of interest. Here, we recall that S; | has been defined
in (98).
o Let ugl) (resp. vgl)) indicate the i-th column of U®

(resp. V), and let 71-(1) represent the ¢-th diagonal entry
of T,

In addition, we note that the vector s; | (see (98)) obeys
SITH ~N(0, (u; TSul)I,) = N(0,(\f + 0*)I,)

and is independent of S; (and thus T and V). This

implies that condition on V(l), one has

o s[ TREN(0,07 + 0?)

{ 1<i<p. (181
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Moreover, by virtue of the rotational invariance of i.i.d. Gaus-
sian random matrices, it is readily seen that I'(!) is independent
of V.

Now, we can begin to present the proof, towards which we
start with the following decomposition

1 -1 2
s i)
UOTOYDOTg T H
:EHU(” (MIL_1 —TO)luOTy O /10 V(l)TszTnHz

1 _ 2
vt T |

1 ﬁf” W

" 1<i<nA(p—1) ()‘l

,H /\lI L, —ubrOy®T )

In what follows, we shall control the sum over 7 < r and the
sum over ¢ > r separately.

a) Controlling the sum over i < r: According to
Lemma 8, one has

W0 S Nt ?and (00N 2 im0 - X

for all 1 < ¢ < r. In addition, recall that vgl) sl | (1<i<p)
are i.i.d. zero-mean Gaussian random variables with variance
A+ o? (see (181)). Invoking standard Gaussian inequalities
shows that with probability at least 1 — O(n~10),

max (vgl)Tsl—':H)Q < (A +0?)logn. (183)

1<i<r

As a result, we obtain

Z %‘(l)( z(l) zH) (Noax +02)(A\F +0%)rlogn
S P (an)*

N

(184)

with probability at least 1 — O(n~19).
b) Controlling the sum over ¢ > r: Now, let us control
the sum over ¢ > r, and we shall consider the case with n > p

and the case with n < p separately.
e Case I: n > p. Note that 'v( T ZTH bid- N0, X + a?).

This suggests that we decompose

l nT
()( L() SZTH)2

> g
r<i<nA(p—1) ()‘l — % ))2
- 3 WOF +0?)

r<i<nA(p—1) (Al — 7 ))2

gy

)
r<i<nA(p—1) (N—7)2

and control o as well as ao individually.
— To begin with, let us consider «;, which requires
estimating \; + o® and 3 i ..,o1) ~ By
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(A —~")2. This task is accomplished in Lemma 15
and Lemma 16 stated below.

Lemma 15: Instate the assumptions of Theorem 3.
With probability at least 1 — O(n 1), we have

(@) 2
Vs Ai o P
T T S (1+3)

i>r !

(186)
and
. @ 2
> o]V s | s
i>r (A = Ai) i (M —77)? Al
(187)
Proof: See Appendix D-C.1. ]

Lemma 16: Instate the assumptions of Theorem 3.
With probability at least 1 — O(n~1?), one has

A\l 9
— — (\ +07)
’ I+ % Ei>r )\l)f/\b
=l€2
N rlogn
< W + 01 2 (188)
n
= Epca
and
Al
— =< AJ. (189)
1+ % Zi>r AZ)ZA,,
Proof: See Appendix D-C.2. (]

With these two lemmas in place, we are ready to
control a;. According to (187), we have

< W+ o%)o?p
1S /\*2 !
l

(190)

In addition, recall the definition of ¢; (cf. (15)).
We can upper bound
’Y'(l)
|a1—cz-n|=\<xf+a>ZM e
i>r l

oo (S o)

>

Ai

—()\f+02+62)2m

@) o
< O +09le] + SEle
l

(11) 0.2 P O.2p
A* (1 7) . A* 2
( + g ) )\;2 + n + A;Q ( max + 9 )

rlogn

n
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_ X +0%)0° n (Noax T 2)02]9\/@
— )\?2 )\;2 n .

(191)

Here, (i) makes use of (187) and (186); (ii) relies
on (186) and (188).

— Next, we move on to look at «s. Observe that
{('ul(l)TslT”) — (A7 + o)}, is a sequence
of zero-mean sub-exponential random variables,
which is independent of T'” but depends on ;.
Hence, we shall apply the epsilon-net argument
(cf. Lemma 20) to bound «s. To do so, let us
first verify the conditions required therein. With
probability exceeding 1 — O(n=2°), one has

d 7 DT x
ar Z 0] (('Uz() SzTH) —(Af+o ))

r<i<nA(p—1) ()\7’}/1. )2

Z 2%(1))((175”—'—81])2—( ?+02))‘

r<i<nA(p—1) ()\

<9 e
<2(pAn)- e (A= 70ys

\T T x 2
LB (v, 8 ))? = (\F +07)]
a?(pVn) ., o
S(pAn)- 3 (A +0%)logn
Bn
(Af +0%)a’plogn
— e

for all A with A\/(1 + B(N)) € Beoen (A + 2.
In addition, it is seen that

|| (Z)TSZTH (/\erUZ)H
]E[(( (l)TSzTH)

l

2
%5)\;+a,

— (7 + %)’ S O + o),

where || - ||y, denotes the sub-exponential norm.
Invoke the Bernstein inequality [64, Corollary 2.1] to
show that: for any fixed A obeying A/(1+ 3())) €
Bepen (\F + 02), one has
®
(s uwﬁw
r<i<nA(p—1) ()\_71 )

(l)
< max @ —t————
r<i<nA(p—1) ()\ ’7( ))

-(A\F +0%)(logn + +/p Anlogn)
< (Af +0%)o? p\/n

< e vpAnlogn
l

. (Af +0%)o?p logn

~ Ar2 VDA

with probability at least 1 — O( ~10), where the last
1nequa11tles hold since |A — ~; l)| 2 A and v(l)

o%(1 + p/n). In addition, we make the observation
that

{X: N (1+B(N) €Beoen (N +0?)}
C [271/3, 47 /3].

With these in place,
Lemma 20 to derive

one can readily invoke

< A+ a2)o?p logn
2 A2 JPAR

with probability at least 1 — O(n~19).
— Combining (190) and (192), we conclude

(192)

N, MT
%()( z() SITH)

[
r<i<nA(p—1) n (N — %‘( ))
< laal oo o (A +0%)0%p
- n ~ )\fzn

(AF +0%)o?p logn
Ar2n VDA

(/\* +0%)o? plogn

N )\*2

(193)

Moreover, putting (191) and (192) together gives

l nT
%( )( 1() szTH)

i>r n(/\l_% )2

L AEF )0 | e +0%)0% [rlogn
~ )xl*Qn )\Z*Z n

(Af +0%)o%p logn

<l —a-nf+|a|

n

+ A2n VPAN
a%p rlogn logn
~ )\* 2 * 2
)\Z(Qn <( max+g ) n +( l+o’ ) /7])/\”)3
(194)

where ¢; is defined in (20).

e Case II: n < p. As it turns out, the above analysis
for (194) is not tight when it comes to the case n < p.
To remedy the issue, we provide a more precise estimate
for terms (185) in the following lemma.

Lemma 17: Instate the assumptions of Theorem 3. Sup-

pose that p > n, then the following holds with probability
at least 1 — O(n=10):

l nT
7( )( ( ) TH)Q
i>r ()‘l (l))

o2p n A\ oY) Z Xi —a’p/n
T N—o%p/n N—o?p/n 14 L iy 3 St i X)?

=c;'n

( a?prlogn o2 k\/pr logn) (195)
min;. iz |[AF — Af|n A '
Proof: See Appendix D-C.3. ]

Here, the quantity ¢; introduced above is precisely the
one defined in (20). Consequently, we arrive at

(l)( z(l)TslT,H )2

’L

ps
i>r n (A — %(l))2

a?prlogn o?k+/priogn (196)
~ ming A — Af|n Arn '

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore. Restrictions apply.



LI et al.: MINIMAX ESTIMATION OF LINEAR FUNCTIONS OF EIGENVECTORS

c) Combining two sums: Substituting (184) and (193)
(which holds universally for any n) into (182), we reach the
first claim (107):

1 11 ?

|(Mor = 281087 ) —Sisly |
()\:nax o)A\ + o) rlogn (A +0?)o?plog’n <1
mlnz.z;ﬁl |)‘? - )‘ﬂ? n )\7271 |

where the last step holds due to the assumptions (21a)
and (21b).

We now turn attention to the estimation error. Regarding the
case with n > p, we can combine (184) and (194) to conclude
that

M@,y—l&ASL__
It

« Mo + o)A +0?) rlogn

ming.iz; [N — A |*n
o?p log2 n rlogn
A+ X 2 .
+/\*2 <( )\/m—’—(max—i_o-) n )
As for the case with n < p, substituting (184) and (196)
into (182) yields

1 2
S T
n ) 2

1 -11 2

T T
*SZ,LSu) =518 H —a
n n Y2

+02)(\f +0?)rlogn  o?ky/priogn

2 *
ming.iz; |Af — Af[“n Afn

-
< (A

max

o?prlogn

mini i#l |/\? — /\:| ’fl2

+02)(\f + 0?)rlogn n o?ky/priogn
“NFn N

where in the line we use the conditions

ming.;z [N — A S Ao and o?p/n < Af (according

to the noise assumption (21a)).

1) Proof of Lemma 15: To begin with, let us consider (186).
By construction, we have S; 1S, = (uj*)"SSTuj*, and
it follows from Lemma 21 that A\;4; < 'yi(l) < )\; for all
1 <% < p. Simple calculation yields

SRR VRN ¢/ A)(A?—mf%
(=2 = A =000 - )

and consequently

o

max

)
mln1_1¢l |>\f

last

Aig1 < ’Yz(l) < g
Al —Aig1)? T Q) (A
(M i+1 (M —,;7)? 1=

We can then invoke a similar argument used in the proof of
Lemma 14 to bound

Ai %'(l)

r<i<n
g ’Yﬁl)
< + :
TE;NN_MP (A — )2

JWEL P>

Hence, the conclusion immediately follows since 'yg)/ (N —
YD)2 < 52(1 4 p/n) /A2 by Lemma 8.
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We proceed to consider (187). According to Lemma 8, the
following holds for eigenvalues {fyi(l)}iZT: @) [N — 'yi(l)\ 2 A
for all i > r; (i) [/\"| < o2(pV n)/n for all r < i <
nA(p—1); (iii) %( ) =0 for n A (p—1) < i < p. Therefore,
we can upper bound

0

> — s
7
> ()‘l ( ))
and the upper bound for Y. X;/(A; — A;)? immediately
follows from the triangle inequality.
2) Proof of Lemma 16: By the definition of 5(-) in (76),
we can express

a%(pVn) B o3p
/\;271 h

S(pAn)

Ni(2S8.8])
—Xi(£5.8])

B(Ar)

1
T > Y

1<i<p—r

From Lemma 21, we know that Ajy, < A(£5.87) < A
for each 1 < ¢ < p—r, and thus

. Xi(2S, ST :
Agr < G = L)T < i . i>r
A= Aigr T N = N(818 ) T =N
Hence, we have

1 \i(28.8T)
0<BN)—— < = o .
T;p >\z i 1;9 by, _)\i(%SJ_SI)
(197)

As shown in ((75)), the eigenvalue )\; satisfies \;/ (1
B(N)) = Af + 02 + O(Epca) where Epca is defined in (90).
In particular, we note that for the case with n < p, the
assumption (21a) guarantees that

=0(Nian) a0 Epch = (N +7%) [ = logn = 0.

(198)

Combined with (92), this also implies that
AN (199)

With these estimates in place, one can use (197) and the
high-probability bound S, ST| < o2(1 4+ p/n) < A}
in (177) to derive

N(ES,. 8T
E *ﬂ (A)] < Z. max G 1J_ l>T
rZiep )\l n 1<i<r | )\ _AZ'<ESJ_SJ_)
r o2 P r
< T (1P (L
~no A ( N n) O(n)

(200)

where the last step holds due the noise condition (21a).
Meanwhile, we can combine (92) with (200) to find

’nz)\l

r<i<p

<1

(201)

as long as n > r. Plugging this into ((75)) reveals that

Al
TT300) BN + O(Epca)

i) Al
1 )\L T
L+5 Zr<i§p pVES vl o(3)

)\f—|—02:

I

+ O(EPCA)
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A AF
= T ! X —|—0( lr) +O(5PCA)
1+ n Zr<i§p YW n
Al

1+ %Zr<i§p ﬁ " O(€PCA)7

where (i) holds due to (200); (ii) follows from (199) and (201);
(iii) holds as long as 7 < n. This completes the proof
for (188).

In addition, the claim (189) is an immediate consequence
of (198) and (201).

3) Proof of Lemma 17: In view of (104) and the fact that
vgl)—r lTH L N (0, \F +02) (see (181)), we are motivated to
first decompose

(202)

3 7 @ s
zn =)
o’p/n__ T T
= 7(’01 s )
2 ot
O ,
o p/n . 9
* A +o
rgzz;n (()\l 7y ey —02p/n)2)( ! )
'y ( 4 gzb/n >{( OT 4T g %),
r<i<n (/\l—%-))2 (AMi—o?p/n)? Vi S
(203)

In what follows, we shall control a1, as and a3 separately
in a reverse order.
a) Controlling az.: We intend to apply Lemma 20 in
Section G to control «g. Before proceeding, we pause to
make a few observations. It is straightforward to compute

that f'(z) = W for the function f(x) := ()\ z)k and
g (x) = % for the function g(x) := Gy Since
f(z) — éy)\ < {sup, | f"(2)[} |z — | for any function /(- ),

one can demonstrate that: for all A satisfying A/(1+ (X)) €
Bepen (A7 + 02), we claim that the following holds

1 1
1?1’35)(7; A\ — ,},_(l) A ap/n
< max 1 U max |’y —o?p/n|
T v h=erpimiger o A= 7)? [ asise
a [p
< 2 _ . /Z 204
~MNEN R (2042)
1 1
1121&2% (A— 7(1))2 (A —o2p/n)?
< max b max \fy — o%p/nl
- v lv=o?p/n|So2y/p/n (A=7)? lsizn
a [p
< P 204b
~AR Y n (204b)
g o’p/n
max
1<i<n | () — 7( ))  (A—o2p/n)?
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A
s A+

< 2
S WD~ o?p/n
{’y |[y—o2?p/n|<o? \/p/n A — 7|3} 1<’< ‘ |

S /\*3 ’ \/> )\*2 (204C)
and

I
1<i<n | () — 4 ))3 (A—o0o2p/n)3

M} x |1 — o%p/n|
1<’L<TL

(204d)

max

<

~ {fy: [v—0o2p/n|So?4/p/n ()‘ - 7)
2
PN
no AP
To justify the inequalities above, we have taken advantage of

the following conditions:
o It is seen from (104) in Lemma 8 that m(l)

p/n.
o We have used the condition that for any \,~ satisfying
M(L+BN) € Been (A + 0%) and |y — o®p/n| <

o%./p/n, one has

NA?4.

—o?p/n| <

A= Z AT

this can be established via almost the same argument for
justifying (105) in Lemma 8 (which we omit here for
brevity).
With the preceding upper bounds in place, one can begin to
verify the conditions required to invoke Lemma 20. First, one
can derive: with probability at least 1 — O(n=2%), for all A
satisfying A/ (1 + B(N)) € Bepea (A} + 02),

()
S (s ) @ 0 o)
2 ()\_7(1))2 (A — o2p/n)? i A
(1) 2
Yi o’p/n OT T \2 —
= 2 ! — (v;7 8,.)° = (A +0%)
22 G T ) O T = O+ )
(l) 2
<n- max g p/n -
1<isn | () — ’Y(l)) (/\—Uzp/n)3
- max |0 [P - O + %)

o2 2
P N2 _ o*y/pnlogn
Sne )\*3\/5 (A +09) logn,\T,

where the last line holds due to the upper bound (204c), the
fact 0% < o?p/n < A} (from the noise assumption (21a)),
as well as the standard Gaussian concentration inequality.
In addition, one can then apply the Bernstein inequality
[64, Corollary 2.1] to conclude: for any fixed A satisfying
M (14 B(N) € Beea (A + 02), with probability at least
1—0(n=19),

) 2
i a’p/n MOT T2 * 2
— (v;7 8. 1)° = (A +07)
r<i<n <(>\—’n-(l))2 ()\—Uzp/n)z)( bl ! )
l
max %( : - a*p/n
~1<i<n (A — {l))z (A= o2p/n)?

()\l*+a2) (log?n + v/nlogn)

vpl
)\*21/ “Ar(log® n 4 v/nlogn) < ﬂ,

l
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where the second line arises from the Bernstein inequality, and
the last line follows from (204d) and the facts A} + o? = AL
(given the assumption that 0 < o%p/n < Af). Taking this
together with the fact

A A (1+BO) € Bepen (AT +0%)} S 24

we can apply Lemma 20 to show that
o2

las| S A*\/Z?IOgn

with probability exceeding 1 — O(n~19).

b) Controlling «y.: With regards to oo, we claim that
the following upper bound holds, whose proof is deferred to
the end of this section.

/3, 4XT /3],

(205)

Z ( Ai _ 02p/n )
r<i<n ()\l A )2 (Al - Uzp/n)2
_ ( '71@ _ 02p/n ) ’
r<izn (A ~Dy2 (A = o®p/n)?
02 p
<7 P )
~ A\ (206)
Combing this with Epca defined in (90), we arrive at
0) )
Vi o’p/n R
@2 = - AN +o
i r<i<n (O\l - fl))Q (N — OQp/n)Z)( ! )
(_1) ( ’Yi(l) - 0'2p/n )
r<ien (A — ’Yi(l))Q (A —o?p/n)?
Al
' + O(5PCA))
Ai
(1 +1 LY cicp T
- Z ( ,Yl(l) B 02p/n ) A
i ()‘l_%‘(l)y (Mi—o?p/n)?/ 1+ L D rcisp ﬁ
0) )
Vi o’p/n
4+ n - max i LO(E
1<i<n (>\ 'y(l)) (>\ _ sz/n)z ( PCA)
@ \i o%p/n (2 e )
B - +o(Z. /2
<r<z:i<n <(/\l -X)?2 (M- Uzp/n)Q) A2\ n
Al
. -
1+ % ZT<iSp PV
0) )
Vi a’p/n
; L0(&
tnemax (A — D)2 T —o%p/n) (Epca)
_ Z ( A _ o p/n ) \
BN O e N O R DD v

o [p Al
+O< *2 ) : 1 Ai
A LV B - DR v

U] 2
Vi a’p/n '
e R =~y (A= o2p/n)? O(Epcn)
Ai o p/n N
(iif) — ( _ )
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2 2
N P N rlogn
+O()\*Q\/>)\)+O</\*2\/> n- (N5 +02) n)

(iv) a’p/n
Z ( Z2 (\ — o2p/n)?

r<in

) e
1 i
IR DD v

(207)

2
+0 (%nm).
l
Here, (i) arises from (188); (ii) is due to the claim (206);
@iii) follows from (189), (204c) and the definition of
Epca; (iv) holds true under the condition o2 < A%,
(see (1998)).
¢) Controlling «y.: Regarding o, the key step lies in
controlling Zr<i<n(v(Z)TslT”) Recall that UOVTOVOT
is the SVD of L5, | with V) := [0 ... |
Towards this, we invoke Theorem 5 to derive the following
identity:

o] € Ro7n,

i) 1
WCE
n

w ' SSTuf+

1
—ufTSSTurt ()\le_
n

1

1 -1
- 7(ul*J-)TSSTu;l)
n

*(’U,*J')TSST’U,?T
(11) 1 1 T —-11 T
*”31 H”2 + - Sl ”Sz L</\ZI -1- ;SZ,J_SLL) ;SZYJ-SZ,H
®
111 1
DY (NSTH)Q*; > o (‘w( ol ap)?
1<i<n 1<i<n Al
®
1
1y o)
" <i<n A=
nT
_N > (o7 s’
n 52 -

where (i) arises from (34b); (ii) relies on the definitions of
sy, and S; ; in (188); (iii) follows since {vfl)}lgign forms
a set of orthonormal bases in R™. Rearranging terms, we are
left with

nT nT nT
=Y (" s)* 5 (0" SzT,n)2+ D (W sl))?
a /\,(l)f A — AW N —~D
1<i<n Yi 1<i<r Yi r<i<n AN TV
T Moy
1<i<r Al (l) r<i<n Al - U2p/n
1 1 (T T N2
+ ( — )('U E
As a result, we obtain the following decomposition:
DT T2
Z (vi Sl,”)
_ o2
r<i<n L g p/n
DT T2
3 (v;" s
O]
1<ier N
=1p1
1 1
~i+ah) Y ( )
l — 52
r<i<n AL — () Ai—o p/n

=12
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! 1 ) T (T \2 2 :
— _ ('Uz‘ s.1)° = (AN +0%)). Therefore, we can obtain
TQZ;H <)\l 7(1) A\ — U2p/n ( Ll ) 1 1
* 2
=:p3 AN +o )T;n ()\l _ %_(l) A — sz/n)
(208) -
B Y Z ( 1 1 )
In what follows, we shall control o1, @9 and @3 separately. I+ i ﬁ 2 N = A i —aPp/n
o We start with 1. Given that vi(l)TslT” R N0, A8 + , A
02), we can develop an upper bound as follows: with S| +07) = T+ X
n r<isp 1 i

probability at least 1 — O(n=10),

Z ()\ ,1 O] 7/\1—:r2p/n)

o] 2 Zl<7,<r( 31,\|)2 (2) (Ar +0%)rlogn peien N
1] < S
ming.iz; A — AY| ming.iz; [Af — Af| . A Z ( 1 1 )
* = -
(;) min - r}ig*n PR (209) Lt 0 X cicp xony | nfizn A= A0 M= ap/n
©iFEL [N TN
1
Here, (i) utilizes the condition |\, — %@| > T; ( i N UQP/”)
min;.;«; [A\} — Af| (in view of Lemma 8), (ii) holds due N rlogn o o [p
to (183), whereas (iii) arises from the noise assumption S )\max\/ " )\*2 Vo + A - )\*2 \/
o2 <AL o2
o As for (o, recall from Lemma 21 that \;; < ’yi(l) <\ FHV prlogn,

for all 1 <4 < p. This in turn leads to
where the last step uses (188), (189), (210) and (211).

Z (% _1 J2p/n) This reveals that
r<i<n AL = Al A\ 1 1
S et T G )
Z ( - 2 ) I+ %Z'r<iﬁp )\L—iki r<i<n )\l - )\Z )\l - 02p/n
r<i<n )\l — )\z )\l — 0 p/n 9
- g
1 1 . +O(A—;n\/zrogn). (212)
S VNO) 7/\1_02])/”’ . .
1 1= Tn o Turning to @3, we shall apply Lemma 20 to bound it.
( ; Similar to the analysis above for bounding a3, one can
r<ien A~ ( ) check that the following holds with probability at least 1—
B 1 ) B Z ( 1 1 ) 02(71’10): for all A satisfying A/ (14 B(\)) € Bepea (A +
A —o?p/n 52 A=A AN —0c3p/n o°),
1 1

d 1 _ 1 LWOT T 32 * 2
di rSlZ§n<)\—’7§l) )‘—U2p/n)(( % H) (A e ))

Z( 1 1 2)

r<i<n (>‘ 'Y(l)) (>\ - a2p/n)

1 1
Z ()\ (U g2p/n) ((”EDTSIT“) -\ +o ))‘

r<i<m M TV

T n -2 M=o/

This taken collectively with (204a) yields =

1 <n - max ! !
- > (5 ) R e T,
< Ai )\l —o?p/n T T
r<isn - max ‘ sy, H) — (N + 0'2){
0_2 P r<i<n
< _ /&2 o2 2
~ )\?2 n’ (210) <n- v \/g (AF 4+ o) logn = %\/pn logn,
l

In addition, it is also seen from (204a) that where the last line comes from (204b). In addition, for

any fixed A such that A/(1 4+ B(N)) € Bepea (AF + 02),
we can use the Bernstein inequality [64, Corollary 2.1] to
demonstrate that: with probability at least 1 — O(n 1Y),

1 1 )
r<i<n /\l - 77,(” /\l N UQp/n

\Y Z ( L 12 ) Z ( 1 1 )(( \T T)Q_()\*+ 2))
poiza NN A= otp/n RS S e AN rre
o? T 1 1
< < —
~ N2 \Vpn. (211) S max A /\,UQp/n)

Authorized licensed use limited to: University of Pennsylvania. Downloaded on January 25,2025 at 03:35:45 UTC from IEEE Xplore. Restrictions apply.



LI et al.: MINIMAX ESTIMATION OF LINEAR FUNCTIONS OF EIGENVECTORS
(A +0%)(log® n + /nlogn)

2
s %\/plogn,
l

where the last line comes from (204a). With these in
place, we invoke Lemma 20 to conclude that

o2

les| < /\*\/plogn

with probability at least 1 — O(n~10).
o Substituting (209), (212) and (213) into (208) reveals that:

213)

with probability exceeding 1 — O(n~10),
) GRS
)\l —a3p/n

r<i<n

Al ( 1 1 )
R DD v Z M=Ai A—ofp/n

=i r<i<n

2 *
+O(0’ m/prlogn+ . Arlogn ) 214)
A ming.iz; |[Af — Af]

As a consequence, we arrive at

(v "sy)?

Z )\l’_ o2p/n

r<i<n
A
_ a’p/n (n— l

A —o?p/n 1 i
l p/ 1 + n Zr<i§n A=

> (AliAfAl—}ﬂp/n))

r<i<n

+o (;va) o

o p/n

a1 = N —oO p/n

o2prlogn )
mini;#l ‘)\? — )\:| n ’
(215)

where we have made use of the bound \; —

and o?p/n = o(\}).

d) Combining the bounds on «j, « and o3:
Putting (203), (205), (207) and (215) together, we conclude

o?p/n 2 N

@) (DT (T 2
’yz ( i s )
7(1;! =1t a2+ ag
r<izn A=)
2
__op/n (.
A —a?p/n
Al ( 1 1 )>
L+ %ZT<i§n ﬁ T;ﬂ X=X A—o?p/n
al Ai a’p/n
+ : ( _ )
I+ 2rcicn ﬁ rgzzgn (A =2i)2 (A —o?p/n)
2 2
g o-prlogn
0% rv/prl . )

" A?K priogn+ ming.iz; [A\f — Af|n

a’p Al
)\l - p/n 1 + % ET'<i§n ﬁ

O o (e

M=) (M= A)(N —a?p/n)

r<i<n

a’prlogn )
mini;#l |)\l* — )\:| n

2
+ O(%m/pr logn +
l

as claimed.

1237

e) Proof of the inequality (206): Given that \;;1 <
fyi(l) < )\; for all 1 < i < p, we can bound

i %(zl) %(l)
Z ()\l _)\i)Q + (O = Z (O

r<i<n ()‘l Tn ) r<i<n ()‘l - % )
Ai ’Yﬁl)
<y + .
r<i<n ()\l o Ai)Z ()‘l - 77(l)>2
By subtracting >, o, O\ziff% from both sides and rear-

ranging terms, we have

( ,yi(l) - 02p/n )
r<i<n ()‘l - 751))2 (Al o UZp/n)2
B Z AN aPp/n )
2\ A T e ot/
W a’p/n
N =42 (N —oa?p/n)?
Y W aPp/n
A —~yM2 (N —a?p/n)?
In view of the basic property |f(z) fly) <

{sup, |f'(2)|} |x — y|, we can upper bound

l
W op/n

=2 e op/n)?
< max At

oy I“/*Uzp/n|<02\/p/n (N =)

p
)\*3 \/; )\*2 \/7

for any » < 4 < n. Here, the last line holds because
Q) [N = AV a*(p/n + /p/n) < A holds due to the
assumption (21a), and hence |\, — | 2 )\* and \; +v S A
(ll) | 0 _ 2 < 52

v o’p/n| < 0%4/p/n holds according to Lemma 8.

This finishes the proof for the inequality (206).

" = ap/n]

<

D. Proof of Lemma 10

Our proof strategy is to utilize the Gaussian concentration
inequality and the epsilon-net argument.

To apply Lemma 20, we shall first check its conditions.
To begin with, we claim that the following holds with proba-
bility at least 1 — O(n=20):

V.= sup

. A 2
A: FAY EBgPCA(Af-!—a )

1 -11
g a'u} *(l)T (>\Ip71 - *SL,LS;L) —Si,1
n n
kik £l

2

laTui| [N + 02) (K% +7)
A= Apl n '

(216)
k k£l
Consequently, we can apply the Gaussian concentration
inequality to show that: for any fixed A such that \/(1 +
B(N)) € Bepea (A7 + 02), one has

‘ Z a uku;(l </\Ip 1 Sl,isll)
ktktl

11

,
=S8y
n
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< \/(A; +02)log <7W“”‘) v
Al

with probability exceeding 1 — O (k™' (Apax/A}) ~20n720).
In addition, one can derive: for all A such that A/(1 +
B(A)) € BSPCA()\; + 02)’

d 1 -11
— a'u;-ul urt (AIP 1— SZ,J_SZT,L) —Si1- SlT,“
dA Formrf n n

T % *T_ %L 1 T S T
E a up-up u; ()\Ip—l - ESI,J.SZ,J_) obd 'Sl,H‘

k:k#£l
1 *
<n- lrgax NI U«Tukuk—rul H 'HSZ,HH2
<r (A=) e 2
(i)
<n- ! p)
mingiz [\ — Af[7 A A
Y JaTudukTui ]|, - (A + 0%)/nlogn
k:k#£l
(i) max;.iz | A7 — \f|
< pdl2. izl | i ~(AF + %) y/logn
~ mingiz A7 — A7|* A A2 i)V
aTui|
* *
o A= A
it 2\*2
(<) 7L3/2 )\m'xx i v
~ 2
AF AF

holds with probability at least 1 — O(n~2%). Here, (i) uses
Lemma 8 and the high-probability fact that [|s; |||z < ()\l
02)y/nlogn, (ii) holds since Huk uZJ-H2 < ugll2llupt] <
1, whereas (iii) arises from the definition of V' in (216).
Combining the above two bounds, we are ready to invoke
Lemma 20 and the union bound to arrive at the advertised
bound

* * 1 -
Z aT (l)T ()\Ip71 — 7SZ,LSZTL)
k:k#l n

S \/ (4 + ot tog (25 ) v
Al

|aTuz|
YA N = XV

11

.
=818
n 2

\/ (3 +0%) O+ 07) 2+ ) log (52 )
l
with probability at least 1 — O(n~19).

Therefore, the remainder of the proof amounts to estab-
lishing (216). Let us work under the event where the claims
in Lemma 8 holds, which holds with probability exceeding
1—0(n™'%). Recall the SVD of =8 1 = ubOyTOYVOT
Similar to (167), any A such that A/(1+ B(A)) € Beoi (A +
0?), one can rewrite

- 1 -1 1
Z a'uj (Z)T()\Ipfl — *SZ,LSZTL) —Si,.

k:k#l n ’ \/ﬁ 2
Z aT * *(Z)TU(”(/\IP_l—I‘(”)71U<Z)TU(Z)*/I‘(1>V(Z)T
k:kA 2
Z aT * *(l (l)(/\Ip_1 _ F(l))—l F(l)
k£l 2

_\j Z %()

( Z G,T’U, u*(l)T

m) .
1<i<nA(p—1) (A - 'Y ) kik£l

o With regards to the sum over the range ¢ > 7, it is seen
from Lemma 8 and the assumption (21a) that for all ¢ >
ron) < o (14p/n) S Mpaeto? and [N —2"| 2 AF >

|Aj — A%| /& for any k # 4. This enables us to derive

( Z aTuju, (l>)
7‘<7,<nA(p 1) )\ -
nT (1
< Qaxt0?) Z (3 e i u))’
r<i<nA(p—1)

k:kA

< /)\max+0_ Z Wa-ru* *(Z)TU<Z)
[y

< VTt o2 ¥ A2 pomgo)
2 A 2

|a 'U/k}

< Ve ¥ o
ma; g li k%l ‘ |

where the last line holds since Huz(l)TU(l) ||2 <
[T < 1.
o Turning to the sum over the range 7 < r, we can control

’Y(l) T )2
Z B - MO (Z aluju,” u; )
1=

1<i<r k:k#l
Z ( 12 1/2 Z T ut *(Z)T (l)> )
= a . u.
l 1
1<i<r (/\l v 2
My1/2, T, (1)
= a'uj (i) : Uk(z) = ugl)
kik#l 1<i<r A= 2
(Dy1/2,, *(l)T u®
D B
k:k#l 1<i<r AL — Vi 2
(l) *(l)T (l)
=S jaTuil| 3 ” r
kikAL 1<i<r - )
This leads us to control >, ’Vi( D

(uz(l)Tugl))Q/()\l - ,Yi(l))z for each k # [, which
can be decomposed as follows

(1) (2O D)2

'V—
1<i<r ()‘l )2
_ Z (l) *(l) u(l)) (l)(uz(l)T (l))
i€Cy )) i€Cq (Al_%‘ )2

Here, the sets C; and C, are defined respectively as
follows

Cri={1<i<r"/0+(y “)) € Be, (A}
Coi= {1 <i<r |2 /(1+7(4") ¢ Be (D)},
where we take & := c|\} — A} for some sufficiently

small constant ¢ > 0. In the sequel, we shall control the
above two sums separately.
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— With respect to the sum over C;, one can apply a
similar argument for (170) to show |\, — ’yi(l)| >

|Aj — A;| for i € C;. This enables us to bound
1 nT, [
’Yi()( k() u()) A*

R
()‘l_’yi())2 >\2| 1€Cy

*(l)'r (l)

1€Cy
< )‘max > ||

AT — AZI
)\* 2

/ey
IA* *I '

— Next, we move on to look at the sum over Cs.
According to Lemma 8, we have

Ercn || (411 +6(7§”))A(”)U*<”Tu§fﬁH2

> 0 = @+ AP 0Tl

Z & - ’ *()T Z(ll)|

2 A=A ),
where we use the fact that Lu*(m— (l)| <
| kl)T | and |7(l) 1+ { )\(l | > &, for

all 7 € Cg Therefore we arrive at the upper bound
(l)( )T (l))z

Y: < ()‘rnax + UQ)SF%CA
(N =2

NN = ApL ming [N — 12
o2

< Mnax
A=)
where we invoke the condition min;.;z; |Af — | 2
Epca- Taking these two bounds collectively, we reach

i € Cy,

5 7 (upOTul)’ N + 02
S = Ty =P
(Mo + 2)r
AF— Azl
(Mt 0?7

)

IAF = Al

and hence
P ORI (N
Z (1) ( Z aluju™ u, )
1<i<r ()‘l ) k:k#l
e Z la’ Uk| .
ikl A7

« Combining the preceding two bounds, we finish the proof
for (216).

APPENDIX E
PROOF FOR MINIMAX LOWER BOUNDS (THEOREM 4)

Fix an arbitrary 1 < [ < r and an arbitrary k£ # [ and
1 < k < r. In what follows, we intend to prove the following
two claims:

inf  sup

E [min |ua_,l + aTul(E)”
Ual S M (S*)

1239
> 0‘2"“72)(/\7""72)‘ Tu*|
SIS !

e e ke
inf  sup E[min|ual:taTul(E)|]
Ya,l SI€ My (S*) ’
AF +02)02
Z %”PU*J_GHQ, (218)
1

where the infimum is over all estimators, and M;(X*) and
M (X*) are defined right before the statement of Theorem 4.
It is self-evident that Theorem 4 follows from these two claims
by taking the maximum over all k # .

A. Proof of the Lower Bound (217)

a) Step 1: constructing a collection of hypotheses: Let
us consider the following two hypotheses:

Ho : s =" N(0,5% +0%L,), 1<i<n

Myt 80 XUN(0,5) +0%L,), 1<i<n
Here, the covariance matrix X is defined as follows:

o= Nww + Nugwl + > Nujull
ii#£k,l, 1<i<r
where u; and uy, are defined as
% s |cOsly —sing,
(s, ] = [ug, ] [sin@n cos 0, } (219)

for some 0,, € [—7/2,7/2] to be specified later. Straightfor-
ward calculation yields

wu] +upu) =uwiul T +ujul’.
This identity further leads to
Ek - 2* U[ul + )\kUkuk - ()\;ul + )\kuk )
= N (ww] +upul ) + (Nf — A\ upu),

— (N (@il +upur’) + (O = A)ujui’)
= (A\f = A (weu) —ujup’).
In addition, it is also seen that

12 = 27 lr = |A; - & e

[y, — ujug

< AR = AT (Il (ur = uf) Tlle + | (ur — ui)ug" |Ir)
= [N = AL (lunllzllwr — wglle + flus — wil2llugll2)

= 2N = A [luk — gl

D 9 |xr = AF| - || — w sinb,, + uf cosfy — ullls

< 2|\; — A7| - (sin6, + 2sin®(6,,/2))

(i)

< 4[AL = AL 10nl, (220)

where (i) arises from the definition of u; in (219); (ii) holds
since sin§ < |6).

In what follows, we denote by P® and P* the distribution
of S under the hypothesis Hy and Hj, respectively, and let
PY and P¥ denote the distribution of s; (i-th column of S)
under Hy and Hj, respectively.
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b) Step 2: bounding the KL divergence between hypothe-
Recall the elementary fact that the KL divergence of
multivariate Gaussians is given by [65]

KL(N(0, %) ]| N (0,%0))
:;(tr(zglz )—p + log :2 I)

Since the KL divergence is additive over independent distri-
butions [66], one has

KL(P* | B%) = > KL(P} || PY)
i=1

ses.

1 n
iz (tr((Z* +0°I,) 1 (B + 0%L,)) —p).  (221)

=1
This suggests that we need to compute tr ((X*+02I,) = (Zx+

UQI,,)). By construction in (219), we know that w; and uy
span the same subspace as u; and uj, and are orthogonal to
{u}}iiizs,. Denote by U*L e RP*(P=7) the matrix whose
columns form an orthonormal basis of the complement to the
subspace spanned by U*. One can then derive

(X" + UQIP)_l(Ek + JQIP)

1 * *T
= E u; u,
* 2
(1<i<r>\ to

1

Lol iy T
?U* (U*) )
: (()\f + o) wu] + (A + o ugu,

S

ii#k,l, 1<i<r

(/\*—FO' ) *’U,*T U2U*J_(U*J_)T>

1 * kT 1 * kT
= (7)\?—1—02’”1“[ —&—7)\2_'_021%1% )
(O + ou] + (N + 0wyl )

+ Z u* *T+U*L(U*L)
ii#k,l, 1<i<r

As a result, we find

tr((Z* + 0°I,) ' (Zk + 0°1,))
@) ( 1 *p %1 1 * *T)
=tr| | —m——suwu, +—u u

( Af+o? L A; + o2 =k

. ((/\f + 02)ululT + (Ap + az)ukug)) +p—2

N X
= fui Tl + Af+ i T
)‘* 2 * T 2
N to 2|u Ty +|up ug]t+p—2
W 2 g+ o No+o? . 2
0, —|—>\l*+0251n 9n+)\*+ 5 sin 0,
+cos? 0, +p—2
N+ + M +0%)? ., .2
= Or 109 0L + 07) sin“6,, —2sin“ 0, +p
)\*_)\*2
(l k) Sin29n+p.

T A+ 02 (M +0?)
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Here, (i) holds since tr(ufu’ '
((U*J_)TU*J_) — tl’( )

following observations:

) =1land tr(U*H(U*H)T) =
= p — r; (i1) follows from the

w T = ul uf cosf, +ul ufsinb,, = cosf,;
wiw = u} uf cos b, + u*Tuz sin @, = sin 6,,;
wiTuy = —uf T ul sinb, + uf uf cosh, = —sinf,,;
wi u, = —ul ul siné, + ul uf cosf, = cosb,;

where we have used the construction (219) and the fact that
ul*Tuk = 0. Therefore, combining the above identities allows
us to conclude that

A5 — )\ 2

200 +02) (A +0?)

c) Step 3: invoking Fano’s inequality: Suppose that we
choose 6,

sin? 6,,. (222)

(223)

0] = ey | QLSO+ )
" " (A= A5)%n

where ¢,, < 1 is a sequence that depends on n and obeys ¢,, €
{1/64, 1/16, 1/4} (which we shall discuss momentarily).
Then we can see from (220) that

* 2 * 2
||Ek_2*||F S \/()\l +o )()‘k+a )

n

In other words, 3 € M;(X*). Moreover, plugging the
value (223) of 6,, into (222) and using the facts |sin 6| < |6
as well as max,, ¢, = 1/4 yields

KL(P* || P°) < 1/16.
It then follows from Fano’s inequality [66, Theorem 2] that
Pek = i{/l)f max {]P){i/} rejects Ho | Ho}, P{¢ rejects Hy | Hk}}
> 1/5,

where the infimum is taken over all tests. One can then apply
the standard reduction scheme in [66, Chapter 2.2] to show
that

inf  sup

E [min |uaﬁl + aTul(E)”
Ual S My (S4)

2 Pe,l; Iin |aTul + aTul*|
2 min |aTul + aTuﬂ.
Observe that once we prove
1
L0 JaTui |+ 0] o)
(224)

then (223) would immediately lead to the advertised bound

m1n|a u ta ul| >

inf sup

E[min |ua,l + aTul(E)H
Ua,l e My (S+)

,/ Ap 4+ 02\ +02) |a uy

AL+ o)\ + 02)|a—rul |

> Cn

~ OF =) EEERNGD

L Ot +oNfaTu] | YOR+ O+ oDlaT
~ (/\Z‘ —)\Z)zn |>\l* —/\;\\/ﬁ
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where the last step holds since min,, ¢, = 1/64. As a con-
sequence, the remainder of the proof amounts to establishing
the claim (224). In view of (219), we know that

|a uf —a ul‘ = ’a uf —a' (uf cosf, +uj sin@n)f
= ’a uf (1 —cosb,) —a'ujsing,|
= ’2aTuf sin?(0,/2) — a " uj sin On|

’2a w} sin?(6,,/2) ‘—&—’a—ru sin 6y,

i 2 5

> ﬁ(on

where (i) holds true as long as we choose sign(6,) =
—sign(a'u}/au}); (i) relies on the fact |sing| > 26|

for 6 € [-7, 5] In addition, we can derive

aTuf| + 10, - [aTuy|) (225)

laTuf +a |
= ’aTul* +a' (u} cosb, + ujsind,)|

’aT F(14 cosb,) + a'ufsin On |
= ’2a uj cos?(0,,/2) + a'u} sin(6,,/2) cos(6,,/2)|
= cos(6,/2) |2aTul* cos(0,/2) + auj sin(6,,/2)|
() ; |a uj cos(6,/2) +a'uj sin(6,/2)|

) 1 | @Tu)? + @) sin0/2 + )

(Ja"u}|sin|0,/2 + wi| + |a " wj|sin 60,/2 + wy])
(226)
where (i) holds due to |6,,| < 1/4 by the choice of ¢, in (223)

and the sample size condition (28); wy € [—%, %] in (ii)
is defined such that tanw; = aTul* /aTu;. In particular,
recall that the Sign of 6, is chosen such that sign(6,,) =
—sign(a"u}/a"u}), one has sign(f,) = —sign(ws). Next,
our goal is to show if we choose ¢, € {1/64, 1/16, 1/4} of

0, in (223) suitably, one has

1
4

1
sin |6, /2 + wi| > —|0,]. (227)
2

To this end, for each n, we choose ¢,, of 6,, in (223) to be ¢,, =
1/16 temporarily, and consider the following three scenarios:
o If 10,,]/2 > 2|wg]|, then one has 7/2 > [0,,/2 + wi| >
|01/2 — |wg| > |0, /4] where the first inequality holds
since the signs of 6,, and wk are different. Combined with
the inequality |sinf| > 20| for 6 E [—%, 5], this leads

to sin|€n/2+wk|28m|€ /4] = 5=10,];

o If |0,,]/2| < |wk|/2, then we know 7r/2 > 10n/2 +wi| >
lwg] — 10n]/2 > |wi/2| > 10,/2|. This implies that
sin [6,,/2 + wi| > sin [0,/2] > L|6,].

o Otherwise, (i.e. |wk|/2 < 0,]/2 < 2 |wg]),
¢n, to be either 1/4 or 1/64 (namely, increasing it or
decreasing it by 4 times). After doing so, it is easily seen
that 6,, must satisfy one of the two conditions above,
thereby guaranteeing that sin |0,, /2 + wy| > 50, ].

This completes the proof for the claim (227). Combining (227)
with (226), we arrive at

1
la"uf +a’w| > §(|9n| e ul| + 10n] - laTup])

1
> 5 (02 o ui| 4 10u] - la" wi),

1241

where the last step holds since |6,|] < 1. Combining this
with (225) finishes the proof of the claim (224).

B. Proof of the Lower Bound (218)

a) Step 1: constructing a collection of hypotheses:
Consider the following hypotheses regarding the eigen-
decomposition of the covariance matrix:

Ho - sii‘iAfi'j\/'(O,E*—l—aQIp), 1<i<mn
Hy: s KUN(0,2 +0°1,), 1<i<n

Here, the covariance matrix > is defined to be

X o= N + Yy Nujull

il
where u; is defined as
@ = uj + dpa _ uj + opa
|uj +dnailla /1+42
with
Pyiia
L TBy.rall

for some 0 < 4, < 1 to be specified later. We note that
uTa; =0foral1<i<randu"u =0 forall i #I.
As can be straightforwardly verified, one has

_ 1 dn,
i = will < (1= —— )i lle + —— a2
V1+62 V1+62
V1462 -1+,
V1+062

where the last step holds since /1 + 62 < 1+, for §,, > 0.
In the sequel, we denote by PY and P! the distribution of S
under the hypothesis Ho and H;, respectively. We also let P¥
and IP’Z1 denote the distribution of s; (i-th column of S) under
‘Ho and Hq, respectively.
b) Step 2: bounding the KL divergence between hypothe-
ses: Let us define vector u; as

(228)

o ul*f—(slnaL ul*f—;naL
1= = .
lui = sacll: 1L

n

where the last step holds since u] is orthogonal to a . Note
that @; is a unit vector orthogonal to the subspace spanned by
w, and {u}}; 2, namely, @, @, = 0 and uw} "4, = 0 for all
i # 1. Similar to the proof for the claim (217), one can derive
tr((Z*+0°L,) (2 +0°L,))

1 1 ~ ~ -~
:tr((muful*TJr;aLaI) ((/\f + ot wa, + UQuZuIT))

S ~
L :U (ul GL)Q + (ulTaL)2

~T  %\2
p (U ur)” +

1 A +o0? o 1
= 1 S
1+6z( L) R vl Grse

_ N o
- (A +02)02 1+ 62

52+1>—|—p—2

+p
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where the second step is due to ufa | = 0 and the third line
follows from the following facts:

Wl = uiTuf + 6paluf _ I
luf + dpad 2 V1+62
iTa, = wla, +6,a]a; _ O
l [uf +onaile ~ VI8
o wiwi-talu 5,
b lup — a2 1+ 62
e ula, — %ﬂaIaL B 1
ul al = = —

V1+62
As a consequence, we can upper bound the KL divergence as
follows

luf — 5-aill

KL(P' | %) =) KL(P} || PY))
=1

1 . e
=3 Z (tr((=* + 0?L,) " Y(E 4+ 0°1,)) — p)
=1
e 52 52nAr2
2\ + 02021462 T 2(\f +02)o?

c) Step 3: invoking Fano’s inequality: From the preced-
ing upper bound on the KL divergence, it is easy to see that
KL(P! || P°) < 1/16 if we choose

(AF +02%)0? <1

e (229)

On = Cn,

where ¢, < 1 obeys ¢, € {1/64, 1/16, 1/4} and the last
step holds due to the assumption (28). It follows from Fano’s
inequality [66, Theorem 2] that

De ::iﬁf max {P{¢ rejects Ho | Ho}, P{t rejects Hy | H1}}
> 1/5,

where the infimum is taken over all tests. Further, we know
from (228), (229) and ¢,, < 1/4 that

(Af + 02)0?

i il <\

namely, ¥; € My(X*).
Next, let us continue to control min | @; & au}|. Our
goal is to show

min ’aTﬁl + aTuﬂ 2 On||Py+ral)2,

and we shall use the same argument as for (224) to prove it.
Towards this, let us first consider |aT1~Ll — aTﬁl‘. By con-
struction, one can derive

T, ,% T
a'u; +6,a a; T

a'u —a'uf = —a uf
V1+02
On | Pyevall <1 ! )aTu* (230)
=% pPial,—(1- ——
STtz U V1+62 !

=:m =in2
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where the last step holds because

a'a, =a'Py..a/|Py..als

- (PU*La)TPU*La/HPU*LaHQ
— |Py..al».

Moreover, it is straightforward to verify that

1 2
it <V1+62-1<
for 0 < 4,, < 1. With these basic facts in place, let us first
choose the pre-factor ¢, < 1 in 229 to be ¢,, = 1/16 for the
moment, and compare the two terms on the right-hand side
of (230).

o If |n1] > 2|n2], then one has

Is2 <9

2
10 = on (231)

DN =

_ N dn
laTw —aTuf| > m| - |no| > Il o
2 4
where we have used the fact that §,, < 1.
o If || < |n2|/2, then we know that

| Py-rallz,

~ )
la"a —a'uf| > [na] = m| = [m| > §||PU*LGH2

as long as §, < 1.
o Otherwise, consider the case where |n2|/2 < |ni| <
2|n2|. In this case, we can adjust the pre-factor ¢, to be
1/4. By doing so, || increases by at most 4 times, while
|n2] increases by at least 8 times (according to (231)).
As a result, the new values of n; and 7 satisfy |n;| <
|n2]/2, thus belonging to the second case discussed above
and hence ‘aTﬁl — aTul*| > % Pyy.1al|. Clearly,
we can also adjust ¢, to be 1/64 so as to meet the
condition of the first case discussed above.
To sum up, the above analysis reveals that: by properly
choosing the constants {c,} in (229), one can guarantee that

_ )
laTu, —a"uf| > fHPU*LaHQ.
Similarly, we can also derive

aTul* +é,a"a,

V1+ o2 H
1
| Pyrevall2 + (1 + ml)a—ru
1 )}aT
V1462

|aTﬁl + aTuﬂ = +aul

— 677’
B ‘\/1+5,%|
> '5"||PU*La||2 (1+
AN

57L

>
SV

Taking these two relations collectively yields the advertised
bound:

*
l
uj

[Py all2

min |aTul + aTuﬂ 2 6n || Py~ralla.

As a consequence, one can readily apply the standard
reduction scheme in [66, Chapter 2.2] again to arrive that

inf  sup

E[min ‘Ua,l + aTul(Z)‘]
Ua,l BeMy(Z*)

2 Pe min ‘aTﬂl + aTuﬂ 2 min |aTﬁl + aTuﬂ
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(i +0?)

a? (AF+0%)o
L pyal 2 [P

2
Nt IPu-sall
where the last step holds since min,, ¢, = 1/64.

APPENDIX F
PROOF FOR THE LOWER BOUND OF THE PLUG-IN
ESTIMATOR (THEOREM 2)

Evidently, it is sufficient to establish the lower bound for
the rank-1 case (i.e. » = 1), which forms the content of
this section. To begin with, let us decompose the leading
eigenvector u of M as follows:

u = u*cosf + u, sind, with 0 € [O,W/ZL

where as before, u; denotes some unit vector perpendicular
to u*. Denote by s := sign(a'u,) the sign of a'u,.
Armed with these, one can express the plug-in estimator 1"
as

T T

P = a"u =a'u*cosf+a'u, sinf

=a'u*cosf +sla’uy|sinb,
which in turn leads to
dist (@2 "&", a " u*) :min|aTu =+ aTu*| =| laTu*|— \aTuH

~[laTw|-

la™u* cosO+s|a’u, sin9|‘.
In view of the analysis in Appendix C-D, one can see that:

conditioned on 6, w, is uniformly distributed over the unit

sphere when restricted to the subspace spanned by the columns

of u**. Consequently, we have

1

5"

This implies the independence between s and |a " u | | as well

as 0, which further reveals that

P{s=1|la"u |0} =P{s=—1]|a"uy|,0}=

s = argmax‘|a—ru*| - }aTu* cosf+ s la"u,| sin0|’
s'==%1

with probability 1/2. Therefore, it is seen that
dist (uﬂ'“gi”7 aTu*)
= max ‘|aTu*| - ’aTu* cosf+s' |au, | sin@”
s'=

with probability 1/2. In the following, we seek to lower bound
maxy—+1 ||a’u*|—|aTu* cosO+5' |aTuy |sinf||, dividing
into two cases based on the relative size of a'wu*cosé
compared to |a'u, |sinf. Without loss of generality, let
us assume that a'u* > 0 in the sequel, and recall that
6 €[0,7/2].

o In the case where a

demonstrate that

Tu*cos® > |a"u, |siné, one can

max ‘aTu* - ’aTu* cosf+s'|a"u,| Sin9|‘

s'=%1

=a'u*(1—cosf) +|a"u,|sind
1 —cos?6

> (1 —cosf)|a’u*| > %MTU’W

o’n

52

vV

@’
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with high probability,
from (67).

« On the other hand, if instead a " u* cos 6 < |aTuJ_| sin 6,
then one can deduce that

where the last step results

max ’aTu* - ’aTu* cosf + s’ |aTuJ_| sinH”

s'=%1

= max ‘aTu* —|s'aTu* cosf+ |a u, | sin9|’
s'=%1

® .

= max a'u* —|a"u,|sinh — s'a’ u* cosh
s'==+1

(2) laTu*| cos 6 @ la"u*|

(iv) 52
> a n

‘aTu*’ .
Here, (i) is valid since a'u* cosf < |a'u|sin®; (ii)
holds given that max|a &+ b| > |b| for any a,b; (iii)
follows since, according to (67), cosf =< 1 holds with
high probability; and (iv) arises from the assumption (10).
Combining the preceding two cases, we can readily conclude
that

02n
)"1(2 |aTu*’

dist (ul"€", a"u*) >
with probability at least 1/3.

APPENDIX G
TECHNICAL LEMMAS

This section collects a few technical lemmas that prove
useful in the analysis of our main results. In what follows,
we shall start by stating the precise statements of these
lemmas, followed by the proofs for each of them.

Lemma 18: Let {h;}!_,; be a sequence of independent
zero-mean Gaussian random vectors in R” with covariance
matrix 021, and let @ = [a;]1<;<n € R" be a fixed vector.
Then with probability at least 1 — O (n~'°), one has

| 3 ai(mh! -o°L)

1<i<n
< C10*(|lall2y/rlogn + ||al|s (rlog n + log? n))

< Cy0?|lal|s (v/rnlogn + rlogn)

for some sufficiently large constants C7,Cy > 0. Here,
la]lo := maxi<i<n |ail.

Lemma 19: Let {h;}?_; and {g;}"_; be two independent
sequences of standard Gaussian random vectors in R" and RP,
respectively. Then with probability at least 1 — O (n*w), the
following holds:

H Z higiT

1<i<n

(232)

| < Cs(Vpnlogn + /prlogn)

where C'5 > 0 is some sufficiently large constant.

Lemma 20: Let {X,;}" , be a sequence of independent
random variables in R, and let Z be an interval in R. Consider
a collection of functions {f;}_; from R x Z to R, and we
suppose that
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1) for any fixed A € Z, with probability at least 1 — J1,

9
> A < 5

1<i<n

2) with probability at least 1 — Jo,

o> fi(XZ-,M‘ <L

1<i<n

sup
AET

Then with probability exceeding 1 — %Il\(gl — 03, one has

sup
AET

> fi(Xi,)\)’ <e.

1<i<n

Next, we record an eigenvalue interlacing lemma, which has
been documented in [67, Corollary 4.3.37].

Lemma 21 (Poincaré separation theorem): Let M be a
symmetric matrix in R"*™ and U be an orthonormal matrix
in R™*" satisfying U 'U = I,.. Then one has

Mrgi(M) < N(UTMU) < \(M), 1<i<r,

where \;(A) denote the i-th largest eigenvalue of matrix A.

A. Proof of Lemma 18

As can be easily seen, the second inequality in (232) follows
immediately from the elementary bound ||all2 < ||@|lcov/n-
Hence, the proof boils down to justifying the first inequality
in (232).

We shall invoke the truncated matrix Bernstein inequal-
ity [68, Proposition A.7] to control the spectral norm of
> ai(hh] — 02I,), which is a sum of independent zero-
mean random matrices. To do so, we need to bound three
quantities: (1) the covariance of the sum ), a; (mhiT —0'21—7") ,
(2) a high-probability upper bound L on max; ||al- (hihiT -
O'2Ir) , (3) the expectation of the truncated summand
mainE[Hai (hlh;r — 02Ir)||]1{||ai (hlh;r — O'2IT)|| Z LH
We shall look at each of them separately.

1) Straightforward computation gives

Y= Za?]E[(hihiT - UQIT)Q]
i=1

=(r+1)o? Za?[r = (r+1)o*a|31,.

i=1

(233)

2) We now turn to bounding the spectral norm of each
summand a; (hzth — 02Ir), which clearly satisfies

lai(hib! —o*L)|| < lail - ([ hill3 + o).

By virtue of the Gaussian concentration inequality [69,
Proposition 1.1], we obtain

2t

1.
P{||h;[|3 — o?r >t} <exp <16 mln{@, 02}> .
(234)

In particular, this implies that with probability at least
1-0 (n*QO), one has

[hill3 < o (r + logn). (235)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 2, FEBRUARY 2025

In what follows, we shall set
L :=Co? (r + log n)

for some sufficiently large constant C' > 0.
3) We then look at the truncated mean. To this end,
we observe that

E[[|hill31{[[Ril5 > L}]

< LP{|ni} = L}+ |
L

<o)L+ [ P{nlE =1} a
L

(236)

o0

P{||h;[|3 >t} dt

Forany ¢t > L/2, itis seen that min {t?/(ro*), t/o?} >
t/o?, and hence

JRE RN
L
o0 oo t
< P{||h;||2—o?r>t dtg/ exp< )dt
[ Bl otrziars [ o (g

< () < £

provided that C' > 0 is sufficiently large. As a result,
taking this together with ||h;h] —o2I.|| < ||h;||3+ 02,
we arrive at

R=E[|hh] - o*L|[1{|hh] —o°L| > L}]
< E[(lhill3 + o®) L{[[Ril3 + 0® = L}]

< =,
(237)

With the preceding bounds in place, we can invoke the
truncated matrix Bernstein inequality [68, Proposition A.7] to
obtain that: with probability at least 1 — O (n™'1),

H 3 ai(hih] - o°I,) ‘

< VIZ|logn + |lallo (nR 4 Llogn)
Q)
= V|IZ|logn + [|a|| Llogn

i) |
< Za?(r—&—l)a‘llognﬁ- lallsoo?(rlogn + log? n)
i=1

< o*(llallz/rlogn + |a]x(rlogn +log” n)),

where (i) arises from (237), and (ii) relies on (233) and (236).
This completes the proof.

B. Proof of Lemma 19

The proof strategy here is almost identical to that for
Lemma 18 — we shall apply the truncated matrix Bernstein
inequality [68, Proposition A.7] to upper bound the spectral
norm of >, ..., h;g;, which is a sum of independent zero-
mean random matrices. Towards this, we start by estimating
several key quantities.

o In view of the independence between {h;}; and {g;};,

the covariance matrices can be computed as
n

Zii=) Elhig/gihl] = Elllgil3]E[Rih,]
i=1 =1

= npl,; (238)
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3y = Z]E[gih;rhigﬂ = ZE[thH%]E[QzQzT]
i=1 i=1
=nrl,. (239)

e As for the spectral norm of each summand h;g,, we
know from (235) that with probability at least 1 —
o) (n720)’

[higi || = IRillzllgillz S V/(r +logn)(p + logn)
= /pr+ v/plogn + logn.

Therefore, this suggests that we define

= C(v/pr + v/plogn +logn)

for some sufficiently large constant C' > 0.
e Next, we turn to the truncated mean. Observe that

E[lhug] [1{lhg] || = L}]
SM%MMAP4&+/‘PNMQH>Q@

(240)

<0 () L+/ P{||hig; || >t} dt
L

<O )L+ [ P> t}a
L

+l;PNM@2ﬂ&,

where the last holds arises from the following bound due
to the union bound:

P{llhig/ || > t} = P{Ih:l3llg:l3 > *}
<P{||hil3 = t} + P{llgill5 > t}.

In addition, since min {¢?/r, t} > ¢ forall t > L/2 >
2r, we can use (234) to bound

| Pl = ¢} ar
L
o t
< N2 —r > =
_:A P{ Rl —r = -}t
S [ B{Imil-r =)
L/2
o0 1 12
< exp (—min —,t ) dt
o0 t
< exp (—) dt
/e (55

< exp (—\/pr + plogn + log? n)

L
n2’

Clearly, the same bound also holds for [~ P{||g:||3 >
t} dt. Therefore, combining these estimates yields

L
R:=E[|hig; |1{l|hig, | > L}] £ - Q4D

With these parameters in place, one can apply the truncated
matrix Bernstein inequality [68, Proposition A.7] to demon-
strate that: with probability at least 1 — O (n*m),

| 3 higl || s VA + S0 Togn + nR + Llogn

1<i<n
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Q)
=/ ||X1] logn + Llogn
(i)

< \/pnlogn+\/p710gn+\/plog n+log’n
= v/pnlogn + /prlogn.
Here, (i) uses (238), (238) and (241); (ii) arises from (240).

The proof is thus complete.

C. Proof of Lemma 20

Let NV be a 5--covering of Z with cardinality [N| < %Iﬂ’
and let £ denote an event such that
€
sup Z f’L X“)“<7
AN T Cin 2
sup fi(Xi, A) ‘ L,
AET dA 1<12<n
which holds with probability at least 1 — %lf\gl — 02 (accord-

ing to the assumptions and the union bound).
For any A € Z, let A € N such that |A — )| < 57 - One can
easily check that on the event £, one has

> g Xm'

sup
rezl, 52,
=sup Z (fi(Xi, A) = fi( X3, ) + fi(Xiaj\))‘
AT 1<i<n
<sup Z fi( X5, A) ‘-|)\—5\|—|—sup Z fi(Xi,S\)’
AET 1<1<n AeN Ti<i<n

<L - — + sup
AeN

Xjﬂxww

1<i<n

<5+3-e

thus concluding the proof.
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