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Anti-Windup Compensation for Quadrotor
Trajectory Tracking With External Disturbances

Majid Shahbazzadeh™ and Christopher M. Richards™, Member, IEEE

Abstract—This letter considers the problem of trajec-
tory tracking for quadrotors operating in wind conditions
that result in propeller thrust saturation. To address this
problem, an anti-windup compensator (AWC) is developed
to reduce the tracking performance degradation and desta-
bilizing effects from thrust saturation. Relationships are
derived showing how the tracking error and AWC states are
influenced by the wind disturbance and saturation, and how
the influences depend on the controller and AWC gains.
As a result, these gains can be tuned to achieve desired
performance levels. Simulation results are presented to
validate the effectiveness of the proposed method.

Index Terms—Quadrotors, tracking, anti-windup.

I. INTRODUCTION

UADROTOR uncrewed aerial vehicles (UAVs) offer
Q several advantages, such as vertical takeoff and landing
and cost-effectiveness [1], [2], [3]. These attributes have led
to their use in a wide range of applications, including rescue
missions, mapping, surveillance, and inspections [4], [5], [6],
[7]. Achieving stable hovering and safe flight is crucial for
these UAVs to effectively perform their intended functions [8].

A quadrotor is an under-actuated nonlinear system, charac-
terized by four individual rotors that control highly coupled
states [9], [10]. The primary challenge in the trajectory
tracking problem is the design of a controller for attitude
control since the vehicle’s under-actuated nature requires
that position tracking be managed through the control of
its rotational dynamics [10]. Likewise, wind disturbances
pose a significant challenge to the stability and control of
these systems [11], [12]. When subjected to strong winds,
the quadrotor may experience deviations from the desired
trajectory. To counteract such disturbances, the control system
demands high propeller speeds. However, if wind forces
exceed the propellers’ capability to counteract the wind, the
controllers propeller speed demand might surpass the motors’
maximum achievable speed limits, leading to saturation.
Saturation hinders the propellers from generating adequate
thrust, and can cause instability in the closed-loop system.
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The actuator saturation problem has attracted considerable
attention over the past few decades, resulting in the develop-
ment of various methods to address it in control systems. One
of these methods is to ensure that the control signals remain
within the specified saturation bounds. For example, the
saturation avoidance problem has been addressed in [13], [14]
using linear matrix inequalities. However, approaches such
as these may be conservative in some problems, leading to
control signals that operate significantly below their saturation
levels. Moreover, external disturbances may cause control
signal saturation that is unavoidable.

Anti-windup compensation (AWC) is a common augmen-
tation to control systems that can effectively handle control
signal saturation [15], [16], [17], [18]. For managing dis-
turbances, an anti-windup framework has been proposed for
stable plants [19]. Specifically for quadrotors, whose dynamics
are inherently unstable, an anti-windup scheme is presented for
input-coupled double integrator systems [20], which is appli-
cable when quadrotor dynamics are linearized about hover. In
addition, an architecture combining static and dynamic AWC
has been presented [21]. Although other studies have also
focused on the design of AWC for quadrotors [22], [23], [24],
to the best of our knowledge, consideration of disturbance in
AWC design for quadrotors has not been directly addressed.
This issue motivates our paper. While AWC is one effective
solution, other methods for mitigating the effects of saturation
also exist. However, the focus here is exclusively on AWC,
highlighting its advantages in stabilizing the quadrotor under
wind disturbances while achieving desired performance levels.

In this letter, the focused application of the AWC is for
trajectory tracking control. To reduce the impact of saturation
and disturbance on the tracking error, significant upper bounds
are analytically obtained, which allow for the tuning of the
controller and AWC gains to achieve the desired performance.
Simulation results are presented to illustrate the effectiveness
and validity of the proposed method.

Il. PROBLEM FORMULATION
The saturation and deadzone functions are defined as

_ uj Ui < u;
sat, () = | wi U <uj <T; (1)
U; up < u;
Dz, (u) = u; — sat,/ (u;), (2)
where sat’(u) = [satZi (ul),...,satZZ(um)]/ and Dz'(u) =
[Dzy| (u1), . .., Dz" (um)]'.

Zm

2475-1456 © 2024 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence
and similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: University of Louisville. Downloaded on January 01,2025 at 07:41:26 UTC from IEEE Xplore. Restrictions apply.



2914

IEEE CONTROL SYSTEMS LETTERS, VOL. 8, 2024

The translational dynamics of a quadrotor with constrained
thrust (7') in the inertial frame can be expressed as

mu = —(C¢S(9Cv, + S(pS]/,)Sat;(T) + du, (3)
mis = —(cososy — spcy )sate(T) + d, 4)
mir = mg — c¢09sat;(T) +d,, )

where T is the total propeller thrust perpendicular to the
vehicle’s plane, m is the mass of the vehicle, d,,d,, d,. are
the external disturbances, [«, ¢, «] = [%, y, z], and x, y, and
z are the position coordinates in the inertial frame.

The angular velocity dynamics with constrained body
torques (7) in the body frame can be described as

Jo=—wxJo+ satg(r) +dr, (6)

where 7 = [7], 7, 13] is the control torque vector,
o = [w),wr,w3] is the angular velocity vector, dp =
[dr,, dr,,dr,] is the external disturbance vector, and J =
diag{Jy, Jo, J3} is the inertia matrix.

The vector w can be expressed as w = QI', where

1 0 —Sg ¢
Q=|:O Co s¢ce:|, r=1{6 1, @)
0 —s¢ cpco W
cs = cosd,ss = sind, and ¢, 6, and ¢ are roll, pitch, and
yaw Euler angles, respectively.
Linearization of the quadrotor dynamics around the hover

operating point and utilizing (2) results in

[mw] _ |:mg ~ T+ DzE(T) + duw

- , i=1,23 (8
Jily — Dzz!(;) + dr, ] (

Assumption 1: The external disturbances d,,d,,d, and
dr; are assumed to be due to wind gusts. Therefore, they are
finite-duration bounded signals and belong to the £, space.

Remark 1: In the theoretical results, the control torque T
and control thrust 7" are the signals that are constrained by
the saturation function. However, for a quadrotor, the speeds
of each propeller are what are physically limited. Therefore,
in order to implement the proposed method, the following
process is executed. First, the propeller speed commands are
obtained from the thrust and torque control signals as follows:
ooy ©)
= = 1

wzz _

S S S

@y woow o w2
o 2 € =1 -1 73
4 4kl 4kl 4b
[0} I1

where [, k, and b are the thrust moment arm, the propeller
thrust constant, and the propeller drag constant, respectively.
Next the propeller speed commands are constrained by
sat0 (wz) = mm(max(w 0),@2),i=1,...,4. Then, the
saturated control thrust and torques are obtalned from

saty (T) Kok ko k[sal (@)
satp () | _ [k =kl =kl k|| satf (@5) (10)
Satrz(m Mook ko k|| a® (w2)
7 b —b b —b 92 3
satg] (73) satf (o)
n-!

Equations (9) and (10) are used in Section V for simulation.

I1l. MAIN RESULTS

In this section, two theorems, a corollary, and a lemma
are provided for general first-order, stable, single-input,
single-output systems, which are later used to derive
results specifically for the quadrotor tracking problem with
constrained torque and thrust signals.

Theorem 1: Consider the following system:

(11)

where u, > 0 and u, < O are upper and lower saturation

bounds, respectively. Then, for u, = pkyx,, u # 0, and

n > 0., it can be concluded that x, — 0 for any k, > 0.
Proof of Theorem 1: Consider the Lyapunov function:

kpn
V(xp) = '; ;27

The time-derivative of (12) along the solutions of (11) yields:

. i
ni, = —kpx, + DZE:; (up)/u,

(12)

. . kp
V(xp) = kpnxpx, = k x + —xpDZu (up) (13)

In addition, the following sector condition is always satisfied:

Dz (up)w(up = D7) ) 20, w >0, (14)
which, for w =1/ [L2, leads to
7
k _ Dz, (uy,)
LDz () — | ——= | = (15)
iz - iz
Adding (15) to the right-hand side of (13) results in
I
2k, Dz, (up)
V() < —k2x2 + =Lx,Dzl () — [ —2—— | . (16)
2 2
which, with the use of (2), leads to
7
. sat,” (u,)
V(x,) < — % (17)

Only if x, = 0, we have satZi (up) = 0. Therefore, V(xp) <0,
Vx, # 0, implying x, — 0. |
Theorem 2: Consider the following system:

0kg = —kgxg + v, (18)
where x4(0) = 0,0 > 0, and v € £3. For any k; > 1:
lxgll/ IVl <, (19)
where
1/(2 ky — 1) <. (20)
Proof of Theorem 2: Consider the Lyapunov function:
L
V= Eaxq, 210
and the following performance index:
9= [ dt (22)

Note that if ¢ < 0, then condition (19) is satisfied.
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For zero initial condition,

g =< g + Vq(xq(oo)) - Vq(xq(o)) . (23)
S—— S——
>0 =0
The right-hand side of (23) can be rewritten as
0 .
/O (vq(xq) T y2v2)dt. (24)
Therefore, § < 0 is satisfied if
Vy(xg) + x5 — y*v? 0. (25)
The above inequality can be rewritten as
1\, /(1 2 .
1—kq+4—y2 xq— gxq—]/\) SO (2)
Inequality (26) is always satisfied if
1=k +1/(47%) <0, 27)

which, for k; > 1, implies (20). Therefore, the lower bound
on y is Ymin = 1/(2/kg — 1). |
Remark 2: According to (20), one can obtain

ky>1+1 /(4y2). (28)
Therefore, gain k; can be determined by setting .

Corollary 1: Consider the dynamics (18). If v is a finite-
duration bounded signal, it can be concluded that x; — 0.

Proof of Corollary 1: Suppose that there is a finite time 7
such that v = 0 for 7 > 7. It follows from (18) that

Yy = —(kq/o)xq, t>1. (29)

Since k;/o > 0, then x;, — 0. |

Lemma 1: Let r,rq,rr, and r, be scalar signals. If r, =
r —rq — 1y, the following inequality holds:

7 = rall < /20I7ell? 4 2ll7all>. (30)
Proof of Lemma 1: We have
r—Trg="Te¢+ g, 31

In addition, it follows from (r, —r,)? > 0 that 2r,r, < r2+7r2.
Therefore, one can write

(re + rL,)2 = "3 + rZ 4+ 2rery < 2(”5 + rZ) (32)

From (31) and (32), we have
=1 = e+ r)? =2(2 4 12). (33)
Integrating from O to oo and square rooting leads

to (30). [ |
Lemma 2: The following holds for any vectors a and b [25]:

Dzjj(a + b) = Dz, 4 (b). (34)

IV. QUADROTOR TRACKING PROBLEM

A. Control and AWC Design

Define [wgq, vq, wq) = [X4, Vd, z4], Where x4, yq, and zg4
are the desired position coordinates in the inertial frame. In
addition, define I'y = [[g,, Tay. ;] = (@4, 64, ¥al'. where
4, 04, and 1, are the desired roll, pitch, and yaw angles.

The control torques and thrust are constructed as

(35)
(36)

T =m(g — wq) + kptwe + kqtvr,
1 =Jilq — Kr,Te, — Ko, Tas,

where k.., Kr, are control gains, k., K,, are AWC gains, w, =

w—wqg—wy, and I'y, =1 — Ty, — Ty, In addition, <, and

Iy, are the AWC states of the following AWC dynamics:
muw, = —kgurq + DZ;(T),

Jily = —K4 Ty — DZZ(IZ-).

(37
(38)

Assumption 2: For tracking the desired signal, the follow-
ing conditions should be satisfied:

T <m(g—wq) <T, T, < Jif’di <7 39)

These are reasonable requirements, as (39) states that the thrust
and torques required to track the desired vertical translational
velocity and angular velocities should not exceed the available
thrust and torques that the quadrotor can provide.

By inserting (35) and (36) into (8), one obtains

m(is — q) = —kptwe — katoq + DZAT) +dy,  (40)
Ji(Ti = Tq;) = =Kr,Te; — Ko Ty — D2EH(T) + dry. (41)
Subtracting (37) and (38) from (40) and (41) results in the

error dynamics

mw, = =k, we +dy,, Jifei = _KF,-Fe,- + dri.

Corollary 2: Consider the error dynamics (42) and
Assumption 1. Then w, — 0,I;; — 0, and the following
conditions are satisfied:

(42)

(43)
(44)

lwell/ldwll < Ve,
ITe I/ dri |l < yry, i=1,2,3.

where 1/(2vk, — 1) <y, and 1/(2\/Kr;, — 1) < yr;.

Proof of Corollary 2: It follows from Theorem 2 that by
considering o = m,x; = we, kg = ky,v = dy,, and
o = Jixy = Teky = Kr,,v = dr, in (18) leads
to (43) and (44). Also, from Corollary 1: «, — 0 and
e, — 0. u

Corollary 3: Consider the AWC dynamics (37) and (38)
and Assumption 2. It can be concluded that ¢+, — 0, Iy, — 0,
and the following conditions are satisfied:

llewsall/ D27 (D) < va,
T I/IDZg (@)l < vy i=1,2,3,

where 1/(2vkq = 1) < vz and 1/(2/Ka — 1) < y,.

Proof of Corollary 3: Segregating the control inputs as

(45)
(40)

T = m(g - wd) + kypttre + kqtwqy, (47)
N
To Tp
7 =J0g — Kr,Te, =Ko, Ty, . (48)
~— ——

Tatj TBi
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From Lemma 2, we have

DZJ(T) = Dz’ (T). DzZ(m:DzZ;(rﬂi), (49)

where Ty =T—Ty, T, =TTy, Ty, = Ti—
Substituting (49) into (37) and (38) results in

Taps Ty, = T;— Toy-

i — i

mw, = —kqwq + DZ;" (kgeerq),
. (50)
Il =

—Ky T — D2y "(—KaTa)-

It follows from Corollary 2 that w+, — 0 and I',;, — 0
consequently 7o, — m(g — wyg) and 1o, — J; Fd Thus, from
Assumption 2, there exists a finite time #; such that

Z<Ta<7, T, <ty <Ti Vtxt, (1))

leading to T,, < 0, T, > 0, and 7, <0.Ty >0, Vi = 1.
From Theorem 1, by considering n = m, k, = kq,

,u_lup_Tn, u, =T, xp_wa,andn_.]l,kp_Kal,u_
-1, u, =74, Uy, =T, Xp = Iy, in (11), it can be concluded

that wy, — Oand Ty, = 0. Inaddition, since We —> 0, T, — 0,
it can be deduced that DZT(T) € L[> and Dz (r,) € L5.

It follows from Theorem 2 that companson of the AWC
dynamics (37) and (38) and the dynamics (18) through the

folli)wing substitution: o = m,k; = kg, x4 = wq, v =
Dz}(T), and o = J;, kg = Ky, x4 = T, v = —Dz7!(1;) leads
to the proof of (45) and (46), respectively. |

Corollary 4: Consider w, = w — wq — wa, Ue; = T'i —
'y, — I'y;, the AWC dynamics (37) and (38), and the error
dynamics (42). It can be deduced that

DZI(T) Hz (52)

e — wqll < \/2)/3;”‘110”2 +2y2

2
1Ty — Tl < \/2yr ldr, 12 + 23 | D28 (2

(53)

Proof of Corollary 4: From Lemma 1, and letting r =
W, rg = Wy, re = e, and r, = w4 in (30) yields

= wall =2l l? + 2l

Inserting (43) and (45) into (54), yields (52).
In a similar way, considering r = I';,rg = I'q;, re = T,
and r, = I'y; in (30) leads to

(54)

1T = Tgl < /21T 1 + 21T I (55)

Substituting (44) and (46) into (55) results in (53). u
Remark 3: 1t is evident from (52) and (53) that the upper
bounds of [lw+ — wyll and ||[I'; — Iyl are related to the
performance indices (Vu., ¥r;, Ya, va;)- Therefore, the follow-
ing steps are performed to design the controller and AWC
gains:
1) Set the desired performance indices: V.., vr;, Va. YA;-
2) From (28), obtain k., Kr;, k,, and K,, to achieve the
favorable performance as follows:

ko = 1+ 1/(492), ko2 14 1/(94),
ko> 1+ 1/<4ya2), Ky >1+ 1/(4yji).
Remark 4: In this section, it was proved that «, — 0 and

'y, — 0, leading to w, — w — wy and I'y;, — I'; — T'y..
Consequently, the dynamics (42) converge to

(56)

m(w — wq) = —ku(w — wq) + duw,
Ji(I' = T'y,) = —Kr,(I' = Tg;) +dr,,
which are the nominal error dynamics. Therefore, it can be
concluded that the performance of the AWC dynamics plays
a key role in the convergence of the dynamics (42) to the
nominal behavior, which can be directly influenced by the
AWC gains. More precisely, defining ur = DZ?(T) and U, =
ng(ri), the AWC transfer functions are
w3 1 TaG) 1
ar(s)  ms+ky ity (si) Jisi + Ka;”
from which the poles of the AWC dynamics are s = —k,/m

and s; = —K,,/J;. As can be seen, the poles are directly related
to the AWC gains, as shown in Step 2 of Remark 3.

(57)

(58)

B. Desired Signals for Tracking Problem

For a quadrotor, the x and y positions cannot be directly
controlled by the control inputs [26], [27], [28]. Instead, these
positions are indirectly controlled through the roll and pitch
angles of the quadrotor [29]. By appropriately controlling the
desired roll (¢,) and pitch (6,) angles, the quadrotor can be
maneuvered to the desired x and y positions (x, and y,) by
defining the desired signals z4 and 'y as

(59)
(60)

wq = wy — ke,

I'y=T, —Kpep.
where e; = z — z;, Wy = %, €0 = [e¢,ee,e¢] ep = ¢ —
¢r,e9 =0—0,, €y = Y=, I = [(pr» Oy, Wr and k;, Ko =
diag{ky, kg, ky } are the positive gains. Since it was proved that
w — wq and I' — Ty, it follows from (59) and (60) that
ep = —kpep = ¢ — ¢y,
ey — —kyey = Y — Y.
Moreover, in the absence of saturation and disturbance, the
roll and pitch angles can be obtained from (3) — (5):

0= tan_l((ch +'ys,/,)/)(),
¢ = tan”! ((¥syco — yeyceo)/x)
where y = 7z — g. Defining the desired roll and pitch angles:

0r = tan™ " ((¢1cy, + 525¢,)/x7),
¢r = tanil ((§1Sw,cer - ;201//,09,)/)(}")7

where x, = Z,—g, {1 =X —kyex—kpeyr, o = ')}r_kuéy_kyey’
in which ey = x — x, and e, =y — y, are the tracking errors,
ky, ky, k., and k, are the positive gains. From (61), (62),
and (63), it can be concluded that ¢, — —k,eéx — kyey =
X — Xp, &y —> —kyey — kyey = y — y,. A schematic of the
proposed method is 1llustrated in Fig. 1.

e, > —ke, = 7 — z, ©1)
eg — —kpeyg = 0 — 0,,

(62)

(63)

V. SIMULATION RESULTS

In this section, the effectiveness of the proposed method
is evaluated through simulation of the following scenarios,
which consider the presence (or absence) of saturation on
the vehicle’s propeller speeds and the use (or absence) of
AWC: 1) without saturation (nominal case); 2) with saturation,
without AWC; 3) with saturation, with the proposed AWC,
4) with saturation, with an AWC design described in [15].
The last scenario is considered for comparison of an existing
method that does not take disturbance into consideration, to
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»
Fig. 1. Schematic of the proposed method.
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Fig. 2. Quadrotor trajectories. Initial position @, Desired trajectory —,
Without saturation —, With saturation, without AWC -, With saturation,
with proposed AWC —, With saturation, with AWC method from [15]

illustrate the effectiveness of the proposed method, which
includes disturbance in the design.

The quadrotor parameters are taken from [30]. The desired
trajectory is chosen as [31]: x, 8c0s(0.21), v,
7sin(0.47), z, = 0.35sin(¢) + 7, where the desired yaw is
¥, = 0 Vt. For the scenarios when saturation is present, the
maximum propeller speed is @ = 610 rad/s. The gains for the
tracking problem are ky = ky =k, =k, =k, =7 and Kg =
diag{7,7,7}. The external wind disturbance is a rectangular
signal active over the interval [2s, 3s] and applied in the +z-
direction with a magnitude of 28.8% of the maximum thrust
generated by a single propeller (i.e., 0.288kz>). The initial
position of the quadrotor is at the starting point of the desired
trajectory: x(0) = 8,y(0) = 0, and z(0) = 7 and the initial
velocity is zero.

Using Corollaries 2 and 3, we aim to satisfy the following:

lel/ldul < v wal /|| < 70 (64)
ITI/ldr ] < vy 101/ |Pefien| < va ©9)

where y,, = yr; = 0.2, ¥4 = ya, = 0.125. From the second
step of Remark 3: k,, > 7.25, kr, > 7.25, k, > 17, K,, > 17.
Therefore, we choose k,, = Kr;, =8, ks = K,, = 17.

In [15], deviation from nominal linear behavior in response
to saturation is represented by a nonlinear mapping. A small
L5 norm of this mapping indicates that the AWC effectively

Fig. 3. Propeller speeds (rad/s).

maintains performance close to the desired nominal behavior.
To compare the results with the method in [15], the nominal
control gains (ky, ky, k;, k., k., Ko) remain unchanged, and
the AWC gains are obtained by solving a set of linear
matrix inequalities presented in Theorem 4 of that work.
Implementing a narrowed sector bound on the deadzone
with A = 0.64, a lower bound of 0.33 for the [ norm
of the nonlinear mapping resulted from an optimization to
minimize this bound. The corresponding AWC gain from this
optimization is F = diag(865.67, —5.65, —5.3981, —6.46).
The quadrotor trajectories for the four scenarios are plotted
in Fig. 2. Without actuator saturation, the quadrotor tracks the
desired trajectory despite the wind disturbance. Of course for
this scenario, no limit exists on the amount of propeller thrust
that can be produced. In the presence of saturation, when AWC
is not used, the flight immediately deviates from the desired
trajectory when the wind disturbance is applied and does not
recover. However, with the use of proposed AWC, although
there is a significant deviation from the desired trajectory
during the wind disturbance, the quadrotor recovers and tracks
the remaining portion of the desired trajectory. This is not the
case for the method from [15]. Although the method provides
a trajectory close to the desired trajectory during the period of
the wind disturbance, it is unable to remain on the trajectory.
The propeller speeds for scenario 3): with saturation, with
the proposed AWC, are presented in Fig. 3. The figure shows
that while the propeller speeds are initially saturated, they
eventually remain within the saturation limits after ~ 7.5s.
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Fig. 4. Performance curves: performance —, bound —.

The blue curves in the top two graphs of Fig. 4 illustrate

Jhsw2di [ fs 2, dr and |/ [3 w2 d) [3 D(T)2ar, caleu-
lated from the simulation data. It is evident from these
graphs that conditions (64) are satisfied. Also, the blue and

red curves in the bottom graph show ./ fot (wr — wy)? dt and

\/ 22 [y d2dt +2y2 [ DZ;(T)zdl‘ calculated from the simu-
lation data, indicating that (52) from Corollary 4 is satisfied.

VI. CONCLUSION

This letter addresses the trajectory tracking control problem
for quadrotors with constrained propeller speeds and operating
in the presence of external wind disturbances. An AWC is
introduced to address the effects of propeller speed saturation.
In addition, to achieve the desired tracking error performance,
theoretical upper bounds are derived, which depend on the
controller and AWC gains. Therefore, the desired performance
is ensured through the choice of these gains. Simulation results
are presented to demonstrate the effectiveness and validity of
the proposed control method.
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