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Abstract 

We report direct measurements of potential energy landscapes for different shaped 
colloidal particles interacting with nonuniform AC electric fields. Epoxy particle shapes 
investigated include disks, ellipses, squares, rectangles, and rhombuses, which are all part of the 
superelliptical prism shape class and are chosen to systematically vary particle anisotropy and 
corner features. The measurement configuration consists of non-interacting single particles 
sedimented onto microscope slides within electric fields between parallel coplanar electrodes. 
Thermally sampled positions and orientations of single particles in nonuniform fields are tracked 
in an optical microscope, and measured potential energy landscapes are obtained via Boltzmann 
inversions. We develop a new analytically simple model that captures all measured energy 
landscapes for superelliptical prism shaped colloidal particles with electrostatic double layers. The 
model recovers known validated potentials for spherical and ellipsoidal particles, and therefore 
captures energy landscapes for a variety of different colloidal particle sizes, shapes, and materials 
reported in prior studies. 

keywords: induced dipoles | dipole-field potentials | Boltzmann inversion | anisotropic particles | 
superelliptical prisms 

Introduction 

Dipolar interactions between polarizable colloidal components are ubiquitous and essential 
to the behavior and properties of particle-based materials in a diverse range of phenomena and 
applications. Permanent, induced, and instantaneous dipolar interactions are essential to the 
behavior and properties of molecular systems in the form of van der Waals interactions, which 
also operate between colloidal particles.1-3 Electric, magnetic, and optical fields can induce dipoles 
in colloidal materials with suitable polarizabilities, and thus can be used as “tweezers” by 
producing net trapping forces on particles at field maxima or mimina.4-9 Fields can be shaped in 
2D10 or 3D11 to control forces and torques on different shaped single particles,12 many single 
particles at multiple field maxima/minima (as in holographic optical tweezers),11 and entire particle 
ensembles residing within nonuniform fields.13 Understanding induced dipolar interactions 
provides fundamental understanding of material interactions with electromagnetic fields and 
practically enables high fidelity control over microscopic materials and devices. Colloidal particles 
with induced dipoles interacting with nonuniform external fields is practically relevant to 
numerous traditional applications (e.g., electro- and magneto rheological fluids) and emerging 
technologies (single particle micro-manipulation, sensing, separations, assembly, etc.).7, 14-16 

Understanding forces on particles in AC electric fields has been studied for a long time as 
summarized in textbooks dedicated to this subject.17-19 A common basic case to consider is AC 
electric field mediated polarization of spherical colloidal particles with core material dielectric 
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properties20 and a polarizable electrostatic double layer in aqueous media.21-23 The resulting time 
averaged force in this case arises from the particle-medium polarization mismatch,19 where particle 
conductivity can be modeled as a surface conductance due to electrostatic double layer 
contributions.21-23 The frequency dependent force on spherical colloids in nonuniform AC electric 
fields has been validated primarily from the steady translational velocity of particles against a 
known hydrodynamic drag force, which is commonly referred to as dielectrophoresis.19 Other 
measurements based on force balances against known forces include optical tweezer 
measurements.24-25 An alternative approach is to directly measure thermal sampling of single 
spherical colloids in nonuniform AC electric fields, where a Boltzmann inversion yields the 
potential energy landscape,26-27 and its spatial derivatives yield the force (without requiring 
knowledge of an independent force; e.g. hydrodynamic, optical, etc.). While details of polarization 
models for specific materials and field conditions are still the subject of ongoing study, 
measurements and models agree sufficiently to suggest dominant physics are reasonably well 
understood for spherical colloids in nonuniform AC electric fields. 

For non-spherical colloids in AC electric fields, open questions remain about the forces 
and torques on particles with arbitrary shapes (polyhedral, anisotropic), nonuniform material 
properties (Janus, birefringent), and field conditions (voltage, frequency, shape, time 
dependence).28-29 Dielectric ellipsoids are perhaps the simplest perturbation to spherical particles 
and the most studied anisotropic particles in both experiments and theory. Theoretical ellipsoid 
models based on electrostatics,20 including contributions from electrostatic double layers21-22 and 
core-shell material properties,30 have been applied to model forces and torques that control position 
and orientation of a number of anisotropic objects including polymer chains, DNA, viruses, 
particle chains, and cells.17-19 Although many of these objects are not ellipsoidal in shape, first 
principles models have not been developed to consider additional complexities associated with 
more diverse shapes. Ellipsoid models are also quite complex and have been simplified to become 
somewhat more usable for specific cases of certain material properties, field conditions, and 
limited scenarios where particles only align with dominant field vectors.17 

Direct measurements of forces and torques on non-spherical particles in AC electric fields 
and their comparison with rigorous expressions are limited. In many cases, the comparison is semi-
quantitative and indirect (e.g., macroscopic birefringence measurements, see references within 
Ref.22). Single particle dipolar torque measurements are generally performed by electro-rotation 
experiments that involve a torque balance against a hydrodynamic drag torque (analogous to force 
balances to measure dipole-field force).17-19 Such torque balances are often limited by knowledge 
of the hydrodynamic torque, which can be complex for anisotropic particle adjacent to surfaces,31-

32 or when particle’s electrostatic double layers overlap with underlying surface33 (as particles 
sedimented on a microscope slide). As with spherical particles, an alternative approach can be used 
that avoids requiring knowledge of hydrodynamic drag forces and torques; by observing an 
anisotropic particle’s equilibrium thermal sampling of different positions and orientations within 
nonuniform fields, a Boltzmann inversion directly yields the multi-dimensional energy landscape12 
(and partial derivatives with respect to position and orientation yield forces and torques). Such 
measured potential energy landscapes have indicated up to 12 states of position and orientation for 
tri-axial particles in nonuniform AC electric fields,34 which indicates significant potential for 
micromanipulation of colloidal objects. Despite the promise of this measurement approach, it has 
seen limited use, perhaps as a result of the difficulty of determining conditions where particles 
thermally sample different equilibrium states (without prior knowledge of energy landscapes). 
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To address open challenges in measuring and modeling different shaped colloids in 
nonuniform fields, in this work, we first directly measure dipole-field energy landscapes for 
systematically varying particle shapes in nonuniform AC electric fields. We then develop a simple 
model that quantifies all measured energy landscapes and their features. The investigated particle 
shapes are all from the superelliptical prism shape class (Fig. 1A). This particle shape class allows 
for systematic variations of disks into elliptical shapes, and an additional parameter to continuously 
tune corners on squares, rectangles, and rhombuses. Specific particle shapes investigated include 
circular, elliptical, square, rectangular, and rhombic prism particles, which represent many 
practical particle shapes of interest (Fig. 1B). Micron sized epoxy particles are synthesized via 
photolithography, and their positions and orientations are tracked via optical microscopy between 
coplanar parallel electrodes (Fig. 1C). As in our prior studies on spheres27 and a single anisotropic 
particle shape,12 a Boltzmann inversion of measured position and orientation histograms yield 
measured potential energy landscapes, with no assumptions (other than the validity of Boltzmann’s 
equation). We adapt and extend a 3D model for tri-axial (scalene) ellipsoids (Figs. 1E)34 by 
analytically reducing it for 2D systems (Figs. 1F) and then finally determine approximations to 
yield a new simple, generalizable potential capturing all measurements in this work and a broad 
range of particle sizes, shapes, and materials from prior studies. 

Theory 

Superelliptical Prisms 

Particle shapes investigated in this work are all superelliptical prisms, where the equation 
of their projected 2D perimeter is given by,  

 1
nn

x yx a y a   (1) 

where ax and ay are major and minor radii, aspect ratio is s=ax/ay, and n determines particle shape. 

 
 

Fig. 1. Overview of particle shapes, particle and lab coordinates, and electric field shape. (A)  
Superellipse shapes vs. aspect ratio, s=ax/ay, and the corner parameter, n (Eq. (1)), where red outline 
indicates approximate shapes measured in this work. (B) (top) optical microscope images of fabricated SU-
8 superelliptical prisms (4 μm scale bars), and (bottom) 3D renderings. (C) Schematic of rectangular prism 
between parallel coplanar electrodes (gold indicates electrode, white surface represents glass substrate). 
(D) Electric field components in x and z directions. (E) Schematic of 6D position and orientation of tri-axial 
(scalene) ellipsoid between parallel electrode with laboratory coordinates (x, y, z) and Euler angles (θ, φ, 
ψ). (F) Schematic of same ellipsoid in panel E confined to 2D translation in x, y and rotation in θ. 
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Superellipse shapes include (Fig. 1) disks (n=2, s=1), ellipses (n=2, s>1), squares (n, s=1), 
rectangles (n, s>1), and rhombuses (n=1, s>1). Superelliptical prism particles of thickness 2az 
have volumes of, 

    2 1
1 1

p,SEP z z x y2 8 1 1 2SEv a A a a a n n


              (2) 

where Γ is the gamma function. For comparison, an ellipsoid with the same radii has a volume, 

  p,E x y z4 3v a a a  (3) 

3D Ellipsoidal Dipole-Field Potential  

The position and orientation dependent potential energy for a dielectric ellipsoid in a 
nonuniform electric field is given by,20, 34 

         2df
m p cm, , , , , 3 2 , , , ,u x y z v x y z           f A E


 (4) 

where εm is the medium permittivity and vp is particle volume. The particle center position (x, y, z) 
and orientation (θ, φ, ψ) in laboratory coordinates are defined in Fig. 1E. Particle and medium 
material properties appear in the Clausius–Mossotti factor, fcm, which has components, 
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where the index k indicates the particle axes (x, y, z), p and m subscripts indicate particle and 
medium properties, σ is conductivity, ω is field frequency, and the depolarization factor, Lk, is, 

 
     2 2 2 2

0

1

2
x y z

k

k x y z

a a a
L ds

s a s a s a s a




   

  (6) 

and the electric field, E, is transformed from laboratory (Ex, Ey, Ez) to particle coordinates by, 
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where θ, ϕ, and ψ are Euler angles (Fig. 1E). 

2D Simplification of 3D Ellipsoidal Dipole-Field Potential 

For ellipsoidal particles within quasi-2D configurations where out-of-plane translation (z 
is nearly constant) and out-of-plane rotation is minimal (ϕ=ψ=0), Eqs. (4)-(7) can be analytically 
simplified. The criteria for satisfying quasi-2D conditions are based on the sedimentation 
equilibrium gravitational length being less than particle dimensions35 and the gravitational penalty 
for out-of-plane rotation being significantly greater than kT (see prior work for quantitative models 
based on 6-dimensional potential energy landscapes using Eq. (4)34). By letting ϕ=ψ=0, the 
transformation matrix in Eq. (7) simplifies to, 
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By inserting Eq. (8) into Eq. (4), and for coplanar electrodes where Ey = 0, Eq. (4) simplifies to a 
two-dimensional potential energy landscape as, 

      df 2 2 2 2 2
m p cm,x cm,y cm,z z, 3 2 ( )cos ( )sinx xu x v f E x f E x f E x           (9) 

By limiting analysis to particles predominantly aligned with the field direction (θ=0), and localized 
near the electric field minimum (x=0) where Ex is nearly spatially invariant, the potential in Eq. 
(9) relative to the reference state of (x=0, θ=0) simplifies (using trigonometric identities) to, 

          df df 2 2 2
m p cm,y cm,x cm,z z, 0,0 3 2 sinxu x u v f f E f E x          (10) 

Semi-Empirical 2D Superelliptical Prism Dipole-Field Potential 

Beyond mathematical simplification of Eq. (4) to obtain Eqs. (9) and (10) for specific 
conditions, the functional form of the potential energy landscape can be written more simply as,  
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based on multiplying the pre-factor in Eq. (10) by the spherical particle Clausius–Mossotti factor, 
fcm,  dividing each term within the parentheses by fcm, and defining substitutions as, 
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where fcm is obtained with ax=ay=az in Eqs. (5) and (6). The form of Eq. (11) is valid for 2D 
ellipsoids with major axes oriented with electric fields at field minima and also recovers the 
standard spherical dipole-field potential (for fx=1, fθ=0).8, 26-27  

The dipole-field scalar potential energy landscape in Eq. (11) can be used to specify 
functional forms for time-averaged dipole-field forces, F, and torques, T, based on partial 
derivatives with respect to position and orientation given by, 
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where the right hand side is for approximate time-averaged coplanar electrode field components 
(Eq. (15)). 

Coplanar Electrode Electric Field 

The electric field between semi-infinite, thin-film, coplanar electrodes has components 
given by an analytical solution,36 which can be approximated by, 



 

Zhang et al.  Page 6 of 18 

 

 

  

 

1 10
0

0
0

ˆ ˆ/ 2 / 4,   / 2

ˆ ˆ2 sin cos
tan tan 6.2

ˆ ˆsinh sinh

ˆ ˆˆ ˆcosh cos cosh sin
ln 8.9

ˆ ˆˆ ˆcosh cos cosh sin

x

z

x x d d z z d

E x x
E E

z z

E z x z x
E E x d

z x z x

  







 

   

              
          

 (15) 

where E0 = (8-0.5)Vpp/d, where the factor (8-0.5) accounts for time-averaging a sinusoidal waveform 
(in contrast, the factor is (12-0.5) for a triangular waveform and 1 for a DC field), d is the electrode 
gap, and z=az+hm, where hm is the most probable height (via a force balance in the laboratory z-
coordinate).37 The approximate field components are accurate within 5% for x/d<0.25, which is 
sufficient for particle thermal sampling about the electric field minimum at x=0. 

Energy Landscapes & Probability Distributions 

The potential energy of an anisotropic particle in a nonuniform electric field (Eq. (4)) is a 
function of up three translational degrees of freedom (x, y, z) and three rotational degrees of 
freedom (ϕ, θ, ψ). Analysis of all dimensions as well as methods to analyze cases of reduced 
dimensionality for comparison with experiment have previously been reported.12, 34 For particles 
that sample 2D coordinates within a plane (x, y, ), and when the potential energy has no y-
dependence (as in Eqs. (9)-(11)), the probability of sampling different positions and orientations 
is related to their relative potential energies via Boltzmann’s equation as,  

 
        df df, 0,0 exp , 0,0p x p u x u kT       

(16) 

where (x=0, θ=0) are the potential energy reference coordinates as already noted. Eq. (16) can be 
inverted to obtain relative potential energies from measured histograms (i.e., p(x,)) as, 

 
       , 0, 0 ln 0, 0 ,u x u kT p p x       

(17) 

The 2D energy landscapes obtained either from measurements via Eq. (17) or the model in Eq. 
(11) can be projected to consider only orientation or position dependent probabilities as,  

            
2 2

0 0

2 , ,   2 ,
d

p d p x dx p x p x d


        (18) 

which can be inverted to obtain average 1D x or  dependent energy landscapes as, 

              ln 0 ,   ln 0u kT p p u x kT p p x    (19) 

Materials & Methods 

Particle Fabrication. Anisotropic superelliptical prism epoxy particles (all chemicals from 
MicroChem) were fabricated using photolithography with similar methods to prior studies.38 In 
brief, Omnicoat and SU-8 2002 were spin coated at 3000 rpm on a silicon wafer followed by heat 
treatment. A particle shape photomask was used to pattern particles on a wafer with a UV exposure 
energy of 80 mJ/cm2 and then heat-treated. Uncured excess SU-8 was removed by immersing in 
PG Developer and isopropyl alcohol. Particle dimensions were confirmed with a laser-scanning 
microscope (Keyence). Particles on wafers were treated with 50% sulfuric acid to yield negative 
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surface charge and cleaned with deionized water. Particles were released by PG Remover and 
cleaned with isopropyl alcohol and deionized water. These steps yield maximum negative surface 
charge to prevent aggregations and irreversible deposition on electrodes.38-39  

Microscopy and Particle Tracking. The microscopy cell was similar to prior studies.26-27, 34, 37, 40 
An O-ring (McMaster-Carr) was placed on microfabricated interdigitated gold electrodes 
patterned on a glass slide. Particles were dispersed and pipetted into the O-ring to give ~3-5 
particles in the imaging window. Electrodes were connected to a function generator (Agilent 
33220A) to apply sinusoidal AC fields with 3 V peak-to-peak voltage and 5 MHz frequency. 
Particles were imaged with an inverted microscope (Zeiss) using a 40× objective. Videos were 
captured at 9 frames/s for 18 minutes and ~104 total frames using a CCD camera (Hamamatsu, 
Orca-ER) and Streampix (Norpix) software. Particle centroid position (x,y) and long-axis 
orientation (θ) were tracked using previously reported MATLAB algorithms.12 

Results & Discussion 

Circular Prisms (Disks)  

We first investigate the simplest superelliptical prism shape (Fig. 2A), which is a circular 
prism, or more simply a disk (ax=ay=4 μm, az=0.85 μm). In this case, and for all superelliptical 
prism shapes investigated in this work, the two longest radii align parallel to the microscope slide. 
We have previously shown for SU-8 particles with the same density and similar dimensions that 
the gravitational potential energy change associated with these axes rotating out of the quasi 2D 
plane parallel to the microscope slide is too high and practically suppressed.12, 31 Furthermore, we 
have shown that finite thermal sampling of out-of-plane elevations and orientations are practically 

 
 

Fig. 2. Circular prism (disk) particle dipole-field energy landscapes. (A) SU-8 particle image (ax=4 μm, 
ay=4 μm, az=0.85 μm, n=2). (B) Video microscopy image showing tracked particle centers (red points) 
within electrode gap (100 μm) for 5 MHz, 10.6 V/mm AC electric field. (C) Particle center trajectories. (D) 
Histogram of (x, ) distribution relative to electrode gap center and field orientation (see Fig. 1). (E) Contour 
plot with 1 kT spacing for (dashed) measured 2D dipole-field energy landscape and (solid) Eq. (11) with fit 
fx, f= parameters in Table 2. (F) Projection of 2D energy landscapes in (E) into 1D x (blue) and  (red) 
landscapes for (points) measured potentials and (lines) Eq. (11).  
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averaged to be the same as particles with constant 2D coordinates (i.e., z=hm+az, ==0).34 The 
2D projected shape of disk particles is not easily distinguishable from spherical particles,27 
although their volumes clearly differ for the same radius.  

For all shapes studied here, we use a peak-to-peak voltage of Vpp=3 V (E0=10.6 V/mm), 
which limits thermal translation and rotation to small region at the electric field minimum while 
also allowing sufficient statistics to be obtained in a relatively short time over an appreciable 
spatial extent to construct energy landscapes.  Practically, much lower voltages allow more 
translational and rotational diffusion over greater distances and longer times and thus take longer 
to obtain statistically significant histograms. In contrast, applying much higher voltages causes 
particles to sample a very narrow range of positions and orientations, which can be harder to 
spatially resolve. As a result, we choose a moderate voltage to balance these two competing effects. 
For example, while an electric tweezer application might aim to localize particles and suppress 
motion, here thermal sampling aids analysis and sampling of potential energy landscapes via Eq. 
(17). All experiments use a field frequency of 5 MHz, which causes the longest axis of all particle 
shapes to align with the electric field and localize at the electric field minimum (to satisfy a 
condition of the simplified potential in Eq. (11)). This frequency is well above all position and 
orientation crossover frequencies we previously measured and modelled for similar particle 
materials and shapes.12, 34 We use the same electric field voltage and frequency for all particle 
shapes to facilitate comparison and contrast of measured and modeled energy landscapes. 

Thermally sampled disk particle positions within the nonuniform AC electric field are 
tracked (Fig. 2B,C) to obtain time averaged histograms vs. position relative to the most probable 
position at the electric field minimum at the electrode gap center (Fig. 2D). Particle orientation 
was not tracked but was assigned randomly to generate landscapes for comparison with other 
particle shapes (trying to track orientation also produces random orientations since orientation is 
identified randomly). Boltzmann inversions of the measured histograms yield 2D and 1D potential 
energy landscapes for the time-averaged dipole-field interactions (Figs. 2E,F). The simplified 
dipole-field potential in Eq. (11) is fit and shown with the measured data (Figs. 2E,F) using 
independently specified material properties, measured particle dimensions, and fit parameters (via 
nonlinear least squares minimization) in Tables 1, 2. 

The direct measurements of dipole-field potential energy landscapes for the disk particles 
show good agreement with the simple model in Eq. (11). Because of disk symmetry, the energy 
landscape has no orientation dependence and fθ=0. The fit value of fx=0.73 is less than a sphere of 
the same volume, which has fx=1 as per the definition in Eq. (12) and as confirmed in prior 
measurements with a similar measurement and analysis.26-27 The theoretical value for oblate 
ellipsoids (Eqs. (5), (12)) with: (1) the same radii (but smaller volume) has fx=0.40, (2) the same 
volume and relative dimensions (but larger absolute dimensions) has fx=0.40, (3) the same volume 
and thickness, az (but larger in-plane radii, ax, ay) has fx=0.24, and (4) the same volume and in-
plane radii (but larger az) has fx=0.71. We will not perform a similar exhaustive analysis for other 
shapes in the following, but these results show that even for a simple disk there is not an obvious 
simple route to an equivalent oblate ellipsoid. However, adding material to an oblate ellipsoid in 
the z-particle coordinate (i.e., greater az) has the greatest similar quantitative effect (fit fx=0.73 vs. 
model fx=0.71) to disks with the same ax, ay, which indicates the importance of capturing 
polarization along the shortest particle axis (i.e., fx in Eq. (11) replaces fcm,z in Eq. (10)). We 
proceed to measure and model additional particle shapes to understand semi-empirical trends in 
fit fx and fθ parameters in cases where there is no clear theoretical guidance. 
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Table 1. Material properties for modeling measured dipole-field potentials (Eq. (11)). 
Parameter Value Parameter Value 
εm/ε0

a 78 df
 (μm) 100 

εp/ε0
b 3.2 az

f
 (μm) 0.85 

σm
c (μS/cm) 12.6 hm

g (μm) 0.15 
  σp

d (μS/cm) 110 Vpp (V) 3 
fcm

e -0.3684  (MHz) 5 
ahandbook values.41 bmanufacturer value. cconductivity measurement, consistent with CO2 saturated 
deionized H2O ionic strength. ddue to electrostatic double layer, based on prior measurements and 
models.12, 27 ecalculated from Eq. (12).flaser scanning microscope. gprior study.12, 37 

Table 2. Particle geometric and fit parameters for modeling measured dipole-field potentials (Eq. (11)). 
shape #a ax/μmb ay/μmb s vp/μm3 fxc fxd fθc fθd 
disk 4 4.0 4.0 1.0 85.4±15 0.73±0.13 0.71 0 0 

ellipse 2 4.5 3.5 1.3 84.1±14 0.63±0.12 0.72 0.037±0.007 0.031 
ellipse 2 4.0 2.5 1.6 53.4±10 0.64±0.13 0.84 0.075±0.016 0.073 

rectangle 2 4.0 3.1 1.3 83.1±15 0.67±0.2 -- 0.033±0.009 -- 
rectangle 3 4.0 2.25 1.8 60.3±12 0.70±0.15 -- 0.064±0.014 -- 
rectangle 3 8.1 2.15 3.8 118±20 0.64±0.13 -- 0.108±0.022 -- 
rectangle 1 5.0 1.15 4.4 38.5±9 0.50±0.16 -- 0.113±0.03 -- 
rhombus 3 4.9 3.45 1.2 67.6±10 0.66±0.12 -- 0.041±0.009 -- 
square 4 4.35 4.35 1.0 127±20 0.51±0.1 -- 3.6±0.7x10-4  -- 

aparticles measured. blaser scanning microscope (error ±0.1 μm). cfit position (fx) and orientation (fθ) factors, 
error based on vp error. dellipsoid model (Eq. (12)) fx and fθ for equivalent mean volume ellipsoid (see text). 

Elliptical Prisms 

With an understanding of dipole-field energy landscapes for isotropic disks, we next 
investigate two aspect ratios of elliptical prisms (ax=4 μm, s=ax/ay=1.3, 1.6, az=0.85 μm) (Fig. 3). 
Similar to comparing disks with oblate ellipsoids, we also compare elliptical prisms with scalene 
ellipsoids where ax≠ay≠az. At 5 MHz, the particle’s longest axis becomes aligned with the 
dominant field direction (other orientations can be favored at other AC field frequencies depending 
on shape and material properties12, 34). In contrast to tracking only disk positions in Fig. 2, for 
elliptical prisms we now track position and orientation (Figs. 3B,C) to produce 2D and 1D 
histograms and energy landscapes (Figs. 3D-F). The resulting measured energy landscape is fit to 
Eq. (11) using the same parameters in Tables 1, 2 as the disk, but now with the measured ellipse 
dimensions and both fx and fθ as fit parameters. The measured potential and Eq. (11) show good 
agreement for s=1.3, 1.6, with s=1.6 results shown in Figs. 3E,F. It should be noted that smallest 
aspect ratio ellipse measured here has a sufficient energy barrier to rotation so that only aligned 
states are observed. 

As elliptical prism aspect ratio is increased, including the disk limit, values of fθ increase 
monotonically (Table 2) reflecting increasing alignment with the electric field (for particles with 
the same volume). This observed monotonic trend in fθ as a function aspect ratio is consistent with 
the model for scalene ellipsoids (Eqs. (10)-(12)) with the same projected dimensions but 
equivalent volume via a greater thickness (based on similar analysis of equivalent ellipsoid options 
discussed in more detail for disk vs. oblate ellipsoids). The fit results for the position dependent 
factor fx do not display an obvious trend, at least within the uncertainty of the fit values. Theoretical 
values for equivalent scalene ellipsoids in Table 2 suggest a weak trend in fx, but further discussion 
is deferred for a collective analysis of additional results for more superelliptical prism shapes. 
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Rounded Rectangular Prisms 

We next measure and model rounded rectangular (superelliptical) prisms that are 
anisotropic like ellipses but have corners as a new feature (by adjusting n=2 for ellipses to n=10 
for rounded rectangles in Eq. (1), Fig. 1A). This particle shape is not obviously well approximated 
as an ellipsoid, so this provides a test of a novel particle shape dipole-field potential for which 
theoretical models are not available. Performing the same characterization, particle tracking, and 
inverse analysis as in the cases of disk and elliptical prism particles, measured energy landscapes 
were obtained for s=1.29-4.35 with representative results shown for s=1.78 in Fig. 4. Measured 
energy landscapes show good agreement with the model in Eq. (11) with fit values of fx and fθ 
reported in Table 2. The semi-empirical form of the potential in Eq. (11) appears well suited to 
quantitatively capture the kT-scale features in the measured energy landscapes. Other than the two 
fit coefficients, the rounded rectangular prism volume (Eq. (2)) appears to correctly account for 
the magnitudes of interactions for different particle sizes and shapes. 

For all rounded rectangular prism particle aspect ratios investigated, the most probable and 
lowest energy orientation is the major axis aligned with the dominant field direction. This behavior 
is accurately captured by the energy landscape model and is consistent with elliptical prism 
particles. As with elliptical prisms, all rounded rectangles had sufficient energy barriers to rotation 
so that only aligned states were observed. Trends in fx and fθ vs. aspect ratio are similar for rounded 
rectangular prisms and elliptical prisms; fθ increases monotonically with s and fx is essentially 
independent, or perhaps weakly decreasing with increasing s, within the fit uncertainty. Given the 
lack of theoretical guidance on expected trends in the aspect ratio dependence of the positional and 
orientational energy of non-ellipsoidal particles in AC electric fields, we revisit the trends in fx and 
fθ for superelliptical prism particles after characterizing additional particle shapes. 

 
 

Fig. 3. Elliptical prism particle dipole-field energy landscape. Panel information same as Fig. 2, with 
abbreviated information, including: (A) Particle images (ax=4 μm, ay=2.5 μm, az=0.85 μm, n=2). (B) Video 
microscopy. (C) Particle center trajectories. (D) Histogram of (x, ) distribution. (E) Contour plot for (dashed) 
measured 2D energy landscape and (solid) Eq. (11) with fit fx, f= parameters in Table 2. (F) Projected 1D 
x (blue),  (red) landscapes for (points) measurements and (lines) Eq. (11). 
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Rounded Rhombus Prisms 

In addition to adding corners to ellipses to create rounded rectangles, superellipse shapes 
include rounded rhombuses by adding corners at the major and minor axis termini (by adjusting 
n=2 for ellipses to n=1.2 for rounded rhombuses in Eq. (1), see Fig. 1). As with anisotropic ellipses 
and rounded rectangles, the rounded rhombus particles have a most probable and lowest energy 
orientation with their longest axis aligned with the field. The single aspect ratio rounded rhombuses 
studied also had sufficient energy barriers to rotation so that only aligned states were observed. 
Using the same measurement and modeling approaches applied to all shapes reported thus far, the 
1D and 2D and dipole-field energy landscapes and fit parameters are reported for a single aspect 
ratio (Fig. 5, Table 2). The potential in Eq. (11) with fit fx and fθ appears well-suited to 
quantitatively capture the kT-scale features in the measured energy landscapes with the rounded 
rhombus prism volume (Eq. (2)) and material properties in fcm (Eq. (12)) accurately accounting for 
the energy magnitude. Again, without theoretical estimates for rhombus behavior in AC electric 
fields, we revisit the trends in fit fx and fθ for all superelliptical prism particles. 

Rounded Square Prisms 

The final shape we investigate is rounded square prisms (n=10 in Eq. (1)), which are part 
of the superellipse shape class (Fig. 1), and rounded corners are obtained during particle fabrication 
due to photolithography resolution limits (Fig. 6). While squares are isotropic in the sense that 
they possess identical orthogonal axes (orthotropic) with unit aspect ratio (s=1), they have corners 
and orientational symmetry that distinguish them from disks. Using the same measurement and 
analysis approach applied to all other particle shapes, the rounded squares reveal a new feature 
compared to other particles; the measured energy landscape has a ~2.5kT rotational barrier (Figs. 

 

 
 

Fig. 4. Rounded rectangular prism particle dipole-field energy landscape. Panel information same as 
Fig. 2, with abbreviated information, including: (A) Particle images (ax=4 μm, ay= 2.25 μm, az=0.85 μm, 
n=10). (B) Video microscopy. (C) Particle center trajectories. (D) Histogram of (x, ) distribution. (E) Contour 
plot for (dashed) measured 2D energy landscape and (solid) Eq. (11) with fit fx, f= parameters in Table 2. 
(F) Projected 1D x (blue),  (red) landscapes for (points) measurements and (lines) Eq. (11). 
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6E,F). The minimum energy state corresponds to squares at the field minimum (x=0) with edges 
aligned parallel to the electrode edges (perpendicular to the field), which can also be described as 
the particle’s smallest dimension aligned with the field (perpendicular to the electrode edges). An 
energy barrier maximum is measured at 45 degrees relative to the lowest energy orientation, which 
corresponds to the square diagonal aligned with the electric field. The other shapes investigated 
also likely have an orientation dependent energy barrier, but it is too high to be sampled via kT-
scale Brownian rotation compared to the rounded square particle. 

Given the square symmetry and rotational energy barrier, the model energy landscape in 
Eq. (11) is modified by letting =2 and fitting fx and fθ values reported in Table 2. The modelled 
energy landscape shows good agreement with the measurement with the specified square prism 
volume (Eq. (2)) and material properties in fcm (Eq. (12)). The value of the fit position dependent 
parameter, fx, for squares is similar to all other shapes measured. However, the orientation 
dependent parameter, fθ, while being necessarily nonzero to produce the observed orientation 
dependence, is significantly smaller than all other anisotropic particle shapes (except for the disk 
where it is identically zero due to its isotropic shape). The square has two obvious characteristic 
length scales associated with the length of its sides and diagonal, but in contrast to other shapes, 
the shortest dimension aligned with the field is the minimum energy orientation and the longest 
dimension aligned with the field has the maximum energy. However, the square diagonal and sides 
are not orthogonal and do not define an analogous aspect ratio to other shapes and have less clear 
connections to the depolarization factor (Eq. (6)). Despite differences between squares and other 
shapes, Eq. (11) accurately captures the measured energy landscape. The fit fx and fθ coefficients 
are analyzed in the following section to further understand how they relate to particle shape. 

 
 

Fig. 5. Rounded rhombus prism particle dipole-field energy landscape. Panel information same as 
Fig. 2, with abbreviated information, including: (A) Particle images (ax=4.9 μm, ay=3.35 μm, az=0.85 μm, 
n=1.2). (B) Video microscopy. (C) Particle center trajectories. (D) Histogram of (x, ) distribution. (E) 
Contour plot for (dashed) measured 2D energy landscape and (solid) Eq. (11) with fit fx, f= parameters in 
Table 2. (F) Projected 1D x (blue),  (red) landscapes for (points) measurements and (lines) Eq. (11).  
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Simplified Model of Position & Orientation Parameters 

Values of fx and fθ in Eq. (11) that capture all measured superelliptical prism particle energy 
landscapes in AC electric fields (Figs. 2-6) are summarized in Table 2. These tabular values are 
plotted vs. 1-s-1 in Fig. 7 to show a collapse of fit data within measurement uncertainty to a linear 
trend for fθ and constant value for fx. The scaling contained in the x-axes in Fig. 7 was obtained 
semi-empirically by testing functionalities based on the dependence of fx and fθ for ellipsoids in 
Eq. (12) (that do not obviously extend to superelliptical shapes). In brief, the aspect ratio 
dependence in Fig. 7 can be understood by considering several approximations. The particle axis-
dependent fcm,k values in the ellipsoid theory are approximately proportional to an ellipsoid’s 
principle radii (via the depolarization factor dependence). From the definitions for ellipsoids in 
Eq. (12), then fθ(ay – ax) and fxaz. When this scaling with particle dimensions is 

 
 

Fig. 7. Orientation and position factors in Eq. (11) for all shapes. Data points are colored to distinguish 
particle shape by superellipse parameter; red circles (n=2), blue squares (n=10), and yellow diamond 
(n=1.2). (A) Orientation factor data vs. function of aspect ratio with slope=0.15 (black line). (B) Position 
factor data vs. function of aspect ratio with a constant of 2/3 (black line) (mean of values in Table 2). 

 
 

Fig. 6. Rounded square prism particle dipole-field energy landscape. Panel information same as Fig. 
2, with abbreviated information, including: (A) Particle images (ax=4.35 μm, ay=4.35 μm, az=0.85 μm, n=10). 
(B) Video microscopy. (C) Particle center trajectories. (D) Histogram of (x, θ) distribution. (E) Contour plot 
for (dashed) measured 2D energy landscape and (solid) Eq. (11) with fit fx, f= parameters in Table 2. (F) 
Projected 1D x (blue),  (red) landscapes for (points) measurements and (lines) Eq. (11). 
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nondimensionalized by the particle long axis, ax, the apparent scaling of fθ as 1-s-1 is obtained (Fig. 
7A), as well as the aspect ratio independence of fx, since az is constant in this work (Fig. 7B). In 
the final analysis, the linear trends capture the fit fx and fθ for all particle geometries investigated 
with the exception of the square (which we revisit below).  

Based on these findings, the dipole-field potential energy landscapes for elliptical prisms 
and anisotropic superelliptical prisms in nonuniform AC electric fields are given by, 

        df df 1 2 2 2
x z, 0.15 1 sin 2 / 3u x P s E E x        (20) 

where the position and orientation dependence are a function of only particle aspect ratio and field 
shape (via its components), and the amplitude, Pdf, conveniently separates shape dependent particle 
volume (size) and shape-independent particle and medium material properties. Because the form 
of Eq. (20) is obtained by simplifying the ellipsoid theory (Eqs. (10)-(12)), it is designed to be 
accurate for 2D prolate, oblate, and scalene ellipsoids of different volumes and absolute 
dimensions,12, 34 including different thicknesses than the particles measured in this work. The 
expression in Eq. (20) also naturally reduces to the previously validated expression for spherical 
colloids.27, 42 Because Eq. (20) captures measured SU-8 particle energy landscapes with 
independently characterized material properties (dielectric constants, conductivities in Table 1), it 
will also capture previously reported measured potentials for different particle materials, shapes, 
and sizes at appropriate field conditions (particles aligned at field minimum), including: gold 
nanoparticles,40 silica and latex spherical colloids in aqueous and non-aqueous media,26-27, 42-45 
anisotropic SU8 particles,12, 34 anisotropic silica-gold composite particles,46 and spherical colloids 
in multipolar AC electric fields.10, 13 By validating a simple model potential for different 
superelliptical prism shaped particles in this work, and ensuring its form remains valid for 
ellipsoidal and spherical colloids, it is capable of capturing many different particle shapes and 
materials properties previously validated against the more complex 6-dimensional potential energy 
function (i.e., Eq. (4)) that is the starting point for the present analytical model. 

For the specific case of the rounded squares, the form of Eq. (20) accurately captures the 
measured energy landscape with two modifications: (1) the orientation dependence is sin2(2) to 
account for minima/maxima every 45 degrees rather than 90 degrees for the other anisotropic 
particles, and (2) fθ =0.00036 instead of 0.15(1-s-1) since there is no obvious ratio of characteristic 
length scales that would yield a suitable estimate for s (e.g., a square diagonal/side lengths = √2, 
which is too high even when considering rounded corners). Based on this finding for rounded 
square prism particles, a suitable general energy landscape form might exist for N-sided polygonal 
prism particles and their rounded variants in terms of orientation dependent maxima/minima, but 
without additional data, we limit speculation on further details.  

Ultimately, the simple model in Eq. (20) accurately quantifies all of the energy landscape 
features for elliptical and superelliptical prism shaped particles in nonuniform AC electric fields 
at frequencies when particles exist in quasi-2D states localized at electric field minima and aligned 
with the dominant field direction. Similar simplified forms can likely be developed for particles in 
which different field conditions produce different minimum energy positions and orientations,12, 

34 and for particles with other symmetries that exhibit different orientation dependences. 

  



 

Zhang et al.  Page 15 of 18 

Conclusions 

We reported direct measurements and new accurate simple models of dipole-field energy 
landscapes of photolithographically fabricated colloidal particles in nonuniform AC electric fields. 
To understand roles of particle aspect ratio and corner features, superelliptical prism particle 
shapes were systematically varied by changing anisotropy from disks to ellipses and tuning corner 
curvature to include squares, rhombuses, and rectangles. Optical microscopy was used to monitor 
the equilibrium thermal sampling of position and orientation of particles sedimented onto glass 
microscope slides within high frequency AC electric fields between coplanar electrodes. By 
directly and non-intrusively measuring time-averaged histograms of equilibrium thermal sampling 
of particle positions and orientations, kT-scale dipole-field energy landscapes for each particle 
shape are obtained via Boltzmann inversions with no additional assumptions. This approach to 
non-intrusive measurement and analysis of systematically varying particle shapes in nonuniform 
AC electric fields has not been previously investigated to the authors’ knowledge. 

With direct sensitive measurements of unique dipole-field energy landscapes for each 
particle shape, we develop a simple analytical model that captures all observed features. We first 
simplify a 6D model for ellipsoids to quasi-2D configurations, and then make assumptions that 
permit a form suitable for superelliptical prism shaped particles. By allowing two adjustable 
parameters that quantify the relative amplitudes of orientational and positional energies, the simple 
energy landscape model captures all measured energy landscapes within measurement uncertainty. 
Upon further analysis of the two adjustable parameters, the orientational factor is found to have a 
simple scaling with the particle aspect ratio and the position factor is shape invariant.  

The final energy landscape functional form accounts for particle shape, size, and material 
properties in separate terms suggesting its predictive capability for diverse particle systems, 
provided assumptions regarding applicable conditions are satisfied. Given that dipole-dipole 
interactions correspond to a single dipole interacting with the field of an adjacent dipole, the simple 
dipole-field potential in this work also suggests opportunities to further simplify dipolar potentials 
(in connection to our previous simplifications of anisotropic particle dipolar potentials37). 
Ultimately, the measured and modelled dipole-field energy landscapes can be used to analyze, 
simulate, design, control, and optimize electric field mediated behavior and properties of diverse 
natural and synthetic colloidal particles. 
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