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1 Introduction

We consider the problem of minimizing a function over a network. In this setting, each node
of the network has a portion of the global objective function and the edges represent neighbor
nodes that can exchange information, i.e., communicate. The goal is to collectively minimize a
finite sum of functions where each component is only known to one of the n nodes (or agents) of
the network. Such problems arise in many application areas such as machine learning [17, 51],
sensor networks [4, 41], multi-agent coordination [10, 62] and signal processing [13]. The problem,
known as a decentralized optimization problem, can be represented as follows:

min  f(z) = %Zfz(CU% (1)
i=1

z€eR4

where f : RY — R is the global objective function, f; : R? — R for each i € {1,2,...,n} is the
local objective function known only to node i and = € R? is the decision variable.
To decouple the computation across different nodes, (1) is often reformulated as

i=1 (2)
st. m=uwx;, V(i,j) €€,

where z; € R? for each node i € {1,2,...,n} is a local copy of the decision variable, and &
denotes the set of edges of the network; see e.g., [9, 38]. If the underlying network is connected,
the consensus constraint ensures that all local copies are equal, and, thus, problems (1) and (2)
are equivalent. For compactness, we express problem (2) as

n

min  f(x) = ! Zfi(ﬂfz)

2, €R n < (3)

st. (W I)x=x,

where x € R™ is a concatenation of local copies z;, W € R™*" is a matrix that captures the
connectivity of the underlying network, I; € R%*? is the identity matrix of dimension d, and
the operator ® denotes the Kronecker product, W ® I; € R"¥*"¢_ The matrix W, known as the
mizing matrix, is a symmetric, doubly-stochastic matrix with w;; > 0 and w;; > 0 (¢ # j) if and
only if (¢,7) € &€ in the underlying network. This matrix ensures that (W ® I;)x = x if and only
if &; =2; V¥ (i,7) € € in the connected network, thus, (2) and (3) are equivalent.

In this paper, we focus on gradient tracking methods. These first-order methods update and
communicate the local decision variables, and also maintain, update and communicate an addi-
tional auxiliary variable that estimates (tracks) the gradient of the global objective function. We
refer to the information shared by the methods as the communication strategy. When applied to
the same decentralized setting, the theoretical convergence guarantees and practical implementa-
tions of gradient tracking methods with different communication strategies can vary significantly.
We propose an algorithmic framework that unifies communication strategies in gradient track-
ing methods and that allows for a direct theoretical and empirical comparison. The framework
recovers popular gradient tracking methods as special cases.

The update form of gradient tracking methods can be generalized and decomposed as: (1) one
computation step of calculating the local gradients, and (2) one communication step of sharing
information based on the communication strategy. The complexity (cost) of these two steps can
vary significantly across applications. For example, a large-scale machine learning problem solved
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on a cluster of computers with shared memory access has a higher cost of computation than
communication [51]. On the other hand, optimally allocating channels over a wireless sensor
network requires economic usage of communications due to limited battery power [28]. The
subject of developing algorithms (and convergence guarantees) that balance these costs has
received significant attention in recent years; see e.g., [(=8, 11, 45, 61] and the references therein.
In this paper, we follow the approach used in [6] and explicitly decompose the two steps. As
a result, our algorithms are endowed with flexibility in terms of the number of communication
and computation steps performed at each iteration. We show the benefits of this flexibility
theoretically and empirically.

1.1 Literature Review

Decentralized Gradient Descent (DGD) [9, 38], a primal first-order method, is considered the
prototypical method for solving (1). At each iteration nodes perform local computations and
communicate local decision variable to neighbors. Gradient tracking methods, e.g., EXTRA [16],
SONATA [18], NEXT [15], DIGing [30], Aug-DGM [57], have emerged as popular alternatives
due to their superior theoretical guarantees and empirical performance. They maintain, update
and communicate an additional auxiliary variable that tracks the average gradient (additional
communication cost compared to DGD). These methods are usually applied to smooth convex
functions over undirected networks; however, they are also applicable to various other settings
such as time varying networks [36], uncoordinated step sizes [37, 57], directed networks [36, 43],
nonconvex functions [15, 18] and stochastic gradients [12]. Our algorithmic framework generalizes
and extends current gradient tracking methodologies, allowing for a unified analysis and direct
comparison of popular methods. Notably, our framework differs significantly from existing works
that aim to unify gradient tracking methods. In [19] and [60], semi-definite programming is used
for this purpose. In [I] and [56], the authors introduce unifying frameworks, similar to those
proposed in this paper, for comparing different communication strategies. However, our frame-
work is simpler and allows for the exact specification of communication and computation steps
at each iteration within the network. Furthermore, our proposed framework can accommodate
a wider range of communication strategies than those discussed in [1, 49, 56, 60]. As a result of
this increased algorithmic flexibility, our framework makes it possible to perform comprehensive
comparisons among popular gradient tracking methods.

Another class of popular methods is primal-dual methods [2, 21, 26, 29, 30, 47, 52]. Of these
methods, Flex-PD [30] and ADAPD [29] allow for flexibility with respect to the number of com-
munication and computation steps. That said, Flex-PD [30] does not show improved performance
with the employment of the flexibility and ADAPD [29] does not allow for a balance between
communication and computation. In [40], the authors propose LU-GT, an algorithm that has
similarities to our framework in terms of executing multiple local computation steps within gradi-
ent tracking methods. Despite the common motivation and similarities, there are several distinct
and notable differences. The LU-GT algorithm has two step size hyper-parameters, whereas our
approach has only one. Furthermore, our analysis results in less pessimistic step size conditions.
It is worth noting that modifying LU-GT to align with our framework by setting the second
step size to one is not possible due to the required conditions imposed in [40]. Additionally, our
framework also provides a unifying foundation encompassing several popular gradient tracking
methods.

Federated learning presents another class of algorithms for distributed optimization that
operate in a client-server setup [31]. In this setup, there is a central server that coordinates the
computations of all client nodes. This is equivalent to having a fully connected network with
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equal weights in the decentralized setting, which ensures all agents are always in consensus after
a communication. As a result several algorithms have been proposed that perform multiple local
updates to reduce communication load. Examples of such methods include, but are not limited to,
Scaffnew [32], FedAvg [25], Scaffold [22], Local-SGD [19] and FedLin [33]. Moreover, specialized
algorithms have been proposed in federated learning that leverage the additional control and
network topology to improve performance via acceleration and momentum, and other problem-
specific customization [12, 14, 23, 24, 27, 58]. In the fully decentralized setting considered in this
work, where the network could be sparsely connected, the deviation of consensus error becomes
highly critical when performing multiple local updates. Therefore, the steps taken in the proposed
algorithm tend to be more conservative and are based on the connectivity of the network.

Several other settings beyond those considered in this work exist in decentralized optimization.
These include directed networks for broadcast applications; proposed to be solved via gradient
tracking methods and assuming row and column stochastic mixing matrices in [35, 36, 43, 53, 54],
using only row stochastic mixing matrices in [50, 55, 59], and via implicit gradient tracking
and using momentum in [18]. Proximal gradient-type methods have been proposed for tackling
problems involving compositions of convex and non-convex functions [1, 3, 56]. While our work
focuses on undirected networks and strongly convex problems, the proposed framework can be
extended to these settings.

1.2 Contributions

We summarize our main contributions as follows:

1. We propose a gradient tracking algorithmic framework (GTA) that unifies communication
strategies in gradient tracking methods and provides flexibility in the number of communica-
tion and computation steps performed at each iteration. The framework recovers as special
cases popular gradient tracking methods, i.e., GTA-1 [36, 40], GTA-2 [15, 48] and GTA-3
[37, 57]; see Table 1.

2. We establish the conditions required, on the communication strategy and the step size param-
eter, that guarantee a global linear rate of convergence for GTA with multiple communication
and multiple computation steps. We also compare the relative performance of the special case
gradient tracking algorithms, and illustrate the theoretical advantages of GTA-3 over GTA-2
(and GTA-2 over GTA-1), a direct comparison not established in prior literature.

3. We show that the rate of convergence improves with increasing the number of communi-
cation steps, and the extent of improvement depends on the communication strategy. The
improvements are much more profound in GTA-3 as compared to GTA-2 and GTA-1.

4. We illustrate the empirical performance of the proposed GTA framework on quadratic and
binary classification logistic regression problems. We show the effect and benefits of multiple
communication and/or computation steps per iteration on the performance of the algorithms.

1.3 Notation

Our proposed algorithmic framework is iterative and works with inner and outer loops. The
variables ;5 ; € R? and y; ,; € R? denote the local copies of the decision variable and the
auxiliary variable, respectively, of node 7, in outer iteration k£ and inner iteration j. The averages
of all local decision variables and local auxiliary variables are denoted by Zp; = 37" | @, ;

and @i ; = % > i Yik,j, respectively. Boldface lowercase letters represent concatenated vectors
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of local copies

Tk, Y1,k,j Vfi(w1,,5)
T2 k,j Y2,k V fa(w2,1,5)

xej=| . | €RM, ypy=| .7 | €R™, Vi(xp,) = : e R™.
T k,j Ynk,j V (@ k,5)

The concatenated vector of the average of decision variables (Zj ;) and auxiliary variables
(Ur,;) repeated n times is denoted by Xy ; and yy ;, respectively. The n dimensional vector of
all ones is denoted by 1,, and the identity matrix of dimension n is denoted by I,,. The spectral
radius of square matrix A is p(A4). Matrix inequalities are defined component wise. The Kronecker
product of any two matrices A € R"*" and B € R4*? is represented using the operator ® and
denoted as A ® B € Rndxnd,

1.4 Paper Organization

In Section 2, we describe our proposed gradient tracking algorithmic framework (GTA). In Sec-
tion 3, we provide theoretical convergence guarantees for the proposed algorithmic framework for
multiple communication steps and a single computation step at each iteration (Subsection 3.1)
and multiple communication and computation steps at each iteration (Subsection 3.2). In Sub-
section 3.3, we consider the special case of fully connected networks. Numerical experiments
on quadratic and binary classification logistic regression problems are presented in Section 4.
Finally, we provide concluding remarks in Section 5.

2 Gradient Tracking Algorithmic Framework

In this section, we describe our algorithmic framework (GTA) that unifies gradient tracking meth-
ods. We then extend the framework to allow for flexibility in the number of communication and
computation steps performed at every iteration. Finally, we make remarks about the algorithmic
framework and implementation, and then discuss popular gradient tracking methods as special
cases of our proposed framework.

The iterate update form (for all k& > 0) for the decision variable x € R™ and the auxiliary
variable y € R that we propose to unify gradient tracking methods is

Xp41,1 = L1Xp1 — aZinyy 1

V1,1 = Zayk1 + Za(VE(Xp111) — VE(xp1)), )
where a > 0 is the constant step size, Z; = W,;®1I; € R?*"d for j = 1,2, 3,4 and W; € R"*" are
communication matrices. A communication matrix U € R™*" is a symmetric, doubly stochastic
matrix that respects the connectivity of the network, i.e., u;; > 0 and u;; > 0 (2 # j) if (4,5) € €
and u;; =0 (i # j) if (¢,7) ¢ €. The communication matrices, W, for i = 1,2, 3, 4, represent four
(possibly different) network topologies consisting of all the nodes and (possibly different) subsets
of the edges of the network over which the corresponding vectors are communicated. The update
form given in (4) generalizes many popular gradient tracking methods for different choices of
the communication matrices; see Table 1. While the methodology has similarities to [1, 56], our
framework allows for the exact specification of the communication quantities within the network
and does not impose any interdependent conditions among the communication matrices W; for
i=1,2,3,4. In (4) one communication and one computation step is performed at every iteration
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and so the inner iteration index is always 1. We include this subscript for consistency with the
presentation of the algorithm and analysis with multiple communication and computation steps.

Table 1: Special cases of Gradient Tracking Algorithm (GTA).

Method Communication Matrices Algorithms in literature

Wi Wy W3 Wy (ne =ng =1)
GTA-1 w I, W In DIGing [36], EXTRA [16],
GTA-2 w w W In SONATA [48], NEXT [15, 43]
GTA-3 w w w W Aug-DGM [57], ATC-DIGing [37]

Note: W is a mixing matrix.

We incorporate multiple communications in (4) by replacing Z; with Z7* = W} ® I, for
1=1,2,3,4, where n. > 1 is the number of communication steps at each iteration. Taking the
communication matrices to the n. power represents performing n,. communication (consensus)
steps at every iteration. We further extend (4) to incorporate multiple computation steps at
each iteration. That is, the algorithm performs multiple local updates before communicating
information with local neighbors. Our full algorithmic framework with flexibility in the number
of communication and computation steps, i.e., n. > 1 and ny, > 1, is given in Algorithm 1. A
balance between the number of communication and computation steps is required to achieve
overall efficiency for different applications, and GTA allows for such flexibility in these steps via
the parameters ng and ne.

Algorithm 1 GTA: Gradient Tracking Algorithm

Inputs: initial point xo,1 € R™ step size a > 0, computations ng > 1,
communications n. > 1.

1t yo1 Vi(x0,1)

2: for k <+ 0,1,2 ... do

3: if ng > 1 then

4: for j < 1,2..,ny —1do

5: Xk,j+1 < Xk, — ayk,j

6: Vi, j+1 < Yi,; + VEXk j+1) — VExg j)
T end for

8: end if

9:

n n
k41,1 < Ly Kpng — LY

100 Yepgr1 ¢ Z5Yron, + 23 (VE(xR41,1) — VE(Xp,n, )
11: end for

Remark 2.1 We make the following remarks about Algorithm 1.

— Communications and Computations: The number of communication and computation
steps are dictated by n. and ng, respectively. By performing multiple communication steps,
the goal is to improve consensus across the local decision variables. By performing multiple
computation steps, the goal is for individual nodes to make more progress on their local
objective functions.

Inner and Outer Loops: Lines 2-8 form the outer loop and Lines 4-6 form the inner
loop. The algorithm performs n, communication steps each outer iteration (Lines 7 and 8).
The algorithm performs ng local (gradient) computations at each outer iteration; ng — 1
computations in the inner loop (Line 6, Vf(xy ;11)) and one computation in the outer loop
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(Line 8, Vf(xx+1,1)). The inner loop is only executed if more than one computation, i.e.,
ng > 1, is to be performed every outer iteration (Line 3). By default, we refer to outer
iterations when we say iterations unless otherwise specified.

— Step size (« > 0): The algorithm employs a constant step size that depends on the problem
parameters, the choices of n. and ny, and the communication strategy, i.e., W; for i =
1,2,3,4.

We analyze GTA and provide results for several popular communication strategies as special
cases; summarized in Table 1. The choice of the communication matrices (W, for ¢ = 1,2, 3,4),
or equivalently the communication strategy, impact both the convergence of the algorithm and
practical implementation. Notice that all methods in Table 1 require that W; and W3 are mixing
matrices. Our theoretical results recover this for the general framework. Consider GTA-1, GTA-2
and GTA-3 defined in Table 1 with n, = 1. In GTA-1 and GTA-2, computing local gradients and
communications can be performed in parallel because the local gradients need not be communi-
cated (W4 = I,). On the other hand, in GTA-3, these steps need to be performed sequentially.
Such trade-offs can create significant impact depending on the problem setting and system.

As mentioned above, the communication matrices (W; for i = 1,2,3,4) in GTA need not
be the same. That is, different information can be exchanged on subsets of the edges of the
network. This allows for a flexibility in the communication strategy that current gradient tracking
methodologies do not possess. Such strategies can be useful in applying gradient tracking methods
to decentralized settings with networks with bandwidth limitations, e.g., optimization problems
in cyberphysical systems with battery powered wireless sensors [28].

3 Convergence Analysis

In this section, we present theoretical convergence guarantees for our proposed algorithmic frame-
work (GTA). The analysis is divided into three subsections. In Subsection 3.1, we analyze the effect
of multiple communications, i.e., n, > 1 (and ny = 1), on GTA and the three special cases GTA-1,
GTA-2 and GTA-3. While these results are a special case of the results presented in Subsection 3.2,
we present these results first as they are simpler to derive, easier to follow and allow us to gain
intuition about the effect of the number of communications. We then look at the effect of mul-
tiple computations in conjunction with multiple communications, i.e., n. > 1 and ngy > 1, in
Subsection 3.2 by extending the analysis from Subsection 3.1. In Subsection 3.3, we analyze
GTA-2 and GTA-3 for fully connected networks; this special case is not captured by the analysis
in the previous subsections.
We make the following assumption on the functions.

Assumption 3.1 The global objective function f : R® — R is u-strongly convex. Each compo-
nent function f; : R* — R (fori € {1,2,...,n}) has L-Lipschitz continuous gradients. That is,
for all z,2' € R4

F(Z) > [(2) +(Vf(2),2 = 2) + 52" = 2|I3,
Vfi(z) = Vfi(2')||]2 < L||z — 2’|, Vi=1,...,n.

By Assumption 3.1, the global minimizer of (1) is unique, and we denote it by z*. For
notational convenience, we define

1T

Bnc _ Hwnc 1,1,

n

ne _ |[ywne 1,17
2; 51 - i T

n

. Vi=1,234,
2
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where 8 € [0,1) because W is a mixing matrix for a connected network and 8; € [0, 1] because
W, for i = 1,2,3,4 are symmetric, doubly stochastic matrices. Using the definitions of Z™ =
W7 @ I; and Z}c = W} @ Iy for i = 1,2, 3,4, it follows that

HZnC_I|‘2:ﬂnc7 ”Z?C_IHQZBz‘ncv Vi=1,23,4. (5)
We also define,

1,17

n

1 — 1 —
hig = — Y Vii@ikg), By = -~ > Vfi(@k;), and I=
i=1 =1

where z; 1, j, denotes the local copy of the ith node, at outer iteration £ and inner iteration j. In
the analysis, for all £ > 0, we consider the following error vector

1Zk,1 — z*(|2
re = ||Xk1 — Xk,1|2
¥k — ¥ell2

The error vector 7, combines the optimization error, ||Zx,1 — *||2, and consensus errors, ||xj 1 —
Xi,1ll2 and ||yx,1 — ¥k 1ll2 where xj 1 and yx,1 are the first iterates of outer iteration k. We
establish general technical lemmas that quantify the relation between ry; and ry for each case
of the presented algorithm.

3.1 GTA with multiple communication (n. > 1,n, = 1)

In this section, we analyze GTA when only one computation step is performed per iteration. In
this setting (ngy = 1), the inner loop (Lines 4-6 in Algorithm 1) is never executed. Thus, the
inner iteration counter in GTA can be ignored and the iteration simplifies to

X1 = L1 X — aZy Y,
Yi+1 = Z5°y, + 2 (VE(xp11) — VE(x)).

We note that throughout this subsection we drop the subscript related to the inner iteration
J,i.e., x;p, ; is denoted as x; i (since j = 1), and similarly with other quantities. We first establish
the progression of the error vector ry, for iterates generated by (7) as a linear system in Lemma 3.1,
introducing the matrix A(n.) in (8). Next, we analyse the spectral properties of the matrix A(n.)
to establish qualitative trends for the convergence of iterates generated by (7) with respect to n.,
and provide a qualitative comparison between the methods described in Table 1 in Theorem 3.2.
We then provide sufficient conditions on the step size in Theorem 3.3 using results from [42]
and the Perron-Forbenius Theorem [20, Theorem 8.4.4]. We also provide a convergence rate for
iterates generated by (7) in Theorem 3.4 using the approach from [44]. Finally, we provide the
step size condition and convergence rate of the special cases from Table 1 in Corollary 3.2 and
Corollary 3.3, respectively, and perform a theoretical comparison among the methods.

(7)

Lemma 3.1 Suppose Assumption 3.1 holds and the number of gradient steps in each outer
iteration of Algorithm 1 is set to one (i.e.,, ng=1). If a < %, then for all k > 0,

"1 < A(ne)r,

1—ap 3—; On
where  A(n.) = 0 Bie afye . (8)

VnaBycL? B L(|Z} = Inall2 + oL) B5° + aBjL
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Proof If ng = 1, using (7), the average iterates can be expressed as

Tp1 = Tk — QYk,

Yk+1 = Y + P41 — hi,

where hy, is defined in (6). Taking the telescopic sum of g;4; from ¢ = 0 to k — 1 with gg = hy,
it follows that

Yk = hg. (9)
We first consider the optimization error on the average iterates. That is,

|Zrt1 —2"l2 = ||Th — afp + oy — aly, — 27|,
< |Zr — aly, — 2"y + o [|Ge — Rl
< (1 —ap)llzr — 2*|l2 + o |[he — Rl

= —ap)llze —2*l2 + 3

vai(l‘i,k) = V/fi(Zk)
=1

2
n

< (1—ap)|zy —a*|2 + 2& Z zik — Zill2
i=1

< (1= g — a*lla+ 2K e — (10

where the first inequality is due to the triangle inequality, the second inequality is obtained by
performing one gradient descent iteration on function f under Assumption 3.1 at the average
iterate T, with a < % [39, Theorem 2.1.14] and substituting using (9), the equality is due to
(6), the second to last inequality follows by Assumption 3.1, and the last inequality is due to

Sict lzie = Tull2 < Vnllxi — X l2-
Next, we consider the consensus error in X,

Xkt1 — Xkt1 = Z;LCX]C — Xp — aZQCyk + ayg
=Zi{°xy — L)Xy, — oLy yy + oy Yy — L(xp — Xi) + 1(yr — ¥i)
= (27 = 1) (x — xx) —a(Zy° = 1) (yi — V&)

where the second equality follows from adding —I(x; — Xx) = 0 and I(yr — yx) = 0. By the
triangle inequality and (5),

[%k41 — gl < NZY =Ty [1xk — Xill2 + @ | Z5° =Tl [lyr — Fell2
= B1°l1xk — Xill2 + aBy|lye — Yell2-

(11)

Finally, we consider the consensus error in yx. By the triangle inequality and (5),

lYk+1 — Yesillo
=1Z5°yr — ¥r + 2y (VE(xp+1) — VE(xk)) — I(VE(xp11) — VE(xR))]],
<I(Zz° = 1) (yr = yi)lly + 1(Z4° = I) (VE(xp11) — VE(xR))]],
<Bs<llyr — ¥ull2 + 8L | VE(xk41) — VER) 5 -

(12)
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The last term in (12) can be bounded as follows,

[VE(xk11) — VER) [y < Lxp41 — x|l
= L||ZV°x) — aZ5°y, — Xk ||2
= LI[(Z}° — Ina)(Xx — Xx) — @Z5°yl2
< L|ZYe — Lnall2llxk — Xkll2 + L[| Z3° |l2[lyx + ¥ — Yill2
< L|ZY¢ — Liall2llxk — Xkll2 + aL|lyx — ¥ellz + oL |yxlly,  (13)

where the first inequality is due to Assumption 3.1, the first equality is due to iterate update
form (7), the second equality is by adding —(Z}* — I,4)Xx = 0 and the last two inequalities are
applications of the triangle inequality. Next we bound the term ||¥%||,. By (9), Assumption 3.1

and Y1 [z e — Trll2 < v/nllxk — Xill2,
1¥%ll2 < Vllgell
= V/n|lhil2

<vn —ZVflxlk ZVflxk +f

%vai(ik

2

vai(xi,k) - vai(fk) % (Zk) = Y Viila
i=1 i=1 i=1 2
SL||Xk—ik\|2+\/ﬁLH53k—$*H2- (14)

Thus, by (12), (13) and (14), it follows that

1yis1 = Freally < BiVnaL?|Z, — 2|2 + 81 L (125 = Inall2 + aL) [xi — %2
+ (B3 + Bical) |y = Yxll2:

Combining (10), (11) and (15) concludes the proof. O

Using Lemma 3.1, we now provide the explicit form for A(n.) in order to establish the
progression of the error vector 7y, for the special cases defined in Table 1.

Corollary 3.1 Suppose the conditions of Lemma 3.1 are satisfied. Then, the matrices A(n.) for
the methods described in Table 1 are defined as:

(11— ap 3—% 0
GTA-1: Ai(n.) = 0 Bre fe! )
| v/nal? L(2+ aL) " + «L |
(11— ap O‘L 0
GTA-2: As(nd)=| 0 ﬁ"c afme |, (16)
| v/nal? L(2+ aL) " + «L |
[ 1—ap % 0
GTA-3: As(n.) = 0 gre afre
Bmey/nal? B L(2 + aL) (1 + oL)

Proof Substituting the matrix values for each method in (8) and using ||Z}¢ — Inqll2 < 2 gives
the desired result. O
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The convergence properties of GTA when 1y = 1 can be analyzed using the spectral radius of
the matrix A(n.). We now qualitatively establish the effect of n. on p(A(n.)), the spectral radius
of the matrix A(n.), and the relative ordering between p(A;(n.)), p(Az(n.)) and p(As(n.)).

Theorem 3.2 Suppose Assumption 3.1 holds and the number of gradient steps in each outer
iteration of Algorithm 1 is set to one (i.e., ng = 1). If a < +, then as n. increases, p(A(nc))
decreases where A(n.) is defined in (8). Thus as n. increases, p(A;(n.)) decreases, fori=1,2,3
defined in (16). Moreover, if all three methods described in Table 1 (GTA-1, GTA-2 and GTA- 3)
employ the same step size,

p(A1(ne)) 2 p(Az(ne)) = p(As(ne)),
where the matrices Ai(n.), Aa(ne) and As(n.) are defined in (16).

Proof Note that A(n.) > 0 and A(n.) > A(n.+ 1) > 0. By [20, Corollary 8.1.19], it follows that
p(A(ne)) > p(A(n.+1)). The same argument is applicable for A;(n.), A2(n.) and Az(n.). Now,
observe that Aj(n.) > As(n.) > Asz(n.) > 0 when the same step size is employed. Thus, again
by [20, Corollary 8.1.19], it follows that p(A;i(n.)) > p(Az(n.)) > p(As(n.)). |

We now derive conditions for establishing a linear rate of convergence to the solution for
Algorithm 1 when n, = 1 in terms of network parameters (51, 52, 83, 84) and objective function
L

parameters (L, p, K = ﬁ)'

Theorem 3.3 Suppose Assumption 3.1 holds and the number of gradient steps at each outer
iteration of Algorithm 1 is set to one (i.e., ng = 1). If the matriz A(n.) is irreducible, 81,83 < 1
and

; 1 1-83¢ (1-Bre+2B5°) 4(1-B7°)(1-85°) By (k+1)
cu<m1n{L7 Lﬁfﬂ T (L+i) <\/1+ B (1—FT T257)? —1)}, (17)
then, for all € > 0 there exists a constant C. > 0 such that, for all k > 0,

Irell2 < Ce(p(A(ne)) + €)*Iroll2,  where p(A(nc)) < 1.

Proof Following [12, Lemma 5], derived from the Perron-Forbenius Theorem [20, Theorem 8.4.4]

for a 3 x 3 matrix, when the matrix A(n.) is non-negative and irreducible, it is sufficient to show

that the diagonal elements of A(n.) are less than one and that det(Is — A(n.)) > 0 in order to
guarantee p(A(n.)) < 1. We upper bound ||Z7* — Inq|l2 < 2 in A(n.) for the results.

Let us first consider the diagonal elements of the matrix A(n.). The first element is, 1 —au <

— £ < 1 by (17). The second element is f; < 1 as f; < 1. Finally, the third element is

e +aficL < B3¢+ ! fisL ByeL =1 due to (17) and B3 < 1.
Next, we consider

det(Is — A(ny))
= —a(e?L?By B} (L + p) + apLBy (1 — e +263°) — p (1 — A7) (1 — B5<))
_—L2B 1 (L A+ p)a(a — a)(a—ay),

where oy = a1 — ag, a,, = a1 + ag, and

_ —(=pB7c+283°) _ 4(1=B7°)(1=B5°) B3 (r+1)
A= W and ()‘2‘)‘1\/1Jr /32"(1 BT 3+2ﬁ"”)2 ’
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Observe that oy < 0 < a,, and ag > |ag|. From (17), we have 0 < a < «,,. Therefore, det(l3 —
A(n.)) > 0, which combined with the fact that the diagonal elements of the matrix are less
than 1, implies p(A(n.)) < 1. Finally, we bound the norm of error vector ||rg||2 by telescoping
rip1 < A(ne)r; from i =0 to k — 1 and the triangle inequality as

Irill2 < [[A(me) Iz lI7oll2-

From [20, Corollary 5.6.13], we can bound ||A(n.)||2 < Cc(p(A(n.)) + €)* where € > 0 and C. is
a positive constant that depends on A(n.) and e. O

The only constraint Theorem 3.3 imposes on the system (network) is 51, 83 < 1. This implies
that the communication matrices W1 and W3 must represent connected networks (not necessar-
ily the same network). Properties of Wy and W, change the step size requirement but are not
part of the sufficient conditions for convergence. Theorem 3.3 also does not require any relation
among Wi, Wy, W3 and Wy. This allows for more flexibility than the structures considered
in the literature. The variables can be communicated along different connections within the net-
work. We note that if A(n.) is a reducible matrix, the analysis for the progression of r; can be
further simplified from Lemma 3.1. For example, when W = ﬁ, ie.,, B =0, in GTA-2 and
GTA-3. The analysis for these cases is presented in Subsection 3.3.

The next result establishes step size conditions that guarantee a linear rate of convergence
for the three special cases (GTA-1, GTA-2 and GTA-3).

Corollary 3.2 Suppose Assumption 3.1 holds, W # l"nlz, and the number of gradient steps
at each outer iteration of Algorithm 1 is set to one (i.e., ng = 1). If the following step size
conditions hold for the methods described in Table 1,

2
. . ) 1-gne (3—p"c 1—_gne
GTA-1: a<mm{ g S <\/1+4(m+1)(3_§%) —1)},
1-pne]?
1+4(m+1)gnc{115%} —1] ¥,

: 2
3 )11 asre 1—pre
GTA-3: a<mm{L, Thme SR ta) B (\/l—l—él(m—i—l) (W) —1)},

then, for all € > 0 there exist constants C; . > 0 such that, for all k > 0,

-2 ; 1-pm _ (148"°)
GTA-2: o< mln{ L ZR(Ltp)pne

I7ll2 < Cie(p(Ai(ne)) + €)F[lroll2, where p(Ai(ne)) <1, for i=1,2,3.

Proof The conditions given in Theorem 3.3 are satisfied for all three methods. That is, the

T

matrices are irreducible as W # %, ie., 8> 0 and B1,83 < 1 in all the three methods as
B < 1 because W is mixing matrix of a connected network. Thus, we can use (17) to derive the
conditions on the step size for each of the methods. Substituting the values for (51, 82, 83 and 54

for each method yields the desired result. We should note that in GTA-1 and GTA-2, we ignore

the term + since + > # O
Corollary 3.2 shows how the communication strategy affects the step size when n, = 1.

Among the three methods, GTA-3 allows for the largest step size, even having the possibility to
use the step size % if sufficiently large number of communications steps are performed (high n.)
and depending on 8. Among GTA-1 and GTA-2, GTA-2 allows for a larger step size. While these
share the same first term in the bound, the presence of the 5™ factor in the denominator of the
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second term in GTA-2 makes the bound larger than GTA-1, possibly allowing for a larger step
size. Theorem 3.3 states that there exists a step size such that GTA converges at a linear rate
when ng, = 1. We now proceed to analyze the convergence rate GTA when n, = 1. Before that,
we provide a technical lemma that shows that the largest eigenvalue of the matrix A(n.) is a
positive real number.

Lemma 3.2 Suppose Assumption 3.1 holds, the number of gradient steps at each outer iteration

of Algorithm 1 is set to one (i.e., ng = 1) and o < 7. If the matriz A(n.) defined in (8) is

irreducible, then, the spectral radius of A(n.) is the largest eigenvalue of A(n.) and is a positive
T

real number. Consequently, if W # %, the spectral radius of matrices Ai(n.), Az(n.), As(ne)

defined in (16) are also positive real numbers and equal to their largest eigenvalues, respectively.

Proof The statement about the matrix A(n.) follows from the Perron-Forbenius Theorem [20),
Theorem 8.4.4], and the fact that the matrix is non-negative and irreducible. Using similar
arguments, the statement about the matrices A;(n.), Aa(n.) and Az(n.) follows as these matrices

are irreducible when W ;é , l.e., B>0. |

The next theorem provides an upper bound on the convergence rate of GTA for sufficiently
small constant step sizes.

Theorem 3.4 Suppose Assumption 3.1 holds and the number of gradient steps at each outer

iteration of Algorithm 1 is set to one (i.e., ng = 1). If the matriz A(n.) is irreducible and o < %,
then,

p(A(n.)) < Ay = max{l - %,5\ +1/2aLkpBye Zc} , (18)

P Bye + Lapye 4/ (1 —B3° —Lapyc)* +4B5° By L2a2 +8LaBye B}
- .

where \ =

Proof Using Lemma 3.2, we know that the spectral radius of A(n.) is equal to the largest
eigenvalue which is a positive real number. Following a similar approach to [44], we prove A, is
an upper bound on the largest eigenvalue by showing the characteristic equation is non-negative
at A\, and strictly increasing for all values greater than \,. Consider

g(\) =det(\ls — A(n,))
=(A=1+ap) (A= B7)(A= B3 —aLlBy) — aL(2+aL)B3B)°)
_ aSLSB;ZCIBnC
=(A —1+ap)g(\) — a®L*B3° 1,

where g(A) = A2 — A(B7 + B3¢ + LaBye) + By By + Lafy< (1 — 2685 — Lafy<). Let the roots
of the quadratic function ¢(\) be denoted as \; and Ao, T hen7 we have,

nL nc+La5nC ”“+La[‘3nL ncﬁnc+Laﬁnc(5nc72,371”7[/&['371”)
max{)\l,)\g}: 1 \/ )2 ( 1 P3 4 1 2 2 )

nc+5nc+La5nc+\/ ch ﬁnc Laﬁ”c) +4BncﬁnCL2 2+8Laﬂ§‘:ﬁzc
5 .
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Thus, for any A > max {1 — au,j\}, the function g(A) is increasing and is lower bounded by
(A =14 ap)(A— A)? — @3L3BY< B, By A, > max {1 — ap, 5\},

g(A) = (A =1+ ap)(A—A)? — o LPBy< gy

(1- % —1+ap) (A=A - a’L*Bypie
a 2 one pne

();7“(2 Liz 4 )_angﬂchZC

=a’L?ByBye(1—al) > 0,

v

Y,

where the second and third inequalities are due to the definition of A, and the final quantity is
non-negative since v < 1. Therefore, by the above arguments, we conclude that p(A(n.)) < A,
which completes the proof. a

Theorem 3.4 is derived independent of the conditions in Theorem 3.3. When p(A(n.)) < 1

is imposed using Theorem 3.4, 81,83 < 1 is a necessary condition for convergence. We show
Bre+Byc+|Brc—Bye
2

this by constructing a lower bound on Ay, A, > A >
require A, < 1, i.e., w < 1, which implies 81, 83 < 1 as 01, 83 € [0,1]. Thus, again we
require W1 and W3 to represent a connected network. The step size condition in Theorem 3.3
is O(L7'xk7%5) while Theorem 3.4 requires O(L~'x~!), which is more pessimistic. That said,
the precise and interpretable characterization of the convergence rate in Theorem 3.4 allows us
to better differentiate amongst the communication strategies and the effect of n..

. For convergence we

1,17

Corollary 3.3 Suppose Assumption 5.1 holds, W # === and the number of gradient steps at
each outer iteration of Algorithm 1 is set to one (i.e., ng =1). If a < %, then, the spectral radii
for the methods described in Table 1 satisfy

GTA-1: p(Ai(n.)) < max {1 — & B +val (2.5 + \/ﬁ)} ;
GTA-2: p(Az(n.)) < max{ — 2 Bre 4Vl (2.5 + \/W)} ,
6TA-3: p(As(n.)) < max{l — o gne (1 +ValL (2.5 + x/ﬂ))} .

Proof The conditions in Theorem 3.4 are satisfied due to Lemma 3.2. Thus, we can plug in the
values for 8; (i = 1,2,3,4) for each method to get an upper bound on the spectral radii. The
upper bound )\, for GTA-1 can be simplified as

A 2aL’By° By _ 28"¢4+La+V5L2a’+8La 2L
+ M = d +4/%

— g+ Y5L (VaL +2v2k + V8 +5La)
gﬁ"c+@(2.5+\/ﬁ)

where the last inequality is due to a < % Following the same approach, A\, for GTA-2 can be
simplified as

~ 20L2 Y Bre 2[3"0+La+\/L2a2+4L2a2ﬁ”c+8Lo¢6”'~' 212"
At Iz = 2 + Iz

= 5" + 5L (VaL +2/265% + /857 + 4Laf™ + La)
< 8" +VaL (2.5+ 2rB™)
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where the last inequality uses o < % and 8 < 1. Finally, the upper bound A, for GTA-3 is

5\_’_ /2aL2igcﬁzu _ 25%+Laﬁnc+\/5L2;2(ﬁnc)2+8La(5nc)2 " \/20‘1’226716)2

=g (14 Y3E (VaL +2v25 + V8 +5La) )
< g (1+\/07L(2.5+x/ﬂ))

where the last inequality is due to a < % and 5 < 1. a

Corollary 3.3 characterizes the effect of multiple communication steps (when ngy = 1) on
the convergence rates of GTA-1, GTA-2 and GTA-3. First, the convergence rate improves with
increased communications (increase in n.) when ng, = 1 for all methods. The improvement is
most apparent in GTA-3 as increasing n. drives the second term in the max bound to zero. Thus,
if a sufficient number of communication steps are performed in GTA-3, the method can achieve
convergence rates similar to those of gradient descent, i.e., (1 — %*). The improvement is less
apparent in GTA-2 and the least in GTA-1. With an increase in n., the dominating term in the
max bound, i.e., vV2a Lk, remains unchanged in GTA-1 and changes to v/2aLxf"c in GTA-2 which
is affected by the number of communication steps n..

3.2 GTA with multiple communication and computation (n. > 1,n, > 1)

In this section, we analyze GTA when multiple computation and communication steps are per-
formed every iteration. We extend the analysis from Subsection 3.1; the case ny, = 1 is a special
case of the analysis in this section. The subscript for the inner iteration counter is re-introduced
in this section as we consider cases with n, > 1 and the inner loop (Lines 4-6 in Algorithm 1) is
executed. We first present Lemma 3.3, which bounds the errors introduced due to the execution
of the inner loop. Following a similar approach to Subsection 3.1, we establish the progression of
the error vector ry for Algorithm 1 as a linear system in Lemma 3.4 using the matrix B(n., ng).
We then analyze the spectral properties of the matrix B(n.,ng) to establish qualitative trends
for the convergence rate of Algorithm 1 with respect to both n. and ng, and perform a qual-
itative comparison between methods described in Table 1 in Theorem 3.5. Finally, we provide
sufficient conditions on the step size in Theorem 3.6 for linear convergence for any composition
of communication and computation steps.

Lemma 3.3 Suppose Assumption 3.1 holds and o < ﬁ in Algorithm 1. Then, for all k > 0
and 1 < j < ny

1¥k1ll2 < lyka = Frallz + Llxk1 = Kelly + Lv/nllZes — 272 (19)

%k, — Xk,1ll2 < 2a( — D)llyr,all2, (20)

%k, = Xijll2 < 205 = Dllyrallz + llxe = Xell2, (21)

Proof Taking a telescopic sum of yj ;41 = yi,; + VI(Xki41) — VE(Xx,), the inner loop update,
fromi=1toj— 1 we get

Yk =Yk1+ Vf(th) — Vf(xk,l). (22)
Using (22), yx+1,1 can be expressed as

Vit11 = Z5° (Yk,l + VE(xkn,) — Vf(ka)) +Zy (Vf(xk_HJ) - Vf(kag))

23
=723y + Ly VE(Xp 1) — L3°VE(Xp 1) + Z5°VE(Xp 0, ) — 2y VE(Xkn,)- (23)
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Taking the component-wise average across all nodes in (22) and (23) and using (6), it follows
that
ki = Yra + g — P 1, (24)
Uk+11 = Yk + Pkyr11 — Pg1- (25)
Performing a similar telescopic sum as (9) with (25), we obtain g1 = hy,1. Thus, substituting
Ue1 = hi1 in (24) yields
Uk,j = Uk + hij — hin = by 5. (26)

By the triangle inequality, ||y&,1ll2 < [|¥k,1 — ¥k,1ll2 + [|¥%,1]|2, where ||¥x 1]]2 can be bounded by
a similar procedure to (14) due to gx,1 = hi,1 to yield (19). Now, taking the telescopic sum of
the inner loop update Xy ; = Xg,i—1 — Q¥k,i—1 from ¢ = 2 to j yields x ; = X1 — azg;ll Vk,i-
The sum Zz;ll Yk, is evaluated using (22) as

Jj—1 Jj—1
D Vki =Yr1+ Y Vi + VEXk) — VE(xp1)
i=1 =2
i (27)
= (= Dyr1+ Y VEXki) = VE(Xp1).
=2

By the triangle inequality and Assumption 3.1, it follows that

j—1
Ik = Xpalla < (= Dllyrallz + > [IVEER) = VExR1)|2
=1
j—1
<a(—Dllyeallz+ oLy [xe: — Xk 1ll2.
i=1

Now we apply induction to show (20) using the above inequality.

Forj=1,  [xk1—Xk1ll2=0=2a(l=1)[lyk1ll2
j—1
Forj>2,  |xk;—Xealla < a(i— Dlyrallz + oL [Xki — Xkl
=1
j-1
<ol = Dlyealla +20°LY (i = Dllyeall
=1

= a(j — Vllykallz + 202 Llyx,1 [l L2

=a(j—1)(1+aLl(j—2))llyral
< 2a(j = Dlyg,ll2,
where the first equality uses the sum of j — 1 natural numbers and the second to last inequality
is due to aL < % and j < ng.
By (20), the triangle inequality and ||I,q — I|j2 = 1, it follows that
1%k, — Xkjll2 < 1%k — Xp1 + Xe1 — Xijll2 + [1%k,1 — Xe1 |2
<N (na = D(xk,5 — xk,1) 2 + [|X6,1 — i1

<k = Xkall2 + 1%k, — Xi 1|2

|2
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The two bounds in Lemma 3.3 ((20) and (21)) bound the deviation of the local decision
variables from the start of the outer iteration, ||xx ; — X,1||2, and the consensus error, ||xx ; —
Xk j|l2, in inner iteration j, respectively. Combined with (19), these quantities are bounded as
an O(«yj) multiple of the components of the error vector r. This property has two implications;
(1) if one performs more inner iterations, i.e., increases ng, the constant step size a needs to be
reduced to reduce these quantities, (2) if an outer iterate is the optimal solution, the inner loop
does not introduce any deviations in the iterates and maintains optimality.

We now establish the progression of error vector r; under multiple communication and com-
putation steps being performed every iteration in Algorithm 1.

Lemma 3.4 Suppose Assumption 3.1 holds and o < ﬁ in Algorithm 1. Then, for all k > 0,

Tkt1 < B(ne,ng)ry, where B(ne,ng) = A(ne,ng) + aL(ng — 1)E(ng, ng),

[(1—ap)™ =1 —(1-au)") 0

A(nmng) = 0 B?C @ ((ng - 1) ?C + Bgc) ’
[VnaBycL? By L(|Z7° — Lnall2 + L) 5° +aBicL (28)
i alLn, a\L/Tlg O\‘;%g

E(ne,ng) = | /naLdi(ne,ng) aLdi(ne,ng) ady(ne,ng) |
_\/>L52(n6ang) L52(nmn9) 52(”67”9)

and
81 (ne,ng) = 265° + b1 (ng — 2),
(29)

a(resng) = 2 (B2 = Lualla + 25 + 53

Proof We first consider the optimization error of the average iterates T ;. Similar to (10), we
bound the optimization error as

|Z5 41 — 2" ll2 < (1= ap)l|Tn; — 2%z + SR lIxpy — Zngllz V1<) <ng—1,

where the above holds by using (26) (the generalization of (9)) and the error bound of gradient
descent from [39, Theorem 2.1.14]. Next, we bound the optimization error in Zy11,1 with respect
t0 Xg pn, In a similar manner as,

|Zra11 = 22 < (1= )| Frn, — "2 + 2E %0, — i, [l2-

Recursively applying the above two bounds, by (21) it follows that,

g

1Zry10 —2%[l2 < (1 — o)™ || Ty — 2" []2 + & (1—ap)™ 7 |xk1 — Xeal2
f
Jj=1

g
2 — 9 .
+ 22 LN (1 — ap)" (5 = 1)lykall2
J=1
< (1= ap)" |[z5, — 27|z + 25 (1= (1= ap)™] xe — Zualla

2
+ “—\/;fng(ng = Dlyk1ll2,

where the last inequality is due to the fact that (1 —au)™ ™7 <1Vj=1,2,...,n, due to a < Ln ,
the coefficient of the second term is the sum of a geometric progression, and the coefficient of the
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third term is the sum of the first ny — 1 natural numbers. By (19), we obtain the desired bound
on the optimization error.

Next, we consider the consensus error in xy 1,

Xkt+1,1 — Xk+1,1
=(Ina — D) X111 = (Ina — 1) (ZY°Xp 0, — @25V n,)
ng—1

=(Lna =D | Z{* [ xeq —a ) Yoy | — aZ5Yn,
j=1

ng—1
= (Ind — I) Z?CXkJ - OZZ;LC (ng — 1)}’k,1 + Z Vf(Xkﬁj) - Vf(xk’l)
=2
—a(Ina = 1) (Z5°(yr1 + VE(Xpn,) — VE(x11)))
=(Zy° = 1) (xp1 — %p1) —a((ng — 1) (ZY° —I) + (Z3° — D) (Yr1 — Y,1)
ng—1

—a (25 = 1) (VE(Xkn,) = VEE1)) — a(Z) = 1) | Y VE(xe;) — VE(xx1)
j=2

where the second equality is a telescopic sum of the inner loop update (xx; = Xk i—1 — OYk,i—1)

from i = 2 to ny and the third equality is due to (27). By the triangle inequality, Assumption 3.1
and (5),

[%k41,1 = Xerralle < B lxe1 — Xeallz + @ ((ng — 1)BY° + B5°) lyka — Vi
ng—1

+ By DXk m, — Xkl + Bl L Y %k — Xk 2
j=2

2

Adding af7°L||xk1 — Xk,1]]2 = 0 to the right hand side and (20), it follows,

Xk41,1 — Xerr1ll2 < B NXe — Xialla +a((ng — 1B + B85°) lyr,1 — Yr,1ll2
ng—1

+ 0?83 L(2(ng = 1)llykallz + a®B1L Y 205 = Dllyealle

7j=1
= A1 lIxk1 = Xuall2 + @ ((ng = 1)B7" + 55°) lyna — Fellz
+2a%L(ny — 1) ( e + ﬁ{“@) [¥r1ll2-

The desired bound for the consensus error in xj 1 follows by using (19).
Finally, we consider the consensus error in yy 1. By (23),

Vit1,1 — Yet+1,1 = (Tnd = I) Yat11
= (Ing — 1) (Z5°yr1 + ZyVE(xp41,1) — Z5<VE(xp1))
+ (Ina — 1) (Z25°VE(xkn,) — Z3°VE(Xk,n, )
= (Z3° = 1) (yr1 — Y1) + (Z)° = I) (VE(xpt1,1) — VE(xp,n, )
+(Z3° = 1) (VE(xk,n,) — VE(x11)).-
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By Assumption 3.1 and (5),

[Yk+11 — Fer11ll2
< B5Nyra — Yrallz + By LlXka11 — Xkny l2 + 85 Ll Xk ny — Xk1]l2
= B3lyk1 = Yrall2 + By LIZY° — Ina) Kkn, — Xiing) = 025 Vi, |2
+ B3 Ll|Xp,n, — Xk,1]l2
< B5llyra = Yrallz + By LIZY — Inall2l%km, = X ll2 + By LIZ3* 2]y k., |2
+ B3 Ll|Xk,n, — Xk1ll2
= B3Iy = Yrall2 + By LIZYe — Tnall2[%km, — Xk, |2
+aBiLlyry + VEXpn,) = VEk)ll2 + 85 Ll|Xkn, — Xi,1l2
< B3ellyra = Yralle + 8L LIZT — Lnall2l[Xk,n, = Xkn, ll2
+aByeLlyralle + afi L?|[xpn, — Xkalle + 85 LlXkn, = Xp1ll2
where the first equality follows from xx 111 = Z7°Xp n, — 0Z5 Y n, and —(Z7° — Ina)Xpn, = 0,
the second inequality is by the triangle inequality, the second equality follows by (22), and the

last inequality is an application of triangle inequality and Assumption 3.1. By (20), (21) and
al < ni, it follows,
g

lYk+1,1 — Trsr1ll2
<B5yi,1 — Yrill2 + BLLI|ZY — Ingll2||Xk,1 — Xk1

+ (aﬁch +2a(ngy — 1)L ( e

|2

Z — Luall2 + % + BQC)) 1¥k.1

2.
Substituting (19) yields the desired bound for the consensus error in yy ;. 0O

Lemma 3.4 quantifies the progression of error vector rj using the matrix B(n.,n,), similar
to Lemma 3.1 but now allowing for multiple computation steps. Notice that when n, = 1,
Lemma 3.4 reduces to Lemma 3.1, making it a special case of this analysis. We split the matrix
B(n¢,ng) into the matrices A(n.,ny) and E(ne,ngy). The latter matrix is characterized by the
terms 01 (ne, ng) and da(ne,ng). We now define the explicit form of B(n.,ng) for the methods
defined in Table 1.

Corollary 3.4 Suppose the conditions of Lemma 3./ are satisfied. Then, the matrices A(n.,ng)
for the methods described in Table 1 are defined as:

(1= )™ 21— (1— ap)™) 0
GTA-1: Aqi(ne,ng) = 0 Bre a((ng —1)8m +1)],
| VnalL? L(2+alL) B + oL
(1= ) 21— (1—ap)™s) 0
GTA-2: Ag(ne,ny) = 0 gre aBreng | (30)
| VnalL? L(2+ alL) B +al
[(1—ap)™ Z=(1 = (1 —au)™) 0
GTA-3: Az(ne,ng) = 0 B af"ng
[VnaBmeL?  preL(2+aLl) B"(1+al)

The matriv E(ne,ng) for the methods described in Table 1 is defined using the error terms
(01(ne,ng) and d2(ne,ng)). The error terms for the methods described in Table 1 are defined in
Table 2.
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Table 2: Error terms (1 (n¢, ng) and d2(ne, ng)) for GTA-1, GTA-2 and GTA-3

Method 41 (ne, ng) 52 (ne, ng)
GTA-1 2+ Bne(ng — 2) 2(2+%+5nc)
GTA-2 ngpBme 2 (2 + 5nc)
GTA-3 ngfBne 28ne (3+ i)

Proof Substituting the matrix values for each method in (28) and bounding ||Z]¢ — L4z < 2
gives the desired result. ad

Corollary 3.4 presents the explicit form of the matrices B;(n¢,ng) = Ai(ne,ng) + aL(ng —
1)E;(ne,ng) for i = 1,2, 3, for each of the methods in Table 1. The convergence properties of GTA
can be analyzed using the spectral radius of B(n.,ny). We now qualitatively establish the effect of
the number of communication steps n, on p(B(n.,ny)) and a relative ordering for p(B(ne,ng)),
p(BQ(nC7 ng)) and p(B3(nC7 Tlg))

Theorem 3.5 Suppose Assumption 3.1 holds. If o < ﬁ in Algorithm 1, then as n. in-
g

creases, p(B(nc,ng)) decreases where B(ng,ng) is defined in Lemma 3.4. Thus, as n. increases,
p(Bi(ne,ng)) decreases for all i =1,2,3 defined in Corollary 3.4. Moreover, if all three methods
defined in Table 1 (GTA-1, GTA-2 and GTA-3) employ the same step size,

p(Bi(neing)) > p(Ba(ne.ng)) > p(Bs(ne,ny)).

Proof Note that A(n¢,ng) > 0 and E(ng,ng) > 0, thus B(n.,ng) > 0. Also, A(n.,ng) >
A(ne+1,ng), 61(ne,ng) > 01(ne+1,ny), d2(ne, ng) > da(ne+1,ng), thus E(ne, ng) > E(ne+1,ng)
and B(ne,ng) > B(n.+1,n4). By [20, Corollary 8.1.19], it follows that p(A(n, ng)) > p(A(ne +
1,ng)), p(E(ne,ng)) > p(E(ne + 1,n4)) and p(B(ne,ng)) > p(B(ne + 1,n4)). The same argu-
ment is applicable for Bi(n¢,ng), Ba(ne,ng) and Bs(n.,ng). Now, observe that By(n.,ng) >
By (ne,ng) > Bs(ne,ng) > 0 when the same step size is employed. Thus, again by [20, Corollary
8.1.19], it follows that p(Bi(n.,ng)) > p(Bz(ne,ng)) > p(Bs(ne, ng)). O

The effect of the number of computation steps ng on p(B(n.,ng)) is not as clear as the effect
of the number of communication steps n.. Increasing n, increases all elements of the matrix
aL(ng — 1)E(ne,ng), while (1 — ap)™ in the matrix A(n.,ny) decreases since a@ < %M Thus,
the effect of n, on p(B(n.,ng)) is not monotonic.

We now derive conditions for establishing a linear rate of convergence for Algorithm 1 with
multiple communication and computation steps every iteration in terms of network parameters
(81, B2, B3, B4) and objective function parameters (L, u, k = %)

Theorem 3.6 Suppose Assumption 3.1 holds and a finite number of computation steps are per-
formed at each outer iteration of Algorithm 1 (i.e., 1 < ng < oo). If the matriz B(ne,ng) is
irreducible, B1, 83 < 1 and

3(1-87°) 3(1—B5¢) —ba++/b3+4b1b3 }

- 1 p 1
a < min { ng L L2 1%) (ng—1) 2L \| 51 (ne.ng)(ng—1)° IL(BL° +02(neing)(ng—1)) 20,

(31)
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where

by =252 [(ng = 1) (1" + 81 (nesng)) + B3 [B5° + (ng — 1)da(ne,my)]
+ L3ng<ng = 1) [unemg) () + (817 + (ng = Da(nesny)) (1)
+ Ly~ 12 [L1(nesng) (3837 + (ng = Dba(nesng)) + b1(mesmy) (5]
+ L2[BZ'C + (ng — 1)d2(ne, ng)] [Lng + (ng — 1)] [(ng — 1) (87 + d1(ne, ng)) + B3]
_ Ne ne ne lmg 1-p7° 1-B3°
b =png By L ((ng — 1)(BY + 01(nc,ng)) + B5°), and bz = ( 1 ) (T)

and 01(ne, ng) and da(ne,ng) are defined in (29), then, for all e > 0 there exists a constant Ce > 0
such that, for all k >0,

Irll2 < Celp(B(ne,ng)) + €)*|[roll2,  where p(B(ne,ng)) < 1.

Proof By the binomial expansion of (1 — au)™ and the condition that o < L%Ig, it follows that
l—apng < (1—ap)™ < 1—auny +a2u2w. Following a similar approach to [43, Theorem
2], since the step size satisfies (31), the first, second and third diagonal terms of B(n,n4) can

be upper bounded as
(1= ap)™ + a?L2ny(ng — 1) < 1 — apng + a®(L* + £ )ny(ny — 1) < 1 — e,
nc + a2L2( _ 1)51(nc’ng) < 3+5n°’
3+ aBi L+ aLing — 1)ds(ne,ng) < 4

With the above bounds, (1 —ap)™ > 1—aung and [|Z}° — I,,q|| < 2, we construct the 3 x 3
matrix B(n.,ng) that has entries b;; defined as follows:

bi=1- % by =L (14 aL(ng —1), by=2Lrelnal)
o1 = VA’ L3 (ng — 1)1 (ne,ng), by = &,

bas = a ((ng — 1)( 1° + aldi(ne, ng)) + B3°)

bs1 = VnaL® (B} + (ng — 1)62(ne, ng)) ,

bsa = BiL(2+al)+ O‘LQ(ng —1)02(nc, nyg), bsz = 3+ﬂ”ca

such that 0 < B(n,n,) < B(n.,n,) and by [20, Corollary 8.1.19], p(B(n,ny)) < p(B(ne,ngy)).
Following [12, Lemma 5] derived from the Perron-Forbenius Theorem [20, Theorem 8.4.4] for a
3 x 3 matrix, when the matrix B(n.,ny) is nonnegative and irreducible, it is sufficient to show
that the diagonal elements of B(n,,n,) are less than one and det(I3 — B(n.,n,)) > 0 in order
to guarantee p(B(n.,ny)) < 1 which suffices to show p(B(n.,ng)) < 1.

Consider the diagonal elements of the matrix B(ne,ng). The first element is 1 — 4 <

1— 4 < 1 by (31). The second element is % < 1 as 1 < 1. Finally the third element is
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% < 1 as B3 < 1. Next, let us consider,

det(l3 — B(nc,ng))

e () () o~ o () ) ()]

— N ()87 + aLdi(neing) + B57] [B57(2 + aL) + aL(ng — 1)8a(ne,ng)
— o Liny(n — 1)%61(ne,ng) [263° + aL (B} + (ny — 1)ds(ne,ny))]
— a®LPng (1+ alng — 1) [8 + (ng — Dda(ne, ng)] [(ng — 1)(B1 + aLdy (ne,ny)) + B3]

—a®L*ny(n, — 1) {(52(nc,ng) (lffllc> + ad1(ne,ng) (17590 )}
>a(—bia? — bya 4 b3) = —bra(a — o) (a — ay,)

where the inequality is due to aLng <1 and thus aL <1 as ngy > 1, and

—ba— /bbby —bo++/b3+4b1bs

= 20, Qo = 20,

Observe that oy < 0 < « since by, ba, b3 > 0. From (31), we have 0 < a < «,. Therefore,

det(I3 — B(n¢,ng)) > 0, which combined with the fact that the diagonal elements of the matrix
are less than 1, implies p(B(n¢,ng)) < p(B(ne,ng)) < 1.
Finally, we bound the norm of error vector ||y ||2 by telescoping r;y1 < B(n¢,ng)r; from i =0

to k — 1 and triangle inequality as
Irkll2 < 1B(ne, ng)*|l2]lrol2-

From [20, Corollary 5.6.13], we can bound || B(nc,n4)*|l2 < Ce(p(B(ne,ng)) + €)* where € > 0
and C. is a positive constant depending on B(n.,ny) and e. a

Remark 3.1 Linear convergence can be established for the iterates generated by Algorithm 1 by
treating inner iterations as a special case of of time-varying networks and following the analysis
techniques in [36, 37, 40]. Such analysis would ensure descent in each inner iteration and require
that the step size satisfy a pessimistic O(%g) condition. Our analysis takes a different approach;

we quantify the error across outer iterations, and as a result, the condition on the step size is
less pessimistic, i.e., O(;—g) That said, the analysis involves a complicated error recursion that
makes it difficult to explicitly quantify the rate of convergence of Algorithm 1. In our follow-up
work [5], we present an analogous randomized algorithm that explicitly quantifies the complexity
in terms of number of communication and computation steps.

Similar to Theorem 3.4, the only constraint Theorem 3.6 imposes on the system is 51, 83 < 1.
This implies the communication matrices W1 and W3 must represent connected networks (not
necessarily the same network) even when multiple communication and multiple computation
steps are performed. Theorem 3.6 does not impose any restrictions on the relation among Wy,
Ws, W3 and Wy. Thus, it allows for more flexibility than the structures considered in the
literature even when multiple communication and multiple computation steps are performed.
Theorem 3.6 uses a relaxation of the original matrix B(n.,ny) to provide a more pessimistic step
size condition than required. But observe, when n, = 1, (31) recovers the O(L~'x79%) step size
condition of Theorem 3.3, suggesting it might not be very pessimistic.

Based on Theorem 3.6, the step size conditions for methods described in Table 1 can be
derived. We omit these conditions as they are complex and do not offer any additional insights.
We also omit the counterpart to Theorem 3.4 as the matrix B(n.,ny) is now a dense matrix,
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thus any such bounds are again highly complex and do not offer strong insights into the effects
of communication and computation on the convergence rate. If B(n.,n,) is a reducible matrix,
the analysis for the progression of r; can be further simplified from Lemma 3.4. The analysis for

T
this case is presented in Subsection 3.3 with the examples of GTA-2 and GTA-3 when W = %,
ie, =0.

3.3 Fully connected network

In this section, we analyze the methods defined in Table 1 under a fully connected network.
While showing linear convergence of GTA in Theorem 3.6, we assume B(n.,n,) is an irreducible

matrix. When the network is fully connected, i.e., W = 1"1" and 8 = 0, the assumption does
not hold for GTA-2 and GTA-3 as the matrices Bg(nc, ng) and Bs(n¢,ng) defined by Corollary 3.4
are reducible. For GTA-1, such an issue does not arise as Aj(n.,ny) defined in Corollary 3.4
is irreducible for all 8 € [0,1]. Thus, we now present sufficient conditions for linear rate of
convergence and the convergence rate for GTA-2 and GTA-3 for the special case of fully connected
networks.

T
Theorem 3.7 Suppose Assumption Theorem 3.1 holds, W = % and a finite number of com-
putation steps are performed each outer iteration of GTA-3 defined in Table 1 (i.e., 1 <n,z < 00).

Ifa<min{ }, then for all k > 0,

)2 1
QL2112 (ng 1) Iny
|Th1a = 2%z < (1= ap)™ + a®L2ny(ng — 1)) |1 — 2*2.

Moreover, suppose the number of computation steps performed each outer iteration of GTA-2
and GTA-3 defined in Table 1 is set to one (i.e., ng =1). If a« < %, then for both the methods,
forall k>0,

[Zr41,1 — 2 [l2 < (1 — ap)[|Tr,1 — 2" |2

Proof When we substitute 5 = 0 in Corollary 3.4 as a < ﬁ, the matrices Ba(n.,ng) and
g

Bs(nc,ng) now have rows of zeros that make them reducible. Thus, we reduce these matrices by
ignoring the error terms corresponding to the row of zeros. This yields the following systems for
the progression of errors in these methods,

(1 —« )ng + a2L2n (77, _ 1) O‘QLny(ngfl)

GTA-2: Fppq < a Y e\ v i, (32)
VnaL?5(ne,ng) aLd(ne,ng)

GTA-3: [|Zpp1,1 — 2%]l2 < (1 — ap)™ + &®LPng(ng — 1)) |Zk,1 — 2*|2, (33)

here §(ne,ng) = 1+ 2(ny — 1) (24 =) and 7 = k1 =22 ]
w ( g) ( g ) ng k ||Yk1*}’k 12

2 2”9(”9 1)

By a< and (1 —ap)™ <1—aung + o*p*~=— from Theorem 3.6,

“w
@) (n, =)
(1= ap)"™ + a2L2ny(ny — 1) < 1 — apng + o (L2 " ) ng(ng —1) < 1,

and thus the result for GTA-3 follows. When the number of computation steps performed each
outer iteration is set to one, i.e., ny = 1, the result for GTA-3 follows by substituting n, = 1 in (33),
l—ap 0O
VnalL? aL] T
where the bound on optimization error is independent of the consensus error in yy ;. Thus, we
obtain |Tx+1,1 — *|2 < (1 — au) |Tk,1 — x*||2 for GTA-2. O

where l—apu < lasa < % Substituting n, = 1 in (32) for GTA-2 yields, 741 < [
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By Theorem 3.7 if the network is fully connected and a single computation step is performed,
i.e., nyg = 1, GTA-2 and GTA-3 display gradient descent performance. For GTA-2, when the network
is fully connected and ng, > 1, the convergence rate can be expressed as the spectral radius of
the 2 x 2 matrix in (32).

4 Numerical Experiments

In this section, we illustrate the empirical performance of the methods defined in Table 1 using
Python implementations®. The aim of this section is to show, over multiple problems, that
different communication strategies and the balance between communication and computation
steps can substantially effect the algorithm’s performance. Specifically, we establish the relative
performance of the methods defined in Table 1 and illustrate the benefits of the flexibility in
terms of communication and computation steps.

We present results on two problems: (1) a synthetic strongly convex quadratic problem (Sub-
section 4.1); and, (2) binary classification logistic regression problems over the mushroom and
australian datasets [16] (Subsection 4.2). We investigated two network structures (different mix-
ing matrix W) with n = 16 nodes: (1) a connected cyclic network (5 = 0.992) where all nodes
have two neighbours; and, (2) a connected star network (8 = 0.95) where all nodes are con-
nected to a single central node. Both networks have low connectivity (i.e., high ). We should
note that the performance of Algorithm 1 with multiple communication steps is equivalent to
the performance over a network with higher connectivity (i.e., lower 3).

The methods defined in Table 1 are denoted as GTA—i(n.,ng), ¢ = 1,2,3, where n. and
ng are the number of communication and computation steps, respectively. We tested 5 values
of n. and n, for each of the methods; n. € {1,5,10,50,100} and n, € {1,5,20,50,100}. We
compared the performance of popular gradient tracking methods, which are special cases of
our generalized framework. The step sizes were tuned over the set {27%|t = 0,1,2,..,20} for
all algorithms and problems, and the initial iterates for all algorithms, problems and nodes
were set to the zero vector (i.e., x; = 0). The performance of the methods was measured in
terms of the optimization error (||Z; — z*||2) and the consensus error (||x; — Xgll2). We do
not report the consensus error in the auxiliary variable yi (||yx — y&|l2) as this measure does
not provide any significant additional insights about the performance of the algorithms. The
optimal solution z* for quadratic problem was obtained analytically and for the logistic regression
problems was obtained by running gradient descent in the centralized setting to high accuracy,
ie., |V f(z*)]2 < 10712

4.1 Quadratic Problems

We first consider quadratic problems
f) =+ Zn: 12T Qiz + bl
[t 2 Z Y

where Q; € R1*10 Q, = 0 and b; € R'? is the local information at each node i € {1,2,..,n}, and
n = 16. Each local problem is strongly convex and was generated using the procedure described
in [34], with global condition number x ~ 10*.

2 Our code will be made publicly available upon publication of the manuscript. Github repository: https:
//github.com/SANDOPT/Gradient-Tracking-Algorithmic-Framework.git. Moreover, additional extensive numer-
ical results can be found in the same repository.
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Figs. 1 and 2 show the performance of GTA-1, GTA-2 and GTA-3 over a cyclic network and a
star network, respectively. Our first observation, from the iteration plots in both the figures, is
that the optimization error and consensus error converge at a linear rate for all methods, match-
ing the theoretical results of Section 3. Moreover, improvements in the rates of convergence of all
methods are observed as a result of the flexibility in terms of the number of communication and
computation steps. Specifically, the consensus error is improved (and on par optimization error)
when multiple communication steps with single computation step are performed (see GTA-i(1,
1) vs. GTA-i(n., 1) lines), and the optimization error is improved (and on par consensus er-
ror) when multiple computation steps with same number of communication steps are performed
(see GTA-i(n., 1) vs. GTA-i(n., ny) lines). These observations match the theory presented in
Section 3.2. That being said, these improvements come at a higher cost in terms of total com-
munication or computation steps, respectively, and an optimal choice of (n., ny) depends on the
exact cost structure that combines the complexity of both these steps; see e.g., [6]. Finally, we
also observe that GTA-2 and GTA-3 outperform GTA-1 in terms of optimization error and achieve
similar consensus error. The performance of GTA-2 and GTA-3 is very similar for this problem,
we suspect the reason for this behavior is due to the large 8 and the high condition number
(k ~ 10%) that dominate the rate constant; see Corollary 3.3.
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Fig. 1: Optimization Error (||Zx — z*||2) and Consensus Error (||x; — Xgl||2) of GTA-1, GTA-2
and GTA-3 with respect to number of iterations, communications and gradient evaluations for a
synthetic quadratic problem (n = 16, d = 10, x = 10*) over a cyclic network (8 = 0.992).

4.2 Binary Classification Logistic Regression

Next, we consider /5-regularized binary classification logistic regression problems of the form

n

1 T A 1
f@) =237 —log(1+ e A7) 4 a3,

i=1
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Fig. 2: Optimization Error (||Zx — 2*||2) and Consensus Error (||xz — Xg||2) of GTA-1, GTA-2
and GTA-3 with respect to number of iterations, communications and gradient evaluations for a
synthetic quadratic problem (n = 16, d = 10, k = 10*) over star network(3 = 0.95).

where each node i € {1,2,..,n} has a portion of data samples A; € R"*? and corresponding
labels b; € {0,1}". Experiments were performed over the mushroom dataset (n = 16, d = 117,
>oi, n; = 8124) and the australian dataset (n =16, d = 41, >_1 ; n; = 690) [10].

Figs. 3 and 4 show the performance of GTA-1, GTA-2 and GTA-3 over a cyclic network (8 =
0.992) for the mushroom dataset and a star network for the australian dataset (8 = 0.95),
respectively. Similar observations to those made for the quadratic problem with respect to the
effect of performing multiple communication and computation steps can also be made for these
problems. Additionally, we observe that GTA-3 outperforms GTA-2 on these problems. We should
note that although GTA-3 performs the best within these experiments, it also brings certain
implementation constraints; see Section 2.

5 Final Remarks

In this paper, we have proposed a framework that unifies and generalizes communication strate-
gies in gradient tracking methods with flexibility in the number of communication and com-
putation steps performed at every iteration. We have established convergence guarantees for
the proposed gradient tracking framework. Specifically, we have shown linear convergence for
the general framework and the special cases of gradient tracking methods. Moreover, we have
shown the positive influence of performing multiple communication steps at every iteration on
the convergence rate and provide results that allow for the direct comparison of popular gradient
tracking methods. Our experiments on quadratic and logistic regression problems illustrate the
effects of different communication strategies and the benefits of the flexibility in terms of iter-
ations and number of communication and computation steps. The advantages of the proposed
framework can be further realized when the actual cost, i.e., a combination of the complexity of
both communication and computation steps that is application specific, is considered. The frame-
work is extendable to diverse decentralized optimization settings, such as non-convex problems,
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Fig. 3: Optimization Error (||Zy — z*||2) and Consensus Error (||x; —Xx||2) of GTA-1, GTA-2 and
GTA-3 with respect to number of iterations, communications and gradient evaluations for binary
logistic regression on Mushroom dataset (n =16, d = 117, Y| n; = 8124) over cyclic network
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Optimization Error

-
o
.

—
o
b

Consensus Error

-3 -3 3 -3 N
1076100 200 300 400 500 90 100 200 300 400 500 00 100 200 300 400 500
Iterations Gradients Communications
- GTAL(L,1) - GTA2(L, 1) - GTA3(L, 1) -v GIAL(5,1) -v GIA2(5 1) -+ GTA-3(5, 1)
- GTAL1(5,5) -« GTA-2(5,5) - GTA-3(5,5)

Fig. 4: Optimization Error (||Zx — 2*||2) and Consensus Error (||x; — Xx||2) of GTA-1, GTA-2 and
GTA-3 with respect to number of iterations, communications and gradient evaluations for binary
logistic regression on Australian dataset (n = 16, d = 41, >, n; = 690) over star network
(8 = 0.95).



28

Albert S. Berahas, Raghu Bollapragada, Shagun Gupta

non-smooth structured problems, stochastic local objective functions, and directed communica-
tion graphs. It is also valuable to adapt the framework to asynchronous communication setups.
This allows for adaptive schemes in which agents determine the number of communication and
computation steps independently based on local information.

Data Awvailability Statement
The datasets generated during and/or analysed during the current study are available from the
corresponding author on reasonable request.
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