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Abstract

On the main sequence, the asteroseismic small frequency separation 61, between radial and quadrupole p-modes
is customarily interpreted to be a direct diagnostic of internal structure. Such an interpretation is based on a well-
known integral estimator relating dvq, to a radially averaged sound-speed gradient. However, this estimator fails,
catastrophically, when evaluated on structural models of red giants: their small separations must therefore be
interpreted differently. We derive a single expression that both reduces to the classical estimator when applied to
main-sequence stellar models and reproduces the qualitative features of the small separation for stellar models of
very evolved red giants. This expression indicates that the small separations of red giants scale primarily with their
global seismic properties as §v/gy o< Av?/Vpax, rather than being in any way sensitive to their internal structure.
Departures from this asymptotic behavior, during the transition from the main-sequence to red giant regimes, have
been recently reported in open-cluster Christensen—Dalsgaard (C-D) diagrams from K2 mission data. Investigating
them in detail, we demonstrate that they occur when the convective envelope boundary passes a specific acoustic
distance—roughly one-third of a wavelength at 14,,x—from the center of the star, at which point radial modes
become maximally sensitive to the position of the boundary. The shape of the corresponding features on ¢, and
C-D (or r(,) diagrams may be useful in constraining the nature of convective boundary mixing in the context of
undershooting beneath a convective envelope.

Unified Astronomy Thesaurus concepts: Asteroseismology (73); Red giant stars (1372); Subgiant stars (1646);
Stellar convective zones (301); Theoretical techniques (2093)
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1. Introduction and Problem Statement

Asteroseismology is our only direct means of observation-
ally inspecting the properties of stellar interiors. Seismology
from NASA's Kepler mission has revolutionized our under-
standing of stellar structure, evolution, rotation, activity, and
demographics, all over the Hertzsprung—Russell diagram (for a
review, see C. Aerts 2021). Many of these breakthroughs—in
both main-sequence and red giant stars—have been made using
solar-like stochastically excited pressure-wave pulsations (or
p-modes). In Sun-like stars, the frequencies of these p-mode
oscillations, in various families of overtones grouped by the
latitudinal degree ¢ of their horizontal shapes, are approxi-
mately separated by a uniform overtone spacing Av. One might
parameterize their frequencies v,, as, using the notation of
P. H. Scherrer et al. (1983),

(5 [Z0%)

Une ~ Au(n + g + fp(l/)) =+ 1)7, (H
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where 7 is an integer radial order, ¢, is a phase offset function
that varies smoothly with frequency v, and 0y, is the “small
separation” between quadrupole (/ = 2) and radial (/ = 0)
p-modes,

OV (n) = Vyr—o — Va—1,0=2. 2)

Low-luminosity red giants are also solar-like oscillators, in that
their pulsations are also stochastically excited by surface
convection. The frequencies of their nonradial modes exhibit
qualitatively different features compared to main-sequence
Sun-like stars—namely that of “avoided crossings” between
these p-modes and an additional set of g-modes trapped
within their radiative cores (M. Aizenman et al. 1977,
H. Shibahashi 1979; T. R. Bedding et al. 2011). Nonetheless,
the most visible of these gravitoacoustic “mixed” modes
emerge at frequencies that are closest to those of notional pure
p-modes (T. R. Bedding et al. 2010; B. Mosser et al. 2011;
D. Stello et al. 2014), as described using Equation (1). Thus,
these modes may also be associated with small separations
through Equation (2).

Much of the modern theory of these solar-like oscillators is
inherited from helioseismology. In this tradition, the “small
separation” is interpreted as a direct diagnostic of a star's
interior structure. This diagnostic property arises from the fact
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that the associated “small separation ratio,”

Upe=0 — Va—10=2 OV

; 3)

rop(n) =
() Unt=1 — Vp—10=1 Av

is, at least in the context of Sun-like stars, insensitive to a star's
near-surface layers (e.g., . W. Roxburgh & S. V. Vorontsov
2003; H. Oti Floranes et al. 2005; I. W. Roxburgh 2005). Hence,
changes in ry,, and therefore 61y,, are interpreted as reflecting
the interior structure of a star (e.g., A. Miglio & J. Montalban
2005; B. Nsamba et al. 2018; G. Valle et al. 2020). For instance,
they probe changes to the chemical stratification of the near-core
layers, as modified by hydrogen burning, which arise over the
course of main-sequence evolution. As a result, Ovg, is
commonly used as an asteroseismic diagnostic of not only
structure but also main-sequence age (such as on a Christensen—
Dalsgaard, C-D, diagram, as explored in T. R. White et al. 2011).
These properties arise from asymptotic analysis of the wave
equation describing stellar oscillations. For p-modes, one may
rescale the pulsation eigenfunctions as 1) = &,/r?pc;, where r
is the radial coordinate, p is the equilibrium density profile, ¢, is
the sound speed, and &, is the Lagrangian displacement
eigenfunction of the normal mode in the radial direction. In

asymptotic analysis, this rescaled eigenfunction 1 approxi-
mately satisfies (e.g., F. Calogero 1963; V. V. Babikov 1976)

P ~A(t)se(wt + 6p(w, 1)) (inner)
~A(t)sin(w( — T) + ay(w, t)) (outer), 4)

with the two expressions given being the “inner” and “outer”
solutions. Here s;,(x) = | %XJH_;(X) is the Riccati—Bessel

function of the first kind, A(¢) is a slowly varying amplitude
function, w = 27v is the angular frequency, ¢ or rather
t(r) = j(; g (1/cy)dr is the acoustic radial coordinate, 7 = #(R) is
the acoustic radius, and 6, and «y are the inner and outer partial
phase functions, respectively, associated with the degree ¢. In
this work, we also use the property that, far from the center and
surface of the star, these phase functions are insensitive to
the acoustic radial coordinate. As such, we treat their values
there as functions of only the mode frequency—we may
therefore write them as &/{w) and a,(w) with no radial
dependence (see I. W. Roxburgh & S. V. Vorontsov 2003;
I. W. Roxburgh 2005; C. J. Lindsay et al. 2023 for an overview
of their other properties). In terms of these quantities,
I. W. Roxburgh & S. V. Vorontsov (2003) show that the
separation ratio ry,, treated now as a continuous function of
frequency, may be expressed compactly as

Foa (@) ~ %@(w) o)), 5)

with no dependence on the structure of the outer layers of the
star. In turn, these phase functions are related to the normal-
mode frequencies by demanding that the inner and outer
expressions for i given in Equation (4) agree up to sign
(meaning they satisfy 1;, = £, far from the center and
surface, yielding an eigenvalue condition of the form

sin [wT — (W) + & (w) — gw] = 0. 6)
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Eigenvalues w,,,, are obtained where the argument of the sine
function is an integer multiple of 7, yielding the observational
parameterization of Equation (1).

Existing analytic expressions relating these small separations
(or separation ratios) to stellar structure have arisen from
studies restricted in scope to the main sequence (as was the case
for M. Tassoul 1990; I. W. Roxburgh & S. V. Vorontsov 1994,
hereafter RV94; 1. W. Roxburgh & S. V. Vorontsov 2003;
H. Oti Floranes et al. 2005; I. W. Roxburgh 2005). Applied to
red giants, however, these expressions fail catastrophically (as
we will illustrate in Figure 1(a)). Hence, they must be
interpreted differently for these evolved stars. No alternative
interpretation has so far been proposed. Moreover, the
theoretical studies in which these expressions were derived
all predate the observational discovery of nonradial gravitoa-
coustic “mixed” modes in such evolved solar-like oscillators.
Therefore, they also predate the subsequently developed
mathematical machinery required to decompose the pulsation
equations governing these mixed modes into pure p- and
pure g-mode subsystems (J. M. J. Ong & S. Basu 2020).
These techniques now enable us to examine red giant small
separations using the same asymptotic techniques as for main-
sequence stars. At the same time, the observational seismic
characterization of open clusters has also only recently revealed
astrophysically significant features in their C-D diagrams
(C. Reyes et al. 2025), which thus also only now demand
astrophysical interpretation in terms of interior structure.

Accordingly, in this work, we will make use of these recent
theoretical developments to derive new analytical asymptotic
expressions relating the inner phase functions ¢, to the interior
structure of red giants, which reduce to known ones when
applied to main-sequence stars. These new analytic expressions
are required for us to interpret a recently reported observational
feature in the C-D diagrams of stellar clusters and allow us to
understand that it emerges only in stars whose convective
envelope boundaries are located close to a specific distance
from the center of the star. We finally discuss how this feature,
which emerges purely in quantities derived from p-mode
frequencies, may be used as a probe of convective boundary
mixing, in conjunction with other observational features on the
red giant branch constructed from 4, g-modes, or other
spectroscopic constraints.

2. Resolving an Asteroseismic Catastrophe

M. Tassoul (1990) relates the p-mode small separation,
Equation (2), to the stellar structure through a second-order
asymptotic expression of the form

v _ bvpea 2043 R l&dl’ _ o®
Lev2 Av T o T dr R

+ O(lz) @)

In practice, v in this expression may be set to v4,,x when
averaging over many radial orders (H. Oti Floranes et al. 2005;
I. W. Roxburgh 2005). Here O is Landau's symbol, denoting
the order of the asymptotic approximation. RV94 further
expand this to fourth order in 1/v. Generally speaking, the
coefficients of all terms in such asymptotic expansions are
integrals of various functions over the entire stellar structure.
The ability of small separations and separation ratios to probe
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Figure 1. Separation ratios and small separations computed with different
methods along a MESA evolutionary track of solar composition, solar-
calibrated mixing length, and with M = 1.2 M,... (a) Separation ratios ry, along
the evolutionary track. The blue curve shows values computed from the
¢ = 0, 2 mode frequencies returned from the GYRE stellar oscillation code
through Equation (2). The orange curve shows values obtained from using the
conventional asymptotic estimator, Equation (7), which yields unphysically
large values, indicating that the approximations used to derive it have failed
catastrophically. The other gray curves show estimators derived in this work,
which do not exhibit the same divergence as the orange curve. (b) The same
quantities as (a), with the vertical axis rescaled to better show the other
estimators we derive in this work. The light gray curve shows values obtained
when a faulty small-angle approximation used in deriving Equation (7) is no
longer assumed. The dark gray curve shows values obtained when both ¢, and
6, are computed under the 7-mode isolation scheme of J. M. J. Ong & S. Basu
(2020; a; = 0), rather than for the full system of equations (o, = 1). The
dashed curve shows the limiting asymptotic value 3/7wT. (c) A C-D diagram,
showing the small frequency separations v, = rp, X Av from the same
models and methods. The blue curves depart from these asymptotic estimators,
and our analysis indicates that they are associated with features of the Brunt—
Viisild frequency. The feature at Av ~ 20 pHz (highlighted in red) is the knee
feature reported in C. Reyes et al. (2025).
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stellar interiors is often attributed to expressions of the kind
given in Equation (7).

2.1. The Catastrophe

This entire class of integral estimators ceases to hold for red
giants. We illustrate this in Figure 1(a), where we plot the
values of Equation (7) as a function of Av over an illustrative
track of MESA evolutionary models, and we describe the
details of its construction in the next section. Equation (7) can
be seen to take extremely large values, shown with the orange
curve. Values this large are unphysical, as the mode
frequencies of observed red giants continue to be well
described as possessing small separations even close to the
tip of the red giant branch (e.g., T. R. Bedding et al. 2010;
B. Mosser et al. 2011; D. Stello et al. 2014; J. Yu et al. 2020).
While we have shown only one evolutionary track in Figure 1
for clarity, this behavior continues to emerge when other stellar
properties are varied (such as mass, composition, and mixing
length parameter).

This “asteroseismic catastrophe” is not caused by any
singularities in the underlying pulsation equations or physical
inconsistencies in the models themselves. Numerical solutions
to the pulsation equations on the same stellar models (e.g.,
using the GYRE pulsation code; R. H. D. Townsend &
S. A. Teitler 2013, shown in blue in Figure 1) remain well
behaved and return mode frequencies that are well described as
possessing separation ratios much smaller than unity. This
remains true even after the emergence of gravitoacoustic mode
mixing, whereupon small separations are observationally
determined with reference to the most p-dominated quadrupole
mixed modes. In such cases, J. M. J. Ong & S. Basu (2020)
demonstrate that one may directly calculate the pure p-modes
underlying the p-dominated mixed modes by suppressing an
individual term in the pulsation equations—a single occurrence
of the Brunt—Viiséld frequency N—in the interior of the star.
The asymptotic analysis of M. Tassoul (1990) and RV94,
applied to this modified “m-mode” system (in the sense of
M. Aizenman et al. 1977), returns exactly the same expression
for the small separation as Equation (7); after all, it can be seen
not to depend on N. Finally, even though calculations using p-
dominated mixed modes return significant amounts of numer-
ical jitter (e.g., T. R. White et al. 2011), they still result in
separation ratios smaller than unity. As such, the behavior of
the orange curve in Figure 1(a) cannot be attributed to mode
mixing either. Thus, by elimination, it must instead result from
the catastrophic failure of some other approximation involved
in the asymptotic analysis required to derive Equation (7) in the
first place.

The specific form of Equation (7) also suggests that this
behavior is a generic feature of red giant models (in particular, of
their possessing small, dense, radiative cores), rather than a
particular feature of how we have generated these models or
computed these estimators. This is because the cores of red giants,
which are isothermal and therefore radiatively stratified after core
hydrogen exhaustion, shrink concurrently with the expansion of
their outer convective envelopes by the mirror principle
throughout their first ascent up the red giant branch (e.g.,
M. M. Miller Bertolami 2022; P.-S. Ou & K.-J. Chen 2024). As a
result, the radiative cores of red giants are very compact, while
their envelopes are very diffuse. This sets up very large density
and therefore sound-speed gradients. The sound-speed gradient in



THE ASTROPHYSICAL JOURNAL, 980:199 (13pp), 2025 February 20

turn enters into the integrand of Equation (7), and so its estimates
of the small separation in red giant stellar models thus take on
correspondingly large values, which become unphysically large as
they ascend the red giant branch.

Irrespective of the reason, it is clear that Equation (7) does not
hold in evolved stars. The inclusion of higher-order terms in the
asymptotic expansion from which it is taken—such as those
of RV94—does not change the fact that this leading-order term
already diverges. Correspondingly, then, we ought not to use it to
interpret observations of small separations and separation ratios.
This begs the question, however, of what meaning we ought to
attach to these observational quantities off the main sequence.

2.2. Asymptotic Analysis

Our subsequent discussion will build on the procedure for
asymptotic analysis laid out in RV94, so we will now briefly
summarize it. Linear adiabatic self-gravitating pulsations have
normal modes whose radial Lagrangian displacements, &,, and
Eulerian pressure and gravitational-potential perturbations, P’
and @', satisfy a linear system of ordinary differential equations
after separation of variables:

5 (E+D P e+ 1) 5
Zdr 5)— §r+(]_ 1202 2 22 (I)’

pCq 2

lar | g 2_ 2 _d¥
pdr-ﬁ- P+(N wHE, = o

1d( d® e+ & P N
Tza(’ ﬁ) -0 —4”GP(,,C3 + o 5)
®)

RV94 simplify this through a change of dynamical variables to
the quantities (Equations (3)—(6) of RV94)

E=r¢,
_ 1 p
= /’h2P ’
pP= —CI),,
1 2dp
= l)( 47erh1§) ©)

written in terms of integrating factors

r r 2
hl—exp[f % dr], hz—exp[f N— dr],
fon 8
h=—, (10)

where g is the local gravitational field strength. Doing so casts
Equation (8) as a second-order differential equation in only two
of these quantities, written in the matrix form
d? d 2 UN I
(WJFCJ—WD)[I,]_O. 11
The matrices C and D are fairly cumbersome, so we will not

reproduce the full expressions for them here, but it suffices to
note that

(1) they depend on both the equilibrium structure of the star
and the mode frequency w but not the normal modes
themselves, as well as that

Ong et al.

2) every frequency dependent entry of C is proportional to
— N%/w?)~!, while those of D contain frequency
dependence only through terms proportional to 1 / w” and
1/u.
Thus, writing both 7 and P at degree ¢ as linear combinations
of Bessel functions Jey;,(wf) and their derivatives

J'o112(wt), RV94 found that the coefficients of these linear
combinations admit an asymptotic expansion in powers of 1 /w:

[Z] -+ 1%+ Ln+ )[ij;%((“:ft))l (12)

Expressions for the coefficients y;; of this expansion are
derived by similarly expanding the matrices C and D in powers
of 1/w, assuming from the outset that the angular frequency w
is much larger than the Brunt—Viisild frequency N, and noting
further that J,, /> and its derivative satisfy

d[ ese@n] 0 @[ Jerston -
dr J/H%(Wt) B —w+u —% J’H%(wt)'

wt?

In this manner, one may express 1 and p (Equations (49) and
(50) of RV94) in terms of several of the y; j (Equations (32),
(34), and (41) of RV94), again formulated in terms of inner and
outer solutions. Having done so, RV94 then construct an
eigenvalue equation of the form of Equation (6) by noting that,
since the Cowling approximation holds well in the outer layers,
the outer solution may be expressed entirely in terms of a single
dynamical variable ¢, with (Equations (55) and (57) of RV94)

s (hr?
()5 e

One then inserts Hankel's expansion of Bessel functions
and their derivatives at large argument (x > #({ + 1);
M. Abramowitz & 1. A. Stegun 1972),
(-5)]
S| X — —
2

T () - / sinx — [_”) G N
2x
Jp1(x) ~ l cos (x [W) w sin (x [ﬂ—)
2 X 2x 2

(#)’
ol )

(= =asr — R.

(14)

15)

into their inner asymptotic expansion for ¢; their Equation (58)
then follows from rearranging this into the form of a single
sinusoid whose argument and overall amplitude are separately
expanded asymptotically. Focusing on the argument of this
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sinusoid specifically, it is expanded as

¢ o cos [wt — %r + i(—yl’lzm — lilog[ S ]

w 3’0,11(’) 2dt hr?

+HE) +o(3) |

= cos [wt - %r + %[Ao(f) + {0+ DA + O(ﬁ)]

= sin [wt — %T + bp(w, t)].
(16)

This rather important expression is then used to derive an
eigenvalue condition of the form of Equation (6) in the usual
fashion, by matching the inner and outer solutions up to sign
(RV94, Equation (80)). In turn, this gives an expression for the
small separation when finite differences with respect to ¢ are
taken (RV94, Equation (87)). The estimator of M. Tassoul
(1990), which results from truncating this analysis to leading
order in 1/w, is thus only proportional to A/7T), with no
dependence on Ay(7).

2.3. Resolving the Catastrophe

We now present the derivation of modified expressions,
which reduce to Equation (7) for main-sequence stars but
yet also remain valid for application to red giant stellar
structures. Specifically, we observe that in deriving their inner
expression for ¢ via Equation (16), RV94 have rearranged the
linear combination of several sines and cosines with the same
argument, as suggested by the form of Equation (15), into a
single harmonic function using the phasor addition identity,
where in particular

asinf + bcosd = a? + b? sin(9 + arctan[é]). 17
a

Applied to their inner expression for ¢, one obtains for the inner
solution that, truncated to leading order in 1/w,

1 »ne® 14d [ c,] 1 ( 1)
-] —— 4+ ——1 s — O — | | Jps 1 (wt
O([W( Yonu(®)  2dr N * 2t w3 ey )
+ [1 + O(%)]J’Hl(w)
w 2
tr ©+0(5)
~ cos | wt — ? + arctan 7 N s
- 2wt © + O(ﬁ)
0= l[Ao(t) + L + 1)A(D)].
w
(18)

The analysis of M. Tassoul (1990) also uses the same small-
angle approximation. As such, we see that the derivation of
Equation (16), and thus the use of Equation (7), requires that ®
there exists some location—or “matching point” between the
inner and outer solutions—situated far from both the center and
surface of the star, at which © < 1. If so, then the small-angle
approximation required to obtain their expressions from the full
expression (Equation (18)) is valid at least at this matching
point, and the eigenvalue equation arising from matching them
may then accurately describe the small separation.

Ong et al.
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Figure 2. Phase integrals Ao(f) and A,(7) as defined by RV94, Equation (21),
shown in units of wm.,x = 27Vmax and as functions of the acoustic radial
coordinate f, for two illustrative MESA stellar models along the same
evolutionary track as shown in Figure 1. A main-sequence stellar model is
shown in the upper panel, and a red giant model is shown in the lower panel.
Solid curves show values computed for the full pulsation equations (o, = 1),
while dashed curves show values computed for the isolated 7m-modes (setting
a, = 0). Unity is marked out with a horizontal dashed line in both panels. The
small-angle approximation relied upon to derive Equation (7) requires that, far
from the center, both quantities are <1; this can be seen to be satisfied for the
main-sequence star but not for the red giant. The indefinite integral used to
approximate Ao(7) in Equation (23) is shown with the gray curves: dotted for
o, = 1 and dashed for a,, = 1. The dashed—dotted black curve shows the
behavior of our softmax approximation to Ay(f)/w, Equation (24); it tends to
1/tas t — 0 and to the limiting value Ay(7)/w as t — T.

To assess the validity of this assumption, we show with the
solid curves in Figure 2 the values of Ap(f)/w and Axf)/w
computed from two representative stellar models along the
evolutionary track shown in Figure 1: one on the main
sequence (upper panel) and one on the red giant branch (lower
panel). Here w is taken to be w,x = 27max. These quantities
become much smaller than unity far from the center of the
main-sequence model: a matching point exists for it that
satisfies the condition ® above. However, this is not the case for
the red giant model: both Ay(r)/w and A,(f)/w can be seen to be
orders of magnitude larger than unity throughout all of the
stellar structure. We submit that it is, specifically, the failure of
this small-angle approximation everywhere in the stellar
interior that renders Equation (7) unsuitable for use off the
main sequence.
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If this small-angle approximation should fail, the term in the
denominator of Equation (18) proportional to © may also not
be assumed to vanish, despite strictly speaking being of order
1 /wz. It may, however, be separated from the numerator by
applying an angle addition formula, which ultimately gives

be(w, t)~arctan[@ + 0+ l)(m(r) _ L)]

w 2wt

{4+ 1) T
+ arctan[l—w] -3 (19)

as a leading-order asymptotic expression for the inner phase
function of Equation (4), which remains valid even where the
small-angle approximation does not. Taking finite differences
in the usual fashion, we then obtain that

202043
ree+2 ~ 203

s

a(T)/w e
[1+[A0(T)+£’(l+ Day(T)? / w? + 2uT]’ 20)

where
I N 2\g 4 L
Ao(t) = Efo (%) — 2)dt’ + *.and

At) = —if’ (ﬁ - i)dﬂ Tl t @
2Jp \1? 12 2t 2t
Equation (7) can be seen to be recovered by setting the
denominator of the first term in Equation (20) to unity in the
limit Ay(T) + (¢ + 1)a(T) < 1 (and integrating A, by parts).
Importantly, for red giants in the opposite limit of large
Ao(T) > a(T) > 1, we see that the small separation
goes simply as rgp ~ 1/wT ~ Av/vna, or equivalently,
vy ~ Av?/Upax. Here Vy is an acoustic potential (modified
from Equation (59) of RV94), which we will write as

Vo(t) = 0, N2() — 47Gp + ‘;—W + w2,
t

d C
w=—log |[—, 22
a2 2

with G being the gravitational constant. The coefficient o, is
set to 1 when analyzing the usual pulsation equations and set to
0 for the modified equations that yield the isolated “m-modes”
of J. M. J. Ong & S. Basu (2020).

Let us now compare the estimates for the small separation as
computed from our modified expressions, Equations (19) and
(20), against reference “true” values computed directly from
the mode frequencies of stellar models along the evolutionary
track shown in Figure 1. We first compute both ry, and v/,
from the mode frequencies of each model, evaluated using the
GYRE pulsation code, as functions of radial order (and thus
frequency) using Equations (2) and (3). For the quadrupole
modes, we avoid the effects of mode mixing by computing
their frequencies using the mw-mode isolation scheme of
J. M. J. Ong & S. Basu (2020), including the first-order
correction required to recover the associated pure p-mode
frequencies from diagonal elements of the perturbation matrix.
To provide a single numerical value for each stellar model, we
then average both 6vgy(v) and roy(v), separately treated as
functions of frequency, over modes near v,,,; we do this using
a weighted sum over a Gaussian envelope centered at t4,,x, with
a full width at half-maximum I' ~ 0.66(./tHz)*%®  Hz
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(B. Mosser et al. 2012). We show these in Figure 1, as a
function of the large separation Av, with the blue curves.

We compare these numerical “ground-truth” values with
estimates of Equations (19) and (20), shown with the light gray
solid curves, when used to analyze the full pulsation equations
(i.e., with a; set to 1). Moreover, we show the limiting value
3/mwT with the dashed curve. These can be seen to be in far
better agreement with the ground truth everywhere on the
evolutionary track, compared to Equation (7), but nonetheless
to exhibit significant remaining morphological differences.

A priori, one might attribute these remaining differences in
morphology either to the truncation of the asymptotic
expansion to only leading order or to the failure of some
other, similar, approximation made in its derivation. However,
the only other place where the assumption of a convergent
series expansion has been made by RV94 is that w > N in the
stellar interior—see property (2) in Section 2.2—such that the
matrix C enters into higher orders of asymptotic analysis by
expanding 1/(1 — N2/w?) in successive powers of N*/w?* (see
their Equations (10) and (16)). Although this approximation is
locally invalid for the full pulsation equations near the center of
red giants, it is exact when we set a,; = 0 to obtain m-modes per
the prescription of J. M. J. Ong & S. Basu (2020) and so may
be used for analyzing m-mode small separations without
difficulty. In turn, the frequencies of these m-modes are known
to approach those of p-modes with increasing evolution up the
red giant branch.

We therefore show, using the dark gray solid curves in
Figure 1, the values of these integral estimators when adapted
to the 7-mode system of equations by setting v, = 0. The main
morphological differences between the ground truth and the
asymptotic estimators can be seen to persist in panels (b) and
(c) and thus cannot be attributed to this other instance of a
power-series expansion failing to converge. By elimination, we
must attribute them to us having truncated other higher-order
terms from the asymptotic expansion. However, because these
higher-order terms in the asymptotic treatment of the full
p-mode system of equations are associated with increasing
powers of N2/w2, we also conclude that the shapes of these
C-D diagrams, and their departure from smooth evolution over
time, may be attributed to structural features in the Brunt—
Viiséla frequency.

Equations (19) and (20) suggest that Ag(7), in addition to
only A/(T) as appearing in Equation (7), will be required to
fully describe the small separation at second order, and a
succinct approximation to it will be helpful. Per Equations (21)
and (22), Ay(?) is the integral of the acoustic potential V;, and
other terms that are dominated by it as + — 7. The acoustic
potential itself contains multiple terms, and the terms
proportional to w ~ 1/t are also dominated by «,N* and/or
47Gp as t — T. Thus, we may approximate A(7T) as

t
Ao(T) ~ — tlin;% . (axN? — 47Gp) dr'. (23)

We make this limit explicit to emphasize that, being a
description of the inner phase function, numerical evaluation
of this integral should, in principle, (1) tend to this limiting
value well away from the surface of the stellar model and (2)
avoid the regular singular point at the outer boundary of the
pulsation problem. We plot the values of the indefinite integral
in this expression with the gray curves in Figure 2, shown
dotted for o, = 1 and dashed for a, = 0. As required, its
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limiting values as t — T are indeed a good approximation to
those of A(¢) in both cases.

Finally, in our subsequent discussion, it will also be helpful
to have an analytic approximation to the inner phase function
do(w, 1) for radial modes in particular. From Equation (21) and
Figure 2, we see that Ag ~ 1/fast — 0, and — Ag(T) as t — T.
Thus, we approximate Og(w, t), particularly in the limit of
t— 0, as

bo(w, t) ~ arctan [@] — g ~ arctan

X [softmax (i, tan ﬂ)] — g, (24)

where we have defined tan(3) = Ag(T)/w so that 6o(f) —
8 — ©/2 as t — T. The softmax function (often used in the
statistical and machine learning literature) is some smooth
approximation to the maximum function, which returns
the greater of its two arguments. A natural choice for
implementing such smoothing is the L? norm, such that

softmax(a, b) ~ \Ja? + b%. We show the behavior of this
approximation for Ay(f) using the black dashed—dotted lines in
Figure 2. Its shape describes that of Ay(f) reasonably with a,
set to 1 and quite well with «, set to O.

3. Interpreting C-D Diagrams

All of our preceding analysis has been restricted to the
asymptotic behavior of the eigenfunctions, with comparisons to
numerical mode frequencies serving only to assess the
properties and limitations of this asymptotic analysis. We
now consider the problem of interpreting both these numerical
calculations and observational measurements using this
asymptotic analysis as a guide.

Our discussion here is motivated by T. R. White et al.
(2011), who described undulatory features in the ¢, — Av
diagrams calculated using the radial-mode frequencies from
evolutionary tracks of stellar models. J. M. J. Ong & S. Basu
(2019) used similar calculations to generate isochrones on the
€, — Av plane, in which these features remain visually
apparent. One feature of these calculations was a bottleneck at
Av ~ 20-30 pHz, after which both the evolutionary tracks and
the isochrones converge to a single sequence on this plane
(which we show in Figure 3(a)). Intuitively, this makes
sense because very evolved red giants (at low values of Av)
are almost fully convective, and so both their Av and ¢, are
primarily determined by homologous scaling against convec-
tively stratified polytropes (B. Mosser et al. 2011). For these
stars, additional phase perturbations from the radiative core
(e.g., J. M. J. Ong & S. Basu 2020), near-surface effects (e.g.,
Y. Li et al. 2023), and acoustic glitches (e.g., G. Dréau et al.
2020; D. P. Saunders et al. 2023) are all relatively small. By
contrast, these same structural features more significantly affect
the mode frequencies of less-evolved stars. This bottleneck
signifies a transition between these two regimes.

However, the precise details of this transition are not well
studied, with a historical lack of attention to it owing to a
paucity of observational data. For example, v,,,« for stars in this
regime of evolution lie in the gap between long- and short-
cadence samples from the nominal Kepler mission. However,
in light of recent observational findings, a proper theoretical
treatment of it has now become necessary. In particular,
C. Reyes et al. (2025) produce the first empirical C-D diagram
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derived from measurements of small and large separations in a
single coeval stellar population—the pulsating sub- and red
giants of the open cluster M67. Their main result is the
observational discovery of a “knee” in this cluster C-D diagram
(or, equivalently, a “hump” in the r¢» — Av diagram). These
features are highlighted in the red boxes on the evolutionary
tracks depicted in Figure 1. Strikingly, this knee also occurs at
Av ~ 20 uHz, coinciding with the transition of p-modes from
being determined primarily by structure to being determined
primarily by homology.

The “knee” feature in the C-D diagram (which we will
subsequently refer to as “the Knee” for brevity) had not been
noted in earlier observational studies, most of which combined
multiple stellar populations, owing to the observational
selection effects that we have discussed earlier. It also has
not previously been characterized by numerical studies.
J. M. J. Ong & S. Basu (2019) restricted their attention to
diagnostics derived from radial modes, while the calculations
of T. R. White et al. (2011), which predate the derivation of
m-mode isolation schemes in W. H. Ball et al. (2018) and
J. M. J. Ong & S. Basu (2020), were dominated by numerical
scatter from gravitoacoustic mode coupling, which made the
Knee difficult to notice. With the benefit of these new
numerical techniques, however, C. Reyes et al. (2025) were
able to reproduce it in their evolutionary modeling. Finding
Equation (7) not to be usable in interpreting this feature, for the
reasons described in the previous section, C. Reyes et al. (2025)
turned to Equation (5) instead to interpret their evolutionary
calculations.

We show the results of similar calculations in detail in
Figure 3, computed with respect to illustrative evolutionary
tracks. The ones shown here were generated with MESA
122.05 (B. Paxton et al. 2011, 2013, 2015, 2018, 2019;
A. S. Jermyn et al. 2023) and were calculated using the default
equation-of-state and opacity tables, adapted to the chemical
mixture of N. Grevesse & A. J. Sauval (1998) at solar
metallicity, using a solar-calibrated helium abundance and
mixing length, an Eddington-gray atmospheric boundary
condition with element diffusion and gravitational settling
using the formulation of A. A. Thoul et al. (1994), and a mass-
dependent diffusion scaling prefactor per the prescription
of L. S. Viani et al. (2018) but without radiative levitation,
rotational mixing, or turbulent diffusion or pressure support.
These specific evolutionary tracks shown were also generated
using convective envelope overshooting, with f,, = 0.08, and
with a finer radial coordinate mesh than default.'® In this figure,
we vary only the stellar mass, keeping all other quantities fixed.
However, we note that our objective is not to study the
evolutionary, compositional, or other parametric dependences
of the knee feature per se but rather only to examine how it
relates to the internal structure of the stellar models under
consideration.

The inner phase shifts 6, and ¢, for each of the models in our
tracks were then calculated from each model's oscillation
frequencies and eigenfunctions, computed using GYRE. The
radial p-mode and quadrupole m-mode frequencies and
eigenfunctions were calculated within +7.5Av of vy, the
latter according to the m-mode isolation construction of

19 1 order to better resolve the evolution of the stellar model's convective
boundaries, we used a mesh 4 times denser than default and set the
convective bdy weight parameter to 5. These options necessitated
increasing the maximum number of allowed model zones to 20,000.
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Figure 3. The evolution of several seismic diagnostic quantities off the main sequence and up the red giant branch, as computed from numerical frequency
calculations on evolutionary tracks of MESA stellar models. Tracks of stellar models with different masses are indicated with solid curves of different colors. (a) The
radial-mode phase offset ,. Solid curves show theoretical values, where ¢, is derived as an offset from integer multiples of the asymptotic frequency spacing 1/2T,
while dashed curves show mock observational values, computed with respect to a mean separation (Av). The mock observational values are offset by —0.8, and both
the theoretical and mock observational values are plotted using the mean separation (Av) as the abscissa. (b) The quadrupole-mode inner phase function evaluated at
Vmaxs 02(Wmax )- These curves can be seen to evolve smoothly in the neighborhood of the bottleneck in €, at Av ~ 25 Hz. (c) The radial-mode inner phase function
evaluated at Vpax, 0o (Wmax )- Unlike 85, small undulatory features can be seen in the neighborhood of the bottleneck, which we show more clearly in the inset figure.
Roughly speaking, the value of &, here is about —7/4, which we mark out with the horizontal line. (d) The difference between the two, scaled to yield an estimate of
the small separation ratio ry, by Equation (5). The shape of the knee feature reported in C. Reyes et al. (2025) arises from variations in &, alone, of the kind shown in

the inset in panel (c).

J. M. J. Ong & S. Basu (2020). Per Equation (4), the inner
phase shift of a particular mode, &, as a function of the acoustic
radius is calculated by evaluating

) -

S (w, 1) ~ arctan(d) / d’(ii’t)

dy

= arctan( den
We choose to evaluate §y and &, at t = T/2. In order to get a
single value of &, and &, for each model, we compute the
weighted average over all modes with respect to a Gaussian
envelope, whose full width T is specified by the same formula

of B. Mosser et al. (2012) as used in the preceding section.

Decomposing the separation ratio ry, into contributions from
the quadrupole (Figure 3(b)) and radial (Figure 3(c)) modes, as
in our figure, C. Reyes et al. (2025) find that the Knee (easily
visible in Figure 3(d)) is associated with localized structure in
the radial-mode phase function alone. Correspondingly, they

peos(wr) — sin(wt)

poostan i) 25
I cos(wr) + ysin(en) =

concluded that, whatever the origin of this structural feature, it
must lie so deep in the stellar interior that only radial p-modes
are able to probe it—in other words, it is closer to the center
than the Jeffreys—Wentzel-Kramers—Brillouin (JWKB) inner
turning point of the quadrupole modes. They put forward the
hypothesis that this structural feature is the acoustic glitch at
the convective envelope boundary and, moreover, demonstrate
a qualitative correspondence between the morphology of the
Knee and the numerical values of the frequency-response
kernel for the density K, at the convective boundary for
stellar models along an isochrone passing through the Knee.

3.1. Relating Acoustic Glitches to the C-D Diagram

Our preceding theoretical construction now positions us to
interpret this phenomenon analytically. In particular, our
revised asymptotic analysis permits us to overcome certain
fundamental limitations in the qualitative analysis presented in
C. Reyes et al. (2025). For one, the kernels K, and K ,
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Figure 4. Comparison of the frequency-response kernel to the acoustic
potential Vo, Ky, (¢), against the structure inversion kernels K , and K, ., all
computed for the radial p-mode at n, = 6 of a main-sequence stellar model.
The latter two are scaled by ¢, to accommodate integration against the acoustic
radius ¢ rather than the physical radius r as is customary, thereby showing near-
center features more clearly. The V, kernel can be seen to be morphologically
distinct from the usual kernel pair: it is phase-lagged in quadrature from the c
kernel and has a nonzero overall integral, unlike the p kernel.

Kernels

describe how numerical mode frequencies would respond to
localized perturbations dp and dc;, respectively, to the existing
stellar structure. However, in the context of acoustic glitches,
the frequency differences of interest are those induced relative
to some notional glitch-free stellar structure, where the mode
frequencies are primarily determined by large-scale features of
the acoustic mode cavity. It is precisely this behavior that is
captured by low-order asymptotic analysis of the kind that we
have examined earlier. In this sense, low-order asymptotic
approximations to frequency-response kernels, which we will
build, are therefore more appropriate for the study of acoustic
glitches specifically, compared to the purely numerical ones
ordinarily used in structure inversions (D. O. Gough &
M. J. Thompson 1991; A. G. Kosovichev 1999). Moreover,
the pair of kernels in the standard variables (p, c¢,) showed
additional features that C. Reyes et al. (2025) were unable to
associate with those of the observed C-D diagram.

We will now derive a different frequency-response kernel
whose features match more closely with the observational
diagram. Given our above discussion, we restrict our attention
to understanding how near-core structural features may affect
the frequencies of radial modes in particular. For radial modes
only, the pulsation equations reduce to a second-order problem
in the canonical form (D. O. Gough 1993)

2
%w bW~ V) =0, 26)

expressed in terms of ¥ = £ \/r?pc, and the acoustic radial
coordinate t. Per Equation (22), the acoustic potential V() can
be seen to depend on both N and, potentially, its derivatives.
Following standard results in perturbation theory (G. Houdek
& D. O. Gough 2007), any localized departures from an
otherwise smooth acoustic potential, or perturbations 6V(¢) to it,
result in corresponding perturbations to the mode frequencies
of the form

5w§~f|¢,,|25vm dtszn(t)(SV(t) d@/T), @27

where the eigenfunctions are by convention each of unit norm,
so that the kernels K, are of unit integral. As can be seen in
Figure 4, these kernels in V|, are morphologically distinct from
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the structural kernels K. , and K, . often used to characterize
the response of mode frequencies to structural perturbations in
seismic inversions (e.g., D. O. Gough & M. J. Thompson 1991;
A. G. Kosovichev 1999) or to describe the behavior of acoustic
glitches (e.g., A. Mazumdar et al. 2014; K. Verma et al.
2014, 2017; C. Reyes et al. 2025). Because the mode
frequencies are uniquely determined by V, (and boundary
conditions), there is no cross-term kernel.

At ¢ = 0, the Riccati-Bessel function s, _ o(x) is just sinx.
Neglecting the variation in the amplitude function A(?),
Equation (4) then gives

K, (t) ~ 2sin? (wyt + So(wp, 1)), (28)

with unit normalization recovered in the JWKB limit of high n.
As 6 (wi) ~ 2w, bw, = 87, 6u,, perturbations to the phase
offset ¢, = 6v,,/ Av may also be related to such integral kernel
expressions.

While this suffices for computing frequency and phase
perturbations on a mode-by-mode basis, these phase offsets and
ratios are, in observational practice, often measured by way of
averaging over many modes (using, say, the ‘“collapsed-
échelle-diagram” technique, as in C. Reyes et al. 2025). The
weights w, of this average are in effect given by the observable
heights of the modes in the power spectrum, which we again
take to be specified by the Gaussian envelope of B. Mosser
et al. (2012). With some work (the details of which we provide
in the Appendix), we may relate this averaged phase offset to
an integral over an averaged kernel,

1

ﬁfl((t) V@) da/T),

(0} = (8(60) = =
(29)

where

K(t) = Zn Wnl(n(t)
~[1 — cosQwmaxt — 260(Wmax, 1))] - exp [—2X2¢2].
(30)

In words, this averaged kernel is well approximated by a
harmonic function modulated by a Gaussian envelope of width
1/2% centered at t = 0. We illustrate this averaged kernel using
the solid curve in Figure 5 and our analytic approximation to it,
Equation (A6), using the dotted curve, with § ~ % (horizontal
line in Figure 3(c)).

We now possess the required analytic infrastructure to
examine the “Knee” of C. Reyes et al. (2025). Our preceding
asymptotic analysis suggests that it is caused by some structural
feature of the Brunt—Viisdld frequency. This justifies the
hypothesis of C. Reyes et al. (2025) attributing it to the inner
boundary of the convective envelope. This boundary advances
toward the center of the star over the course of evolution up the
red giant branch. To illustrate this, we show the location of this
convective boundary using the vertical dashed line in Figure 5.
We also show the acoustic potential V, itself using the dashed—
dotted line. At the location of the convective boundary, we find
a significant and highly localized feature in the acoustic
potential, of the kind that might induce an acoustic glitch.
However, given that the shape of the average kernel there in the
depicted model is more or less uniform, the inner phase
function &, of the depicted model is sensitive only to the shape,
rather than position, of the convective boundary. That is to say,
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Figure 5. Overview of structural features near the center of an evolutionary
series of stellar models. The averaged kernel K(f) = >_,w,K,(7) is shown with
the solid blue curve for an illustrative stellar model. The acoustic potential Vo—
which fully determines the structure of radial modes through Equation (26)—is
shown with the dashed—dotted curve, while the location of the convective
envelope boundary is indicated with the vertical dashed line. Our analytic
approximation to the averaged kernel, Equation (A6), is shown with the dotted

line, as computed with 8 = %.

when the boundary is far from the stellar center, the radial-
mode frequencies will collectively be insensitive to small
changes to the location of the envelope boundary, all else being
equal.

Let us now turn our attention to the time evolution of these
quantities in stellar models spanning the Knee. We show all of
the above quantities, with colors indicating different stellar
models, in Figure 6(a). The corresponding locations of these
models in the Av — rg, diagram are indicated with the
correspondingly colored vertical dashed lines in Figure 6(b).
Over the course of evolution through the Knee in the ryp, — Av
diagram, the convective envelope boundary can be seen to
sweep over the innermost maximum of the averaged kernel K.
As such, the amount by which 7y, is enhanced over its
asymptotic value is determined by the value of the kernel at the
location of the boundary glitch in the acoustic potential.
Correspondingly, the shape of the overall feature in the ry;
diagram appears to be determined by the shape of the
innermost maximum in the kernel as the acoustic glitch passes
through it.

Critically, because the features of the averaged kernel are
modulated by a Gaussian envelope located at the center of the
star, this innermost maximum is where the radial modes are
collectively maximally sensitive to any acoustic glitch. Its
location can be found by solving for the acoustic radius fy such
that

m
Wmaxfo + 00 (Wmax, to) = E (31)

Even using our greatly simplified approximate expression for
b, this is a transcendental equation in #,, with no analytic
solutions. Numerically, however, the position of this innermost
maximum does not appear to vary significantly in our MESA
evolutionary calculations. We illustrate this for a series of
evolutionary tracks in Figure 7. Over the range of masses that

we have shown in Figure 3, and for most of stellar evolution up
to the red giant branch, the position of this maximum can be
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Figure 6. Detailed examination of the correspondence between quantities
shown in Figure 5 and their signature in a C-D diagram. (a) Evolution of the
convective envelope boundary during the “hump” feature in the rp, diagram.
Three stellar models are shown with curves of different colors, with each line
style possessing the same meaning as indicated in Figure 5. Over the course of
evolution between these snapshots, the convective envelope boundary passes
through the innermost maximum of the averaged kernel. (b) The rq, diagram
associated with this evolutionary track, with the stellar models depicted in
panel (a) indicated using vertical dashed lines of the same colors as the
corresponding curves there. The animated version of this figure shows the
continuous time evolution of both panels from the model shown in blue to that
shown in gray over a duration of 6 s, during which the convective boundary
sweeps over the innermost maximum of the averaged kernel (the static figure
providing three snapshots of this process).

(An animation of this figure is available in the online article.)

seen to remain very stable, at fy ~ 0.35/vyax. As such, the
shape of the hump feature in the r(y, diagram may be robustly
interpreted as diagnosing the location of the convective
boundary over evolution relative to this particular acoustic
distance from the center of the star. As such, whereas C. Reyes
et al. (2025) have shown the Knee numerically to be a sensitive
diagnostic of convective overshooting, our asymptotic analysis
ties it directly to a feature of stellar structure.

4. Discussion and Conclusion

The commonly used formula for the small separation given
by M. Tassoul (1990), Equation (7), does not apply to red
giants. By revisiting the asymptotic analysis used in its original
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Figure 7. Time evolution of convective boundaries relative to the location of
the innermost maximum in the radial-mode sensitivity kernel, whose sensitivity
for the evolutionary track at 1.2 M, is schematically indicated by the shading
of the background. Solid curves show the locations of the convective envelope
boundaries, while dashed—dotted ones show those of the convective core, if
any. The dashed curves show the location of the innermost maximum of the
radial-mode averaged kernels as computed from numerical eigenfunctions, and
the dotted curves around them indicate the notional half-width of £ /4 rad in
the acoustic phase coordinate wy,xt. Different colors indicate different stellar
masses, with the same color coding as in Figure 3.

construction, we have derived a single expression,
Equation (20), which both reduces to that of M. Tassoul
(1990) for main-sequence stars and also reproduces the
qualitative behavior of small separations computed from
numerical mode frequencies when applied to red giant stellar
models. The transition between the two regimes is governed by
the parameter Ag(7) of RV94. We derive an approximation for
it, Equation (23), as an acoustic integral of a combination of the
Brunt—Viisild frequency and the local density. On the main
sequence, Ag(T) < 27Vmax, While Ag(T) > 27y, in red
giants.

For sufficiently evolved red giants, the frequencies of radial
modes are known to be well approximated by homologous
scaling against polytropes with condensed cores (e.g.,
M. Gabriel & R. Scuflaire 1979). Our analysis indicates that
all of the pure p-modes of such red giants, rather than just the
radial modes, are likewise well approximated (ignoring
coupling with the inner g-mode cavity). This is consistent
with the known observational features of p-modes in very
evolved red giants, where the small separation ratio does not
vary significantly between stars with similar Av (e.g.,
T. R. Bedding et al. 2010; D. Huber et al. 2010; B. Mosser
et al. 2011), even despite differences in other stellar properties.
In particular, we find that, in these very advanced stages of red
giant evolution, the small separation ratios only scale with
AV /Vnax, rather than yielding any diagnostic information about
their internal structure as previously assumed.

Evolution off the main sequence to the red giant branch is also
accompanied by qualitative changes in how the structural effects
of the convective envelope boundary are encoded in the mode
frequencies, and our asymptotic analysis now allows this
transition to be understood in detail. On the main sequence,
analysis of the pulsation equations in the JWKB approximation
indicates that the convective envelope boundary imprints an
oscillatory “acoustic glitch” signature into the frequencies of solar-
like oscillators, which is independent of the degree ¢ (e.g.,
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Figure 8. Dependence of ¢, (upper panel) and 7, (lower panel) on convective
overmixing. Both panels show these quantities as computed from evolutionary
tracks at 1.2 M, with overmixing implemented with MESA's prescription of
an exponential falloff in the diffusion coefficient, with a scale length of
loy = Hpfy. At earlier times than shown, and further up the red giant branch,
these evolutionary tracks coincide; however, they separate based on the amount
of overshoot applied in the neighborhood of the feature in ry,. The separation in
the ¢, diagram can be seen to precede that in the ro, diagram. The size of the
enhancement to rg, does not appear to vary significantly relative to
observational uncertainties, but, as with the isochrones in C. Reyes et al.
(2025), the value of Av at which it attains a maximum does appear to be
sensitive to the amount of overmixing in the model physics.

A. Mazumdar et al. 2014; K. Verma et al. 2014, 2017). By
contrast, the radiative cores of red giants are extremely compact.
C. J. Lindsay et al. (2023) show that such convective boundaries,
located close to the center of the star, instead induce perturbations
into the p-mode frequencies that scale as power laws with degree-
dependent indices. The novel observational feature reported in
C. Reyes et al. (2025)—a “knee” in the C-D diagram—occurs
during the transition between these two regimes. In this work, we
have shown that during this transition,

1. the averaged values of both the p-mode phase offset and
the small separation are maximally sensitive to the
structure of the convective boundary (both encoding the
radial-mode phase function &), and

2. at this point, the convective envelope may be very
robustly characterized as lying at an acoustic distance
roughly one-third of 1/v,x away from the center of
the star.
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It is interesting to contrast this second result with existing
techniques for characterizing the envelope-boundary glitch in
main-sequence stars, where it is instead the unknown acoustic
position of the glitch that is the object of observational
determination.

Our qualitative discussion relates the position and shape of
the Knee on the C-D diagram only directly to the position of
the convective boundary and the shape of an averaged radial-
mode kernel. However, both of these are ultimately, if
indirectly, determined by global properties of the physical
processes governing stellar structure and evolution. For
example, C. Reyes et al. (2025) point out that the shapes of
isochrones in model C-D diagrams are strongly affected by the
amount of convective boundary mixing beneath the envelope
(e.g., undershooting of convective velocities) used to generate
these models, which determines the position of the convective
boundary, all else being equal. We illustrate other quantitative
effects of this both on the radial-mode phase function ¢, and in
the surface-insensitive ry, diagram in Figure 8. In our stellar
models and frequency calculations, convective boundary
mixing modifies the undulatory features in ¢, that emerge
preceding the envelope boundary passing through the hump in
the ry, diagram and modifies not just the position of the Knee
but also its overall morphology.

Thus, combined measurements of Av, €,, and rp, (or dvp,
with surface correction) during this asymptotic transition will
constrain convective boundary mixing beneath convective
envelopes. Should further observational efforts at this be
realized, these probes would be complementary to other
seismic indicators of convective boundary mixing there, such
as those obtained from g-mode seismology in the lead-up to the
luminosity bump (e.g., C. J. Lindsay et al. 2022) or from the
position of the luminosity bump itself on the seismic Kiel
diagram (e.g., S. Khan et al. 2018). We leave the continued
observational pursuit of this feature—either in other coeval
stellar populations or in the field—and a fuller characterization
of its ability to probe convective boundary mixing to
future work.
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Appendix
Analytic Approximation for the Averaged Radial-mode
Kernel
We seek an approximation to the expression
K =2 sin® [wyt + o(wy, D] - w(wy)
=1- ZCOS 2(wnt + Oo(wp, D)) - w(wy), (A1)

where the weights are normalized such that >_,w(w,) = 1. We
recall that w is described by a Gaussian envelope centered on
Wmax = 2TVmax, With width given by the empirical expression
of B. Mosser et al. (2012). We may restrict our attention to the
second term, which we rewrite as

Re [Z W (wn)e2i(wnt+r5o(wmt))]
n

= Re[eZi‘sO(W"‘ﬂX”) fw(w)ezjw’zné(w — wy) dw],
(A2)

where we have assumed that 6y does not vary significantly with
frequency close to wp.x. We recognize this integral as the
Fourier transform (from frequency coordinate w to time
coordinate 2f) of the product of two different functions of
frequency, permitting us to apply the convolution theorem. The
details are as follows:

1. The first function,

w(w)~ (A3)

1 (w _ wmax)2
exp|— )
NpYS® 22
is a Gaussian of width ¥ = 27["/8log2. Its Fourier

transform is also a Gaussian, modulated by an overall
phasor given by the central frequency of this envelope, as

W(2t) ~ e¥@mal exp [—2¢232]. (A4)

2. The second function is a sum over Dirac delta functions,
with w, approximately uniformly spaced by 27Av. We
assert that the envelope function w is narrow enough that
the sum may be extended both to arbitrarily high and to
negative integer order, without materially changing the
value of the integral. A sum over equally spaced Dirac
delta functions is a Dirac comb; the Fourier transform of
such a comb, with spacing Aw, is itself a Dirac comb,
with spacing AQ2f) = 27/Aw = 1/Av ~ 2T (given the
standard scaling relation for the large separation Av ~ 1/
2T), up to overall constant. As such, we approximate that
Equation (A4) will have to be convolved against the
comb

2me?oty " 52t — 2mT) = 27y | e2“omT§(2t — 2mT). (AS5)

Since the repetition rate of the comb in the position
coordinate is the entire acoustic radius of the star, we need
only concern ourselves with the m =0 term in Equation (AS5)
when approximating the average kernel in the inner half of the
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star. This term is, however, just a Dirac delta function centered
at t=0, against which convolution is the identity operation.
Thus, Equations (A2) and (A4) give

K ~1 —Re [eZi[“’maxf+5o(ﬂfmax.t)]exp(_thEZ)]
=1 — oS [2(Wmaxt + 80(Wmax» 1)] - exp (—2t252)

~1 + cos [Z(r.umaxt + arctan [ softmax(it, tan ﬁ)])]
w

- exp (—21252). (A6)

It is this approximate expression, with the position dependence
of &y specified by Equation (24), that we plot using the dotted
curves in Figure 6.
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