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GROWTH OF k-DIMENSIONAL SYSTOLES IN
CONGRUENCE COVERINGS

Mikhail Belolipetsky and Shmuel Weinberger
Abstract. We study growth of absolute and homological k-dimensional systoles of
arithmetic n-manifolds along congruence coverings. Our main interest is in the
growth of systoles of manifolds whose real rank r ≥ 2. We observe, in particular,
that in some cases for k = r the growth function tends to oscillate between a power
of a logarithm and a power function of the degree of the covering. This is a new phe-
nomenon. We also prove the expected polylogarithmic and constant power bounds
for small and large k, respectively.

1 Introduction

Consider a semisimple Lie group H without compact factors and corresponding sym-
metric space X . For example, we can take H = SL2(R), SL3(R), SL2(R) × SL2(R),
etc. with the corresponding symmetric spaces — the hyperbolic plane H2, the space
of 3 × 3 positive-definite matrices of determinant 1, the product space H2 × H2.
These first few examples will, in fact, already suffice for introducing the main ques-
tions and results of the paper. Let M = Γ\X be an arithmetic X -locally symmetric
space and {Mi → M}i=1,2,... a sequence of its regular congruence coverings of de-
grees di. The construction of such sequences is well known, we will review it in
Sect. 2.1. Denote by absysk the absolute k-dimensional systole of M , which is de-
fined as the infimum of k-dimensional volumes of the subsets of M which cannot
be homotoped to (k − 1)-dimensional subsets in M (see [Gro96]). It is clear that
absysn(Mi) = vol(Mi) = vol(M)di and it is well known, although less obvious, that
absys1(Mi) has the same degree of growth as c1 log(di) for a positive constant c1 (see
e.g. [GL14, Proposition 16]). We are interested in understanding the growth rate of
the intermediate systoles absysk(Mi), k = 2, . . . , n − 1, in such sequences. The same
problem can be considered for more general expanding families of non-positively
curved manifolds or orbifolds, for example, for the sequences studied by Raimbault
in [Rai17]. We expect that similar phenomena will occur in the general setting but
postpone its investigation for the future.

The real rank of a symmetric space X is equal to the maximal dimension of a
connected, totally geodesic, flat submanifold in X . This also defines the R-rank(M)
of the locally symmetric spaces covered by X and the real rank of the associated Lie
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group H . The spaces and Lie groups with real rank greater than or equal to 2 are
called higher rank and, although the statements of some results will cover the rank
1 spaces as well, we will be mainly interested in the higher rank case. The question
about the growth of k-dimensional systoles in congruence coverings was first raised
by Gromov (see [Gro96, pp. 338–339]). He indicated, in particular, that one might
expect to have the polylogarithmic (i.e. a polynomial in the logarithm) growth of
absysk(Mi) for k ≤ R-rank(M) and a constant power growth for bigger k. Our main
result is as follows.

Theorem A. Let M be a compact arithmetic locally symmetric space of real rank r,
{Mi → M} a sequence of congruence coverings of degrees di, and let r1 = r1(M) ≤ r
be a parameter of the root system associated to the algebraic group G defining M .
Then absysk(Mi) grows polylogarithmically with di for 1 ≤ k ≤ max{1, r1} and as a
power function for r < k ≤ n.

The number r1 is called the strongly orthogonal rank of M . It is defined in Sect. 3
where we also study its basic properties. For example, the groups SLn+1(R) of type
An and real rank n have the strongly orthogonal rank equal to [ 12(n+1)], while the
split orthogonal groups SO(n+1, n) of type Bn have the real rank and the strongly
orthogonal rank both equal to n. A classical theorem of Borel [Bor63] shows that
these groups do contain cocompact arithmetic lattices and thus Theorem A applies
to the corresponding locally symmetric spaces.

The precise statement of the theorem with additional information about the in-
termediate range and the implied constants will be given in Sect. 4.

Between the ranks r1(M) and r(M), we have no reason to believe that generally
polylogarithmic growth persists (although it does not persist beyond that). Assum-
ing some number theoretic conjectures about regulators of number fields, it should
“occasionally” be that small. We expect, again on the basis of the generic behavior
of regulators that is explained in Remark 4.3, that the constant power growth also
occurs in this range. However, because it is possible that the smallest cycles do not
necessarily have an arithmetic source, we cannot be sure that this is true of the
non-arithmetic cycles, as well. The existence of the intermediate range is a new phe-
nomenon which does not feature in the conjectural picture suggested by Gromov in
[Gro96]. It can be observed only for symmetric spaces of certain types. For example,
the spaces corresponding to higher rank simple Lie groups of type A always have this
property while the spaces corresponding to simple split groups of type B do not have
it. One of our main goals in this paper is pointing out the provocative possibility of
a variety of behaviors in the intermediate range.

Together with the absolute systoles absysk(M) we can also consider homological
systoles of the congruence coverings. Recall that following Berger the k-dimensional
systole sysk(M ;A) is defined as the infimum of the k-dimensional volumes of the
k-cycles in M with coefficients in A which are not homologous to zero in M . In
recent years there has been a lot of interest in studying the rank of homology groups
of arithmetic manifolds and its growth along the congruence coverings. We refer
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to [Cal15] for a related discussion and references. Our perspective here is different:
we focus our attention on the metric properties of non-trivial cycles and extremal
representatives. In Sect. 5 we prove bounds for homological systoles of the congruence
coverings with the coefficients in Q, Z, and Zp.

In Sect. 6 we discuss in more detail 2-dimensional systoles in higher rank manifolds
and geometry of representing surfaces. We observe that a recent work of Long and
Reid [LR19] implies that higher rank manifolds of large injectivity radius may contain
π1-injective surfaces of small genus. This provides a striking contrast to the rank one
case for which it was shown in [Bel13] that if injectivity radius grows to infinity, then
the genera of π1-injective surfaces grow to infinity too. The induced metric on the
small genus surfaces is (close to) a flat metric with singular points. We observe that
the surfaces constructed by Long and Reid for H = SL3(R) fell into the intermediate
range of Theorem A and discuss their possible connection to the absolute systoles
of congruence coverings. Indeed, it is the existence of these strange surfaces that
prevents us from proving a definite relation between the absolute systole in the
intermediate range and regulators of number fields.

Notation. We are using the topologists’ notation Zn = Z/nZ, in particular, Zp

denotes the integers mod p, not the p-adic integers.

2 Preliminaries

This paper requires a considerable amount of material from the theory of algebraic
groups and related topics. We refer to Humphrey’s book [Hum75] as a basic refer-
ence. For the exposition more focused on arithmetic subgroups we refer to Witte
Morris [Wit15]. An excellent introduction to geometry of locally symmetric spaces
is provided by Eberlein’s book [Ebe96].

2.1 Arithmetic subgroups of semisimple Lie groups. Let H be a semisimple
connected linear Lie group without compact factors. Assume that there exists a
simply connected algebraic group G defined over a number field K which admits an
epimorphism φ : G(K ⊗QR)o → H with a compact kernel. Let us fix a K-embedding
G ↪→ GLn and define the corresponding group of the integral points Γ = G(O) to
be G(K) ∩ GLn(O), where O denotes the ring of integers of the field K. Then, by
the Borel–Harish-Chandra theorem [BH62], φ(G(O)) is a finite covolume discrete
subgroup of H . Such groups and all the subgroups of H which are commensurable
with them are called arithmetic lattices (or arithmetic subgroups), and the field K is
called their field of definition. Choosing different admissible fields K and groups G
we can produce different commensurability classes of arithmetic subgroups of H . It is
worth noting that for many groups H this is the only known construction of lattices
(i.e. discrete subgroups of finite covolume). In this paper we will always consider
irreducible arithmetic lattices (a lattice Γ in H is called irreducible if ΓN is dense
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in H for every non-compact closed normal subgroup N of H). By a fundamental
theorem of Margulis all irreducible lattices in a higher rank Lie group are arithmetic
(see [Mar91, Theorem 1′, p. 4]).

Given an ideal P of O, the principal congruence subgroup of level P of an arith-
metic group Γ = G(O) is defined to be Γ(P) = Γ ∩ GLn(O,P), where GLn(O,P)
denotes the subgroup of matrices in GLn(O) which are congruent to the identity
matrix modulo P . We define the principal congruence subgroups of H to be the
images of such principal congruence subgroups under φ. An arithmetic subgroup
which contains some principal congruence subgroup is called a congruence subgroup.
A celebrated conjecture of Serre asserts that all irreducible arithmetic subgroups of
higher rank Lie groups are congruence.

To a lattice Γ in H we can associate a locally symmetric space Γ\X , where X =
H/K is the symmetric space of H . In this paper, we are interested in geometry of
the locally symmetric spaces associated to the sequences of congruence subgroups.
Many basic facts about arithmetic subgroups and their locally symmetric spaces can
be found in [Wit15] and the references given there.

2.2 A Riemannian metric on locally symmetric spaces. Let H be a semisimple
real Lie group as above and let K denote its maximal compact subgroup. Denote by
h and k the Lie algebras of H and K, respectively. Since H is semisimple, the Killing
form B(x, y) = Tr(Ad(x)Ad(y)) is a nondegenerate symmetric bilinear form on h.
Let p denote the orthogonal complement of k in h with respect to the form B(x, y),
so that h= k⊕ p is a Cartan decomposition of h. The restriction of the Killing form
to p induces a Riemannian metric on the symmetric space X = H/K and the X -
locally symmetric spaces. This metric has non-positive sectional curvature. We refer
to [Hel01] for the details and more properties of this metric.

Given a locally symmetric space M = Γ\H/K, the closed geodesics of M corre-
spond to semisimple elements in Γ. Following Prasad–Rapinchik, the length of the
closed geodesic corresponding to a primitive semisimple element γ ∈ Γ ⊂ G(K) is
given by the formula ([PR09, Proposition 8.5]):

ℓ(γ) =

⎛

⎝
∑

α∈Φ(G,T)
(log |α(γ)|)2

⎞

⎠
1/2

(1)

where the summation is over all roots of G with respect to T, a maximal R-torus of
G containing γ, and log denotes the natural logarithm.

2.3 Systoles. Let M be a closed n-dimensional Riemannian manifold of non-
positive sectional curvature. In this paper we will consider only locally symmetric
manifolds M endowed with the Riemannian metric described above but the following
definitions are more general.

Following Gromov [Gro96], we define the absolute k-dimensional systole
absysk(M) as the infimum of k-dimensional volumes of the subsets C of M which
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cannot be homotoped to (k − 1)-dimensional subsets in M . Here a “subset” means
a piecewise smooth subpolyhedron in M .

Notice that the absolute systole can be infinite. For instance, for the sphere Sn

we have absysk(Sn) = ∞ for all 0< k < n. Elementary homological algebra implies
that for the locally symmetric spaces the situation is different:

Proposition 2.1. Let M be a K(Γ,1)-space. Then absysk(M) < ∞ if and only if
k ≤ cd(Γ), the cohomological dimension of Γ.

Proof. If absysk(M) = ∞, then any rectifiable k-skeleton of M would be homotopic
to the (k − 1)-skeleton Mk−1, which would imply that for any coefficient system
(i.e. ZΓ-module) B the injective restriction map Hk(M ;B) → Hk(Mk;B) factors
through Hk(Mk−1;B) = 0. It shows that for all B, Hk(M ;B) = 0, a characterization
of cd(Γ)< k (see [Bro94, page 185]). !

Unfortunately, nothing says that these classes are detected by any “conventional”
coefficient system, e.g. a finite dimensional local system – so there probably are
examples where there are no cycles in any conventional sense that detect absysk(M).

For locally symmetric manifolds M with a lower bound on injectivity radius one
can easily get that absysk(M) ≤ cvol(M) for all k. Moreover, in many cases it is
possible to see that in covers (or even in general for manifolds of large volume) we
have absysk(M) = o

(
vol(M)

)
— for example it happens when there are nontrivial

geodesic cycles to blame. We obtain the results of this kind in Theorem 4.1. One
might speculate that this is true quite generally, however, when there are no non-
trivial geodesic cycles the situation can be markedly different (cf. Remark 4.6).

We now proceed with the definition of homological systoles. The k-dimensional
systole sysk(M ;A) is the infimum of the k-dimensional volumes of the k-cycles in M
with coefficients in A which are not homologous to zero in M . This classical definition
goes back to Berger. For convenience, we say that sysk(M ;A) = ∞ if Hk(M ;A) is
trivial.

It follows immediately from the definitions that for every k we have:

absysk(M) ≤ sysk(M ;A). (2)

We refer to Gromov’s lectures [Gro96] for a comprehensive introduction to systoles
and intersystolic inequalities.

2.4 The real rank and flat subspaces. In this paper we are mainly interested
in the higher rank symmetric spaces. The distinctive feature of these spaces is the
presence of totally geodesic flats, i.e. totally geodesic subspaces isometric to a flat
Euclidean space. The maximal dimension of the flats is equal to the real rank of X .
These flats give rise to the flat tori in our manifolds Mi whose volumes (with respect
to the induced metric) are related to the arithmetic invariants of Mi. We now briefly
review this relation.



M. BELOLIPETSKY, S. WEINBERGER GAFA

Let F be a maximal compact flat of dimension r in an arithmetic manifold M =
Γ\X . Let us note for the future reference that r is equal to the real rank of the Lie
group H , which is defined as the dimension of a maximal R-split torus in H . The
description of flat subspaces of M was given by Mostow if M is compact and by
Prasad–Raghunathan in general [Mos73, PR72]. They are obtained as

F = Z\F ,

where F is a maximal flat in X and Z = ZΓ(γ) is the centralizer of an R-regular (and
R-hyper-regular if Γ is non-uniform) element γ ∈ Γ. We recall that an element γ is
called R-regular if the number of eigenvalues, counted with multiplicity, of modulus
1 of Ad(γ) is minimum possible. The R-regular elements are those for which the
centralizer in H of the polar part has the smallest possible dimension (see [Mos73,
Sect. 2]).

If Γ is a congruence subgroup of a sufficiently large level, we can assume that
Γ ⊂ GLs(O) and hence an R-regular element γ is represented by a regular matrix A
with the entries in O. It is well known that in this case the centralizer ZMs(K)(γ)
can be identified with the ring of polynomials in A with coefficients in K, and
hence with a subring of the field extension L =K[X]/(P (X)), where P (X) is the
minimal polynomial of A (it is irreducible because A is a regular matrix). Under this
isomorphism the elements from ZΓ(γ) correspond to the relative units in L (but not
all the relative units give rise to the elements in Γ).

The infinite part of the group of units of the number field L is generated by
independent fundamental units u1, . . . , ur, and to each of them we can assign a vector

(N1 log |σ1(ui)|, . . . ,Nd log |σd(ui)|),

where σ1, . . . , σd denote the archimedean places of L and Ni = 1 or 2 depending
on σi being real or complex. The absolute value of the determinant of an r × r
submatrix of the matrix composed by these vectors does not depend on the choice of
the submatrix and is called by the regulator of the field L. Up to a scaling factor, it is
equal to the volume of the r-dimensional parallelepiped spanned by the vectors. We
refer to Lang’s algebraic number theory [Lan94, Chapter V] for the classical theory
of units and regulators. A similar construction extends to the units in the fields
extensions and relative regulators introduced by Bergé and Martinet in [BM90]. In
our case this translates to the relation between the relative regulator and the volume
of the associated torus. It can be formally verified by repeating the argument in the
proof of [PR09, Proposition 8.5(ii)] applied to the generators of ZΓ(γ), which can be
diagonalized simultaneously because they commute. We summarize this discussion
in the following statement:
Proposition 2.2. The volume of an r-dimensional flat torus F in a real rank r
arithmetic manifold M = Γ\X which is associated to an R-regular (and R-hyper-
regular if Γ is non-uniform) element γ ∈ Γ satisfies the inequality

volr(F ) ≥ c ·RL/K , (3)
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where the fields K and L are defined as above, the relative regulator satisfies RL/K ≥
RL/RK by its definition in [BM90], and c= c(X ) is a positive constant which depends
on the normalization of the metric on X .

In some cases it is also possible to bound volr(F ) by the regulator from above.
For example, this can be done if Γ = G(OK). However, when we descend along a
sequence of subgroups {Γi} certain regular elements γi ∈ Γi will give the same field
extensions L/K with the same regulator. The volumes of the corresponding flat
subspaces Fi in X/Γi are proportional to RL/K · [ZΓ(γi) : ZΓi(γi)] and grow with the
index. Frequently these volumes will be greater than the systole and hence we will
not need to consider them, but there are also some cases in which they may dominate
the systole growth (cf. the second upper bound inequality in Theorem 4.1).

We conclude with a basic illustrative example.

Example 2.3. Let H = SL3(R) and let γ be given by the matrix

A=

⎛

⎜⎝
0 0 1
1 0 4
0 1 3

⎞

⎟⎠ .

Its characteristic polynomial P (X) = −X3 + 3X2 + 4X + 1 and the eigenvalues are
approximately −0.69202, −0.35690, and 4.0489. It follows that γ is R-regular, more-
over, it is R-hyper-regular (in the case of SLn(R) the hyper-regularity condition from
[PR72] means that there are no relations λm1

1 · · ·λmn
n = 1 with positive integer ex-

ponents mi among the eigenvalues λi of the matrix except when m1 = · · · = mn).
Notice that if λ is a root of P (X), then it is a unit in Z[λ], and λ + 1 is a root
of P (X − 1) = −X3 + 6X2 − 5X + 1 and hence is also a unit. It is easy to check
that they are independent fundamental units of L=Q[X]/(P (X)). The associated
log-vectors are approximately given by

(log(0.69202), log(0.35690), log(4.0489)) = (−0.36814,−1.0303,1.39845), and

(log(0.30798), log(0.64310), log(5.0489)) = (−1.17772,−0.441455,1.61917).

Hence the regulator RL given by the absolute value of the determinant of a 2 × 2
submtrix of the matrix formed by these vectors is approximately equal to 1.05088.
The fact that RL ̸= 0 confirms that the units λ and λ + 1 are multiplicatively inde-
pendent.

Consider the flat subspace F of M = SO(3)\SL3(R)/SL3(Z) given by the central-
izer Z(γ) in SL3(Z). We have Z(γ) = ⟨A,A+ Id⟩, as the matrices A and A+ Id are
associated to the fundamental units λ and λ+1 in the field L. We are interested in
the volume of the subspace F in M . Following the previous discussion, it is given by
the area of the parallelogram spanned by the two log-vectors in R3, which is equal
to

√
3 ·RL.
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3 Strongly orthogonal rank

We proceed with defining the parameter r1 = r1(M), which we call the strongly
orthogonal rank of M . Assume M = Γ\X and the arithmetic group Γ is associated
to an algebraic K-group G. Let Ψ represent a set of homomorphisms ρα : Aα → G
defined over K such that for each α we have:

- the group Aα is an almost simple algebraic K-group of type A1;
- for every archimedean place v : K → C for which G(Kv) is not compact the
group Aα(Kv) is also not compact;

- the kernel of ρα is contained in the center of Aα(K); and
- the images of different ρα mutually commute and intersect trivially in G(K).

The strongly orthogonal rank r1(M) is the maximal cardinality of such a set Ψ.
Following Tits [Tit66], algebraic groups of type A1 defined over a number field K

fell into three types associated to quadratic forms, Hermitian forms, and quaternion
algebras, respectively. Moreover, in this case all the three types can be obtained
as groups of units of quaternion algebras over K (see [MR03, Chaps. 2 and 7] for a
detailed description). Over the reals the group Aα(K⊗QR) is isogenous to SL2(C)a ×
SL2(R)b × SO(3)c with 2a+ b+ c= [K :Q].

Our notion of strong orthogonality is a generalization of strongly orthogonal root
systems. Recall that a subset ∆ of positive roots in an irreducible finite root system
Φ is called a strongly orthogonal subset if α±β /∈ Φ ∪{0}, for any two roots α,β ∈ ∆,
and a subset ∆ is called a maximal strongly orthogonal if it is strongly orthogonal
and is not properly contained in any other strongly orthogonal subset. In particular,
the condition α±β /∈ Φ ∪ {0} implies that any two roots in ∆ are orthogonal to each
other with respect to the inner product defined by the Killing form. If the group G
associated to M is a split K-group, then the sets Ψ defined above are given by the
strongly orthogonal subsets of the K-root system of G (see more details in the proof
of Proposition 3.2 below).

The strongly orthogonal root systems previously appeared in various sources.
They were first introduced by Harish-Chandra in his work on representations of
semisimple Lie groups [Har56, Part II, Sect. 6]. The maximal orders N(Φ) of the
strongly orthogonal root systems were computed by Hee Oh in [Oh98], they are
given in Table 1. Notice that for the types Bn, Cn, F4, G2, E7, and E8 we have
N(Φ) = rank(Φ).

In general setting, the homomorphisms ρα, α ∈ Ψ, define a family of Lie subal-
gebras rα of the Lie algebra g of the algebraic group G (see [Hum75, Chaper III]).
Since the images of different ρα mutually commute, the commutators of the elements
from different rα are zero. Hence different rα are orthogonal K-subspaces of g with
respect to the inner product defined by the Killing form. Therefore, considering g as
a vector space over K, we can choose a basis of g such that the subspaces rα are lin-
early independent. We now choose an embedding of G into GLn compatible with this
K-structure. This defines the group of integral points of G up to commensurability.
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Table 1: Maximal orders N(Φ) of the strongly orthogonal root systems (here [x] denotes the largest
integer less than or equal to x).

N(Φ) Type of Φ Examples of groups

[ 12 (n+ 1)] An SLn+1(R)
n Bn SO(n+ 1, n)
n Cn Sp(2n,R)
2[ 12n] Dn SO(n,n)
4 E6
rank(Φ) F4, G2, E7, E8

Example 3.1. Let f = x2
1 + x2

2 −
√
2x2

3 + x2
4 −

√
2x2

5 be a quadratic form in R5

of signature (3,2). It is defined over the field K =Q(
√
2) and the Galois conjugate

form fσ for the non-identity embedding σ :K → R is positive definite. Therefore, the
group G= SO(f ;K) is an anisotropic K-group and there are no strongly orthogonal
K-roots. On the other hand, the strongly orthogonal rank r1(G) = 2 is equal to
the real rank of the symmetric space of G(R). The associated K-homomorphisms
ρ1,ρ2 : G1 = SO(g;K) → G, with g = y21 + y22 −

√
2y23 , are given by the maps of y1,

y2, y3 to x1, x2, x3 and x1, x4, x5, respectively.

We proceed with some basic properties of the strongly orthogonal rank.

Proposition 3.2. Given an algebraic K-group G with the real rank r and the
strongly orthogonal rank r1, we have:

(1) The value r1 is bounded below by the maximal cardinality of a strongly orthog-
onal subset in the K-root system of G;

(2) It is bounded above by the real rank, i.e. r1 ≤ r;
(3) If K-rank(G) = r, then r1 is equal to the maximal order of the strongly orthog-

onal root system of G;
(4) There are examples of groups with r1 = 0 and groups with r1 = r.

Proof. (1) Recall that two positive roots α and β in a nonmultipliable K-root system
Σ of G are called strongly orthogonal if neither of α± β is a root. Following [Tit64,
3.1.(13)], to each α ∈ Σ we can associate a K-homomorphism ρα : SL2 → G whose
kernel is contained in the center of SL2 and which has a prescribed action on the
generators of SL2(K). The Chevalley commutator relations imply that if the roots α
and β are strongly orthogonal, then the images of SL2(K) under the corresponding
homomorphisms commute. Hence a maximal set of pairwise strongly orthogonal roots
provides an admissible set Ψ of homomorphisms that define the strongly orthogonal
rank of G.

(2) Given a K-homomorphism ρα : Aα → G with α ∈ Ψ, by taking the tensor
product with R over Q we obtain a homomorphism

ρ̃α : Aα(K ⊗Q R) → G=G(K ⊗Q R).

The image of ρ̃α is noncompact hence it contains a 1-dimensional R-split torus Tα

of G. By the definition of the strongly orthogonal rank, for different α,β ∈ Ψ the
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subgroups Tα and Tβ commute in G. It follows that the product ∏
α∈Ψ Tα is an R-

split torus of G of dimension r1 and thus r1 ≤ r, the maximal dimension of such a
torus.

(3) If R-rank(G) =K-rank(G), then G(K ⊗Q R) has no non-trivial compact fac-
tors, and hence for any α ∈ Ψ the group Aα(K ⊗Q R) has no compact factors either.
It follows that Aα is isogenous to SL2 over K and we can define an induced K-
homomorphism ρ′

α : SL2 → G. This allows us to associate to any α ∈ Ψ a positive
root in the K-root system of G, and then to associate to Ψ a strongly orthogonal
system of roots proving that the maximal cardinality of such a system is ≥ r1. The
opposite inequality was already shown in (1).

(4) Let D be a division algebra of prime degree over K and let G = SL1(D). The
group G has no K-defined subgroups except for the K-tori and hence r1(G) = 0.
(This example was suggested to us by Andrei Rapinchuk.) For the case r1 = r we
can consider K-split groups of types B or C and apply a result of Hee Oh about the
cardinality of the strongly orthogonal root systems of split groups [Oh98] (see also
Remark 4.2 in the next section). !

4 Growth of absolute systoles

In this section we prove Theorem 4.1 which implies Theorem A from the introduction.

Theorem 4.1. Let M be a compact arithmetic X -locally symmetric space defined over
a number field k and let {Mi → M} be a sequence of its regular congruence coverings
of degrees di. Assume that the real rank of X is r and let r′

1 =max{1, r1(M)}, where
the strongly orthogonal rank r1(M) is defined as above.

(i) There exist positive constants ak, bk, βk, γk depending on M such that for
sufficiently large di we have

ak logk(di) ≤ absysk(Mi) ≤ bk logk(di), for 1 ≤ k ≤ r′
1;

ak logk(di) ≤ absysk(Mi)< bkd
γk
i , for r′

1 < k ≤ r;

akd
βk
i ≤ absysk(Mi) ≤ bkd

γk
i , for r < k ≤ n.

(ii) For r′
1 < k ≤ r, the constant γk < 1 and for the principal congruence coverings

we can take γk = 1
3 if X is not of the type A1 and γk = 1

3 + ϵ, ϵ > 0 for the type
A1. If for r < k < n some Mi0 contains a k-dimensional closed totally geodesic
submanifold, then γk < 1 in this dimension while otherwise the corresponding
γk = 1.

Proof. The argument naturally splits into three parts corresponding to the different
ranges of k.

1. Let 1 ≤ k ≤ r′
1. The lower bound for k = 1 follows from the well known fact that

the 1-dimensional systole of Mi is bounded below by c log(di) (see [GL14, Proposi-
tion 16]). Together with Gromov’s systolic inequality for essential polyhedra from
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[Gro83, Appendix 2, Theorem B′
1] this implies the lower bound for the other k (see

also [Gro96, Sect. 3.C.9]). We remark that in the terminology that we use in this
paper, Gromov’s “essential” means absolutely essential as these polyhedra cannot be
homotoped to smaller dimensional subsets.

For the upper bound let us first consider the case when r′
1 is equal to the cardinal-

ity of a strongly orthogonal subset in the k-root system Σ of the group G associated
with M . Let Σ+ denote the subset of positive roots. By [Tit64], for each root α ∈ Σ
which is not twice another k-root there is a homomorphism ρα : SL2 → G defined
over k whose kernel is contained in the center of SL2(k). Denote by Gα the image of
SL2(k) under ρα, it is a subgroup of G(k) isomorphic to SL2(k) or PSL2(k).

It follows from the Chevalley commutator relations that the strong orthogonality
of two roots α and β ∈ Σ+ is equivalent to the condition that xαxβ = xβxα for any
xα ∈ Gα, xβ ∈ Gβ . Moreover, as α and β are different roots, the non-trivial elements
xα and xβ are not proportional. It follows that whenever xα and xβ have infinite
orders they generate a free abelian subgroup of G(k) of rank 2.

Now when we descend along the sequence of the normal congruence subgroups of
G(k), they intersect the subgroups Gα in their normal congruence subgroups, which
implies that Gα ∩ Γ(Pi) will contain hyperbolic elements whose displacements are
proportional to log(di). Such elements taken from the subgroups that correspond
to the different strongly orthogonal roots would commute, hence they generate a
free abelian subgroup of full rank of the fundamental group of Mi. By a theorem of
Gromoll and Wolf [GW71], this implies thatMi contains a flat torus whose dimension
k is equal to the number of generators and whose k-volume is proportional to logk(di).
This gives the upper bound for the absolute k-systole for k ≤ r′

1.
In order to remove the assumption on r′

1, consider the homomorphisms ρα : Aα →
G from the definition of the strongly orthogonal rank. The commutation and inde-
pendence of their images is part of the assumption and the rest of the argument
applies directly.

2. Consider the intermediate range r′
1 < k ≤ r. As in part 1, the lower bound

follows from the logarithmic bound on absys1(Mi) and Gromov’s systolic inequality
[Gro83, Theorem 0.1.A].

For the upper bound we recall the well known results of Gromoll–Wolf [GW71] and
Prasad–Raghunathan [PR72], which imply that for k ≤ r the manifolds Mi contain
totally geodesic, immersed, k-dimensional flat tori. Consider one of these tori in
some Mi. By [PR72, Theorem 2.13 and discussion in the next paragraph], there
exists an algebraic k-torus H in G associated with it. Let F be the flat subspace of X
corresponding to H, Z = Γ ∩ H(k), and {Z(Pi)} are the congruence subgroups of Z
which all act discretely and cocompactly on F . By using the strong approximation
property we can compare the growth rates of the covering degree di and the degree
of the covers Z\F → Z(Pi)\F . We give more details about this argument below. It
follows that the volumes of the tori Z(Pi)\F in Mi grow as bkdγk

i with γk < 1. This
gives the upper bound for the growth of the absolute k-systoles.
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For the explicit upper bound we can use a result of Vdovin [Vdo99]: If G=G(Fq)
is a finite simple group not of the type A1, the order of any abelian subgroup A<G
is less than |G|1/3 (while for the type A1 this would be an asymptotic upper bound
when q → ∞). Given our sequence of principal congruence subgroups Γ(Pi) of Γ,
by the strong approximation theorem (recall that the group G in the definition
of arithmetic subgroups is simply connected so the strong approximation property
holds, see [PR94, Sect. 7.4]), for sufficiently large i we have:

1 −−−−→ Γ(Pi) −−−−→ Γ −−−−→ G(Fqi) −−−−→ 1
+⏐⏐

+⏐⏐
+⏐⏐

1 −−−−→ Z(Pi) −−−−→ Z −−−−→ A

(Here {Pi} is a sequence of ideals of the ring of integers O of k and Fqi =O/Pi.)
This implies (for G a simple group not of type A1):

[Z : Z(Pi)] ≤ |A|< |G(Fqi)|1/3;

vol(Z(Pi)\F)< vol(Z\F) · |G(Fqi)|1/3 ≤ vol(Z\F) · d1/3i .

Notice that the strong approximation property providing surjectivity of the map
Γ → G(Fqi) is used in the last inequality. It relates the order of G(Fqi) to the degree
di of the covering and is crucial for our argument.

It is easy to extend this result to a more general case of semisimple Lie groups
and deduce that vol(Z(Pi)\F)<Cd1/3i for G not of the type A1, while for the type
A1, given any ϵ > 0 and di large enough, vol(Z(Pi)\F)<Cd1/3+ϵ

i .
3. Now let r < k ≤ n. Following [Gro83, Sect. 2], we recall the notion of the

filling volume of a singular cycle in a complete metric space M. First define the
volume of a singular simplex σ : ∆k → M as the lower bound of the total volumes
of those Riemannian metrics on ∆k for which the map σ is distance decreasing.
Then we also have the notion of the volume of a singular chain C = ∑

i riσi, namely,
volk(C) = ∑

i |ri|volk(σi), where the coefficients ri may be real numbers, integers or
residues mod 2. Now for a (k − 1)-dimensional singular cycle Q in M we define the
filling volume of Q as the lower bound of the volumes of those k-dimensional chains
C in M for which ∂C =Q.

By [Leu14, Theorem 1(ii)] (see also [Gro93, Sect. 5.D(5)(b′)]), for k > r the sym-
metric space X satisfies the linear isoperimetric inequality:

FillVolk(Q) ≤ cvolk−1(Q), (4)

where c > 0 is a constant, Q is any (k − 1)-dimensional cycle, and FillVol denotes
the filling volume of Q. Although the theorem is stated for cycles, the proof applies
more generally to bound volume of a k-dimensional cone over a (k − 1)-dimensional
chain in X .

Let N be a Lipschitz k-chain nearly representing absysk(Mi), i.e. we have
vol(N) ≤ absysk(Mi) + ε and N can not be homotoped to a (k − 1)-dimensional
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subpolyhedron in Mi. We consider N with the induced metric. Let Bp,N (R) ⊂ N be
a metric ball of radius R with center p ∈ N and denote vp(R) = volk(Bp,N (R)).

For any R < Ri/2, where Ri is the injectivity radius of Mi, the boundary S =
∂Bp,N (R) is a (k − 1)-chain in Mi to which the isoperimetric inequality (4) applies
and the filling volume of this chain is ≥ vp(R)− ε because N is an almost systole. In
more detail, consider the inclusion of the chain N intoMi. Let Y = (N!Bp,N (R))∪Q
(where Q is the cone of S, as above). The ball Bp,N (R) in N has a map into Q
extending the identity map on S (as Q is contractible). In the universal cover X , the
lifts of the inclusion map and the map into Q are homotopic rel boundary (again by
contractibility, now of X ). As a result, the inclusion map of N in M is homotopic
to a map lying in Y , so the inclusion of Y in M is not null-homotopic. Combining
these observations with the coarea formula (see [BZ88, Theorem 13.4.2]), we have:

vp(R) =
∫ R

0
volk−1 (∂Bp,N (t))dt

= vp(R0) +
∫ R

R0
volk−1 (∂Bp,N (t))dt

≥ vp(R0) +
∫ R

R0

1
c
(vp(t)− ε)dt (by (4));

vp(R)− vp(R0) ≥ C1(eR/c − eR0/c), C1 > 0,

for R > R0 which we think of as a fraction of the injectivity radius of the base
manifold M . For this argument to apply we have to ensure that vp(R0)> ε.

We now show that Cp = (vp(R0) − ε) is strictly positive at some point p. To this
end we use a powerful deformation theorem of Federer and Fleming which allows us
to deform general chains to the simplicial ones in a controlled way [FF60]. Federer
and Fleming’s theorem works for normal currents but as it is explained in [C+18,
Sect. 3] it also holds for the Lipschitz chains. Our application, indeed, is similar to
the ones considered in [C+18].

First we triangulate the manifold M at the scale R0 = RadInj(M)/10 and lift
the triangulation to the covering Mi. Using the Federer–Fleming argument we can
deform the chain N via random projection to the k-skeleton. If the projection does
not fill some cell, deform that image into the (k − 1)-skeleton. Thus the definition of
the absolute systole shows that some cell must be filled. The deformation theorem
implies that a point in the preimage of that cell has ball of radius R0 with a bounded
below volume. Therefore, for sufficiently small ε = ε(M)> 0, we have Cp > 0.

Since 2Ri = absys1(Mi) ≥ c2 log(di), we obtain that for k > r,

absysk(Mi) ≥ akd
βk
i ,

with the positive constants ak, βk depending on M .
For the general upper bound in this range we recall that if M is an aspherical

manifold, the k-skeleton is essential in M and the linear upper bound follows (cf.
[Gro96, Sect. 3.C]).
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Now assume that M (or some cover Mi0) contains a k-dimensional finite volume
totally geodesic arithmetic submanifold N . By a result of Bergeron–Clozel the mani-
fold N is arithmetic [BC05, Proposition 15.2.2] (see also [B+22, Theorem 1.7]). Note
that the field of definition of N can be an extension of k, however, there is a k-group
H associated to N by Bergeron and Clozel which is a proper algebraic k-subgroup of
G such that the group Λ defining N is contained in its O-points. We denote by U
the totally geodesic symmetric subspace of X corresponding to N .

Applying the strong approximation property similar to the way it was done in
part 2 of the proof we have:

1 −−−−→ Γ(Pi) −−−−→ Γ −−−−→ G(Fqi) −−−−→ 1
+⏐⏐

+⏐⏐
+⏐⏐

1 −−−−→ Λ(Pi) −−−−→ Λ −−−−→ H(Fqi)

(as before, {Pi} is a sequence of ideals of the ring of integers O of k and Fqi =O/Pi).
The dimension of the group H is strictly smaller than dim(G), therefore, we obtain

vol(Λ(Pi)\U) ≤ vol(Λ\U)|H(Fqi)| ≤ vol(Λ\U)|G(Fqi)|γk ≤ cdγk
i , with γk < 1.

This finishes the proof. !

We proceed with some remarks about the theorem.

4.2. We see that for certain simple Lie groups we may have r1 = r. For example, this
occurs for the split groups of the types that are listed in the last row of Table 1. Thus,
in these cases there is no intermediate range r1 < k ≤ r. From the other hand, for the
irreducible lattices in semisimple product Lie groups r1 is fixed while r grows with
the number of factors. The difference between r1 and r can also attain arbitrarily
large values for the simple groups of type A.

4.3. The systole behavior in the intermediate range r′
1 < k ≤ r is related to the

flat subspaces whose volumes depend on the regulators of certain extensions of the
field of definition. For k = r this is explained in Sect. 2.4, and a similar description
extends to the other k.

From number theory we know the following properties of the regulator RK :

(a) E. Landau [Lan18]: RK ≤ c1(n)
√
DK logn−1(DK);

(b) J. Silverman [Sil84]: RK ≥ c2(n) logr(K)−ρ(K)(γ(n)DK),

where DK denotes the absolute value of the discriminant of the field K, n is the
degree of K, r(K) is the rank of the unit group of K, ρ(K) is the maximum of r(L)
over the proper subfields L ⊂ K, and c1(n), c2(n) and γ(n) are positive constants
which depend only on the degree of the field.

It is expected that as a function of the discriminant the regulator oscillates wildly
between these bounds while staying closer to the upper bound for most of DK . This
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conjecture is completely open even for the sequences of quadratic number fields.
We refer to the beautiful Lenstra’s article [Len08] for an introduction and more
details about this topic. For us the number theoretic conjecture indicates that it
may be possible to find congruence towers with a constant power systole growth in
the intermediate range.

Geometrically regulator is the volume of a higher dimensional parallelepiped span-
ned by the vectors associated to the independent fundamental units of a field. It
appears that it is often impossible to choose these units to be simultaneously small
which forces the regulator to be bigger than the lower bound. Similarly, volumes of
the flat tori of sufficiently large dimension in a locally symmetric space are hard to
get small because when we choose some meridians short, the others are forced to be
long. This observation can be made more precise by exploiting the connection with
number theory. For r-dimensional tori this is done in Sect. 2.4. We do not pursue the
details regarding the intermediate dimensions k but we notice that when k ≤ r′

1 the
situation changes and we can always choose small generators for the flat k-cycles.
This is shown in part 1 of the proof of Theorem 4.1.

4.4. We can make an experiment with Γ = SL3(Z), representing perhaps the sim-
plest non-trivial case. The quotients here will be non-compact finite volume mani-
folds. Although in this paper we mostly consider compact arithmetic manifolds, we
expect that analogous results should hold for the non-compact finite volume spaces.
The assumption that the base field K =Q simplifies the arithmetic of the computa-
tions.

Consider the matrices of the form
⎛

⎜⎝
1 + p2 p p2

p 1 p
0 p 1 + p2

⎞

⎟⎠ ,

where p is a prime number. They correspond to hyperbolic elements γp ∈ Γ(p). By
formula (1), the length of the geodesic in Mp = Γ(p)\X corresponding to γp is pro-
portional to log(p). We now consider the area of the associated tori.

The characteristic polynomial of γp is 1 − (3 + 5p2 + 4p4)x+ (3 + 5p2)x2 − x3. It
has discriminant Dp = 144p12+520p10+793p8+500p6 and 3 different real roots (all
not equal to ±1). It follows that the elements γp are R-regular, moreover, they are
R-hyper-regular for all primes p (recall that in the case of SLn(R) hyper-regularity
means that there are no relations λm1

1 · · ·λmn
n = 1 with positive integer mi among the

eigenvalues λi of the matrix except when m1 = · · ·=mn).
We used GP Pari to compute the regulators of the associated fields L for the

first 1000 primes and then produced a plot with Mathematica. The resulting graph
is shown in Fig. 1. As expected, the regulator oscillates between a logarithmic lower
bound and a constant power upper bound.

It is likely that both logarithmic lower bound and power function upper bound
are attained for appropriate subsequences of primes, but based on what we know
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Figure 1: Growth of regulators.

from number theory any result of this kind would be very hard to prove. Next, in
order to obtain the volumes of the corresponding tori in Mp we need to multiply
the regulator by the index [ZΓ(γp) : ZΓ(p)(γp)]. It is not clear whether after this
correction the (conjectural) logarithmic lower bound will persist, if not, we will have
the volumes of the tori oscillating between two power functions.

In the above experiment, we considered a particular sequence of geodesics of
length c log(p) in the congruence coverings Mp → M and observed that associated
regulators tend to be large and oscillate. A natural question arising here is what
can we say about the volumes of the tori associated with other choices of the closed
geodesics in Mp. It is a priori possible that for some other sequence of γp we would
get much smaller volumes of the tori, pushing the 2-systole bound of Mp down to a
logarithmic function. This behavior seems unlikely but more research is required in
order to be able to rule it out. We are planning to set up a thorough computational
experiment addressing this problem in a forthcoming project.

It is worth mentioning that there has been a large body of recent work about dis-
tribution of periodic torus orbits on the higher rank locally symmetric spaces. We can
refer, in particular, to [E+09] and the subsequent papers by those authors. Einsiedler,
Lindenstrauss, Michel, and Venkatesh use a different notion of the discriminant of a
periodic orbit which they introduce in [E+09], however, it can be shown that their no-
tion is related to the discriminant of the field L defined in Sect. 2.4. Among the other
results, it was proved in [E+09] that periodic torus orbits in PGL3(Z)\PGL3(R) have
the following properties:
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(1) The volume of a periodic orbit of discriminant D is bounded, up to constants,
between log(D) and Dc for c > 0;

(2) The number of periodic torus orbits of discriminant at most D is bounded, up
to constants, between DA and DB for A,B > 0; and

(3) The orbits of small volume close to log(D) come in packets with large multi-
plicity of order about D1/2+o(1), where all orbits in a packet share the same
discriminant, volume and even shape.

The latter property is particularly interesting from our viewpoint as it indicates the
existence of small tori with large multiplicity in the congruence coverings.

4.5. Let us remark that the quantitative values for the exponent γk in part (ii) of
the theorem require the assumption that the congruence subgroups are principal. In
particular, it is possible to construct sequences of non-principal congruence coverings
for which the corresponding bound for the constant γk will be bigger and the growth
of absysk(Mi) can be faster than for the principal congruence subgroups. This is
interesting because of the connection between the growth of systoles and quantum
error-correcting codes, with the faster growth rate corresponding to better codes. We
refer to [GL14] for more details. In particular, the upper bound of order n0.3 from
[GL14, Remark 20] changes to n0.5 if instead of the congruence kernels ΓN considered
there we take the preimages of the unipotent radicals of the Borel subgroups. It is
not clear how close this bound is to the actual asymptotic growth of systoles but
notice that we still get the corresponding exponent γk < 1.

4.6. It is known that the manifolds Mi do not necessarily contain k-dimensional
finite volume totally geodesic submanifolds. For example, arithmetic hyperbolic man-
ifolds which are not of the simplest time do not have codimension 1 totally geodesic
subspaces (see e.g. [B+22]). The notion of fc-subspaces introduced in [B+22] can be
applied to effectively rule out totally geodesic subspaces of certain sufficiently large
dimensions in other examples of arithmetic manifolds. Can we expect a much faster
growth of absysk in these cases? This leads to the following open problem:

Question. Does there exist a sequence of congruence coverings of an arithmetic
n-dimensional manifold whose absysk grows linearly with the degree for some k < n?

4.7. It would be interesting to know more about the constants ak, bk and their
dependence on the symmetric space X and the locally symmetric space M . In par-
ticular, we can ask about the best asymptotic values of the constants. Besides of
the trivial case absysn(Mi) = voln(M)di, these values are known for absys1 of arith-
metic hyperbolic 2-manifolds [BS94], arithmetic hyperbolic 3-manifolds [KSV07],
Hilbert modular varieties [Mur17], arithmetic hyperbolic n-manifolds of the simplest
type [Mur19], and quaternionic hyperbolic manifolds [EKM22].
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5 Homological systoles

Let A denote the ring Q, Z or Zq, where q a prime number. (The results of this
section also apply to the case A = Fq, a finite field with q elements where q is a
prime power.) The k-dimensional systole sysk(M ;A) is defined as the infimum of
the k-dimensional volumes of the non-trivial cycles in Hk(M ;A). We would like to
investigate the behavior of the homological systole sysk(Mi;A) in the sequences of
congruence coverings {Mi → M} of an arithmetic manifold M .

The main principle here is the following: Whenever we have a non-trivial cycle in
Hk(M ;A), the corresponding lower bound from Theorem 4.1 applies for sysk(M ;A).
This follows immediately from inequality (2) in Sect. 2.3. Moreover, when we know
the origin of some non-trivial cycles in M we can often prove that the corresponding
upper bound applies as well. This, however, depends on a concrete situation. In
particular, by Borel’s stability theorem [Bor74] the groups Hk(M,Q) are trivial for
certain k and hence we cannot expect the two-sided inequalities for the homological
systole to hold in general.

Over the last few years several new interesting results on non-trivial cycles in
homology of arithmetic locally symmetric manifolds were published. In particular,
we call attention to the papers [AN15, Tsh21, Zsc21] whose constructions we will use
in this section. For the basic facts in algebraic topology that are frequently used in
this section we refer to Hatcher’s book [Hat02].

We now prove two lemmas that capture the bottom and the top of the systolic
spectrum.

Lemma 5.1. Let Mi be a cover of a compact higher rank irreducible arithmetic man-
ifold M which corresponds to a congruence subgroup Γ(Pi) of π1(M) = Γ <G(k) of
sufficiently large level Pi with O/Pi

∼= Fqi . Define r′
1 = r′

1(M) as in Theorem 4.1.
Then for 1 ≤ k ≤ r′

1 the group Hk(Mi;Z) contains a non-trivial element (detected by
mod qi cohomology) and we have

ak logk(qi) ≤ sysk(Mi;A) ≤ bk logk(qi),

where ak, bk are positive constants depending on M and A= Z or Zqi .

Proof. The basic case is k = 1. Let P = Pi be the level of the congruence subgroup
Γ(Pi), O/P ∼= Fq, and assume that Γ(P) ⊂ GLm(O). In order to produce a non-trivial
cycle in H1(Mi;Zq) consider the map

φ : Γ(P) → Mm(Fq),
φ(I +PC) = [C]P ,

where [C]P denotes the projection of the matrix C to Mm(Fq). This map is a homo-
morphism from Γ(P) to the additive group of m×m matrices over Fq. Indeed, given
B1 = I +PC1 and B2 = I +PC2, we have:

φ(B1B2) = φ(I +P(C1 +C2) +P2C1C2) = [C1 +C2]P = φ(B1) + φ(B2).
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By the strong approximation property [PR09, Sect. 7.4], for almost all P the image
of the map φ is a non-trivial subspace of Zm2

q
∼=Mm(Fq) (indeed the image is the Lie

algebra of G in the Lie algebra of SLn). Hence the induced map φ∗ :H1(Mi;Zq) →
H1(Zm2

q ;Zq) has a non-zero image, which implies that H1(Mi;Zq) is non-trivial. This
argument is similar to the one used for Γ = SLm(Z) in [CW15, Sect. 2].

By Margulis’s normal subgroup theorem the groupH1(Mi;Z) is finite (see [Mar91,
Theorem 4, p. 3]), hence the universal coefficient theorem implies that H1(Mi;Z) has
an element of order divisible by q.

The lengths of non-trivial cycles in H1(Mi;Z) are bounded from below by the ab-
solute 1-systole. For the upper bound observe that every basis of H1(Mi;Z) contains
a cycle whose length is smaller than the diameter of Mi, and the latter is bounded
above by c log

(
vol(Mi)

)
by a theorem of Brooks [Bro92].

Now let 1< k ≤ r′
1. We have a set of k-homomorphisms ρ1, . . . ,ρk, whose image

generates a k-subgroup of G which we denote by G1. We restrict attention to this
group and its congruence subgroups Γ1(P) = Γ(P)∩G1(k), P =Pi all considered as
subgroups of GLm(O). Applying the map φ defined above to the group Γ1(P) we find
k non-trivial independent cycles c1, . . . , ck ∈ H1(Mi;Z) of orders divisible by q that
have mutually commuting preimages in Γ(P) (cf. Part 1 of the proof of Theorem 4.1
and note that the Lie algebras of the images of the maps ρj are orthogonal subalge-
bras of the Lie algebra of G). Applying the theorem of Brooks [Bro92] to the quotient
spaces associated to the homomorphisms ρj we can choose the cycles cj , j = 1, . . . , k,
so that their lengths are bounded above by c log

(
vol(Mi)

)
. Let α1, . . . ,αk be the

dual cocycles in H1(Mi;Zq) = Hom(H1(Mi;Z);Zq).
By a theorem of Gromoll and Wolf [GW71], the independent commuting ele-

ments c1, . . . , ck ∈ Γ(P) span a k-dimensional flat torus T in Mi. A basic calculation
shows that the cup product α1 ∪ · · ·∪ αk evaluated on the torus T is non-trivial (see
[Hat02, Example 3.11, p. 210]). Therefore, the product is non-trivial in cohomology
Hk(Mi;Zq) and the torus is non-trivial in homology Hk(Mi;Z) (or Hk(Mi;Zq), as is
shown by the same argument).

By the construction, the volume of T is bounded above by bk logk(qi). The lower
bound for the volume of T as well as for any other non-trivial k-cycle follows from
inequality (2) and Theorem 4.1. !

Remark 5.2. There is a substantial research on stability of homology of arithmetic
groups with coefficients in a ring (see e.g. [Cal15] and the references therein). As
a sample result we can mention Calegari’s theorem that under certain conditions
evaluates the groups Hk(ΓN (pm);Zp), where ΓN (pm) is a congruence subgroup of
SLN (O) and p is a prime ideal inO above a rational prime p (see [Cal15, Theorem 5.7]
for a precise statement). Here N has to be taken sufficiently large and one can make
this condition explicit by using the previous work of Maazen [Maa79] and van der
Kallen [Kal80]. Thus, by Theorem 4.11 from [Kal80], when O is a principal ideal
domain we have N ≥ 2k+1, so when N is odd this degree k agrees with the strongly
orthogonal rank while when N is even the degree is r1 − 1 (cf. Table 1). The method
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of Lemma 5.1 does not allow us to recover the whole homology groups, but instead
we can capture the special cycles about which we have more geometric information.
In this way we are explicitly seeing a small part of Calegari’s picture.

Lemma 5.3. Let M be a closed orientable manifold and assume that Hk(M)
(
=

Hk(M ;Z)
)

contains a non-trivial q-torsion. Then the groups Hn−k−1(M ;Zq) and

Hn−k(M ;Zq) are non-trivial. The same results apply for non-orientable closed man-
ifolds if q = 2.

Proof. By the universal coefficient theorem, the map

Ext(Hk(M),Zq) → Hk+1(M ;Zq)

is injective, and sinceHk(M) has a non-trivial q-torsion, we have Ext(Hk(M),Zq) ̸= 0
(indeed, Ext(Zm,Zn) ∼= Z(m,n) for any m,n ≥ 2). This shows that Hk+1(M ;Zq) is
non-zero.

By the Poincaré duality,

Hn−k−1(M ;Zq) ∼=Hk+1(M ;Zq),

which proves the first assertion of the lemma.
For proving the non-triviality of Hn−k(M ;Zq) notice that Tor(Hk(M),Zq) ̸= 0

implies that Hk(M ;Zq) ̸= 0, and hence Hn−k(M ;Zq) ̸= 0 by the Poincaré duality
and the universal coefficient theorem (since Zq is a field).

Every manifold is Z2-orientable hence in this case we do not need the orientability
assumption. !

We now consider in detail three examples of real rank 2 spaces.

Example 5.4. Let X =H2 ×H2 the symmetric space of H = SL2(R)× SL2(R) and
let M be a compact orientable irreducible arithmetic X -manifold defined over a
field k. We have

dim(M) = 4, the real rank r(M) = 2, and r′
1(M) = r1(M) = 1.

Consider a sequence of principal congruence coverings {Mi → M} of degrees di. The
real rank of H is > 1, hence by the Margulis normal subgroup theorem [Mar91,
Theorem 4, p. 3] the group H1(Mi;Z) is finite. We can apply Lemma 5.1 to confirm
that for sufficiently large level H1(Mi;Z) is non-trivial and then apply Lemma 5.3
to deduce non-triviality of H3(Mi;Zqi) and H2(Mi;Zqi), with qi defined by the level
of Mi. Therefore, we have

a1 log(di) ≤ sys1(Mi;Zqi) ≤ b1 log(di);
a2 log(di)2 ≤ sys2(Mi;Zqi)< b2d

γ2
i ;

a3d
β3
i ≤ sys3(Mi;Zqi) ≤ b3di.
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In dimension 2 we can say more. If we consider a flat torus T ⊂ M , its universal
covering T̃ is a 2-dimensional rational flat subspace of X for which we can find
a complementary 2-dimensional rational flat intersecting T̃ in a single point (see
[Zsc21]). This implies that for sufficiently large i the manifolds Mi contain a couple
of totally geodesic tori which intersect transversally in finitely many points with all
the intersections having the same sign [Zsc21, Proposition 7.15]. It follows that the
classes of these tori are non-trivial in H2(Mi;Q) and H2(Mi;Z) (see [Sch10]). This
observation implies

a2 log(di)2 ≤ sys2(Mi;A)< b2d
1
3+ϵ
i , for A=Q or Z.

A similar argument applies to k-systoles of the locally symmetric spaces associated
to X = (H2)k for k ≥ 2. The details of the proof of non-triviality of the flat cycles
are given in [Zsc21].

Example 5.5. Let H = SL3(R), X its symmetric space, and M , Mi → M are asso-
ciated compact arithmetic manifolds defined as in the previous example. We have

dim(M) = 5, r(M) = 2, and r′
1(M) = r1(M) = 1.

As before, using Lemmas 5.1 and 5.3 we can show non-triviality of Hk(Mi;Zqi)
for k = 1, 3, 4 and sufficiently large i and write the corresponding bounds for the
homological systole.

In dimension k = 2, the locally symmetric spaces Mi have totally geodesic flat
tori, however, the previous argument does not apply here and it is not clear how to
check if they give rise to any non-trivial cycles. The case of non-compact X -manifolds
was studied by Avramidi and Nguyen–Phan in [AN15]. They showed non-triviality
of the flat cycles in H2(Mi;Q) and raised the question about what happens in the
compact case (see [AN15, Sect. 9]).

Davis and Weinberger showed that no rational homology sphere of dimension 1
mod 4 can have a free Z2 × Z2 action [Dav83, Wei86]. Consequently, when taking
a cover Mi → M corresponding to a group that contains Z2 × Z2, which holds for
almost all principal congruence coverings, the manifold Mi is not a rational homology
sphere. Hence the Kazhdan Property (T) (which implies that H1(Mi;Q) = 0) and the
Poincaré duality show that there is non-trivial rational homology in dimensions 2 and
3 for this manifold. (Turning this argument into a quantitative one is a fascinating
question.)

Example 5.6. Let H = SO(2,3) and X , M , Mi → M are the associated spaces
defined as in the previous examples. We have

dim(M) = 6, r(M) = 2, and r′
1(M) = 2.

Now Lemmas 5.1 and 5.3 cover the dimensions k = 1, 2, 4, and 5. Moreover, in
dimension 3 we have totally geodesic hyperbolic subspaces associated to k-rational
embeddings SO(1,3) ↪→ SO(2,3). Similar to the discussion in Example 5.4 we can
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consider two complementary 3-dimensional totally geodesic k-subspaces of X which
intersect in a single point, and then show that for sufficiently large i the mani-
folds Mi contain a couple of totally geodesic 3-subspaces intersecting transversally
in finitely many points with all the intersections having the same sign. This im-
plies non-triviality of H3(Mi;Q) for sufficiently large i. This construction fits into
a general perspective developed by Millson and Raghunathan in [MR81] (see also
[Sch10, Part III] for an exposition). As before, non-vanishing of homology allows us
to produce bounds for homological systoles.

6 Surfaces in higher rank manifolds

So far, while dealing with the upper bounds for systoles below the rank of the space
we were mainly considering tori and corresponding cycles in homology. A natural
question is whether there exist more complicated non-trivial topological subspaces
that may have smaller induced volume. The basic case is about the 2-dimensional
systole in congruence coverings of higher rank arithmetic manifolds. We now look at
it more carefully.

Let M be a compact arithmetic locally symmetric manifold of real rank r ≥ 2
and let {Mi → M} be a sequence of its regular congruence coverings of degrees di.
We know that absys1(Mi) grows to infinity. The following concrete question arises
naturally:

Question 6.1. Does there exist a sequence of π1-injective surfaces Si ↪→ Mi such
that all Si have bounded genus which is greater than 1?

Notice that the answer to this question is negative in the real rank one case where
by [Bel13, Theorem 5.1] the genus is bounded below by an exponential function of the
systole. Moreover, if such a sequence of surfaces exists, the metric on the minimal area
representative of the homotopy class of Si will have to be (almost) flat at almost all
points. The latter property can be checked by an argument similar to [Rez93, Proof
of Theorem C2]:

Let Σ be a minimal area surface homotopic to Si. It is a compact surface of genus
g with systole s= absys1(Σ). Since Si is π1-injective in Mi, we have s ≥ absys1(Mi)
which grows to infinity with i. By the Eells–Sampson theorem we have that Σ is the
image of a harmonic immersion of a Riemannian surface into Mi. Assume that the
curvature K(Σ′) ≤ −ϵ < 0 at an open subset Σ′ ⊂ Σ. By the Gauss–Bonnet theorem

4π(g − 1) ≥ −
∫

Σ′
KdA ≥ ϵarea(Σ′).

Hence area(Σ′) ≤ 4π(g − 1)/ϵ is bounded while area(Σ) → ∞ with i. In fact, Gro-
mov’s systolic inequality for surfaces of genus g > 1 from [Gro83, Sect. 6.4] implies
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that

area(Σ) ≥ C
g

log2(g)
absys21(Mi),

where C > 0 is an absolute constant.
In a recent paper [LR19], Long and Reid were able to prove the first positive

results towards Question 6.1. They showed, in particular, that for a lattice Λ <

SL(3,R) from a certain infinite set of pairwise non-commensurable uniform lattices,
Λ is commensurable with an infinite sequence of torsion-free congruence subgroups
Γj such that each Γj contains a thin surface subgroup of a fixed genus. Here thin
means a Zariski dense subgroup of infinite index; this class of groups was introduced
by Sarnak and subsequently has attracted a lot of interest (see [Sar14]). The proof
of Long and Reid is a nice geometric application of higher Teichmüller theory. It is
worth mentioning that the key technical step of the argument in [LR19] boils down
to the solutions of Pell’s equation. Of course, this calls to mind Lenstra’s article
[Len08], but we know of no relation between the areas of the Long–Reid surfaces and
the regulators. In fact, we do not know any number theoretical invariant connected
to these areas. One can speculate about a possible relation with higher regulators,
but no results of this kind are available at this time.

A particular class of surfaces that can be good candidates for geometric represen-
tatives of the Long–Reid construction are the genus g > 1 piecewise flat surfaces with
a finite number of singular points. They will clearly satisfy the curvature conditions
given above and can be realized by piecewise harmonic immersions.

Notice that dimension of the Long–Reid surfaces matches precisely the conditions
on the intermediate range for SL3(R): r′

1 < 2 ≤ r. It may occur that the 2-dimensional
absolute systole of the manifolds Mj associated to Γj is realized by such surfaces
Sj , in which case we would like to have a control of their area. At this point, the
available geometrical tools applied in the proof of Theorem 4.1 and Gromov’s systolic
inequality allow us to show that

a
gj

log2(gj)
log

(
vol(Mj)

)2
≤ area(Sj) ≤ bvol(Mj)γ ,

where gj > 1 is the genus of Sj and a, b, γ are positive constants with γ < 1. The
lack of a link to number theory prevents us from proving more. In this construction
we would like to be able to compare the areas of the Long–Reid surfaces and the
areas of the flat tori in Mj . The latter are controlled by the regulators and we have
a conjectural picture about their oscillation along the congruence sequence.

For the other groups Question 6.1 remains open. In particular, it would be inter-
esting to answer this question for the Hilbert modular varieties and for the compact
irreducible manifolds covered by a product of hyperbolic planes. The method of
[LR19] falls short from covering these cases.
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in Soviet Mathematics.

[BS94] Buser, P., Sarnak, P.: On the period matrix of a Riemann surface of large genus. Invent.
Math. 117(1), 27–56 (1994). With an appendix by J.H. Conway and N.J.A. Sloane.

[Cal15] Calegari, F.: The stable homology of congruence subgroups. Geom. Topol. 19(6),
3149–3191 (2015).

[C+18] Chambers, G.R., Dotterrer, D., Manin, F., Weinberger, S.: Quantitative null-
cobordism. J. Am. Math. Soc. 31(4), 1165–1203 (2018).

[CW15] Chang, S., Weinberger, S.: Modular symbols and the topological nonrigidity of arith-
metic manifolds. Commun. Pure Appl. Math. 68(11), 2022–2051 (2015).

[Dav83] Davis, J.F.: The surgery semicharacteristic. Proc. Lond. Math. Soc. (3) 47(3), 411–428
(1983).

http://arxiv.org/abs/2105.06897v6


GAFA GROWTH OF k-DIMENSIONAL SYSTOLES IN CONGRUENCE COVERINGS

[Ebe96] Eberlein, P.B.: Geometry of Nonpositively Curved Manifolds. The University of
Chicago Press, Chicago (1996).

[E+09] Einsiedler, M., Lindenstrauss, E., Michel, P., Venkatesh, A.: Distribution of pe-
riodic torus orbits on homogeneous spaces. Duke Math. J. 148(1), 119–174 (2009).

[EKM22] Emery, V., Kim, I., Murillo, P.G.P.: On the systole growth in congruence quaternionic
hyperbolic manifolds. Bull. Lond. Math. Soc. 54(4), 1265–1281 (2022).

[FF60] Federer, H., Fleming, W.H.: Normal and integral currents. Ann. Math. (2) 72, 458–520
(1960).

[GW71] Gromoll, D., Wolf, J.A.: Some relations between the metric structure and the alge-
braic structure of the fundamental group in manifolds of nonpositive curvature. Bull. Am.
Math. Soc. 77, 545–552 (1971).

[Gro93] Gromov, M.: Asymptotic invariants of infinite groups. In: Geometric Group Theory, Vol.
2 (Sussex, 1991), London Math. Soc. Lecture Note Ser., vol. 182, pp. 1–295. Cambridge
University Press, Cambridge (1993).

[Gro83] Gromov, M.: Filling Riemannian manifolds. J. Differ. Geom. 18(1), 1–147 (1983).
[Gro96] Gromov, M.: Systoles and intersystolic inequalities. In: Actes de la Table Ronde de

Géométrie Différentielle, Luminy, 1992. Sémin. Congr., vol. 1, pp. 291–362. Soc. Math.
France, Paris (1996).

[GL14] Guth, L., Lubotzky, A.: Quantum error-correcting codes and 4-dimensional arithmetic
hyperbolic manifolds. J. Math. Phys. 55(082202), 1–13 (2014).

[Har56] Harish-Chandra: Representations of semisimple Lie groups. VI. Integrable and square-
integrable representations. Am. J. Math. 78, 564–628 (1956).

[Hat02] Hatcher, A.: Algebraic Topology. Cambridge University Press, Cambridge (2002).
[Hel01] Helgason, S.: Differential Geometry, Lie groups, and Symmetric Spaces. Graduate Stud-

ies in Mathematics, vol. 34. Am. Math. Soc., Providence (2001). Corrected reprint of the
1978 original.

[Hum75] Humphreys, J.E.: Linear Algebraic Groups. Graduate Texts in Mathematics, vol. 21.
Springer, New York (1975).

[KSV07] Katz, M.G., Schaps, M., Vishne, U.: Logarithmic growth of systole of arithmetic Rie-
mann surfaces along congruence subgroups. J. Differ. Geom. 76(3), 399–422 (2007).

[Lan18] Landau, E.: Verallgemeinerung eines Pólyaschen Satzes auf algebraische Zahlkörper.
Gött. Nachr., 478–488 (1918). (German).

[Lan94] Lang, S.: Algebraic Number Theory, 2nd edn. Graduate Texts in Mathematics, vol. 110.
Springer, New York (1994).

[Len08] Lenstra, H.W. Jr.: Solving the Pell equation, algorithmic number theory: lattices,
number fields, curves and cryptography. In: Math. Sci. Res. Inst. Publ., vol. 44, pp. 1–23.
Cambridge University Press, Cambridge (2008).

[Leu14] Leuzinger, E.: Optimal higher-dimensional Dehn functions for some CAT(0) lattices.
Groups Geom. Dyn. 8(2), 441–466 (2014).

[LR19] Long, D.D., Reid, A.W.: Sequences of high rank lattices with large systole containing
a fixed genus surface group. N.Y. J. Math. 25, 145–155 (2019).

[Maa79] Maazen, H.: Homology stability for the general linear group. Ph.D. thesis, University of
Utrecht (1979).

[MR03] Maclachlan, C., Reid, A.W.: The Arithmetic of Hyperbolic 3-Manifolds. Graduate
Texts in Mathematics, vol. 219. Springer, New York (2003).

[Mar91] Margulis, G.A.: Discrete Subgroups of Semisimple Lie groups. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 17.
Springer, Berlin (1991).



M. BELOLIPETSKY, S. WEINBERGER GAFA

[MR81] Millson, J.J., Raghunathan, M.S.: Geometric construction of cohomology for arith-
metic groups. I, Geometry and analysis. Pap. dedic. Mem. V.K. Patodi 103–123 (1981);
also published in Proc. Indian Acad. Sci., Math. Sci. 90, 103–124 (1981).

[Mos73] Mostow, G.D.: Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics
Studies, vol. 78. Princeton University Press, Princeton (1973).

[Mur17] Murillo, P.G.P.: On growth of systole along congruence coverings of Hilbert modular
varieties. Algebraic Geom. Topol. 17(5), 2753–2762 (2017).

[Mur19] Murillo, P.G.P.: Systole of congruence coverings of arithmetic hyperbolic manifolds.
Groups Geom. Dyn. 13(3), 1083–1102 (2019). With an appendix by C. Dória and
P. Murillo.

[Oh98] Oh, H.: Tempered subgroups and representations with minimal decay of matrix coeffi-
cients. Bull. Soc. Math. Fr. 126(3), 355–380 (1998).

[PR94] Platonov, V., Rapinchuk, A.: Algebraic Groups and Number Theory. Pure and Ap-
plied Mathematics, vol. 139. Academic Press, Boston (1994). Translated from the 1991
Russian original by R. Rowen.

[PR72] Prasad, G., Raghunathan, M.S.: Cartan subgroups and lattices in semi-simple groups.
Ann. Math. (2) 96, 296–317 (1972).

[PR09] Prasad, G., Rapinchuk, A.S.: Weakly commensurable arithmetic groups and isospec-
tral locally symmetric spaces. Publ. Math. Inst. Hautes Études Sci. 109, 113–184 (2009).

[Rai17] Raimbault, J.: On the convergence of arithmetic orbifolds. Ann. Inst. Fourier (Grenoble)
67(6), 2547–2596 (2017).

[Rez93] Reznikov, A.G.: Harmonic maps, hyperbolic cohomology and higher Milnor inequalities.
Topology 32(4), 899–907 (1993).

[Sar14] Sarnak, P.: Notes on thin matrix groups (2014).
[Sch10] Schwermer, J.: Geometric cycles, arithmetic groups and their cohomology. Bull. Am.

Math. Soc. (N.S.) 47(2), 187–279 (2010).
[Sil84] Silverman, J.H.: An inequality relating the regulator and the discriminant of a number

field. J. Number Theory 19(3), 437–442 (1984).
[Tit64] Tits, J.: Algebraic and abstract simple groups. Ann. Math. (2) 80, 313–329 (1964).
[Tit66] Tits, J.: Classification of algebraic semisimple groups. In: Algebraic Groups and Discon-

tinuous Subgroups, Boulder, Colo., 1965 (Providence, R.I., 1966). Proc. Sympos. Pure
Math., pp. 33–62. Am. Math. Soc., Providence (1966).

[Tsh21] Tshishiku, B.: Geometric cycles and characteristic classes of manifold bundles. Com-
ment. Math. Helv. 96(1), 1–45 (2021). With an appendix by M. Krannich.

[Kal80] van der Kallen, W.: Homology stability for linear groups. Invent. Math. 60(3), 269–295
(1980).

[Vdo99] Vdovin, E.P.: Maximal orders of Abelian subgroups in finite simple groups. Algebra Log.
38(2), 131–160, 253 (1999).

[Wei86] Weinberger, S.: Homologically trivial group actions. II. Nonsimply connected mani-
folds. Am. J. Math. 108(6), 1259–1275 (1986).

[Wit15] Witte Morris, D.: Introduction to Arithmetic Groups. Deductive Press (2015).
[Zsc21] Zschumme, P.: Geometric construction of homology classes in Riemannian manifolds

covered by products of hyperbolic planes. Geom. Dedic. 213, 191–210 (2021).

Publisher’s Note. Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.



GAFA GROWTH OF k-DIMENSIONAL SYSTOLES IN CONGRUENCE COVERINGS

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to
this article under a publishing agreement with the author(s) or other rightsholder(s); author
self-archiving of the accepted manuscript version of this article is solely governed by the
terms of such publishing agreement and applicable law.

Mikhail Belolipetsky
IMPA, Estrada Dona Castorina, 110, 22460-320 Rio de Janeiro, Brazil.

mbel@impa.br

Shmuel Weinberger
University of Chicago, 5734 University Ave. Chicago, IL 60637, USA.

shmuel@math.uchicago.edu

Received: 2 March 2023
Revised: 22 January 2024
Accepted: 30 April 2024

mailto:mbel@impa.br
mailto:shmuel@math.uchicago.edu

