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Photonic parity projection plays an important role in photonic quantum information processing.
Non-destructive parity projections normally require high-fidelity Controlled-Z gates between pho-
tonic and matter qubits, which can be experimentally demanding. In this paper, we propose a nearly
deterministic parity projection protocol on two photonic qubits which only requires stable matter-
photon Controlled-Phase gates. The fact that our protocol does not require perfect Controlled-Z
gates makes it more amenable to experimental implementation.

I. INTRODUCTION

Quantum information technologies promise to pro-
vide significant speedup on certain classically hard prob-
lems [1-8], more secure communications [9-19], and more
accurate measurements [20-24]. Because photons do not
naturally interact with each other, photonic qubits can
have long lifetimes and coherence times, which makes
them a prominent candidate for long-range quantum
communication [13, 14, 17, 18] and large-scale quantum
computing [7, 25]. However, photonic quantum infor-
mation processing requires generating quantum entangle-
ment and performing two-qubit gates between photonic
qubits, and these are challenging precisely because of the
absence of a natural interaction between photons.

As passive linear-optical operations cannot induce
interactions between two photons, applying two-qubit
gates between photonic qubits requires either nonlinear
media or photonic measurements and feed-forward [26].
With the latter approach, photonic Controlled-NOT
(CNOT) and other two-qubit gates can be implemented
probabilistically [26-35]. On the other hand, with the
help of a strong nonlinearity provided by, e.g., strongly
coupled cavity-QED systems, photon-photon Controlled-
Z (CZ) gates can be implemented deterministically [36—
38]. However, how to implement these operations effi-
ciently and accurately remains a key outstanding ques-
tion in photonic quantum information processing.

Among all the possible protocols to generate photonic
entanglement, projecting onto multiphoton parity sub-
spaces plays a fundamental role in many photonic quan-
tum information processing tasks. It not only facilitates
gate operations between photonic qubits and entangle-
ment generatation [39-46], but is also widely used in
photonic entanglement purification, distillation, and con-
centration protocols [47-55]. One way to perform parity
projections on photonic qubits is to use beam splitters
combined with photonic measurements [30, 40, 56, 57].
In this method, the photonic qubits that undergo the
projection are destroyed after the operation. Though
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this method only relies on linear-optical elements and is
thus easily implemented, the fact that photonic qubits
are destroyed after the projection limits its efficiency.
An alternative way to perform a photonic parity pro-
jection relies on a nonlinearity provided by optical non-
linear media to implement a non-destructive parity pro-
jection [41, 44, 48, 58-61]. Because Kerr nonlinearities
are typically weak, a strong coherent beam needs to be
applied to boost the efficiency, but this is often at the
expense of an increase in noise, in addition to the noise
stemming from the nonlinearity itself [62]. Moreover, be-
cause the Kerr nonlinearity is weak, the resulting even-
parity projection is usually considered as ‘incomplete’,
while the odd-parity projection fails since the two states
can be distinguished [41, 58].

Owing to recent progress in fabricating strongly cou-
pled cavity-QED and circuit-QED systems, strong non-
linear coupling between matter qubits and photonic
qubits can now be systematically achieved [63—69].
These advances have enabled the realization of matter-
photon CZ gates, which can be used to implement non-
destructive parity projections [37, 45, 46, 70-72]. How-
ever, because of limited photon pulse bandwidths [73, 74]
and other experimental imperfections [66, 68, 69], these
CZ gates are challenging to achieve with high fidelity. In
the presence of coherent phase errors, the CZ gates are
actually Controlled-Phase (CPhase) gates, a term we re-
serve for the general case in which the phase is less than 7
[75]. Thus, an important outstanding question is whether
it is still possible to perform high-quality parity projec-
tions efficiently if we only have access to matter-photon
CPhase gates.

In this paper, we propose a nearly deterministic pro-
tocol for implementing non-destructive photonic parity
projections. Our protocol utilizes CPhase gates between
photonic and matter qubits instead of requiring perfect
CZ gates (m phase in CPhase gates). Furthermore, our
protocol performs a complete parity projection to both
even and odd-parity subspaces. Moreover, we demon-
strate that our protocol can tolerate moderate Gaussian
phase errors in the CPhase gates as well as Pauli errors
on the matter qubits. We stress that although our discus-
sion focuses on optical photonic systems, our protocol is
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generally applicable to other physical systems, including
microwave photonic systems and photonic entanglement
concentration protocols [76].

This paper is organized as follows. In Sec. II, we
present our nearly-deterministic parity projection pro-
tocol with CPhase gates. We show the average channel
fidelity and parity measurement error probability of our
protocol relative to a perfect parity projection operation.
In Sec. III, we consider the effects of possible imperfec-
tions. We consider coherent errors on the CPhase gates in
Sec. IIT A, where the different CPhase gates can have dif-
ferent phases. We then extend our discussion to include
random CPhase angle fluctuations, which is modeled as
random Gaussian noise, in Sec. III B. We calculate the
channel fidelity and error probability of our protocol in
this case. In addition, we discuss the effect of possible
Pauli errors that happen in different stages of the proto-
col in Sec. ITII C. Finally we conclude in Sec. IV.

II. NEARLY-DETERMINISTIC PARITY
PROJECTION PROTOCOL

As demonstrated in Ref. [70], a non-destructive parity
projection on a pair of qubits can be performed using
two CZ gates (see Fig. 1a). In this protocol, an auxiliary
qubit is initialized to |[+) = % (|0y 4+ 1)), and then two
CZ gates are applied as shown in Fig. la. Afterward, the
auxiliary qubit is measured in the X basis. Depending
on the measurement outcomes, a parity projection onto
the even or odd subspace is performed on the two qubits

(Q1 and Q2).
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FIG. 1. Gate sequences for the parity projection on two

qubits, Q1 and Q2. (a) The gate sequence for a parity projec-
tion implemented with CZ gates between the auxiliary qubit
and qubits Q1 and Q2. (b) The gate sequence for a single
round of our parity projection protocol, which only requires
CPhase gates CP(¢). The measurement basis is My, which is
given by Eq. (4).

When performing the standard non-destructive parity
projection shown in Fig. la, one of the bottlenecks is
implementing the CZ gates with high fidelity, especially
for photonic qubits. As demonstrated in Refs. [64-69],
precisely implementing CZ gates between a matter qubit
and a photonic qubit can be challenging. Instead, the
resulting gates are often CPhase gates, which can be rep-

resented in the computational basis as
1
CP(¢) = ] : (1)

where the phase angle ¢ is not exactly 7. If one attempts
the parity projection shown in Fig. 1a, but with imperfect
CZ gates such that ¢ # 7, one ends up performing the
following imperfect projections:

P =Py + €'/ cos @) (Po1 + P1o) + €' cos(¢) P11
(2)

o — —ie'®/2 gin <§> (Po1 + Pio) — i€ sin(¢)Pyy,
(3)

where P;; = |i,7) (4, j| for 4,5 = 0,1 are projectors onto
the two-qubit computational states. The quantum op-
eration is not a perfect parity projection operation any
more. In what follows, we refer to this as the “naive”
parity projection protocol.

Here we present a protocol to nearly deterministically
perform parity projection on two qubits with CPhase
gates between the matter qubit and the photonic qubits.
Instead of requiring CZ gates between qubits as shown
in Fig. la, our protocol can use CPhase gates with arbi-
trary phase angle ¢. Our protocol, which only requires
¢ to be known and the same for both CPhase gates, is
summarized as follows:

1. Prepare the auxiliary (matter) qubit in the |+)
state and apply two CP(¢) gates between the mat-
ter qubit and two photonic qubits.

2. Perform a measurement on the matter qubit in the
eigenbasis of the operator

My = R.($)XRI(9), (4)
where R, is a Pauli-Z rotation.

3. If the measurement result is —1, the two photonic
qubits are projected onto the even subspace.

4. If the measurement result is +1, repeat Step 1
and 2.

By repeating this protocol enough times, provided the
measurement outcomes are all —1, the state is nearly
perfectly projected onto the odd subspace.

To understand how our parity projection works, we
first show the Kraus operators for a single round of op-
eration, for which the circuit is shown in Fig. 1b. Notice
that a CPhase gate can be decomposed as

CP(g) = Py T + P 5P(g),  (5)

where the superscripts label qubits, P; = |i)i| are the
projectors onto the computational states |i) with i = 0,1,



I denotes the identity operator, and S(¢) is the single-
qubit phase gate,

s = (" o )=er0. O

If we take the projective measurement along the basis of
My, i.e., projecting onto the states

o) = o5 (TR £ ), (@

when the measurement outcome is —1, the Kraus opera-
tor acting on the two qubits is

E | =isin (;b) (Poo — €*P11), (8)

which perfectly projects the two photonic qubits onto the
even subspace. However, if the measurement result is +1,
the Kraus operator is

By = cos (ZS) (Poo + €9P11) + €"*/%(Po1 + P1o), (9)

which does not project the two-qubit state onto the
odd subspace perfectly. However, the projection can
be viewed as a projection onto the odd subspace with
less certainty, where the even subspace is suppressed by
cos(¢/2). If the measurement outcome is +1, the state
is more likely to be in the odd-parity subspace.

Therefore, after we get +1 outcome, we can repeat this
operation again. In the second round, if the measurement
outcome becomes —1, the corresponding Kraus operator
is

R . 1 .
Eiw 1=FE_ Fy = 5 sin(¢) (Poo — €**P11),  (10)

which shows that the state is projected onto the even
subspace again. If we get +1 again, the Kraus operator
is

E+1,+1 = cos? <§) (’P()o + 6i2¢7)11) + ei¢(7301 + P1o)-
(11)

Although this is still not a perfect odd-parity projection,
comparing to the first round operation [Eq. (9)], the even-
parity subspace is further suppressed. Therefore, we can
repeat the operation another time to suppress the even-
parity subspace even further.

If the operation is performed n rounds in total, and we
get +1 measurement outcomes for the first n — 1 rounds
but —1 for the n-th round, the Kraus operator is

EM) . =isin(¢/2) [cos(¢/2)]" " (Poo — e™P11) . (12)
If we get +1 up to round n, the Kraus operator is

Eﬁﬁ)d = "2 (Po1 + Pio) + cos™($/2) (Poo + P11 ) .
(13)

Although the Kraus operators shown in Eq. (12) are dif-
ferent from the perfect even-parity projection by a rel-
ative phase factor between the projectors Pyy and Pi1,
which depends on the operation cycle n at which a —1
measurement outcome is achieved, this phase factor can
be corrected by applying a Pauli-Z rotation Rz (—n¢+)
on either of the two qubits after the measurement. Fur-
thermore, these Pauli-Z rotations can usually be virtu-
ally applied by adjusting the lab frame, which does not
introduce any error.

With these Pauli-Z rotations applied to the qubits Q1
or Q2 conditioned on —1 measurement outcomes, the
Kraus operators in Eq. (12) become

E{), = sin(¢/2) [cos(6/2)]™ " (Poo + P11),  (14)

where m = 1,2,...,n. Combining these with the odd-
parity projection Kraus operator Eégé in Eq. (13), the
process can be described as a quantum channel in the
operator sum representation with these n 4+ 1 Kraus op-
erators. The Kraus operators in Eq. (14) correspond
to perfect even-parity projections, while Eq. (13) is the
imperfect odd-parity projection, where the imperfection
is exponentially suppressed as the operation cycle n in-
creases. When n — oo, this procedure is exactly a parity
projection of the two qubits Q1 and Q2.

In order to evaluate the performance of our protocol
and compare it with a perfect parity projection opera-
tion, we first treat the process as a quantum channel and
show how close it is to the perfect parity projection oper-
ation. This is helpful in order to understand how effective
the protocol can be as an entanglement generation oper-
ation. As pointed out in Ref. [77], the average fidelity of
the output states of two quantum channels can be used as
a measure of their closeness; we use this average channel
fidelity of our protocol relative to the ideal parity projec-
tion as a figure of merit. The average channel fidelity is
defined as

(F) = / F (praeats ) d 1) (15)

where the integral is over the Haar measure of the two-
qubit state space, and the state fidelity is given by

F(pidealvp) =Tr ( \/ppideal\/p) . (16)

The state p is the output from our protocol with n oper-
ation cycles when the two qubits are initialized in |¢)):

p =B loxw| ESY + 37 EBG), el BYY,  (17)
j=1

where Eég?i and EY), are given by Egs. (13) and (14),
respectively. The output state from a perfect parity pro-
jection operation is

Pideal = Peven WXM Peven + Poda |1/J><¢| Podd, (18)
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FIG. 2. The average channel infidelity of our protocol (solid
lines) relative to the perfect parity projection operation. We
also plot the average infidelity of the naive parity projection
from Egs. (2) and (3) as a comparison (dashed lines). The
average is taken over 5000 uniformly randomly sampled two-
qubit states. The error bars show the standard deviation of
the corresponding samples.

where Peoven = Poo + P11, and Poaa = Po1 + Pio-

In Fig. 2, we calculate the average channel fidelity by
randomly sampling 5000 two-qubit initial states, and av-
eraging the output state fidelity relative to the ones ob-
tained from perfect parity projections. Further details
about the procedure can be found in Appendix A. We
consider three different CPhase gates: ¢ = 0.8w, 0.85,
and 0.97 as examples. As the number of operation cy-
cles n increases, the infidelity is suppressed exponentially.
When the phase angle ¢ is close to 7, the infidelity is sup-
pressed further for a fixed number of operation cycles,
as one would expect based on Eq. (13). We also stress
that though our protocol is a perfect parity projection
only when n — oo, over a range of CPhase gate angles
(e.g., ¢ > 0.87) and with just two or three operation cy-
cles, the channel infidelity can be suppressed below 0.001,
which performs much better compared to directly using
the CPhase gates in the parity projection in Fig. la (see
Fig. 2 dashed lines). Note that when the CPhase gates
in Fig. 1a are not CZ gates, the naive protocol is not a
perfect parity projection anymore. Unlike our protocol,
where the infidelity is suppressed with more operation
cycles, nesting the naive protocol with more operation
cycles increases the channel infidelity.

We can also characterize the quality of our protocol as
a two-qubit parity measurement using the ‘error proba-
bility’:

gzerr = @even geven,err + gzodd <@odd,errv (19)

where Poven (Poda) is the probability for our protocol
to return an even (odd) parity result, while Peven err
(Podd,err) is the probability of obtaining an odd (even)
parity result after performing Foven (Eodd). Therefore,
the error probability is the probability of measuring the
opposite parity after a given projection.

We can compute &, by starting from a general pure

two-qubit state:
|w> = Coo |00> =+ Co1 |01> + ¢c190 |10> + c11 |11> R (20)

where c; . are random complex coefficients that satisfy
Dk lcj x> = 1. In the first round, the probability of
getting an even- or odd-parity projection is

P = [1EQ [0) 17 = sin?(9/2) (leool” + en|?)
(21)

P = 11ES 1) 11 = cos®(6/2) (eool® + ein|?)
+ (leor* + lerol?) - (22)

The corresponding states are

) = —— sin (6/2) (co0 [00) + e11 [11)),  (23)
28
tho) = —— [cos (6/2) (€700 100) + 6/ %exy [11))
(1)

'@odd
+ (co1 [01) + €10 [10))] (24)

up to global phases. Therefore, if we only apply our pro-

tocol with a single cycle, the probability of getting an

even- or odd- parlty projection result is Peyen = gzevgn

and Poqq = 3”0 da- As the even-parity projection per-
fectly projects the state onto the even subspace, there
is no chance to get an odd-parity projection out of the
state (Pevenerr = 0). However, there is a chance that
we can project onto the even-parity subspace if we start
from |¢,). The probability is

1
Podd,err = —ay cos*(¢/2) (lcool® + lenn?) . (25)

odd

Therefore the error probability is
‘@6(32 = yoddgodd,err = COSZ(QZ)/Q) (‘COO|2 + |Cll|2) .
(26)
Generalizing this to n operation cycles, the error proba-
bility is
@éfr) = cos(Q”)(d)/Q) (\COO|2 + |011|2) . (27)
We see that the error probability depends on the input
state [1). The maximum error probability is achieved
when [|¢)) has even parity, in which case it is

"(0/2). (28)

In Fig. 3, we plot the maximum error probability of
our protocol as a function of the number of operation
cycles n for different CPhase gates (solid lines). Similar
to the average channel fidelity, the error probability is
also suppressed exponentially with increasing n. Across
a large range of CPhase gate angles, and with only a
few cycles of operation, the error probability can be sup-
pressed by orders of magnitude. For example, for the

= COS2

p(n)

err,max
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FIG. 3. The maximum (solid lines) and average (dashed lines)
error probability of our protocol as a function of the number
of operation cycles n for four different values of the CPhase
angle ¢. Results for the average error probability are obtained
by averaging Eq. (27) over all possible initial pure states.

CPhase gate CP(0.97) (green line and diamonds), which
is close to the gate shown in Ref. [69], the error probabil-
ity can be reduced to 6.0 x 10~* with only two cycles. To
further understand the average performance of our proto-
col, we also calculate the error probability averaged over
4000 Haar random 2-qubit states, which are shown as
the dashed lines in Fig. 3. The average error probability
using CP(0.97) gates and n = 2 cycles is 3.0 x 1074,

III. PERFORMANCE UNDER
IMPERFECTIONS

In this section, we consider how robust our parity pro-
jection protocol is against possible imperfections. To
make our discussion generally applicable to different

Em)

physical platforms, we survey various sorts of imperfec-
tions that can arise and investigate their effects on the
performance of the protocol. We consider both coherent
and incoherent errors. Specifically, in Sec. IIT A, we con-
sider the effect of systematic errors in the CPhase gates.
In Sec. III B, we extend the discussion and investigate the
impact of random fluctuations in CPhase gate angles. In
Sec. ITII C, we calculate the effect of incoherent Pauli er-
rors happening in different stages of our protocol. We
consider dephasing errors as well as Pauli-X and Pauli-
Y errors on the matter qubit between the two CPhase
gates. In all cases, we calculate the error probability of
our protocol in the presence of such errors.

A. Imbalanced CPhase gates

As demonstrated in the previous proposals, the pho-
tonic parity projection can be implemented using cavity-
QED systems, e.g., a quantum dot qubit strongly cou-
pled to an optical resonator [45, 46, 71, 72]. However,
the phase angles of the CPhase gates between the matter
qubit and the reflected (or transmitted) photonic qubits
are not well controlled in experiments [64-66, 68, 69, 78].
In this section, we consider that the two CPhase gates in
each operation cycle are imbalanced, i.e., the two CPhase
gates have different phase angles ¢; and ¢o (see Fig. 4a),
and we investigate how our protocol is affected by this.

We take the measurement basis to be My, where the
angle ¢ is supposed to be close to ¢ 2. We further assume
the CPhase gates in different operation cycles are stable,
i.e., the same ¢1 and ¢, are realized every cycle. This
assumption will be relaxed in the next section. If we
keep the measurement basis ¢ the same across cycles, by
expressing ¢1 2 = ¢ + 012, the Kraus operators after n
cycles of our protocol are

m—1 m—1
Aeven = ¢sin <¢25> |:COS <§>:| 7)00 - ieimqﬁ-"—iw sin (¢ + 5; + 52) |:COS (¢ i 5; + 52):| Pll

. am(o+82) 6 [ 6 m=l . jmetey) | 6 6 mt
—ie'” 2 sin <22> _cos (;)} Po1 —ie'” 2 sin <21> [cos (;)} P1o, (29)

3

Eodd = |:COS (§>:| Poo + el

X [cos (¢ +o T 52) P11,

2

2

where in Eq. (29), m = 1,...,n. The Kraus operator

Aélne)n corresponds to the case in which we obtain +1 up
to the (m — 1)-th cycle, but get —1 in the m-th cycle.
These operators describe imperfect even-parity projec-
tions. The Kraus operator Foqq in Eq. (30) is for the

case where we get all +1 measurement outcomes in the

n n
(6+82) 0o n(¢+57) 01 . . n(81+69)
’ {COS ()} Por +e'7 2 {COS ( Pio + Motz

2

(30)

(

n cycles of operation. It corresponds to the odd-parity
projection. Similar to our perfect protocol, the relative
phase between the Py and Pi; terms in the even-parity
projection operators, and between the Pyo and Py terms
in the odd-parity projection operation, can be fixed by
single-qubit Pauli-Z rotations. However, unlike our per-
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FIG. 4. The parity projection protocol with imbalanced CPhase gates. (a) The gate sequence for a single operation cycle of
our protocol when the CPhase gates are imbalanced. (b, ¢) The average error probability as we change the measurement basis
angle ¢. Results are obtained by averaging Eq. (31) over all possible initial pure states. We consider n = 1 case in both (b)
and (c). The two CPhase gate angles are fixed at ¢1,2 = 0.77m + A¢/2 for (b) and ¢1,2 = 0.87 £ A¢/2 for (c).

fect protocol, the —1 measurement outcome no longer
heralds a pure even-parity projection, which introduces
more errors.

To determine the optimal measurement basis, we cal-
culate the error probability [Eq. (19)] with the CPhase
coherent error included. Assuming the initial state of the
two photonic qubits is an arbitrary pure state, as Eq. (20)
shows, the error probability after n cycles is

P = cos?™(¢/2)|coo|? + cos®[(¢ + 61 + 82) /2|1 |?

+ [ = cos”(62/2)leor]? + [1 — cos®(31/2)]lexol?,
(31)

the detailed derivation of which can be found in Ap-
pendix B. In Eq. (31), the first two terms are from the
odd-parity projection [Eq. (30)], while the last two are
from the imperfect even-parity projections [Eq. (29)].

Supposing the phase differences are small, i.e., §1, 2 <
1, the coefficients of the terms from the even-parity pro-
jections can be expanded around 0 as

1 —cos®™(5/2) ~ nd?/4 + O(5%), (32)

which shows that the error from the even-parity projec-
tion grows as the number of rounds increases. Note that
the optimal measurement basis is specified by the angle
¢ = (¢1 + ¢2)/2, which corresponds to §; = —dy. When
this basis is used, the error from the even-parity projec-
tions is distributed equally on the odd-parity basis states
|01) and |10). In addition, the error from the odd-parity
projection is also minimized on average. In Fig. 4b and c,
we show the average error probability for a few choices of
CPhase and measurement basis angles as examples. It is
clear that the minimal single-round error probability is
reached for the measurement basis with ¢ = (¢1 + ¢2)/2.

In the rest of this subsection, we assume that we always
choose the optimal measurement basis ¢ = (¢1 + ¢2)/2,
for which §; = —d2 = A¢/2, where Ag = |1 — ¢2|. In
addition, we assume that we have applied Pauli-Z rota-
tions after the measurements to compensate for the rela-
tive phase factors between Py; and Piq in the odd-parity

£ 102 Ag/n
5 e 0.00
S
£ 0.02
L‘g 0.04
o 0.06
-4
10 v 0.08

Operation Cycles

FIG. 5. The maximum (solid lines) and average (dashed lines)
error probability of our protocol with coherent error on the
CPhase gates. We take the measurement basis to be ¢ = (¢1+
@$2)/2 and Ap/2 = ¢p1 — ¢ = ¢ — ¢2, with ¢ = 0.97. Results
for the average error probability are obtained by averaging
Eq. (31) over all possible initial pure states.

projection as well as between Pyy and Pi; in the even-
parity projections. To investigate how robust our pro-
tocol is against the coherent error on the CPhase gates,
we calculate the average error probability and quantum
channel fidelity [Eq. (15)].

Figure 5 shows the maximum and average error prob-
ability. We take the two CPhase gates to have a mean
angle ¢ = 0.97 [79] and sweep the difference A¢ of the
two gate angles from 0 (ideal protocol) to 0.087. We
observe that the error probability decreases for small n,
while there is a turning point beyond which the error
probability starts to increase for larger n. As shown in
Eq. (32), this is because the error from the even-parity
projection increases as the number of operation cycles
increases. After the turning point, the error from the
even-parity projection dominates over that of the odd-
parity projection. However, even with a large CPhase
gate mismatch of A¢p = ¢ — ¢ = 0.087, with only two
operation cycles, the error probability can be suppressed
to 1.2%.

Next we calculate the average channel fidelity of our
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FIG. 6. The average channel fidelity of our protocol relative to the perfect parity projection. (a) The average channel fidelity
as a function of the number of operation cycles n for several different values of the CPhase angle difference A¢ = |p1 — ¢2|,

with the mean angle set to ¢ =
of the two CPhase gate angles ¢1 and ¢2.

protocol relative to a perfect parity projection as a second
figure of merit. The average channel fidelity is calculated
according to Eq. (15). In Fig. 6a, we show the average
channel fidelity of our protocol with unbalanced CPhase
gates. We again consider the two CPhase gates to have
the mean angle ¢ = 0.97 and sweep the difference A¢ of
the two angles from 0 (ideal protocol) to 0.087. Similar
to the error probability above, the average channel in-
fidelity initially decreases and then starts to increase as
n becomes larger. With only two or three cycles of our
protocol, the infidelity can still be suppressed. Because
the average fidelity can increase as m increases with a
pair of given CPhase gates, we consider the best perfor-
mance that can be reached using up to 5 cycles of our
protocol. Specifically, we calculate the average channel
fidelity with two CPhase gates with angles (¢; and ¢-9)
as we increase n to 5. We then extract the optimal fi-
delity we can achieve as the figure of merit. In Fig. 6b,
we sweep the two CPhase angles (¢1 and ¢2) and plot
the optimal average channel fidelity up to 5 cycles of our
protocol. There is a wide range of CPhase angles that we
can choose from to achieve relatively high fidelity, which
shows that our protocol can tolerate a significant amount
of coherent error in the CPhase gates.

B. Gaussian random phase errors on the CPhase
gates

In this subsection, we consider the case in which the
phase angles of the two CPhase gates are not well con-
trolled and exhibit random fluctuations. We extend the
discussion in Sec. IIT A and now take the phase errors
01 = ¢1 — ¢ and 6o = ¢ — ¢ to be two independent
Gaussian random variables that are sampled from the

(¢1+ ¢2)/2 = 0.97. (b) The average channel fidelity after 5 cycles of our protocol as a function

probability distribution,

1 _ 82
p(5) = mwe 2w?

where w characterizes the spread in the CPhase angles.
Here, we also allow the CPhase angles to vary from one
cycle to the next. In this scenario, the error probability
after the nth cycle is

g(n) / gzeﬁ)

(33)

(5(1))2
e 2w2 e

(6§7)2

27 o) dsy),

27rw
(34)

where the superscript j labels the operation cycle and
where now

2L = cos™(6/2)]cool®

+ H cos’[(¢ + 5§k) + 5ék))/2]|c11\2

k=1

1= H 0052(5§k)/2)] lco|?

Hcos (5( /2] ) lewol?,

After performing the integration, we find

Q/) 2n
<gze(?r)> = {COS (2>:| |Coo|2 +
1 —w?/2\" 2 2
1= g (1472 (leol? + fewol?)
where the first two terms are from the odd-parity projec-

tion, and the last two terms are from the even-parity pro-
jection. The coefficients of the first two terms in Eq. (35)

1+ cos(g)e " e 2
2

(35)
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FIG. 7. The performance of our parity-projection protocol with Gaussian random noise on the CPhase gates. (a) The maximum
(solid lines) and average (dashed lines) error probability of our protocol as a function of the number of operation cycles n.
Results for the average error probability are obtained by averaging Eq. (35) over all possible initial pure states. (b) The average
channel fidelity of our protocol relative to a perfect parity projection as a function of n. In both panels, the CPhase angles are
¢1,2 = ¢ + 01,2, where ¢ = 0.97, and 61,2 are sampled from a Gaussian distribution with width w. Results for several values of

w are shown.

are suppressed exponentially as the operation cycle in-
creases. However, when the spread in the CPhase angles
is small, w < 1, the coefficient of the last two terms can
be expanded as

_1 )" nw? !
[1 = (1+e ] 0. (30)
This shows that the error from the even-parity projection
grows as n increases. The wider the Gaussian distribu-
tion is, the more error is introduced into our protocol.
Therefore, there is a turning point where the even-parity
projection error will start to be the dominant error. After
the turning point, the error probability will grow.

In Fig. 7a, we show the maximum error probability as
we increase the operation cycles n. We observe the same
trend as the coherent CPhase error in Fig. 6a. Namely,
there exists a turning point that depends on the CPhase
angle, which also matches our analytical analysis. How-
ever, the error suppression of our protocol can tolerate
fluctuations in the CPhase gates. With a CPhase angle
spread of w = 0.04m, the second cycle of our protocol can
suppress the error probability from 3.2% to 0.8%.

We next consider the channel fidelity. In Fig. 7b, we
plot the average channel fidelity of the parity projection
for various numbers of cycles. The detailed derivation
and calculation are given in Appendix C. The average
channel fidelity also shows a turning point as n increases.
Even with a Gaussian fluctuation with width w = 0.04,
our protocol using CPhase gates with angle ¢ = 0.97 can
reach 0.96. We also notice that with the Gaussian noise
fluctuation on the CPhase gates, as we do not know ex-
actly the angles of two CPhase gates, the performance of
our protocol is worse compared to the coherent error case
analyzed above, in which the information of CPhase gates
can be used to optimize the protocol performance. We
also notice that the suppression of the error probability
is greater compared to the average channel fidelity. This

means the average output of our protocol with Gaussian
noise on the CPhase gates is slightly different from the
output state of the perfect parity projection. However,
the probability of correctly identifying the state parity
using our protocol is less affected.

C. Effects of Pauli errors

In this subsection, we consider possible Pauli errors.
As our protocol is applicable to a wide variety of phys-
ical platforms, we keep the analysis general and survey
different Pauli errors and their respective impact on the
performance. Understanding which Pauli errors are most
detrimental can be helpful in selecting or designing phys-
ical platforms in which these errors are less likely to hap-
pen. We specifically focus on errors on the matter qubits.
In Sec. IIIC1, we consider dephasing errors that occur
before the two CPhase gates are applied. We also com-
ment on the effect of Pauli-X and Pauli-Y errors occur-
ring at this point in the protocol. In Sec. IITC2, we
focus on Pauli errors between the two CPhase gates. As
shown in previous sections, both the average channel fi-
delity and the error probability are useful metrics for the
performance of our protocol. The error probability has
the additional benefit of being analytically computable.
Therefore, in the remainder of this section, we focus on
using the maximum and average error probability as the
figure of merit of our protocol to keep the discussion con-
cise.

1. Dephasing errors on the matter qubit before the two
CPhase gates

In this subsection, we consider the case in which there
is a dephasing error on the matter qubit before the two
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FIG. 8. Circuit diagram for a single round of our parity-
projection protocol with a possible dephasing error (labeled
with a red £.) on the matter qubit before the two CPhase
gates are applied.

CPhase gates are applied. The dephasing error is de-
scribed by the quantum channel

gz(pm) = (1 - pz)pm +p22pm2; (37)

where p, is the error probability. A single operation cy-
cle of our protocol is shown in Fig. 8, where the red &,
represents the dephasing error.

We start by understanding the effect of the dephasing
error on a single cycle of operation. We stress that the
matter qubit is initialized in the state |4+). When there is
a Pauli-Z error on the matter qubit before we apply the
two CPhase gates, the error flips the matter qubit state
to |—). Supposing the initial state of the two photonic
qubits is in the state pg, the single cycle of operation
transforms this state into

p = Z (1 —pz)E]poEA’; +szj,errp0E;err7 (38)
Jj==*1

where j = +1 is the measurement outcome, and Eil,err
are the Kraus operators corresponding to the case when
the error occurs. These satisfy

EiLerr = EA:Fla (39)

where E;l are the Kraus operators without the Pauli-Z
error (see Appendix D for a detailed derivation).
Assuming we apply our protocol up to the n-th cy-
cle and we get all +1 measurement results, the un-
normalized state of the two photonic qubits is

n

=3 ()1 = it

=0
x YV EY po(EL Y (BL)", (40)

where we use the fact that [E+1,E_1] = (0. This state
is considered as an odd-parity projection onto the initial
state pg using our protocol. On the other hand, if we get
+1 up to round m — 1, and get —1 in round m, we get
the even-parity projection on the initial state, which is

pm,—1 = E_1(Pm—1:11), (41)

where py;,—1.41 can be derived using Eq. (40) by replacing
n with m — 1, £_1 is the quantum channel for one cycle
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FIG. 9. Maximum (solid lines) and average (dashed lines)
error probability as a function of the number of operation cy-
cles n when there are dephasing errors on the matter qubit
before the CPhase gates. Results are shown for five different
values of the dephasing error probability p.. Results for the
average error probability are obtained from Eq. (42) by aver-
aging over all initial pure states. The CPhase gate angles are

$r = do = ¢ = 0.97.

of our protocol with the —1 measurement outcome (see
Appendix D).

If we assume the initial state of the two photonic qubits
is given in Eq. (20), the error probability is

1 1 "
f@é;;) = {2 + (2 —pz) cos(qb)} (Jcoo|® + |e11]?)

+ (leor” + fesol*) [1 = (1 = p2)"] (42)

where the maximum error probability is

P

G = max{ [ (5 =92 ) cos)]
1—(1—pz)"}. (43)

If we assume the dephasing error is small (p, < 1), the
two terms in Eq. (43) can be expanded around p, = 0 as
— pz> cos(¢)] ~ cos?"(¢/2)

1 1
5+ (5
— ncos”™ ?(¢/2) cos(p)p. + O (p2) (44)

L= (U =p)" ~mpe 45— P2 +O (). (45)
Both terms will grow as the dephasing error probability
p. increases. From the leading orders of the two terms,
the first term is suppressed as the number of operation
cycles n increases, while the second increases. Similar to
the CPhase error discussion above, with the matter qubit
dephasing error, there will be a turning point in the pro-
tocol error probability. This is a result of the competition
between the suppressed imperfect odd-parity projection
[the term in Eq. (44)] and the effect of the dephasing
error [the term in Eq. (45)].



In Fig. 9, we show the maximum and average error
probability as we increase the number of operation cy-
cles. As our analytical analysis shows, when the dephas-
ing error is nonzero (p, # 0), there are turning points
in the error probability. Note that the dephasing error
causes the initial state of the matter qubit to flip to |—),
which directly causes our protocol to project the two-
qubit state into the opposite parity subspace. So the
dephasing error on the matter qubit is problematic and
should be avoided or suppressed. With p, ~ 0.02, the
average error probability can be suppressed from 3.2%
to 2.0%, but the maximum error probability shows al-
most no suppression. In the presence of the dephasing
error, it is therefore important to combine our protocol
with dynamical decoupling on the matter qubit to sup-
press dephasing [80, 81]. Dynamical decoupling has been
shown experimentally to be quite effective across a vari-
ety of quantum emitter systems [82-88].

At the end of this subsection, we would like to com-
ment on the effects of other types of Pauli errors and of
depolarizing error on the matter qubit. We note that the
matter qubit is initialized in state |4+). The Pauli-X er-
ror does not affect the matter qubit state. For Pauli-Y
errors, we notice that

Y X+ Y ==X~ = Z[+)+ 2, (46)

which means the Pauli-Y error will affect our protocol in
exactly the same way as the dephasing error. Therefore,
all our discussions in this subsection about the dephas-
ing error can apply to Pauli-Y errors. The depolarizing
errors can be described by the following quantum channel

E(p) =1 —p)p+ g (XPX' +YpY + ZPZ) ., (47
where p is the error probability. This error is equivalent

to a dephasing error with error probability p, = 2p/3, as
can be seen from

E([HX+]) = (1 = p) [+ )X+ + g ([HXF +2[=X=])
- (1 - Q:f) [4)(+] + %pZ )+ Z. (48)

2. Incoherent Pauli errors on the matter qubit between the
two CPhase gates

M [+) € 7N,
P { ¢
[¥12)

FIG. 10. Circuit diagram for a single round of our parity-
projection protocol with possible Pauli errors (labeled with a
red &) on the matter qubit between the two CPhase gates.
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In this subsection, we consider the case in which the
Pauli errors occur between the two CPhase gates. A
single cycle of operation is shown in Fig. 10, where the red
& represents the Pauli error. Note that since Z commutes
with the CPhase gates, the effect of the dephasing error
occurring between two CPhase gates is identical to the
discussion in Sec. IITC1. Therefore, we only consider
Pauli-X and Pauli-Y errors in this subsection.

a. Pauli-X errors. 'We start by considering Pauli- X
errors, which are described by the quantum channel

Ea(p) = (1 = pu)p + puXpX, (49)

where p, is the error probability. We follow the treat-
ment of Sec. IITC1. The Kraus operators for a single
cycle of our protocol with Pauli-X errors included are
(see Appendix E)

EA(fl'e”) = cos <q25> (Poo + €'Pr1)

+ €'*/2 (Py1 + cos(¢)Pro) (50)
EA(,Xl_err) = isin <(§> (Poo + ei¢P11)
+isin (6) /Py, (51)

Note that the operators E’i1 and EAin_err) all commute

with each other. The state of the two photonic qubits
after n rounds of the protocol with all +1 measurement
outcomes is

n
Pritl = Z <n) (1 - px)nijpgz
=0 M
< B1 (B o (BT (B1,)"
(52)
where pg is the initial state of the two qubits. On the
other hand, if —1 is obtained in the final mth round, the
resulting state is pp,—1 = E_1(Pm—1:41), where pp—1.41
is the state after we get +1 for all previous m — 1 cycles.
We further notice that PoqqaE_1 = 0, where Pyqq is
the perfect odd-parity projection, which greatly simpli-
fies our derivation of the error probability in this case.

Assuming an initial pure state for the two photons as in
Eq. (20), the result is (see Appendix E)

P = cos?" (?) (lcool® + le11[?)
+ (1 —[1-p, sm2(¢)]”) el (53)
The maximum error probability is then
@C(;’r)’max = max {0052" <q25> , (1 — [1 — Ps 81112(¢)]n> } .
(54)

In Fig. 11a, we plot the maximum and average error
probability of our protocol in the presence of Pauli-X
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FIG. 11. The maximum (solid lines) and average (dashed

lines) error probabilities of our protocol in the presence of (a)
Pauli-X and (b) Pauli-Y" errors between the CPhase gates for
several values of the error probabilities p, and p,. Results for
the average error probabilities are obtained from Egs. (53)
and (57) by averaging over all initial pure states. Here, the
CPhase angles are ¢1 = ¢2 = ¢ = 0.97.

errors for several values of the error probability p,. We
notice that when p, is nonzero, similar to the other types
of errors, the error probability exhibits a turning point
at n = 2 cycles of our protocol. The increase in the error
probability beyond the turning point can be understood
from Eq. (53). As n increases beyond 2, the contribution

to @ég) from the Pauli error increases and dominates
over the error from the imperfect even-parity projection.
However, it is still the case that over a wide range of p,
values, our protocol with n = 2 cycles greatly suppresses
the error probability. Even with p, = 0.08, the second
operation cycle can suppress the average error probability
from 1.6% to 0.8% (2.4% to 1.5% for the maximum error
probability). Compared with the dephasing error, our
protocol is less sensitive to Pauli-X errors between the
two CPhase gates. Comparing Egs. (50) and (51) with
the Kraus operators without error, we notice that the
faulty Kraus operators have a similar structure, except
for the term involving Ppo. This is because the Pauli-X
error essentially flips the first CPhase gate from CP(¢)
to CP(—¢). This will only affect our protocol when the
first qubit is in the state |1).
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b. Pauli-Y errors. Pauli-Y errors on the matter
qubit can be analyzed using the same approach. Note
that, unlike the Pauli- X error, the Pauli-Y error not only
flips the sign of the first CPhase gate, it also flips the
matter qubit state from |+) to |—). The faulty Kraus
operators when the Pauli-Y error occurs are

E(+y1_err) = sin (§> (Poo + €% Pi1) + sin(¢)e'”/* Py,
(55)

E(_yl-err) = —17Cos (Z) (POO + Gid)Pll)
—ie"®/? (Pyy + cos(¢) Pro) - (56)

Denoting the probability for a Pauli-Y error to occur
by py, the error probability for our protocol after n op-
eration cycles is

21 = [+ (5 -90) o) (fwl +lenf?)
1= (= py)"eor* + {1 = [1 = p, cos2(6)] " } [erol.
(57)

The maximum error probability is

Pl = max{ [3+ (3 ) costo)]
1)) 59

where we used the fact that 1 —p, < 1 — p, cos®*(¢)
implies that the second term in Eq. (57) always has a
larger maximal value compared to that of the third term.

In Fig. 11b, we plot the maximum and average error
probability of our protocol in the presence of Pauli-Y
errors. Compared with Fig. 11a and Fig. 9, the perfor-
mance of our protocol with Pauli-Y errors is similar to
the case with Pauli-Z errors. This can also be seen from
Egs. (57) and (58). The error probability expression is
similar to that of the Pauli-Z error case. It can also be
understood from the fact that a Pauli-Y error can be
decomposed into a combination of Pauli-X and Pauli-Z
errors. As our protocol is more robust against Pauli-X
errors, the effect of Pauli-Z errors dominates.

IV. SUMMARY AND OUTLOOK

In summary, we presented a protocol for performing
parity projection on two photonic qubits using a mat-
ter qubit and CPhase gates. In particular, our protocol
does not require perfect matter-photon CZ gates; CPhase
gates with angles ¢ < 7 suffice. We analyze the perfor-
mance of our protocol in the presence of various possible
imperfections, including coherent errors on the CPhase
gates, random CPhase angle fluctuations, and Pauli er-
rors that occur on the matter qubit either before or in
between the two CPhase gates. We demonstrated that



our protocol is robust against most types of error, ex-
hibiting high fidelities and low error probabilities in the
resulting parity measurement. Dephasing errors on the
matter qubit can be mitigated with dynamical decou-
pling. These results show that our protocol can be used
not only as a tool to induce quantum entanglement be-
tween photonic qubits, but also as a tool to perform re-
liable photonic parity measurements.
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Appendix A: Average channel fidelity to an ideal
parity projection channel

The fidelity between two states p and o is defined as

Fp,0) = trly/ Vo /o)™ (A1)

For a general pure two-qubit state |1), after the perfect
parity projection, the state becomes

Pideal = P ‘¢e><¢e| + Z, |¢0><w0| ) (AQ)

where |1).) and |1),) are the normalized states correspond-
ing to the even- and odd-parity parts of the state |¢), and
P, and L, are the probabilities for even and odd parity
projections to occur. Viewing our protocol as a quantum
channel £, we can write

VPideal€ ([YX])\/Pideal
= Z VPP (il E(WXS )by [biXes],  (AB)

which can be treated in a 2 X 2 matrix form in the basis
of 1),) and |t)e), as these two states are orthogonal. We
can then diagonalize this matrix to calculate the fidelity:

F = (&YX ]))ee + (E([NY]))oo

+ 2\/(5(|1/J><¢|)>oo<5(|¢><w|)>ee — [ENXBD)eol?,
(A4)
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where (E(|[YX¢[))ij = /PP (il € ([Y)W])[p5). This is
the equation of the state fidelity that is used in calculat-

ing average channel fidelity relative to a perfect parity

projection in our manuscript.

Appendix B: Calculating the error probability of our
protocol with unbalanced CPhase gates

In the case of unbalanced CPhase gates, the Kraus op-
erators of our protocol are given in Egs. (29) and (30).
In this section, we show how we calculate the error prob-
ability of our protocol using these Kraus operators.

The error probability is defined in Eq. (19). The error
probability of the odd-parity projection is

Poad Podd,err = 08> (¢/2) |coo |
+COS2n [(¢+61 +(52)/2] |011|2. (Bl)

As there are multiple Kraus operators corresponding to
even-parity projections, the error probability in this case
is

Z 325533132&%21, error’ (B2)
m=1

where the summation is over all the operation cycles.
Each term in Eq. (B2) evaluates to
p(m) gp(m)

even< even, error Sin2(52/2) (COS(62/2))2m_2 |cOl|2

+ sin?(81/2) (cos(81/2))°™ 2 |er0]?. (B3)

Therefore, the error probability of our protocol after the
n-th cycle is

D) = cos™(¢/2)|coo|* + cos®™[(¢ + 61 + 62)/2]|e11|?
+ [1 = cos™(62/2))]cor|* + [1 — COSQ"(51/2)]|010|26
B4

where the last two terms are from the summation over
m in Eq. (B3) from 1 to n. This is Eq. (31) in the main
text.

Appendix C: Calculation of expected channel
fidelity with Gaussian CPhase angle fluctuations

In Sec. IIIB, we show the average channel fidelity
of our protocol relative to the perfect parity projection
when our protocol suffers from Gaussian random CPhase
angle fluctuations. The angle fluctuations are sampled
from the probability distribution defined in Eq. (33). The
average channel fidelity is calculated from
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F = / Hda@da“’ / dl) F [PUN]LE g s, (100D 2(67) 2 (557, (c1)

where 01,5 = ¢1,2 — ¢ are treated as two independent random variables, and the integration | d|t) is over the uniform
space of two-qubit states, and the superscript j labels the operation cycle. When numerically evaluating the average
channel fidelity, for a given number of operation cycles, we randomly sample all the CPhase gate angles in the protocol
according to the Gaussian distribution 1000 times independently. We then calculate the average channel fidelity for
each sample of CPhase angles. Finally, we average over the 1000 samples to estimate the average channel fidelity in
the presence of Gaussian CPhase fluctuations.

Appendix D: Error Kraus operators with matter qubit Pauli-Z errors before CPhase gates

In this appendix, we derive the Kraus operators for one cycle of our parity-projection protocol in the case where
Pauli-Z errors occur before the two CPhase gates. We also compute the error probability in the presence of such
errors.

We denote the state of the two photonic qubits by pém). The CPhase gate between a photonic qubit (Q1 or Q2)
and the matter qubit (‘m’) can be expressed as

CP o m(9) = Py T 1 P50 (g), (D1)

where @ = 1, 2 labels the two photonic qubits. According to our protocol, we can express the state of the two photonic
qubits after a single measurement on the matter qubit with outcome +1 as

= (£, BRIV ($)CPo (6) CP1m (0)E. (| +X+]) @ p§ % CPI L, (6)CPY 1 (9)RE™ (9) [£),,
= (1= p2) (F] o BRIV T(¢)CP2n($)CP1m () [+)10 0577 (], CPL L (#)CP] L () RI™ (9) |£),,
+ s (] BRIV () CP2m (6) CP1m (6) Zun [+ 252 (] ZmCPY 1 (6)CPS L ($)RI™(9) 1£),,,  (D2)

where the tilde means the density operator is not normalized. The trace of these density matrices is the probability
to get the corresponding measurement results. Therefore, we can define the single-operator operators as

By = (£], R% T (¢)CP2 1 (8)CP1 m(0) [+),, » (D3)
ESTY = (£, B (6)CP2,m(8)CP 1 (6) |~ » (D4)

~(1 2)

where the operators E+; are given in Eqgs. (8) and (9). We further notice that
BEY = Poo (£, BRIV (0) |2+ Prae™® (£, REV(9) =)y + Pure’®’? (=) + Proe™®’? (£]-) = Ezr, - (D5)
and so the photonic state after measuring the matter qubit is
LY = €1(00?) = (1= p) Ecrp" P BL, + p B p" P EL,. (D6)

Therefore, the state after a successful even-parity projection in round k is

k—1
-1 o .
ﬁ(l ,2) 2 : ( )(1 _ )k Jp Ek 1— jE_]-‘rl (1, 2)( i )J+1(Ej_1)k717]

J=0 J

=l q o "y 4 A

#3 (M) @ I B B OB L) for k1, (D7)
=0

We denote the perfect even and odd-parity projection operators as Peven and Poqq (see the main text below Eq. (18)).
The error probability after we apply our protocol n times is

n
P = Pogd Podd,er + Z P2F) k)

err even’ even,err
k=1

=tr (,Pevenﬁngipeven) + Z tr ( odd Py, ,1770dd) ; (D8)
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where the states p,(z +% and p( 2) are given in Egs. (40) and (D7).
Further, we consider the case When the initial state of the two photonic qubits is a pure state, which can be expressed
in Eq. (20), which gives the density matrix p(1:?) = |1)(1)|. We then notice that

- ~ (n e St vjo At mej
tr (’Pevenpgflpeven) = Z <]> (1 - pz) tl" (PevenE JE] |1/)><1/)| (Eil)j (ETH) ]Peven>
j=0
" /n
—z(.)u—pzn
=0 M
where || ... || is the norm of the state vector. Similarly, the second term in Eq. (D8)

( _1> —pz)’“ljpi{(l—pz)

We want to point out that PoaaE_1 = 0, which shows that the even-parity projection has probability (1 —p.) to be a
perfect parity projection. Combining both terms in Egs. (D9) and (D10), we can derive the error probability Eq. (42)
in the main text.

Peven BT 2 )| (DY)

a4 s A 2
Poaa 5T B )|+

pk—i i 2
Poad BNV BT, |¢>H .

(D10)

tr (Poddpk 7 odd)

L

Appendix E: Pauli-X error between two CPhase gates

In this appendix, we derive the Kraus operators for one cycle of our parity-projection protocol in the case where
Pauli-X errors occur between the two CPhase gates. We also compute the error probability in the presence of such
errors.

The matter qubit is initialized in the |4) state, and we denote the initial state of the photonic qubits by p2) . The
state of these two photonic qubits after the matter qubit is measured with outcome =41 is

P = (BRI 1(6)CPo(9) T2 0 £ [CP1m(9) [+)+ © p§ P CPY 1 (68)] CPL W (9) BRIV (9) 14, (BD)

where Z(2) is an identity quantum channel on the photonic qubits, &gm) is the Pauli-X error channel on the matter
qubit, and o denotes a composition of the quantum channels on the combined system. The tilde means the density
matrix is not normalized, with the trace equal to the probability to get the corresponding measurement result. The
state can be explicitly written as

P = (1= p2) (2, BRIV T(6)CPo i (6)CP1 i () [+ £ (1 CP 1 (0)CPL L (0)RI™V (6) [£),
+ pa (2] B (8)CP21n (6) X CP1 i () [4) 1 0 (] CPY 1 (0) XiuCPY L (S)REV () |£),, . (E2)

Note that the first term is identical to the no-Pauli-error case, where we can still define the Kraus operators Fyq as
in Egs. (8) and (9). The second term shows the effect of the Pauli-X error, where the faulty Kraus operators are

EST™ = (£, R ($)CP2 1 (6) X CP1m(8) [+)n
:P00<i|m ROVT() [4)n + Pr1 (] BRIV (—)e™ |4, + Pore®/? (£]4) + Pro (£] /2RI (—2¢) | +),

where we use the fact that X |[+) = |+) and XR.(¢)X = R.(—¢). After working out the overlapping terms in
Eq. (E3), the faulty Kraus operators for Pauli-X error are

E(fferr) = cos <(§) (Poo + 6i¢P11) + €'/ [Poy + cos(¢) Pyo] (E4)

E%™ = isin (?) (Poo + € Py + 261972 cos(¢/2)P10) . (E5)
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The state after we get a —1 at round k while all the previous k — 1 rounds yielded +1 is

k—1 . .
- k—1 rerr)\ 7 nxcor) i\ T/ oar \E—1d .
p;%fi§:< ; )<1pr>’“ Ip {<1pT>E BET (B (BT (BLL) B
Jj=0
F(x-err) fhk—1—7 F(x-err J Fr(x-err)t J x k=1=j X-€rr
P BB (B o0 (BT (BLL) T (B >>*}. (E6)

Similar to the analysis in Sec. III C 1, the error probability ,@éﬁ) is given by Eq. (D8), where the first and second
terms are calculated as

2

N " /n .
Poad gzodd,err =tr (’Pevenpgzlflrpeven) = Z <]) (1 - px) ]px ) (E7)

Jj=0

Peven 77 (B 1)

2

n k—1
gzeven even,err ZZ ( ) 1 —Pz)k_l_jng {(]— _pz)

k=1 j=0

- nk—1—7 (x-err J
‘PoddElEill (B )

2
} : (E8)

(x-err) fhk—1—3 F(x-err J
+ b ||Poad BT BT (ST o)

where we assume the initial two-photon state is pure and can be expressed as in Eq. (20).
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