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We propose a new Nitsche-type approach for weak enforcement of normal velocity boundary 
conditions for a Lagrangian discretization of the compressible shock-hydrodynamics equations 
using high-order finite elements on curved boundaries. Specifically, the variational formulation 
is appropriately modified to enforce free-slip wall boundary conditions, without perturbing the 
structure of the function spaces used to represent the solution, with a considerable simplification 
with respect to traditional approaches. Total energy is conserved and the resulting mass matrices 
are constant in time. The robustness and accuracy of the proposed method are validated with an 
extensive set of tests involving nontrivial curved boundaries.

 Introduction

This work is motivated by the need to perform Lagrangian hydrodynamics simulations in domains with nontrivial and possibly 
rved boundaries. The most common boundary condition (BC) in simulations of Lagrangian shock hydrodynamics is the free-slip 
all BC, 𝒗 ⋅ 𝒏 = 0, where the fluid particles are allowed to slip tangentially along the wall’s surface. Correct enforcement of these 
nditions is essential for accurately modeling and simulating fluid behavior in confined geometries, such as containers or channels, 
 when the flow must go around internal obstacles. A few approaches have been proposed in the past for compressible [9,14,19,23]
d incompressible [6,12] flows, but, to the best of our knowledge, there is no method that enforces wall BC robustly for high-order 
 Lagrangian simulations of compressible flows in general curved geometries.
The starting point of this work is the high-order Finite Element (FE) method of Dobrev et al. [11] (open-source version available 

 [16]). This method has proven itself over the years, demonstrating high-order accuracy, robust behavior for various problems, 
od symmetry preservation, accurate capturing of the flow geometry; the method has been used as a backbone of a next-generation 
ultiphysics simulation code [3]. However, a major restriction of the original formulation is that it is only applicable to straight 
undaries, i.e., when the boundary normals 𝒏 are parallel to one of the coordinate axes. This limitation is not just specific to 
e algorithms described in [3,11,16], but to vast majority of the high-order Lagrangian and Arbitrary Lagrangian-Eulerian (ALE) 
ock-hydrodynamic codes in the literature [1,10,13,17,22].
Enforcing wall BC on general boundaries with FE can be done by strong enforcement, i.e., by posing constraints on the linear 
stem level, or by weak enforcement, i.e., by adding certain penalty force integrals in the variational formulation. While strong 
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𝒙0

𝝋𝑡

𝒙

Fig. 1. Sketch of the Lagrangian map 𝝋𝑡 .

forcement is generally more accurate, it becomes complex when the different velocity components need to couple, and requires 
anipulations in the linear algebra operators. Weak enforcement, on the other hand, provides more flexibility as it allows unified 
atment of different cases. Furthermore, enforcing the wall BC weakly through penalty integrals allows the use of numerical 
chniques like partial assembly and matrix-free computations, which enable high performance on the latest computer architectures 
5,31]. For these reasons, the focus of this work is weak enforcement.
We propose a new Nitsche-type approach for weak enforcement of free-slip wall boundary conditions. Nitsche’s method [21]
s been traditionally applied for the imposition of boundary conditions to elliptic and parabolic Partial Differential Equations 
DEs), and only more recently has been considered in the context of hyperbolic systems of PDEs [26,29,30], associated with 
oustics, waves in solids, and shallow water flows. Our method is inspired by the developments in [29,30], but aims at tackling 
e complex challenges associated with the strong nonlinearities of shock hydrodynamics, and introduces some important new ideas. 
e variational form of the momentum equation is enhanced by two penalty terms, affecting the mass matrix and the right-hand 
e, respectively. These terms are chosen in a way that the mass matrix stays constant in time. The variational form of the specific 
ternal energy is adjusted in a similar manner, incorporating terms to ensure the preservation of total energy.
This article is organized as follows: Section 2 introduces the equations of Lagrangian shock hydrodynamics; Section 3 describes 
e principles and implementation of weak slip wall boundary conditions; Section 4 present a suite of numerical experiments; and 
ction 5 summarizes the conclusions and future work.

 General equations of Lagrangian shock hydrodynamics

The classical equations of Lagrangian shock hydrodynamics govern the rate of change in position, momentum and energy of a 
mpressible body of fluid, as it deforms. Let Ω0 and Ω be open sets in ℝ𝑑 (where 𝑑 is the number of spatial dimensions). The motion

𝝋𝑡 ∶ Ω0 →Ω=𝝋𝑡(Ω0) , (1a)

𝒙0 ↦ 𝒙 =𝝋𝑡(𝒙0) , ∀𝒙0 ∈ Ω0, 𝑡 ≥ 0 , (1b)

aps the material coordinate 𝒙0, representing the initial position of an infinitesimal material particle of the body, to 𝒙, the position 
 that particle in the current configuration (see Fig. 1). Here Ω0 is the domain occupied by the body in its initial configuration, with 
undary 𝜕Ω0 = Γ0 and outward-pointing boundary normal 𝒏0. The transformation 𝝋𝑡 maps Ω0 to Ω, the domain occupied by the 
dy in its current configuration, with boundary 𝜕Ω = Γ and outward-pointing boundary normal 𝒏. Usually 𝝋𝑡 is a smooth, invertible 
ap, and the deformation gradient 𝑭 = ∇𝒙0

𝝋𝑡 and deformation Jacobian determinant 𝐽 = 𝐽 (𝒙0, 𝑡) ∶= det(𝑭 ) can be defined by means 
 the original configuration gradient ∇𝒙0

.

In the domain Ω, we utilize the non-conservative form of the Euler system [7] and evolve the material position, density, velocity, 
d specific internal energy:

𝒙̇ = 𝒗 , (2a)

𝜌𝐽 = 𝜌0 , (2b)

𝜌 𝒗̇ = 𝜌 𝒃+∇𝒙 ⋅ 𝝈 , (2c)

𝜌 𝑒̇ = 𝜌 𝑟+∇𝒙𝒗∶𝝈 −∇𝒙 ⋅ 𝒒 . (2d)

re ∇𝒙 and ∇𝒙⋅ are the current configuration gradient and divergence operators, respectively, and ̇(⋅) indicates the material, or 
grangian, time derivative. Furthermore 𝜌0 is the initial density with 𝜌max ∶= sup𝒙0∈Ω0

𝜌0(𝒙0) <∞, 𝜌 is the (current) density, 𝒗 is 
e velocity, 𝒃 is the body force (e.g., gravity), 𝝈 is the symmetric Cauchy stress tensor, 𝑟 is the energy source term, and 𝒒 is the 
at flux. Using index notation, 𝝈𝑇 ∶∇𝒙𝒗 = 𝜎𝑗𝑖 𝜕𝑥𝑖𝑣𝑗 , and ∇𝒙𝒗∶𝝈 = 𝝈 ∶∇𝒙𝒗 = 𝝈𝑇 ∶∇𝒙𝒗, since 𝝈 is symmetric. We also denote by 
= 𝑒 + 𝒗 ⋅ 𝒗∕2 the total energy per unit mass, the sum of the specific internal energy 𝑒 and the kinetic energy 𝒗 ⋅ 𝒗∕2. Obviously, 𝐸, 
2

 𝒃, 𝑟 are measured per unit mass.
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The system of equations (2) is most commonly adopted in shock-hydrodynamics algorithms [7] and makes use of the quasi-linear 
ther than the conservative form of the internal energy equation. The sum of the internal energy equation (2d) and the kinetic 
ergy equation (the product of (2c) by the velocity vector 𝒗) yields the equation for the conservation of total energy.
The system of equations (2) completely defines the evolution of the system, once constitutive relationships for the stress 𝝈 and 
at flux 𝒒 are specified, together with appropriate initial and boundary conditions.

1. Constitutive laws

For a compressible inviscid fluid, the Cauchy stress 𝝈 reduces to an isotropic tensor, dependent only on the thermodynamic 
essure, namely

𝝈 = −𝑝𝑰𝑑×𝑑 + 𝝈′ , (3)

here an equation of state of the type

𝑝 = P(𝜌, 𝑒) , (4)

assumed. The deviatoric stress 𝝈′ is calculated from either a hypoelastic or hyperelastic constitutive model. Mie-Grüneisen equa-
ns of state are of the form (4) with P(𝜌, 𝑒) = 𝑓1(𝜌) + 𝑓2(𝜌)𝑒, and apply to materials such as compressible ideal gases, co-volume 
ses, high explosives, etc. (see [20] for more details). Ideal gases satisfy a Mie-Grüneisen equation of state with 𝑓1 = 0 and 
= (𝛾 − 1)𝜌, namely

P(𝜌, 𝑒) = (𝛾 − 1)𝜌𝑒 , (5)

here 𝛾 is the exponent of the isentropic transformation of the gas. Consequently, the sound speed 𝑐𝑠 takes the form

𝑐𝑠 =
√
𝛾 (𝛾 − 1) 𝑒 . (6)

2. Boundary conditions

We assume that slip boundary conditions are enforced on the entire boundary Γ given as

𝒗 ⋅ 𝒏|Γ = 0 , (7a)

𝝉 𝑖 ⋅ (𝝈 𝒏|Γ) = 0 , (7b)

here 𝒏|Γ is the outward-pointing normal to Γ. In particular (7a) and (7b) enforce that the normal component of the velocity and 
e tangential component of the distributed traction force must vanish at the wall.

3. General notation: inner products, boundary functionals and norms

Throughout the paper, we will denote by

(𝑣 ,𝑤)𝜔 = ∫
𝜔

𝑣𝑤d𝜔 and (𝒗 ,𝒘)𝜔 = ∫
𝜔

𝒗 ⋅𝒘d𝜔 (8)

e 𝐿2(𝜔) and the (𝐿2(𝜔))𝑑 inner products on the interior of the domain 𝜔 ⊂Ω, and by

⟨𝑣 ,𝑤⟩𝛾 = ∫
𝛾

𝑣𝑤d𝛾 and ⟨𝒗 ,𝒘⟩𝛾 = ∫
𝛾

𝒗 ⋅𝒘d𝛾 (9)

boundary functional on 𝛾 ⊂ Γ.
Let 𝐿2(Ω) be the space of square integrable functions on Ω. We will use the Sobolev spaces 𝐻𝑚(Ω) = 𝑊 𝑚,2(Ω) of index of 
gularity 𝑚 ≥ 0 (where 𝐻0(Ω) =𝐿2(Ω)), equipped with the (scaled) norm

‖𝑣‖𝐻𝑚(Ω) =

(‖𝑣‖2
𝐿2(Ω) +

𝑚∑
𝑘=1

‖ 𝑙(Ω)𝑘𝑫𝑘𝑣‖2
𝐿2(Ω)

)1∕2

, (10)

here 𝑫𝑘 is the 𝑘th-order spatial derivative operator and 𝑙(𝐴) =meas𝑑 (𝐴)1∕𝑑 is a characteristic length of the domain 𝐴 with meas(𝐴)
e Lebesgue measure of the set 𝐴. As usual, we use a simplified notation for norms and semi-norms, i.e., we set ‖ 𝑣 ‖𝑚,Ω = ‖ 𝑣 ‖𝐻𝑚(Ω)
d | 𝑣 |𝑘,Ω = ‖ 𝑫𝑘𝑣 ‖0,Ω = ‖ 𝑫𝑘𝑣 ‖𝐿2(Ω).

 A Nitsche-type approach to boundary conditions

Let T ℎ be a family of admissible and shape-regular triangulations of Ω. We will denote by ℎ𝑇 the circumscribed diameter of an 
3

ement 𝑇 ∈ T ℎ and by ℎ the piecewise constant function in Ω such that ℎ|𝑇 = ℎ𝑇 for all 𝑇 ∈ T ℎ.
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1. Discrete approximation spaces for the kinematic and thermodynamic variables

We rely on a semi-discrete formulation to derive the Nitsche-type weak variational formulation of the Euler equations in the 
grangian reference frame for (2a)-(2d). The discretization is determined by two finite dimensional functional spaces on the initial 
main Ω0:

• V (Ω0) ⊂ (𝐻1(Ω0))𝑑 : the discrete space for the kinematic variables (𝒙, 𝒗), with basis {𝑤𝑎}
𝑛V

𝑎=1.

• E (Ω0) ⊂ 𝐿2(Ω0): the discrete space for the thermodynamic variable (𝑒), with basis {𝜙𝑙}
𝑛E

𝑙=1.

e density 𝜌 is not evolved as a finite element function, see Section 3.2. Note that we can define Lagrangian (moving) extensions of 
e kinematic and thermodynamic basis functions on Ω(𝑡) through the formulas 𝑤𝑎(𝒙, 𝑡) ∶=𝑤𝑎◦𝝋

−1
𝑡 (𝒙) =𝑤𝑎(𝒙0, 𝑡0) and 𝜙𝑙(𝒙, 𝑡) ∶=

◦𝝋−1
𝑡 (𝒙) = 𝜙𝑙(𝒙0, 𝑡0), for 1 ≤ 𝑎 ≤ 𝑛V and 1 ≤ 𝑙 ≤ 𝑛E , respectively. These moving bases are constant along particle trajectories and 

erefore have zero material derivatives, that is,

𝑤̇𝑎 = 0 and 𝜙̇𝑙 = 0 . (12)

e spaces associated with the deformed domain Ω(𝑡) will be denoted by V (Ω(𝑡)) and E (Ω(𝑡)), respectively. A mild restriction on the 
ace V (Ω(𝑡)) is the requirement that

𝒙(𝒙0, 𝑡0) = 𝒙0 , ∀𝒙0 ∈ Ω0 , (13)

pressing that we can represent exactly the initial geometry. In the following formulas and throughout the rest of the manuscript, 
e use the Einstein notation to sum over repeated indices. We discretize the position 𝒙(𝑡) of the particle 𝒙0 at time 𝑡 using the 
pansion

𝒙(𝒙0, 𝑡) ∶=𝝋𝑡(𝒙0) = x𝑖;𝑎(𝑡)𝑤𝑎(𝒙0, 𝑡0)𝜻 𝑖 , (14)

here x𝑖;𝑎(𝑡) is the time-dependent, 𝑖th coordinate of the position unknown of index 𝑎 and 𝜻 𝑖 is the unit vector in the direction 𝑖, for 
𝑖 ≤ 𝑑. The discrete velocity field corresponding to the motion (14) is given by

𝒗(𝒙0, 𝑡) ∶= 𝝋̇𝑡(𝒙0) = v𝑖;𝑎(𝑡)𝑤𝑎(𝒙0, 𝑡0)𝜻 𝑖 , (15)

here v𝑖;𝑎(𝑡) = ẋ𝑖;𝑎(𝑡). Note that we can also think of the velocity as a function on Ω(𝑡) with the expansion

𝒗(𝒙, 𝑡) = v𝑖;𝑎(𝑡)𝑤𝑎(𝒙, 𝑡)𝜻 𝑖 ,

hich uses the current coordinates and the moving kinematic basis. The thermodynamic discretization starts with the expansion of 
e internal energy in the basis {𝜙𝑙}

𝑛E

𝑙=1:

𝑒(𝒙0, 𝑡) = e𝑙(𝑡) 𝜙𝑙(𝒙0, 𝑡0) . (16)

e internal energy can also be expressed in the moving thermodynamic basis: 𝑒(𝒙, 𝑡) = e𝑙(𝑡) 𝜙𝑙(𝒙, 𝑡).

2. Semi-discrete mass conservation law

Given an initial density field 𝜌0(𝒙0) = 𝜌(𝒙0, 𝑡0), we use the strong mass conservation principle (2b) to define the density pointwise 
 any time 𝑡,

𝜌(𝒙0, 𝑡) =
𝜌0(𝒙0)
𝐽 (𝒙0, 𝑡)

, (17)

hich implies that the mass in every Lagrangian volume is preserved exactly.

3. Semi-discrete momentum conservation law

We formulate the discrete momentum conservation equation by applying a Galerkin variational formulation to the continuous 
uation (2c). At any given time 𝑡, we multiply (2c) by a moving test function basis {𝒘𝑖;𝑎}

𝑛V

𝑎=1 constructed as 𝒘𝑖;𝑎 = 𝑤𝑎 𝜻 𝑖, where 
𝑎 ∈ V (Ω(𝑡)).
Integrating by parts over Ω(𝑡) and enforcing continuity of the stress 𝝈 across internal faces and (7b) on Γ(𝑡), we obtain

(𝜌 𝒗̇,𝒘𝑖;𝑎)Ω(𝑡) + (𝝈,∇𝒙𝒘𝑖;𝑎)Ω(𝑡) − ⟨𝒏 ⋅ (𝝈 𝒏)𝒏,𝒘𝑖;𝑎⟩Γ(𝑡) − (𝜌𝒃,𝒘𝑖;𝑎)Ω(𝑡) = 0 . (18)

like [11], the boundary integral term will not vanish since (7a) is not embedded in the function space V (Ω(𝑡)). Expanding the 
locity in terms of the moving velocity basis, observing that 𝜻 𝑖 ⋅ 𝜻 𝑗 = 𝛿𝑖𝑗 (the Kronecker delta tensor) and 𝑏𝑖 ∶= 𝒃 ⋅ 𝜻 𝑖, and using 
dex notation give us
4

(𝜌 v̇𝑖;𝑏(𝑡)𝑤𝑏,𝑤𝑎)Ω(𝑡) + (𝜎𝑖𝑘,∇𝑥𝑘
𝑤𝑎)Ω(𝑡) − ⟨(𝑛𝑘𝜎𝑘𝑗𝑛𝑗 )𝑛𝑖,𝑤𝑎⟩Γ(𝑡) − (𝜌𝑏𝑖,𝑤𝑎)Ω(𝑡) = 0 . (19)
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e proceed now to the weak enforcement of (7a), by adding two penalty terms to (18) (or (19)). The first term is

⟨𝛽 𝜌 𝑐𝑠 𝒗 ⋅ 𝒏 , 𝑤𝑎 𝒏 ⋅ 𝜻 𝑖⟩Γ(𝑡) = ⟨𝛽 𝜌 𝑐𝑠 𝑣𝑘𝑛𝑘 , 𝑤𝑎 𝑛𝑖⟩Γ(𝑡) , (20)

hich specifically enforces the slip boundary condition (7a). Here 𝛽 = 𝜆 𝐶𝐼 where 𝜆 is a user-defined non-dimensional positive 
nstant and 𝐶𝐼 is the inverse trace inequality constant, while the choice of 𝜌 𝑐𝑠 is standard to ensure the term has the correct units. 
llowing [33], 𝐶𝐼 is chosen to increase with the polynomial degree:

𝐶𝐼 =
{

(𝑘+ 1) (𝑘+ 𝑑)𝑑−1 for simplices in 𝑑 dimensions

(𝑘+ 1)2 for quadrilaterals and hexahedra,
(21)

here 𝑘 is the order of the spatial polynomial discretization for the velocity. The second penalty term is

⟨𝛼0 𝜌max𝐿 𝒗̇ ⋅ 𝒏0 , 𝑤𝑎 𝒏0 ⋅ 𝜻 𝑖⟩Γ0 = v̇𝑗;𝑏 ⟨𝛼0 𝜌max𝐿𝑤𝑏 𝑛0;𝑗 , 𝑤𝑎 𝑛0;𝑖⟩Γ0 , (22)

hich enforces the condition 𝒗̇(𝒙0, 𝑡) ⋅ 𝒏0(𝒙0) = 0, that is, that the acceleration in the initial configuration frame is orthogonal to the 
undary normal in the initial configuration. This condition is equivalent to d∕d𝑡(𝒗 ⋅ 𝒏) = 0 for boundary surfaces that do not move 
 the normal direction, like the ones considered in this work. In this case, 𝒏 stays constant over time and in particular 𝒏0 = 𝒏, so 
at d∕d𝑡(𝒗 ⋅ 𝒏) = 𝒗̇ ⋅ 𝒏0. In (22), 𝐿 is the perimeter (unit of length) of the bounding box of Ω0, 𝛼0 = 𝛽 𝐿∕𝐽 1∕𝑑

𝑥̂→𝑥0
is a non-dimensional 

nstant, where 𝐽𝑥̂→𝑥0
= det(𝑭 𝑥̂→𝑥0

) with 𝑭 𝑥̂→𝑥0
= ∇𝒙̂𝒙𝟎 is the deformation gradient of the mapping from the reference domain to 

e original configuration. In choosing the scaling in (22), the two key points are dimensional consistency and time-independence. 
nce, a natural choice would be 𝛽 𝜌max𝐿. However, multiplying the latter scaling by the dimensionless ratio 𝐿∕𝐽

1∕𝑑
𝑥̂→𝑥0

is critical 
 ensure that (22) does not decrease with mesh refinement and, at the same time, allows 𝜌max to mimic, to a certain degree, the 
e-dependent pointwise density 𝜌 present in (20) (inversely proportional to 𝐽 ). Our tests indicate that this choice of 𝛼0 is critical 

 obtain accurate tangential motion at the boundary as the mesh refinement.
t 𝐯 = v𝑗;𝑏 be an [𝑛V × 𝑑]-vector,

𝐌V =M𝑎𝑖𝑏𝑗
= (𝜌𝑤𝑎,𝑤𝑏 𝛿𝑖𝑗 )Ω(𝑡) + ⟨𝛼0 𝜌max𝐿𝑤𝑎 𝑛𝑖 , 𝑤𝑏 𝑛𝑗⟩Γ0 (23a)

a [(𝑛V × 𝑑) × (𝑛V × 𝑑)]-square matrix with 𝑎, 𝑏 ∈ [1 , 𝑛V ] and 𝑖, 𝑗 ∈ [1 , 𝑑],

𝐅 = F𝑎𝑖 𝑙 = (𝜎𝑖𝑘,𝜙𝑙∇𝑥𝑘
𝑤𝑎)Ω(𝑡) − ⟨(𝑛𝑘𝜎𝑘𝑗𝑛𝑗 )𝑛𝑖,𝑤𝑎 𝜙𝑙⟩Γ(𝑡) + ⟨𝛽 𝜌 𝑐𝑠 𝒗 ⋅ 𝒏,𝑤𝑎 𝑛𝑖 𝜙𝑙⟩Γ(𝑡) (23b)

a [(𝑛V × 𝑑) × 𝑛E ]-matrix with 1 ≤ 𝑙 ≤ 𝑛E , and

𝐁 = B𝑎𝑖
= (𝜌𝑏𝑖,𝑤𝑎)Ω(𝑡) (23c)

a [𝑛V × 𝑑]-vector. Then the semidiscrete Lagrangian momentum equation can be written in matrix vector form as

𝐌V
𝑑𝐯
𝑑𝑡

= −𝐅𝟏+𝐁 , (24)

here 𝟏 is a [𝑛E ]-vector whose entries are all equal to one.

4. Semi-discrete energy conservation law

We formulate the discrete energy conservation equation by multiplying (2d) with a test function 𝜙𝑙 ∈ E (Ω(𝑡)) and integrating 
er the domain Ω(𝑡)

(𝜌 𝑒̇,𝜙𝑙)Ω(𝑡) − (𝝈 ∶ ∇𝒙𝒗, 𝜙𝑙)Ω(𝑡) + (∇𝒙 ⋅ 𝒒 − 𝜌 𝑟,𝜙𝑙)Ω(𝑡) = 0 . (25)

 ensure conservation of total energy, we add

⟨𝒏 ⋅ (𝝈 𝒏)𝒗 ⋅ 𝒏, 𝜙𝑙⟩Γ(𝑡) − ⟨𝛽 𝜌 𝑐𝑠 (𝒗 ⋅ 𝒏)2, 𝜙𝑙⟩Γ(𝑡) , (26)

 the left hand side of (25). Observe that these are residual terms, since they weakly enforce the boundary condition 𝒗 ⋅ 𝒏 = 0. 
panding the internal energy in terms of the moving thermodynamic basis and using tensor notation give us

𝑑e𝑚
𝑑𝑡

(𝜌𝜙𝑚,𝜙𝑙)Ω(𝑡) = (𝜎𝑖𝑘 ∶ ∇𝑥𝑘
𝑣𝑖,𝜙𝑙)Ω(𝑡) + (𝜌 𝑟−∇𝑥𝑘

𝑞𝑘,𝜙𝑙)Ω(𝑡) − ⟨(𝑛𝑘𝜎𝑘𝑗𝑛𝑗 )𝑣𝑖𝑛𝑖,𝜙𝑙⟩Γ(𝑡) + ⟨𝛽 𝜌 𝑐𝑠 (𝑣𝑖𝑛𝑖)2, 𝜙𝑙⟩Γ(𝑡) . (27)

fining

𝐌E =M𝑚𝑙 = (𝜌𝜙𝑚,𝜙𝑙)Ω(𝑡) (28a)

a [𝑛E × 𝑛E ]-square matrix with 1 ≤𝑚, 𝑙 ≤ 𝑛E and
5

𝐑 = R𝑙 = (𝜌 𝑟−∇𝒙 ⋅ 𝒒, 𝜙𝑙) , (28b)
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a [𝑛E ]-vector, the semi-discrete energy conservation can be written in matrix-vector form as

𝐌E
𝑑𝐞
𝑑𝑡

= 𝐅T𝐯+𝐑 . (29)

mark 1. The mass matrices 𝐌V and 𝐌E are independent of time due to (2b) and the fact that all the shape functions are 
dependent of time. Namely,

𝑑𝐌V

𝑑𝑡
= 𝑑

𝑑𝑡
(𝜌𝑤𝑎,𝑤𝑏 𝛿𝑖𝑗 )Ω(𝑡) +

𝑑

𝑑𝑡
⟨𝛼0 𝜌max𝐿𝑤𝑎 , 𝑤𝑏 𝛿𝑖𝑗⟩Γ0 = 0 .

𝑑𝐌E

𝑑𝑡
= 𝑑

𝑑𝑡
(𝜌𝜙𝑚,𝜙𝑙)Ω(𝑡) = 0 .

5. Artificial viscosity operator

To ensure a comprehensive presentation of the proposed method, this section details the formulas associated with the artificial 
scosity operator 𝝈art , which aligns with those in [11].
The artificial viscosity tensor 𝝈art is added to the semidiscrete equations (24) and (29) to regularize shock wave propagation. 
is technique was originally introduced by Von Neumann and Richtmyer [32], whereby the discrete Euler equations are augmented 
ith a diffusion term scaled by a special mesh dependent nonlinear coefficient 𝜇. In particular, we add

(𝝈art ,∇𝒙𝒘𝑖;𝑎)Ω(𝑡)
 the momentum equation and

−(𝝈art∶∇𝒙𝒗
, 𝜙𝑙)Ω(𝑡)

 the energy equation. From [11] and [25], we choose

𝝈art = 𝜇𝑠1𝜖(𝒗) (30)

ith 𝜖(𝒗) = 1
2

(
∇𝒗+ (∇𝒗)𝑇

)
is the symmetrized velocity gradient and

𝜇𝑠1 = 𝜌
(
𝑞2 𝑙

2
𝒔
|Δ𝒔𝒗|+ 𝑞1𝜓0𝜓1 𝑙𝒔 𝑐𝑠

)
, (31)

here 𝑞1 and 𝑞2 are linear and quadratic scaling coefficients chosen as 1∕2 and 2 respectively, Δ𝒔𝒗 is the directional measure of 
mpression defined in section 6.1 of [11], 𝑙𝒔 = 𝑙𝒔(𝑥) is a directional length scale defined in the direction of 𝒔 evaluated at a point 𝑥
fined in section 6.3 in [11], 𝜓1 is a compression switch which forces the linear term to vanish at points in expansion, and 𝜓0 is a 
rticity switch that suppresses the linear term at points where vorticity dominates the flow:

𝜓1 =

{
1 Δ𝒔𝒗 < 0 ,
0 Δ𝒔𝒗 ≥ 0 ,

𝜓0 =
|∇ ⋅ 𝒗|‖∇𝒗‖ . (32)

6. Conservation of total linear momentum and total energy

Linear momentum is conserved by the proposed numerical approach, up to 𝑂(ℎ𝑚+1), where 𝑚 is the regularity index from 
ction 2.3. Premultiplying (24) by 𝒄𝑖;𝑎, where 𝒄𝑖;𝑎 = 𝑐𝑎 𝜻 𝑖 is a constant [𝑛V × 𝑑]-vector and 𝑐𝑎𝑤𝑎 = 1, we obtain:

𝒄𝑖;𝑎 ⋅
(
𝐌V

𝑑𝐯
𝑑𝑡

)
= −𝒄𝑖;𝑎 ⋅ (𝐅𝟏) + 𝒄𝑖;𝑎 ⋅𝐁

𝑑

𝑑𝑡 ∫
Ω0

𝜌0 𝒗 ⋅ 𝜻 𝑖 = ∫
Ω(𝑡)

𝜌𝒃 ⋅ 𝜻 𝑖 − ∫
Γ(𝑡)

(𝑛𝑘𝜎𝑘𝑗𝑛𝑗 ) (𝒏 ⋅ 𝜻 𝑖) − ∫
Γ0

𝜌0 𝒗̇ ⋅ 𝒏0
⏟⏟⏟
𝑂(ℎ𝑚+1)

(𝒏0 ⋅ 𝜻 𝑖) + ∫
Γ(𝑡)

𝛽 𝜌 𝑐𝑠 𝒗 ⋅ 𝒏
⏟⏟⏟
𝑂(ℎ(𝑚+1))

(𝒏 ⋅ 𝜻 𝑖) (33)

e first three terms represent the statement of balance of accelerations, internal forces and boundary forces, respectively, which 
the standard statement of conservation of momentum. The last two terms represent the error due to weakly enforcing 𝒗 ⋅ 𝒏 = 0, 
hich scales as 𝑂(ℎ𝑚+1) in smooth regions.
Total energy is conserved exactly. Premultiplying (24) by 𝐯𝑇 and (29) by 𝟏𝑇 , we obtain:

𝑑𝐄
𝑑𝑡

∶= 𝑑

𝑑𝑡

(1
2
𝐯𝑇𝐌V 𝐯+ 𝟏𝑇𝐌E 𝐞

)
= 𝐯𝑇𝐁+𝐑 ,

here we applied Remark 1.

mark 2. Observe that the total energy defined above converges to the exact total energy as the numerical solution converges to the 
6

act solution, similarly to the case of strong imposition of boundary conditions. In particular, while the definition of the numerical 
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ternal energy does not seem to pose any particular problem, the definition of the numerical kinetic energy must be considered with 
re. In fact, the numerical kinetic energy reads

1
2
𝐯𝑇𝐌V 𝐯 = 1

2
(𝜌v𝑖;𝑏 𝑤𝑏,𝑤𝑎v𝑖;𝑎)Ω(𝑡) +

1
2
⟨𝛼0 𝜌max𝐿, (𝒏0 ⋅ 𝒗)2⟩Γ0 . (34)

e second term on the right hand side goes to zero as the grid is refined or the polynomial order is increased, since the boundary 
ndition on Γ0 will be more and more accurately satisfied. Then the proposed definition of the numerical kinetic energy is consistent 
ith the infinite dimensional limit.

7. Time integration and fully discrete approximation

So far we have focused exclusively on the spatial discretization. Now we discuss the discretization of the time derivatives in the 
nlinear system of ODEs (2a), (24) and (29), obtained from the spatial discretization of the Euler equations. In this section we 
nsider a general high-order temporal discretization method and demonstrate its impact on the semidiscrete conservations laws.
We adopt the same modified midpoint Runge-Kutta second-order scheme proposed in [5,8,11,27]. This choice of time integrator 
arantees the proposed formulation conserves total energy without resorting to any staggered approach in time. Let 𝑡 ∈ {𝑡𝑛}

𝑁𝑡

𝑛=0 and 
sociate with each moment in time, 𝑡𝑛, the computational domain Ω𝑛 ≡ Ω(𝑡𝑛). Let Y = (𝐯; 𝐞; x) be the hydrodynamic state vector. 
e identify the quantities of interest defined on Ω𝑛 with a superscript 𝑛, denote by Δ𝑡 the time-step. The fully discrete numerical 
gorithm then reads

𝐯n+
1
2 = 𝐯n − Δ𝑡

2
𝐌−1

V (𝐅𝑛𝟏−𝐁𝑛) , 𝐯n+1 = 𝐯n − Δ𝑡𝐌−1
V

(
𝐅𝑛+

1
2 𝟏−𝐁𝑛+ 1

2
)
,

𝐞n+
1
2 = 𝐞n + Δ𝑡

2
𝐌−1

E

(
(𝐅𝑛)T𝐯𝑛+

1
2 +𝐑𝑛

)
, 𝐞n+1 = 𝐞n + Δ𝑡𝐌−1

E

(
(𝐅𝑛+

1
2 )T𝐯̄𝑛+

1
2 +𝐑𝑛+ 1

2
)
,

xn+
1
2 = xn + Δ𝑡

2
𝐯𝑛+

1
2 , xn+1 = xn +Δ𝑡 𝐯̄𝑛+

1
2 ,

here 𝐅k = 𝐅(Yk) and 𝐯̄𝑛+
1
2 = (𝐯n+1 + 𝐯n)∕2.

oposition 1. The RK2-average scheme described above conserves the discrete total linear momentum up to 𝑂(ℎ𝑚+1).

oof. Let 𝒄𝑖;𝑎 = 𝑐𝑎 𝜻 𝑖 be a constant [𝑛V × 𝑑]-vector and 𝑐𝑎𝑤𝑎 = 1, then the change in linear momentum (LM) can be expressed as

𝐿𝑀𝑛+1 −𝐿𝑀𝑛 = 𝒄𝑖;𝑎 ⋅
(
𝐌V (𝐯n+1 − 𝐯n

)
= −Δ𝑡𝒄𝑖;𝑎 ⋅

(
𝐅𝑛+

1
2 𝟏−𝐁𝑛+ 1

2
)
=Δ𝑡 ∫

Ω(𝑡)𝑛+
1
2

(𝜌𝒃)𝑛+
1
2 ⋅ 𝜻 𝑖

−Δ𝑡 ∫
Γ(𝑡)𝑛+

1
2

(𝑛𝑘𝜎𝑘𝑗𝑛𝑗 )
𝑛+ 1

2 (𝒏𝑛+
1
2 ⋅ 𝜻 𝑖)

+ Δ𝑡 ∫
Γ(𝑡)𝑛+

1
2

𝛽
(
𝜌 𝑐𝑠

)𝑛+ 1
2 (𝒗 ⋅ 𝒏)
⏟⏟⏟
𝑂(ℎ𝑚+1)

𝑛+ 1
2 (𝒏𝑛+

1
2 ⋅ 𝜻 𝑖)

e first two terms on the right hand side above are the same as the ones for a strong boundary condition enforcement and the last 
rm is the 𝑂(ℎ𝑚+1) error from weakly enforcing 𝒗 ⋅ 𝒏 = 0. □

oposition 2. The RK2-average scheme described above conserves the discrete total energy exactly.

oof. The change in kinetic energy (KE) and internal energy (IE) can be expressed as

𝐾𝐸𝑛+1 −𝐾𝐸𝑛 = (𝐯n+1 − 𝐯n) ⋅
(
𝐌V 𝐯̄𝑛+

1
2
)
= −Δ𝑡

(
𝐅𝑛+

1
2 𝟏−𝐁𝑛+ 1

2
)
⋅ 𝐯̄𝑛+

1
2

𝐼𝐸𝑛+1 − 𝐼𝐸𝑛 = 𝟏 ⋅
(
𝐌E (𝐞n+1 − 𝐞n)

)
=Δ𝑡𝟏 ⋅

(
(𝐅𝑛+

1
2 )T𝐯̄𝑛+

1
2 +𝐑𝑛+ 1

2
)

us, the change in discrete total energy 𝐾𝐸𝑛+1 + 𝐼𝐸𝑛+1 − 𝐾𝐸𝑛 − 𝐼𝐸𝑛 = Δ𝑡 
(
𝐁𝑛+ 1

2 ⋅ 𝐯̄𝑛+
1
2 + 𝟏 ⋅𝐑𝑛+ 1

2
)
is due to the presence of 

dy force, source and heat flux terms. If 𝑟 = 0 and 𝒃 = 𝒒 = 0, we see that the discrete total energy is conserved exactly, namely: 
𝐸𝑛+1 + 𝐼𝐸𝑛+1 =𝐾𝐸𝑛 + 𝐼𝐸𝑛. □

mark 3. The RK2-average scheme described above has similar properties to the one described in [5,8,11,18,27]. In particular, it 
nserves exactly also angular momentum in the limit of a large number of corrector passes [18]. The RK2-average scheme can be 
7

tended to higher orders of time integration through the work presented in [24].
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. 2. Velocity profile at 𝑡 = 0.5 of a 𝑄4 −𝑄3 simulation (left) and convergence tests (right) for the 2D Taylor-Green vortex problem. (For interpretation of the colors 
the figure(s), the reader is referred to the web version of this article.)

 Numerical results

In this section we showcase the method’s behavior on standard benchmarks as well as on domains characterized by more intri-
te curved boundaries. We start by verifying that the proposed boundary integrals do not deteriorate the high-order convergence 
operties of the original method. Then we consider the standard shock hydrodynamic benchmark of the Sedov explosion [28] in 
rious 2D and 3D domains. In all test cases, the Sedov problem consists of an ideal gas (𝛾 = 1.4) with a delta function source of 
ternal energy deposited at the origin such that the total energy 𝐸𝑡𝑜𝑡𝑎𝑙 = 1. The sudden release of the energy creates an expanding 
ock wave, converting the initial internal energy into kinetic energy. The delta function energy source is approximated by setting 
e internal energy 𝑒 to zero in all degrees of freedom except at the origin where the value is chosen so that the total internal energy 
1. In all of the tests, we enforce 𝒗 ⋅ 𝒏 = 0 on all boundaries and set 𝜆 = 20. Note that the density plots are in logarithmic scale.
All simulations are performed in a customized version of the open-source Laghos proxy application [16], which is based on the 
FEM finite element library [2].

1. Smooth Taylor-Green vortex

The goal of this test is to verify that the introduced boundary integrals retain the high-order convergence of the original method. 
e Taylor-Green vortex is a smooth test with known exact solution. The complete setup of the test can be found in Section 8.1 of 
1]. Fig. 2 shows the velocity profile at 𝑡 = 0.5, and convergence rates for simulations performed with 𝑄2 −𝑄1, 𝑄3 −𝑄2, and 𝑄4 −𝑄3
ite element spaces and a fourth-order time integrator as defined in [24]. The optimal rates are achieved for all discretization spaces. 
e have also confirmed that momentum and total energy are conserved exactly in all simulations.

2. Two-dimensional Sedov explosion in a square

We consider a [0, 1] ×[0, 1] domain and a final time 𝑡 = 0.8. In Fig. 3, we show plots of the velocity and density fields in addition to 
e mesh deformation at the final time of 𝑡 = 0.8 for the 𝑄1 −𝑄0, 𝑄2 −𝑄1, 𝑄3 −𝑄2 velocity-energy pairs. As it is apparent, the weak 
all boundary produce solutions that are indistinguishable from those obtained with strong enforcement. A plot of the shock front 
cations using a weak and strong boundary enforcement for a 𝑄2 −𝑄1 discretization in Fig. 4a shows that they are indistinguishable 
m one another. Finally, in Fig. 4b we see that shock front location attained from weak boundary condition enforcement converges 

 the exact location with mesh refinement.

3. Two-dimensional Sedov explosion in a trapezoid

We perform the Sedov test in a trapezoidal domain and show in Fig. 5 plots of the velocity and density fields in addition to the 
esh deformation at the final time of 𝑡 = 1.3 for the 𝑄1 −𝑄0, 𝑄2 −𝑄1, 𝑄3 −𝑄2 velocity-energy pairs. It is worth mentioning that 
nducting this test with strong wall boundary enforcement is cumbersome, as it would require enforcement of linear constraints on 
e boundary DOFs. The weak wall boundary conditions produce the correct shock bounce-back behavior on the top boundary with 
lutions that do not show any unphysical oscillations.

4. Two-dimensional Sedov explosion in a square with a circular hole

We perform the Sedov test in a unit square with a circular hole and show in Fig. 6 plots of the velocity and density fields in 
dition to the mesh deformation at the final time of 𝑡 = 0.8 for the 𝑄1 −𝑄0, 𝑄2 −𝑄1, 𝑄3 −𝑄2 velocity-energy pairs. It is worth 
entioning that conducting this test with strong wall boundary enforcement is very cumbersome, due to the curvature of the internal 
8

rface, while it is seamless with our proposed weak form. The weak wall boundary enforcement produces the expected response 
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g. 3. Plots of the velocity and density fields in addition to the mesh deformation for the planar Sedov test using 𝑄1 −𝑄0 , 𝑄2 −𝑄1 , 𝑄3 −𝑄2 velocity-energy pairs.

ithout any unphysical oscillations. This test demonstrates the robustness of the proposed algorithm, which allows the shock wave 
 propagate around the curved obstacle under extreme levels of mesh deformation, even for the 𝑄3 −𝑄2 discretization.
As the parametrization of the inner circle is known, we can examine the errors in wall deformation by retrieving the final positions 

 the corresponding boundary nodes. In particular, we integrate the radius error over all faces on the inner boundary. The results are 
ported in Table 1, showing that higher discretization orders allow to track the curved surface more accurately. In all simulations, 
e error of the initial mesh positions is 1.48E-3.

5. Two-dimensional Sedov explosion in a square with a square hole

We perform the Sedov test in a unit square with a square hole rotated by 20 degrees counter-clockwise and show plots of the 
locity and density fields in addition to the mesh deformation at the final time of 𝑡 = 0.8 for the 𝑄1 − 𝑄0, 𝑄2 − 𝑄1, 𝑄3 − 𝑄2
9

locity-energy pairs as shown in Fig. 7. The weak wall boundary conditions produce the expected response without any unphysical 
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. 4. Plots comparing the shock front between strong and weak boundary condition enforcement (left) and a convergence study for weak boundary condition 
forcement (right) for a Q2-Q1 velocity-energy pair.

. 5. Plots of the velocity and density fields in addition to the mesh deformation for the Sedov test in a trapezoidal domain using 𝑄1 − 𝑄0 , 𝑄2 − 𝑄1 , 𝑄3 − 𝑄2
locity-energy pairs.

Table 1

Geometric errors of the final positions of the inner 
boundary faces for the 2D Sedov with a circular hole test.
Mesh 𝑄1𝑄0 error 𝑄2𝑄1 error 𝑄3𝑄2 error

4 × 4 4.22E-3 1.95E-3 1.51E-3

8 × 8 2.16E-3 1.69E-3 1.40E-3
10
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. 6. Plots of the velocity and density fields in addition to the mesh deformation for the Sedov test in a square domain with a circular hole using the 𝑄1 −𝑄0 , 
−𝑄1 , 𝑄3 −𝑄2 velocity-energy pairs.

cillations. The proposed method demonstrates its robustness by capturing the propagation of the shock wave past the sharp top 
ft corner of the obstacle.

6. Two-dimensional Sedov explosion in a disc

We perform the Sedov test in a circular domain and show plots of the velocity and density fields in addition to the mesh 
formation at the different points-in-time until 𝑡 = 20.0 for 𝑄2 −𝑄1 velocity-energy pair as shown in Fig. 8. Observe that the shock 
des correctly along the outside curved boundary without shape distortions. Similarly, the curved shape of the boundary is not 
11

ected by the strong shock bounce. The solution appears physically correct without any unphysical oscillations.
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. 7. Plots of the velocity and density fields in addition to the mesh deformation for the Sedov test in a square domain with a square hole using the 𝑄1 − 𝑄0 , 
−𝑄1 , 𝑄3 −𝑄2 velocity-energy pairs.

7. Three-dimensional Sedov explosion in a cube

We consider a [0, 1] × [0, 1] × [0, 1] domain and a final time 𝑡 = 0.8. In Fig. 9 we show plots of the velocity and density fields 
 different cross-sections at 𝑡 = 0.8 for the 𝑄1 −𝑄0, 𝑄2 −𝑄1, 𝑄3 −𝑄2 velocity-energy pairs. The weak wall boundary conditions 
oduce solutions indistinguishable from those obtained with strong enforcement.

8. Three-dimensional Sedov explosion in a cube with a spherical hole

We perform the Sedov test in a unit cube with a spherical hole and show plots of the velocity and density fields in different 
12

oss-sections at the final time of 𝑡 = 0.8 for the 𝑄1 −𝑄0, 𝑄2 −𝑄1, 𝑄3 −𝑄2 velocity-energy pairs as shown in Fig. 10. We observe 



N.
 Journal of Computational Physics 507 (2024) 112959M. Atallah, V.Z. Tomov and G. Scovazzi

Fig. 8. Plots of the velocity and density fields in addition to the mesh deformation for the Sedov test in a circular domain using a 𝑄2 −𝑄1 velocity-energy pair.
13
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. 9. Plots of the velocity and density fields in addition to the mesh deformation for the three-dimensional Sedov test using 𝑄1 −𝑄0 , 𝑄2 −𝑄1 , 𝑄3 −𝑄2 velocity-energy 
irs. Various viewpoints and cuts are presented.
14



N.

Fig

Va
Journal of Computational Physics 507 (2024) 112959M. Atallah, V.Z. Tomov and G. Scovazzi

. 10. Plots of the velocity and density fields in addition to the mesh deformation for the planar Sedov test using 𝑄1 −𝑄0 , 𝑄2 −𝑄1 , 𝑄3 −𝑄2 velocity-energy pairs. 
rious viewpoints and cuts are presented.
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ilar behavior as in the corresponding two-dimensional tests, confirming that the method is directly applicable to simulations in 
mplex three-dimensional domains.

 Conclusions

We developed a framework for the weak imposition of slip wall boundary conditions in Lagrangian hydrodynamics simulations. 
e advantage of the proposed approach was assessed in a number of computations involving domains with nontrivial and curved 
undaries. Through these simulations, we demonstrated the flexibility, robustness, and accuracy of the proposed approach, and 
nsequently its overall superiority with respect to the strong imposition of similar boundary conditions. Future work will be directed 
 extend these developments in the context of ALE methods, and to obtain an integrated approach to multi-material ALE/Lagrangian 
drodynamics [4]. We will also leverage the new capability in order to develop novel methods for shifted slip wall boundary 
nditions, a technology that will enable hydrodynamics simulations in complex domains that won’t have to be meshed exactly.

ediT authorship contribution statement

Nabil M. Atallah: Conceptualization, Data curation, Formal analysis, Investigation, Methodology, Resources, Software, Val-
ation, Visualization, Writing – original draft, Writing – review & editing. Vladimir Z. Tomov: Funding acquisition, Project 
ministration, Supervision, Writing – original draft, Writing – review & editing. Guglielmo Scovazzi: Supervision, Writing – original 
aft, Writing – review & editing.

claration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
fluence the work reported in this paper.

ta availability

Data will be made available on request.

knowledgements

The authors of Duke University are gratefully thanking the generous support of Lawrence Livermore National Laboratory, through 
Laboratory Directed Research & Development (LDRD) Agreement. This work was performed under the auspices of the U.S. Depart-
ent of Energy by Lawrence Livermore National Laboratory under Contract DE-AC52-07NA27344 and the LLNL-LDRD Program 
der Project tracking No. 21-ERD-031 (LLNL-JRNL-853773). Guglielmo Scovazzi has also been partially supported by the National 
ience Foundation, Division of Mathematical Sciences (DMS), under Grant 2207164.

ferences

1] Rémi Abgrall, Konstantin Lipnikov, Nathaniel Morgan, Svetlana Tokareva, Multidimensional staggered grid residual distribution scheme for Lagrangian hydro-
dynamics, SIAM J. Sci. Comput. 42 (1) (2020) A343–A370.

2] R. Anderson, J. Andrej, A. Barker, J. Bramwell, J.-S. Camier, J. Cerveny, V. Dobrev, Y. Dudouit, A. Fisher, Tz. Kolev, W. Pazner, M. Stowell, V. Tomov, I. 
Akkerman, J. Dahm, D. Medina, S. Zampini, MFEM: a modular finite element methods library, Comput. Math. Appl. 81 (2021) 42–74.

3] R. Anderson, A. Black, L. Busby, R. Bleile, B. Blakeley, J.-S. Camier, J. Ciurej, V. Dobrev, A. Cook, N. Elliott, J. Grondalski, R. Hornung, C. Harrison, Tz. Kolev, 
M. Legendre, W. Nissen, W. Liu, B. Olson, M. Osawe, O. Pearce, G. Papadimitrou, R. Pember, A. Skinner, T. Stitt, D. Stevens, L. Taylor, V. Tomov, A. Vargas, R. 
Rieben, K. Weiss, D. White, The Multiphysics on Advanced Platforms Project, 2020.

4] Robert W. Anderson, Veselin A. Dobrev, Tzanio V. Kolev, Robert N. Rieben, Vladimir Z. Tomov, High-order multi-material ALE hydrodynamics, SIAM J. Sci. 
Comput. 40 (1) (2018) B32–B58.

5] Andrew J. Barlow, A compatible finite element multi-material ALE hydrodynamics algorithm, Int. J. Numer. Methods Fluids 56 (8) (2008) 953–964.
6] Marek Behr, On the application of slip boundary condition on curved boundaries, Int. J. Numer. Methods Fluids 45 (1) (2004) 43–51.
7] D.J. Benson, Computational methods in Lagrangian and Eulerian hydrocodes, Comput. Methods Appl. Mech. Eng. 99 (1992) 235–394.
8] E.J. Caramana, D.E. Burton, Mikhail J. Shashkov, P.P. Whalen, The construction of compatible hydrodynamics algorithms utilizing conservation of total energy, 

J. Comput. Phys. 146 (1) (1998) 227–262.
9] Jesse Chan, Yimin Lin, Tim Warburton, Entropy stable modal discontinuous Galerkin schemes and wall boundary conditions for the compressible Navier-Stokes 

equations, J. Comput. Phys. 448 (2022) 110723.
0] Gautier Dakin, Bruno Després, Stéphane Jaouen, High-order staggered schemes for compressible hydrodynamics. Weak consistency and numerical validation, 

SIAM J. Sci. Comput. 376 (2019) 339–364.
1] V. Dobrev, Tz. Kolev, R. Rieben, High-order curvilinear finite element methods for Lagrangian hydrodynamics, SIAM J. Sci. Comput. 34 (5) (2012) 606–641.
2] M.S. Engelman, R.L. Sani, P.M. Gresho, The implementation of normal and/or tangential boundary conditions in finite element codes for incompressible fluid 

flow, Int. J. Numer. Methods Fluids 2 (3) (1982) 225–238.
3] Elena Gaburro, Walter Boscheri, Simone Chiocchetti, Christian Klingenberg, Volker Springel, Michael Dumbser, High order direct Arbitrary-Lagrangian-Eulerian 

schemes on moving Voronoi meshes with topology changes, J. Comput. Phys. 407 (2020) 109167.
4] Florian J. Hindenlang, Gregor J. Gassner, David A. Kopriva, Stability of wall boundary condition procedures for discontinuous Galerkin spectral element approx-

imations of the compressible Euler equations, in: Spectral and High Order Methods for Partial Differential Equations ICOSAHOM 2018, Springer International 
16

Publishing, 2020, pp. 3–19.

http://refhub.elsevier.com/S0021-9991(24)00208-0/bibCC35EA33C5B6A2FD50429D97DAFB7186s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibCC35EA33C5B6A2FD50429D97DAFB7186s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib1BFB104B5D029A8D17E2E3E267ACB14Bs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib1BFB104B5D029A8D17E2E3E267ACB14Bs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibDA358366F30E03CFC76A66E7AE966135s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibDA358366F30E03CFC76A66E7AE966135s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibDA358366F30E03CFC76A66E7AE966135s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibF05DD34380154EF12888936A2E2ABCEEs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibF05DD34380154EF12888936A2E2ABCEEs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib36CF8C35E00AF426EB5045BC3C4A061Bs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib5E2CE593BDF6F1D20799450F790FFAABs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib4BABA155346608A2B7C2C764824DBDAEs1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib6FF42B6C438A807E0FB92A1F0044B027s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib6FF42B6C438A807E0FB92A1F0044B027s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib0803FA42BB8FBCCE63D6E3B0ECF2465As1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib0803FA42BB8FBCCE63D6E3B0ECF2465As1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib3E1CFA30EAB890FD80B9257CB9927A98s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib3E1CFA30EAB890FD80B9257CB9927A98s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib802007CA92E8F99E4D21502C0A9D4D4Ds1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib8ECBF271AAB89724E05E5F6638859B1Ds1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib8ECBF271AAB89724E05E5F6638859B1Ds1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib6FE29FC3785E8504283CE877A3A247B0s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bib6FE29FC3785E8504283CE877A3A247B0s1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibB0183D03B0CC35377F1A9BA4D5F63E1As1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibB0183D03B0CC35377F1A9BA4D5F63E1As1
http://refhub.elsevier.com/S0021-9991(24)00208-0/bibB0183D03B0CC35377F1A9BA4D5F63E1As1


N.

[1

[1

[1

[1

[1

[2

[2

[2

[2

[2

[2

[2

[2

[2

[2

[3

[3

[3

[3
Journal of Computational Physics 507 (2024) 112959M. Atallah, V.Z. Tomov and G. Scovazzi

5] Tzanio V. Kolev, Paul Fischer, Misun Min, Jack Dongarra, Jed Brown, Veselin Dobrev, Timothy Warburton, Stanimire Tomov, Mark Shephard, Ahmad Ab-
delfattah, Valeria Barra, Natalie Beams, Jean-Sylvain Camier, Noel Chalmers, Yohann Dudouit, Ali Karakus, Ian Karlin, Stefan Kerkemeier, Yu-Hsiang Lan, 
David Medina, Elia Merzari, Aleksandr Obabko, Will Pazner, Thilina Rathnayake, Cameron Smith, Lukas Spies, Kasia Świrydowicz, Jeremy Thompson, Ana-
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