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In this paper, we study the maximum principle of mean æeld type control problems when

the volatility function depends on the state and its measure and also the control, by using

our recently developed method in [Bensoussan, A., Huang, Z. and Yam, S. C. P. [2023]

Control theory on Wasserstein space: A new approach to optimality conditions, Ann.

Math. Sci. Appl.; Bensoussan, A., Tai, H. M. and Yam, S. C. P. [2023] Mean æeld type

control problems, some Hilbert-space-valued FBSDEs, and related equations, preprint

(2023), arXiv:2305.04019; Bensoussan, A. and Yam, S. C. P. [2019] Control problem on

space of random variables and master equation, ESAIM Control Optim. Calc. Var. 25,

10]. Our method is to embed the mean æeld type control problem into a Hilbert space to

bypass the evolution in the Wasserstein space. We here give a necessary condition and

a suàcient condition for these control problems in Hilbert spaces, and we also derive a

system of forward–backward stochastic diáerential equations.
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1. Introduction

Mean ôeld type control problems and mean ôeld games have received much atten-

tion in recent years. The literature in this area is huge. We refer to some recent

relevant literature such as Cardaliaguet et al. [2019], Carmona and Delarue [2018],

Bensoussan et al. [2013], Cosso and Pham [2019], Pham and Wei [2017], Buckdahn

et al. [2017], Djete et al. [2022], Gomes et al. [2016], Huang et al. [2006], Porretta

[2015], Carmona and Delarue [2015], Gangbo et al. [2022], Chassagneux et al. [2022],

Cardaliaguet et al. [2022], Bensoussan et al. [2019], Bensoussan et al. [2020] and

Bensoussan et al. [2023].

We here study the mean ôeld type control problem with a general volatility

function, following our previous work [Bensoussan et al., 2023a,b; Bensoussan et al.,

2019]. Our approach is to embed the mean ôeld control type problem into one in

Hilbert spaces, which looks like the lifting method proposed by Lions, but actually

they are fundamentally diàerent. This lifting method was used in Bensoussan et al.

[2019] to study the control problem in the Wasserstein space. In Bensoussan et al.

[2023a], we used a diàerent Hilbert space and this allows to recover the mean ôeld

type control problem as a particular case. This kind of Hilbert space is already used

in Bensoussan et al. [2023b], for the case when the volatility is a matrix, and the

cost functional is separable.

This paper is organized as follows. In Sec. 2, we introduce the Wasserstein space,

the derivatives of functionals, the Hilbert space and the Wiener process. Section 3

gives the formulation of our problem. In Sec. 4, we study control problems in Hilbert

spaces and give a necessary condition in view of the maximum principle. In Sec. 5,

we give a suácient condition by showing the cost functional is convex. We also

derive a system of Forward-Backward Stochastic Diàerential Equations (FBSDEs)

deôned in Hilbert spaces, the solution of which gives the optimal control. In Sec. 6,

we go back to mean ôeld type control problems and interpret our results for control

problem in Hilbert spaces as those for mean ôeld type control problems.

2. Problem Setting and Notations

2.1. Wasserstein space

We consider the space P2(R
n) of probability measures on R

n, each with a second

moment, equipped with the two-Wasserstein metric deôned by

W2(m, mà) := inf
Ã*�(m,mà)

à

á

Rn×Rn

|x 2 xà|2Ã(dx, dxà),

where â(m, mà) denotes the set of joint probability measures with respective

marginals m and mà. The inômum is attained, so we can ônd X̂m, X̂mà in

L2(«,A, P; Rn), where («,A, P) is an atomless probability space, whose probability
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laws LXm = m, LXmà = mà, such that

W 2
2 (m, mà) = E|X̂m 2 X̂mà |2.

A family mk converges to m in P2(R
n) if and only if it converges in the sense of

the weak convergence and W2(mk, ·0) ³ W2(m, ·0) as k ³ >, see Ambrosio et al.

[2005] and Villani [2009] for details.

2.2. Derivatives of functionals

We consider a functional F : P2(R
n) ³ R. For the concept of derivative, we use the

concept of the linear functional derivative; see Carmona and Delarue [2018]. The

linear functional derivative of F (m) at m is a function P2(R
n) × R

n â (m, x) ã³
dF
dá

(m)(x) being continuous under the product topology, satisfying

á

Rn

â

â

â

â

dF

dâ
(m)(x)

â

â

â

â

2

dm(x) ä c(m),

for some positive constant c(m) depending locally on m, and for any mà * P2(R
n),

lim
â³0

F (m + ã(mà 2 m)) 2 F (m)

ã
=

á

Rn

dF

dâ
(m)(x)(dmà(x) 2 dm(x)).

This deônition implies that

d

dä
F (m + ä(mà 2 m)) =

á

Rn

dF

dâ
(m + ä(mà 2 m))(x)(dmà(x) 2 dm(x))

and

F (mà) 2 F (m) =

á 1

0

á

Rn

dF

dâ
(m + ä(mà 2 m))(x)(dmà(x) 2 dm(x))dä.

Here, we write dF
dá

(m)(x) instead of dF
dm

(m)(x) to make the diàerence between the

notation â and the argument m. Also, we prefer dF
dá

(m)(x) to ·F
·m

(m)(x) used in

Carmona and Delarue [2018], because there is no risk of confusion and it works

pretty much like an ordinary Gâteaux derivative in the space of measures with

L2-integrable densities.

2.3. Hilbert spaces

In this paper, the control is R
d-valued, and the state is R

n-valued. For m * P2(R
n),

consider L2
m(Rn; Rn) the Hilbert space with respect to the following inner product:

(X, X à) :=

á

Rn

X7
xX à

xdm(x), X, X à * L2
m(Rn; Rn).
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We also work in Hilbert spaces Hm := L2(«,A, P; L2
m(Rn; Rn)) and Um :=

L2(«,A, P; L2
m(Rn; Rd)). An element of Hm is denoted by Xx(Ë), (x, Ë) * R

n ×«;

for any x * R
n, Xx is a R

n-random vector in L2(«,A, P; Rn). Similarly, an element

of Um is denoted by Vx(Ë), (x, Ë) * R
n × «; for any x * R

n, Vx is a R
d-random

vector in L2(«,A, P; Rd). The inner products over Hm and Um are, respectively,

deôned as

(X, X à)Hm
:= E

ãá

Rn

X7
xX à

xdm(x)

ä

, X, X à * Hm,

(V, V à)Um
:= E

ãá

Rn

V 7
x V à

xdm(x)

ä

, V, V à * Um.

For X * Hm, we denote by X#(m · P) the push-forward of m · P by the map

(x, Ë) ã³ Xx(Ë). For test function ×, we have
á

Rn

×(y)d(X#(m · P))(y) = E

ãá

Rn

×(Xx)dm(x)

ä

.

We have X#(m · P) * P2(R
n) and

W2(X#(m · P), ·0) = çXçHm
,

W2(X#(m · P), X à#(m · P)) ä çX 2 X àçHm
, X, X à * Hm.

(1)

We refer to Bensoussan et al. [2023a,b] for details. For notational convenience, we

use the notation X · m instead of X#(m · P).

2.4. Wiener process and õltrations

Let w(t), t è 0 be an n-dimensional standard Wiener process on («,A, P). For any

0 ä t ä s ä T , we denote by Ws
t := Ã(w(Ä)2w(t); Ä * [t, s]) the ôltration generated

by the Wiener process, and denote by Wt := WT
t . For any X * Hm independent

of Wt, we denote by Ws
tX := Ã(X)

å

Ws
t the ôltration generated by X and the

Wiener process, and denote by WtX the ôltration generated by the Ã-algebras Ws
tX

for all s * [t, T ]. We denote by L2
WtX(t,T ;Hm) the subspace of L2(t, T ;Hm) of all

processes adapted to the ôltration WtX .

3. Formulation of the Control Problem

3.1. Problem formulation

We ôrst introduce the dynamical system. We consider maps

Drift: f : R
n × P2(R

n) × R
d × [0, T ] ³ R

n,

Volatility: Ã : R
n × P2(R

n) × R
d × [0, T ] ³ R

n×n.

For (t, m) * [0, T ] × P2(R
n) and initial X * Hm independent of Wt, the space

of controls is set as the Hilbert space L2
WtX

(t, T ;Um), and a control is denoted by
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vx(s). Then, the state process Xv(·) associated with v(·) is deôned as

Xv
x(s) = Xx +

á s

t

f(Xv
x(r), Xv(r) · m, vx(r), r)dr

+
N

æ

j=1

á s

t

Ãj(Xv
x(r), Xv(r) · m, vx(r), r)dwj (r), s * [t, T ]. (2)

The state process Xv(·) belongs to L2
WtX

(t, T ;Hm) under suitable assumptions

on coeácients g and Ã to be stated in Sec. 4. For s * [t, T ], Xv(s) · m is the

probability law of Xv
ä (s) when é is equipped with a probability m · P. We then

introduce the loss function. We consider the respective running and terminal loss

coeácient functions

g : R
n × P2(R

n) × R
d × [0, T ] ³ R,

gT : R
n × P2(R

n) ³ R.

We then deône the loss functional as

JtX(v(·)) :=

á T

t

E

ãá

Rn

g(Xv
x(s), Xv(s) · m, vx(s), s)dm(x)

ä

ds

+ E

ãá

Rn

gT (Xv
x(T ), Xv(T ) · m)dm(x)

ä

, v(·) * L2
WtX

(t, T ;Um).

(3)

Then, our control problem is deôned as

inf
v*L2

WtX
(t,T ;Um)

JtX(v).

3.2. Deterministic control problem in Hilbert space

In our previous work [Bensoussan et al., 2023a,c], we study the deterministic control

problem. For (t, m) * [0, T ] × P2(R
n) and X * L2

m(Rn; Rn), the McKean–Vlasov

control problem is deôned as follows:

inf
v*L2([t,T ];L2

m(Rn;Rd))
JtX(v), where

Xv
x(s) = Xx +

á s

t

f(Xv
x(r), Xv

· (r)#m, vx(r), r)dr, s * [t, T ],

(4)

where the loss functional is deôned as

JtX(v(·)) :=

á T

t

á

Rn

g(Xv
x(s), Xv

· (s)#m, vx(s), s)dm(x)ds

+

á

Rn

gT (Xv
x(T ), Xv

· (T )#m)dm(x), v(·) * L2([t, T ]; L2
m(Rn; Rd)).
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To obtain the optimality condition, we introduce the Lagrangian L : R
n × P2(R

n)

× R
d × [0, T ]× R

n ³ R as

L(x, m, v, s; p) := p7f(x, m, v, s) + g(x, m, v, s).

Let v̂x(s) be an optimal control for (4) and X̂x(s) be the corresponding state process.

The adjoint process is deôned by for s * [t, T ],

P̂x(s) = DxgT (X̂x(T ), X̂·(T )#m)

+

á

Rn

Då

dgT

dâ
(X̂y(T ), X̂·(T )#m)(X̂x(T ))dm(y)

+

á T

s

ã

DxL(X̂x(r), X̂·(r)#m, v̂x(r), r; P̂x(r))

+

á

Rn

Då

dL

dâ
(X̂y(r), X̂·(r)#m, v̂y(r), r; P̂y(r))(X̂x(r))dm(y)

ä

dr.

Then, the optimal control satisôes the optimality condition

DvL(X̂x(s), X̂·(s)#m, v̂x(s), s; P̂x(s)) = 0, a.e. s * [t, T ], a.s. dm(x).

4. Necessary Condition for Control Problem (5) on Hilbert Spaces

The formulation of problem (2) and (3) inspires us to study control problems

on Hilbert spaces Hm and Um. For any initial time t * [0, T ] and X * Hm

(being independent of Wt), in this section, we consider the following control

problem:

inf
V *L2

WtX
(t,T ;Um)

JtX(V ) :=

á T

t

G(XV (s), V (s), s)ds + GT (XV (T )),

s.t. XV (s) = X +

á s

t

F (XV (r), V (r), r)dr +
n

æ

j=1

Aj(XV (r), V (r), r)dwj (r),

(5)

where

F : Hm × Um × [0, T ] ³ Hm, A : Hm × Um × [0, T ] ³ Hn
m,

G : Hm × Um × [0, T ] ³ R, GT : Hm ³ R.

We shall make a connection between mean ôeld type control problem (2) and (3)

and the abstract control problem in (certain suitably chosen) Hilbert spaces (5) in

Sec. 6. We state our assumptions for necessary condition for (5). We shall make a

connection between assumptions for mean ôeld type control problem (2) and (3)

and the following assumptions in Sec. 6. For notational convenience, we use the

same constant L > 0 for all the conditions below.

2440003-6



Maximum Principle for Mean Field Type Control Problems

(A1) The maps F and Aj (for 1 ä j ä n) satisfy for (X, V, s) * Hm × Um × [0, T ],

çF (X, V, s)çHm
ä L(1 + çXçHm

+ çV çUm
),

çAj(X, V, s)çHm
ä L(1 + çXçHm

+ çV çUm
).

For any (X, V, s), the Gâteaux derivatives of F and Aj along any directions X̃ * Hm

and Ṽ * Um at (X, V, s) exist and are continuous in (X, V ), and satisfy

çDXF (X, V, s)(X̃)çHm
ä LçX̃çHm

, çDV F (X, V, s)(Ṽ )çHm
ä LçṼ çUm

,

çDXAj(X, V, s)(X̃)çHm
ä LçX̃çHm

, çDV Aj(X, V, s)(Ṽ )çHm
ä LçṼ çUm

.

(A2) The running cost functional G satisôes

|G(X, V, s)| ä L(1 + çXç2
Hm

+ çV ç2
Um

), (X, V, s) * Hm × Um × [0, T ].

For any s * [0, T ], the functional Hm × Um â (X, V ) ã³ G(X, V, s) * R is continu-

ously diàerentiable, with its derivatives

çDXG(X, V, s)çHm
+ çDV G(X, V, s)çUm

ä L(1 + çXçHm
+ çV çUm

).

The terminal cost functional GT satisôes

|GT (X)| ä L(1 + çXç2
Hm

), X * Hm

and is continuously diàerentiable, with its derivative

çDXGT (X)çHm
ä L(1 + çXçHm

).

For any control V * L2
WtX

(t, T ;Um), we study the regularity in V of the correspond-

ing controlled state process XV (s). The following result is proven in Appendix A.

Lemma 1. Under Assumption (A1) and V * L2
WtX

(t, T ;Um), the corresponding

controlled state process XV belongs to L2
WtX

(t, T ;Hm) and satisães

sup
tfsfT

çXV (s)çHm
ä C(L, T )(1 + çXçHm

+ çV çL2(t,T ;Um)), (6)

where C(L, T ) is a constant depending only on (L, T ). For Ṽ * L2
WtX

(t, T ;Um), we

set V â := V + ãṼ for ã * [0, 1] and denote by Xâ the state process corresponding to
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the control V â. Then, we have

lim
â³0

sup
tfsfT

ç

ç

ç

ç

1

ã
[Xâ(s) 2 XV (s)] 2DṼ XV (s)

ç

ç

ç

ç

Hm

= 0, (7)

where X̃V,Ṽ * L2
WtX

(t, T ;Hm) is the unique solution of the following equation:

DṼ XV (s) =

á s

t

[DXF (XV (r), V (r), r)(DṼ XV (r))

+ DV F (XV (r), V (r), r)(Ṽ (r))]dr

+

n
æ

j=1

á s

t

[DXAj(XV (r), V (r), r)(DṼ XV (r))

+ DV Aj(XV (r), V (r), r)(Ṽ (r))]dwj(r), s * [t, T ], (8)

such that

sup
tfsfT

çDṼ XV (s)çHm
ä C(L, T )çṼ çL2(t,T ;Um). (9)

That is, DṼ XV (s) is actually the directional derivative DṼ XV (s) of XV (s) along

the direction Ṽ * L2(t, T ;Um).

Lemma 1 shows that the mapping

L2(t, T ;Um) â V ã³ XV (s) * Hm,

is Gâteaux diàerentiable. The directional derivative DṼ XV evaluated at V can

be expressed as a Fréchet derivative DV XV acting on Ṽ , i.e. DV XV (Ṽ ), see

Bensoussan et al. [2023b,c]. Here, the subscript Ṽ in the directional derivative

DṼ XV means the direction while that V in DV XV (Ṽ ) means the evaluating point

in the Fréchet derivative, we wish this may not cause too much ambiguity. We

introduce the Lagrangian L : Hm × Um × [0, T ] × Hm × Hn
m ³ R such that for

(X, V, s, P, Q) * Hm × Um × [0, T ]×Hm ×Hn
m,

L(X, V, s; P, Q) := (P, F (X, V, s))Hm
+

n
æ

j=1

(Qj , Aj(X, V, s))Hm
+ G(X, V, s).

(10)

Then, we have

DPL(X, V, s; P, Q) = F (X, V, s), DQjL(X, V, s; P, Q) = Aj(X, V, s).

From Assumptions (A1) and (A2), we know that the functional L satisôes

|L(X, V, s; P, Q)| ä C(L)

»

¿1 + çXç2
Hm

+ çV ç2
Um

+ çPç2
Hm

+
n

æ

j=1

çQjç2
Hm

À

£ (11)
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and for any (s, P, Q), the functional (X, V ) ã³ L(X, V, s; P, Q) * R is continuously

diàerentiable, with the derivatives

çDXL(X, V, s; P, Q)çHm
+ çDV L(X, V, s; P, Q)çUm

ä C(L)

»

¿1 + çXçHm
+ çV çUm

+ çPçHm
+

n
æ

j=1

çQjçHm

À

£. (12)

Let V̂ be an optimal control for problem (5) and X̂ be the corresponding state pro-

cess. We deône the adjoint process as the unique solution of the following Backward

Stochastic Diàerential Equation (BSDE):

P̂ (s) = DXGT (X̂(T )) +

á T

s

DXL(X̂(r), V̂ (r), r; P̂ (r), Q̂(r))dr

2

n
æ

j=1

á T

s

Q̂j(r)dwj(r), s * [t, T ]. (13)

For the solvability of BSDEs in Hilbert spaces, we refer to Remark 5.53 in Pardoux

and Rcanu [2014]. From Assumptions (A1) and (A2) and Lemma 1, there is a unique

solution (P̂ , Q̂) * L2
WtX

(t, T ;Hm) × (L2
WtX

(t, T ;Hm))n of BSDE (13) satisfying

sup
tfsfT

çP̂ (s)çHm
+

n
æ

j=1

çQ̂jçL2(t,T ;Hm)

ä C(L, T )(1 + çXçHm
+ çV̂ çL2(t,T ;Um)). (14)

Now we give the necessary condition of control problem (5).

Theorem 1. Under Assumptions (A1) and (A2), let V̂ be an optimal control for

Problem (5), X̂ be the corresponding controlled state process, and (P̂ , Q̂) be the

solution of Eq. (13). Then, we have the optimality condition

DV L(X̂(s), V̂ (s), s; P̂ (s), Q̂(s))
Um= 0, a.e. s * [t, T ].

Proof. For any Ṽ * L2
WtX

(t, T ;Um), we set V â := V̂ +ãṼ for ã * [0, 1]. It is obvious

that V â * L2
WtX

(t, T ;Um). We denote by Xâ the state process corresponding to the

control V â, and set Y â := 1
â
(Xâ 2 X̂). From Assumption (A1) and (A2), we have

1

ã
[JtX(V â) 2 JtX(V̂ )]

=

á T

t

á 1

0

[(DXG(X̂(s) + êãY â(s), V â(s), s), Y â(s))Hm

+ (DV G(X̂(s), V̂ (s) + êãṼ (s), s), Ṽ (s))Um
]dêds

+

á 1

0

(DXGT (X̂(T ) + êãY â(T )), Y â(T ))Hm
dê. (15)
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Let DṼ X V̂ be the solution of Eq. (8) corresponding to (V̂ , Ṽ ). From Assumption

(A2), Lemma 1, and the dominated convergence theorem, we have

lim
â³0

ã

1

ã
[JtX(V â) 2 JtX(V̂ )]

ä

=

á T

t

[(DXG(X̂(s), V̂ (s), s), DṼ X V̂ (s))Hm

+ (DV G(X̂(s), V̂ (s), s), Ṽ (s))Um
]ds

+ (DXGT (X̂(T )), DṼ X V̂ (T ))Hm
. (16)

From (8), (13), Assumption (A1) and the deônition of the Lagrangian functional

L, we have for s * (t, T ),

d

ds
(P̂ (s), DṼ X V̂ (s))Hm

= (P̂ (s), DXF (X̂(s), V̂ (s), s)(DṼ X V̂ (s)))Hm

+ (P̂ (s), DV F (X̂(s), V̂ (s), s)(Ṽ (s)))Hm

+

n
æ

j=1

[(Q̂j(s), DXAj(X̂(s), V̂ (s), s)(DṼ X V̂ (s)))Hm

+ (Q̂j(s), DV Aj(X̂(s), V̂ (s), s)(Ṽ (s)))Hm
]

2 (DXL(X̂(s), V̂ (s), s; P̂ (s), Q̂(s)), DṼ X V̂ (s))Hm

= (P̂ (s), DV F (X̂(s), V̂ (s), s)(Ṽ (s)))Hm

+

n
æ

j=1

(Q̂j(s), DV Aj(X̂(s), V̂ (s), s)(Ṽ (s)))Hm

2 (DXG(X̂(s), V̂ (s), s), DṼ X V̂ (s))Hm
.

We integrate against s from t to T so as to obtain

(DXGT (X̂(T )), DṼ X V̂ (T ))Hm

+

á T

t

(DXG(X̂(s), V̂ (s), s), DṼ X V̂ (s))Hm
ds

=

á T

t

ã

(P̂ (s), DV F (X̂(s), V̂ (s), s)(Ṽ (s)))Hm

+

n
æ

j=1

(Q̂j(s), DV Aj(X̂(s), V̂ (s), s)(Ṽ (s)))Hm

ä

ds. (17)
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Plugging (17) into (16), from Assumption (A1), we have

lim
â³0

ã

1

ã
[JtX(V â) 2 JtX(V̂ )]

ä

=

á T

t

ã

(P̂ (s), DV F (X̂(s), V̂ (s), s)(Ṽ (s)))Hm

+

n
æ

j=1

(Q̂j(s), DV Aj(X̂(s), V̂ (s), s)(Ṽ (s)))Hm

+ (DV G(X̂(s), V̂ (s), s), Ṽ (s))Um

ä

ds

=

á T

t

(DV L(X̂(s), V̂ (s), s; P̂ (s), Q̂(s)), Ṽ (s))Um
ds. (18)

The necessary condition then follows.

5. Suàcient Condition for Control Problem (5) on Hilbert Spaces

In this section, we give the suácient condition of the control problem (5). We need

the following assumptions, which are the regularity-enriched version of Assumptions

(A1) and (A2).

(A1’) (i) The maps F and Aj (for 1 ä j ä n) are linear in V . That is

F (X, V, s) = F1(X, s) + F2(s)V,

Aj(X, V, s) = A
j
1(X, s) + Aj

2(s)V,

where F1 and A
j
1 also satisfy Assumption (A1), and F2(s) and Aj

2(s) are linear

maps on Um, and

çF2(s)çL(Um;Hm) ä L, çAj
2(s)çL(Um;Hm) ä L.

(ii) Furthermore, the maps F1 and A
j
1 (for 1 ä j ä n) are linear in X . That is

F1(X, s) = F0(s) + F1(s)X,

A
j
1(X, s) = A

j
0(s) + Aj

1(s)X, 1 ä j ä n,

where F1(s) and Aj
1(s) are linear maps on Hm, and

çF0(s)çHm
ä L, çF1(s)çL(Hm;Hm) ä L,

çAj
0(s)çHm

ä L, çAj
1(s)çL(Hm;Hm) ä L.

(A2’) The functionals G and GT satisfy (A2). The maps DXG and DV G are

L-Lipschitz continuous in (X, V ) * Hm × Um; the map DXGT is L-Lipschitz con-

tinuous in X * Hm.
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We also need the following convexity assumption.

(A3) (i) There exists ê > 0 such that, for any X * Hm, V, V à * Um and s * [0, T ],

G(X, V à, s) 2 G(X, V, s) è (DV G(X, V, s), V à 2 V )Um
+ êçV à 2 V ç2

Um
.

(ii) There exists ê > 0 such that, for any X, X à * Hm, V, V à * Um and s * [0, T ],

G(X à, V à, s) 2 G(X, V, s) è (DXG(X, V, s), X à 2 X)Hm

+ (DV G(X, V, s), V à 2 V )Um
+ êçV à 2 V ç2

Um
,

(DXGT (X à) 2 DXGT (X), X à 2 X)Hm
è 0.

We refer to Remark 3.1 in Bensoussan et al. [2023b] for the relation between the

aforementioned convexity assumption and the displacement monotonicity condition

and Lasry–Lions monotonicity condition. We now give a suácient condition for the

control problem (5).

Theorem 2. Under Assumptions (A1à)-(i), (A2à) and (A3)-(i), there exists a con-

stant C(L, T ) depending only on (L, T ), such that problem (5) has a unique optimal

control for ê è C(L, T ). Furthermore, if Assumptions (A1à)-(ii) and (A3)-(ii) are

satisãed, then, problem (5) has a unique optimal control for any ê > 0.

Proof. From Assumption (A1à), we have

DV L(X, V, s; P, Q) = (F2(s))
7P +

n
æ

j=1

(Aj
2(s))

7Qj + DV G(X, V, s). (19)

From (18) and (19), we have the diàerentiability of JtX : for any V, Ṽ *

L2
WtX

(t, T ;Um),

d

dã
JtX(V + ãṼ )

â

â

â

â

â=0

=

á T

t

(DV L(XV (s), V (s), s; P V (s), QV (s)), Ṽ (s))Um
ds

=

á T

t

ã

(F2(s)Ṽ (s), P V (s))Hm
+

n
æ

j=1

(Aj
2(s)Ṽ (s), QV,j(s))Hm

+ (DV G(XV (s), V (s), s), Ṽ (s))Um

ä

ds, (20)

where XV is the state process and (PV , QV ) is the adjoint process corresponding

to the control V . Now, we prove that JtX is strictly convex when ê is large enough.
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For V1, V2 * L2
WtX

(t, T ;Um) and ä * [0, 1], we can write

JtX(äV1 + (1 2 ä)V2) = JtX(V1 + (1 2 ä)(V2 2 V1))

= JtX(V1) +

á 1

0

d

dã
JtX(V1 + ã(1 2 ä)(V2 2 V1))dã. (21)

(From here on, we use the same ã for both derivative variable and dummy integra-

tion variable for the sake of convenience.) From (20), we have
á 1

0

d

dã
JtX(V1 + ã(1 2 ä)(V2 2 V1))dã

= (1 2 ä)

á 1

0

á T

t

ã

(F2(s)(V2(s) 2 V1(s)), P
1,æ,â(s))Hm

+

n
æ

j=1

(Aj
2(s)(V2(s) 2 V1(s)), Q

1,æ,â,j(s))Hm

+ (DV G(X1,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s), V2(s) 2 V1(s))Um

ä

dsdã,

where we denote by

X1,æ,â(·) := XV1+â(12æ)(V22V1)(·), P 1,æ,â(·) := P V1+â(12æ)(V22V1)(·),

Q1,æ,â,j(·) := QV1+â(12æ)(V22V1),j(·), 1 ä j ä n.

Similarly, we can also write

JtX(äV1 + (1 2 ä)V2) = JtX(V2 + ä(V1 2 V2))

= JtX(V2) +

á 1

0

d

dã
JtX(V2 + ãä(V1 2 V2))dã, (22)

while the second integral term can be expressed as follows:
á 1

0

d

dã
JtX(V2 + ãä(V1 2 V2))dã

= ä

á 1

0

á T

t

ã

(F2(s)(V1(s) 2 V2(s)), P
2,æ,â(s))Hm

+

n
æ

j=1

(Aj
2(s)(V1(s) 2 V2(s)), Q

2,æ,â,j(s))Hm

+ (DV G(X2,æ,â(s), V2(s) + ãä(V1(s) 2 V2(s)), s), V1(s) 2 V2(s))Um

ä

dsdã,

where we also denote by

X2,æ,â(·) := XV2+âæ(V12V2)(·), P 2,æ,â(·) := P V2+âæ(V12V2)(·),

Q2,æ,â,j(·) := QV2+âæ(V12V2),j(·), 1 ä j ä n.
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Adding ä of (21) to (1 2 ä) of (22), we have

JtX(äV1 + (1 2 ä)V2) 2 äJtX(V1) 2 (1 2 ä)JtX(V2)

= ä(1 2 ä)

á 1

0

á T

t

ã

(F2(s)(V2(s) 2 V1(s)), P
1,æ,â(s) 2 P 2,æ,â(s))Hm

+
n

æ

j=1

(Aj
2(s)(V2(s) 2 V1(s)), Q

1,æ,â,j(s) 2 Q2,æ,â,j(s))Hm

+ (DV G(X1,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s)

2DV G(X2,æ,â(s), V2(s) + ãä(V1(s) 2 V2(s)), s), V2(s) 2 V1(s))Um

ä

dsdã.

(23)

Similar to (6), we have the following estimates for X2,æ,â(s) 2 X1,æ,â(s):

sup
tfsfT

çX2,æ,â(s) 2 X1,æ,â(s)çHm
ä C(L, T )(1 2 ã)çV2(·) 2 V1(·)çL2([t,T ];Um).

(24)

Similar to (14), from Assumptions (A2à) and the estimate (24), we have the follow-

ing estimate:

sup
tfsfT

çP 1,æ,â(s) 2 P 2,æ,â(s)çHm
+

n
æ

j=1

çQ1,æ,â,j(·) 2 Q2,æ,â,j(·)çL2(t,T ;Hm)

ä C(L, T )(1 2 ã)çV2(·) 2 V1(·)çL2([t,T ];Um). (25)

From (25) and Assumption (A3), we have
â

â

â

â

á 1

0

á T

t

ã

(F2(s)(V2(s) 2 V1(s)), P
1,æ,â(s) 2 P 2,æ,â(s))Hm

+

n
æ

j=1

(Aj
2(s)(V2(s) 2 V1(s)), Q

1,æ,â,j(s) 2 Q2,æ,â,j(s))Hm

ä

dsdã

â

â

â

â

ä C(L, T )çV2(·) 2 V1(·)ç
2
L2(t,T ;Um). (26)

From (24) and Assumption (A3), we have
á 1

0

á T

t

(DV G(X1,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s)

2DV G(X2,æ,â(s), V2(s) + ãä(V1(s) 2 V2(s)), s), V2(s) 2 V1(s))Um
dsdã

ä

á 1

0

á T

t

(DV G(X2,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s)

2DV G(X2,æ,â(s), V2(s) + ãä(V1(s) 2 V2(s)), s), V2(s) 2 V1(s))Um
dsdã
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+

â

â

â

â

á 1

0

á T

t

(DV G(X1,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s)

2DV G(X2,æ,â(s), V1(s) + ã(1 2 ä)(V2(s) 2 V1(s)), s), V2(s) 2 V1(s))Um
dsdã

â

â

â

â

ä [22ê + C(L, T )]çV2(·) 2 V1(·)ç
2
L2(t,T ;Um). (27)

Substituting (26) and (27) back to (23), we have

JtX(äV1 + (1 2 ä)V2) 2 äJtX(V1) 2 (1 2 ä)JtX(V2)

ä ä(1 2 ä)[22ê + C(L, T )]çV2(·) 2 V1(·)ç
2
L2(t,T ;Um).

Therefore, there exists a constant C(L, T ) depending only on (L, T ), such that

when ê è C(L, T ), JtX is strictly convex. Next, we prove that JtX(V ) ³ +>

as çV çL2(t,T ;Um) ³ +>. For any V * L2(t, T ;Um), from Assumptions (A2à) and

(A3), we have

JtX(V ) =

á T

t

G(XV (s), V (s), s)ds + GT (XV (T ))

è

á T

t

[G(XV (s), 0, s) + (DV G(XV (s), 0, s), V (s))Um
+ êçV (s)ç2

Um
]ds

+ GT (XV (T ))

è

á T

t

[2L(1 + çXV (s)ç2
Hm

) 2 L(1 + çXV (s)çHm
)çV (s)çUm

+ êçV (s)ç2
Um

]ds 2 L(1 + çXV (T )ç2
Hm

).

From (6), we have

JtX(V ) è (2ê + C(L, T ))çV ç2
L2(t,T ;Um) 2 C(L, T )(1 + çXç2

Hm
).

So when ê is large enough such that 2ê + C(L, T ) < 0, we know that JtX(V ) ³

+> as çV çL2(t,T ;Um) ³ +>. This coercive property and the strict convexity imply

that the functional J should possess a unique minimum. That is, (5) has a unique

optimal control.

Moreover, if Assumption (A1à)-(ii) and Assumption (A3)-(ii) are satisôed, then

JtX(V2) 2 JtX(V1)

=

á T

t

[G(XV2(s), V2(s), s) 2 G(XV1(s), V1(s), s)]ds

+ [GT (XV2(T )) 2 GT (XV1(T ))]

è

á T

t

[(DXG(XV1(s), V1(s), s), X
V2(s) 2 XV1(s))Hm
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+ (DV G(XV1(s), V1(s), s), V2(s) 2 V1(s))Um
+ êçV2(s) 2 V1(s)ç

2
Um

]ds

+ (DXGT (XV1(T )), XV2(T ) 2 XV1(T ))Hm
. (28)

Similar to (17), from Assumption (A1à)-(ii), we have

(DXGT (XV1(T )), XV2(T ) 2 XV1(T ))Hm

=

á T

t

ã

(P V1(s),F2(s)(V2(s) 2 V1(s)))Hm

+
n

æ

j=1

(QV1
j
(s),Aj

2(s)(V2(s) 2 V1(s)))Hm

2 (DXG(XV1(s), V1(s), s), X
V2(s) 2 XV1(s))Hm

ä

ds. (29)

From (28), (29) and (20), we deduce that

JtX(V2) 2 JtX(V1)

g

à T

t

á

(P V1(s),F2(s)(V2(s) 2 V1(s)))Hm +

n
â

j=1

(QV1
j
(s),Aj

2
(s)(V2(s) 2 V1(s)))Hm

+ (DV G(XV1(s), V1(s), s), V2(s) 2 V1(s))Um + »áV2(s) 2 V1(s)á
2

Um

ã

ds

=
d

dá
JtX(V1 + á(V2 2 V1))

ä

ä

ä

ä

à=0

+ »

à T

t

áV2(s) 2 V1(s)á
2

Um
ds.

That is, JtX is strictly convex when ê > 0. Therefore, (5) has a unique optimal

control for any ê > 0.

We derive from Theorem 1 the following FBSDEs for (YXt(s), PXt(s), QXt(s))

for s * [t, T ]:
ì

í

í

í

í

í

í

í

í

í

í

í

î

í

í

í

í

í

í

í

í

í

í

í

ï

YXt(s) = X +

á s

t

F (YXt(r), UXt(r), r)dr +

n
æ

j=1

á s

t

Aj(YXt(r), UXt(r), r)dwj(r),

PXt(s) = DXGT (YXt(T )) +

á T

s

DXL(YXt(r), UXt(r), r; PXt(r), QXt(r))dr

2
n

æ

j=1

á T

s

Q
j
Xt(r)dwj(r),

(30)

with UXt(s) satisfying the following optimal condition:

DV L(YXt(s), UXt(s), s; PXt(s), QXt(s)) = 0, a.e. s * [t, T ]. (31)
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As a consequence of Theorems 1 and 2, we have the solvability of FBSDEs (30)

and (31) in space L2
WtX

(t, T ;Hm) × L2
WtX

(t, T ;Hm) × (L2
WtX

(t, T ;Hm))n under

Assumptions (A1à)–(A3).

6. Application to Mean Field Type Control Problems

In this section, we apply our results in Sec. 4 back to the mean ôeld type control

problem (2) and (3) for (t, m) * [0, T ] × P2(R
n) with an initial X * Hm (being

independent of Wt). For any ôxed m * P2(R
n), we can make a connection between

the mean ôeld type control problem (2) and (3) and the control problem (5) in

Hilbert spaces by setting for (X, V, s) * Hm × Um × [0, T ] and x * R
n,

F (X, V, s)|x := f(Xx, X · m, Vx, s), (32)

Aj(X, V, s)|x := Ãj(Xx, X · m, Vx, s), 1 ä j ä n, (33)

G(X, V, s) := E

ãá

Rn

g(Xx, X · m, Vx, s)dm(x)

ä

, (34)

GT (X) := E

ãá

Rn

gT (Xx, X · m)dm(x)

ä

. (35)

We deône the Lagrangian L : R
n × P2(R

n) × R
d × [0, T ]× R

n × R
n×n ³ R as

L(x, m, v, s; p, q) := p7f(x, v, m, s) +

n
æ

j=1

qj7Ãj(x, v, m, s) + g(x, v, m, s) (36)

and deône L : Hm × Um × [0, T ]×Hm ×Hn
m ³ R as

L(X, V, s; P, Q) := E

ãá

Rn

L(Xx, X · m, Vx, s; Px, Qx)dm(x)

ä

. (37)

Then, we know from (32)–(37) that (G, A, F,L) satisôes (10).

We ôrst give the connection between the linear functional derivative in P2(R
n)

and the Gâteaux derivative in Hm. Let k : P2(R
n) ³ R be a diàerentiable functional

such that for any ø * P2(R
n), the map R

n â ë ã³ dk
dá

(ø)(ë) * R is diàerentiable

with the derivative Då
dk
dá

(ø)(ë) being continuous in (ø, ë) and
â

â

â

â

Då

dk

dâ
(ø)(ë)

â

â

â

â

ä c(ø)(1 + |ë|), (ø, ë) * P2(R
n) × R

n.

For m * P2(R
n), we deône K : Hm ³ R as

K(X) := k(X · m), X * Hm.

Then, K is Gâteaux diàerentiable and

DXK(X)|x = Då

dk

dâ
(X · m)(Xx), X * Hm. (38)

By letting X to be the identity function I, (38) becomes

DXK(I)|x = Dx

dk

dâ
(m)(x),
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which is identical to the L-derivative "mk(m)(x) as introduced in Carmona and

Delarue [2018]. We also refer to Bensoussan et al. [2017] for further discussion

about its connection with Wasserstein gradients. We then give the corresponding

diàerentiability of F , Aj , G, GT and L in (X, V ) * Hm × Um under the following

assumptions. For notational convenience, we use the same constant l > 0 for all the

conditions as follows.

(B1) The functions f and Ãj (for 1 ä j ä n) satisfy for (x, m, v, s) * R
n ×

P2(R
n) × R

d × [0, T ],

|f(x, m, v, s)| ä l[1 + |x| + W2(m, ·0) + |v|],

|Ãj(x, m, v, s)| ä l[1 + |x| + W2(m, ·0) + |v|]

and they are diàerentiable in (x, m, v) * R
n × P2(R

n) × R
d. The derivatives

df
dá

(x, m, v, s)(ë) and dÃj

dá
(x, m, v, s)(ë) are diàerentiable in ë. The derivatives

(Dxf, Då
df

dá
, Dvf, DxÃj , Då

dÃj

dá
, DvÃ

j) are bounded by l and continuous in all argu-

ments.

(B2) The functions g and gT satisfy for (x, m, v, s) * R
n×P2(R

n)×R
d× [0, T ],

|g(x, m, v, s)| ä l(1 + |x|2 + W 2
2 (m, ·0) + |v|2),

|gT (x, m)| ä l(1 + |x|2 + W 2
2 (m, ·0)).

The running cost function g is diàerentiable in (x, m, v) * R
n × P2(R

n) × R
d,

and the derivative dg

dá
(x, m, v, s)(ë) is diàerentiable in ë. The terminal cost function

gT is diàerentiable in (x, m) * R
n × P2(R

n), and the derivative dgT

dá
(x, m)(ë) is

diàerentiable in ë. The derivatives (Dxg, Då
dg

dá
, Dvg, DxgT , Då

dgT

dá
) are continuous

in all of their own arguments, and for (x, m, v, s) * R
n × R

d × P2(R
n) × [0, T ],

|(Dxg, Dvg)(x, m, v, s)| ä l(1 + |x| + W2(m, ·0) + |v|),
â

â

â

â

Då

dg

dâ
(x, m, v, s)(ë)

â

â

â

â

ä l(1 + |x| + W2(m, ·0) + |v| + |ë|),

|DxgT (x, m)| ä l(1 + |x| + W2(m, ·0)),
â

â

â

â

Då

dgT

dâ
(x, m)(ë)

â

â

â

â

ä l(1 + |x| + W2(m, ·0) + |ë|).

In the rest of this paper, for any random variable ë, we use ë̄ to denote its indepen-

dent copy, and use Ē[ë̄] to denote its expectation; at the end, at the most we may

only need countably many of independent copies, one can simply construct them

right away in («,A, P) before the discussion of our control problem. The following

lemma is proven in Appendix B.

Lemma 2. Under Assumptions (B1) and (B2), F as deãned in (32) and Aj as

deãned in (33) satisfy (A1); G as deãned in (34) and GT as deãned in (35) also

satisfy (A2), with a constant C(l) depending only on l. The functional L deãned in
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(37) satisães (11). For any (s, P, Q) * [0, T ]×Hm×Hn
m, the functional Hm×Um â

(X, V ) ã³ L(X, V, s; P, Q) * R is continuously diàerentiable, with the derivatives

satisfying (12). Moreover, for s * [0, T ], X, X̃ * Hm, V, Ṽ * Um, we have for

x * R
n,

DXF (X, V, s)(X̃)|x = (Dxf(Xx, X · m, Vx, s))7X̃x

+ Ē

ãá

Rn

ð

Då

df

dâ
(Xx, X · m, Vx, s)(X̄y)

ñ7
¯̃
Xydm(y)

ä

;

(39)

DV F (X, V, s)(Ṽ )|x = (Dvf(Xx, X · m, Vx, s))7Ṽx; (40)

DXAj(X, V, s)(X̃)|x = (DxÃj(Xx, X · m, Vx, s))7X̃x

+ Ē

ãá

Rn

ð

Då

dÃj

dâ
(Xx, X · m, Vx, s)(X̄y)

ñ7

¯̃
Xydm(y)

ä

;

(41)

DV Aj(X, V, s)(Ṽ )|x = (DvÃj(Xx, X · m, Vx, s))7Ṽx; (42)

DXG(X, V, s)|x = Dxg(Xx, X · m, Vx, s)

+ Ē

ãá

Rn

Då

dg

dâ
(X̄y, X · m, V̄y, s)(Xx)dm(y)

ä

; (43)

DV G(X, V, s)|x = Dvg(Xx, X · m, Vx, s); (44)

DXGT (X)|x = DxgT (Xx, X · m) + Ē

ãá

Rn

Då

dgT

dâ
(X̄y, X · m)(Xx)dm(y)

ä

(45)

and for (P, Q) * Hm ×Hn
m, we have for x * R

n,

DXL(X, V, s; P, Q)|x = Dxf(Xx, X · m, Vx, s)Px +

n
æ

j=1

Ãj(Xx, X · m, Vx, s)Qj
x

+Dxg(Xx, X · m, Vx, s)

+ Ē

ãá

Rn

Då

df

dâ
(X̄y, X · m, V̄y, s)(Xx)Pydm(y)

ä

+

n
æ

j=1

Ē

ãá

Rn

Då

dÃj

dâ
(X̄y, X · m, V̄y, s)(Xx)Qj

ydm(y)

ä

+ Ē

ãá

Rn

Då

dg

dâ
(X̄y, X · m, V̄y, s)(Xx)dm(y)

ä

, (46)
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DV L(X, V, s; P, Q)|x = Dvf(Xx, X · m, Vx, s)Px +
n

æ

j=1

DvÃ
j(Xx, X · m, Vx, s)Qj

x

+ Dvg(Xx, X · m, Vx, s), (47)

where (X̄,
¯̃
X, V̄ ) is an independent copy of (X, X̃, V ).

Let v̂x(s) be an optimal control for the mean ôeld control problem (2), (3) and

X̂x(s) be the corresponding state process. The adjoint process is deôned as

P̂x(s) = DxgT (X̂x(T ), X̂(T ) · m)

+ Ē

ãá

Rn

Då

dgT

dâ
(
¯̂
Xy(T ), X̂(T ) · m)(X̂x(T ))dm(y)

ä

+

á T

s

ã

DxL(X̂x(r), X̂(r) · m, v̂x(r), r; P̂x(r), Q̂x(r))

+ Ē

ðá

Rn

Då

dL

dâ
(
¯̂
Xy(r), X̂(r) · m, ¯̂vy(r), r;

¯̂
P y(r),

¯̂
Qy(r))(X̂x(r))dm(y)

ñä

dr

2

n
æ

j=1

á T

s

Q̂j
x(r)dwj(r), s * [t, T ], (48)

where (
¯̂
X(s), ¯̂v(s),

¯̂
P (s),

¯̂
Q(s)) is an independent copy of (X̂(s), v̂(s), P̂ (s), Q̂(s)). By

Lemma 2, we know that (P̂x(s), Q̂x(s)), deôned in (48), satisôes Eq. (13). The fol-

lowing necessary condition is then a direct consequence of Theorem 1 and Lemma 2.

Theorem 3. Under Assumptions (B1) and (B2), let v̂x(s) be an optimal control for

the mean ãeld control problem (2) and (3), X̂x(s) be the corresponding controlled

state process, and (P̂x(s), Q̂x(s)) be the corresponding adjoint process. Then, we

have the optimality condition

DvL(X̂x(s), X̂(s) · m, v̂x(s), s; P̂x(s), Q̂x(s)) = 0, a.e. s * [t, T ],

a.s. dm(x), a.s. dP(Ë).

To give a suácient condition for the mean ôeld type control problem (2) and

(3), we need the following assumptions, which are the regularity-enriched version

of Assumptions (B1) and (B2).

(B1’) (i) The coeácients f and Ãj (for 1 ä j ä n) are linear in v. That is

f(x, m, v, s) = f1(x, m, s) + f2(s)v,

Ãj(x, m, v, s) = Ã
j
1(x, m, s) + Ã

j
2(s)v,

with f1, Ã
j
1 satisfying Assumption (B1), and f2(s), Ã

j
2(s) * R

n×d being bounded

by l.
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(ii) Furthermore, the functions f1 and Ã
j
1 (for 1 ä j ä n) are linear in x and m.

That is,

f1(x, m, s) = f0(s) + f1(s)x + f̄1(s)

á

Rn

ydm(y),

Ã
j
1(x, m, s) = Ã

j
0(s) + Ã

j
1(s)x + Ã̄

j
1(s)

á

Rn

ydm(y),

with g0(s), Ã
j
0(s) * R

n and f1(s), f̄1(s), Ã
j
1(s), Ã̄

j
1(s) * R

n×n being bounded by l.

(B2’) The functionals g and gT satisfy (B2). The derivatives

ð

Dxg, Då

dg

dâ
, Dvg, DxgT , Då

dgT

dâ

ñ

,

are l-Lipschitz continuous in (x, m, v, ë).

We also need the following convexity assumption.

(B3) (i) There exists ê > 0 such that for any (x, m, v, và) * R
n×P2(R

n)×R
d×

R
d and s * [0, T ],

g(x, m, và, s) 2 g(x, m, v, s) è (Dvg(x, m, v, s))7(và 2 v) + ê|và 2 v|2.

(ii) There exists ê > 0 such that, for any x, xà, ë, ëà * R
n, v, và * R

d and s * [0, T ],

g(xà, mà, và, s) 2 g(x, m, v, s) è (Dxg(x, m, v, s))7(xà 2 x)

+

á

Rn

dg

dâ
(x, m, v, s)(ë)d(mà 2 m)(ë)

+ (Dvg(x, m, v, s))7(và 2 v) + ê|và 2 v|2;

dg

dâ
(x, m, v, s)(ëà) 2

dg

dâ
(x, m, v, s)(ë) è

ð

Då

dg

dâ
(x, m, v, s)(ë)

ñ7

(ëà 2 ë);

gT (xà, mà) 2 gT (x, m) è (DxgT (x, m))7(xà 2 x)

+

á

Rn

dgT

dâ
(x, m)(ë)d(mà 2 m)(ë);

dgT

dâ
(x, m)(ëà) 2

dgT

dâ
(x, m)(ë) è

ð

Då

dgT

dâ
(x, m)(ë)

ñ7

(ëà 2 ë).

From Assumption (B1à), we know that F and Aj deôned in (32) and (33) satisfy the

condition (A1à). From Assumption (B2à) and Lemma 2, we know that functionals

G and GT , respectively, deôned in (34) and (35) satisfy the Lipschitz continuity
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conditions in (A2’) with a constant C(l) depending only on l. By Assumption (B3)-

(i), we have for any X * Hm, V, V à * Um, and s * [0, T ],

G(X, V à, s) 2 G(X, V, s)

= E

ãá

Rn

[g(Xx, X · m, V à
x, s) 2 g(Xx, X · m, Vx, s)]dm(x)

ä

è E

ã
á

Rn

[(Dvg(Xx, X · m, Vx, s))7(V à
x 2 Vx) + ê|V à

x 2 Vx|
2]dm(x)

ä

= E

ãá

Rn

(DV G(X, V, s)|x)7(V à
x 2 Vx)dm(x)

ä

+ êçV à 2 V ç2
Um

.

That is, G satisôes the convexity conditions in (A3)-(i). Furthermore, if Assumption

(B3)-(ii) is satisôed, by Fubini’s theorem, we have

G(X à, V à, s) 2 G(X à, V, s)

= E

ãá

Rn

[g(X à
x, X à · m, V à

x, s) 2 g(Xx, X · m, Vx, s)]dm(x)

ä

è E

ã á

Rn

ã

(Dxg(Xx, X · m, Vx, s))7(X à
x 2 Xx)

+

á

Rn

dg

dâ
(Xx, X · m, Vx, s)(ë)d(X à · m 2 X · m)(ë)

+ (Dvg(Xx, X · m, Vx, s))7(V à
x 2 Vx) + ê|V à

x 2 Vx|
2

ä

dm(x)

ä

= E

ã á

Rn

ã

(Dxg(Xx, X · m, Vx, s))7(X à
x 2 Xx)

+ Ē

ð á

Rn

ð

dg

dâ
(Xx, X · m, Vx, s)(X̄ à

å) 2
dg

dâ
(Xx, X · m, Vx, s)(X̄å)

ñ

× dm(ë)

ñä

dm(x)

ä

+ (DV G(X, V, s), V à 2 V )Um
+ êçV à 2 V ç2

Um

è E

ã á

Rn

ã

(Dxg(Xx, X · m, Vx, s))7(X à
x 2 Xx)

+ Ē

ð á

Rn

ð

Då

dg

dâ
(Xx, X · m, Vx, s)(X̄å)

ñ7

(X̄ à
å 2 X̄å)dm(ë)

ñä

dm(x)

ä

+ (DV G(X, V, s), V à 2 V )Um
+ êçV à 2 V ç2

Um

= E

ã á

Rn

ã

Dxg(Xx, X · m, Vx, s)

+ Ē

ðá

Rn

Då

dg

dâ
(X̄å, X · m, V̄å, s)(Xx)dm(ë)

ñ ä7

(X à
x 2 Xx)dm(x)

ä
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+ (DV G(X, V, s), V à 2 V )Um
+ êçV à 2 V ç2

Um

= (DXG(X, V, s), X à 2 X)Hm
+ (DV G(X, V, s), V à 2 V )Um

+ êçV à 2 V ç2
Um

,

where (X̄, X̄ à, V̄ ) is an independent copy of (X, X à, V ). That is, G satisôes the

convexity conditions in (A3)-(ii). The argument leading to the convexity for GT

can be shown similarly. As a consequence of Theorem 2, we have the following

solvability of mean ôeld type control problem (2) and (3).

Theorem 4. Under Assumptions (B1à)-(i), (B2à) and (B3)-(i), there exists a con-

stant C(l, T ) depending only on (l, T ), such that when ê è C(l, T ), JtX is strictly

convex, and the mean ãeld type control problem (2) and (3) has a unique optimal

control. Furthermore, if Assumptions (A1à)-(ii) and (A3)-(ii) are satisãed, then,

problem (2) and (3) has a unique optimal control for any ê > 0.

From the optimality condition, we obtain the following FBSDEs, for s * [t, T ]:
ì

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

î

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

í

ï

YXxmt(s) = Xx +

á r

t

f(YXxmt(r), YXmt(r) · m, uXxmt(r), r)dr

+

n
æ

j=1

á s

t

Ãj(YXxmt(r), YXmt(r) · m, uXxmt(r), r)dwj (r),

PXxmt(s) = DxgT (YXxmt(T ), YXmt(T ) · m)

+ Ē

ãá

Rn

Då

dgT

dâ
(ȲX̄ymt(T ), YXmt(T ) · m)(YXxmt(T ))dm(y)

ä

+

á T

s

ã

DxL(YXxmt(r), YXmt(r) · m, uXxmt(r), r;

PXxmt(r), QXxmt(r))

+ Ē

ð á

Rn

Då

dL

dâ
(ȲX̄ymt(r), YXmt(r) · m, ūX̄ymt(r), r;

P̄X̄ymt(r), Q̄X̄ymt(r)) (XXxmt(r))dm(y)

ñä

dr

2
n

æ

j=1

á T

s

Q
j
Xxmt(r)dwj(r),

(49)

where uXxmt(s) satisôes the following optimal condition:

DvL(YXxmt(s), YXmt(s) · m, uXxmt(s), s; PXxmt(s), QXxmt(s)) = 0,

a.e. s * [t, T ], a.s. dm(x), a.s. dP(Ë),
(50)

such that the process (ȲX̄mt(s), ūX̄mt(s), P̄X̄mt(s), Q̄X̄mt(s)) is an independent

copy of (YXmt(s), uXmt(s), PXmt(s), QXmt(s)). For the Lagrangian L, we deône
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v̂(x, m, s; p, q) satisfying the following:

DvL (x, m, v̂(x, m, s; p, q), s; p, q) = 0 (51)

and then deône V̂ : Hm × [0, T ]×Hm ×Hn
m ³ Um as

V̂ (X, s; P, Q)|x := v̂(Xx, X · m, s; Px, Qx), x * R
n. (52)

From (37) and (52), we know that

V̂ (X, s; P, Q) = argmin
V *Um

L(X, V, s; P, Q), (X, s, P, Q) * Hm × [0, T ]×Hm ×Hn
m.

Then, we know that uX·mt(·) deôned in (50) coincides with UXt(·) as deôned in

(31). Therefore, the FBSDEs (49) and (50) coincide with the FBSEDs (30) and (31).

Remark 1. From above, we can see that the optimal control uXxmt(s) for the

mean ôeld control problem (2) and (3) is a feedback one, namely,

uXxmt(s) = v̂(YXxmt(s), YXmt(s) · m, s; PXxmt(s), QXxmt(s))

and we can have the regularity for the function v̂ in accordance with the conditions
of the coeácient functions (we refer to Benoussan et al. [2023a, 2023b, 2023c]).
Therefore, we know that the system of FBSDEs (49) and(50) has a unique adapted
solution. We can see that the monotonicity conditions for the FBSDEs of our mean
ôeld control problem are actually the convexity conditions of the coeácient func-
tions. Certainly, it is diàerent from mean ôeld games. Indeed, when we consider a
mean ôeld game, the associated FBSDEs should be

å

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

ç

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

æ

è

YXxmt(s) = Xx +

à s

t

f(YXxmt(r), YXmt(r) · m, uXxmt(r), r)dr

+
n
â

j=1

à s

t

Ã
j(YXxmt(r), YXmt(r) · m, uXxmt(r), r)dwj(r),

PXxmt(s) = DxgT (YXxmt(T ), YXmt(T ) · m)

+

à T

s

[DxL(YXxmt(r), YXmt(r) · m, uXxmt(r), r; PXxmt(r), QXxmt(r))]dr

2

n
â

j=1

à T

s

Q
j

Xxmt(r)dwj(r),

(53)

with uXxmt(s) satisfying the optimal condition (50). Note that the derivative with

respect to the distribution term does not appear. Therefore, the monotonicity con-

ditions for g and gT are not the convexity conditions anymore. For instance, take

gT as an example. In view of (53), the monotonicity condition for gT in mean ôeld
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games should be

(DxgT (X à
x, X à · m) 2 DxgT (Xx, X · m), X à

x 2 Xx)Hm
è 0, X, X à * Hm.

(54)

Note that

(DxgT (X à
x, X à · m) 2 DxgT (Xx, X · m), X à

x 2 Xx)Hm

= E

ã
á

Rn

((DxgT (X à
x, X à · m) 2 DxgT (Xx, X · m)))7(X à

x 2 Xx)dm(x)

ä

= E[((DxgT (X à
ä,LX à

ä) 2 DxgT (Xä, Xä)))7(X à
ä 2 Xä)],

when é is equipped with a probability m · P|[0,t], where P|[0,t] is generated by

w(s), s * [0, t]. Therefore, condition (54) coincides with the displacement mono-

tonicity

E[((DxgT (é2,Lé2) 2 DxgT (é1,Lé1)))7(é2 2 é1)] è 0, (55)

which is proposed by Ahuja [2016]. When h is continuously diàerentiable in x and

is also convex in x, the displacement monotonicity (55) is satisôed if the following

condition is satisôed:

E[gT (é1,Lé1) + gT (é2,Lé2) 2 gT (é1,Lé2) 2 gT (é2,Lé1)] è 0. (56)

Condition (56) is called well-known Lasry–Lions monotonicity, extensively used in

the literature [Cardaliaguet, 2010; Cardaliaguet et al., 2019; Carmona and Delarue,

2018; Chassagneux et al., 2022]. For further discussion on monotonicity conditions

for mean ôeld type control problem and mean ôeld game, we also refer to Remark 3.1

in [Bensoussan et al., 2023b] and Sec. 5.3 in [Bensoussan et al., 2023c].

Acknowledgments

Alain Bensoussan is supported by the National Science Foundation under Grant

NSF-DMS-2204795. This work also constitutes part of Ziyu Huang’s Ph.D. disser-

tation at Fudan University, China. Phillip Yam acknowledges the ônancial supports

from HKGRF-14301321 with the project title “General Theory for Inônite Dimen-

sional Stochastic Control: Mean Field and Some Classical Problems” and HKGRF-

14300123 with the project title “Well-posedness of Some Poisson-driven Mean Field

Learning Models and their Applications”.

ORCID

Alain Bensoussan https://orcid.org/0000-0003-2465-1249

Ziyu Huang https://orcid.org/0000-0002-2370-9202

Sheung Chi Phillip Yam https://orcid.org/0000-0002-4380-0919

2440003-25



A. Bensoussan, Z. Huang & S. C. P. Yam

Appendix A. Proof of Lemma 1

We ôrst prove (6). Using the SDE in (5) and Assumption (A1), we have for s * [t, T ],

d

ds
çXV (s)ç2

Hm
= 2(XV (s), F (XV (s), V (s), s))Hm

+

n
æ

j=1

çAj(XV (s), V (s), s)ç2
Hm

ä C(L)(1 + çXV (s)ç2
Hm

+ çV (s)ç2
Um

).

From Grönwall’s inequality, we obtain (6). We then prove the estimate (9) for

DṼ XV (s). By Eq. (8) and Assumption (A1), we have

d

ds
çDṼ XV (s)ç2

Hm
= 2(DṼ XV (s), DXF (XV (s), V (s), r)(DṼ XV (s))

+ DV F (XV (s), V (s), s)(Ṽ (s)))Hm
+

n
æ

j=1

çDXAj(XV (s), V (s), r)(DṼ XV (s))

+ DV Aj(XV (s), V (s), s)(Ṽ (s))ç2
Hm

ä C(L)(çDṼ XV (s)ç2
Hm

+ çṼ (s)ç2
Um

).

By applying Grönwall’s inequality, we deduce (9). We next prove (7). It is obvious

that V â * L2
WtX

(t, T ;Um). We set Y â(s) := 1
â
(Xâ(s) 2 XV (s)). We ôrst establish

the uniform boundedness of the norm çY â(s)çHm
. From the equation in (5) and

Assumption (A1), we have for s * [t, T ],

Y â(s) =

á s

t

ãá 1

0

DXF (XV (r) + êãY â(r), V â(r), r)(Y â(r))dê

+

á 1

0

DV F (XV (r), V (r) + êãṼ (r), r)(Ṽ (r))dê

ä

dr

+
n

æ

j=1

á s

t

ãá 1

0

DXAj(XV (r) + êãY â(r), V â(r), r)(Y â(r))dê

+

á 1

0

DV Aj(XV (r), V (r) + êãṼ (r), r)(Ṽ (r))dê

ä

dwj(r). (A.1)

From Assumption (A1) and Cauchy’s inequality, we have for s * (t, T ],

çY â(s)ç2
Hm

ä C(L, T )

ãá s

t

(çY â(r)ç2
Hm

+ çṼ (r)ç2
Um

)dr

ä

.

By applying Grönwall’s inequality, we have

sup
tfsfT

çY â(s)çHm
ä C(L, T )çṼ çL2(t,T ;Um). (A.2)

2440003-26



Maximum Principle for Mean Field Type Control Problems

We denote by ä
â(s) := Y â(s) 2 X̃V,Ṽ (s). From (8), (A.1) and Assumption (A1),

we have for s * [t, T ],

ä
â(s) =

á s

t

ã á 1

0

[DXF (XV (r) + êãY â(r), V â(r), r)(Y â(r))

2 DXF (XV (r) + êãY â(r), V â(r), r)(DṼ XV (r))]dê

+

á 1

0

[DXF (XV (r) + êãY â(r), V â(r), r)(DṼ XV (r))

2 DXF (XV (r), V (r), r)(DṼ XV (r))]dê

+

á 1

0

[DV F (XV (r), V (r) + êãṼ (r), r)(Ṽ (r))

2 DV F (XV (s), V (s), s)(Ṽ (r))]dê

ä

dr

+
n

æ

j=1

á s

t

ãá 1

0

[DXAj(XV (r) + êãY â(r), V â(r), r)(Y â(r))

2 DXAj(XV (r) + êãY â(r), V â(r), r)(DṼ XV (r))]dê

+

á 1

0

[DXAj(XV (r) + êãY â(r), V â(r), r)(DṼ XV (r))

2 DXAj(XV (r), V (r), r)(DṼ XV (r))]dê

+

á 1

0

[DV Aj(XV (r), V (r) + êãṼ (r), r)(Ṽ (r))

2 DV Aj(XV (r), V (r), r)(Ṽ (r))]dê

ä

dwj(r).

From Assumption (A1) and Cauchy’s inequality, we have

çäâ(s)ç2
Hm

ä C(L, T )

ãá s

t

çäâ(r)ç2
Hm

dr + I(ã)

ä

,

where

I(ã) :=

á T

t

á 1

0

ò

çDXF (XV (s) + êãY â(s), V â(s), s)(DṼ XV (s))

2 DXF (XV (s), V (s), s)(DṼ XV (s))ç2
Hm

+ çDV F (XV (s), V (s) + êãṼ (s), s)(Ṽ (s))

2 DV F (XV (s), V (s), s)(Ṽ (s))ç2
Hm

ó

dêds
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+
n

æ

j=1

á T

t

á 1

0

ò

çDXAj(XV (s) + êãY â(s), V â(s), s)(DṼ XV (s))

2 DXAj(XV (s), V (s), s)(DṼ XV (s))ç2
Hm

+ çDV Aj(XV (s), V (s) + êãṼ (s), s)(Ṽ (s))

2 DV Aj(XV (s), V (s), s)(Ṽ (s))ç2
Hm

ó

dêds.

From Grönwall’s inequality, we have

sup
tfsfT

çäâ(s)ç2
Hm

ä C(L, T )I(ã). (A.3)

From Assumption (A1), estimates (9) and (A.2) and the dominated convergence

theorem, we have

lim
â³0

I(ã) = 0. (A.4)

From (A.3) and (A.4), we have (7).

Appendix B. Proof of Lemma 2

From (32) and Assumption (B1), we have for (X, V, s) * Hm × Um × [0, T ],

F (X, V, s)|x ä l(1 + |Xx| + |Vx| + W2(X · m, ·0)) ä L(1 + |Xx| + |Vx| + çXçHm
),

therefore, we have

çF (X, V, s)çHm
ä C(l)(1 + çXçHm

+ çV çUm
). (B.1)

From (34) and Assumption (B2), we have

|G(X, V, s)| ä C(l)(1 + çXç2
Hm

+ çV ç2
Um

).

For X, X̃ * Hm and ã * (0, 1), we have

1

ã
[F (X + ãX̃, V, s)|x 2 F (X, V, s)|x]

=

á 1

0

(Dxf(Xx + êãX̃x, (X + ãX̃) · m, Vx, s))7X̃xdê

+

á 1

0

á 1

0

Ē

ã á

Rn

(Då

df

dâ
(Xx, (1 2 ê)X · m + ê(X + ãX̃) · m, Vx, s)

× (X̄y + ·ã
¯̃
Xy))7 ¯̃

Xydm(y)

ä

d·dê.
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By the dominated convergence theorem, we obtain (39). Similarly, by Fubini’s the-

orem, we have

lim
â³0

1

ã
[G(X + ãX̃, V, s) 2 G(X, V, s)]

= E

ãá

Rn

(Dxg(Xx, X · m, Vx, s))7X̃xdm(x)

ä

+ E

ãá

Rn

Ē

ðá

Rn

ð

Då

dg

dâ
(Xx, X · m, Vx, s)(X̄y)

ñ7
¯̃
Xydm(y)

ñ

dm(x)

ä

= E

ã á

Rn

ã

Dxg(Xx, X · m, Vx, s)

+ Ē

ðá

Rn

Då

dg

dâ
(X̄y, X · m, V̄y, s)(Xx)dm(y)

ñ ä7

X̃xdm(x)

ä

,

from which we deduce (43). Arguments for (40), (41), (42), (44) and (45) are similar.

Other arguments for (A1) and (A2) are direct consequences of (39)–(45). We next

prove (46). For any (X, V, s, P, Q) * Hm × Um × [0, T ] ×Hm × Hn
m and X̃ * Hm,

from Fubini’s theorem, we have

DXL(X,V, s; P, Q)(X̃)

= E

á

à

Rn

é

P
7

x DXF (X, V, s)(X̃)|x +
n
â

j=1

(Qj
x)7DXA

j(X, V, s)(X̃)|x

+ (DXG(X, V, s)|x)7X̃x

ê

dm(x)

ã

= E

ëà

Rn

P
7

x (Dxf(Xx, X · m,Vx, s))7X̃xdm(x)

ì

+ E

ë
à

Rn

Ē

í
à

Rn

P
7

x

í

D¿

df

d¿
(Xx, X · m, Vx, s)(X̄y)

î

7

¯̃
Xydm(y)

î

dm(x)

ì

+
n
â

j=1

E

ëà

Rn

(Qj
x)7(DxÃ

j(Xx, X · m, Vx, s))7X̃xdm(x)

ì

+
n
â

j=1

E

ëà

Rn

Ē

íà

Rn

(Qj
x)7

í

D¿

dÃ
j

d¿
(Xx, X · m, Vx, s)(X̄y)

î

7

¯̃
Xydm(y)

î

dm(x)

ì

+ E

ë
à

Rn

ë

Dxg(Xx, X · m, Vx, s)

+ Ē

íà

Rn

D¿

dg

d¿
(X̄y , X · m, V̄y, s)(Xx)dm(y)

îì

7

X̃xdm(x)

ì

= E

á

à

Rn

é

Dxf(Xx, X · m, Vx, s)Px +
n
â

j=1

DxÃ
j(Xx, X · m, Vx, s)Qj

x
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+ Dxg(Xx, X · m, Vx, s) + Ē

íà

Rn

D¿

df

d¿
(X̄y, X · m, V̄y, s)(Xx)Pxdm(y)

î

+
n
â

j=1

Ē

í
à

Rn

D¿

dÃ
j

d¿
(X̄y, X · m, V̄y, s)(Xx)Qj

xdm(y)

î

+ Ē

í
à

Rn

D¿

dg

d¿
(X̄y, X · m, V̄y , s)(Xx)dm(y)

î

ê

7

X̃xdm(x)

ã

,

from which we obtain (46). Similarly, we have (47).
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