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The recent article [arXiv:2307.12552] gave local topological order (LTO) axioms for a quantum
spin system, showed they held in Kitaev’s Toric Code and in Levin-Wen string net models, and
gave a bulk boundary correspondence to describe bulk excitations in terms of the boundary net
of algebras. In this article, we prove the LTO axioms for Kitaev’s Quantum Double model for a
finite group G. We identify the boundary nets of algebras with fusion categorical nets associated
to (Hilb(G),C[G]) or (Rep(G),C%) depending on whether the boundary cut is rough or smooth
respectively. This allows us to make connections to work of Ogata on the type of the cone von
Neumann algebras in the algebraic quantum field theory approach to topological superselection
sectors. We show that the boundary algebras can also be calculated from a trivial G-symmetry
protected topological phase (G-SPT), and that the gauging map preserves the boundary algebras.
Finally, we compute the boundary algebras for the (34+1)D Quantum Double model associated to

an abelian group.

I. INTRODUCTION

Long-range topological order has been studied
extensively over the past few decades [Wenl7]. How-
ever, central questions about the identification of
topological order in a given microscopic model re-
main outstanding. By using the recent formalism
of [INPW23], we identify the topological order of
the Quantum Double model in both two and three
dimensions by computing their nets of boundary al-
gebras.

One of the foundational principles of topological
physics is bulk-boundary correspondence [Wen91l
KMO05, [CCM™ 14, WWTH, [PSBT6], which we loosely
interpret as meaning that information at the bound-
ary determines information about the bulk topolog-
ical order. Instances of bulk-boundary correspon-
dence include:

e The edge currents in integer quantized Hall
systems give rise to an integer quantized Hall
conductance which then constrains the bulk
Chern number [Lau81], [Hal82 [ASS8&3].

e The boundary of a (241)D topological quan-
tum field theory may host a (14+1)D confor-
mal field theory (CFT) [ABB™20] which may
be used to at least partially identify the bulk
theory, for example, through entanglement en-
tropy [QKL12, [FWP™17, [LSHT9].

e The ‘local’ representation theory [Jon23|] of
the boundary algebra formulated in [JNPW23]
(see also [CW23]) for the Levin-Wen model
recovers the category of anyonic excitations,
namely the Drinfeld center.

Identifying a topological phase from its bound-
ary algebra has several advantages. First, as we
demonstrate, this procedure does not require any
special knowledge of the string operators of the the-
ory. In comparison, although [KT.20] did not re-
quire knowledge of the string operators to identify
the phase of matter in a microscopic model, they
did assume the possibility of finding some specific
local operators. The article [SKK20] gives another
method to determine modular data of the bulk the-
ory from a ground state satisfying an area law, but
at this time, the associators/F-symbols remain out
of reach. Both of these approaches operate in the
bulk[]

As an aside, we expect that the boundary alge-
bra method is amenable to numerical studies. Given
a Hamiltonian on a finite lattice it should be possi-
ble to gain enough numerical information about the
boundary algebra to identify it in full, at least on
this finite lattice.

The recent article [JNPW23] gives mathemat-
ical axioms for a (2+1)D quantum system to
be locally topologically ordered (LTO) building on
the topological quantum order (TQO) axioms of
[BHM10]. Given such a spin system and a choice

I Since this article was posted to the arXiv, two articles re-
lated to [SKK20| have appeared. The article [KLRS24]
shows that if the entanglement entropy of a quantum state
satisfies a strict area law, it can be obtained as the ground
state of a commuting projector Hamiltonian, and the arti-
cle [KR24] constructs a finite depth quantum circuit taking
such a state to a string net ground state. The approach of
this latter article uses boundary excitations, and not just
the bulk theory, to reproduce the desired fusion category.



of half-plane bounded by a 1D sub-lattice, one as-
sociates a 1D net of boundary algebras I — B([)
along the sublattice. It is conjectured that the DHR
bimodules [Jon23| of the boundary algebra describe
the localized anyonic excitations of the bulk theory,
giving a bulk-boundary correspondence.

This corrspondence has been verified for Ki-
taev’s Toric Code [Kit97] and the Levin-Wen string
net model [LWO05], [LLB21]. For both these models,
the boundary net of algebras I — B(I) is described
by a fusion categorical net [JNPW23]. In more de-
tail, given a unitary fusion category (UFC) C, we let
X = @CGIH(C) ¢ be the direct sum over all simples.
The fusion categorical net is given by

I — Ende (X1,

where |I] is the number of sites in the 1D interval
I. Tt was shown in [Jon23| that the DHR bimodules
of this fusion categorical net is braided equivalent
to Z(C), the Drinfeld center, which is well known
to describe the anyonic excitations. In the case of
the Toric Code, C = Hilb(Z/2), giving the double
D(Z/2) as the anyonic excitations [Kit03].

In this article, we verify the LTO axioms for Ki-
taev’s Quantum Double model [Kit03], and we verify
the bulk-boundary correspondence by showing the
nets of boundary algebras are again fusion categori-
cal nets.

Theorem A. The Kitaev Quantum Double model
for a finite group G satisfies the LTO axioms of
JINPW23)]. The boundary algebra for a rough cut is
the fusion categorical net for Hilb(G) with generator
C|G], and the boundary algebra for a smooth cut is
thg fusion categorical net for Rep(G) with generator
C-.

The UFCs Hilb(G) or Rep(G) are equivalent
when G is abelian, but not when G is nonabelian.
However, both nets have the same category of DHR
bimodules as Z(Hilb(G)) = Z(Rep(G)), which is
the well-known category of excitations for Kitaev’s
Quantum Double model [Kit03].

While the first part of this theorem was com-
pletely expected, the second part is somewhat sur-
prising in light of [INPW23, Rem. 4.10]. There,
boundary algebras for the version of the Levin-Wen
model from [KonT4, (GHK™24] in which degrees of
freedom are located on vertices were computed. It
was shown that Levin-Wen models for Hilb(S3) and
Rep(S3) give highly different limit AF C*-algebras
lim B(I) that are not stably isomorphic. However,
for the Kitaev Quantum Double model, the limit AF
C*-algebras are both the same UHF (ultra hyperfi-
nite) algebra M.

In contrast to [JTNPW23, Thm. B], we have the
following somewhat surprising result.

Theorem B. The canonical state v restricted to
the boundary algebras of the Kitaev Quantum Double
model is always tracial.

For the version of the Levin-Wen model studied
in [JNPW23], the canonical state gives a trace on the
boundary algebra if and only if the UFC is pointed,
i.e., every simple object is invertible (d. = 1 for all
¢ € Irr(C)). Thus the canonical state for the Levin-
Wen model for Rep(G) is not tracial when G is non-
abelian, in contrast to Theorem [B| above.

Moreover, Theorem [B| gives a corollary concern-
ing cone algebras for the Kitaev Quantum Double
model, which have been used to study the superse-
lection theory in the algebraic quantum field theo-
retic sense [FN15]. Recently, Ogata proved that the
cone algebras for the Quantum Double model are
type Il factors [Oga22]. Our theorem provides an
independent proof of this result.

We also compute the boundary algebra of
the Quantum Double by recognizing that it is a
non-twisted bosonic lattice gauge theory [KogT79,
HWW13]. In particular, it is the gauge theory of
a trivial G-Symmetry Protected Topological phase
(G-SPT). The gauging map provides a dictionary
between the low energy operators of the two the-
ories. The utility of this fact for our purposes is
expressed in the following theorem.

Theorem C. For a finite group G, the boundary
algebra of a bosonic G-SPT is isomorphic to that of
the corresponding gauge theory. In particular, the
boundary algebra of the trivial G-SPT is isomorphic
to the boundary algebra of Kitaev’s Quantum Dou-
ble.

Unlike long range topological orders, it is known
how to uniquely identify the bulk bosonic SPT order
from the boundary theory in (2+1)D [EN14, KTL21].
In fact, it is known how to compute the bulk or-
der from certain operators in the boundary algebra
specifically [KL21]. Tt is therefore reasonable to an-
ticipate our result: one can identify the bulk phase
of matter of the Quantum Double, a dual theory of
the trivial SPT, from the boundary algebra of the
SPT.

Finally, in order to demonstrate how to apply
our methods in three spatial dimensions, we com-
pute the boundary algebra of the 3D Quantum Dou-
ble where the underlying group is abelian. We be-
lieve that our arguments may be extended to any
dimension.



II. LOCAL TOPOLOGICAL ORDER
AXIOMS AND BOUNDARY ALGEBRAS

In this section, we give a brief overview of the
local topological order axioms given in [JNPW23|,
simplified to the (2 + 1)D spin system setting. For
more detail we refer to reader to Sections 2.1 and
2.2 of that paper.

Let £ C R? be a 2D lattice, where each site £ € £
carries C? spins. For simplicity, we assume £ is ei-
ther Z2 C R? or the 2D edge lattice. The quasi-local
algebra A is the UHF (uniformly hyperfinite) infi-
nite tensor product C*-algebra @), ., M4(C). For
a bounded rectangle A C L, we define the local
operators A(A) = @ cp Ma(C). The assignment
A — 2A(A) forms a net of algebras satisfying the fol-
lowing axioms:

o A(0) = Cly,
o If A C A, then A(A) C A(A),
o If A1 N A2 = @, then [Q[(Al),m(Ag)] = 0,

s Ua) = 2.

Note that there is a canonical action of Z? on 2
by translation. For g € Z2, g-2A(A) = A(g + A).

Definition II.1 (Net of projections). A net of pro-
jections is an assignment of an orthogonal projector
pa € A(A) satisfying pa < pa (papapa = pa) if
A CA.

All nets of projections in this article are assumed
to be translation invariant, i.e., g-pa = pg+a for all
g €72

Remark I1.2. A net of projections is only required
to assign projections to rectangles which are suffi-
ciently large, meaning that there is a global constant
r > 0 such that A contains an r X r square. If a rect-
angle A is not sufficiently large, we set py := 1, which
extends p to a well-defined net of projections on all
rectangles.

When L is the edge lattice, we count r by pro-
jecting sites down to the 1D slices in the x and y
direction. For example, the following rectangles are
sufficiently large for the specified r values below.

® o
o Jo
o Jo

o o
oo

r<7

For our example, we work with the edge lattice
and r = 3.

Definition I1.3 (Surrounding regions). Let A and
A be rectangles in £ with A C A. Fix a surrounding
constant s > 0. We say:

e A Cs A if every lattice point £ € A\ A is con-
tained in an s X s rectangle contained entirely

in A\ A.
L = edge lattice
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L L & L L L <
0L * lDLD K. Jl 53
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In the cartoon above, 9A N OA consists of two
disjoint intervals on the top and bottom, each
consisting of one point.

e A is completely s-surrounded by A, denoted
A<, A if AC, A and OANOA = ().

L = edge lattice
r<3

s<2

A is blue

A is red
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o A is (incompletely) s-surrounded by A, de-
noted A €; A, if A C; A and A NIA is
a non-empty 1D interval in £, which lies on
exactly 1 side of A and A.

ot oto L = edge lattice
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In the cartoon above, A N A is the single
interval consisting of one point on the right
hand side.

We now choose a half-plane H C Z2? whose
boundary OH intersects £ in a 1D sublattice H = Z.
We identify OH = Z below.

Definition I1.4 (Boundary algebras). For an inter-
val I C OH = Z, we define:

e A; C H is the smallest sufficiently large rect-
angle with OA; NOH = I, and

e A; C H is the smallest rectangle such that
A @s Ay and OA;NOAr = 1.

The boundary algebra B(I) is the C*-algebra con-
sisting of all operators of the form xpa, such that



oz € pp,A(Ar)pa, and

e pa = pax whenever A; €5 A with dA; N
OA =1.

We provide local topological order axioms that
are equivalent to the ones given in [JNPW23].

Definition I1.5 (Local topological order). We say
that our net of projections has local topological order
if the following hold:

(LTO1) If A <, A, then

pPAA(A)pa = Cpa,

(LTO2) If A €, A C H with OANIA = I C OH and

I # (), then
PAU(A)pa = B(I)pa,

(LTO3) If A; €, A C H with JANJA; = I C OH

and I # (), then for x € B(I), zpa = 0 implies
z=0.

Construction I1.6. Given a net of projections sat-
isfying the local topological order axioms, the al-
gebras B(I) form a net of algebras. In particular,
we have that if I C J, then we have an inclusion
B(I) — B(J) given by x — apa,. This map is in-
jective by Furthermore, I — B([I) forms an
inductive system, so we may take the inductive limit
B = lim B(I). One can also show that if IN.J =0,
then [B(I),B(J)] = 0. Hence I — B(I) forms a net
of algebras as defined in [Jon23] [JTNPW23].

Given a net of projections satisfying LTO1)]
we have a pure state ¢: 2 — C given as follows: for
x € A(A), we have that ¢(x) is the scalar given by

pAaTpA = Y(x)pa,

where A is any rectangle satisfying that A <, A.
The fact that 1 is well-defined and is a pure state is
shown in [JNPW23|. Importantly, )(ps) = 1 for any
rectangle A, which implies that ¢ (zpp) = () for
all x € /. Furthermore, 1 is translation invariant
assuming that the net of projections is as well. We
also have that v extends to a state ¢y on B, given
for z € B(I) by ¥g(x) = ¥(z). Note that g is
well-defined since ¥ (zpa) = () for all x € 2.

Now, consider the half plane H used in Defini-
tion[[T.4] and let 2y be the C*-algebra generated by
2A(A) for A C H. We then have a quantum channel
E: 2y — B given for z € A(A) by

pazpa = E(x)pa,

where A is any rectangle satisfying that A €5 A with
OANOA # (). The fact that E is a well-defined uni-
tal completely positive map is proven in [JNPW23].
Furthermore, E(z) = z if z € B.

III. BOUNDARY ALGEBRAS OF THE
KITAEV QUANTUM DOUBLE MODEL

A. Quantum double model

In this section we give a brief overview of the
Quantum Double model originally defined in [Kit03].
Consider a finite group G. Given a square 2D edge
lattice £, we associate C%-spins to each edge of
the lattice. The computational orthonormal basis is
given by {|g)|g € G}. Observe that {L,P,|g,h € G}
forms a system of matrix units for B(C%) where L,
is left translation by ¢ and P is the minimal pro-
jection onto |h):

Lg|k> = |gk> Ph|k> = 5h:k|k>~

The operators Ly, P, satisfy the following exzchange
relation:

LyPp = lgh)(h| = PonLy.

Since the action of G on itself is transitive, for each
g,h € G, there is a unique £ € G such that Ly P, =
Py, L;; this k is necessarily equal to hg~!.

Instead of left translation operators, we can also
use the right translation operators I, given by

Ry|k) = |kg).
We have the similar exchange relation
Ry Py = |hg)(h| = PhgRy.

Notation III.1. When only discussing a single site
with C%-spins, we write our operators as P,, Ly, R,.
When there are multiple sites, we indicate the
location of operators by either drawing pictures
with sites labelled by these operators, or we write
P?, L7, R} for the operators Py, Ly, R, respectively
acting at site j.

We now define the interaction terms for our
Hamiltonian. The only nonzero interaction terms
correspond to stars and plaquettes in the edge lat-
tice, illustrated below:




and the plaquette term B, = ﬁ Ygea BY is the
average of the translation operators

B(g) = R,—1e P oL, . (1)

We observe that [AS, B;,g)] =0 for all s,p C A and

g € G. For a rectangle A, our local commuting pro-
jector Hamiltonian is

Hy = Z(I_As) + Z(I_Bp>7

SCA pCA

and the projection onto the local ground state space

18
PA = H As H Bp.

sCA pCA

Observe that py absorbs all A and Bl(,g) for s,p C A
and g € G.

Definition III.2. Let A C £ be a rectangle, and
let ¢: A — G. Note that we identify A with the set
of edges contained in A; we will continue to do this
without further comment. We define the operators
Le = Qyen L&Y and P, = Qyea P9, Observe
that every x € 20(A) can be written as a linear com-
bination of operators of the form L., P,,.

We say ¢c: A — G is flat if P, = A;P.A, for all
stars s C A, and we call P, a flat operator.

Py
g

P
Example II1.3. s is flat iff gh = (k.

Py,

B. Local topological order axioms

We now prove that the LTO axioms in Defini-
tion hold for our model, where the surrounding
constant is s = 2. To ease the notation, we write <
and € to denote <5 and Es.

The version of originally due to
[BHMI0] was proven in |[CDHT20|. Another proof
can be adapted from [Naal2, Thm. 12.1.3 and
Lem. 12.1.2]; we rapidly recall this latter strategy.

Theorem III.4 (|CDH"20, Naal2]). The axiom

(LTO1) holds for Kitaev’s Quantum Double model;
ie., if A< A, then paU(A)pa = Cpa.

The second proof proceeds in the following steps.
First, we may assume that x € 20(A) is of the form
L., P, for ¢c1,co: A = G.

Step 1: If pazpa # 0, then pazpa = paPe,pa, and ¢z

is necessarily flat.

Step 2: Whenever fq, fo: A = G are flat, paPp,pa =

pAszpA~

Since Zﬁat ¥ Py = HSCA As, pa Zf fat DFPA = DA,
so we can conclude from the above two steps that

1
number of flat con A P2

PATPA = paPe,pa =

Since we will modify the above steps to prove

(LTO2)| below, we include complete proofs of the
above steps.

Proof of Step 1. The strategy has two parts. First,

we use the plaquette translation operators B;g ) for
plaquettes p C A to cancel off the L., term, i.e.,

BYY ...BY L P. =P, . Since pa absorbs every
B,(,g), this proves that

paLe,Pe,pa = paBy") - BY") L, Peypa
= paPe,pa.

Second, the only way pa P.,pa # 0 is if co is flat, as
AsP.,As # 0 for all s C A if and only if ¢y is flat,
and pa = HscA As HpcA By.

The cancellation algorithm proceeds as follows.
Without loss of generality, we will assume that A
has the form shown below.

We proceed from the left boundary of A. First, we
may assume that L;lu) = [ for all leftmost edges ¢,
as otherwise AsxAs = 0, where s C A is the star
that intersects A at exactly the edge ¢. We now
consider the next column of smooth edges. If ¢ in
this column is an outermost edge, then L;l(é) = [ for
the same reason as above. If £ is not an outermost
edge, then due to the relations

RthPk = Lhkgk—lpk and LthPk = Lgth,
we can apply a B,(;g) to the right of [ such that

B’ L, P., = Ly P,,, where Ly (f) = I. We re-
peat this procedure for other non-outermost edges



so that Lz,l ® — I for all edges in this column. Note

that L;ll @ — I for all edges in the next rough col-
umn, otherwise A;xAs; = 0 for some A;.

Moving left-to-right in this way, we eventually
obtain that By - BY" L. P., = L, P.,, where
Ler () = I for all edges to the left of the rightmost
smooth column. In particular, L., is supported on
at most two consecutive columns of edges. We then
have that L., = I using the argument for the rough
edges repeatedly, working from the outside in. [

Proof of Step 2. We will prove that paPppa =
paPy,pa for any two flat operators Py, and Py,, and
hence prove the theorem. Without loss of general-
ity, we will assume that A has the form shown below,
where all four sides of A have a smooth boundary.

To prove this, we first show that there exist g; €
G and p; C A such that

1B Py, HBf,fi )= Py,
=1 =1

where Py, and Py, agree on all edges except for those
on any smooth boundary of A. (Note that in the
particular region A depicted above, we will actually
have p; € A, but this need not be the case more
generally.) Observe that f{: A — G is necessarily

flat since each B,()g ) commutes with every A (and

hence preserves the image of each Ag). Then, by

applying more B,(,g )

that

terms with p C A, we will have

n n

s (o7 ")
[1BY P, [ By ' = Py
=1 =1

Since pa absorbs every B,(,g), this shows that
paPrpa = paPr,pa.

Let Py, and Py, be two flat operators. We fix the
edges not along a smooth boundary by proceeding
from the rightmost column of such edges. Due to
the relations

RgPhRgfl = Phg and LgPthf1 = Pgh,

for each inner edge of this column, going from the
top-most inner edge to the bottom-most, we apply

some Bz(,g ) where p is the face below it to obtain

k k .

[T 1108 =
i=1 i=1
where Py, agrees with Py, on this column of edges
and is a flat operator.

We move to the next column of edges. Due to
the same exchange relations, for each edge, we apply
a B;()g ) where p is the face to the left of it to obtain

2k+1 2k+1 )
II B Py 11 B 7 = Py,
=1 =1

where Py, agrees with Py, on this column of edges
as well. Since Py is a flat operator, it also agrees
with Py, on the next column of edges. We repeat this

procedure by applying B,(,g ) operators to the columns
consisting of vertically-oriented edges, and we obtain
that

m m 1
[I By Py, HBz(:fi =Py,
i=1 1=1

where Py, and Py, agree on all but the edges along
any smooth boundary of A.

We now deal with the edges along the smooth
boundaries of A. For any such edge ¢, we ap-
ply some BI(,g) where the plaquette p C A in-
tersects A at exactly this edge. We then obtain

H?:l Blg?7)Pf1 H?:l Bl(ﬁq ) = sz' 0

We now prove |(LTO2)l In our proof, we will
consider the case A € A where I = 0A N IA is

nonempty and vertical and A, A both lie to the left
of I. Using the notation in Definition [[I.4] we have
that OH is vertical and H is the left half plane. The
other cases can be handled similarly.

Our proof of will make use of the algebra
¢(I), which we later show is isomorphic to B(I). Let
I C A be the set comprising the edges in I and the
column adjacent to I. The algebra €(I) if I is a
rough interval is given as below:

AL
R,
Ry-1¢ p Q](f”
'3 Ly
| -

PR E—

e(1) = ¢ { Py, Q)

KCIaPCTaglaQQ GG}



Next, we define Sgg) to be the projection

Py,

P,
Sgg) = E £ 5 og
ké=hg P,

The dotted edge above represents a ghost edge, which
is not actually a part of S£9 ). While this ghost edge
would be a part of the corresponding A, operator,
we delete it here to obtain a projection that only
acts on 3 sites. The group element g that would
have labelled the ghost edge can be recovered from
h, k,¢ and the defining relation of the Ay operator.

The algebra €(I) for the smooth interval case is
then given as below:

Ry RZ

e(1) = ¢+ {54, R

éCI,sCf,gl,ggeG}

The generators can be viewed as Ay and B,(,g) oper-
ators restricted to the boundary.

Theorem II1.5. The aziom [(LTO2) holds for Ki-
taev’s Quantum Double model; i.e., if A € A with
OANOA =T #0, then paA(A)pa = B(I)pa.

This proof proceeds in the following steps. First,
we will show that paRg(A)pa = €(I)pa. This will
prove the desired claim, since by how B(I) is de-
fined, we will have that

C(I)pa, €B(I) C pa,A(Ar)pa, = €(I)pa,.

We will prove the case where I is a rough in-
terval since the proof of the smooth interval case is
analogous. Note that as before, we may assume that
x € A(A) is of the form L., P., for ¢;,co: A — G.
We then have the following two steps, analogous to
the two steps in the proof of Theorem

Step 1: If paxpa # 0, then
PATPA = H QY¥)paPe,pa
i=1

for some Qg,fi), and cy is necessarily flat.

Step 2: Let S be the set of ¢: A — G such that c is

flat and ¢(€) = ca(¢) for all £ € I. Then for all
cs € 5, we have that pa P.,pan = paFPe,pA.

Note that since

SR A TR

ces sCA el

we can conclude from the above two steps that

L YT ¢
PATPA = g [Ty TP “pa.
=1 lel

Proof of Step 1. Observe that the region I has the
following form:

—e—lni1

By the first step of Theorem there exist op-
erators BY with p C A such that [[ B L., P., =
L Pe,, where L. is supported on I. In addition,
we have that ¢ (¢) = e for outermost edges £ in I\ I.

Due to the exchange relations shown before,
there exist operators Ql(fil), SRR 1(,“,3:‘) such that
T, éfi)Lc/l P., = L P.,, where the support of
LC/{ is on I. Furthermore, its support is empty, oth-
erwise AsxzAs = 0 for some s C A that intersects 1.

Therefore, Lo = 7, Q,(,j_ ), and hence

29

n
-1
pazpa =[] Qi 'paPuypa.
=1

In addition, P., is a flat operator, as otherwise
pAPcsz = O' D

Proof of Step 2. Let c3 € S. The result follows by
the proof of the second step of Theorem[[IT.4] Specif-

ically, we proceed from the right boundary, and we

apply B

left of a vertically-oriented edge.
ment from that proof, we have that

operators where each p C A lies to the
Using the argu-

k k
-1
| CEN |
=1 =1

SO pAPC3pA = pAPCQPA' O



Remark III.6. We observe that we have canonical
bases for €(I) in both the smooth and rough cases.
Let n := |I]. If T is rough, then the following is a
basis for €(I):

n

n—1
{H@%WP%
=1

i=1

Gis hi EG}~ (2)

Here py,...,pn_1 are the n — 1 partial plaquettes in

I and ly,..., 4, are the n edges of I. Similarly, if I
is smooth, then the following is a basis for €(I):

n n—1
ﬁﬁ%ﬂ%?

i=1 =1

giyhieG}- (3)

As before, {1,...,¢, are the n edges 0f~f7 and
S$1,...,8,_1 are the n — 1 partial stars in I. Note
that in both cases, the dimension of €(I) is |G|?" L.

Remark ITI.7. We also provide a description of the
image of pa for certain rectangles A. First, suppose
A has the following form:

In that case, the image of pa has a basis whose el-
ements are the sum of all flat simple tensors with
the same labels for the boundary edges. There is
also a condition on the boundary labels in order for
there to exist flat tensors with that particular label-
ing; this condition is analogous to the condition for
A,. Now, suppose A has the following form:

- . - —NA

In that case, the image of pa has a basis whose ele-
ments are the sum of all flat simple tensors obtained
by applying a sequence of Bég ) operators to a simple
tensor with every interior edge labeled by the iden-

tity. One can verify these characterizations by using
step 2 of the proof of Theorem [[T[.4]

Theorem III.8. Suppose that we have rectangles
AEA with OANIA =T # 0.

(1) If 1 is rough, then v € €(I) and zpan = 0
implies that x = 0.

(2) If I is smooth, then x € €(I) and xpa = 0
implies that x = 0.

Proof. We prove the second case, and the first is sim-
ilar and left to the reader. We let n = |I|. Without
loss of generality, we may assume that A has the
following form:

We first prove the following lemma.

Lemma ITL.9. Let |¢) be a flat simple tensor whose
interior edges are all labeled by the identity. Then
the set

n
pAHR}?JJ‘C> gis---59n eq
j=1

1s linearly independent.

Proof of Lemma. For each distinct n-tuple of group
elements (g1,...,9n), we obtain a distinct flat sim-
ple tensor H?:I R?; |e), and each of these flat simple
tensors have interior edges labeled by the identity.
For a flat simple tensor |[v), palv) is a scalar mul-
tiple of the sum of all flat simple tensors obtained
from |v) by applying a sequence of Bl(;g ) terms. In
particular, we obtain that for each distinct n-tuple
(91,---,90) € G, pa ]y R‘ij |e) corresponds to a
distinct element of the basis for the image of pa de-
scribed in Remark [IL7 above. O

Now, let € €(I). Then z = a1 + - - - + arxy,
where the x; enumerate the canonical basis for €(I)
(so k =|G|*"~1). Suppose zpa = 0. Then

k
IPA = PAT = Zaipri =0.
i=1
Now, let |¢) be a flat simple tensor whose inte-
rior edges are all labeled by the identity. Then
|c) € im (H?;ll Sgl)) for exactly one (n — 1)-tuple



(h1,...,hn_1) € G"1. Without loss of generality,
we may assume i,...,T,;, are the basis elements
satisfying that z; = [[}_, Rfj’f’j H;:ll Séfj ). where
(h1,...,hp—_1) is the specific (n—1)-tuple mentioned
above. (Note that m = |G|™.) Then

k m
0= apazilc) = aipawilc)
i=1 i=1

m n
= Z a;pa H Rg;’j |c).
i=1 j=1

Now, for each i = 1,...,m, pal[j_, RZ;’j|C> is a
distinct element of the linearly independent set de-
scribed in Lemma [[I.9] Hence a; = 0 for all
t =1,...,m. Letting |¢) vary over all flat simple
tensors with interior edges labeled by the identity,
we obtain that every a; = 0, as desired. O

Remark II1.10. Note that since €(I)pa, = B(I),
by Theorem we have that €(I) = B(I). Hence
Theorem implies that is satisfied for
Kitaev’s Quantum Double model.

C. Abstract characterization of the boundary
algebras

In this section, we prove Theorem [A}

(1) If I is a rough interval with n horizontal

boundary edges, then we have that €(I) =
Endpyiin(c) (C[G]®").

(2) If I is a smooth interval with n vertical bound-
ary edges, then €(I) = Endgep(c) ((CY)®™).

We provide two proofs of these results. The first is
a direct proof, whereas the second is a quicker proof
using fusion category techniques. Although the local
algebras €(I) are not isomorphic when G is non-
abelian, the limit AF C*-algebras lim | €(I) are both
equivalent to the same UHF algebra M|g|o.

1. Direct proof

We first analyze the rough boundary algebra.
Observe that the algebra

e(r) = c* { P, Qi)

‘€C17pci91,92 GG}

Al A
PR, Ry
]
Ry ¢ p I()g) s p Q}(f?)
L L
P g g
L g ——
[ ]
1 )

is *-isomorphic to the algebra

(1) = { P2, Q)

€7pclagl7g2 EG}

Thus the boundary algebra €(I) is #-isomorphic to
an algebra which acts only on the horizontal edges
of the boundary.

We now identify the Hilbert spaces on the rough
horizontal boundary edges with C[G] with canonical
ONB {|g) }4ec viewed as a G-graded Hilbert space.
That is, when I consists of n horizontal boundary
edges,

n

®(C[G] = @span ® lg;) ng =9 (4)

geG j=1

Vyi=

is the decomposition of the tensor product Hilbert
space into its g-graded components. Observe that
the set in above gives a distinguished ONB of
Vg, and thus dim(V,) = |G|~ for each g € G.

Theorem III.11. Fach g-graded subspace Vg is
D(I)-invariant, and D (I) acts irreducibly on each V;
as a full matriz algebra isomorphic to Mgpn—1(C).
Thus

D(I) = Endpin(c) (CIG]®™).

Proof. First, observe that the generators of D(I)
map elements of the distinguished ONB of V; from
to other elements of the ONB, and thus Vj is
D (I)-invariant.

It remains to prove D (I) acts irreducibly on each
Vgy. To do so, we construct a system of matrix units
in the restriction of ®(I) to V,. We denote the re-
striction of the generators to V,; by the same name
to ease the notation.

When g;---g, = g, observe P{* .- P is the
minimal projection onto (C®;L=1 lg;) C Vg, where
the subscript denotes that PY* acts at site i. When
in addition hq ---h, = g, the partial isometry from

C®j_, lg;) onto CQ7_, |hy) is given by

hi1 hn, g1 n
PM... phngpor... pg



. = (k
where z is a product of generators of type Qz(j ).
hplyhy 'hitgig2-gn—1 g, Ly 95 gy Thihaha s
x :(Lnn 1 2 1 Rnn_ll 2 1 )

hy "hi 9192 pgs '9r thihay phy g1 pgt ha
e (L:s Rz )(Lz R1 )

These n — 1 operators switch the first n — 1 |g;) to
|h;) and the last |g,) to

| h;il T hQ_lhl_1 9192 Gn—19n) = |hn)

=hng=? =9

as promised. O

We now turn our attention to the smooth
boundary algebra. As with the rough case, we first
make the observation that

e(1) = C* {5t R

ZCIaSngth EG}

A ® A L 4
3 ~ '3 (5)
Ry¢| RY R.e| R
> [ ]
— —

is *-isomorphic to

(1) = C* { S, Ry

S,ECI,gl,ggeG}.

Thus similar to before, the boundary algebra €(I)
is x-isomorphic to an algebra which acts only on the
vertical edges of the boundary.

We now identify the Hilbert spaces on the
smooth vertical boundary with C¢ Fun(G —
C), which each carry the left regular representation
given by (Lyf)(h) = f(g~'h). In bra-ket notation,
lg): G — C is the Dirac delta function at g, and
Lg|h) = |gh). Observe there is a diagonal G-action
on the tensor product Hilbert space @, C% given
by Uy ®’_y fj = @, Lyfj, so we may view the
tensor product Hilbert space as an object in Rep(G).

Theorem III.12. The C*-algebra ®(I) acting on
®;-l:1 C% is exactly the G-equivariant endomor-
phisms, i.e.,

(1) = {T € End(C%)®"|TU, = U,T Vg€ G}.

In particular, D (I) = Endgep(a) (@), C°).
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Proof. Observe that the generators of ©(I) com-
mute with the diagonal G-action on (CY%)®") so
D(I) C Endgep()((CE)®™). Equality follows by a
dimension argument. It is well-known from fusion
category theory (see also below) that

dim Enduip(c) (C[G]*") = dim Endgep(a ((C9)®™).

We know that the dimension of €(I) = ©(I) is the
same for both the rough and smooth boundary alge-
bras from the bases in and from Remark
As we already identified the rough boundary algebra
in Theorem above, the result follows. O

2. Fusion categorical proof

We now give a quick fusion categorical proof of
Theorem [A] using Vaughan Jones’ shaded planar al-
gebras [Jon21].

Consider the 2 x 2 unitary multifusion category

Hilb(G)  Hilb
( Rep(G)>

where the top right copy of Hilb is Mod — C[G] in
Hilb(G) generated by X = C[G]c[qg), and the bottom
left copy of Hilb is C[G] — Mod in Hilb(G) generated

by X = ¢|gC[G]. Observe that

Hilb

X ® X = C[qG] Acaq) ClG] = C[G]

as G-graded Hilbert spaces, and
cie1X ® Xegg) = ] ClG] @ CGleig)-

Under the equivalence of categories between
Bim(C[G]) C[G] — Mod — C[G] in Hilb(G) and
Rep(G) [Yam02, §5], the above space corresponds
to CY. In particular, observe that the algebra of
C[G] — C[G] bimodular endomorphisms of X ® X
in Hilb(G) is spanned by the translation operators
T, = R;l ® Lg, which preserve the G-grading.
Vaughan Jones’ shaded planar algebras [Jon21]
give an elegant graphical representation of this mul-
tifusion category. We denote X as an unshaded-
shaded strand, and X by its horizontal reflection:

X = X =

Fusion products of X and X are given by hori-
zontal juxtaposition. Note that End(X ® X)
Endyibc)(C[G]) is generated by the projections
P, onto the simple objects, and End(X ® X)

~

o~



Endgep(a) (C%) is generated by the translation op-
erators T;. Graphically, we represent P, and T, as
follows:

We then have that the following exchange relation
is satisfied [Lan02, §7] (This shaded planar algebra
is actually the standard invariant of the group sub-
factor R C R x G; see [Lan02] for more details).

For the rough boundary algebra, the operators P/
and Q,(,g ) satisfy these relations, with P; playing the

role of P, and Qz(jg) playing the role of Tj,. Hence, if
I is rough with |I| = n,

¢(I) = Endyi(c) (C[G]®™).

Similarly, for the smooth algebra, S§9 ) and RY satisty
these relations. Hence if I is smooth with |I| = n,

Q:(I) = EndRep(G) ((CG)®n)

This proves Theorem [A]

Moreover, this 2-shaded proof also shows that
both limit AF C*-algebras are isomorphic to Mg
Indeed, ligEndH”b(G)((C[G]@”) is classified by the
Bratteli diagram [Gli60, Bra72, [EII76]

(6)

where {g1,...,gx} is an enumeration of G. Here,
Endip(e) (C[G]®™) corresponds to the k = |G|
nodes of on alternating levels which correspond
to the |G| summands of size |G|~ at depth (n+1)/2
(where we start counting at depth 0). Similarly,
@EndRep(G)(((CG)@”) is is classified by the Brat-
teli diagram

i i
ma mi ma ma
1 0 0 (7)
my J my J
Vi Vi

where {V1,...,V;} is an enumeration of the irreps of
G, where m; = dim(V;) for all i. The result follows

by the fact that |G| = Y>/_; m7 (and |G| = k).
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In fact, our planar algebraic proof above actu-
ally contstructs a bounded spread isomorphism be-
tween the nets of algebras

Q:rough(-[) = EndHiIb(G)((X ®Y)®‘I|)
Q:smooth(l) = EndRep(G)((Y @ X)®u‘)

on a Z lattice. Indeed, the 2-shading allows us to
define canonical inclusions of algebras

dg ®—®idx

Endyi () (C[G]*") ———— EndRep(G)((CG)@nH)

idx ®—® idy

EndRep(G)(((CG)@n) 5 Endpin(c) (C[G)®™ 1)

for all n. Thus the local algebras of the two in-
ductive limit AF C*-algebras are mutually nested,
which gives a manifestly bounded spread isomor-
phism between the two nets of algebras in the sense
of [Jon23]. (This nesting technique was also used
recently in [KJST24, §IV.E] to achieve a bounded
spread isomorphism between two nets of algebras.)

D. Canonical state on the boundary algebra

In this section, we compute that the canonical
state ¢ on B = lim, B(I) is a trace, connecting to
[Oga22] on the type of cone von Neumann algebras.

A cone A consists of all edges intersecting the
region enclosed by two raysEl, as illustrated below:

Na

}1’

We then define the algebra 2A(A) C 2 to be the C*-
subalgebra generated by all 2(A) ranging over all
rectangles A contained in A. By [Naal2|, the state
1 on 2 is the unique translation-invariant ground
state for the Quantum Double model. Hence the
cone algebras studied in [FNT5] [Oga22] are given by
Ty (A(A))”, where 7y, is the GNS representation for
¢. The article [Oga22] shows these von Neumann

2 The article [Oga22] uses a slightly different definition. In
her paper, she only considers edges that are completely
contained in the region enclosed by the two rays. However,
she uses a dual convention to ours for the Quantum Double
model, so this definition more closely aligns with hers when
the differing conventions are taken into account.



algebras are type IIOOEL She did this essentially by
showing that the state i restricted to the compres-
sion of 7y (2A(A))” by the infimum of the projections
pa € A(A) is a trace. (Her approach exactly yields
this result in the case where the cone is in fact a
quadrant or a half-plane and has its vertex at the
center of a face.)

In what follows, we consider the case where the
cone is a half plane H. In the case where the bound-
ary of the half plane is rough, this is an example of a
cone under the definition of [Oga22]. The more gen-
eral case can be treated by adapting our work. We
prove that 7y ()" is a type Il factor both when
the boundary of H is rough and when the bound-
ary of H is smooth. Indeed, for B = IEB(I),
Ty (B)" is exactly the compression of 7y, (Aw)” by
the infimum p of the projections pa € Ay, where H is
the half-plane used in Definition[[T.4] Hence by prov-
ing that 1 is a trace, we have that pmy (m)”p is a
type II; factor, as the Bratteli diagram is stationary
and periodic by . The fact that this is true when
the boundary of H is smooth is slightly surprising,
since in that case B(I) = Endgep(q)((CY)®"). In-
deed, the Levin-Wen model corresponding to Rep(G)
studied in [JNPW23| gives type III factors when G
is not abelian.

Theorem IIL.13. Let B = hgl%([) as in Con-
struction[II.6, Then the canonical state g on B is
tracial.

Proof. Tt suffices to show that for each interval I,
Y (xy) = Yo (yz) for all z,y € B(I). The map
€(I) — B(I) given by = +— zpa, is an isomorphism,
and for all x € €(1)

=Y(x).
= (yz

s (prI) = '(/)(prI)

Hence it suffices to show that 1 (zy)
z,y € €(I).

We first consider the case where [ is

smooth. Let n denote the number of edges in

I. Then a canonical basis of €(I) is given by

{Hz 1Rgl [T S(? ) gi,h; € G} It suffices to
prove that 1/)(3:1/) = ¢(yx) for basis elements z, y.

Let « = [[}_, R}’ = S8 for some R} and
Séh) Observe that

) for all

\GI%’ if g; = e for all ¢

otherwise.

3 Ogata only claims this result in the case when the group
is abelian. However, her work in [Oga22|, combined with
an argument from [FN15], can be used to prove the more
general case. In addition, after this article was posted to
the arXiv, the article [BV23|] proved the necessary result
for the proof in [Oga22] to hold for nonabelian groups.
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Now, we let = [[;L; R [[;2; 1s) and y =

T, Rgl T2 Sgl ). Then by the exchange rela-
tion
SR BT = R RS20
we have that
n n—1 Gih 1 )
iJi ginig; i
w(ay) = [T RE™ TL(87 80
i=1 i=1

Hence we have that ¢(zy) = IGI% if g;g; = e and

Gihig;. +11 = h; for every i, and ¥(xy) = 0 otherwise.

By the same argument, ¢ (yz) = ﬁ under the same

conditions and ¥ (yx) = 0 otherwise. Hence ¥ (zy) =
U(yx).

As for the rough case, letting n again denote the
number of edges in I we have a canonical basis of

¢(I) given by {H (gl T, Ph gi hi € G}
again suffices to show that Y(xy) = Y (yzx) for basis
elements x ,y. Similar to the smooth case, letting

z=[- (91 [T, Peh , we observe that

o

Now, let z = [[i; (gl)Hl 1Ph and y
[T Qpl" T, Ph Due to the exchange relation

if g; = e for all ¢

otherwise.

PO
+1 §i) phigi p9; hit1
" Q(gl QZ(SZ)PZ: LP@i-H

i 1+1 ’

we have that

n—1 n N
i G 9;_11i9i ph;
zy) = [T Qo - TI P r,
i=1 i=1

where for ease of notation we have defined gg
gn = e. We note that ¢(zy) = W if hy = hig1,
hn G 1hn, and for all i, ¢g;g; = e and EZ
g, hiGi Otherw1se Y(zy) = 0. By the same argu-
ment, ¥(yx) = W under the same conditions and
Y(yx) = 0 otherwise. Hence ¢ (zy) = ¢ (yz). O

Corollary I11.14. Let H be a half plane with rough
or smooth boundary. Then my(™An)” is a type Il
factor, where my, is the GNS representation for 1.

Proof. As noted in [ENI5], the proof of [Naalll
Thm. 5.1] can be adapted to show that ()" is
an infinite factor. Let p = Aycgpa. Then since
Ty (B)" = pry (Ag)"'p, we have by Theorem
that pmy, (Am)”p is a type II factor. The result fol-
lows. O



IV. ISOMORPHISM WITH THE LOW
ENERGY SYMMETRIC SPT ALGEBRA

In addition to our direct method of calculat-
ing the boundary algebra of the Quantum Double
model, we present a more simple, but less direct,
calculation of this algebra using gauge theory. The
Quantum Double model for a group G may be ob-
tained by gauging a trivial bosonic G-Symmetry
Protected Topological theory (SPT). The gauging
map induces an isomorphism between the boundary
algebra of the Quantum Double and certain opera-
tors on the G-equivariant SPT Hilbert space on a
finite lattice. Aside from providing another perspec-
tive on this calculation, this has the benefit that the
representation of generators of this algebra are sim-
pler to describe in the SPT theory than in the Quan-
tum Double.

We first construct the G-SPT and then re-
view the standard gauging procedure to produce the
Quantum Double [HWW13]. We then define the
low energy operators on the SPT and prove a corre-
spondence between these low energy operators and
the boundary algebra of the Quantum Double. Fi-
nally, we will compute the low energy operators of
the SPT, thereby computing the boundary algebra
of the Quantum Double.

Let G be a finite group and consider the Z? lat-
tice in the plane, denoted £. We associate C%-spins
to each vertex of the lattice, rather than each edge.
Since the edges play no role in the SPT-theory un-
til we construct the gauging map, we draw edges in
orange rather than black.

L 2 L 2 L 2 L 2 L4
L 4 L 4 L 2 L 2 L4
L 4 L 2 L 4 L 4 L4
L2 L 2 L 2 L 2 L2

* L * * L 4

For g € GG, we use the operators LY, R9, P9 on each
vertex v as they are defined on the edges of the
Quantum Double.

Notation I'V.1. For any rectangular subgraph A C
L, we obtain a finite-dimensional Hilbert space
Hspr(A) = C[G]®N, where N is the number of ver-
tices in A. We will consider two types of rectangular
regions A, rough and smooth, respectively, as in the
following diagram:

[ ] [ ] [ ] [ 2 A 4 A 4 A 4 9
[ 4 & L 2 & L [ 2 L 4 L 4 < 2 d
[ 2 & & L 2 ° [ 2 L4 L4 < 2 d
[ 2 & & L 2 L [ 2 L4 L4 < 2 d
] [] [ ] ® L g L g L g g
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We let A° denote the full subgraph of A of all ver-
tices of degree four in A, i.e., all vertices whose 4
nearest neighbors all lie in A. Above, we denote ver-
tices in A° by blue nodes. We define 9A := A\ A°,
which we denote above by green nodes. (When
we study boundary algebras for rough edges below,
some green nodes on the edges will be shaded gray;
we will discus this distinction later on.)

We define the Hamiltonian on Hgpr(A) by

- > B,

vEAP°

Hgpr(A

where B, is the orthogonal projector on C% given
by

> RS

U
IG\ =

There is a symmetry action on Hgpr(A) defined by
the map U, =[], L for each g € G. Now consider
the G-equivariant subspace HEpr (A) C Hspr(D),
which is the space of fixed points of the U, for all
g €G,ie.,

HSPT( ) = {|v) € Hspr(A)|Uylv) =

Notice that Pg =
HEor(A), and

|v) Vg € G} .

|G| deG Uy is the projector onto

Z|Q gha, ...

geG

,ghN_1> hi eG

\/ﬁ

is an orthonormal basis for HSpr(A).

We now define the gauging map I': HgPT(A) —
Haop(A), with both systems on finite lattices. The
edges in the Quantum Double lattice will be the
edges of the dual lattice of £ which intersect an edge
in A. The intersection points exactly correspond to
the sites of the Quantum Double. Importantly, the
rough boundary in the SPT will become the smooth
boundary in the Quantum Double and vice versa.
The black lines represent the region A for the Quan-
tum Double as defined in the earlier sections. Here is
an example below building on our earlier examples.

909090090
.4.4;4.4.
.
990990909099
0101;101;
909090090
909090090
90909099

909090090

One can interpret this construction as a deriva-
tion of the Quantum Double from the SPT. As we



will see, the map I" induces a map on operators which
sends the SPT Hamiltonian to the flux (B,) terms in
the Quantum Double Hamiltonian. The local gauge
constraint obtained from the gauging map will be
enforced in the Quantum Double by adding the star
terms (A,).

We orient the edges of £ from left to right and
up to down. Consider the map from Hgpr(A) to
Hap(A) which maps between standard ONB vectors
according to the following rule.

he ok —— +h1k
he
— hlk
e
ke

Observe that this map does not see the U, action on
HSPT(A), as

ghe o gk — +hlglgk_hlk

ghe
— hlg7lgk=h"1k
AN
gk e

We thus see that this map descends to a map on
PeHspr(A) given by

e gk +—— +h_lk

1
S
Gl 55
1 ghe
v |G| g gk e

That gauging the G-SPT produces the Quantum
Double model follows from the following theorem.

— hlk
g

Theorem IV.2. The gauging map T' is a uni-
tary isomorphism HSpr(A) — im([,c a0 As) C
Haop(A). Moreover, conjugation by I' sends

-y B, MY _¥"B,
vEA® Po
Proof. The proof of the first claim consists of three
steps: (1) im(I') C im(]J,- a0 As), (2) I is isometric,
and (3), I is surjective onto im(J ], - po As)-
To prove (1), we note that each star s C A° is
the image of a face in the SPT. Notice that I' maps

a face as follows,
ke ®gj

g
=
‘Gl 9 ghe

® gi

and the star on the right is in the image of the cor-
responding A, operator.

By construction, I' sends our chosen normal-
ized elements of HSpp(A) to the basis elements of
Hagp(A). Moreover, it maps distinct ONB elements
to distinct ONB elements, because the difference in
group element labels on two sites in H{pp(A) is the
same as the product of the path of edge labels be-
tween these two sites on the dual lattice in Hqp(A),
being careful to invert factors in this product based
on the orientation of the edges. Note that A is sim-
ply connected in the sense that any closed path may
be deformed to the identity by shrinking the path
across one plaquette at a time. Since A is simply
connected and im(T') € im ([T, -0 As), the result-
ing ONB element is independent of the choice of
path. Physically, this corresponds to the fact that
G-equivariant observables in the SPT are also ob-
servables in the Quantum Double. Hence T is iso-
metric, proving (2).

To prove (3), pick any basis state |v) €
im (Hsc Ao As), and pick a maximal spanning tree

C A. Since A is acyclic, we may choose a ba-
sis state |w) € HEpr(A) such that the basis state
I|w) agrees with |v) on the edges of the dual lat-
tice which A intersects. By using the fact that
|v) € im (JT,- a0 As) we can deduce that T'|w) agrees
with |v) on the remaining edges as well.

To prove the second claim, using the following
diagram, one can derive the fact that the operator
R in the SPT gets sent to B;};l where p, is the
plaquette in the Quantum Double associated with
the vertex v.

gje

1 gh T
72 gk e . gl —— L—1lp [ 3y
ViG]

g .

gle

Therefore conjugation by I' sends the SPT Hamil-
tonian — Y, -0 By on HEpp(A) to — >, Bp, on
Haop(A) as claimed. O

We now describe the operators on H§pr(A) that
are in the preimage of the boundary algebra under
the isomorphism HSpr(A) = [[ a0 AsHop(A).
We take A to be a subrectangle in the rectangu-
lar region A. We also require that 0A N JA is some
1D interval of vertices I; here, A and OA are the
outermost vertices of A and A respectively.

Given this notation, we claim the operators on
HSEpr(A) corresponding to the boundary algebra of
Haop(A) are operators of the form pazpa where z
is a G-equivariant low energy operator supported in
A and pa is the product of B, operators with v €



A°. We call these operators the G-equivariant low-
energy operators where we equate two operators if
they agree on the low-energy subspace.

We demonstrate the geometry of the interval
as follows with the smooth boundary of the Quan-
tum Double on the left and the rough boundary on
the right. The boundary algebra of the Quantum
Double is supported on the edges intersected by the
solid orange lines. We will explain the meaning of
the gray vertices later.

A A
[ ) T )
o0 { 2
] *
o0 *—0
——| .
(8)
*—0o—o 9*—0
] *
o0 *—0
e .
*—0o—o { 2
L/ 1 J

A complete set of basis ground states of this SPT
are given by product states on e?ch site such that
all sites in A° have the state 7 g%:G lg). Hence
the low-energy operators are all supported on 0A =
A\ A°. In other words, all G-equivariant low-energy
operators supported in A are supported on the sites
in I = 0ANJA. Furthermore, the algebra of all G-
equivariant low-energy operators supported in A is
the algebra of all G-equivariant operators supported
on the sites in 1. Thus the algebra of G-equivariant
low-energy operators of the SPT on this interval is
Endgep() ((C%)®™) where n = |I].

We now describe a generating set for the G-
equivariant low-energy operators supported on [
when I is a rough boundary of the SPT/smooth
boundary of the Quantum Double. For each k € G,
define an operator Z{fj, that acts as the identity ev-
erywhere except at the sites 4, j, where it is defined
on basis elements as

Zilij‘gi7gj> = 6k=g;1gj\gi,9j>~

It is easy to check that Z{fj is G-equivariant low
energy operator for all k € G. Notice that the set

(RS, ZE

g.ke€G, vijeVI)}

is a generating set for the algebra of G-equivariant
low-energy operators on Hgpr(A).

Since I' maps H$pr(A) to im(pa) C Hap(A),
under conjugation by I' with adjacent vertices ¢,7+ 1
in I with ¢ + 1 just below 4, Z;fi_H is sent to the op-
erator which projects the ghost edge (7,4 + 1) con-
necting ¢ and i+ 1 to |k); this is exactly the operator
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Si@l i1y Where s \ (i,4+ 1) is the partial star in A
with ghost edge (i,7 + 1) on the right. Conjugation
by T also sends RY to RJ where ¢ is the edge just to
the left of v. We immediately obtain the following

corollary.

Corollary IV.3. When I is a rough boundary of the
SPT/smooth boundary of the Quantum Double, the
algebra of G-equivariant low-enerqy operators sup-
ported on I is isomorphic to the smooth boundary
algebra for the Quantum Double model under conju-
gation by the gauging unitary T.

We now focus on the case when I is a smooth
boundary of the SPT/rough boundary of the Quan-
tum Double. Here, we need to be slightly more
careful about the support of the operators in the
boundary algebra for the Quantum Double. Observe
that the I'-conjugates of the ngj for any two vertices
1,j € I are supported on edges in the Quantum Dou-
ble boundary, as are all I'-conjugates of the RY sup-
ported on the green vertices in the diagram on the
right hand side of . However, the I'-conjugates
of the RY supported on the two outside gray ver-
tices has support not contained within A! Hence ex-
cluding these RY supported on the two outside gray
vertices, conjugation by I' again gives an explicit iso-
morphism to the Quantum Double boundary algebra
for such 1.

Corollary IV.4. When I is a smooth boundary of
the SPT/rough boundary of the Quantum Double,
a distinguished subalgebra of the G-equivariant low
energy operators supported on I is isomorphic to
the rough boundary algebra for the Quantum Dou-
ble model under conjugation by the gauging unitary
r.

For completeness, we include another proof be-
low that this distinguished subalgebra is isomorphic
to Endpin(c) (C[G]®") using the G-equivariant low
energy operators supported on I.

Call the upper most gray vertex t and the
bottom most gray vertex b. Notice that no G-
equivariant low energy operator can mix the distinct
eigenspaces of the collection of Ztg, , operators. This
imposes a G-grading on the invariant subspaces of
the action of the algebra of G-equivariant low en-
ergy operator. In particular, each of these spaces
has dimension at most |G|™ where n = |I| — 1, since
we have a G-grading on a |G|/ dimensional bound-
ary Hilbert space. In fact, each of these spaces is
of dimension |G|™. To see this, notice that the op-
erators RY can map all eigenspaces of the n inde-
pendent Zfﬂ-+1 operators for b < ¢ < t into one an-
other. The Zﬁ ;41 operators may project onto any
such eigenspace as well. Therefore, all states within



each graded component may be mapped to one an-
other by the algebra of G-equivariant low energy op-
erator supported on I. Therefore, this algebra is
isomorphic to Endyb(c) (C[G]®™) where n = |I| — 1.
(This decomposition of Endym(c)(C[G]®™) follows
immediately from @)

It is important to note that the above compu-
tation of the boundary algebras in Corollaries
and [[V-4] using Theorem is not limited to the
particular type of SPT we chose. Indeed, had we
started with a non-trivial SPT, gauging would have
produced a twisted Quantum Double model and we
could have found the boundary algebra in that case.

Moreover, our construction does not rely on the
geometry of the lattice we chose. That is, if we gen-
eralize to higher dimensions or non-cubical lattices,
we could do a similar construction. Lastly, by com-
puting boundary algebras in this way, we may even
consider mixed or disordered boundary conditions.

V. 3D QUANTUM DOUBLE BOUNDARY

ALGEBRA

In this section, we show how the techniques
used in Sections [[TT] and [[V] extend naturally to the
computation of the boundary algebra for the three-
dimensional Quantum Double model. As noted ear-
lier, this can be done for the general n-dimensional
Quantum Double model, but for this section we fo-
cus on the three-dimensional case for simplicity. Let
G be an abelian group. We show that the boundary
algebra admits a nice description in terms of char-
acters of the irreducible representations of G.

For this model, we consider a 3D edge lattice
L C R3 where each edge carries C[G] spins. For a
finite region A C L, we obtain the finite-dimensional
Hilbert space H = @,ca C[G]. The edges of this
lattice are oriented as follows.

The plaquette term B, is the same operator as
in the two-dimensional model. In particular, we may
define this operator on each plaquette p on each pla-
nar Z2 sublattice which has been oriented such that
the edges point up and right. There are actually two
distinct orientations of embeddings of the Z? lattice
as a planar sublattice of £ depending on which side
of plane you look, but since G is abelian, these two
choices are actually equivalent for defining B,,.
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The star term A, is the projection:

where Py is defined as in the 2D Quantum Double
as the projection onto the state |g).

With these interaction operators, the Hamilto-
nian H and the projection onto the local ground
state space pp are defined as in Section [[ITA]

Definition V.1. Given a character x: G — U(1),
we define the operator Z, : C[G] — C[G] by Z,|g) =

x(9)19)-

Remark V.2. The surrounding conditions given in
Definition can be defined analogously in the
three-dimensional model using rectangular prisms
instead of rectangles. In particular, the incomplete
s-surrounded condition A €, A is now modified in
the sense that A N A = P is a non-empty two-
dimensional plane in £ that lies on one side of A
and A; As in the two-dimensional model, we con-
sider P to be the set of edges comprising P and the
adjacent plane worth of edges to P contained in A.
In this section, we will assume that P lies in the
bottom face of A and A.

Using the generators R, = L, and P, for
M|(C), one can see that the three-dimensional
analogue of the algorithm presented in [JNPW23|
Algorithm 3.10] and an adaption of the argument
presented in Proposition 3.9 of the same paper im-
mediately yield the following theorem.

Theorem V.3. The axioms [(LTO1{(LTO3) hold
for the 3D Quantum Double. The boundary algebra
&(P) for the smooth cut is given by:

¢(P) = C*{SX,Rl|sC P,{ C P,g€ G}

where for every irreducible character x of G, we de-
fine SX as the product of Z, operators shown in blue

e

" Ne

Similarly, the boundary algebra for the rough cut



is given by:

&(P) = C*{Z?,Ypﬂp C P,/ C P internal, g € G}

SEta At

Observe that the operators Y,/ above are trun-

cations of the B,(,g) from . One can obtain an
algebra isomorphic to €(P) using the generators P,
instead of Z,; this was the generator used in Section
[Tl However, the use of irreducible characters allows
us to easily obtain the abstract description of the al-
gebra €(P) as a direct sum of matrix algebras, as
an abelian group is isomorphic to its dual group. It
is worth noting that since G is abelian, the bound-
ary algebra for smooth and rough cuts are always
isomorphic.

Theorem V.4. The boundary algebra €(P) for both
rough and smooth cuts has the following direct-sum
decomposition:

|G|E7V

Q:(P)g @ M‘GlV(C)

Here E,V are the number of edges { C P and the
number of stars s C P in the smooth cut, respec-
tively.

Proof. Since the boundary algebras for smooth and
rough cuts are isomorphic, we only prove the state-
ment for the boundary algebra for the smooth case.
As in the proof of Theorem [[IT.11] we begin by not-
ing that €(P) is *-isomorphic to the following alge-
bra:

g
1y

Sy

D(P)=C* {SX, R

s, CPgeG,x Character} .

Therefore, it suffices to show the statement for
D(P). Since D(P) is manifestly a *-subalgebra of
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M, (C)®¥, determining the direct sum decomposi-
tion of ®(P) is equivalent to characterizing the in-
variant subspaces of C[G]®¥ under the D (P)-action.

Suppose that G is a cyclic group of order n for
some n > 1, let w, be an n-th root of unity, and let x
be an irreducible character which generates the dual
group G. It is straightforward to show that

n—1
Bn = {Zwrnzlz|rl>

i=0

OSmSn—l}

is a basis for C[G] that diagonalizes the operator R,
for all g € G. Therefore, ¥ is a basis for C[G]®¥
that diagonalizes RJ for all ¢ € G and all £ C P.
Since G is abelian, there are |G| irreducible char-
acters and each of these is a group homomorphism
G — U(1), which necessarily takes vales in the pow-
ers of wy,. It follows that each §§< is an permuta-
tion matrix of order n = |G| in the basis f5,. Since

the operators {§;<‘s CcP } commute, and there are

no additional relations amongst these operators, the
size of each invariant subspace is |G|V, which imme-
diately yields the stated direct-sum decomposition.
Since a general abelian group decomposes as a prod-
uct of cyclics, this argument extends to the general
case as well. O

Remark V.5. Observe that the formula in Theo-
rem [V-4] for the matrix decomposition of the bound-
ary algebra also holds in the 2D setting for abelian
groups. There, E — V is always 1, so we get
@‘Gl M, v (C), which can be read directly off the
Bratteli diagram

As previously mentioned, one could apply the
gauging procedure from Section [[V] to compute the
boundary algebra in the 3D model as well.
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