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Abstract

Distinguishing two candidate models is a fundamental and practically important
statistical problem. Error rate control is crucial to the testing logic but, in complex
nonparametric settings, can be di�cult to achieve, especially when the stopping
rule that determines the data collection process is not available. This paper pro-
poses an e-process construction based on the predictive recursion (pr) algorithm
originally designed to recursively fit nonparametric mixture models. The resulting
pre-process a↵ords anytime valid inference and is asymptotically e�cient in the
sense that its growth rate is first-order optimal relative to pr’s mixture model.

Keywords and phrases: e-process; mixture model; nonparametric; test martin-
gale; universal inference.

1 Introduction

A fundamental problem in statistics is that of distinguishing between two classes of
candidate models based on observed data. When the two classes of models are simple,
i.e., there are just two distinct probability distributions being compared, then Neyman
and Pearson (1933) settle the question on how to optimally distinguish the two based on
the magnitude of the likelihood ratio. Beyond the test’s statistical properties, the law of

likelihood (e.g., Edwards 1992; Hacking 1976; Royall 1997) o↵ers principled justification
for comparing the two models in this fashion. In applications, however, it is rare for
the relevant comparison to be between two simple hypotheses, and if either of the two
hypotheses are composite, i.e., consisting of more than one probability distribution, then
it is no longer clear how to operationalize the law of likelihood.

Two common strategies are available to quantify the “likelihood” of a composite hy-
pothesis: classical likelihood ratios, like those covered by Wilks’s theorem (Wilks 1938),
maximize the likelihood, whereas Bayes factors (e.g., Bernardo and Smith 1994; Je↵reys
1998) average the likelihood with respect to suitable priors. In either case, judgments are
made as above by considering the magnitude of the corresponding (maximum or average)
likelihood ratio. For various reasons, however, simply thresholding these likelihood ratios
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is not fully satisfactory: classical strategies to calibration are based on sampling distri-
bution calculations that assume a specific data-generating process, and so the reliability
statements lack robustness to the kind of departures from these assumptions common in
practice, e.g., data-peeking. And since neither of these likelihood ratios generally meet
the conditions necessary (see below) to achieve a sort of universal calibration independent
of the data-generating process, there is a need for new approaches.

To meet this need, there has been a recent surge of interest in testing procedures
that are both valid and e�cient under optional stopping; see Ramdas et al. (2023) for
a survey of these rapidly-moving developments. The basic building blocks are e-values,
which in some cases lead to test martingales (Shafer et al. 2011) and other kinds of
e-processes. These also have close connections to betting interpretations of probability
(Shafer 2021) as well as game-theoretic probability (Shafer and Vovk 2019). A practical
challenge, however, is that there are so many e-values for data analysts to choose from
in applications. Two general and principled strategies for the construction of e-values
(which are sometimes e-processes) are universal inference (Wasserman et al. 2020) and
reverse information projection (Grünwald et al. 2024). The former approach has di↵erent
variants, but these can be computationally demanding and/or lacking in statistical e�-
ciency. The latter strategy is purely e�ciency-motivated, and that makes it di�cult to
apply in nonparametric problems. So, there is a need for an e-process construction that
is flexible, conceptually and computationally simple, and is able to achieve the optimal
first-order growth rate asymptotically. The present paper o↵ers such a construction.

The familiar likelihood ratios fail to o↵er anytime valid inference in the sense of con-
trolling errors independent of the stopping rule, etc. As explained in Section 2.2, it turns
out that e-processes themselves are likelihood ratios. Since the null model is determined
by the problem itself, an e-process construction reduces to specification of the non-null
model likelihood. Intuitively, one wants this non-null model likelihood to match the “true
likelihood” as closely as possible. Of course, the data analyst does not know the true
likelihood, so his/her choice of non-null likelihood must be su�ciently flexible to adapt to
the information in the data concerning the underlying distribution. Mixtures are flexible,
so our proposal is to build this non-null likelihood using a nonparametric mixture model.
Fitting such a mixture model is computationally demanding using classical methods, but
here we employ a fast, recursive algorithm called predictive recursion, or pr for short
(e.g., Newton 2002; Newton et al. 1998); see Section 2.3 for a review. With this flexible
and computationally e�cient strategy to construct a non-null model likelihood, we define
a corresponding e-process in Section 3, which we call the pre-process, that o↵ers anytime
valid and e�cient statistical inference.

Thanks to pr’s naturally recursive model fit, the pre-process is easily upper-bounded
by a genuine likelihood ratio, which is a test martingale under the null and hence has
expected value upper-bounded by 1. Then the anytime validity, e.g., hypothesis tests that
are valid uniformly over stopping rules, is an immediate consequence; see Section 3.2.
With anytime validity guaranteed, we turn our attention to e�ciency in Section 3.3.
There we establish that the pre-process asymptotically achieves the first-order optimal
growth rate when the null is false.

Two illustrations are presented in Section 4, where we show that the pre-process’s
empirical, finite-sample growth rate closely matches the theoretical growth rate advertised
in Theorem 2. Then, in Section 5, we consider two applications. The first is a classical
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nonparametric problem of testing for log-concavity in the density, and we investigate
the e�ciency of our pre-process based test compared to the recently proposed tests in
Gangrade et al. (2023) and Dunn et al. (2024). The second application concerns testing
for time-homogeneity in discrete-valued time series data. Some concluding remarks are in
Section 6 and further discussion and technical details can be found in the supplementary
material.

2 Background

2.1 Notation

The data consists of a sequence X1, X2, . . . of X-valued random variables, and we write
Xn = (X1, . . . , Xn) 2 Xn, for n � 1. Let A denote the �-algebra of measurable subsets of
X1 and write Ak = �(Xk), for the filtration generated by Xk, k � 1. An integer-valued
random variable N will be called a stopping time if {N  n} 2 An.

Consider a collection P of candidate joint distributions for X1 = (X1, X2, . . .) on
A and let P = P1 denote a generic distribution in P . Write P0, a subset of P , for
the null hypothesis. Throughout, we use upper-case letters for distributions/probability
measures and the corresponding lower-case letters for the associated density (with respect
to some common dominating measure). For example, if P0 is a member of P0, then p0 is
its corresponding density.

2.2 E-processes

An e-value, E, relative to P0, is a non-negative random variable with P0-expected value
(upper bounded by) 1. With batch data, say, X, and models that have densities, the
non-negativity and expected value constraint implies that x 7! q(x) := E(x) p0(x) is a
(sub-probability) density too; therefore, E(x) = q(x)/p0(x) is a likelihood ratio which
can be interpreted as a measure of the evidence in data x against P0, relative to Q.
Consequently, if the observed value of E is large, then one would be inclined to reject the
hypothesis P0. A Bayes factor is an e-value relative to a single P0; but likelihood ratios
of the common form “supp p(x)/p0(x)” are not e-values.

The situation described above is impractically simple. Indeed, it is rare that P0 is
a singleton and often data does not come in a batch. Test martingales (Shafer et al.
2011) o↵er a solution to the non-batch data problem. A test martingale is a non-negative
martingale (Mn), relative to P0, adapted to the filtration (An) with M0 ⌘ 1. Test
martingales can also be expressed as likelihood ratios, i.e., if Q is absolutely continuous
with respect to P0, then

Mn =
q(Xn)

p0(Xn)
=

nY

i=1

q(Xi | X i�1)

p0(Xi | X i�1)
, n � 1. (1)

So then the construction of a test martingale boils down to the choice of Q for the nu-
merator. To handle composite P0 cases, one can construct a collection of test martingales
(MP0

n ) indexed by n and by P0 2 P0. This also has a likelihood ratio form but, the choice
of Q could vary with P0. Now define an e-process (En) as a sequence of non-negative
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random variables with En  MP0
n for all n and all P0 2 P0. An example of this would

be En = infP02P0 M
P0
n and, if it happened that the Q in (1) does not depend on P0, then

this simplifies to

En =
q(Xn)

supP02P0
p0(Xn)

, n � 1.

This is a common e-process construction (e.g., Wasserman et al. 2020, Sec. 8) but it is not
the only one; see Ramdas et al. (2023) for more discussion on the various alternatives, in
particular, the proposals in Grünwald et al. (2024) and in Waudby-Smith and Ramdas
(2024). We focus here on e-processes that, as above, only depend on a choice of Q
representing the alternative.

E-processes tend to be small under P0. In particular, Ville’s inequality (e.g., Howard
et al. 2021; Shafer and Vovk 2019) states that if Mn is a test martingale for P0, then

sup
P02P0

P0(MN � ↵�1)  ↵, for all ↵ 2 (0, 1) and all stopping times N.

Of course, the same is true for any e-process En bounded by Mn. The implications of
this are far-reaching: it leads to statistical tests that are anytime valid in the sense that
the reliability claims hold (basically) no matter how the investigator decides to conclude
their study and perform the statistical analysis, thereby o↵ering additional “safety” (cf.,
Grünwald et al. 2024) compared to procedures that only control the Type I error rate
for a particular sampling scheme. For example, a test that rejects P0 based on data Xn

when En � ↵�1 controls the Type I error rate even if the investigator peeked at the data

when deciding whether to conclude the study at time n.

2.3 Predictive recursion

Here and in what follows, we assume X1, X2, . . . are iid. Following the notation above,
a general mixture model for the (common) marginal distribution defines the density
function as

q (x) =

Z

U
pu(x) (du), x 2 X, (2)

where pu is the density corresponding to a distribution Pu, with {Pu : u 2 U} ✓ P , and  
is a mixing distribution defined on U. Such models are incredibly flexible, so they are often
used in contexts where the mixture structure itself is not directly relevant, e.g., in density
estimation applications. It is common to think of x 7! pu(x) as a parametric kernel, like
Gaussian, but that is not necessary here; indeed, U could just be a generic indexing of the
entire model P . But we should emphasize that mixtures of simple parametric kernels can
be incredibly flexible. For example, the set of Gaussian location–scale mixtures is dense
with respect to total variation distance in the space of smooth densities in Euclidean
space (e.g. DasGupta 2008, Theorem 33.1).

For fitting the mixture model (2) to the observed data Xn = (X1, . . . , Xn), one com-
mon strategy is nonparametric maximum likelihood (e.g., Laird 1978; Lindsay 1995).
Another common strategy is to introduce a prior distribution for  , e.g., a Dirichlet
process prior (e.g., Ferguson 1973; Ghosal 2010; Lo 1984), and carry out a nonparamet-
ric Bayesian analysis. There are advantages to sticking with existing approaches, the
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complexity of these models creates computational challenges. In particular, since tai-
lored Monte Carlo methods are required, one cannot capitalize on the Bayesian coherent
updating property—“today’s posterior is tomorrow’s prior”—when data are processed
sequentially. Maximum likelihood estimation faces similar challenges. A novel alterna-
tive, developed by Michael Newton and collaborators in the late 1990s, is a fast, recursive
algorithm called predictive recursion, or pr for short (e.g., Newton 2002). Applications
in large-scale inference settings include Tao et al. (1999), Newton et al. (2001), Martin
and Tokdar (2012), Tansey et al. (2018), and Woody et al. (2022).

Here we provide a quick review of pr and its properties; for more details, see Martin
(2021b). Start with a weight sequence (wi : i � 1) ⇢ (0, 1) that satisfies

1X

i=1

wi = 1 and
1X

i=1

w2
i < 1. (3)

Following Martin and Tokdar (2009) and the discussion at the end of Section 3.3 below,
we take wi = (i + 1)�0.67 for all of our examples. Next, take an initial guess  ̂0 of
 supported on the index space U. Then pr updates the initial guess along the data
sequence as follows:

 ̂i(du) = (1� wi)  ̂i�1(du) + wi
pu(Xi)  ̂i�1(du)R
U pv(Xi)  ̂i�1(dv)

, u 2 U, i � 1. (4)

pr is recursive, so one only needs  ̂n and the new data point Xn+1 to get the new  ̂n+1.
Moreover, this leads naturally to a plug-in estimator of the mixture density

q̂xn(x) := q ̂n(x) =

Z

U
pu(x)  ̂n(du), x 2 X.

Large-sample properties of pr have been explored in Ghosh and Tokdar (2006), Martin
and Ghosh (2008), Tokdar et al. (2009), Martin and Tokdar (2009, 2011), and Dixit
and Martin (2023b). The property most relevant to our e↵orts here will be explained in
Section 3.

The above display defines a pr-based predictive density for Xn+1, given Xn. It also
produces a joint marginal density for Xn—“marginal” in the sense that the mixing dis-
tribution  has been integrated out—and it has a multiplicative form, à la Wald (1947,
Eq. 10.10), Dawid (1984), and Rissanen (1984). That is, the joint marginal density q̂pr

satisfies

q̂pr(xn) = q̂xn�1(xn) q̂
pr(xn�1) =

nY

i=1

q̂xi�1(xi), n � 1, xn 2 Xn. (5)

It is pr’s flexibility and the multiplicative form of its joint marginal density that makes
it especially suitable for anytime valid nonparametric inference.

The simple pr algorithm is computationally e�cient in the sense that the update
 ̂n !  ̂n+1 is an O(1) operation in n. But the integration in (4) must be done numerically
and requires care. If the dimension of U is relatively low, then integration can be handled
easily and accurately using quadrature. Monte Carlo would be a natural alternative,
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but direct sampling from  ̂n is a challenge, so we developed a “prticle filter” strategy
(Dixit and Martin 2023a) that can easily accommodate mixtures over U of moderate
dimension, as in Example 2 below and in the supplementary material. Extensions to
high-dimensional U is a focus of ongoing research.

The computations in (4) are carried out pointwise on a grid spanning U, which ef-
fectively requires U to be fixed a priori and bounded. In our experience, particularly
with batch data, one can safely fix U as a large compact that contains those u’s even
remotely compatible with the observed data. With sequential data, one could first use a
block of data to inform the choice of U, then go back and process the full sequence with
that choice of U. More formally, Martin and Tokdar (2009, Sec. 5) present a generalized

predictive recursion algorithm that features an adaptive support, but we will not consider
this here.

3 PRe-processes

3.1 Construction

Consider null hypothesis H0 : P 2 P0. The proposal here is to construct a suitable
marginal likelihood under Pc

0 by mixing over a specified class {Pu : u 2 U} of distributions.
Instead of a computationally demanding nonparametric maximum likelihood or Bayes fit,
here we make use of the e�cient pr algorithm reviewed in Section 2.3 above.

Let  be a mixing probability distribution supported on the specified index set U and
consider a basic mixture model as in (2). This model can be fit to data Xn using pr, and
the output most relevant to us here is the joint marginal density forXn that is produced as
a by-product, namely, q̂pr(Xn) as given in (5). Recall the multiplicative form of q̂pr(Xn)
in (5), a driving force behind the general formulation in Wasserman et al. (2020, Sec. 8).
Moreover, the pr update from q̂pr(Xn�1) to q̂pr(Xn) is an O(1) computation, compared to
the O(n) computation expected with “non-anticipatory” maximum likelihood estimation
(e.g., Gangrade et al. 2023).

With this, we define the following pr-driven e-process, i.e., pre-process,

Epr
n = Epr(Xn;P0) =

q̂pr(Xn)

supp2P0
p(Xn)

, n � 1. (6)

Intuitively, since the likelihood tends to favor the true hypothesis, ifH0 is true (resp. false),
then Epr

n ought to be small (resp. large). This intuition suggests a test that rejects H0 if
and only if Epr

n is large, and we justify this intuition in Section 3.2 below.
Our proposal can be compared to two of the now-standard e-process constructions

reviewed in Ramdas et al. (2023). Specifically, our proposal is, on the one hand, like the
basic method of mixtures (e.g., Darling and Robbins 1968; Wald 1945) in that it forms a
marginal likelihood under the alternative via a suitable mixture model, which we think
is intuitively appealing. To achieve both the flexibility and the appealing intuition, the
mixture model needs to be nonparametric, which would pose computational challenges
for traditional likelihood-based methods. But pr is specifically designed to simply and
e�ciently handle this challenge. So, the pre-process is like (the no data-splitting variants
of) universal inference (Wasserman et al. 2020, Sec. 8), just with a specific focus on flexible
mixture model alternatives with a fast, recursive updating scheme.
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Our proposal can also be compared to that in Grünwald et al. (2024). While our choice
to use “supp2P0

p(Xn)” in the denominator of (6) is a natural one, it is not the only option.
Grünwald et al. propose a strategy based on the reverse information projection (rip), as
in Li and Barron (2000), which amounts to replacing “supp2P0

p(Xn)” in the denominator
with the likelihood at a fixed—but strategically chosen—density, say, prip0 in the convex
hull, co(P0), of P0. In our context, they might propose to make inference based on the
ratio

Epr+rip
n = q̂pr(Xn) / prip0 (Xn),

where P rip
0 satisfies K( bQpr, P rip

0 ) = infP02co(P0) K( bQpr, P0). This strategy has powerful
motivation and nice properties concerning maximal growth rate. However, the complexity
of the applications we have in mind, along with pr’s non-trivial learning process, raise
some di�cult questions: first, how to compute P rip

0 and, second, does Epr+rip
n define a

proper e-process? We leave these questions for future investigation.

3.2 Validity

Of course, we cannot refer to the quantity defined in (6) as an “e-process” without
showing that it satisfies the required properties. Theorem 1 establishes the basic e-process
property from which all the relevant statistical properties follow.

Theorem 1. Consider a model P for the iid data sequence X1, X2, . . .. For a model

P0 ⇢ P to be tested, the pre-process defined in (6) is an e-process.

Proof. For any fixed n, since the supremum over P0 appears in the denominator of (6),
the following inequality is immediate:

Epr
n = Epr(Xn;P0)  Epr(Xn; {p0}) = q̂pr(Xn) / p0(X

n), for all P0 2 P0.

The upper bound is a collection of test martingales indexed by P0 2 P0 and, therefore,
(Epr

n ) is an e-process under P0.

From here, we can immediately deduce several directly interpretable statistical results.
In particular, suitably-defined pre-process-based testing procedures are anytime valid.

Corollary 1. For a desired significance level ↵ 2 [0, 1], let T↵(Xn) be the test that rejects

H0 : P 2 P0 if and only if Epr(Xn;P0) � ↵�1
. This test controls the frequentist Type I

error at the designated level, i.e., supP02P0
P0{T↵(XN) rejects}  ↵ for any stopping rule

N .

If one has a valid test, then of course it can be inverted to construct valid confidence
sets. Beyond these familiar statistical procedures, one can leverage the pre-process for
the purpose of broader uncertainty quantification, as discussed in, e.g., Martin (2022,
2023b) and Grünwald (2022, 2023). For further details on these, see the supplementary
material.
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3.3 Asymptotic growth rate

Theorem 1 establishes that pre-process-based tests, etc. are anytime valid. For the pre-
process procedure to be e�cient, we want the e-value to be large under the alternative,
at least asymptotically, so that we will correctly reject false null hypotheses. Our goal
here is to show that the pre-process is asymptotically optimal in the sense of Cover and
Thomas (2006, Ch. 11), i.e., its asymptotic growth rate is optimal to first order in the
exponent. Towards this, consider the case where P ? 62 P0 determines the true distribution
of the data X1. So far, we have been implicitly assuming that mixtures of the kernels
{Pu : u 2 U} are su�ciently flexible to warrant consideration as a “non-null model,” i.e.,
one is willing to use such a model for nonparametric estimation of the true distribution;
see Section 2.3. If Q denotes the convex hull of {Pu : u 2 U}, the set of all mixtures of
these kernels, then a more explicit statement of the aforementioned implicit assumption
is that Q is an acceptable non-null model. In other words, if one believes that P ? 62 P0,
then he/she would also believe that P ? is “closer” to Q than to P0.

The main result in Martin and Tokdar (2011) states that, under certain regularity
conditions (see the supplementary material), with P ?-probability 1,

n�1 log q̂pr(Xn) = n�1 log p?(Xn)�K(P ?,Q) + o(1), n ! 1, (7)

where K(P ?, Q) is the Kullback–Leibler divergence of Q from P ? and

K(P ?,Q) = inf
Q2Q

K(P ?, Q), (8)

with Q = co({Pu : u 2 U}) the set of mixtures. For the null P0, let ?(P0) be such that

lim inf
n!1

n�1 log{p?(Xn)/p̂0(X
n)} � ?(P0), with P ?-probability 1, (9)

where p̂0(Xn) = supP02P0
p0(Xn) is the maximum likelihood estimator under the null P0.

From the definition of p̂0, it follows that ?(P0)  K(P ?,P0) := infP02P0 K(P ?, P0), and
often ?(P0) will equal this minimal Kullback–Leibler number. For example, if P0 = {P0}
is a singleton and K(P ?, P0) < 1, then the law of large numbers gives (9) with “lim,”
“=,” and ?(P0) = K(P ?, P0). More generally, suppose there exists P †

0 2 P0 with
K(P ?, P †

0 ) = K(P ?,P0); see, e.g., Patilea (2001) and Kleijn and van der Vaart (2006).
Then

n�1 log{p?(Xn)/p̂0(X
n)} = n�1 log{p?(Xn)/p†0(X

n)}+ n�1 log{p†0(Xn)/p̂0(X
n)}.

The first term on the right-hand side converges toK(P ?,P0) with P ?-probability 1, so, the
bound in (9) is determined by the second term on the right-hand side. That term vanishes
under relatively mild conditions on P0, e.g., when the maximum likelihood estimator is
consistent for P †

0 (relative to the true distribution P ?). In these typical cases, (9) holds
with “lim,” “=,” and ?(P) = K(P ?,P0). But it is possible that ?(P0) < K(P ?,P0),
e.g., in cases where consistency fails; see the supplementary material for an example.

Putting all this together, with P ?-probability 1, the pre-process (6) satisfies

n�1 logEpr
n = n�1 log{q̂pr(Xn)/p̂0(X

n)}
= n�1 log{p?(Xn)/p̂0(X

n)}+ n�1 log{q̂pr(Xn)/p?(Xn)}
� ?(P0)�K(P ?,Q) + o(1).

More details about (7), (9), and the proof are given in the supplementary material.
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Theorem 2. Consider X1, X2, . . . iid with distribution P ?
. If (7) and (9) hold, then

with P ?
-probability 1, the pre-process has asymptotic first-order growth rate

�(P ?;P0,Q) = ?(P0)�K(P ?,Q). (10)

That is, as n ! 1, the pre-process satisfies

logEpr
n � n�(P ?;P0,Q) + o(n), with P ?

-probability 1.

A few remarks about Theorem 2 are in order. We focus our attention here on the
typical case where ?(P0) = K(P ?,P0). First, the non-null case where K(P ?,P0) >
K(P ?,Q) is of primary interest. This, again, is because Q is judged to be an acceptable
nonparametric model, so surely a non-null P ? is closer to Q than to P0. We claim that the
growth rate �(P ?;P0,Q) is “optimal” which deserves explanation. In the simple-versus-
simple case, with P0 = {P0} and Q = {P1}, “the likelihood ratio is growth rate optimal”
(Ramdas et al. 2023) and its growth rate K(P1, P0) agrees with (10). More generally,
given a commitment to maximum P0-likelihood in the e-process denominator, the user’s
only input in the e-process construction is the choice of “q̂(Xn)” in the numerator. If
this q̂ is constrained to Q, then there is no choice of numerator that can achieve a larger
first-order asymptotic growth rate than that in (10). This can also be compared to the
growth rates in Grünwald et al. (2024). Indeed, if the true P ? was known and used in
their e-value’s numerator, then their solution is, by definition, growth rate optimal and
its first-order growth rate agrees with that in Theorem 2. Since the growth rate cannot
be better when the true P ? is unknown, our pre-process must be asymptotically optimal
in the above sense too.

Second, suppose K(P ?,P0) < K(P ?,Q), i.e., P0 is “more true” then Q; a special
case is when K(P ?,P0) = 0 and hence P0 is “true.” Then we want the pre-process
to be vanishing with n and, in the not-uncommon case where (9) holds with “lim” and
“=,” Theorem 2 establishes this: if K(P ?,P0) < K(P ?,Q), then the pre-process van-
ishes as n ! 1; see, also, Ramdas et al. (2022, Sec. 8.2). In the edge case where
K(P ?,P0) = K(P ?,Q), so P0 and Q are “equally true” and cannot be distinguished, we
do not specifically expect Epr

n to grow or to vanish, so Theorem 2’s ambiguity about the
behavior of Epr

n in such cases accurately reflects this.
Next, how small is the o(n) term in Theorem 2’s lower bound? This is relevant because

it describes the asymptotic gap between the proposed pre-process and an oracle e-process
that uses the true p? in the numerator. Specifically, the oracle e-process is given by

Eor
n =

p?(Xn)

supP02P0
p0(Xn)

,

and, asymptotically, the di↵erence between the two log-e-processes, logEor
n � logEpr

n , is
the “o(n)” term in our lower bound. Moreover, that same log-di↵erence is

logEor
n � logEpr

n = log
p?(Xn)

q̂pr(Xn)
=

nX

i=1

log
p?(Xi)

q̂Xi�1(Xi)
,

where q̂Xi�1 is pr’s one-step-ahead predictive density as in (5). Martin and Tokdar
(2011) showed that the right-hand side of the above display grows, asymptotically, like
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nK(p?, q̂Xn). Furthermore, Martin and Tokdar (2009) proved the following: in addition to
the conditions presented in the supplementary material, if P ? is in the interior of Q and if
pr’s weight sequence (wi) is such that wn ⇣ n�� for � 2 (2/3, 1], then n1��K(p?, q̂Xn) ! 0
with P ?-probability 1. One immediate take-away is that, apparently, � ⇡ 2/3 gives the
best rates for pr. Those authors argue that their rate is “worst-case” corresponding to
P ? arbitrarily close to the boundary of Q, which is most di�cult for pr to learn. When
P ? is away from the boundary of Q, however, pr’s rate tends to be faster than Martin
& Tokdar’s conservative upper bound. In fact, our empirical work suggest the following
conjecture: n1��/2K(p?, q̂Xn) ! 0; see Section 6. If true, then this would be near-optimal
in certain cases. For instance, if p? is a monotone decreasing density, i.e., a scale mixture
of uniform kernels (e.g., Williamson 1956), then pr’s rate with � ⇡ 2/3 would virtually
agree with the well-known minimax optimal rate of n�2/3 in Kullback–Leibler divergence.
(There is another new sense in which pr’s rate is actually faster than what Martin &
Tokdar’s result suggests, which we present in Section 4 of the supplementary material.)
Returning to the original question, the aforementioned theory implies that, with � ⇡ 2/3,
the pre-process’s o(n) error term is conservatively like n2/3. Our conjecture, however, says
that the error is more like n1/3, and the empirical results in Section 5 of the supplementary
material support this. Better approximations of the oracle e-process are possible in some
cases, e.g., using nonparametric Bayes predictive densities in the e-process numerator,
but not with pr’s computational e�ciency—and the corresponding “o(n)” term would
still generally be of polynomial order in n.

4 Illustrations

Here we consider two illustrations of the procedure described in Section 3: testing for
monotonicity and testing a parametric model. Our focus here is on comparing the empir-
ical growth rate of the pre-process to that predicted by Theorem 2. So, in what follows,
the data X1, X2, . . . will be generated from a distribution P ? that does not belong to P0.

Example 1. Monotone densities on the positive half-line are common in biomedical, en-
gineering, and astronomy applications. Our goal is to test the null hypothesis that the
underlying density is monotone. For the denominator of our pre-process, we use R pack-
age REBayes (Koenker and Gu 2017) to find the the nonparametric maximum likelihood
estimator, i.e., the Grenander estimator (e.g., Grenander 1956). For the numerator, we
use a mixture model with a gamma kernel, i.e., pu is a gamma density with u the shape
and rate parameter pair. Then we fit a mixture model over U = [1, 15]⇥ [10�5, 5] with the
initial guess  0 the uniform distribution over U. For our experiments, the true distribu-
tion P ? is a gamma distribution with unit rate parameter and varying shape parameter.
The idea is that, if the shape parameter is 1, then P ? would be exponential which is
monotone; so as the shape parameter varies from 2, to 5, and to 10, the density becomes
“less monotone.” We generate 100 data sets from P ? and calculate the pre-process Epr

n

at the increments n = 100, 200, . . . , 5000. A plot of the logEpr
n versus n is displayed

in Figure 1(a), along with a reference line having slope K(P ?,P0). First note that, as
expected, the growth rate increases as the true density gets “less monotone” and, second,
that the pre-process closely follows the theoretical growth rate across all three scenarios.
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(b) Example 2: testing a parametric null

Figure 1: Plots of logEpr
n versus n for 100 data sets of size n = 5000 under three

settings of the true density in the alternative. Each case shows a line with slope based
on the theoretical growth rate in Theorem 2. In both panels, the gray, blue, and pink
lines correspond to cases where the data are generated from a distribution that is “close,”
“less close,” and “farthest” from the null, respectively. Specific details about the settings
are given in the text.

Example 2. Testing for clustering of directional data is an important practical problem
(e.g., Mardia and Jupp 2000). Here we focus on testing for a single von Mises–Fisher
model P0 versus a mixture thereof. This problem is also challenging since the null lies on
the boundary of the alternative (e.g., McVinish et al. 2009; Tokdar et al. 2010).

Computation of the pre-process’s denominator is straightforward, since closed-form
expressions are available for the maximum likelihood estimators. The von Mises–Fisher
distribution is generally parameterized with a mean parameter µ and concentration pa-
rameter , where kµk  1 and  � 0. So for the numerator we take the mixing distri-
bution variable as u = (µ✓, µ�,) where (µ✓, µ�) 2 (0, ⇡)⇥ (0, 2⇡) represent the spherical
coordinates of µ. Note that because of the multivariate nature of the problem we need
to implement the prticle filter machinery in Dixit and Martin (2023a) to calculate the
normalizing constants. For this we generate particles of size t = 10, 000 from Unif(0, ⇡),
Unif(0, 2⇡) and Unif(0.2, 10) respectively for µ✓, µ� and . For our simulation, we generate
data from a bimodal mixing distribution  ? which fixes  = 10 and distributes (µ✓, µ�)
over (0, ⇡)⇥ (0, 2⇡) according to a mixture of truncated bivariate normals,

(µ✓, µ�) ⇠ 0.5 trN2(⌘1,⌃) + 0.5 trN2(⌘2,⌃). (11)

In (11), the covariance matrix ⌃ is a diagonal matrix with the diagonal vector as {(⇡/12)2, (⇡/6)2},
and the mean vectors are ⌘1 = (⇡/4, ⇡/2)> and ⌘2 varying,

⌘2 2 {(3⇡/8, 3⇡/4)>, (⇡/2, ⇡)>, (3⇡/4, 3⇡/2)>}

. The distance between the two modes (⌘1, ⌘2) acts as a measure of the “degree of
clustering,” with large distances corresponding to going further away from the null. We
generate 100 data sets under each configuration and plot logEpr

n versus n at increments
n = 100, 200, . . . , 5000 in Figure 1(b), along with a reference line of slope K(P ?,P0). As
expected, the slope increases in the “degree of clustering” and the log-pre-process paths
closely follow this trend.
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5 Applications

5.1 Testing log-concavity of a density

Examples of log-concave densities on the real line include the Gaussian, logistic, Laplace,
and others. E�cient numerical methods have been developed (e.g., Cule et al. 2010;
Dümbgen and Rufibach 2011) to find the maximum likelihood estimator of a log-concave
density, and its asymptotic properties are studied in, e.g., Doss and Wellner (2016). As
for testing log-concavity, e-process-based tests have been proposed recently in Gangrade
et al. (2023) and Dunn et al. (2024). Here, we compare the pre-process’s growth rate to
that of the aforementioned e-processes.

For the pre-process denominator, we get the log-concave maximum likelihood es-
timator using the logConDens function in the R package logcondens (Dümbgen and
Rufibach 2011). For the numerator, we consider a mixture model with Gaussian kernel
pu, where u is mean and standard deviation pair, and mixing distribution supported on
U = [�10, 20] ⇥ [0.01, 3]. An R package for pre-process testing of log-concavity can
be found at https://github.com/vdixit005/PReprocess. For Dunn et al.’s e-process,
Eui

n , we use the code at https://github.com/RobinMDunn/LogConcaveUniv with its de-
fault settings. For the e-process proposed in Gangrade et al. (2023), Eulr

n , we follow their
recommendation and use an iteratively fit Gaussian kernel density estimator.

For the simulation, we take P ? as an uneven mixture of two normals, with means
0 and µ and variances 2. As above, µ also acts as a measure of the “degree of non-
log-concavity,” i.e., if µ is close to 0, then p? is only mildly non-log-concave; otherwise,
p? is more severely non-log-concave. The three cases we consider in our experiments
are µ = 6, 10, 14. We generate 100 data sets under each, calculate Epr

n , Eui
n and Eulr

n

at increments n = 100, 200, . . . , 5000. Plots of logEn versus n, along with a pointwise
average over replications for each method are shown in Figure 2. The key takeaways are
as follows. First, in terms of statistical e�ciency, our pre-process’s growth rate is faster
than Dunn et al.’s and no slower than Gangrade et al.’s in each scenario. Interestingly, the
slopes of the n versus logEui

n lines in Figure 2 are roughly half that of the n versus logEpr
n

lines, which suggests that the loss of e�ciency is due to the 50–50 data-splitting Dunn
et al. employ. Second, in terms of stability, the log-pre-process has considerably smaller
variance than Gangrade et al.’s log-e-process. Third, in terms of computational e�ciency,
both Eui

n and Eulr
n process the entire observed data sequence each time a batch of data

arrives because the previous calculation cannot be directly updated. The pre-process,
on the other hand, has a genuinely recursive update and is much faster.

The above comparison focused on the scalar-data case, but the same e-processes can be
defined and used for testing log-concavity in multivariate settings. In the supplementary
material we present a comparison of Epr

n and Eui
n in a multivariate case. The take-away

message there is that increasing the dimension naturally impacts the quality of the tests,
but it a↵ects the pre-process less in the sense that Epr

n tends to be closer to a suitable
oracle e-process than Eui

n does.
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(c) µ = 14

Figure 2: Plots of logEpr
n (blue), logEulr

n (pink) and logEui
n (green) versus n, based

on the not-log-concave density p? as a mixture of normals. Panel (a) corresponds to p?

“closest” to log-concave while (c) is “farthest.”

5.2 Testing time homogeneity

Let Xi = (Xi,1, . . . , Xi,T ) denote a binary time series of length T � 1, i.e., Xi,t 2 {0, 1}
for each (i, t) pair, generally dependent within the Xi’s, but independent between Xi

and Xj, for j 6= i. This situation arises when a binary characteristic, such as em-
ployed/unemployed, is measured on subject i at time t. Newton and Zhang (1999, Sec. 6)
consider an application where Xi,t = 1 if dairy cow i’s milk sample at time t tests positive
for pathogens and Xi,t = 0 otherwise. The relevant question here is whether the time
series are homogeneous or, in other words, is there temporal dependence within the time
series or are they independent? Below we construct a pre-process and anytime valid test
for independence versus a type of Markovian dependence.

Under the null hypothesis of time homogeneity, each Xi consists of a sequence of
Bernoulli trials with its own success probability !i. In this case, the likelihood is binomial,
which, for data Xn = (X1, . . . , Xn), is maximized at !̂i = T�1

PT
t=1 Xi,t, for i = 1, . . . , n.

This maximum likelihood goes in the denominator of the pre-process. For the alternative,
we consider a mixture of Markov models where the mass function q (x) is given by (2)
with kernel

pu(x) = ut00(x)
00 (1� u00)

t01(x) (1� u11)
t10(x) ut11(x)

11 , x = (x1, . . . , xT ),

tab(x) the number of transitions in series x from state a 2 {0, 1} to state b 2 {0, 1}, and
u = (u00, u11) 2 U = [0, 1]2 is the pair of probabilities corresponding to the “transitions”
0 ! 0 and 1 ! 1, respectively. As described in Section 3, we apply the pr algorithm to
fit this mixture model and obtain likelihood q̂pr(Xn), which is goes in the pre-process’s
numerator.

For illustration, we consider two simulation settings. The first is where the null is true,
with each Xi being a sequence of Bernoulli trials with success probability !i ⇠ Unif(0, 1).
The second is where the alternative is true, so that Xi is a Markov chain and its transition
probability matrix is determined by the pair (U00,i, U11,i) iid Beta(2, 4). In both cases, the
processes are of length T = 15, and sample sizes are n = 20, 40, . . . , 200. The paths of
logEpr

n versus n for the null and alternative cases are shown in Figure 3 and, as desired,
we find that Epr

n vanishes rapidly under the null and diverges similarly rapidly towards
infinity under the alternative.
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Figure 3: Plots of the pre-process trajectories, logEpr
n versus n, for the time homogeneity

tests in Section 5.2.

6 Conclusion

This paper proposes a universal inference-inspired e-process construction based on the pr
algorithm—a fast, recursive procedure for fitting flexible, nonparametric mixture models.
We show that pre-process is a genuine e-process and, therefore, o↵ers provable, finite-
sample, anytime valid inference. Further, we show that the pre-process attains the
optimal first-order growth rate under the alternative relative to the mixture model fit
by pr. Numerical results demonstrate that the pre-process’s finite-sample empirical
performance closely agrees with the optimal behavior predicted by the asymptotic theory.
Moreover, here and in the supplementary material, our proposal with a pr fit in the e-
process numerator is shown to be computationally more e�cient, numerically more stable,
and more accurately approximates the oracle e-process compared to, say, a kernel density
fit in the numerator.

The pre-process developments here shed new light on pr and motivates further com-
putational and theoretical investigations. In particular, there are open questions con-
cerning pr’s convergence rates (as it pertains to our pre-process’s growth rate here and
otherwise) and a need for finite-sample bounds and e�cient numerical methods for han-
dling higher-dimensional multivariate data. On the last point, our prticle filtering pro-
cedures employed here for multivariate problems is able to accommodate mixtures over
moderate-dimensional space U but, when the data and hence U are high-dimensional,
we do not expect the prticle filter to be especially accurate, at least not in a reasonable
time, so new ideas are needed to tackle those cases.
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Sankhyā Ser. A, 64(2):306–322.

Newton, M. A., Quintana, F. A., and Zhang, Y. (1998). Nonparametric Bayes methods
using predictive updating. In Dey, D., Müller, P., and Sinha, D., editors, Practical
Nonparametric and Semiparametric Bayesian Statistics, volume 133 of Lecture Notes

in Statist., pages 45–61. Springer, New York.

Newton, M. A. and Zhang, Y. (1999). A recursive algorithm for nonparametric analysis
with missing data. Biometrika, 86(1):15–26.

Neyman, J. and Pearson, E. S. (1933). On the problem of most e�cient tests of statistical
hypotheses. Phil. Trans. Roy. Soc. London Ser. A, 231:289–337.

Neyman, J. and Scott, E. L. (1948). Consistent estimates based on partially consistent
observations. Econometrica, 16:1–32.

Patilea, V. (2001). Convex models, MLE and misspecification. Ann. Statist., 29(1):94–
123.

Ramdas, A., Grünwald, P., Vovk, V., and Shafer, G. (2023). Game-theoretic statistics
and safe anytime-valid inference. Statist. Sci., 38(4):576–601.

Ramdas, A., Ruf, J., Larsson, M., and W., K. (2022). Admissible anytime-valid sequential
inference must rely on nonnegative martingales. arXiv:2009.03167.

Rissanen, J. (1984). Universal coding, information, prediction, and estimation. IEEE

Trans. Inform. Theory, 30(4):629–636.

18



Robbins, H. and Siegmund, D. (1971). A convergence theorem for non negative almost
supermartingales and some applications. In Optimizing methods in statistics (Proc.

Sympos., Ohio State Univ., Columbus, Ohio, 1971), pages 233–257. Academic Press,
New York.

Royall, R. M. (1997). Statistical Evidence, volume 71 of Monographs on Statistics and

Applied Probability. Chapman & Hall, London.

Shafer, G. (1976). A Mathematical Theory of Evidence. Princeton University Press,
Princeton, N.J.

Shafer, G. (2021). Testing by betting: a strategy for statistical and scientific communi-
cation. J. Roy. Statist. Soc. Ser. A, 184(2):407–478.

Shafer, G., Shen, A., Vereshchagin, N., and Vovk, V. (2011). Test martingales, Bayes
factors and p-values. Statist. Sci., 26(1):84–101.

Shafer, G. and Vovk, V. (2019). Game-Theoretic Foundations for Probability and Finance.
Wiley, Hoboken, NJ.

Tansey, W., Oluwasanmi, K., Poldrack, R. A., and Scott, J. G. (2018). False discovery
rate smoothing. J. Amer. Statist. Assoc., 113(523):1156–1171.

Tao, H., Palta, M., Yandell, B. S., and Newton, M. A. (1999). An estimation method for
the semiparametric mixed e↵ects model. Biometrics, 55(1):102–110.

Teicher, H. (1998). Strong laws for martingale di↵erences and independent random vari-
ables. J. Theoret. Probab., 11(4):979–995.

Tokdar, S. T., Chakrabarti, A., and Ghosh, J. K. (2010). Bayesian nonparametric good-
ness of fit tests. In Cheh, M.-H., Dey, D., Müller, P., Sun, D., and Ye, K., editors, Fron-
tiers of Statistical Decision Making and Bayesian Analysis, pages 185–194. Springer.

Tokdar, S. T., Martin, R., and Ghosh, J. K. (2009). Consistency of a recursive estimate
of mixing distributions. Ann. Statist., 37(5A):2502–2522.

Tro↵aes, M. C. M. and de Cooman, G. (2014). Lower Previsions. Wiley Series in Prob-
ability and Statistics. John Wiley & Sons, Ltd., Chichester.

van de Geer, S. A. (2000). Empirical Processes in M-Estimation, volume 6 of Cambridge

Series in Statistical and Probabilistic Mathematics. Cambridge University Press, Cam-
bridge.

van der Vaart, A. W. (1998). Asymptotic Statistics. Cambridge University Press, Cam-
bridge.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical

Processes. Springer-Verlag, New York.

Vovk, V. G. (1993). A logic of probability, with application to the foundations of statistics.
J. Roy. Statist. Soc. Ser. B, 55(2):317–351. With discussion and a reply by the author.

19



Wald, A. (1945). Sequential tests of statistical hypotheses. Ann. Math. Statistics, 16:117–
186.

Wald, A. (1947). Sequential Analysis. John Wiley & Sons, Inc., New York.

Wasserman, L., Ramdas, A., and Balakrishnan, S. (2020). Universal inference. Proc.

Natl. Acad. Sci. U.S.A., 117(29):16880–16890.

Waudby-Smith, I. and Ramdas, A. (2024). Estimating means of bounded random vari-
ables by betting. J. R. Stat. Soc. Ser. B. Stat. Methodol., 86(1):1–27.

Wilks, S. S. (1938). The large-sample distribution of the likelihood ratio for testing
composite hypotheses. Ann. Math. Statist, 9:60–62.

Williamson, R. E. (1956). Multiply monotone functions and their Laplace transforms.
Duke Math. J., 23:189–207.

Woody, S., Padilla, O. H. M., and Scott, J. G. (2022). Optimal post-selection inference for
sparse signals: a nonparametric empirical Bayes approach. Biometrika, 109(1):1–16.

20



Supplementary Material

This supplementary material contains some additional technical details that could
not fit in the main paper. In particular, Section 1 o↵ers some new perspectives on the
predictive recursion (pr) algorithm in terms of Dawid’s prequential statistics; Section 2
o↵ers some further details on the new pre-process proposed in the main paper; Section 3
gives a detailed statement of the conditions needed to analyze the pr estimates, along with
a proof of the asymptotic growth rate result (Theorem 2) in the main paper; Section 4
present some old and new details on the rate of convergence of pr’s estimator; Section 5
o↵ers some empirical results to help pin down the magnitude of the “o(n)” error term
in Theorem 2’s asymptotic approximation; Section 6 provides a comparison of two e-
processes in multivariate settings; and Section 7 proposes a variation on the pre-process
presented in the main paper.

A New perspectives on PR

Both of us wrote our PhD theses on predictive recursion (pr), viewed as an estimation
procedure. That is, the focus of those previous e↵orts was on large-sample consistency of
pr’s estimated mixing and mixture distributions and on applications in high-dimensional
inference. The present paper takes a di↵erent perspective, focusing on pr in the context of
prediction, which, ironically, has not been thoroughly investigated in the literature. This
is both interesting and relevant to the main paper, so we collect some of these developing
thoughts—potential new lines of research—here in this supplementary material. We
specifically would like to thank one of the anonymous reviewers for pointing out some of
these connections.

First, there are a number of methods available in the machine learning literature for
online or sequential prediction, i.e., algorithms that produce a sequence of probability
distributions (Qt), t = 1, 2, . . ., where Qt is interpreted as the predictive distribution of
Xt+1 depending on X t. Like with pr, it is not uncommon to construct these predictive
distributions using mixtures. For example, in Devaine et al. (2013), the authors consider
applications where there is a fixed, finite number of of experts making forecasts aboutXt+1

based on previous data X t, and the proposed algorithm aggregates the experts’ forecasts
using mixtures; see also Littlestone and Warmuth (1994) and Bousquet and Warmuth
(2002). Devaine et al. (2013) go on to prove non-asymptotic bounds on the regret—
prediction performance compared to an oracle—for certain convex loss functions. While
the particular algorithms in the above references are di↵erent from pr, this connection is
relevant for at least two reasons: first, any sequential aggregation algorithm ought to have
its own corresponding e-process—an aggree-process, say?—that warrants investigation,
just like pr and our proposed pre-process; second, perhaps the theoretical analysis of
these alternative algorithms can shed light on, say, how to establish similar regret bounds
for pr.

Next, and particularly relevant to the details in the present paper, is a connection
to Dawid’s prequential approach to and perspective on probability and statistics (e.g.,
Dawid 1984, 1991). Even the names are similar: the “prequential” is a combination
of the words “predictive” and “sequential,” which clearly has aspects in common with
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“predictive recursion.” A key di↵erence, however, is that what Dawid has put forward
is a general theory or perspective, while pr provides a particular instantiation of it, as
we now explain. The sequence (Qt) discussed in the previous paragraph is what Dawid
calls a prequential forecasting system, which could take all sorts of di↵erent forms, e.g.,
from a fully specified joint distribution for the observables to a more ad hoc expert
aggregation strategy. pr falls somewhere in between these two extremes: pr has at
its core a flexible, nonparametric mixture model for the observables, but it learns from
observations and updates in a non-Bayesian/non-probabilistic fashion. Dawid argues, as
formulated in his prequential principle, that the quality of a forecasting system should be
determined solely based on how well it predicts the actual observations; in other words,
this assessment should not take into consideration hypothetical outcomes that were not
observed. Our proposed pre-process test in the main paper is exactly in this spirit.
Indeed, just as in Dawid (1984, Sec. 7), our pre-process in Equation (6) in the main
text, is the ratio of two forecasting systems, each applied to the observed data sequence:
the numerator represents the pr-based forecasts and the denominator a summary of the
forecasts under the null model P0. Then the proposed test rejects the null model if and
only if the ratio exceeds some specified threshold (which does not depend on, say, “null
distribution” characteristics, etc). In other words, the null model is rejected if and only
if the pr-based forecasting system is significantly “better” than that which assumes the
null model. That our pre-process test is consistent with the prequential principle itself is
not enough to justify its use. It is precisely for this reason that Theorems 1–2 in the main
paper are essential: on the one hand, the pre-process (Epr

n ) stays small forever when P0

is true and, on the other hand, (under certain conditions) it diverges quickly to infinity
when P0 is not true.

Dawid (1985) discusses the use of forecasting systems to define an objective, empir-
ical notion of probability assigned to observed data sequences, and comments on the
implications to the foundations of statistics, probability, and science more broadly; see,
also, Vovk (1993). Not just any forecasting system achieves this objective, and Dawid
highlights a key calibration condition. Using our present notation, fix a sequence (An) of
subsets of X and the observations an = 1(Xn 2 An), where 1(·) is the indicator. Spar-
ing some technical details—concerning computable selection rules, essential to properly
defining “randomness” in the spirit of von Mises—a forecasting system (Qn) is calibrated
with respect to the observed sequence (an) if

1

n

nX

t=1

{Qt(At)� at} ! 0, n ! 1.

This has important implications, namely, that any two forecasting systems that are cali-
brated to (an) must be asymptotically equivalent (e.g., Blackwell and Dubins 1962), and
it is precisely that common “asymptotic probability” that Dawid puts forward as the
empirical probability of (an). For the pr forecasting system ( bQpr

n ), if X1, X2, . . . are iid
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P ?, then

1

n

nX

t=1

{ bQpr
t (At)� at} =

1

n

nX

t=1

{ bQpr
t (At)� P ?(At) + P ?(At)� at}

=
1

n

nX

t=1

{ bQpr
t (At)� P ?(At)}+

1

n

nX

t=1

{P ?(At)� at}.

It follows from the standard law of large numbers for bounded, mean zero random vari-
ables that the second term in the last line above converges to 0 with P ?-probability 1. If
P ? is contained in the set Q defined in Section 3.3 of the main paper, and if the conditions
in Section 3 below are satisfied, then it follows from Corollary 4.6 in Martin and Tokdar
(2009) that bQpr

n ! P ? with P ?-probability 1 in total variation. This implies that the first
term in the above display is vanishing as n ! 1 and, consequently, the pr forecasting
system is calibrated with respect to the sequence an = 1(Xn 2 An) determined by X1,
for any such X1 in a set of P ?-probability 1. This, of course, is an especially simple
case; but pr itself is quite flexible, e.g., it does not make use of the iid assumption, so we
suspect that calibration can be established more generally.

Finally, under this umbrella of forecasting systems, the idea put forward in Martin
and Tokdar (2011) can be given a new, potentially useful twist. They proposed a semi-
parametric mixture model wherein the kernel {pu : u 2 U} used to the define the pr
algorithm depends on some parameter ✓ 2 T; that is, their kernel is written as pu,✓, with
x 7! pu,✓(x) a probability density function for each (u, ✓). At any fixed value of ✓, we
can produce pr’s joint marginal density for Xn, denoted here as q̂pr✓ (Xn). Then Martin
and Tokdar (2011) defined the “likelihood” function ✓ 7! q̂pr✓ (Xn) and compared it to
the marginal likelihood function under a Bayesian nonparametric mixture model with a
Dirichlet process prior. They then proposed an estimate of ✓ based on maximizing that
pr-marginal likelihood: ✓̂prn = argmax✓ q̂pr✓ (Xn). Unfortunately, despite ample empirical
evidence suggesting it, su�ciently general results on large-sample consistency of ✓̂prn have
yet to be established. But one can interpret Martin & Tokdar’s suggestion as a particu-
lar instantiation of the “prequential model” in Dawid (1991, Sec. 7.3) which, for each ✓,
evaluates forecasts for the next observation in light of what has already been observed. If,
as conjectured in the previous paragraph, this pr-based prequential model can be shown
to have high-level justification in terms of calibration, etc., then it would be meaningful
to assess the properties of ✓̂prn relative to the pr-based model. This creates a new and
di↵erent opportunity to demonstrate the utility of this estimator. Indeed, Dawid (1984,
1991) presents a notion of (simple) prequential consistency, in which the predictions of
Xn+1 based on bQpr

✓̂prn
and bQpr

✓? , given Xn = xn, are compared as n ! 1, where ✓? denotes

the “true” value in the pr-based prequential model. If these predictions are asymptoti-
cally equivalent, then Dawid would call ✓̂prn (simply and prequentially) consistent. Aside
from the attractiveness of the prequential perspective, we believe that the aforemention
demonstration is within reach. This is also promising too, as Dawid argues, this notion
of consistency often holds more broadly than the classical notions of consistency.
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B Further PRe-process details

The paper’s main text describes and focuses on the use of our proposed pre-process
Epr

n for anytime valid hypothesis testing. But there is more that can be done with the
pre-process and here we briefly describe three such developments.

First, given a null model, P0, one can define a corresponding “anytime p-value”

⇡pr(Xn;P0) = 1 ^ Epr(Xn;P0)
�1.

Just like in Corollary 1 in the main paper, it follows that

sup
P2P0

P{⇡pr(XN ;P0)  ↵}  ↵, all ↵ 2 [0, 1] and all stopping times N.

So, as expected, the anytime valid test proposed in the main paper is equivalent to a test
that rejects when the above p-value is no more than ↵.

Second, by considering singleton null hypotheses P0 = {P0} and varying P0, the above
p-value defines a function P0 7! ⇡pr(Xn; {P0}) which, as explained in Martin (2023a),
determines a data-dependent imprecise probability distribution supported on P , in par-
ticular, a necessity–possibility measure pair (e.g., Dubois and Prade 1988; Shafer 1976).
This, in turn, determines an anytime valid inferential model (Martin 2022; Martin and
Liu 2013, 2015) that provides provably safe and reliable imprecise-probabilistic uncer-
tainty quantification about the unknown P . Akin to a Bayesian posterior distribution,
this imprecise-probabilistic uncertainty quantification can then be used, e.g., for formal
decision-making (Martin 2021a). Indeed, if (a, P ) 7! `a(P ) quantifies the loss of taking
action a when the state of the world is P , then one can find a lower and upper expected
loss using a specialization of Choquet’s general theory of integration with respect to ca-
pacities (Choquet 1954) to the case of necessity and possibility measures (e.g., Tro↵aes
and de Cooman 2014, Sec. 7.8). From here, one can proceed to, say, minimize the upper
expected loss with respect to the action a to obtain an inferential model version of a
Bayes rule, and establish bounds on the di↵erence between the inferential model’s up-
per expected loss and the oracle loss that knows the true P . Since this is not specific
to the pre-process developments in this paper, we will not go into any further details
here. But the interested reader might like to see Denœux (2019) for a review of the
literature on this brand of generalized Bayes decision theory, and also R. Martin’s ex-
tended abstract in the forthcoming Oberwolfach Mathematical Research Institute report
(https://www.mfo.de/occasion/2419b).

Finally, a more familiar consequence of the anytime validity of the pre-process-based
test in the main paper is inverting the test to construct an anytime valid confidence set.
Let � : P ! � be a map that extracts some relevant feature from P 2 P . For example,
�(P ) =

R
X xP (dx) is the mean of P , �(P ) = inf{x : P ((�1, x]) � ⌧} is the ⌧ th quantile

of P , and �(P ) = P is the distribution P itself. For a given �, define the following
data-dependent subset of �:

C↵(X
n) =

�
�(P ) : ⇡pr(Xn; {P}) > ↵

 
, ↵ 2 [0, 1].

The set C↵(Xn) is just the collection of all �(P ) corresponding to “null” P s that the
pre-process-based test would not reject for data Xn at level ↵. Then the fact that Epr

n is
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an e-process implies that C↵(·) is an anytime valid 100(1� ↵)% confidence set for �(P )
in the sense that

sup
P2P

P{C↵(X
N) 63 �(P )}  ↵, any ↵ 2 (0, 1) and any stopping time N.

Of course, identifying the set C↵(Xn) for a given � and a given data set Xn could be a
challenge, but approximations could surely be found if there was su�cient desire to do
so.

C The PRe-process’s asymptotic growth rate

C.1 Setup of Theorem 2

There are a few inputs that play key roles in the asymptotic properties of the pr algo-
rithm. These include some user-specified inputs, namely, the family of kernel densities
{pu : u 2 U} that determine the set of mixtures Q, and pr’s weights (wi) and initial
guess  0; two more relevant quantities that are beyond the user’s control are the true
distribution P ?, with density p?, and the corresponding Kullback–Leibler projection of
P ? onto the set Q of mixtures. This latter projection is defined as the distribution Q?

with density q? that satisfies

K(P ?, Q?) = K(P ?,Q) := inf
Q2Q

K(P ?, Q). (12)

The existence of Q? is ensured by various sets of conditions; see, e.g., Liese and Vajda
(1987, Ch. 8). In particular, existence of Q? is implied by Condition 1 below, as shown in
Lemma 3.1 of Martin and Tokdar (2009). The following conditions, on which Theorem 2
is based, concern the basic properties of these individual inputs and their interplay.

Condition 1. U is compact and u 7! pu(x) is continuous for almost all x.

Condition 2. The pr weight sequence (wi) satisfies

1X

i=1

wi = 1 and
1X

i=1

w2
i < 1. (13)

Condition 3. The kernel density pu(x) satisfies

sup
u1,u22U

Z npu1(x)

pu2(x)

o2

p?(x) dx < 1 (14)

Condition 4. The Kullback–Leibler projection Q? in (12), with density q?, satisfies

Z n
log

p?(x)

q?(x)

o2

p?(x) dx < 1. (15)

Here we o↵er some explanation and intuition. First, compactness of the mixing dis-
tribution support U in Condition 1 is di�cult to relax, but the fact that U can be taken
arbitrarily large means that this imposes e↵ectively no practical constraints on the user.
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Continuity of the kernel can be relaxed, but at the expense of a much more complicated
condition; the reader interested in this can consult Equation (7) in Dixit and Martin
(2023b) and the relevant discussion. Condition 2 says simply that the weights must be
vanishing to ensure convergence but not too quickly since the algorithm needs an oppor-
tunity to learn; the requirement in (13) is just right for this. Condition 3 is non-trivial
but holds for Gaussian and other exponential family distributions thanks to the compact-
ness of U in Condition 1. Finally, Condition 4 concerns the quality of the mixture model
itself. One cannot hope to achieve quality estimation/inference in any sense if the “best”
member of the mixture model di↵ers considerably from the true density p?. Equation
(15) is just a particular way to say that p? and q? do not di↵er by too much.

Once the user makes his/her specification of the mixture model, Condition 3 deter-
mines a set of true densities p? for which the pr algorithm will provide consistent estima-
tion. Indeed, Theorem 1 in Martin and Tokdar (2011) states that, under Conditions 1–3,
the pr estimator q̂Xn satisfies K(p?, q̂Xn) ! infq2Q K(p?, q) with P ?-probability 1 as
n ! 1. The user, of course, can vary the mixture model specification to tailor pr
toward what they expect p? to look like. But we need more than consistency for our
purposes here, and Conditions 4 further restricts the set of true densities to those for
which the pr algorithm can give us the “more” that we need.

C.2 Proof of Theorem 2

As explained in the main text, Theorem 2 is a consequence of the following property of
pr:

n�1 log q̂pr(Xn) = n�1 log p?(Xn)�K(P ?,Q) + o(1), n ! 1, (16)

The goal here is simply to show that (16) holds under Conditions 1–4 as stated above.
The argument closely follows that in Martin and Tokdar (2011), but we provide the
details here for completeness since their context and notation is di↵erent from ours.

The strategy of the proof is as follows. First, simplify the notation by writing
q̂i�1(Xi) = q̂Xi�1(Xi) for each i. Next, define the sequence of random variables

Kn =
1

n

nX

i=1

log
p?(Xi)

q̂i�1(Xi)
,

which might be interpreted as a sort of empirical Kullback–Leibler divergence. If K? =
K(P ?,Q), then (16) is equivalent to Kn ! K? with P ?-probability 1 as n ! 1. It is this
latter claim that we will prove below, using a martingale strong law in Teicher (1998).

Towards this, define a sequence of random variables Zi as,

Zi = log
p?(Xi)

q̂i�1(Xi)
�K(p?, q̂i�1), i � 1.

Recall that Ai�1 = �(X i�1), so EP ?(Zi | Ai�1) = 0 and, therefore, {(Zi,Ai) : i � 1} is a
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zero mean martingale sequence under P ?. For q? as in (12), we have

EP ?(Z2
i | Ai�1) 

Z ⇢
log

p?(x)

q̂i�1(x)

�2

p?(x) dx

=

Z ⇢
log

q?(x)

q̂i�1(x)
+ log

p?(x)

q?(x)

�2

p?(x) dx

 2

Z ⇢
log

q?(x)

q̂i�1(x)

�2

p?(x) dx+ 2

Z ⇢
log

p?(x)

q?(x)

�2

p?(x) dx

= 2Ai + 2B.

Of course, B is a finite constant according to Condition 4. To bound Ai let us first define
X0 = {x : q?(x) < q̂i�1(x)}. Using basic properties of the logarithm, we get

Ai =

Z ⇢
log

q?(x)

q̂i�1(x)

�2

p?(x) dx

=

Z

X0

⇢
log

q̂i�1(x)

q?(x)

�2

p?(x) dx+

Z

Xc
0

⇢
log

q?(x)

q̂i�1(x)

�2

p?(x) dx


Z

X0

⇢
q̂i�1(x)

q?(x)
� 1

�2

p?(x) dx+

Z

Xc
0

⇢
q?(x)

q̂i�1(x)
� 1

�2

p?(x) dx

 2 +

Z "⇢
q̂i�1(x)

q?(x)

�2

+

⇢
q?(x)

q̂i�1(x)

�2
#
p?(x) dx.

Since both q̂i�1 and q? in the two numerators in the above display are mixtures of the
kernel pu, we can say that

Ai  2 + 2 sup
u1,u22U

Z npu1(x)

pu2(x)

o2

p?(x) dx

which is bounded by Condition 3. Therefore, EP ?(Z2
i | Ai�1) is bounded too. Switching

from index “i” to the more natural “n,” we have that

EP ?(Z2
n | An�1)

n2(log log n)�1
. n�2(log log n) ! 0.

Therefore, by Markov’s inequality, with P ?-probability 1 we have,

1X

n=1

P ?
⇣
|Zn| >

n

log log n

��� An�1

⌘
.

1X

n=1

(log log n)2

n2
< 1.

From this and Corollary 2 of Teicher (1998)—with his “� = 1”—we get n�1
Pn

i=1 Zi ! 0
with P ?-probability 1. Therefore, also with P ?-probability 1,

���Kn �
1

n

nX

i=1

K(p?, q̂i�1)
��� =

���(Kn �K?)� 1

n

nX

i=1

{K(p?, q̂i�1)�K?}
��� ! 0.

From Theorem 1 in Martin and Tokdar (2011) and Cesaro’s theorem, we have Kn�K? !
0 with P ?-probability 1.
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C.3 Condition (9) concerning the null model

Theorem 2 in the main paper—see Equation (9)—relies on a particular feature ?(P0) of
the null model P0, , namely,

lim inf
n!1

n�1 log{p?(Xn)/p̂0(X
n)} � ?(P0), with P ?-probability 1, (17)

where p̂0(Xn) = supp02P0
p0(Xn) is the maximum likelihood in P0. As stated in the

main paper, it is easy to check that ?(P0) is bounded above by K(P ?,P0). Indeed, by
definition of maximum likelihood,

n�1 log{p?(Xn)/p̂0(X
n)}  n�1 log{p?(Xn)/p0(X

n)}, for all P0 2 P0,

and the upper bound converges with P ?-probability 1 to K(P ?, P0). This can be made
arbitrarily close to K(P ?,P0) through careful choice of P0 and, therefore, ?(P0) 
K(P ?,P0).

Our plan here is to focus on the case where ?(P0) = K(P ?,P0), but we first want to
emphasize that strict inequality is possible. This corresponds to a particularly unusual
case where the maximum likelihood estimator fits the data better, even asymptotically,
than the true distribution P ? (or the model’s “best representative”). As an illustration,
consider the famous Neyman–Scott problem (Neyman and Scott 1948), where data Xn

is of the form {(X11, . . . , X1J), . . . , (Xn1, . . . , XnJ}, fully independent throughout, with
Xi1, . . . , Xin iid N(µi, �2), for i = 1, . . . , n. The point is that there are n-many mean
parameters (µ1, . . . , µn) but only one variance parameter �2. The maximum likelihood
estimators are

µ̂i =
1

J

JX

j=1

Xij, i = 1, . . . , n and �̂2 =
1

nJ

nX

i=1

JX

j=1

(Xij � µ̂i)
2.

What makes this example “famous” is that it is one of the first to demonstrate inconsis-
tency of the maximum likelihood estimator. In particular, if �2 denotes the true variance
parameter under P ?, then �̂2 ! J�1

J �2 < �2 with P ?-probability 1 as n ! 1 with J
fixed. In this case, using the general notation from above, it can be shown that

n�1 log{p?(Xn)/p̂0(X
n)} ! log(J�1

J ) < 0,

while the minimum Kullback–Leibler number for this correctly-specified model is 0. This
happens because maximum likelihood systematically underestimates the variance, and a
model with less spread around the observations will tend to fit better in the sense of having
non-trivially higher likelihood. Our hunch is that strict inequality ?(P0) < K(P ?,P0)
holds only when the P0-maximum likelihood estimator is inconsistent, but we will not
pursue this matter here.

Returning to the general question, we are interested in when

n�1 log{p?(Xn)/p̂0(X
n)} ! K(P ?,P0), with P ?-probability 1.

Of course, if the model is correct in the sense that P ? 2 P0, then the right-hand side is 0
and we would expect that the left-hand would be a limit that also equals 0. Corollary 3.2
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in Doss and Wellner (2016) gives a result along these lines for the case of log-concave
densities, which was one of the applications in the main paper. The more interesting case
for us is when the model is wrong, i.e., K(P ?,P0) > 0. As is common in the literature
on model misspecification (e.g., Kleijn and van der Vaart 2006; Patilea 2001), we assume
that there exists P †

0 2 P0 such that K(P ?, P †
0 ) = K(P ?,P0). Uniqueness if P †

0 is not
necessary for us here, but it is unique if P0 is convex, e.g., in the monotone density
application in the main paper. Then the scaled log-likelihood ratio can be written as

n�1 log{p?(Xn)/p̂0(X
n)} = n�1 log{p?(Xn)/p†0(X

n)}+ n�1 log{p†0(Xn)/p̂0(X
n)}.

The law of large numbers implies that the first term on the right-hand side converges to
K(P ?,P0) with P ?-probability 1. So, only the second term on the right-hand side requires
further analysis and, in particular, we would like to know when this would be vanishing as
n ! 1. Since p̂0(Xn) � p†0(X

n), it is enough to show that n�1 log{p̂0(Xn)/p†0(X
n)} ! 0.

A general strategy is through the use of a suitable uniform law of large numbers.
Consider the following decomposition, with de Finetti’s notation P ?f for expectationR
f dP ?,

n�1 log{p̂0(Xn)/p†0(X
n)} = sup

P02P0

1

n

nX

i=1

{log p0(Xi)� log p†0(Xi)}

= sup
P02P0

1

n

 nX

i=1

{log p0(Xi)� P ? log p0}

�
nX

i=1

{log p†0(Xi)� P ? log p†0}

� n{K(P ?, P0)�K(P ?, P †
0 )}

�

 sup
P02P0

����
1

n

nX

i=1

{log p0(Xi)� P ? log p0}
����+ o(1),

where “o(1)” corresponds to n�1
Pn

i=1{log p
†
0(Xi) � P ? log p†0}, which is vanishing with

P ?-probability 1 by the law of large numbers. Of course, if logP0 is a Glivenko–Cantelli
class, then of course the upper bound in the above display is vanishing and the desired
result holds. If, for example, the densities in P0 are not bounded away from 0, then this
naive Glivenko–Cantelli property might fail. In that case, one can restrict the class P0

to some better-behaved subset for which the Glivenko–Cantelli property can be estab-
lished, then show that the maximum likelihood estimator would be in that restricted P0

with probability converging to 1. This is relatively standard from here, so we refer the
interested reader to the classical texts on empirical process theory and statistical infer-
ence/learning (e.g., Kosorok 2008; van de Geer 2000; van der Vaart 1998; van der Vaart
and Wellner 1996).

D On PR’s rate of convergence

The rate at which pr’s density estimator converges to the true density p? is of general
interest and is relevant to questions about the asymptotic growth rate of the pre-process
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under the alternative. Here we review and slightly extend the theoretical analysis in
Martin and Tokdar (2009).

Martin and Tokdar (2009) showed that, under the conditions of Theorem 2 in the
main paper (see Section C above), if P ? is in the interior of the set Q of mixtures and if
pr’s weight sequence (wi) has the form wi = (i+1)��, for � 2 (2/3, 1], then pr’s density
estimator q̂Xn satisfied n1��K(p?, q̂Xn) ! 0 in P ?-probability. It is for precisely this
reason that we take � = 0.67, just slightly more than 2/3, in our numerical examples—it
corresponds to roughly the best rate according to the available theory. Martin & Tokdar
argue that their bound on the rate is conservative or worst-case in the sense that it
corresponds to a P ? arbitrarily close to the boundary of Q; this boundary case is “worst”
because pr struggles most to estimate a mixing distribution that does not have a density
with respect to the posited dominating measure.

As an aside, a shortcoming of the theoretical analyses of pr published to date is that
they apparently are not able to accommodate structural assumptions about P ?, so the
results all are of a “worst-case” form. This makes it di�cult to assess the performance
of pr in natural cases where P ? has a su�ciently smooth density, etc.

It turns out that there is another previously-unknown sense in which pr’s convergence
rate is conservative. The following proposition makes this precise.

Proposition 1. Under the conditions stated in the second paragraph of this section,

n1�� max
s�n

K(p?, q̂Xs) ! 0 in P ?
-probability, n ! 1.

Proof. Martin & Tokdar’s proof leans on a demonstration thatK(p?, q̂Xn) and n1��K(p?, q̂Xn)
are what Robbins and Siegmund (1971) call an “almost supermartingale” sequences, and
then they apply Robbins & Siegmund’s Theorem 1 to prove that both are vanishing with
P ?-probability 1. But Robbins & Siegmund also prove a maximal inequality for almost
supermartingales and the above proposition’s claim is a consequence of their Proposition 2
and Martin & Tokdar’s Theorem 4.8. We omit the notation-heavy details here.

This result implies that Martin & Tokdar’s conservative n�(1��) rate for K(p?, q̂Xn) is
more accurately the rate associated with the obviously-no-smaller quantity maxs�n K(p?, q̂Xs).
This is non-trivial because, like supermartingales, almost supermartingale sequences only
“tend” to decrease. Unfortunately, it is not clear how this new sense of conservatism in
the extant theoretical analyses of pr can be used to pin down a less conservative bound
on rate of convergence. But the empirical work below may shed some light on this.

E Size of the error term in Theorem 2

A question posed in the main paper is: how large is the pre-process’s “o(n)” term in
Theorem 2? The theoretical analysis in Martin and Tokdar (2009) and Section D above
imply a conservative bound of n� on the “o(n)” term in Theorem 2 of the main paper,
when pr’s weight sequence (wi) satisfies wi = (i + 1)��, for � 2 (2/3, 1]. So, with the
suggested choice of � ⇡ 2/3, a conservative bound on the “o(n)” term would be roughly
n2/3. Less conservatively, away from the edge cases, we expect an improved rate, and
the current conjecture is that the o(n) term in question is roughly n�/2, or roughly n1/3
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when � ⇡ 2/3. In this section, we present some simulation results as empirical evidence
in support of this conjecture.

Towards this, recall the oracle e-process defined in the main paper as

Eor
n =

p?(Xn)

supP02P0
p0(Xn)

,

whose magnitude can be used to compare the null model P0 to the true distribution
P ? based on the data Xn. Then the di↵erence between the log-oracle e-process and the
log-pre-process is

Dn := logEor
n � logEpr

n =
nX

i=1

log
p?(Xi)

q̂Xi�1(Xi)
,

which is easy to evaluate numerically and does not depend on the null model. Most
important for our present purposes here is that Dn asymptotically agrees with the o(n)
term in Theorem 2’s bound. So, if we simulate data and evaluate Dn, then we can model
Dn as a function of n to approximate its growth and, in turn, estimate the size of the
o(n) error term in Theorem 2.

We simulate 250 data sets for each value of n along the grid 2000, 4000, . . . , 30000
and, for each data set, evaluate the di↵erence Dn. Define D̄n to be the average of Dn

over the replicates, and then we model log D̄n as a linear function of log n—the coe�cient
associated with this log n term represents the polynomial order of o(n), which should be
much smaller than 1. We also fit a model that includes a log log n term, but found that
the coe�cient on this term is not significantly di↵erent from zero. The specific mixture
model under consideration here uses a Gaussian kernel pu(x) = N(x | u, 1) mixed over the
mean in U = [�5, 5]. For the case when P ? is in the interior of the convex hull, we take
the true mixing distribution to be Beta(3, 5), centered and scaled to U. For the boundary
P ? case, we take the true mixing distribution to be a point mass at 0. These experiments
were also carried with location–scale normal mixtures and mixtures of gamma kernels
and the results were similar to those here.

Figure 4 shows our simulation-based estimates of the growth of the o(n) error term
as a function of n, with Panels (a) and (b) showing the interior- and boundary-P ? cases,
respectively. In the interior case, for the linear model log D̄n ⇠ log n stated using R
syntax, the estimated coe�cient on the log n term is 0.325 with standard error 0.002.
This is in the ballpark of the conjectured value of 0.33 for this interior-P ? case. For the
boundary-P ? case, the estimated coe�cient is 0.545 with standard error 0.008, which is
a little smaller than the conservative bound from Martin and Tokdar (2009).

As an aside, the near-2/3 lower bound on pr’s weight sequence parameter � appears to
be an artifact of the proof technique employed in Martin and Tokdar (2009). One would
expect that a smaller value of �, e.g., close to the natural lower bound of 0.5, would be
a better choice because the slower the weight sequence decays, the more opportunity an
individual data point has to influence pr’s estimator. So, intuitively, one would expect
pr to perform better, to make more e�cient use of the data, with smaller choices of the
parameter �. If true, then there would be a need for a di↵erent strategy for analyzing
pr, one that could detect its improved performance with smaller weights. To check this
intuition, and to see if we could get a smaller bound on the o(n) term in Theorem 2,
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(a) Interior-P ?
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(b) Boundary-P ?

Figure 4: Plots of D̄n versus n for two di↵erent simulation settings. In Panel (a), data
are simulated from a P ? in the interior of the convex hull Q whereas, in Panel (b), the
data are simulated from P ? on the boundary of Q.

we repeated the above experiment with � = 0.51. Contrary to the above intuition, our
findings revealed that the aforementioned o(n) term is actually significantly larger for
� = 0.51 than it is for � = 0.67. This suggests that there may be something fundamental
about the near-2/3 bound in Martin and Tokdar (2009) after all.

F Testing log-concavity: multivariate case

One of the applications presented in the main paper was the use of e-processes, in partic-
ular, our proposed pre-process, for testing log-concavity of the underlying density based
on iid observations. There we focused on a comparison between our pre-process-based
test and the universal inference-based e-process test proposed by Gangrade et al. (2023).
This latter e-process is very similar to the pre-process: the only di↵erence is that, in-
stead of using pr to fit a nonparametric mixture density q̂Xi�1(Xi) to each Xi based on
X i�1, it does so using a standard Gaussian kernel density estimator applied to X i�1. The
comparisons in the main paper focused on data of dimension d = 1. Our goal here is to
do a similar comparison for d > 1.

First, we need to comment on the computation of the two e-processes when the dimen-
sion is greater than 1. Lets start with the denominators. As in the main paper, for dimen-
sion d = 1, the log-concave maximum likelihood can be found using the logConDens func-
tion from the R package logcondens (Dümbgen and Rufibach 2011); for d 2 {2, 3, 4} this
can be done using the R package at https://github.com/FabianRathke/fmlogcondens.
Next, we discuss computation of the e-process numerators in turn.

• For the kernel-based universal inference, we obtain the d-dimensional kernel density
estimate using the kde function in the R package ks (Duong 2024); the same choice
is made in Gangrade et al. (2023). This can accommodate dimension d  6. We
use a diagonal, data-driven bandwidth matrix as implemented in the Hpi.diag

function in the same R package. Doing this sequentially, i.e., constructing a kernel
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density estimator at Xi based on X i�1 for each i � 1, is quite expensive and, for
this reason, Gangrade et al. (2023) propose a batching scheme. Here we are more
interested in the quality of the e-processes than in the computational e�ciency, so
we did not implement their batched version.

• For pr, implementation is easy when the dimension is low. Here, however, for d-
dimensional data, to fit a multivariate normal mixture, where mixing is over the
mean vector and diagonal covariance matrix, then the dimension of the latent U-
space is 2d. This means we quickly surpass cases where pr’s integration can be done
using simple quadrature rules. It is for precisely these cases that we developed the
prticle filter strategy in Dixit and Martin (2023a), which goes roughly as follows.
Start with a random sample {Ut : t = 1, . . . , T} from pr’s initial guess  ̂0 of the
mixing distribution supported on U and, to each Ut, attach the weight ⇡0(Ut) ⌘ 1.
As described in Dixit and Martin (2023a, Sec. 3), the weights are sequentially
updated as data points arrive so that the weighted samples after observing X i�1

can be used to approximate expectations with respect to the pr estimator  ̂i�1. In
particular, they propose

q̃Xi�1(Xi) :=
1

T

TX

t=1

k(Xi | Ut) ⇡i�1(Ut)

as an approximation of pr’s q̂Xi�1(Xi) =
R
k(Xi | u) i�1(du). Importantly, the

weight updating scheme requires no integration. With this approximation of pr’s
predictive density, it is straightforward to get the corresponding pre-process.

To compare the two e-processes, we follow the strategy in Section E above. That is,
we compare each of the e-processes to the oracle e-process that knows the true density
p?. In particular, we consider

Dpr
n = logEor

n � logEpr
n and Dui

n = logEor
n � logEui

n ,

where Epr
n and Eui

n are the pre-process and kernel-based universal inference e-process,
respectively. The advantage of this comparison is that it alleviates the computation of
the log-concave maximum likelihood estimators and focuses specifically on the aspect
that distinguishes the two e-processes, namely, their choice of numerator.

We focus our comparison on the case of d = 3. Since the kernel density estimation
scheme can only handle d  6, we consider the choice d = 3 to be “moderate dimension.”
In this case, implementation of pr—fitting a Gaussian mixture model with diagonal
covariance matrix—would require integration over a 6-dimensional space, which cannot
be done using quadrature. Here, instead, we use the prticle filter approximation described
above with T = 20, 000 initial particles. This can all be done up to at least dimension
d = 5, but all the computations (both kernel and pr) become more expensive. Since the
point we want to make is apparent with d = 3, this is where we focus our investigation.

Figure 5 shows the paths n 7! D⇤
n for the two e-processes, ⇤ 2 {pr,ui}, under investi-

gation over 50 data sets sampled iid from a true distribution P ? that is a two-component
mixture of 3-dimensional Gaussian kernels with di↵erent means and di↵erent diagonal
covariance matrices. This means that, in a certain sense, both e-processes are fitting a
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Figure 5: Plots of Dpr
n (blue) and Dui

n (pink) versus n for 50 data sets, along with the
pointwise average.

“correctly-specified model” in their respective numerators, just with a di↵erent estima-
tor: pr versus a kernel density estimator. Since D⇤

n measures the gap between the given
e-process and the idealized oracle e-process, smaller values of D⇤

n indicate a smaller gap
and, hence, a better approximation of that ideal. As is clear from the plot, Dpr

n tends to
be significantly smaller than Dui

n and far less variable across replications. The take-away
message is that, while the increased dimension is sure to a↵ect the quality of an e-process’s
approximation of the oracle e-process, but the increased dimension has a more significant
e↵ect on the kernel-based e-process than it does on the pre-process implemented with the
prticle filter. Moreover, although we did not implement the batch procedure suggested
in Gangrade et al. (2023), it is worth mentioning that the pre-process’s denominator is
much less expensive to compute than the kernel-based e-process’s, despite the fact that
the latter is working with a relatively large number of particles. This is because the pr
updates are genuinely recursive while a naive implementation of the kernel update, with
data-driven bandwidth, requires a look-back at the full data.

G An alternative PR-like e-process

While there are a number of upsides to the use of a mixture model and pr in the denom-
inator of the e-process construction, there are also downsides. One is that it is required
to specify the mixture model’s kernel {pu : u 2 U}. In some cases, this specification is
trivial, i.e., one might just adopt a mixture of normals for the sake of flexibility, but in
other cases it might not be. A natural question is, if all that one needs is the sequence of
one-step-ahead predictive densities at the observations, then why is the mixture model
formulation necessary? Can we not just work directly with densities on the sample space?
Hahn et al. (2018) considered this question in the context of recursive Bayesian updat-
ing, and a proposal they put forward is the following. Their primary focus was on scalar
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observations so that is the context we consider here. Like with pr, start with a sequence
of weights (wi) and a prior (univariate) predictive density q0 with corresponding distribu-
tion function Q0. For a sequence of observations X1, X2, . . ., they suggest the following
sequence of predictive densities

qn(x) = (1� wn) qn�1(x) + wn qn�1(x) c⇢
�
Qn�1(x), Qn�1(Xn)

�
, x 2 X, n � 1,

where c⇢ is the Gaussian copula density,

c⇢(u, v) =
N2(��1(u),��1(v) | 0, 1, ⇢)

N(��1(u) | 0, 1)N(��1(v) | 0, 1) ,

with � the standard normal distribution function, and N2 in the numerator the bivariate
normal density, with zero means and unit variances, depending on a correlation parame-
ter ⇢ 2 [0, 1). Again, the advantage here compared to the original pr is that it does not
require specification of a mixture model or the numerical integration to convert pr’s mix-
ing distribution estimator into a corresponding mixture density estimator. The recursion
is written most naturally in terms of distribution—rather than density—functions, but
then numerical di↵erentiation is needed to get the density for the likelihood calculations
that follow.

From the predictive updates, one can get a corresponding joint density via multipli-
cation:

qrbp(Xn) =
nY

i=1

qi�1(Xi),

where rbp indicates that this is motivated by recursive Bayes predictive updating. Given
a null hypothesis P0, one can define the corresponding pr-like e-process as

Erbp
n =

qrbp(Xn)

supp02P0
p0(Xn)

.

This alternative e-process is interesting, and here are some points that we think war-
rant further investigation. First, there is currently no theory available that can be used to
investigate the asymptotic growth rate of Erbp

n , so can anything be said about this? Sec-
ond, how does this perform empirically compared to the pre-process and other available
e-processes? Third, can this be extended naturally—and in a way that can be theoreti-
cally analyzed—to handle multivariate observations? A suggestion for handling bivariate
data is given in Hahn et al. (2018), along with some brief numerical results, but no general
formulation or theory.
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