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ABSTRACT: An analytical method for diagnosing the interaction between the primary and secondary circulations of a
tropical cyclone (TC) and vortex intensification is developed. It includes a diagnostic equation describing the mean second-
ary circulation of a TC in an unbalanced framework by including the radial eddy forcing in the analytical system. It is an ex-
tension of the Sawyer–Eliassen equation (SEE) developed from the strict gradient-wind balance. This generalized SEE
(GSEE) remediates some of the limitations of SEE and can be used to diagnose both balanced and unbalanced dynamical
processes during the TC evolution. Using GSEE, this study investigates how the tangential and radial eddy forcing affects
the TC intensification simulated by the Hurricane Weather Research and Forecasting Model (HWRF) with differently pa-
rameterized turbulent mixing. The diagnostic results show that the supergradient component of radial eddy forcing contrib-
utes positively to the acceleration of the peak tangential wind, whereas the subgradient component of the radial eddy
forcing tends to lower the height of peak tangential wind. The relative importance of negative and positive effects of tan-
gential eddy forcing on TC intensification varies depending on the details of turbulence parameterization. For a turbulent
kinetic energy (TKE) scheme used in this study, a large sloping curvature of mixing length in the low troposphere causes
the tangential eddy forcing to produce a net positive tangential wind tendency near the location of the peak tangential
wind. In contrast, a small sloping curvature of mixing length generates a net negative tangential wind tendency at the peak
tangential wind.

SIGNIFICANCE STATEMENT: The interaction between the primary and secondary circulations of a tropical cy-
clone (TC) plays a key role in TC evolution. Historically, the secondary circulation induced by turbulence and convec-
tion is often described by a so-called Sawyer–Eliassen equation (SEE). While SEE has provided much insight into the
TC dynamics in the past, the assumption of gradient-wind balance used by SEE prevents it from understanding TC un-
balanced dynamics. To remediate the limitation, we extended the analytical framework into the unbalanced regime by
including radial eddy forcing in the analytical system and derived a generalized SEE (GSEE). Using GSEE, this study
investigates how tangential and radial eddy forcing affects TC intensification. The result highlights the importance of
multiple roles that turbulence plays in the intensification of TCs.
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1. Introduction

To the first-order approximation, a tropical cyclone (TC)
vortex can be described by the gradient-wind balance. In the
boundary layer (BL), the friction induced by the turbulence
slows down the TC tangential wind, so that the outward Cori-
olis force and centrifugal force can no longer balance the in-
ward pressure gradient force. This results in the radial inflow
in the BL. As the air converges toward the storm center, it
erupts out of the BL and diverges out along the eyewall
known as the Ekman pumping as illustrated by Fig. 1. While

most part of the BL in the TC inner core is subgradient due to
the slowdown of tangential winds by turbulent friction, the air
near the outflow region in the upper part of the BL (indicated
by the gray cycles in Fig. 1) is actually supergradient. Based
on this unique inflow and outflow structure, Smith et al.
(2009) divided the TC inner core into two regions (regions A
and B in Fig. 1) and argued that the interaction between the
BL and the free vortex above mainly takes place in region B
where the air in the BL is pumped into the free vortex, and
thus, it exerts a profound impact on vortex structure and in-
tensification. It is also important to point out that the BL be-
comes ill defined in this region as no physical interface
exists to separate the turbulence generated by the BL pro-
cesses and cloud processes aloft in the eyewall. Thus, the
treatment of turbulent mixing must go beyond the conven-
tional scope of the BL in the TC inner core (Zhu et al. 2019,
2021).

While the difference of the BL processes in different regions
has been recognized, the details of how the unbalanced dynamics
resulting from BL turbulence and convection affects TC intensifi-
cation remain poorly understood as we lack an appropriate
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diagnostic tool that can be used to analyze numerical simulation
output and quantify the contribution of individual unbalanced
processes to vortex intensification. A TC vortex is assumed to
satisfy both gradient-wind balance and hydrostatic balance.
Shapiro and Willoughby (1982) first showed that the secondary
overturning circulation of a TC vortex can be analytically de-
scribed by an elliptical partial differential equation known as
Sawyer–Eliassen equation (SEE). SEE is a powerful mathemat-
ical tool for diagnosing a TC vortex as it provides a way to
quantify contributions from individual processes of diabatic
heating and tangential turbulent eddy forcing to the acceler-
ation/deceleration of the primary circulation by combining
it with the tangential wind budget equation. However, the
assumption of strict gradient wind balance of SEE prevents
it from diagnosing the contributions of unbalanced pro-
cesses to the TC intensification. To date, no SEE-like diag-
nostic equation has been derived in an unbalanced TC
framework, and this motivates us to develop a new diagnos-
tic tool that can be used to quantify the contributions of in-
dividual unbalanced turbulent processes to TC intensification.
Utilizing the developed diagnostic tool, we attempt to address
some of the unanswered questions regarding the impact of pa-
rameterized turbulent eddy forcing on TC intensification in nu-
merical simulations.

This paper is organized as follows. In section 2, a general-
ized SEE-like equation in an unbalanced framework is de-
rived. This equation along with the tangential wind budget
equation is, then, used to diagnose the vortex intensification
in the idealized TC simulations by the Hurricane Weather Re-
search and Forecasting Model (HWRF) described in section 3.
The analysis results are presented in section 4 followed by a
summary of this study in section 5.

2. A generalized Sawyer–Eliassen equation

The azimuth-mean tangential wind budget equation in a
storm-centered cylindrical coordinate may be written as

­y t
­t

52urj 2 w
­y t

­z
1 Fl 1 Fsgsl

,

Fl 52u′rz
′ 2 y ′t

­y ′t
r­l

2 w′­y
′
t

­z
, (1)

where r, l, and z are the axes in the radial, azimuthal, and ver-
tical direction, respectively; ur, y t, and w are the radial, tan-
gential, and vertical wind components; overbar and prime
indicate the azimuthal mean and the perturbations away from
the azimuthal mean; z 5 (­y t/­r)1 (y t/r) and j 5 z 1 f are the
relative vorticity and absolute vorticity, respectively; and f is
the Coriolis parameter. The first two terms on the right-hand
side (RHS) of Eq. (1) are the tangential wind tendencies re-
sulting from the radial transport of the absolute vorticity by
the mean radial flow and the vertical advection of tangential
wind by the mean vertical velocity. These two terms represent
the interaction between the axisymmetric primary circulation
and secondary overturning circulation. The third term Fl is
the tendencies from the eddy correlations among the model-
resolved asymmetric eddy components of radial, tangential,
and vertical winds. The last term Fsgsl

represents the tendency re-
sulting from the parameterized subgrid scale (SGS) turbulence
and viscosity in the tangential direction, which is generally nega-
tive in the lower BL reflecting the friction induced by turbulence.
Likewise, the azimuth-mean radial flow budget equation may be
expressed as

­ur
­t

52ur
­ur
­r

2 w
­ur
­z

1 C 2
1
r

­p
­r

1 Fr 1 Fsgsr
, (2)

where r and g are the air density and gravity, C5

(y t 2/r)1 fy t , and Fr 52u′r(­u′r/r) 2 y ′t (­u′r/r­l) 2 w′(­u′r/­z) 1
y ′2t /r. The first two terms on the RHS of Eq. (2) are the ten-
dencies resulting from the radial and vertical advection of
mean radial flow. The last four terms represent the centrifugal
force y t

2/r, Coriolis force fy t , radial pressure gradient force
2[(1/r)(­p/­r)], and resolved and SGS eddy forcing Fr 1 Fsgsr

,
respectively. Neglecting the local change, advection, and
eddy forcing, Eq. (2) reduces to the gradient wind balance
C2 [(1/r)(­p/­r)]5 0. While the gradient-wind balance pro-
vides a concise framework for understanding the fundamental
TC dynamics, it excludes all the unbalanced processes of a
TC. One of the objectives of this study is to seek a method to
include the radial eddy forcing resulting from turbulent pro-
cesses in the TC intensification diagnoses.

Assuming that a TC vortex is in a hydrostatic balance
2[(1/r)(­p/­z)]5 rg (a validation of hydrostatic balance as-
sumption that holds for a TC vortex using model output is
provided in the online supplemental file), and the radial flow
is in a quasi-steady condition, further neglecting the mean ad-
vection terms, Eq. (2) reduces to

C 2
1
r

­p
­r

1 Fr 1 Fsgsr
5 0: (3)

Differentiating Eq. (3) with respect to z and differentiating the
hydrostatic balance equation with respect to r, respectively, can-
celling out the pressure terms, and then applying the equation of
state and the definition of potential temperature u, it yields

FIG. 1. A schematic illustration of the interaction among the pri-
mary TC vortex, secondary overturning circulation, surface friction,
diabatic heating of convection, and turbulent transport in the eye-
wall during the evolution of a TC vortex.
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g
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1
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: (4)

For Fr 1 Fsgsr
5 0, Eq. (4) reduces to the standard thermal

wind relationship. Thus, Eq. (4) may be considered as a gen-
eralized thermal wind relationship that holds for the entire
troposphere including the BL. The heat budget equation may
be written as

­x

­t
1 u

­x

­r
1 w

­x

­z
52x2Q, Q 5 u̇ 1 Fu 1 Fsgsu

, (5)

where u̇ is the diabatic heating and Fu 52u′r(­u′/­r) 2
y ′t (­u′/r­l) 2 w′(­u′/­z) and Fsgsu

are the resolved and SGS
eddy forcing, respectively. The azimuthal-mean continuity
equation may be written as

­(rrur )
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Equation (6) implies that ur and w may be expressed in terms
of a streamfunction c:

ur 52
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Differentiating Eq. (4) with respect to time, eliminating the
time derivatives of y t and x using Eq. (1) and Eq. (5), and re-
placing u and w with the streamfunction c Eq. (7), it ends up
with an elliptical partial differential equation in the form of
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We refer Eq. (8) as the generalized SEE (GSEE) hereafter.
For Fr 1 Fsgsr

5 0, Eq. (8) reduces to the classic SEE derived
by Smith et al. (2005) and Bui et al. (2009). Despite the fact
that Eq. (8) has more complicated coefficients, the equation is
still the standard elliptical partial differential equation, similar
to the classic SEE, which can be solved numerically provided
that the boundary conditions and forcing are known. Once
the streamfunction c is solved, the azimuthal-mean radial
flow ur and vertical velocity and w can be calculated from
Eq. (7). With the solved ur and w, the tendencies of azimuthal-
mean tangential wind resulting from different processes can be
readily diagnosed via Eq. (1). Equation (8) is a powerful diag-
nostic tool since it provides a mathematical way to examine how
the secondary circulation changes in response to individual dia-
batic heating and turbulent eddy forcings.

Shapiro and Willoughby (1982) first used SEE to diagnose
the secondary circulation of a TC-like vortex and examined
the change of tangential wind in response to differently pre-
scribed diabatic heating at different radii. However, SEE was
derived from the strict gradient wind balance; thus, it lacks
the ability to diagnose the unbalanced dynamics in TC intensi-
fication. A major advantage of Eq. (8) is that it provides a
framework for understanding TC intensification beyond the
gradient-wind balance. It allows us to diagnose the individual
contributions of specific radial eddy forcing resulting from tur-
bulent processes to the total tangential wind tendency of a
TC. It should also be pointed out that unlike the tangential
eddy forcing Fl 1 Fsgsl

and diabatic heating Q in SEE,
which appear as the independent forcing terms on the
RHS of Eq. (8), the radial eddy forcing Fr 1 Fsgsr

not only
serves as a nonlinear forcing term involving with the diabatic
heating, i.e., (­/­z)[(Fr 1 Fsgsr

)x2Q] but also appears in the
coefficients of Eq. (8), suggesting that there is an important
nonlinear interaction among radial eddy forcing, diabatic
heating, and the secondary circulation during the intensifica-
tion of a TC.

3. Numerical experiments

The numerical experiments analyzed in this paper are the
idealized TC simulations by the HWRF that are described in
Part I of this study (Katz and Zhu 2024, KZ-1 hereafter). The
initial vortex has a tropical storm (TS) intensity with an axi-
symmetric structure. The maximum surface wind speed of
15.0 m s21 is set at the radius of 75 km. The surface tangen-
tial wind profile is prescribed using the formula of Wood
and White (2011), which is then extended into the vertical
using an analytic function proposed by Nolan and Mont-
gomery (2002). The constructed initial vortex is shown in
Fig. 4 of KZ-1. In this paper, we present the analysis results
from the three sensitivity experiments with differently pre-
scribed turbulent mixing lengths. As summarized in Table 1,
the mixing length profiles used in these three experiments
have the same asymptomatic length scale of 150 m but dif-
ferent sloping curvatures by varying the shape parameter b.
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For details of the experiments and model configuration,
please refer to KZ-1.

The vortex in these three experiments underwent different
intensification pathways. Figure 2 shows the time evolution of
surface maximum wind speeds and sea level storm central
pressure during 120 simulation hours from the three experi-
ments. The TC vortex in EXP-SLOPE-1 reaches CAT-5
intensity at the end of 5-day simulation, but the vortex in
EXP-SLOPE-2 barely reaches CAT-2 intensity. The physi-
cal reasons for the TC-like vortex to undergo different in-
tensification pathways have been thoroughly discussed in
KZ-1. Since these experiments are exactly the same except
turbulent mixing parameterization via differently prescribed
mixing lengths, they provide excellent cases for us to under-
stand how the unbalanced dynamics induced by the turbu-
lent processes in the TC inner core affect TC intensification.
The related issues will be explored using the diagnostic
method summarized in section 2.

4. Results

a. Validation of TC secondary overturning circulation
diagnosed by SEE and GSEE

Before applying the GSEE diagnostic tool developed in
section 2 to analyze the simulated TC intensification, it is im-
portant to examine to the extent to which the TC second
overturning circulation diagnosed by GSEE can represent the
one directly simulated by HWRF. To do so, we carefully com-
pared the simulated azimuthal-mean transverse circulation
with those diagnosed by SEE and GSEE during the evolution
of the simulated TC vortex. As an example, Fig. 3 shows the
simulated azimuthal-mean vertical velocity and radial flow by
EXP-SLOPE-1 averaged over the last 24 h compared with the
corresponding SEE and GSEE diagnoses. Overall, there is a
good agreement between the simulation and diagnoses in
terms of the radial-height structure of vertical velocity and ra-
dial flow. In particular, the SEE and GSEE diagnoses well
capture the location and vertical extension of the eyewall up-
drafts and the structure of inflow and outflow simulated by
HWRF. However, the SEE diagnoses underestimate the mag-
nitude of the eyewall updraft in the midtroposphere around
5–10 km and the outflow, particularly near the tropopause. In
the meantime, the SEE diagnoses overestimate the eyewall
updraft in the low troposphere and the radial inflow in the BL
for both magnitude and radial extension.

The biases shown in the SEE analyses are reduced in the
GSEE diagnoses to some extent owing to the inclusion of radial
eddy forcing in the analysis. GSEE reduces the overestimated
eyewall updraft in the low troposphere by SEE. In particular,
GSEE nearly reproduces the magnitude and radial extent of ra-
dial inflow simulated by HWRF by cutting down the overesti-
mated inflow by SEE substantially. In addition, GSEE slightly
enhances the much-underestimated outflow near the tropopause
by SEE. We also calculated the two-dimensional (2D) correla-
tion between the radius–height structure of azimuthal-mean ver-
tical velocity and radial flow simulated by HWRF and the
corresponding diagnoses by GSEE and SEE. The results (pro-
vided in the supplemental file) show that the 2D correlation coef-
ficients are close to 0.9 for most of the time throughout the
simulation period, and GSEE diagnoses are better correlated to
the HWRF simulated fields than SEE. However, there are no-
ticeable differences between the simulated fields and SEE/
GSEE diagnoses. For example, both SEE and GSEE underesti-
mate the eyewall updraft in the midtroposphere and produce
false weak subsidence around the radii of 35–50 km in the BL.
These biases could be caused partially by the specified domain
boundary conditions when numerically solving SEE/GSEE and
partially by the limitation of 2D framework of SEE/GSEE in
representing a 3D TC vortex. A detailed discussion on the cause
of bias is provided in the supplemental file. Finally, we note that
radial flow and vertical velocity affect TC intensification through
terms 2urj (transport of absolute vorticity by radial flow) and
2w(­y t /­z) (advection of tangential wind by vertical velocity),
respectively, according to Eq. (1). The results of the tangential
wind budget analyses (to be shown in the next section) show that
2urj dominates 2w(­y t /­z) (Fig. 4). Thus, we argue that the
biases in the azimuthal-mean vertical velocity field should not

TABLE 1. Numerical experiments and prescribed mixing length
(k: von Kármán constant; z: height).

Experiments
Mixing length

1
l
5

1
l0

11
l0
kz

( )b
BASELINE l0 5 150, b 5 1.0
EXP-SLOPE-1 l0 5 150, b 5 0.5
EXP-SLOPE-2 l0 5 150, b 5 1.5

FIG. 2. Time series of surface maximum wind and storm central
pressure during 120 simulation hours from EXP-SLOPE-1 (red),
BASELINE (blue), and EXP-SLOPE-2 (green).
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have a substantial impact on the GSEE diagnoses presented in
the following sections.

b. TC vortex acceleration in the three experiments

The azimuth-mean tangential wind budget equation (Eq. (1))
provides an excellent way to understand how different dynamic
processes contribute to the acceleration of the primary circula-
tion of a TC. Using the model output, KZ-1 presented a detailed
tangential wind budget analysis. Figure 4 summarizes the budget
analyses of the three experiments. The SGS tangential turbulent
eddy forcing Fsgsl

is negative in the inflow layer (Figs. 4a–c),
which is the main momentum sink of a TC. The radius–height
structure of Fsgsl

is consistent with that of Persing et al. (2013)
and Zhu et al. (2019). On the other hand, the radial transport of
absolute vorticity (2urj) generates large positive and negative
tendencies in the inflow layer and outflow layer, respectively
(Figs. 4d–f). This is easy to understand because j is positive
everywhere, and thus the sign of 2urj is determined by the ra-
dial flow. The peak positive tendency of2urj occurs somewhere

between the strongest inflow and maximum j depending on
the specific structure of a vortex. Similarly, since w is positive in
the vicinity of radius of maximum wind (RMW), the sign of
2w(­y t /­z) (Figs. 4g–i) is determined by the vertical gradient
of tangential wind, which is positive and negative below and
above the height of peak tangential wind, respectively. There-
fore, 2w(­y t /­z) has a sign opposite to 2urj, causing the two
terms to cancel each other. However, since the magnitude of
2w(­y t/­z) is overwhelmed by 2urj, the net tendency of
2urj 2 w(­y t /­z) is to accelerate the primary circulation in the
inflow layer near RMW. The tendencies resulting from the
eddy correlation of model-resolved asymmetric eddies 2u′rz

′ 2
y ′t (­y ′t /r­l) 2 w′(­y ′t /­z) (Figs. 4j–l) are negligible compared to
those of the advection terms by the mean flow [2urj 2
w(­y t /­z)]. This is consistent with the argument by Nolan et al.
(2007) that TC intensification is mainly driven by the TC sym-
metric response to the azimuthally averaged diabatic heating,
rather than to the heating directly associated with individual
asymmetries. However, we note that these idealized simulations

FIG. 3. Comparison of overturning circulation between HWRF simulation and SEE/GSEE diagnoses averaged over the last 24 simula-
tion hours from EXP-SLPOE-1. [a(1)] Azimuthal-mean vertical velocity simulated by HWRF; [a(2)],[a(3)] corresponding vertical velocity
diagnosed by GSEE and SEE; [a(4)],[a(5)] bias errors of vertical velocity associated with GSEE and SEE (i.e., GSEE minus HWRF and
SEEminus HWRF). [b(1)]–[b(5)] As in [a(1)]–[a(5)], but for radial flow. Note that the white color inside the blue shade in [b(3)] indicates
the radial flow exceeds245 m s21.
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FIG. 4. (first row) Azimuthal-mean SGS tangential eddy forcing Fsgsl
(m s22) averaged over the last 24 h from EXP-SLOPE-1, BASE-

LINE, and EXP-SLOPE-2, respectively. (second row) As in first row, but for the radial transport of absolute vorticity 2urj (m s22).
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were performed without ambient wind shear. Previous studies
(e.g., Leighton et al. 2018) show that the asymmetric eddies play
a larger role in TC intensification in a shear environment. Thus,
we expect that2u′rz

′ 2 y ′t (­y ′t /r­l) 2 w′(­y ′t /­z) would be larger
if wind shear was prescribed in the idealized simulations.

The tendencies resulting from all terms on the RHS of
Eq. (1) are plotted in Figs. 4m–o, which show that the maximum
net positive tendency of tangential wind occurs just below the in-
terface between the inflow and outflow near RMW, correspond-
ing well with the peak tangential wind speed. The radius–height
structures of the tendency terms are fairly similar among the
three experiments. The main difference between them is
the magnitude of individual tendency terms, in particular, the
radial transport of absolute vorticity 2urj: KZ-1 analyzed
how the larger sloping curvature of mixing length in EXP-
SLOPE-1 generates the larger 2urj and kicks off a wind-
induced surface heat exchange (WISHE)-like (Emanuel
1986) positive feedback among vortex acceleration via inward
transport of absolute vorticity, surface evaporation, radial
moisture convergence, and eyewall convection underlying
TC intensification.

In short, the results of KZ-1 and Fig. 4 confirm that the in-
ward transport of absolute vorticity is the main driving force
for the vortex acceleration. Thus, the goal of this study is to
decompose the total 2urj calculated directly from model out-
put into different components induced by individual processes
using GSEE. This decomposition of 2urj may shed a new
light on how these processes contribute to the vortex intensifi-
cation. While turbulence can affect TC intensification both
dynamically and thermodynamically as illustrated in Fig. 1,
our focus in this paper will be on the dynamic aspect of how
radial and tangential turbulent eddy forcing affects TC
intensification.

c. Role of unbalanced radial turbulent eddy forcing in
TC intensification

The gradient-wind balance provides a concise description of
the fundamental TC dynamics. A real TC, however, deviates
from the gradient-wind balance due to the turbulent processes,
particularly in the BL. To quantitatively measure how far the tan-
gential wind deviates from the balanced gradient wind, we define
a quantity known as the normalized net radial forcing (NNRF) as

NNRF 5

C 2
∣∣∣ 21

r

­p
­r

∣∣∣∣∣∣ 21
r

­p
­r

∣∣∣ : (9)

Using the model output, we calculated NNRF. Fig. 5 shows
the radius–height distribution of NNRF averaged over the
last 24 h from EXP-SLOPE-1, EXP-BASELINE, and EXP-

SLOPE-2, respectively. The structure of NNRF from the
three experiments shares similar characteristics. The lowest
part of the inflow layer is subgradient reflecting the vortex
slowing down by the frictional force induced by turbulence.
In the outflow core just above the inflow layer, the tangential
wind of the vortex is supergradient. The difference among
the three experiments is mainly on the magnitude of NNRF.
EXP-SLOPE-1 produces much stronger supergradient winds
than the other two experiments. The maximum NNRF
reaches 0.5. The radial inflow and outflow induced by turbu-
lence and convection are further affected by the radial turbu-
lent eddy forcing Fsgsr

. Figure 6 shows the azimuthal-mean
Fsgsr

from the three experiments. The radius–height struc-
tures of Fsgsr

from the three experiments are similar. In the
inflow and outflow layers, Fsgsr

is mainly positive and nega-
tive, respectively, reflecting that the SGS turbulence acts as a
frictional force to slow down the motion. How radial turbu-
lent eddy forcing affects TC intensification will be discussed
shortly.

It is worth noting that the core of positive NNRF in Fig. 5
matches the peak tangential wind well, implying that the
supergradient wind may have something to do with the vortex
intensification. To further illustrate the relationship between
the supergradient wind and vortex tangential wind, Fig. 7
shows the NNRF at the location of the peak tangential winds
as a function of the peak tangential wind for the simulation
period of 60–120 h from the three experiments. It clearly
shows that the peak tangential wind speed is somewhat corre-
lated to its NNRF particularly for the BASELINE and EXP-
SLOPE-1 experiments. The poorer correlation between peak
tangential wind and NNRF in EXP-SLOPE-2 suggests that
the mechanisms governing the vortex intensification in EXP-
SLOPE-2 may differ from those in the other experiments.
KZ-1 presents a detailed analysis of how the vortex in the
three experiments evolves into different intensification path-
ways from the same initial and environmental conditions.
Here, we are looking into this issue from another perspective
of how turbulent eddy forcing contributes to the tangential
wind tendency using GSEE diagnoses (presented in the fol-
lowing sections).

The somewhat correlated positive NNRF to the peak tan-
gential wind shown in Figs. 5 and 7 raises a question of how
the unbalanced dynamics associated with the supergradient
and subgradient winds resulting from the radial turbulent
eddy forcing affects TC intensification. With GSEE, this ques-
tion may be adequately addressed by calculating 2urj in-
duced by the radial eddy forcing. However, as indicated by
Eq. (8), the radial eddy forcing (Fr 1 Fsgsr

) does not appear as
an independent forcing term but is entangled with the diabatic
heating as (­/­z)[(Fr 1 Fsgsr

)x2Q]. Thus, GSEE cannot be

$−
(third row) Vertical transport of tangential wind2w(­y t /­z) (m s22). (fourth row) Tendencies from the resolved eddies. (bottom row) Net
tendency of all terms on the RHS of Eq. (1). White contours in all panels indicate zero tendencies. Black contours in the second row are
the absolute vorticity (s21). Black contours in the third and bottom rows are the tangential wind (m s21). Red solid and dashed contours
in the second and bottom rows are the radial inflow and outflow (m s21), respectively. Red contours in the third row are the vertical veloc-
ity (m s21).
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forced by (Fr 1 Fsgsr
) alone without diabatic heating. Alterna-

tively, we can solve GSEE and SEE with full forcing (i.e., dia-
batic heating and tangential/radial eddy forcing for GSEE
and diabatic heating and tangential eddy forcing for SEE);
then, their difference should tell us the contribution of radial
turbulent eddy forcing to the tangential wind tendency via
Eq. (1). Moreover, we can further decompose the radial eddy
forcing Fsgsr

(Fig. 6) into the supergradient and subgradient
components based on the positive and negative NNRF
(Fig. 5). Using the model output, we performed one set of
SEE diagnosis and two sets of GSEE diagnoses (Sup-GW and
Sub-GW with supergradient and subgradient components of
radial eddy forcing Fsgsr

, respectively). Table 2 lists the
SEE/GSEE diagnoses along with their forcings. The difference

of 2urj derived from GSEE and SEE diagnoses, then, can be
used to identify individually how the radial eddy forcing asso-
ciated with the supergradient wind and subgradient wind af-
fects the TC intensification.

Figure 8 shows the NNRF and the difference of 2urj
between GSEE (Sup-GW, Sub-GW) and SEE diagnoses
averaged over the different time periods throughout the simu-
lation of EXP-SLOPE-1. It clearly shows that the peak tan-
gential wind (indicated by *) falls in the positive regime of
2urj induced by the radial eddy forcing component associ-
ated with the supergradient wind (Figs. 8b.1–b.4) throughout
the simulation period, suggesting that the unbalanced dynam-
ics associated with the supergradient wind does contribute
positively to TC intensification. The radial eddy forcing

FIG. 5. Radius–height structure of azimuthal-mean NNRF (color shades) and tangential wind (black contours) averaged over the last
24-h simulations from EXP-SLOPE-1, EXP-BASEINE, and EXP-SLOPE-2, respectively. White contour indicates zero NNRF.

FIG. 6. Azimuthal-mean radial eddy forcing resulting from the parameterized SGS turbulent processes Fsgsr
(m s22) averaged over the

last 24 h from EXP-SLOPE-1, BASELINE, and EXP-SLOPE-2, respectively. White contour indicates zero tendencies. Red solid and
dashed contours are the radial inflow and outflow, respectively.
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component associated with the subgradient wind (Figs. 8c.1–c.4),
on the other hand, creates positive and negative2urj below and
above the peak tangential wind, indicating that while accelerat-
ing the peak tangential wind, it also tends to lower the height of
peak tangential wind. In short, GSEE diagnoses confirm that the
unbalanced dynamics associated with supergradient wind and
subgradient wind plays a nonnegligible role in TC intensification.

d. Role of tangential turbulent forcing in
TC intensification

The budget analyses of tangential wind tendency shown
in Fig. 4 suggest that dynamically tangential turbulent eddy
forcing Fsgsl

can have both negative and positive impacts on
TC intensification. Directly, Fsgsl

serves as a frictional force
to slow down the primary circulation of a TC as shown in
Figs. 4a–8c. This is the well-known effect of Fsgsl

. Indirectly,
the weakened tangential winds by Fsgsl

break down the gradient-
wind balance and induce the radial inflow, which transports abso-
lute vorticity inward to accelerate the TC vortex. It remains
unclear as to which dynamic effect (positive or negative) tends to
dominate the other under what conditions. Note that turbulence
also transports energy and moisture upward to foster convection.
This thermodynamic effect of turbulence on TC intensification
will not be discussed in this paper; rather, we focus only on the
dynamic effect of turbulence. With GSEE, this issue can be ade-
quately addressed. As shown in Eq. (8), Fsgsl

comes into the
equation as an independent forcing term 2(­/­z)(xhFsgsl

); thus,

we can force GSEE only with Fsgsl
while setting other forcings

to be zero. This will allow us to isolate the component of second-
ary circulation solely forced by Fsgsl

. Once the radial flow in-
duced by Fsgsl

is diagnosed by Eq. (8), the resultant tangential
wind tendency can be calculated by2urj. Then, the net dynamic
effect of Fsgsl

on vortex intensification can be assessed by
2urj(Fsgsl

)1 Fsgsl
Figs. 9 and 10 show the radius–height struc-

tures of 2urj(Fsgsl
)1 Fsgsl

averaged over the different time
periods throughout the simulations of EXP-SLOPE-1 and EXP-
SLOPE-2, respectively. In both experiments, Fsgsl

dominates in
the lowest part of the BL and causes the net tendency of
2urj(Fsgsl

)1 Fsgsl
to be negative, consistent with our current

knowledge that Fsgsl
is the main momentum sink during the de-

velopment of a TC. However, there is an interesting difference
between the two experiments. In EXP-SLOPE-1, aloft at the
height of peak tangential wind (indicated by *), the net tendency
of 2urj(Fsgsl

)1 Fsgsl
is in fact positive throughout the simula-

tion (Fig. 9), suggesting that Fsgsl
does contribute positively to

the increase of peak tangential wind and favors vortex intensifi-
cation if considering the indirect dynamic effect of Fsgsl

on tan-
gential wind tendency via2urj(Fsgsl

).
EXP-SLOPE-2, on the other hand, shows a different story.

The radius–height plots (Fig. 10) show that the location of
peak tangential wind (indicated by *) falls in the negative re-
gime2urj(Fsgsl

)1 Fsgsl
from the very beginning when the vor-

tex starts to develop to the end of the simulation, suggesting
that the net dynamic effect of Fsgsl

in this case overall is to slow
down the tangential wind including the peak tangential wind.
The different radius–height structures of2urj(Fsgsl

)1 Fsgsl
with

respect to the peak tangential wind provides an additional reason
for why the vortex in EXP-SLOPE-2 behaves differently and
fails to intensify like that in EXP-SLOPE-1.

The results shown in Figs. 9 and 10 suggest that the role of
tangential turbulent eddy forcing in TC intensification is com-
plex and depends on the details of turbulence parameteriza-
tion. For the TKE scheme developed from Mellor–Yamada
(MY) Level-2 turbulence model (Mellor and Yamada 1982)
used in this study, the large sloping curvature of mixing length
in EXP-SLOPE-1, which produces the large TKE in the eye-
wall (KZ-1), causes 2urj(Fsgsl

)1 Fsgsl
to be positive near the

location of peak tangential wind, suggesting that the net effect
of tangential turbulent eddy forcing plays a role in facilitating
vortex intensification in this case. In contrast, in EXP-
SLOPE-2 in which the small sloping curvature of mixing
length produces the small TKE in the eyewall (KZ-1), the
negative effect of tangential turbulent eddy forcing appears to
dominate, causing 2urj(Fsgsl

)1 Fsgsl
to be negative near the

location of peak tangential wind, which is unfavorable to TC
intensification. This result may have important implications in

FIG. 7. NNRF at the peak tangential wind as a function of peak
tangential wind speed for the simulation period of 60–120 h along
with the correlation coefficients between NNRF and peak tangen-
tial wind speed from EXP-SLOPE-1, EXP-BASELINE, and EXP-
SLOPE-2, respectively.

TABLE 2. SEE and GSEE diagnoses with their forcings.

Diagnoses SEE GSEE (Sup-GW) GSEE (Sub-GW)

Forcings Q, Fl 1 Fsgsl
Q, Fl 1 Fsgsl

Q, Fl 1 Fsgsl

Fr 1 Fsgsr
(NNRF. 0) Fr 1 Fsgsr

(NNRF, 0)
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real TCs. For intensifying storms, the net effect tangential tur-
bulent eddy forcing could strengthen peak tangential wind if
TKEs in the BL and in the eyewall are large, which helps kick
off the WISHE-like positive feedback, leading to the rapid in-
tensification of TCs like the case of EXP-SLOPE-1. On the
other hand, when TKEs are small like the case of EXP-
SLOPE-2, the overall net negative effect of tangential turbu-
lent eddy forcing could be a barrier for TC intensification.

5. Summary and discussion

The importance of the interaction between the primary and
secondary circulations of a TC vortex to TC intensification

has long been recognized. Under the assumption of gradient-
wind balance and hydrostatic balance, by combining the
azimuthal-mean tangential wind and heat budget equations,
continuity equation, and thermal wind relationship, Shapiro
and Willoughby (1982) first derived the so-called SEE, an
elliptical partial differential equation that describes the
mean secondary overturning circulation of a TC. SEE is a
powerful analytical tool that allows for diagnosing how the
secondary overturning circulation changes in response to in-
dividual diabatic heating and tangential eddy forcing as
function of radius and height. To date, SEE has been widely
used for understanding TC intensity and structural change
including secondary eyewall formation and eyewall replacements

FIG. 8. (a) Azimuthal-mean NNRF; (b),(c)2urj derived from GSEE forced by the supergradient and subgradient components of radial
eddy forcing subtracted by that from SEE, respectively, averaged over the periods of 37–48, 49–72, 73–96, and 97–120 simulation hours
from EXP-SLOPE-1. White contours are the zero tendencies. Black contours are the tangential wind speeds and * indicates the location
of peak tangential wind.
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(e.g., Smith et al. 2005; Bui et al. 2009; Rozoff et al. 2012; Zhu
and Zhu 2014, 2015; Tyner et al. 2018). However, the assumption
of strict gradient-wind balance of SEE limits its application in the
study of TC evolution, particularly in the BL where the air mo-
tion is subgradient due to the slowdown of tangential winds by
turbulent friction, and in the outflow region near the top of the
BL in the vicinity of RMW where winds are supergradient.
While the importance of the unbalanced dynamics caused by tur-
bulence to TC intensification has now been greatly appreciated,
the details of how the unbalanced dynamics modulate TC inten-
sification remain poorly understood. To date, no appropriate an-
alytical tool is available to diagnose numerical simulations in an
unbalanced framework. This motivates us to develop GSEE by
including radial eddy forcing in the analytical framework to re-
mediate the limitation of SEE. Combining GSEE with the tan-
gential wind budget equation, in this study, we diagnosed how
tangential and radial eddy forcing affects TC intensification.

The simulations and analyses performed in this study pro-
vide a clear physical picture of the multiple roles that the SGS
turbulence plays in the TC intensification, which may be sche-
matically illustrated in Fig. 11. First, the SGS tangential

turbulent eddy forcing slows down the primary circulation of a
TC through the turbulence-induced friction. This is the well-
known direct negative effect of turbulence in the tangential di-
rection on a TC vortex. Second, the weakened tangential wind
by friction breaks down the gradient wind balance and induces
the radial inflow in the BL. As air converges toward the eye-
wall, it erupts out of the BL, resulting in eyewall updraft. The
resultant inward transport of absolute vorticity by the inflow
and vertical transport of tangential wind by the eyewall up-
draft yield opposite signs of tangential wind tendencies and
tend to cancel each other. Our budget analyses show that the
former dominates the latter, and thus, the induced secondary
circulation by turbulence overall has a positive contribution to
the acceleration of a TC. This is an indirect positive impact of
tangential turbulent eddy forcing on TC intensification. While
conceptually the negative and positive dynamic impact of tur-
bulence on the tangential wind tendencies is easy to under-
stand, their net effect on TC intensification is largely unknown.
The GSEE diagnostic tool developed in this study allows us to
quantitatively address the issue. The diagnostic results show
that the relative importance of negative and positive dynamic

FIG. 9. Net tangential wind tendency induced by the turbulent eddy forcing Fsgsl
only [2 urj(Fsgsl

)1 Fsgsl
] averaged over the time peri-

ods of 25–36, 37–48, 49–60, 61–72, 73–84, 85–96, 97–108, and 109–120 simulation hours from EXP-SLOPE-1. White contours are the zero
tendencies. Black contours are the tangential wind speeds, and black star * is the location of peak tangential wind.

K A T Z AND ZHU 1779OCTOBER 2024

Authenticated zhup@fiu.edu | Downloaded 08/17/25 01:19 PM UTC



effects of tangential turbulent eddy forcing Fsgsl
varies depend-

ing on the details of turbulence parameterization. For the
MY-Level-2 TKE scheme used in this study, the large sloping
curvature of mixing length in EXP-SLOPE-1 yields large TKE
in the eyewall (KZ-1), which causes the net effect of tangential
turbulent eddy forcing to be positive at the location of peak tan-
gential wind, and thus, it facilitates vortex intensification. In
contrast, for the smaller parameterized TKE in EXP-SLOPE-2,
the negative effect of tangential turbulent eddy forcing domi-
nates, causing the net effect of tangential turbulent eddy forcing
to be negative at the location of peak tangential wind, which is
unfavorable to TC intensification.

Third, in addition to the tangential turbulent eddy forcing,
the induced radial flow is also subjected to the radial turbulent
eddy forcing Fsgsr

. How radial turbulent eddy forcing affects TC
intensification is an important issue of TC unbalanced dynamics
but is not well understood. In this study, we decomposed the
radial turbulent eddy forcing Fsgsr

into the supergradient and
subgradient components based on NNRF. The GSEE diagno-
ses show that the supergradient component of radial turbulent
eddy forcing does contribute positively to the acceleration of
tangential winds. The subgradient component, while also ac-
celerating the peak tangential wind, tends to lower the height
of peak tangential wind.

Fourth, in addition to the dynamic effect of turbulence, tur-
bulence also transports the energy obtained from ocean sur-
face upward to fuel a TC. The resultant eyewall convection
enhances the secondary overturning circulation, which in turn
can affect TC intensification in two ways via radial transport
of absolute vorticity and vertical transport of tangential winds
as discussed earlier. Although these two processes tend to
generate opposite signs of tendencies and cancel each other,
the tangential wind budget analyses show that the former
dominates, and thus, the net effect is to accelerate the TC vor-
tex. The complication is that the secondary circulation compo-
nent induced by diabatic heating is entangled with radial eddy
forcing via term (­/­z)[(Fr 1 Fsgsr

)x2Q] in Eq. (8). Since this
study focuses on the dynamic impact of turbulence on TC in-
tensification, we will leave issues of thermodynamic impact of
turbulence on TC intensification for our future study.

As summarized previously, TC intensification is delicately
determined by a large cancellation among different dynamic
and thermodynamic processes. The residue of the cancellation
is to cause the maximum acceleration of a vortex and thus the
peak tangential wind to occur at the RMW just below the in-
terface between the inflow and outflow (Fig. 11) consistent
with dropsonde observations (Zhang et al. 2011). It is also

FIG. 10. As in Fig. 9, but for 49, 50, 51–60, 61–72, 73–84, 85–96, 97–108, and 109–120 simulation hours from EXP-SLOPE-2.
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clear that all these processes are intimately involved with the
turbulence, and thus, changes in turbulence parameterization
can alter the cancellation of different physical processes and
steer the storm into different pathways to TC intensification.
The GSEE developed in this study provides a useful analyti-
cal tool for understanding these processes. However, we ac-
knowledge that SEE and GSEE have an intrinsic limitation
of describing a 3D TC vortex in a 2D radius–height domain.
For the idealized TC simulations in a quiescent condition
performed in this study, the impact of this limitation is mini-
mal. For TCs developed in a shear environment, how to ap-
propriately use GSEE to diagnose the development of a TC
with a high asymmetry is an issue that needs to be further
addressed.

Finally, it should be pointed out that this study focuses
only on the issues of vertical turbulent transport in numerical
simulations of TCs. In the inner core of a TC, the three-
dimensional (3D) turbulent eddies experience large lateral
contrasts across the boundaries of eyewall, rainbands, and
the moat in-between to yield large lateral turbulent transport
comparable to the vertical turbulent transport. Furthermore,
lateral entrainment of the unsaturated atmosphere from the
moat into the eyewall or rainbands can lead to the entrain-
ment instability, which is an important source of TKE gener-
ation in the eyewall and rainband clouds (Zhu et al. 2023).
How to appropriately parameterize the comparable intercon-
nected horizontal and vertical turbulent fluxes induced by 3D
turbulent eddies in the TC inner core, how to include the lat-
eral entrainment instability in turbulence parameterization,
and how 3D turbulent transport affects TC intensification are
the important questions that need to be tackled in future
research.
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