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A B S T R A C T

We design high order accurate methods that exploit low rank structure in the density matrix while

respecting the essential structure of the Lindblad equation. Our methods preserves complete

positivity and are trace preserving.

We are concerned with the evolution of a density matrix �(t) * ℂ
N×N , which is a unit-trace symmetric positive

semi-definite (SPSD) matrix, describing the state of a quantum system (e.g. a quantum computer), where � is governed

by the Lindblad equation [1]

d

dt
�(t) = −i(H�(t) − �(t)H) + úD�(t), �(0) = �0. (1)

Here H is the Hamiltonian, and úD is on the form

úD�(t) =
1

�


�

(
L��(t)L

 
� −

1

2

(
L 
�L��(t) + �(t)L 

�L�

))
. (2)

Here we exclusively consider time-independent H and L� . For notational convenience, we consider the case with a

single � and with 
� = 1, then we have

d

dt
�(t) = −i(H�(t) − �(t)H) +

(
L�(t)L −

1

2

(
L L�(t) + �(t)L L

))
. (3)

Our goal is to design high order accurate methods that exploit low rank structure in � while respecting the essential

structure of the Lindblad equation. A defining feature of the Lindblad equation is that its evolution of � preserves

complete positivity (CP) and is trace preserving (TP) [2]. Choi’s theorem (see e.g. [2]) states: A linear map õ is CP iff

it can be represented as

õ� =
1

l

G
 

l
�Gl,

and this provides a way to construct numerical methods that preserve CP. Let �n H �(tn) be an approximation to the

density matrix at time tn and let a numerical method be defined as a Kraus map õ that takes �n to �n+1, that is

�n+1 � õ�n =
1

l

G
 

l
�nGl.

Such a method is obviously CP and preservation of trace can be achieved by normalization �n+1 ± �n+1∕Tr(�n+1) at

the end of each timestep.

To design CPTP schemes is a non-trivial task. For example, it is known, [3], that no explicit Runge-Kutta method

is CP. Consequently, considerable effort has been spent on designing the numerical scheme that are on Kraus form. A

pioneering work in this direction is [4], where a Taylor series expansion technique is used and explicit formulae defining

schemes up to fourth order accuracy are provided. Later work [5, 6, 7] are based on various techniques including the use
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CPTP Low Rank Method

of Duhamel’s principle and principles of stochastic unraveling. While these aforementioned schemes are of interest we

remark that the techniques used when deriving them makes the construction of high order accurate schemes somewhat

involved.

Further, another property of the density matrix that is prominent in many quantum systems, in particular for the

ones with low entropy, is that it can be effectively approximated by low rank techniques. The low rank property is

expected to be relevant for “systems that are weakly coupled to the environment, or for the early stage of the dynamics of

systems initialized in a pure state” [8] (for further examples and motivation for low rankedness see [8]). When present,

low rank structure can and should be exploited to accelerate simulations and reduce memory footprint. Moreover,

as shown later in this paper, the Kraus form plays well with low rank structures and operations can be performed

directly on low rank Cholesky factors. In the literature, a standard approach for evolving low rank structures is the

time-dependent variational principle (TDVP) [9]. TDVP has been implemented in [10, 8] to approximate the time

evolution of low rank density matrices. The main idea in TVDP is to evolve solution of an equation projected onto the

low rank matrix manifold. However, since the tangent projection of the Lindbladian onto the low rank density matrix

manifold in general may not be Lindbladian, a numerical scheme with the CP property resulting from TDVP is not

possible to the best of the authors’ knowledge.

In response to these challenges we here propose a different, systematic and straightforward, approach to construct-

ing high order CPTP low rank schemes for the Lindblad equation. Our approach uses the integrating factor (IF) method

(or Lawson method [11]), and yields a class of high order integrators that will be CP as long as easily verifiable

constraints on the entries of Butcher tableaus are met. Our schemes can be used in full or low rank form. In the low

rank form we use so called low rank step truncation (also called ensemble truncation [12, 13] or eigenvalue truncation

[14] in the physics literature). This approach uses the truncated singular value decomposition (SVD) which, as we

prove in this paper, is also a CP map. Therefore, combining the IF and step truncation, we obtain a class of high order

low rank CPTP schemes.

Integrating Factor Induced CP Scheme
Following e.g. [4] we rewrite (3) in terms of an effective Hamiltonian J

d

dt
�(t) =

(
J�(t) + �(t)J  

)
+ L�(t)L � úJ�(t) + úL�(t), (4)

where J = −iHeff , Heff = H +
1

2i
L L. The operator úL is already on Kraus form, and hence the key to designing a

CP scheme is the appropriate discretization of the operator úJ .

Our schemes start from rewriting (4), using integrating factor, as

d

dt
(e−úJ t�) = e−úJ túL�. (5)

Note that the e−úJ t acts on � and úL� which are both SPSD matrices.

Before defining the scheme, for reasons soon to be revealed, we consider the action of eúJ�t onto a SPSD matrix

q(t). Such a matrix admits a Cholesky factorization q(t) = V (t)V (t) . After one timestep, at time t + �t, we have

q(t + �t) = eúJ�tq(t) which can also be represented as q(t + �t) = V (t + �t)V (t + �t) . Here, as a consequence of

the equivalence of

d

dt
q(t) = Jq(t) + q(t)J  , (6)

and

d

dt
V (t) = JV (t), (7)

we have that V (t + �t) = U (�t)V (t), where U (�t) is the exact flow operator eJ�t. Note that q(t + �t) =

U (�t)q(t)U (�t) , which is on Kraus form and thus CP. Further note that even if an approximate flow Û (�t) is used

(for example by solving (7) by a numerical scheme) the update q(t + �t) = Û (�t)q(t)Û (�t) will still be CP.

Before we define our method we recall the definition of an s-stage, k-th order explicit RK method for the system

of ordinary differential equations

dy(t)

dt
= f (t, y), (8)
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characterized by a Butcher Tableau (ý, Ā, ā) using a timestep �t. Let y0 be the current solution, then the approximate

solution at the the next timestep is given by

y1 = y0 + �t

s1

i=1

bif (t0 + ci�t, y
(i)) y(i) = y0 + �t

i−11

j=1

aijf (t0 + cj�t, y
(j)), i = 1,& , s.

Applying the RK method to (5) yields

e−úJ�t�1 = �0 + �t

s1

i=1

bie
−úJ ci�túL�

(i) e−ci�túJ �(i) = �0 + �t

i−11

j=1

aije
−úJ cj�túL�

(j), i = 1,& , s.

Regrouping terms and using the flow operator U (ç), the IF method to (4) is thus given by

�(i) = U (ci�t)�0U (ci�t)
 + �t

i−11

j=1

aijU ((ci − cj)�t)úL�
(j)U ((ci − cj)�t)

 , i = 1,& , s,

�1 = U (�t)�0U (�t) +

s1

i=1

bi�tU ((1 − ci)�t)úL�
(i)U ((1 − ci)�t)

 , (9)

which is on Kraus form and is thus CP as long as the elements of Ā,ý are non-negative (this is the case for example

for the classic fourth order Runge-Kutta method and all strongly stability preserving methods). To fully specify the

scheme, the flow operator U (�)V should be defined. Beyond the exact flow computed via the matrix exponential, we

can also use a k-th order Taylor series method where derivatives
dmV

dtm
, m = 1,& k are computed recursively from (7).

The rationale for using a Taylor series method is that the overall order of accuracy is decide by the base RK scheme,

thus there is no need to approximate the flow more accurately. We note that it would also be possible to approximate

the flow operator with an implicit method such as the trapezoidal method.

Truncated SVD is a CP Map
The scheme (9) is amenable to low rank implementation based on a low rank truncation of a sum of k low rank

matrices Ď = R1R
 

1
+ &RkR

 

k
, with Rj * ℂ

N×rj . Suppose W = [R1,& , Rk], then Ď = WW  and the low

rank truncation Ă�,rmax
[Ď] is defined as the truncated singular value decomposition (SVD) of Ď according to the

rank threshold rmax and energy cutoff �. In practice, this can be efficiently implemented by the following procedure.

Compute the pivoted QR factorization QR = W Π, then compute the SVD of the small matrix RΠ = ÛΣV̂  . Then

Ă�,rmax
[Ď] = Ŵ Ŵ  , where Ŵ = QÛ (∶, 1 ∶ r)Σ(1 ∶ r, 1 ∶ r), r = min(r� , rmax), and r� is the smallest integer such

that
1N

j=r�+1
�2
j
d �2.

Importantly, in the following theorem, we demonstrate that the truncated SVD is a CP map.

Theorem 1. The truncated SVD operator Ă�,rmax
[A], where A is SPSD, is on Kraus form, and thus is a CP map.

Proof. SinceA is SPSD, its SVD has the formA = UΛU , and Ă�,rmax
[A] = UDΛD U whereD = diag(1,&1,

⏟⏟⏟
r

0& , 0).

Therefore, Ă�,rmax
[A] = UDU A(UDU ) is on Kraus form.

CPTP Low Rank IF Scheme
We are now ready to present the low rank version of the IF scheme (9). Starting from V0 * ℂ

N×r, for stage i out

of s form the tall and skinny matrix W (i) with columns

U (ci�t)V0, and, when i > 1, columns
√

�tai,jU ((ci − cj)�t)LV
(j), j = 1,& , i − 1.

Then perform the low rank truncation on W (i), Ă�,rmax
[W (i)] to obtain V (i). The solution at the next timestep is found

by forming the matrix W whose columns are

U (�t)V0,
√
bi�tU ((1 − ci)�t)LV

(i), i = 1,& , s.
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followed by the truncation

V1V
 

1
= Ă�,rmax

[WW  ].

Finally, with the re-normalization �1 ± �1∕Tr(�1), this defines a class of high-order low rank CPTP schemes. The

truncation can be used with a fixed user prescribed � and rmax = @, or with a user prescribed rmax and � = 0. In the

first case a suitable choice is � < �tk+1 when a k−th order Runge-Kutta methods is used for (9).

We emphasize the following features of the method. For the low rank scheme we only need to store the low rank

factors, e.g. V0, V
(i), and never the full density matrix. This means that if the rank factor is low, we will achieve

significantly reduced memory footprint and computational cost. We also emphasize that the trace renormalization will

preserve the order of accuracy of the original discretization.

Alternative Truncation
We note that when forming W (i) and W one can carry out additional truncation with a more aggressive � < �tk

on the columns that have a ý(
√
�t) pre-factor, prior to performing the truncation above. While the added truncation

steps increases the cost for forming W (i) and W it can be that, problems where L has many terms, the additional cost

is offset by the lower cost due to the smaller number of columns in W (i) and W .

Numerical Examples

We now present numerical examples illustrating the features of the new schemes. We denote by IF the scheme based

on (9) with the flow operator U (ç) approximated by matrix exponentiation. We denote by IF-LR and IF-LR-T the low

rank implementation of the scheme based on (9) with the flow operator U (ç) approximated by matrix exponentiation

and the flow operator U (ç) approximated by a Taylor series expansion, respectively. For all the results in this section

we use the Butcher Tableau in (9) corresponding to the classic fourth order accurate Runge-Kutta method. Note that

we prefer to use non-dimensionalized quantities but that in order to repeat the numerical experiment in [3] we adopt

their notation, which includes physical units.

Confirmation of CPTP
In [3] Riesch and Jirauschek studied CP for numerical methods applied to the Liouville-von Neumann equation.

Here we repeat their numerical experiment (see, Section 4 in [3]) with identical Hamiltonian and initial data, but add

decoherence modeled by the two Lindblad operators

L1 =
1
√
2
105a, L2 = 105a a.

Here a is the lowering matrix with elements al,l+1 =
√
l, l = 1,& , 5.

In the left part of Figure 1 we display �33(t) computed using the IF method and the classic fourth order Runge-Kutta

method, both using a timestep �t = 0.1fs (the same as in [3]). As can be seen in the inset the Runge-Kutta method

does not stay CPTP while the IF method does. In the right part of Figure 1 we again display �33(t) obtained with the

same methods but now with a five times larger timestep. For this larger timestep, not only is the loss of CPTP is more

pronounced (especially at early times), but what is also clear is that the IF method is much more accurate for this

example, despite both methods being of order four. In the right subfigure in Figure 1 we have also included results

using IF-LR-T using a sixth order accurate Taylor series, yielding results that are very similar.

Oscillation Revival in the Jaynes-Cumming Model
In this example we consider Jaynes-Cumming model of a two level atom (qubit) interacting with a single quantized

field mode (cavity) withm energy levels. Under the rotating wave transformation and at exact resonance the (interaction)

Hamiltonian takes the particularly simple form, [15],

H = �(b�+ + b �−),

and there is only one Lindblad operator L =
√
�b. Here

b = I2×2 ⊗ b̂, �+ =

(
0 0

1 0

)
⊗ Im×m, �− =

(
0 1

0 0

)
⊗ Im×m
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Figure 1: Evolution of the population �33 in the example from [3]. The units for the x-axis is pico seconds. The number
of timesteps in the left and right insets are 300 and 60 respectively. To the left we compare the classic RK4 method
(black) and the integrating factor method with matrix exponentiation for the flow (red, dashed) using a timestep of 0.1
femto-seconds. To the right we use a five times larger timestep and have also included results when the flow is computed
using a Taylor series method of order 6.
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t / t
r

0
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0.4

0.6

0.8

1
Population in the qubit excited state

0 0.5 1 1.5

t / t
r

10
-10

10
-5

Error in the qubit excited state

IF

IF-LR

IF-LR-T

RK4

Figure 2: Computation of revival for a small m case using the classic fourth order accurate Runge-Kutta method, the
full-rank integrating factor method and two low-rank methods (matrix exponentiation and Taylor series). See the text for
explanation of the subfigures.

and b̂ is the m × m lowering matrix with elements b̂l,l+1 =
√
l, l = 1,& , m − 1. At the initial time the atom is in the

excited state and the cavity is in the coherent state

Ĕ <

m−11

n=0

|v|n
√
n!
ăn,

that is, the initial density matrix is � = V V  , with

V =

(
0

1

)
⊗

Ĕ

‖Ĕ‖
.

Here we choose v =
√
m∕3 so that the last terms in the sum for Ĕ are small also for moderate m. With these choices

and for large m the populations in the atom collapses to 1∕2 but revives at tr = 2�|v|∕�, see [15].

As a first example we take m = 30 and � = 0.001 and simulate until time 1.8tr. The time evolution of the population

in the excited state is displayed in Figure 2. To verify the order of accuracy we compare solutions using the classic

D. Appelö and Y. Cheng: Preprint submitted to Elsevier Page 5 of 8
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steps IF RK ME-7 T-7 ME-9 T-9

200 1.1(-4) 3.6(-1) 1.1(-4) 6.1(-2) 1.1(-4) 6.1(-2)
400 6.8(-6) 4.0 6.3(-2) 2.5 9.1(-6) 3.6 4.1(-3) 3.9 6.8(-6) 4.0 4.1(-3) 3.9
800 4.2(-7) 4.0 4.2(-3) 3.9 1.2(-5) -0.35 2.6(-4) 4.0 4.4(-7) 3.9 2.6(-4) 4.0

Table 1

Here ME-X and T-X refers to the low rank method using matrix exponentiation and a fourth order accurate Taylor series
method respectively. The -X refers to using � = 10−X . IF refers to the method defined by (9). RK refers to the classic fourth
order accurate Runge-Kutta method. Steps refers to the number of timesteps. The numbers below each method is the L2

errors in time in the excited state in the qubit and the numbers to the right are the estimated orders of convergence.

fourth order Runge-Kutta method (RK4) directly for (1) and together with the IF method. We also use the IF-LR and

IF-LR-T (with a fourth order Taylor series) methods. In Table 1 we report L2 (in time) errors for the population of

the excited state along with observed rates of convergence. For the low-rank schemes we use two different tolerances

(see the caption of Table 1). We see the expected rate of convergence for all cases with the exception of the IF-LR

method at the looser tolerance. The reason for this can be understood from the right subfigure in Figure 2, where we

have displayed the errors for the 800 timestep computation with the tighter tolerance. As can be seen the methods that

use matrix exponentiation are significantly more accurate. This is to be expected for problems where the Hamiltonian

dominates the Lindbladian. As the error due to the timestepping is quite small for the IF-LR method, the looser tolerance

represents the dominant source of error and no convergence with decreasing �t is observed. Our observation is that the

results in Figure 2 are typical, with the traditional RK method being least accurate and the full-rank IF method being

the most accurate. The accuracy of the, considerably more efficient, low-rank methods are in between.

Instead of choosing the tolerance as a fixed number it can be chosen as � = �tq . In Figure 3 we display the

errors in the population of the excited state in the qubit for q = 2, 3, 4, 5 and for the low-rank methods using matrix

exponentiation and Taylor series for the flow. As can be seen the rate of convergence is q − 1, showing that � should

be chosen to be of the same size as the local truncation error of the underlying Runge-Kutta method.

10
-2

10
-1

timestep

10
-8

10
-6

10
-4

10
-2

10
0

Error in excited state at final time IF-LR

 = dt
2

 = dt
3

 = dt
4

 = dt
5

10
-2

10
-1

timestep

10
-8

10
-6

10
-4

10
-2

10
0

Error in excited state at final time IF-LR-T

 = dt
2

 = dt
3

 = dt
4

 = dt
5

Figure 3: Errors at the final time for the two low-rank methods (matrix exponentiation (left) and Taylor series (right)) as
a function of the timestep. The dashed lines are orders, one to four. See the text for explanation of the subfigures.

In this example we take m = 150, � = 0.002∕9 and simulate until time 3tr using 4000 timesteps. We present results

for � = 10−3, 10−5, 10−7 using the low-rank method with RK4 and 4th a order Taylor series for the flow. The results

are displayed in Figure 4. To the left we have plotted the population for the excited state (the insets are zoom-ins) for

� = 10−7. The second subfigure displays the population for the excited state for each or the tolerances (vertically offset

by 1 and 2 for clarity). The computations with the largest � over-predicts the amplitude of the revivals. The third figure

displays the rank parameter as a function of time and for the different tolerances. As can be seen the rank parameter

grows slowly even though the solution is highly oscillatory. The rank for the computation with the largest � is one for

the duration of the simulation, which can be an explanation to the over-prediction of the revival. The rightmost figure
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displays the difference between the solutions obtained with � = 10−3, 10−5 compared to � = 10−7. While the errors

are slightly larger than � it does appear that the reduction is around 100 times in-between the two cases.
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r
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0 0.5 1 1.5 2 2.5 3
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0
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1

1.5
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3
Population in the qubit excited state

IF-LR-T =1e-3

IF-LR-T =1e-5

IF-LR-T =1e-7

0 0.5 1 1.5 2 2.5 3

t / t
r

0
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4

6

8

10

12
Rank of density matrix for different 

IF-LR-T  = 1e-3

IF-LR-T  = 1e-5

IF-LR-T  = 1e-7

0 0.5 1 1.5 2 2.5 3

t / t
r

10
-10

10
-5

10
0

Errors in the qubit excited state

IF-LR-T  = 1e-3

IF-LR-T  = 1e-5

Figure 4: Low-rank computation of revival for a large m case. See the text for explanation of the subfigures.

In summary, this paper develops a class of high order low rank CPTP schemes for the Lindblad equation with time-

independent Hamiltonian and jump operators. We demonstrate in numerical examples that the schemes are accurate

and efficient for problems with low rank properties. In subsequent work, we will consider the general case when the

Hamiltonian and jump operators depend on time. We also plan to develop tensor network based low rank schemes

[16, 17] to tackle the challenging case of many qubits. As pointed out by one of the reviewers, the low rank techniques

used here can likely be adopted to other methods, for example those in [4, 5].
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