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Abstract

In this work, we develop implicit rank-adaptive schemes for time-dependent ma-
trix differential equations. The dynamic low rank approximation (DLRA) is a well-
known technique to capture the dynamic low rank structure based on Dirac—Frenkel
time-dependent variational principle. In recent years, it has attracted a lot of at-
tention due to its wide applicability. Our schemes are inspired by the three-step
procedure used in the rank adaptive version of the unconventional robust integrator
(the so called BUG integrator) [2] for DLRA. First, a prediction (basis update) step
is made computing the approximate column and row spaces at the next time level.
Second, a Galerkin evolution step is invoked using an implicit solves for the small
core matrix. Finally, a truncation is made according to a prescribed error threshold.
Since the DLRA is evolving the differential equation projected on to the tangent
space of the low rank manifold, the error estimate of the BUG integrator contains
the tangent projection (modeling) error which cannot be easily controlled by mesh
refinement. This can cause convergence issue for equations with cross terms.

To address this issue, we propose a simple modification, consisting of merging
the row and column spaces from the explicit step truncation method together with
the BUG spaces in the prediction step. In addition, we propose an adaptive strategy
where the BUG spaces are only computed if the residual for the solution obtained
from the prediction space by explicit step truncation method, is too large. We prove
stability and estimate the local truncation error of the schemes under assumptions.
We benchmark the schemes in several tests, such as anisotropic diffusion, solid body
rotation and the combination of the two, to show robust convergence properties.

*Department of Mathematics, Virginia Tech, Blacksburg, VA 24061 U.S.A. appelo@vt.edu Research
supported by DOE Office of Advanced Scientific Computing Research under the Advanced Research in
Quantum Computing program, subcontracted from award 2019-LLNL-SCW-1683, NSF DMS-2208164,
and Virginia Tech.

"Department of Mathematics, Virginia Tech, Blacksburg, VA 24061 U.S.A. yingda@vt .edu Research
supported by NSF DMS-2011838, DOE grant DE-SC0023164 and Virginia Tech.



1 Introduction

In this work, we are interested in solving linear matrix differential equations in the fol-
lowing form

%X(t) = F(X(t),t), X(t)eRm™ ™  X(0)= X, (1)

where

F(X(t),t) = Zp A; X (t)B] + G(t),

Jj=1

and A; € R™>™ B; € R™>™2 are sparse or structured matrices for which a fast matrix-
vector product is assumed to be known. Further, G(t) € R™*™2 ig a given function that
is assumed to have a known low rank decomposition. The integer sgp, which denotes the
separation rank of F'(-), is assumed not to be too large. We focus on implicit methods,
which are particularly needed for computing solutions to stiff equations.

Equation (1) arises in many applications governed by partial differential equations
(PDE). For example, using the method of lines approach, we can cast numerical discretiza-
tions of two-dimensional (or even higher dimensional) linear time-dependent convection-
diffusion-reaction equations in the form of (1). If we represent the unknowns on a Carte-
sian grid, the elements of X (¢) will represent the unknowns (e.g. point values of the
solution) at a given time ¢. The matrices A;, B; will, e.g., correspond to difference op-
erators or variable coefficients, and G(t) encodes the given source terms and boundary
conditions. Compared to the traditional approach of numerical PDE solvers, the matrix
approach does not vectorize the unknowns into a single vector at each time step, but
rather we represent the unknowns in a matrix format, retaining the relative relations in
each spatial dimension.

In recent years, the matrix (or tensor in higher dimensions) approach received increased
attention in numerical analysis because it offers a way to tame the curse of dimensionality,
enabling approximations to solutions of high dimensional PDEs [10,14]. The overarching
idea is to expose low rank structure in the solution manifold in order to drastically reduce
storage and computation. This is the idea of low rank tensor methods for PDEs [1,7].
In two dimensions, this approach reduces to the low rank matrix method, where it is
assumed that the matrix X (¢) has a small rank r. As is well known, a rank r matrix of
size my X my allows for a SVD decomposition with only (m+msy—1r)r degrees of freedom.
This is much smaller than m ms, the degrees of freedom of the full matrix, when r is small
compared to m; and ms.

If the rank of X(¢) is fixed, i.e. we constrain the solution X (¢) to live on the rank
r matrix manifold M, = {X € R™*™ rank(X) = r}, then an effective numerical so-
lution can be computed by the dynamic low rank approximation (DLRA) [16,17]. The
DLRA solves 4 X (t) = IlxuF(X(t),t), where Iy is the orthogonal projection onto
the tangent space T'x M, of the manifold M, at X(¢). The DLRA has found success in
many applications, including extensions to various tensor formats [18,19]. However, the
constraint that X (¢) € M, requires that the rank r is estimated a-priori and this is in
contrast with the rank adaptive schemes.

A rank adaptive method adaptively choose the rank at each time step according to
a prescribed error tolerance. Several approaches to rank adaptivity can be found in the



literature. For example, a straightforward idea is the so-called step truncation method [4]
which evolves the low rank solution for one time step by a traditional time stepping
method in an ambient space of higher rank, then performs a truncation (by SVD with
given tolerance). This method is intuitive and effective for explicit time stepping methods.
For implicit schemes [22], implementation of step truncation methods is nontrivial and
requires an effective iterative solver in adaptive low rank format [1,7]. Another approach
that has been suggested by multiple groups, and that is similar to what we propose, is to
modify the DLRA method by using rank increase and decrease indicators and augment
or truncate the spaces at each time step [11,12,26]. In particular the ideas in [26], while
being specialized to time dependent Schrédinger, are similar to the approach we take
here. A promising idea in [2] uses the so called unconventional (BUG) integrator [3] to
achieve rank adaptivity. This approach was recently extended to higher order in time
in [20]. Finally we note the recent paper, [13], that uses the extended Krylov subspace
method, [24] to construct adaptive-rank implicit time integrators.

In the BUG integrator [3], two subproblems that come from the projector splitting of
DLRA [17] are solved. Then, the solutions to the two subproblems are used to update
the column and row spaces of the matrix; and a Galerkin evolution step is performed
in the resulting space, searching for the coefficients of a small matrix. For the rank
adaptive version of the unconventional integrator [2], this translates to solving two matrix
differential equation of sizes my X r,mo X r in the first step and one matrix differential
equation of size 2r X 2r in the Galerkin step, followed by a truncated SVD step. The ideas
in [2,3] can be implemented for implicit methods because the matrix size is fixed in each
subproblems, so a standard linear solver will suffice. However, the errors of both methods
in [2, 3] are subject to the tangent projection error or the so called modeling error [15].

It is important to understand that this modeling error is present in many problems
and can, as we will see below, result in non convergent numerical methods. We now
describe a trivial but prototypical example that will make the DLRA/BUG method fail.
Assume that X (¢) = USV7T and that the column and row space of the matrix F\(X (t),t)
are both (respectively) orthogonal to U and V, then Ily ) F(X(t),t) = 0, which means
the solution to the DLRA description will remain stationary. For example, this will
happen for the numerical discretization when X(t) is a rank 1 even function in both
variables (say X (¢,71,72) = exp(—a?) exp(—r3)) on a square domain with center (0,0),
and F(X(t),t) = AXBT, with A = diag(z,) and B = diag(z,).

The main contribution of this paper is to propose a simple improvement to the BUG
integrator that enhances the robustness with respect to convergence. In our method,
we merge the row and column spaces from the explicit step truncation method with the
BUG spaces in the prediction step to alleviate the tangent projection error associated
with DLRA. As the BUG spaces can be expensive to compute when implicit schemes are
used, we propose an adaptive acceleration strategy based on the residual of the underlying
classic scheme. The strategy is straightforward, if the residual obtained when only the
step truncation spaces are used, is larger than the truncation threshold then we add in
the BUG spaces. We observe that this strategy is robust in convergence and can reduce
the computational time for moderately stiff problems.

The rest of the paper is organized as follows. Section 2 reviews the background on
low rank time integrators. In Section 3, we describe the proposed schemes and perform



numerical analysis of their properties. Section 4 provides numerical experiments and in
Section 5 we draw conclusions.

2 Background review

In this section, we will review basic concepts of low rank time stepping methods for (1).
In Section 2.1, we gather the notations used in the paper. Section 2.2 reviews an explicit
scheme truncation method based on the forward Euler method, while Section 2.3 reviews
the rank adaptive BUG scheme.

2.1 Notations and preliminaries

In this paper, we use || - || to denote the matrix Frobenius norm. The Frobenius norm
is a natural choice for matrix functions as ||A|| coincides with the L? vector norm of
the vectorized matrix vec(A), which is commonly used in the analysis of the standard
ODE/PDE solvers. We also use matrix inner product defined as follows, for A, B €
R™*™2 we define (A, B) = 3 ""* Aj; B, ;. Then (A, A) = [|A]|*. The following property,

(A, USVTY = (UT AV, S), (2)

holds for any U € R™>*" S € R™* V € R"™** Here we stop to caution the reader that
throughout this paper a matrix 3,5, or § does not always represent the diagonal matrix
holding the singular values of another matrix.

The numerical solution at " is denoted by X" e Rmxm2 Ip particular, this is a rank r,
matrix with singular value decomposition (SVD) X" = U"S"(V™)T, where U" € R™ %™
V™ e R™2*™ have orthogonal columns, and X" = diag(oy,- -+ ,0,,) is a r, X 1, diagonal
matrix with diagonal entries 0y > --- > o, > 0. Here, the rank 7, will be chosen
adaptively by the numerical scheme so that Xn approximate the true solution X (") with
a prescribed accuracy.

We use 7. to denote a generic matrix approximation operator with accuracy e in the
Frobenius norm, ie. ||[A — 7:(A)|| < e. A prominent example is the truncated SVD
of a matrix. Namely, given a generic rank r matrix A € R"™*™2 with reduced SVD:
A = UXVT then T®"(A) = U[:,1 : s|diag(oy, -+ ,0,) V[:;1 : s]T, where we have used
the standard MATLAB notation for submatrices and r is chosen to be the smallest integer
so that (3°7_., o) <e.

In this paper, we will also encounter low rank matrix sum operations. This frequently
appearing operation in low rank methods can be efficiently computed by Algorithm 1. The
inputs to this algorithm are the SVD representations of the matrices X; = U,;%;(V;)T, j =
1...m, and the output is the truncated SVD of their sum 7*"(3°7 X;) = USVT.
We first write U = [Uy, ..., U], ¥ = diag(Xq,..., %), V = [V4,...,V;]. Then use the
column-pivoted QR decomposition, [6], denoted by [Q, R,II| = qr(A), which computes
@RIl = A. In this factorization the columns of () are orthogonal as usual, but the intro-
duction of the permutation matrix I, makes it possible to guarantee that the diagonal
entries of the upper triangular matrix R are strictly decreasing in magnitude. Assume

that the column pivoted QR procedure applied to to U and V yields the factorizations



Q1 R111;, and Qo RII;. Then the truncated matrix sum 7;3“7”(2;”:1 X;) = QUS(QV)T.
is obtained by a truncated SVD on the small matrix 7*¢(R 11, ST RY) = USVT.

Algorithm 1: Sum of low rank matrices

Input : low rank matrices X;,j = 1...m or their SVD
Uij(V})T,j =1...m
Output  : truncated SVD of their sum 7;3“’”(2;”:1 X;)=Uusvr
Parameter: tolerance €
1 Form U = [Uy,...,Uy,], ¥ =diag(Xq,..., %), V= [V4, ..., V,l.
2 Perform column pivoted QR: [Q1, Ry, II;] = qr(U), [Q2, Ry, 5] = qr(V).
3 Compute the truncated SVD: T*v¢(R,I1; XTIT RY) = USVT.
4 Form U «+ QU,V < Q,V.
5 Return [, S, V] = T (3271, Xj)

2.2 Explicit step truncation schemes

The primary assumption to guarantee the efficiency of any low rank solver is that r, <
my, T, <K Mo, i.e. the solution can be well approximated by a low rank matrix. When such
assumptions hold, the main steps of the numerical algorithm should specify the evolution
of U™, 3", V" based on the matrix differential equation (1). For explicit schemes, a simple
approach is to numerically integrate Xn according to a standard time integrator to ¢"*!
and then perform a truncated SVD according to the error threshold to obtain X"+ This
is the so-called step truncation method. Methods of this type and their variations have
been discussed in [4,15]. The main steps of the rank adaptive forward Euler time scheme
are highlighted in Algorithm 2. The first step of Algorithm 2 is a standard forward Euler
step for (1) with the truncated right hand side in Line 1. This will result in a numerical
solution X™H17re with higher rank than needed. Then, the second step in Line 2 is to
truncate the solution to a lower rank matrix. In both steps, we use Algorithm 1 to perform
the sum of the low rank matrices involved.

Algorithm 2: Forward Euler scheme " — ¢**!

Input : numerical solution at t" : rank 7, matrix X™ in its SVD form
Output  : numerical solution at ¢"*! : rank r,,; matrix X" in its SVD form
Un+12n+1(vn+1)T.

Parameter: time step At,Aerror tolerance €1, €
1 (Evolution). X"#re = X + AtTs4m(F (X", t")).
2 (Truncation). X"+! = Tsum(Xn+lere),

The convergence of this algorithm is well understood [22]. The local truncation error
is on the order of O(A#? 4 €;At + €;). If one choose €; = O(At), e = O(At?), we will
obtain a first order accurate solution. As for computational cost, we can see that the
procedure involves QR factorization of tall matrices and SVD for a small matrix. If we



assume 7, = O(r), s is small (i.e. s = O(1)) and G has low rank (i.e. rank(G) = O(r)),
the computational complexity is on the order of O(myr? + myr? + r3). Algorithm 2 can
be readily extended to higher order by embedding in Runge-Kutta, multistep methods,
and was also considered with tangent projection in the projected Runge-Kutta schemes
[4,8,15].

2.3 Dynamic low rank approximation
The DLRA modifies the equation, and solves

d
CX(1) = e PX(1),1), 3)
where IIx ) is the orthogonal projection onto the tangent space T’x M, of the the rank
r matrix manifold M, = {X € R™*™2 rank(X) = r} at X(¢). The DLRA is particularly
suited for a fixed rank calculation, if the computation is constrained on M,.. It has found
success in many applications, including extensions to various tensor formats [18,19] and
particularly in quantum mechanics [21].

We reminder the reader that if the SVD of X € M, is given by UXVT, then the
tangent space of M, at X is given by

Rrxr RTX(mzfr)
TXMr = {[U UJ_] |:R(m1r)><r O(mlr)x(mgr):| [V VJ—]T}7

where U, , V] are orthogonal complements of U,V in R R™2 respectively. As we can
see later in the PDE examples, typically if there are cross terms like FI(X) = AXB
(e.g. cross derivatives or variable coefficient problem with operators acting on both left
and right side of the matrix), then in general AX B ¢ TxM,. In this case, the modeling
error [15] (i.e. the error from the tangent projection, which is |[(/ — Hx ) F(X,t)||) will
be evident in the numerical approximation, see for example error estimates in [2, 3].

Below we will review the rank adaptive BUG integrator in [2] for the discretization of
(3). First, two subproblems that come from the projector splitting of DLRA [17] are solved
in the K— and L—step. Then, the solutions to the two subproblems are used to update
the column and row spaces of the matrix; and a Galerkin evolution step is performed in the
resulting space, searching for the optimal solution with the Galerkin condition. The idea
of finding the appropriate subspace and computing the solution in that space is similar
to a widely used technique in numerical linear algebra called projection methods [23].

For completeness, we describe the rank adaptive BUG integrator in Algorithm 3. The
original algorithm is written in a time continuous format, but here we present it using
an implicit Euler discretization of the K —, L—, S—steps to facilitate the discussion in the
remaining part of the paper.

3 Numerical method

We now present the proposed numerical methods, the Merge method and its adapted
version. We first describe the algorithms, and then discuss the properties and the rationale
behind the design of the schemes.



Algorithm 3: Rank adaptive BUG integrator using implicit Euler [2].

Input : numerical solution at " : rank 7, matrix X™ in its SVD form
UnEn(Vn)T A

Output  : numerical solution at t"*! : rank r,,; matrix X"*! in its SVD form
Un+12n+1(vn+1)T.

Parameter: time step At, error tolerance e,
1 (Prediction). K—step and L—step integrating from ¢" to t"*!. Solve

K™ — K" = AtF(K" (vt vy, K" =U"%",
to obtain K, and [U, ~,~] = qr([U", K"']). Solve
LM — L = AtF(U™ (LT, o, L= Ve,

to obtain L™!, and [V, ~,~] = qr([V", L"1]).
2 (Galerkin Evolution). S—step: solve for S™*! from

St — S = AT F(USTVT )V, st =0TUr s (VY

to obtain S"*'. i i
3 (Truncation). X" = U72vd(Smh)yT = grrtgn+l (T,

3.1 The Merge method

In the Merge method, we merge the column and row spaces from the explicit step trun-
cation method and the spaces from the K— and L— steps in the BUG method. As
mentioned above the method consists of three stages.

Prediction: Our first ingredient in the method is to predict the column and row
space using the explicit Euler scheme in combination with the BUG prediction spaces
from Algorithm 3. Precisely, the predicted column and row spaces are defined as the
column and row spaces of the collection of matrices

(X7, T (F(X™ 7)), K™YL

Here the truncation level €; can be set to zero (no truncation used) or chosen as €; = C1At.
Both choices gives first order accurate solutions but depending on the form of (1) the added
cost from the e; = C] At truncation may be offset by the reduction in the dimension of the
predicted row and column spaces. To complete the next step we first orthogonalize the
predicted column and row spaces. That is, we use column pivoted QR to find orthogonal
matrices U € R™*51 | € R™%%2 spanning these spaces. Here sy, s is bounded from
above by 2r,(s + 1) + r¢g, where r¢ is the rank of the source G(t").

Galerkin evolution: The Galerkin evolution step can be understood as to find an
approximation X"+hrre ¢ Wi 7, such that

(XHhPre  A) = (X" 4 AtF(XHbere (vt A), VA € Wy, (4)



where Wy ¢ = {A € Rm*m2 . A = UXVT with ¥ € R#1*521 denote all size m; X my

spaces with column and row spaces as U and f/; o
To solve this problem we let X**tPre = USXVT A = UX*VT. Then by (2), we get

<Z~]> Z*> = <UT(Xn + AtF(Uif/T, tn—H)))f/’ Z*>’ VY € RS1%52
This means

> = UN(X"+ AtF(USVT )V
= UTUrsr (VI 4 ALY UTAUSVIBIV + AUTUSSE(VE) V. (5)

J=1

The equation (5) is a linear matrix equation (generalized Sylvester equation) for the
unknown Y. Since the problems we are considering have low rank solutions, we expect
the dimensions of the matrix & to be small. To solve this equation one can either use a
direct solves or an iterative solver (e.g. GMRES) [25].
Truncation: The truncation step uses the truncated SVD of X"+! = tj”d(UiVT) =
U Zj”d(i)f/T. Here the truncation level is chosen as €5 = CHAt? to ensure accuracy.
Algorithm 4 summarizes the Merge method.

Algorithm 4: Merge method " — ¢"*!

Input : numerical solution at " : rank 7, matrix X" in its SVD form
unym (vt
Output : numerical solution at t"*! : rank r,,; matrix X"*! in its SVD

form Un-i—lzn—i—l(vn—i—l)Tl
Parameters: truncation tolerances €q, €5
1 (Merge Prediction). Compute the truncated SVD of the right hand side:
U, S, V| =T (F(X", 1)),
2 Compute the BUG prediction spaces K"*!, L"*! according to Algorithm 3.

3 Orthogonalize the merged spaces by column pivoted QR to get the prediction
spaces [U,N,N] = qr([[U",U,{("H]), [V,N,~N] :~qr(DA/",V",L”J:1]).

4 (Galerkin Evolution). Find ¥ by solving ¥ = U7(X" + AtF(USVT t"t1))V.
5 (Truncation). X"+l = Urtiymt (V)T = g7svd(s)yT,

We now provide estimates of the computational cost of the different parts of the
computation. Here we assume m; = my = m, s terms in differential equation and rank r.

e An evaluation of AU, (BV)T costs O(mr) for each of AU, BV, assuming A and B
are sparse.

e The truncation of the right hand side 7" (F) has two components. Two QR

orthogonalizations, each costs O(2(m(rs)? — ﬁ) and one SVD of the core dense

3
matrix, this costs O((rs)?).



e The K and L solves used to compute the BUG spaces also require the solution of
matrix equations but the dimension of these matrix solves are for a m X r matrix
rather than a sr x sr matrix. For these equations we have found that applying
GMRES in vectorized form works well. It should be noted that this is typically the
most expensive part of the solvers.

e The cost of solving for the Galerkin core matrix ¥ in
§ ADTRUSTT Y = 0T

depends on the algorithm used. For example, if GMRES is applied on the vectorized
version of this equation each evaluation of the left hand side costs O(m(rs)?) if F
is a general function. If F is in the form described in equation (1) it is possible to
pre-compute dense rs X s matrices (at a cost of O(ms(rs)?)) and bring down the
cost of the evaluation of the left hand side to O(s(rs)?®) per evaluation.

Neglecting the cost associated with the growth of the GMRES Krylov subspace this
cost would then be multiplied with the number of iterations needed to converge
(which is difficult to estimate). We have found that when the governing equation
has elliptic terms it also works well to reformulate the Galerkin equation into a fixed
point iteration

AT — UTAtAU)SF — SHALB,V)TVB = P(E2F1, X" U, V).

In the iteration we use a dense Sylvester solver with cost O((rs)?) for each iteration.
When the matrices A; and By correspond to approximations to second derivatives
in the 1 and 2 direction and A; and B; are identity or diagonal positive definite
matrices we find that this iteration converges to machine precision in a handful of
iterations.

Finally, we would like to comment on the rank evolution of the numerical solution.
We find in our numerical experiments that the low rank method generally track the rank
growth of the implicit Euler scheme well, i.e. the rank of X" is on par with the rank of
the implicit Euler solution at ¢". However, due to the merge in the prediction step, the
predicted rank is larger than the rank of the BUG space (which is equal to 2r). This do
translate to larger computational cost in the Galerkin step compared to the BUG solver.
However we note that the upper bound in the BUG space 2r can be insufficient to capture
rapidly changing initial layers in the PDEs as pointed out in [20] (where it was observed
a larger than actual rank needs to be imposed for the numerical initial solution). For
the numerical experiments we performed in this paper, we find that by merging with the
spaces generated by the explicit schemes, this issue seems to be addressed and we do not
need to impose large artificial rank for the numerical initial condition.

3.2 The Merge-adapt method

As will be shown in Lemma 3.3, the column and row spaces generated from the current
solution U™, V™ combined with ¢/ and V in U, S, V] = T2 (F (X", ")), will be sufficiently
accurate to yield a first order accurate solution as long as the time step is sufficiently small



compared to the Lipschitz constant L of ||F'||. This time step restriction can be overcome
by merging with the BUG spaces K™, L™ which are computed useing an implicit solver
and can handle the stiffness as shown in the Merge method in Algorithm 4. However,
since the computation of K™ and L"*! requires solving a linear system, it is preferable
to only add those when necessary. This motivates the design of the Merge-adapt method,
which is described in Algorithm 5. In Steps 1-4 in Algorithm 5, we perform a calculation
based purely on column and row spaces generated by the explicit scheme for the term
Zf“m(F(X " t")). In Step 5, we do a residual check, and if this fails, the method will fall
back to the Merge method as shown in Steps 6-8. Otherwise, we proceed to the next time
step.

We, heuristically, argue that for this residual check can be used to robustly maintain
first order accuracy. For simplicity, assume that the differential equation we would like

to solve is p
ZX(1) = AX ()BT + G(t).

Let X™*! be the solution obtained by the classic implicit Euler method, i.e. it solves

vec(X") = (I — At(B® A))’ivec(X") + At vec(G(tn11))-

(.

c
Here ® denotes Kronecker product and we have introduced the matrix C' for notational
convenience The low rank solution is not, in general, expected to solve this equation but
we may introduce the residual "' so that

vec(X™) = (I - Al(B® A))fvec@(") + Atvec(G(tny1)) + vec(R™1).

(.

~\~

C

Combining the equations we find
vec( X" 1) — vec(X™ ) = Cvec(X™) — vec(X™)] + vec(R"Y).

Now if we assume [|C]| < 1 and the residual check pass, then the error between the
implicit Euler solution and the implicit adaptive low rank solution e” = vec(X")—vec(X™)
satisfies ||e" || < [le™|| + CoAt?. This is enough to guarantee that the low rank solution
is convergent because the implicit Euler solution is first order in time. It is reasonable
to assume that the condition ||C|| < 1 is satisfied for most discretizations of diffusion or
advection-diffusion equations [9].

We note that the acceleration of Algorithm 5 over Algorithm 4 is based on the as-
sumption that residual check passes in Step 5 and the BUG spaces are not computed.
If the residual check fails, extra computation is performed in Steps 3-5 which may incur
more computational cost. We observe that, for moderately stiff problems with small s,
the Merge-adapt method has computational advantages. More discussion is provided in
the numerical experiment section.

3.3 Analysis

In this section, we analyze properties of the proposed methods.
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Algorithm 5: Merge-adapt method ¢ — ¢**!

Input : numerical solution at t" : rank 7, matrix X™ in its SVD form
unym(vmT, A
Output : numerical solution at t"*! : rank 7, ; matrix X" in its SVD

form Untiyrti(ynthT,
Parameters: truncation tolerances €;, €5
1 (Cheap Prediction). Compute a first order prediction of the column and row
spaces of Xt Compute the truncated SVD of the right hand side:
U, 8 V) = T3 (F(X" 7).
2 Orthogonalize by column pivoted QR to get the prediction spaces
(U, ~,~] = ar([[U™,U]), [V, ~,~] = ar([V", V7).
3 (Galerkln Evolution). Find ¥ by solving 3 = UT(X" + AtF(USVT ")V,
4 (Truncation). X! = Uiyt ()T = g svd(S)yT
5 (Residual Check). Compute R = X"+ — X" — A¢F(X™H ¢+ If
|R"|| < e, return the solution X7*1. If not
6 (Merge Predicion). Compute the BUG prediction spaces K", " according
to Algorithm 3. Orthogonalize the merged spaces by column pivoted QR:
U, ~,~] = qr([[U" U, K1), [V, v, ~] = ar([V7, 07, L),
7 (Galerkln Evolution). Find ¥ by solving 3 = UT(X" + AtF(USVT 1)V,
s (Truncation). X™+! = g+ sml(yrih)T — gsed(S)yT

3.3.1 Stability
First, we consider conservative or dissipative systems for which (F(X,t), X) < 0,V¢, X.
Then it follows that p

that is, the energy (L? norm) is monotonically decreasing.
gy y

Theorem 3.1. If we have (F(X,t),X) < 0,Vt, X, then the numerical solutions from
Algorithm 4 or 5 satisfy A )
IX ] < 1X7-

Proof. For Algorithm 4, first note that || X"+1#r¢|| = |USVT|| = ||X]]. By (5) and (2),
ISI? = (5,5) = (07 (X" + AF(OSVT, 7)) 7, 5)
= (X" + AtF(OUVT 7, UxvT)
< (X" URVTy = (X7, XHiere),
Therefore, by Cauchy-Schwarz inequality, [[X"+#7¢||? < | X7 || Xt ere| which gives
| X +here|| < || X™|. Finally, because of the property of the truncated SVD, || X" || =

[ Tavd(Xntiere)|| < || X7 +Pre|| < || X™||. The proof for Algorithm 5 is the same and is
omitted. O
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We can easily generalize this result to semi-bounded operator [9]. Specifically, if
(F(X,1),X) < ol X|[2, V¢, X, then

d
ZIXIP = (F(X. 1), X) <ol X,

which implies || X (¢)|| < e*|| X (0)]|.

Theorem 3.2 (Stability for semi-bounded operator). If we have (F(X,t), X) < o X||?,Vt, X
then the numerical solutions from Algorithm 4 or 5 satisfy

X < XX, IR < R0, e <

Proof. The proof is similar to the proof of Theorem 3.1, so we only highlight the difference.
We have R R o R
<Xn+1, Xn+1> S <Xn, Xn+1> + Ata||X"+1 ||2’

which implies

N 1 N
Xn+1 < Xn
£ < X)),
if aAt < 1. The theorem follows using a similar arguments as in Theorem 3.1. U

3.3.2 Convergence

A convergence estimate has been shown in Theorem 2 of [2] for the rank adaptive BUG
scheme. Assuming the Lipschitz continuity and boundedness of the operator F, the au-
thors show that the BUG scheme has numerical error bounded by the sum of the initial
numerical error, the tangent projection error, €5 and first order in time error. The proof
is based on the time continuous version of the BUG schemes. We want to point out that
for PDE applications, in general the (differential) operators are not Lipschitz bounded.
Nevertheless, it is still of theoretical interests to investigate the convergence properties of
the schemes under such assumptions.

For simplicity, below we will estimate the local truncation error of the first order
implicit schemes with column and row space spanned by the cheap prediction space, i.e.
we are investigating the Steps 1-4 in Algorithm 5. Since the Merge method uses a space
that is union of the cheap prediction (as shown below) and the BUG space, the local
truncation error of Algorithm 4 will be also be upper bounded by the estimate below.

Lemma 3.3 (Local truncation error with cheap prediction space). Suppose F' is Lipschitz-
continuous in both variables and bounded, i.e. there exists a constant L such that || F (Y, s)—
F(Zt)|| < LI|IY = Z||+ L|s—t| and ||F(X,t)|| < B. If we denote X as the exact solution
to (1) with initial condition X" = U"S™(V™)T from t* to t"*', X" the numerical solu-
tion obtained from from Algorithm 5, Steps 1-4 with the same initial condition X", then
for sufficiently small At, we have the following error bound

X — X" < CAR + 2Ate; + €. (6)

In (6), C is a constant that only depends L and B.

12



Proof. First we prove (6) for ¢, = 0. Then zfirg(F(X",t”)) = F(X™,t"). From (5), and
left multiplying by U and right multiplying by V7, we obtain

X"‘FLPT’@ — UZVT UUT(Xn + AtF(Xn+1 .pre tn+1)))V‘7T.

Since the column space of X™ is a subset of the column space of U, i.e. R(X") C R(U)
we have UUTX™ = X™. Similarly, because R((X™)7) C R(V), X"VVT = X". Therefore,
UU?X"VVT = :X" By a similar argument, R(F(X",t")) C R(U) and R(F(X™ t")T) C
R(V) implies UUTF(X", t")VVT = F(X™ t"). This gives

Xn-i-l,p?"e _ Xn + AtUUTp(Xn—H,pre’ tn-i—l)f/f/T
= X"+ ATOTF(X" Y VVT + AMOTT (F(XmH1ore gm4ty — p(X" ) V77
= X"+ AtF(X™ ") + AtUUT (F(X e ¢+ — (X", ")V, (7)

Therefore,
HXTHLLPTG o X”
= | X" — X + AtF(X", ") + AtUUT (F(XH0rre ¢+ — P(X ) VYT (8)

We have X" — X = —AtF(X (t*),t*), where t* is a point on the interval [, t"!]. There-
fore,

|X™ = X + ALF (X", 1")|| = At]| — F(X(t7),¢%) + F(X", "))
< AtL(AL + || X (1) — X)) < A2L(B +1). (9)

On the other hand,

(OO (P(Xmome, 1) — PR, ) V7|
< OO FE e 1) — B [TV o,

where || - [|2 is the matrix 2-norm. Since |UUT ||, = [[VVT |, = 1 and ||F:(X"+Lp”e,t”+1) -
F(X™ )| < L(At+ || X™ — X + [| X" Thrre — X||) < L(At + BAt + || XFhrre — X ||), we
get

|TUT (F(XmHirre ¢ty — (X" ") VVT|| < LAt + BAt + || X™Fbe — x|)). (10)
Combining (8),(9),(10), we get
| Xmhre — X || < APL(2B + 2) + LAt| X" e — x|
Choosing At small enough (i.e. At < i), we proved
| X7 HbPre — x| < AA2L(B + 1). (11)

Therefore, (6) follows by using || X"+1pre — Xnt1|| = || XnH+Llere _ Tsvd(f(”“’pre)” < 6.
The proof for (6) with ¢; # 0 largely follows the same process. The only difference

is that we no longer have UUTF(X" t”)VVT F(X” t") due to the truncation in the

prediction step. Instead, we have UUTT, (F(X™,t"))VVT = T, (F(X",t")). In this case,

UUTF(X" tVVT = T (F(X™,t") + UUT (F(X™, ") — T, (F(X", t"))VVT,
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and because |[UUT ||, = [[VVT||, = 1, this leads to
|[OUT (X" VYT — F(X7 ") < 2||F(X™, ") — T, (F(X™, t")| = 2.
By a similar argument, (6) follows. The details are omitted for brevity. O

The numerical convergence follows from Lemma 3.3 by a standard result for the con-
vergence of one-step method for ODE and is skipped for brevity. Now we would like
to comment on the results in this Lemma to understand property of the scheme. As
we can see from the results in Section 3.3.1, the schemes are unconditionally stable due
to the Galerkin step. Also, in Lemma 3.3, the tangent projection error is absent be-
cause the DLRA approximation is not used. However, the time step is limited by the
Lipschitz constant and also the constant in the estimate C' depends on the Lipschitz con-
stant. For standard error estimates for implicit schemes for stiff problems, the concept
of B-convergence [5] can remove such restrictions with the help of one-sided Lipschitz
continuity. Unfortunately, such results are not available in our case.

4 Numerical results

We now present numerical results that illustrate the features of the methods described
above. In this section we will refer to the different methods in figures and tables according
to the following naming convention. We will denote the Merge method by M, and the
Merge-adapt method by MA. For many problems we will also compare to the classic
implicit Euler discretization as IE or Implicit Euler. When computing errors we will
compare to a solution computed using Matlab’s built in 0DE15s or 0ODE45 solvers with
relative and absolute tolerance set to 10712, We always report relative errors in the
Frobenius norm. We note that in all the examples below we use ¢, = 0 but that the
results are very similar for e, = At.  Additionally, we adjust the truncation ey to the
PDE setting and chose e = O((At* + h} + h3)/v/h1hs). Here the first term is from the
time stepping local truncation error, the second term is from the spatial discretization
error and the denominator is rescaling for the norms to be independent of grid spacing. In
some of the results we also include the “hyperbolic and parabolic CFL numbers”, (At/h
and At/h?) to illustrate that the method can take large timesteps when parabolic terms
are present while still achieving temporal accuracy.

The main PDE examples used in this section are simulations of solutions to the equa-
tion

0 0 0
a—/t) +T1($1)67p +T2($2)67p =
2 1
9 dp 0 [az (1) 0 [bs(2) ] 9 dp
bi(z2) {m(m)a—%]mm) M2l ) T ) [ 2]

(12)
Here p = p(t, 1, z2) and we always use homogenous Dirichlet boundary conditions. Equa-

tion (12) is discretized on the domain (z1,x5) € [—1, 1]?, using second order accurate finite
differences. Consider the grid (z1;,22;) = (=1 + thy, —1 + jhy), with hy = 2/(m; + 1),
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hy = 2/(mg + 1). The solution p(t,,z1,%2;) is then approximated by the grid function

(matrix) in] and derivatives are approximated as follow:

~ D! [al(wl’i) - m’“)} D' X7

Z?]’

0 ap<tn7x17'x2)
8x1 |:a1 (l’l) 8x1 :|

T1,i,22,j

O [a(x1)p)
81‘161‘2

_ i 8p<tn7x17x2)
N 8x1 |:012(l’1) 8@

with the remaining two terms discretized in the same way. Here the difference operators
in the 1-direction are defined

~ Déag(l‘17i)D8 X:fj

T1,5,22,5 T1,i,%2,j

1 — 1 — 1 —
2 Dyw; j = Wity — Wicy g, MDywi; = wipr; — wij, D w;; = wij — wiyj,

with the operators in the 2-direction defined analogously.
The equation (12) thus take the semidiscrete form

d
X+ RX (D) + DV X (Ry)" =

Loy XBT + DY A, X (DT BT + A DV X BY (DS + A XLE. (13)

Here Ry, Rs, By, Ay, Bo, As, By, Ay are diagonal matrices with ry(z1), ro(22), b1(x2), etc.
on the diagonal. Their sizes are n; X n; or ny X ny depending on if they appear on
the left or right of X. The matrices Dék), k = 1,2, are matrices with super-diagonal
0.5/hy, and sub-diagonal —0.5/hy. The matrices L,, and L, have elements (Lg, );i—1 =
(a1(z1,) + ar(1,-1))/(203), (Lay)isim1 = (a1(@101) + 2a1(21,) + ai(z1,-1))/(4h7), and
(Lay)iiv1 = (a1(z1441) + ar1(z1,))/(2h3), (with Ly,) defined similarly.

4.1 Solid body rotation

In this experiment we consider a hyperbolic problem with pure solid body rotation, cor-
responding to, r1(z1) = @1 r2(z2) = —z2 and a; = b; =0, j = 1,...,4. We start from the
rank-1 initial data , ,
p(O’xl’xQ) = 67(%) 67(%)
and evolve the solution until time ¢ = 7 using a base timestep of At = m/np, with
ny = 40,80, 160, 320. We carry out the computation on three different grids with m; =
mo = 99,199,799. The errors are listed in Table 1. Again similar conclusions can be
drawn, namely all three methods give comparable errors. The rank evolution is reported
in Figure 2. In this problem, the rank evolution exhibits periodic pattern in time due
to the solution structure. The rank of the low rank methods are lower than the implicit
Euler method.

In Figure 1 we display the solution computed using a grid with m; = my = 99. Results
using the Merge method (left), the very accurate reference solution (middle) and the BUG
method (right) are presented. The solutions are displayed at time 0.57 when they have
rotated from being horizontal to vertical. The BUG method does not see the rotation (it
is outside the tangent space) and remains stationary.
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Figure 1: The solution to the solid body rotation problem computed using the Merge
method (left), the a highly accurate reference solution (middle) and the BUG method
(right). The BUG method does not see the rotation (it is outside the tangent space) and
remains stationary.

Cnr [M [ MA [1E AR |
40 | 2.50(-1) 2.50(-1) F = 40 2.51(-1) 39:0
80 | 1.71(-1) [0.54] | 1.71(-1) [0.54] F = 80 | 1.73(-1) [0.53] | 2: 0
160 | 1.15(-1) [0.57] | 1.15(-1)[0.57] F = 155 | 1.10(-1) [0.64] | 0.98: 0
320 | 7.12(-2) [0.69] | 7.11(-2) [0.69] F = 307 | 6.60(-2) [0.74] | 0.49 : 0
40 | 2.50(-1) 2.50(-1) F = 32 2.54(-1) 79:0
80 | 1.75(-1) [0.51] | 1.75(-1) [0.51] F = 78 | 1.76(-1) [0.53] | 3.9: 0
160 | 1.14(-1) [0.62] | 1.14(-1) [0.62] F = 152 | 1.13(-1) [0.63] | 2: 0
320 | 6.92(-2) [0.72] | 6.92(-2) [0.72] F = 299 | 6.81(-2) [0.73] | 0.98: 0
10 | 2.51(-1) 251(-1) F = 39 2.55(-1) 31: 0
80 | 1.75(-1) [0.52] | 1.75(-1) [0.52] F = 74 | 1.77(-1) [0.52] | 16: 0
160 | 1.13(-1) [0.62] | 1.13(-1) [0.62] F = 139 | 1.14(-1) [0.63] | 7.9: 0
320 | 6.86(-2) [0.72] | 6.86(-2) [0.72] F = 298 | 6.88(-2) [0.73] | 3.9: 0

Table 1: Solid body rotation. Displayed are the errors for different timesteps along with

estimated rates of convergence (in brackets).

The top box is for m; = my = 99, the

middle for m; = my = 199 and the bottom for m; = my = 799. The F indicates how
many times the Merge-adapt needed to add the BUG spaces.
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Figure 2: Displayed is the truncated rank for the Merge, Merge-adapt and Implicit Euler
method for the problem with solid body rotation problem. Here “Fail for MA” is the
indicator where the BUG space is needed for the Merge-adapt method. For the Implicit
Euler method we constantly use the threshold At? when computing the rank via the
truncated SVD. All the computations are done with m; = my = 799 and ny = 320.

4.2 Rotation with anisotropic diffusion

In this experiment we consider solid body rotation, ri(x1) = x; ro(xs) = —x9, with
anisotropic diffusion. The diffusion coefficients are:

(21) = as(z1) = /p(1 + 0.1 sin(m1)),
as(x1) = /1(0.15 + 0.1sin(may)),
as(z1) = /1(0.15 4+ 0.1 cos(mxy)),

)
)

a1(T1

bi(xa) = by(xa) = /(1 + 0.1 cos(mas)),
o (T2 V1(0.15 4+ 0.1 cos(mxs)),
bs(z2) = /11(0.15 4 0.1 sin(7xs)),

T2

=

and p = 1073, We start from the rank-1 initial data

x1 )2 2o \2
p(0, 71, 29) = 6_((71) e_<0_%) ,

w

and evolve the solution until time ¢t = 7 using a timestep At = 7/ny, with 40, 80, 160, 320.
We carry out the computation on three different grids with m; = mo = 99,199, 799.

In Table 2 we display the errors and rates of convergence for the Merge, Merge-adapt
and the implicit Euler method. All three methods behave almost identically (the errors
and rates of convergence only differ in the third or fourth digit). However, the time it
takes to compute the solution is quite different.

We also track the rank of the solution as a function of time. In Figure 3 we display
the rank for the different methods as a function of time. Once the solution becomes
more diagonal at time 7/4 the rank is decreased and then increased again as the rotation
continues. For the Merge and Merge-adapt method we use the truncation tolerance e; =
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|ny | M | MA | IE | At/h: pAt/h* |

10 | 1.65(-1) 1.65(-1) F = 39 1.60(-1) 3.0: 0.2

80 | 1.15(-1) [0.51] | 1.15(-1) [0.51] F =78 | 1.01(-1) [0.65] | 2 : 0.098
160 | 6.88(-2) [0.74] | 6.88(-2) [0.74] F = 155 | 6.01(-2) [0.75] | 0.98 : 0.049
320 | 4.38(-2) [0.65] | 4.38(-2) [0.65] F = 292 | 3.36(-2) [0.83] | 0.49 : 0.025
10 | 1.62(1) 1.62(-1) F = 39 1.60(-1) 7.9 0.79
80 | 1.03(-1) [0.64] | 1.03(-1) [0.64] F =74 | 1.02(-1) [0.65] | 3.9 : 0.39
160 | 6.26(-2) [0.72] | 6.26(-2) [0.72] F = 133 | 6.07(-2) [0.75] | 2: 0.2

320 | 3.59(-2) [0.80] | 3.59(-2) [0.80] F = 283 | 3.40(-2) [0.83] | 0.98 : 0.098
10 | 1.61(-1) 161(1) F = 33 1.61(-1) 31: 13

80 | 1.02(-1) [0.65] | 1.02(-1) [0.65] F =77 | 1.02(-1) [0.65] | 16 : 6.3
160 | 6.10(-2) [0.75] | 6.10(-2) [0.75] F = 138 | 6.09(-2) [0.75] | 7.9 : 3.1
320 | 3.43(-2) [0.82] | 3.43(-2) [0.82] F = 273 | 3.41(-2) [0.83] | 3.9 : 1.6

Table 2: Solid body rotation with anisotropic diffusion. Displayed are the errors (here
1.3(-1) means 1.3-107!) for different timesteps along with estimated rates of convergence
(in brackets). The numbers on the far right are the “hyperbolic and parabolic CFL
numbers”. The top box is for m; = my = 99, the middle for m; = my = 199 and the
bottom for m; = my = 799. The F indicates how many times the Merge-adapt needed to
add the BUG spaces.

At? and in order to compare with the classic implicit Euler we compute the SVD and
count the rank of that solution using the same threshold. We observe the ranks from the
low rank methods are slightly smaller than the implicit Euler method.

20
15+
=
c 10
o
— Merge-Adapt
- - Merge
5 —IE
¢ Fail for MA
0

0 0.5 1 1.5 2 25 3
Time
Figure 3: Displayed is the truncated rank for the Merge, Merge-adapt and Implicit Euler
method for the problem with rotation and anisotropic diffusion. Here “Fail for MA”
is the indicator where the BUG space is needed for the Merge-adapt method. For the
Implicit Euler method we constantly use the threshold At? when computing the rank via
the truncated SVD. All the computations are done with m; = my = 799 and ny = 320.
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4.3 Anisotropic diffusion

In this experiment we consider anisotropic diffusion without rotation (r; = r, = 0).
We take the diffusion coefficients to be constants with a; = a4 = by = by = 1 and
as = az = by = bz = 0.3. Starting from the rank-1 initial data

p(0, 21, x9) = sin(may ) sin(wz,),

we evolve the solution until time ¢ = 0.5 using a base timestep of At = 0.5/np, with
40, 80, 160, 320, 640, 1280. We carry out the computation on three different grids with
my = my = 99,399, 799.

lne | M | MA | IE | At/h: At/h* |

40 [9.33(-2) 9.34(-2) F = 34 9.31(-2) 0.62 : 31

80 [3.05(-2) [1.61] | 3.20(-2) [1.54] F =58 | 4.39(-2) [1.08] | 0.31: 16

160 | 1.06(-2) [1.52] | 1.47(-2) [1.11]JF =99 |2.13(-2) [1.03] | 0.16: 7.8
320 [ 4.85(-3) [1.12] | 1.04(-2) [0.50] F = 172 | 1.05(-2) [1.01] [ 0.078: 3.9
640 [ 3.24(-3) [0.58] | 5.42(-3) [0.94] F = 325 | 5.22(-3) [1.01] [ 0.039 : 2
1280 | 2.05(-3) [0.66] | 2.35(-3) [1.20] F = 513 | 2.58(-3) [1.01] [ 0.02: 0.98
40 | 1.17(-1) 1.17(-1) F = 39 9.30(-2) 1.2 : 1.2e402
80 [ 4.50(-2) [1.37] | 4.50(-2) [1.37] F =71 | 4.38(-2) [1.08] [ 0.62: 62

160 | 1.61(-2) [1.48] | 1.66(-2) [1.44] F = 123 [ 2.13(-2) [1.03] | 0.31 : 31

320 [4.97(-3) [1.69] | 6.72(-3) [1.30] F = 221 | 1.05(-2) [1.01] | 0.16: 16

640 | 3.01(-3) [0.72] | 5.79(-3) [0.21] F = 409 [ 5.22(-3) [1.01] | 0.078: 7.8
1280 | 2.29(-3) [0.39] [ 3.08(-3) [0.91] F = 654 | 2.58(-3) [1.01] [ 0.039 : 3.9
40 | 1.58(-1) 1.58(-1) F = 40 9.30(-2) 5 : 2000

80 [6.87(-2) [1.20] | 6.87(-2) [1.20] F =80 [ 4.38(-2) [1.08] | 2.5: 1000
160 | 2.75(-2) [1.32] [ 2.75(-2) [1.32] F = 160 | 2.13(-2) [1.03] | 1.2: 500

320 | 1.01(-2) [1.44] | 1.01(-2) [L.44] F = 318 | 1.05(-2) [1.02] [ 0.62: 250
640 | 3.15(-3) [1.68] | 3.15(-3) [1.68] F = 567 [ 5.21(-3) [1.01] | 0.31 : 125
1280 | 1.01(-3) [1.64] | 1.14(-3) [1.46] F = 941 [ 2.57(-3) [1.01] | 0.16 : 62

Table 3: Anisotropic diffusion. Displayed are the errors for different timesteps along
with estimated rates of convergence (in brackets). The numbers on the far right are the
“hyperbolic and parabolic CFL numbers”. The top box is for m; = mg = 99, the middle
for m; = mgy = 199 and the bottom for m; = my = 799. The F indicates how many times
the Merge-adapt needed to add the BUG spaces.

In Table 3 we display the errors and rates of convergence. Again, the methods are
comparable although it should be noted that the rates of convergence for the classic
implicit Euler method is more uniform than for the low rank methods. Curiously the
error levels are smaller for the low rank method. It should also be noted that for this
example the Merge-adapt method requires the addition of the BUG spaces almost every
time step due to the stiffness of the problem. We also track the rank of the solution as a
function of time, the results can be found in Figure 4. The rank evolution is very similar
for all methods.
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Figure 4: Displayed is the truncated rank for the Merge, Merge-adapt and Implicit Euler
method for the problem with anisotropic diffusion initial data sin(mzy)sin(mzs), (left)
and sin(27x;) sin(27xs) (right) and the solid body rotation problem (right). Here “Fail
for MA” is the indicator where the BUG space is needed for the Merge-adapt method.
For the Implicit Euler method we constantly use the threshold At? when computing the
rank via the truncated SVD. All the computations are done with m; = my = 799 and
ny = 320.

We also consider the more oscillatory initial data
p(0, 21, x9) = sin(2mxy) sin(2722),

which we again evolve until time ¢ = 0.5 using a base timestep of At = 0.5/np, with
40, 80, 160, 320, 640, 1280. Again, we carry out the computation on three different grids
with m; = my = 99, 399, 799.

This initial data decays more rapidly in time and as a consequence the residual norm
becomes smaller and the Merge-adapt method does not have to add the BUG spaces as
often. The errors and rates of convergence can be found in Table 4, and the rank of the
solution as a function of time, the results can be found in Figure 3. It can be observed
that for this example the classic implicit Euler method at first is a bit more accurate than
the low rank methods but they catch up as the timestep decreases.

4.4 Timing results

In this experiment we repeat the experiments in Sections 4.1 4.2 and 4.3. We use ny =
1000 and carry out computations on fine grids with m; = my = 499,999, 1999. We report
the CPU times for the M and MA methods in Table 5. As can be seen the MA is generally
faster than the M method. The more intensive use of the BUG space appears to happen
when the ratio uAt/h? is large. For the example in Section 4.3 we have also added the
time needed for the IE method for the two coarsest resolutions (the computation on the
finest mesh could not fit on the computer used). For the IE timing we have only measured
the time for the forward and backward substitutions in each timestep, not for the initial
LU-factorization.
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Tnr M [ MA [1E [ALJh . AR |
10 | 4.26(-1) 1.00(0) F = 14 7.58(-2) 0.62 : 31
80 | 2.07(-1) [1.03] | 1.00(0) [0.00] F = 36 | 3.80(-2) [0.99] | 0.31 : 16
160 | 7.91(-2) [1.39] | 1.95(-1) [2.35] F = 60 | 1.91(-2) [0.99] | 0.16 : 7.8
320 | 2.35(-2) [1.74] | 9.38(-2) [1.05] F = 109 | 9.67(-3) [0.98] | 0.078 : 3.9
640 | 5.16(-3) [2.19] | 9.77(-2) [0.0] F = 132 | 4.97(-3) [0.95] | 0.039: 2
1280 | 1.01(-3) [2.35] | 7.17(-2) [0.44] F = 175 | 2.68(-3) [0.89] | 0.02 : 0.98
10 | 4.87(-1) 1.00(0) F = 14 7.57(-2) 1.2: 128
80 | 2.62(-1) [0.89] | 1.00(0) [0.00] F = 36 | 3.80(-2) [0.99] | 0.62 : 62
160 | 1.13(-1) [1.20] | 1.59(-1) [2.64] F = 68 | 1.90(-2) [0.99] | 0.31 : 31
320 | 3.89(-2) [L.54] | 6.80(-2) [1.22] F = 134 | 9.60(-3) [0.98] | 0.16 : 16
640 | 1.06(-2) [1.87] | 3.32(-2) [1.03] F = 255 | 4.87(-3) [0.97] | 0.078: 7.8
1280 | 2.02(-3) [2-39] | 2.54(-2) [0.38] F = 375 | 2.52(-3) [0.95] | 0.039 : 3.9
10 | 5.85(-1) 1.00(0) F = 13 7.58(-2) 5 : 2000
80 | 3.57(-1) [0.71] | 1.00(0) [0.00] F = 38 | 3.80(-2) [0.99] | 2.5 : 1000
160 | 1.81(-1) [0.98] | 2.35(-1) 2.08] F = 76 | 1.91(-2) [0.99] | 1.2 : 500
320 | 7.74(-2) [L.22] | 8.88(-2) [1.40] F = 175 | 9.71(-3) [0.97] | 0.62 : 250
640 | 2.89(-2) [1.42] | 3.24(-2) [1.45] F = 332 | 5.04(-3) [0.94] | 0.31 : 125
1280 | 9.18(-3) [1.65] | 1.24(-2) [1.38] F = 625 | 2.78(-3) [0.85] | 0.16 : 62.5

Table 4: Anisotropic diffusion for a higher frequency initial data.

Displayed are the

errors for different timesteps along with estimated rates of convergence (in brackets). The
numbers on the far right are the “hyperbolic and parabolic CFL numbers”. The top box

is for my

= my = 99, the middle for m,

= my = 199 and the bottom for m;

The F indicates how many times the Merge-adapt needed to add the BUG spaces.

m, = meo | time MA | time M | time MA | time M | time MA | time M | time IE
499 2 [0.1%)] 18 6 [0.0%)] 19 10 [45%)] | 28 1315
999 4 10.1%] 68 12 [0.0%] | 61 38 [48%] | 260 153800
1999 11 [0.1%] | 244 37 [0.0%)] | 129 535 [51%] | 1645 N/A

Table 5: CPU-times (in seconds) for the problems 4.1 4.2 and 4.3 from lef to right. The
numbers in brackets are the percentages for how often MA has a residual that necessitates
the addition of the BUG space.

5 Conclusions and future work

This work prototypes a class of implicit adaptive low rank time-stepping schemes.

By

simply merging the explicit step truncation and the BUG spaces, the modeling error is
removed and the numerical schemes achieve robust convergence upon mesh refinement.
An adaptive strategy is proposed for the prediction of row and column spaces, which is
computationally advantageous for moderately stiff problems. The immediate future work
is the generalization to higher order in time. More importantly, the ideas can be applied
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to tensor differential equations, which will be investigated in the future.
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