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ABSTRACT

Charged particles interacting with electromagnetic waves have a portion of their energy tied up in wave-driven oscillations. When these waves
are localized to the exhaust of linear magnetic confinement systems, this ponderomotive effect can be utilized to enhance particle confine-
ment. The same effect can be derived for particles moving via an E! B drift into a region of a static perturbation to the electromagnetic fields
which has a large wave vector component in the direction of the motion. In this work, we use a simplified slab model to self-consistently solve
for the electromagnetic fields within the fluid flowing plasma of a static flute-like (kk ¼ 0Þ perturbation and evaluate the resulting pondero-
motive potential. We find that two types of perturbations can exist within the flowing plasma, which are an O wave and an X wave in the
frame moving with the fluid. In the case of tenuous plasma, these perturbations are magnetostatic or electrostatic multipole-analog perpen-
dicular to the guiding magnetic field in the lab frame, respectfully. For denser plasmas, the O wave-like perturbation is screened at the elec-
tron skin depth scale, and the X wave-like perturbation is a combination of a similar perpendicular electric perturbation and parallel
magnetic perturbation. The ponderomotive potential generated in the X wave-like case is gyrofrequency-dependent and can be used as either
potential barriers or potential wells, depending on the direction of the flow velocity.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0222129

I. INTRODUCTION
Interest in magnetic mirror machines for nuclear fusion applica-

tions is increasing as several groups are attempting to realize modern
magnetic mirrors.1–7 Plasma rotation in a linear magnetic confinement
device can provide additional axial confinement. This is done by
employing concave drift-surfaces that rotate at a near-uniform rotation
frequency and the constancy of the canonical angular momentum to
repel particles from regions of large-curvature, in the same manner a
bead is pulled to the center of a rotating string. Generating rotation of
this kind, however, necessitates an investment of the kinetic energy
associated with the rotation for each particle. This energy cost scales
with the size of the required energy barrier. When seeking to confine
high-energy plasma, such as a proton-boron 11 fusion plasma, other
confining potentials may be required.

In addition, the plasmamay be plugged by RF ponderomotive qua-
sipotential,8–11 which is the secular result of an oscillating field on the
particle dynamics.12–14 The term “quasipotential” is used here in order
to stress the point that this effect is an emergent property of the particle
dynamics and is only applicable under specific circumstances. In addi-
tion, like the diamagnetic “mirror” potential, the ponderomotive effect

applies differently to particles with different phase-space coordinates,
such as different gyro radius. We will use the term “potential” rather
than quasipotential for brevity.

Oscillating fields can generate a ponderomotive potential, if there
exists a separation of time scales between the field oscillation and the
field envelope variation at the particle position, and if the particle is
not resonant with the field. A magnetized charged particle gyrates
around a magnetic field line. This gyration degree of freedom has a
natural frequency—the cyclotron frequency. As such, the expression
for the leading order ponderomotive potential for a field interacting
with this degree of freedom would depend on the cyclotron frequency
and the squared amplitude of the field component.

The ponderomotive effect can be used to repel or attract15–17 par-
ticles from regions of positive or negative potential, hold them in place
or manipulate them in some more complex way.18,19 These pondero-
motive potentials can, in principle, also be achieved in rotating or flow-
ing plasma through static perturbations,20–22 which would be seen as
waves in the rotating frame. The advantage of static perturbations is
that RF power need not be used to generate the ponderomotive
potential.
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In Fig. 1, we sketch a rotating magnetic mirror with an end plug
using the X wave-like static perturbation, which is discussed in detail
in Secs. III–VI of the paper. This embodiment of the ponderomotive
potentials use only the repulsive (positive) ponderomotive potential
for ions.

Due to the charge and mass dependence of these ponderomotive
barriers, they are also used to selectively confine one ion species over
another,23,24 which is of use in the related fields of isotope separation,25

and mass separation.26–32

Setting up the plasma rotation in a magnetic mirror machine is
often done using concentric end-electrodes,33 each of which is biased
to a different electric potential. The potential at the end-electrodes is
conducted into the center of the device by the large plasma conductiv-
ity along drift surfaces. Different drift surfaces remain at different
potentials due to the much smaller plasma conductivity across them.
Plasma drift surfaces follow closely the geometry of magnetic surfaces.
Thus, magnetic surfaces tend to have near-constant electric potential.
This is the initial assumption used in the isorotation theorem34 to gen-
erate uniform rotation frequency along a flux surface. This argument is
used in the ideal magnetohydrodymanics approximation to set the
electric field parallel to the magnetic field to zero.

Several recent works20–22 have investigated the behavior of a flow-
ing magnetized plasma interacting with a static magnetic perturbation.
In Refs. 20 and 21, which considered realistic magnetic fields inside a
cylinder, including the boundary conditions used to generate them,
where the plasma was assumed to be tenuous enough not to affect
fields the ponderomotive potential was found to be positive definite,
since the veh ! B1 force in this configuration does not interact with
the gyromotion to leading order. In Ref. 22, a simplified slab geometry
was used to consider two different electric and magnetic field configu-
rations: (i) a linearly polarized magnetic perturbation, perpendicular to
B0, where the electric field was not affected by the magnetic perturba-
tion, and (ii) an MHD-like limit, where electrons were assumed to
short the potential along magnetic field lines, and the electric potential
remained a constant on each magnetic field line. The ponderomotive
potential was shown to be very different in each case. Taken together,
the three studies demonstrated the necessity of solving for the electro-
magnetic fields self-consistently in the presence of the flowing plasma,
in order to determine the ponderomotive potentials which can be
employed in a practical device.

Thus, in this work, we consistently solve for the wave propagation
of a flute-like (kk ¼ 0) mode into an E! B flowing plasma. As in Ref.
22, we work in the slab limit, which allows the lab-frame boundary
conditions to be boosted into the flowing frame, where the fluid equa-
tions are very simple to solve, and the perturbation indeed becomes a
time-dependent wave. We are thus able to solve self-consistently for
the wave penetration and ponderomotive potential.

We find that in the moving frame, the two branches of the disper-
sion relation are self-consistent solutions to the plasma response,
which are O-waves and X-waves. The O-wave in the moving frame
corresponds to a perpendicular multipole-analog magnetic field in the
lab and is the perturbation investigated in Refs. 20 and 21. We find
that in a flowing plasma, the magnetic perturbations are cut off at the
electron skin depth, c=xpe, which tends to be short in all but the most
tenuous plasmas, thus limiting their application to isotope separators
and other extreme-vacuum laboratory devices. In contrast, the X-wave
in the moving frame has enhanced penetration into the flowing
plasma, and may even propagate rather than be evanescent. These per-
turbations do couple to the internal degree of freedom and generate
flow-dependent positive or negative ponderomotive potential, as found
in Refs. 15 and 22. As a result, the same perturbation can generate a
ponderomotive effect with opposite sign for electrons and ions.

This paper is organized as follows: In Sec. II, we describe the cold
plasma waves propagating perpendicularly to the magnetic field. In
Sec. III, we utilize Lorentz boost to derive the electromagnetic fields
the flowing plasma can support, and the boundary conditions for these
perturbations in the lab frame. In Sec. IV, we derive the kinetic pon-
deromotive potentials which appear in the guiding center frame, and
discuss their attractive or repulsive effect on particles. In Sec. V, we
present numerical results validating the calculations in Sec. IV using a
full-orbit code.

II. COLD PLASMA WAVES
In this section, we look at the wave modes existing in a magne-

tized cold uniform stationary (i.e., with zero flow velocity) fluid
plasma, where their time-dependence could be eliminated by boosting
to a frame moving with a velocity $vey0 . In the frame where these
waves become time independent, the plasma flows with the velocity
vey , and the Lorentz-boosted zero-frequency “waves” describe the
static perturbations that can exist in the linear regime in the flowing

FIG. 1. A schematic of the way the ponderomotive end-plug could be positioned in the exhaust of a fusion device. A rotating mirror machine would have most of the plasma
density at the outer flux surfaces due to the centrifugal force. At the high field region, i.e., where some particles have already been reflected by the mirror force and the centrifu-
gal potential, external electrodes generating an X Wave-like perturbation would be inserted such that the rotation speed of the plasma would generate a repulsive ponderomo-
tive potential which repels ions. This is assuming a positively charged plasma, rotating as shown in the fig, with the magnetic field B0 pointing to the right. In this case, we
envision utilizing the potential near the v¼ 0 cyclotron resonance, see Fig. 6 for the sketch of the ponderomotive potential.
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plasma. We denote the frame in which the waves are time-dependent
with a prime (the moving frame), and the frame in which the perturba-
tions are time-independent without a prime (the lab frame).

The simplest plasma we can consider is a uniform cold fluid
plasma. The response of this plasma to small-amplitude linear electro-
magnetic waves is described by the dispersion relation35

S$ N2
y0 $ N2

z0 $iDþ Nx0Ny0 Nx0Nz0

iDþ Nx0Ny0 S$ N2
x0 $ N2

z0 Ny0Nz0

Nx0Nz0 Ny0Nz0 P $ N2
x0 $ N2

y0

0

BB@

1

CCAh0 ¼ 0; (1)

with

S ¼ 1
2
ðRþ LÞ; D ¼ 1

2
ðR$ LÞ; (2)

R; L ¼ 1$
X

s

x02
ps

x0ðx06x0
csÞ

; P ¼ 1$
X

s

x02
ps

x02 : (3)

Here,N0 ¼ k0c=x0 is the refractive index for a wave with a wave vector
k0 and a frequencyx0 in the primed frame, h0 is the electric field (com-
plex) polarization vector, x02

ps ¼ Z2
s e

2n0s=!0ms is the plasma frequency
of species s, n0s is its number density in the primed frame, and x0

cs ¼
ZseB0

0=ms is its cyclotron frequency in the primed frame.
We consider the “slab analog” of the system described by Rubin

et al.20,21 This is achieved by taking the x direction to be analogous to
the radial (r) direction, and the y direction to be analogous to the azi-
muthal (h) direction in a cylinder, with the z direction remaining the
same. The uniform rotation around the axis of the cylinder is replaced
with a uniform flow along the y coordinate, and we examine the half
volume x< 0 in which the plasma resides. A static magnetic field B0

0ez
is the analog to the axial field in a mirror machine.

In order to eliminate the wave time-dependence using a frame
transformation to a frame moving in the y0 direction, we must take
Ny0 6¼ 0. In order to generate a ponderomotive potential in the z0

direction, we are interested in waves with a slowly varying envelope in
the z0 direction, starting from zero outside the perturbation. There is
no constraint on the value of kz0 , and the value of kx0 is determined by
the plasma response, using the dispersion relation when the perturba-
tion is small enough for the dispersion relation to be valid.

The case where kz0 ¼ Nz0 ¼ 0 is algebraically simplest, because
the dispersion relation can be decomposed into the O wave and the X
wave.

The dispersion relation for the O wave is

P $ N2
x0 $ N2

y0 ¼ 0; (4)

with an electric field polarization

h ¼ ez0 : (5)

The dispersion relation for the X wave is

S2 $ ðN2
y0 þ N2

x0ÞS$ D2 ¼ 0; (6)

with an electric field polarization

hx0
hy0

¼
iD$ Nx0Ny0

S$ N2
y0

; hz0 ¼ 0: (7)

All perturbations with kz0 ¼ 0; Ny0 6¼ 0 must be some linear com-
position of O waves and X waves in the moving frame. The value ofNy0

is dictated by the boundary condition on the x¼ 0 plane and the veloc-
ity v, and the value ofNx0 is determined from the dispersion relation.

For a general kz0 , the plasma response would depend on Nz0 , in
addition to Ny0 and the plasma susceptibility. At intermediary propa-
gation angle relative to the magnetic field 0 < h < p=2, the dispersion
would have three solutions, that in the limit of Ny0 ¼ 0 would become
the R and L waves and Langmuir oscillations. The specifics of the dif-
ferent perturbation modes and the ponderomotive potentials for gen-
eral kz0 are left for future work.

III. TRANSFORMATION FROM THE MOVING FRAME
TO THE LAB FRAME

If jvj < c, we can use the Lorentz transformation, in order to
move to the frame moving with the flow. The Lorentz boost from a
Cartesian lab frame coordinates xl ¼ ðct; x; y; zÞ to a moving frame
with coordinates xl

0 ¼ ðct0; x0; y0; z0Þ, traveling in the y direction with
a velocity v ¼ bc, in a flat spacetime with a metric
g ¼ diagð$;þ;þ;þÞ, and a Lorentz factor c ¼ ð1$ b2Þ$1=2 is

xl
0 ¼ Kl0

" x
" ; (8)

Kl0
" ¼

c 0 $cb 0

0 1 0 0

$cb 0 c 0

0 0 0 1

0

BBBB@

1

CCCCA
; (9)

xl
0 ¼

cðct $ byÞ
x

cðy $ vtÞ
z

0

BBBB@

1

CCCCA
; xl ¼

cðct0 þ by0Þ
x0

cðy0 þ vt0Þ
z0

0

BBBB@

1

CCCCA
: (10)

The inverse transformation K"
l0 is the Lorentz transformation to

a frame moving with the opposite velocity: $v ¼ $bc so
xa ¼ Ka

l0x
l0 ¼ Ka

l0K
l0
" x

" .
The wave four-covector,

kl ¼ $x=c k
! "

; (11)

transforms as a covector

kl0 ¼ k"K"
l0 ¼ cðvky $ xÞ=c kx cðky $ bx=cÞ kz

! "
; (12)

in order to retain the invariace of the phase. For a perturbation with
x¼ 0 and ky 6¼ 0, the wave vector components in the moving frame
are kx0 ¼ kx; ky0 ¼ cky; x0 ¼ $ckyv.

The four-potential field in the moving frame is

Al0 ¼ $U0=c A0! "
; (13)

and in the lab frame,

Al ¼ $cðU0 þ vAy0Þ=c Ax0 cðAy0 þ bU0=cÞ Az0
! "

: (14)

Using these transformations, we confirm that the vector potential

Al0 ¼ 0 0 x0B0
0 0

! "
; (15)
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which generates a B0 ¼ B0
0ez0 in the moving frame, is expressed in the

lab as

Al ¼ $cðvx0B0
0Þ=c 0 cx0B0

0 0
! "

¼ xE0=c 0 xB0 0
! "

; (16)

for B0
0 ¼ B0=c and v ¼ $E0=B0.
For practical reactor applications, it is unlikely to exceed plasma

flow velocity much in excess of60:1c.

A. O wave dispersion
An O wave with ky0 ¼ ck and x0 ¼ $kcv has an Ny0 ¼ $ckc=

kcv ¼ $1=b has to satisfy the dispersion relation in Eq. (4)

N2
x0 ¼ P $ b$2; (17)

k2x0 ¼ $i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ
X

s

x02
ps

c2

s

¼ $ikjO; (18)

jO ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
X

s

x02
ps

c2k2

s

; (19)

where we selected the solution that is evanescent for negative x0, corre-
sponding to the boundary conditions on the x0 ¼ 0 plane. We find
that the O wave spatial decay is enhanced by the introduction of the
skin-depth length-scale, c=xpe.

The O wave in the moving frame has the following electromag-
netic fields:

E0
O ¼ < $iE0

1e
kjOx0þikcðy0þvt0Þ

h i
ez0 ; (20)

B0
O ¼ < E0

1

cv
ekjOx

0þikcðy0þvt0Þ icex0 $ jOey0ð Þ
$ %

; (21)

with E0
1 being a (complex) amplitude which may be a function of z,

and<½f ( denotes the real part of f. This mode is characterized by a per-
pendicular propagation, k ) B0 ¼ 0, with E ) B 6¼ 0—in the moving
frame, the electric field component of the wave is polarized along B0.
The quantity E ) B is a Lorentz invariant, which is independent of the
frame in which the electromagnetic fields are observed.

Selecting a gauge, this time-dependent wave can be generated by
the following vector potential:

A0
O ¼ $

ð
E0
Odt

0 ¼ < E0
1

kcv
ekjOx

0þikcðy0þvt0Þ
$ %

ez0 (22)

and aU0
O ¼ 0.

Looking at this four-potential in the lab frame, and transforming
the coordinates x0 ¼ x and y ¼ cðy0 þ vt0Þ,

AOl ¼ < E0
1

ckv
0 0 0 1

! "
ekjOx

0þiky
$ %

: (23)

This is a vector potential generating a purely magnetic field, which is

BO ¼ B1ekjOx sin kyex þ jO cos kyey
! "

; (24)

with B1 ¼ E0
1B0=cE0. In the lab frame, the electric field component of

the perturbation disappears, so one cannot define the electric field

polarization in the lab frame. The magnetic field polarization in the lab
frame is elliptical and dominated by the ey component.

This is the correct Cartesian-coordinate analog to a magnetic
multipole. The boundary conditions in the lab frame perturbation are
indeed purely magnetic and are generated with current-carrying coils
in the lab along the z direction.

In a tenuous plasma, where ns * 0, this is the correct analog to
the magnetic multipole perturbation used by Rubin et al.20,21 For a typ-
ical fusion reactor, we expect an electron density of ne ¼ 1014 ½cm$3(.
Taking k ¼ n=R ¼ 2 ½m$1(, substituting in Eq. (19) to have the value
k ¼ $i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ e2ne=!0cmec2

p
¼ $i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2! 10$4 þ 1014=ð5:312 ! 1010Þ

p

½cm$1( ¼ $18:8 ½cm$1(i. This is a fast decay rate, for which the main
contribution is the skin depth.

The conclusions from this part of the calculation are (i) the
plasma rejects this magnetic perturbation, rather than enhancing it.
This rejection can be quite significant for denser (fusion) plasma.
These perturbations can never propagate in a fluid plasma no matter
its density. (ii) When applying a pure magnetic perturbation that is
perpendicular to the guide field to a flowing plasma, the plasma does
not rearrange itself such as to modify the electric fields, but modifies
the magnetic fields instead. The viability of linearly polarized magnetic
perturbations is discussed in Appendix A.

B. X wave dispersion
An X wave with the same ky0 ¼ ck; x0 ¼ $kcv and

Ny0 ¼ $ckc=kcv ¼ $1=b has to satisfy the dispersion relation in Eq.
(6). This mode is characterized by a perpendicular propagation,
k ) B0 ¼ 0, with E ) B ¼ 0.

When

N2
x0 ¼ S$ D2

S
$ 1
b2

< 0; (25)

the X wave is evanescent in x0, and for x< 0

kx0 ¼ $ik
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2c2jN2

x0 j
q

¼ $ikjX ; (26)

jX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ b2c2ðS$ 1Þ þ b2c2

D2

S

r
: (27)

Even for a non-propagating wave, the decay length is generally much
longer than for the O wave. The wave polarization is elliptical in the
x0 $ y0 plane, and can be written down as

p ¼ hx0
hy0

¼ i
Dþ jX

cb2

S$ 1
b2

; hz0 ¼ 0: (28)

When N2
x0 > 0, the X wave can propagate in the plasma.

Considering waves propagating in the negative x direction (with
Nx0 < 0) yields the x0 wave vector component

kx0 ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2c2N2

x0

q
¼ k~kX : (29)

The polarization of a propagating X wave is
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p ¼ hx0
hy0

¼
iD$

~kX
cb2

S$ 1
b2

; hz0 ¼ 0: (30)

The expressions for jX and ~kX are even in v (or b).

1. The low-frequency limit

The expressions for S and D are greatly simplified in the low-
frequency limit, where jx0j ¼ jckvj + x0

ci, for the smallest cyclotron
frequency among species in the plasma. In this limit,

S ¼ 1þ cA; D ¼ 0; (31)

jX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ b2c2cA

q
; (32)

pLF ¼ hx0
hy0

¼ c
ijX

; (33)

with cA ¼
P

s x
02
ps=x

02
cs . This mode is evanescent if c2b2cA < 1. This

approximation if well suited for use in the case of low k. The cutoff in
Nx0 appears when b2c2cA ¼ 1, beyond which the wave can become
propagating in the moving frame.

In the nonrelativistic limit, where c * 1,

b2cA ¼
X

s

v2msnsl0
B2
0

¼ v2

v2A
¼ M2

A; (34)

this term is the Alfv!en Mach number squared. Thus, as found for
MHD waves,36 low-frequency X waves can only propagate if the
plasma is rotating supersonically with respect to the Alfv!en speed.

In general, the wave electric field with a polarization hx0=hy0
¼ p 2 C is

E0
X ¼ < iE1

pex0 þ ey0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ekjXx
0þikcðy0þvt0Þ

2

4

3

5: (35)

The wave electric field and its polarization coefficients in the moving
frame can be written as

E0
X ¼ < $E1 EL0 eL0 þ ER0 eR0 $ iEx0ex0ð ÞekjXx0þikcðy0þvt0Þ

h i
; (36)

EL0 ¼
1ffiffiffi
2

p
= p½ ( $ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ; ER0 ¼ 1ffiffiffi
2

p
1þ = p½ (ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ;

Ex0 ¼
< p½ (ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ;
(37)

corresponding to the left and right polarization unit vectors as
eR0 ¼ ðex0 $ iey0Þ=

ffiffiffi
2

p
; eL0 ¼ ðex0 þ iey0Þ=

ffiffiffi
2

p
. Here, =½f ( denotes the

imaginary part of f, with p defined in Eqs. (28) and (30) for the evanes-
cent and propagating regimes, respectively.

In Fig. 2, we plot the dispersion relation for an electron–proton
quasi-neutral plasma, with different curves representing the exact
expressions for the evanescent and propagating regimes from Eqs. (27)
and (29), as well as the approximation in Eq. (32). The wave in the
moving frame is in the low frequency limit when b + 0:064 for the
parameters chosen for this plot. However, the expression for kx0

remains fairly accurate for a significantly larger range of b. In Fig. 3,
we plot the squares of the coefficients of the wave, for the left, right
and linear polarizations. In the low frequency limit, we replace p with
pLF from Eqs. (33)–(37). In this figure, we see that the polarization
deviates significantly from the low frequency approximation around
jx0j * xci.

In the low frequency limit, the wave electric field is

E0
X / < cex0 þ ijXey0ekjXx

0þikcðy0þvt0Þ
h i

: (38)

This is an elliptically (mostly left) polarized wave in the moving frame,
corresponding to a linear combination of two circularly polarized
waves with the two polarizations. A pure circular polarization is

FIG. 2. The exact dispersion relation, kx0 as a function of b ¼ v=c, for a quasi-
neutral electron-proton plasma, with ne ¼ np ¼ 1020ðm$3Þ; B0 ¼ 10 ðTÞ, and
k ¼ 50 ðm$1Þ, plotted in solid lines. The cutoffs appears in b ¼ 60:07, and
between them the wave is evanescent. Away from the cutoffs, the wave is propagat-
ing. The low-frequency approximation is plotted in dashed lines, showing excellent
fit in the entire plotted region.

FIG. 3. Wave polarization squared in the moving frame, as a function of b, for the
same parameters defined in Fig. 2. Plotted are the squares of the coefficients of the
unit vector in the electric field direction. In the evanescent regime, the wave is com-
posed of only right and left polarization, without a phase shift. In the propagating
regime, the wave acquires a phase-shift, essentially splitting into three components.
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impossible in the low frequency limit, except in the trivial v¼ 0 case,
as it requires jX ¼ c, but jX , 1 and c - 1 for all v 6¼ 0.

A vector potential generating the perturbation is
A0
X ¼ $

Ð
E0
Xdt

0, or in a four-covector form

AXl0 ¼ < E1
kv

0 i $jX
c

0
( )

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p ekjXx
0þikcðy0þvt0Þ

2

64

3

75: (39)

Here, we normalized the vector potential to be of amplitude E1=kv.
This normalization is Lorentz invariant, as a boost does not change the
norm Algl"A.

" , with f
. denoting the complex conjugate of f.

Transforming back to the lab frame, and reinstating E1 ¼ E1ðzÞ,

AXl ¼ < E1
kv

jXb i $jX 0
! "

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p ekjXxþiky

" #
: (40)

The static perturbation in the lab frame is

EX ¼ E1jXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p ekjXx jX cos kyex $ sin kyey
! "

þ @E1
@z

jX
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p ekjXx cos kyez; (41)

BX ¼B0
E1ekjXx

E0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p ðj2X $ 1Þ cos kyez

$ B0

E0

@E1
@z

ekjXx

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2X=c2

p jX cos kyex $ sin kyey
! "

: (42)

The polarization of these fields can be read of the first lines of Eqs. (41)
and (42). The second lines are required in order to maintain the fields
as derivatives of the potentials.

The lab-frame perturbation is a pure electric multipole when
jX ¼ 1. The perturbation shifts continuously into a magnetostatic rip-
ple in Bz as jX ! 0. This can be thought of as a change in the polariza-
tion of the four-potential. This is a compressional Alfv!en mode,
occurring atMA¼ 1.

2. General X waves

The low-frequency approximation is limited, in that it cannot
take into account the details of S and D, and as such frequency depen-
dence, in the dispersion relation, and as we discuss in Sec. IV, the pon-
deromotive effect is strongest near the cyclotron resonances. As a
result, we would like to look at the wave dynamics when the S and D
terms of the dispersion relation vary strongly near resonance.

When the wave is evanescent, p is purely imaginary and the right
and left circular polarizations suffice, but when the wave is propagat-
ing, p is complex with both real and imaginary parts. This indicates a
phase shift different than p=2 between the components. We can
decompose the wave into the same right and left polarization, but
remain with some (large) linearly polarized component in the x0

direction.
In Fig. 4, we plot the dispersion relation for an electron-proton-

boron11 quasi-neutral plasma, with different curves representing the
exact expressions for the evanescent and propagating regimes from

Eqs. (27) and (29), as well as the approximation in Eq. (32). The wave
in the moving frame is in the low frequency limit when b + 0:014 for
the parameters chosen for this plot. Here, in contrast to the electron-
proton plasma, the expression for kx0 does not remain accurate past
the limit jx0j * xcB11. In Fig. 5, we plot the squares of the coefficients
of the wave, for the left, right and linear polarizations. In this figure, we
see that the polarization oscillates wildly at positive bs, as the wave is
significantly modified by the boron11 and proton cyclotron resonan-
ces. The low-frequency approximation is not very helpful in this case.

In Appendix B, we write the expressions for the electric and mag-
netic fields in the lab frame for an X wave-like static perturbation for

FIG. 4. The exact dispersion relation, kx0 as a function of b ¼ v=c, for a quasi-
neutral electron-proton-boron11 plasma, with np ¼ 0:5! 1020ðm$3Þ; nb11 ¼ 0:1
!1020ðm$3Þ, and B0 ¼ 10 ðTÞ, and k ¼ 100 ðm$1Þ, plotted in solid lines. The
wave is evanescent in the regions plotted in blue, and is propagating in the regions
plotted in orange. In here, a pair of a new cutoff and a resonance appear around
b ¼ 60:0215. The low-frequency approximation is plotted in dashed lines.

FIG. 5. Wave polarization squared in the moving frame, as a function of b, for the
same parameters defined in Fig. 4. Plotted are the squares of the coefficients of the
unit vector in the electric field direction. In the evanescent regime, the wave is com-
posed of only right and left polarization, without a phase shift. In the propagating
regime, the wave acquires a phase-shift, essentially splitting into three components.
See Fig. 6 for the ponderomotive potentials.
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both the evanescent and propagating regimes. The boundary condi-
tions generating this perturbation are discussed in Appendix C.

IV. PONDEROMOTIVE POTENTIAL
Because practical devices would have a flow velocity less than60:1c,

we shall consider non-relativistic Hamiltonians in this section.We consider
a single particle with an arbitrary gyro radius in the fields generated by the
cold plasma dispersion of Sec. III. To be exactly self-consistent, the q ! 0
limit can be taken at the end of the calculation. However, the dispersion
relation of Sec. III captures some features of the plasma response in fusion
plasma as well, and finite gyro radius effects are of interest.

In this section, we derive the ponderomotive potentials in dimen-
sionless form. We measure length in units of k$1, time in units of x$1

c0 ,
and momentum in units of mxc0=k, for the leading order
Hamiltonian, and writing the O wave perturbation cyclotron fre-
quency xc1 in units of xc0, and the X wave perturbation amplitude E1
in units of B0xc0=k. This last choice, of writing

~E1 ¼
E1k
B0xc0

; (43)

while having the dimensional magnetic perturbation, e.g., Eqs. (42),
(C4), and (B5) depending on the ratio E1=E0 ¼ $~E1=~v generate the
resonance at v¼ 0. An alternative choice, of writing the perturbation
electric field E1 in units of E0 would remove this resonance at the cost
of zeroing the perturbation at zero flow velocity.

The dimensionless Hamiltonian for motion in electromagnetic
fields derives from the electric potential / and vector potential a is

h ¼ 1
2
ð~p $ aÞ2 þ /: (44)

Using the generating function

F ¼ 1
2
~p2xcot hþ ~y ~X þ ~vð Þ $ ~px ~X ; (45)

to change variables from the Cartesian coordinates and their conjugate
momenta into the action-angle variables ~l; h; ~X ; ~Y , with the follow-
ing relations:

~x ¼
ffiffiffiffiffiffi
2~l

p
cos hþ ~X ; (46)

~px ¼ $
ffiffiffiffiffiffi
2~l

p
sin h; (47)

~y ¼ ~Y $
ffiffiffiffiffiffi
2~l

p
sin h; (48)

~py ¼ ~X þ ~v; (49)

with ~l being the magnetic moment or first adiabatic invariant, which
is related to the gyro radius by the above expressions, h being the gyro
angle, ~Y being the gyro center position, and ~X its conjugate momen-
tum. The ~z ; ~pz pair is unaffected by this transformation. In order for
the particle to remain in the plasma region, the constraint on ~X is
~X < $

ffiffiffiffiffiffi
2~l

p
.

Using these coordinates, the component h0 of the Hamiltonian is
solvable, with ~l; ~X constants, and can be written down as

h0 ¼
~p2z
2
þ ~l þ ~X~v þ 1

2
~v2; (50)

which generates gyration in the x–y plane, drift in the y direction, and
a ballistic motion in the z direction.

We write ~q ¼
ffiffiffiffiffiffi
2~l

p
and drop the tildes (on all quantities) for

brevity.
In order to get ponderomotive potentials, we require the pertur-

bations to be small, i.e., xc1 < 1 or E1 < 1 for the two perturbations
considered here. Additionally, we require a separation of scales
between the z ramp-up of the perturbation and the y rate of interaction
with the perturbation, i.e.,

****
@h1
@z

vz

**** +
****
@h1
@Y

v
****: (51)

Another requirement is for the beat period between the gyro
motion harmonics and the interaction with the perturbations to be
smooth

8m :
vz

m$ v
1
L
+ 1; (52)

with L being the ramp-up length scale of the perturbation.

A. Ponderomotive potential for O wave-like
perturbation

The magnetostatic contributions to the Hamiltonian h1O
¼ $pza1z; h2O ¼ a21z=2 can be written in action-angle variables as

h1O ¼ pzxc1ejO q cos hþXð Þ cos Y $ q sin hð Þ; (53)

h2O ¼ 1
4
x2

c1e
2jO q cos hþXð Þ 1þ cos 2Y $ 2q sin hð Þð Þ: (54)

This is a similar expression found by Karney37,38 for wave–particle
interaction, with the notable difference. The wave we consider here is
electromagnetic (defined by an A), rather than electrostatic wave
(defined by a U), generating the two terms $epzAz=m and e2A2

z=2m,
the second of which generates the leading order positive-definite pon-
deromotive potential.

We can expand the perturbation in a Fourier series

h1O ¼ pzxc1ejOX
X1

n¼$1

X1

m¼$1
In jOqð ÞJm$n qð Þcos mh$ Yð Þ; (55)

h2O ¼ 1
4
x2

c1e
2jOX

X1

n¼$1
In 2jOqð Þ

! cos nhþ
X1

m¼$1
Jm$n 2qð Þcos mh$ 2Yð Þ

 !
: (56)

Here, Jm is the Bessel function of the first kind of orderm, and In is the
modified Bessel function of the first kind of order n.

Looking at the two components of the Hamiltonian, away from
resonance and assuming a separation of timescales, the ponderomotive
effect due to h1O is a modification to the effective mass for the z degree
of freedom at Oðx2

c1Þ, and the leading order ponderomotive potential
being the average over the Y ; h angles

/pond;O ¼ 1
4
x2

c1e
2jOXI0 2jOqð Þ; (57)

similarly to the case explored in the cylinder.
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In the limit of small gyro radius, this leading order expression,
Eq. (57) agrees exactly with the expression found in Ref. 15, using
Ek ¼ cE0B1ekjOX=B0 from Eq. (20), and I0ð0Þ ¼ 1.

Seeing that the ponderomotive potential in Eq. (57) depends on
only a single coordinate, z, the action of this potential would be to repel
particles along z.

B. Ponderomotive potential for X wave-like
perturbation

The ponderomotive potential generated by the X Wave-like per-
turbation follows the same procedure. In this case, the evanescent and
propagating regimes have to be considered separately. The full calcula-
tion is relegated to Appendix D.

For cold particles with q * 0, the Hamiltonian in the evanescent
regime

h ¼ h0 þ h1Xevan þ h2Xevan; (58)

with h1X ¼ $ðpy $ a0yÞa1y $ pxa1x þ / and h2X ¼ a21=2, can be
approximated as

h1Xevan * V1ðl;XÞ cos h$ Yð Þ
þ V$1ðl;XÞ cos hþ Yð Þ; (59)

h2Xevan * 1
4
E2
1

v2
e2jXX

jpj2 þ 1
1þ

= p½ (2

c2

 !

þ 1$
= p½ (2

c2

 !

cos 2Yð Þ

 !

;

(60)

with the coefficients V1 and V$1 being

V1 * $ 1
2
1$ = p½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj2 þ 1
q E1

v
qejXX ; (61)

V$1 * $ 1
2
1þ = p½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj2 þ 1
q E1

v
qejXX : (62)

The ponderomotive potential is then

/pond;X;evan ¼ 1
4
E2
1

v2
e2jXX

1þ = p½ (2=c2

jpj2 þ 1

$ 1
8
E2
1

v2
e2jXX

jpj2 þ 1

ð1$ = p½ (=cÞ2

1$ v
þ
ð1þ = p½ (=cÞ2

1þ v

 !

¼ E2
1e

2jXX

8vðjpj2 þ 1Þ
ð1þ = p½ (=cÞ2

1þ v
$
ð1$ = p½ (=cÞ2

1$ v

 !

:

(63)

This expression agrees with the expression for the ponderomotive
potential which can be found in many sources, such as Dodin and
Fisch.15

Returning to dimensional units and using their notation, the elec-
tric field can be decomposed into

Eþ ¼ E1ekjXX
1$ = p½ (
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ; (64)

E$ ¼ E1ekjXX
1þ = p½ (
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ; (65)

xwave ¼
kE0
B0

: (66)

At this limit and with c¼ 1, the ponderomotive potential is

Upond;X;evan ¼ e2

4mxwave

E2
$

xwave $ xc
þ

E2
þ

xwave þ xc

( )
: (67)

C. Effect of perturbation on the flow velocity
Inspecting the leading order approximate Hamiltonian for either

of the two perturbations

h * 1
2

p2z þ v2
! "

þ Xvþ lþ /pond; (68)

we can derive the gyro center flow velocity for particles interacting
with the perturbation from _Y ¼ @h=@X,

_Y * vþ 2j/pond: (69)

That is, particles interacting with the perturbations are pushed to larger
flow velocities by the O wave analog, and to either larger or smaller
velocities by the X wave analog, depending on the sign of v, that is flow
velocity over and particle charge. This result is not restricted to cold
particles only.

V. NUMERICAL VALIDATION
In order to numerically demonstrate the validity of the pondero-

motive potential expressed in Eq. (D10), the Lorentz force was numeri-
cally integrated using a second-order particle pusher, which is volume
preserving and generalizes Boris’ method,39–41 using the LOOPP code
which was used in several of our previous publications.20,21,42,43

The electric and magnetic fields used in the simulation are the
dimensionless fields used in Appendix B, i.e., for the evanescent
regime

E ¼ $vex þ
E1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj2 þ 1
q f ðzÞejXxðjX sin yex þ cos yeyÞ

þ E1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q df ðzÞ
dz

ejXx sin yez; (70)

B ¼ 1$ E1
v
f ðzÞ

jX þ = p½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ejXx sin y

0

@

1

Aez

þ E1ejXx

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q df ðzÞ
dz

sin yex $
= p½ (
c

cos yey

( )
; (71)

with the function

f ðzÞ ¼
0 z , $L=2;

0:5þ z=L $L=2 < z < L=2;

1 z - L=2:

8
><

>:
(72)

And similarly for the propagating regime.
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The parameters used are E1 ¼ 0:05, in order to eliminate higher
order effects, and avoid the stochastic threshold, and L¼ 1000, in
order to resolve the ponderomotive potentials close to resonance. The
initial velocity vz0 ¼ 1.

The simulation was terminated when the particle reached
z > L=2 or if x> 0. The ponderomotive potential reported from the
numerical simulation is /numerical ¼ ðv2z0 $ v2zf Þ=ð2E2

1Þ with vzf begin
value of the z-velocity at the end of the simulation.

In Fig. 6, we see the resultant ponderomotive potential generated
for the same electron-proton-boron11 plasma as in Figs. 4 and 5 with
a k ¼ 100 ðm$1Þ, for dimensionless velocities corresponding to –2.5 to
2.5 times the cyclotron frequency. The relativistic b ¼ v=c is plotted
on top, to compare with the non-dimensional with respect to the
wave, velocity v. In orange, the propagating regime has a significant
contribution of a linearly polarized component, generating a resonance
at the v ¼ 62 marks. In the evanescent regime, the wave is mostly left
polarized, and as such exhibits a resonance at v¼ 1, but not for
v¼$1. The thin regions in which the wave propagates near the
boron11 cyclotron resonance are also visible and produce a clear pon-
deromotive reaction from the particles.

VI. CONCLUSION
When investigating the ponderomotive potentials that can be

generated by a plasma flowing past a static perturbation, two velocity
scales appear in the system. The first—xc=k, which is the cyclotron
frequency of the species in question divided by the perturbation wave
vector—determines the (non-relativistic) ponderomotive potential.
The second is the speed of light, which together with the plasma
parameters determines the plasma rearrangement due to interaction
with the perturbation.

We have used a fluid plasma model, which is a mean-field, colli-
sionless model, which is applicable for “small signal” perturbations,
and small Larmor radius (cold) plasma, to investigate the plasma

response. In the flute-like limit (kk * 0), these modes are equivalent to
the O and X waves in the frame moving with the flow. For plasmas sat-
isfying the above assumptions, these are the only available modes, and
only a linear combination of electromagnetic field configurations is
possible.

The O wave-like perturbation is a magnetostatic perturbation
with a multipolar-like B1?B0, and is suppressed by the plasma on the
electron skin depth scale. This makes using the always-repulsive pon-
deromotive potential generated by the flow quite difficult for fusion
plasmas of considerable density. The X wave-like perturbation in the
vacuum limit is a multipolar-like E1?B0 perturbation, which propa-
gates more easily in denser plasmas, and transitions smoothly into a
magnetostatic perturbation B1 k B0 as the plasma becomes denser.
The ponderomotive potential generated by interaction with this per-
turbation is a Miller-type potential which depends on the perturbation
amplitude squared, with the usual resonant denominators. As such, it
can have either a positive or a negative sign, depending on the flow
velocity compared to the cyclotron frequency.

We have found that the flowing magnetized plasma (with
b ¼ ez) can support a (mostly) left-polarized X wave-like perturbation
that is applied using boundary conditions at the positive x boundary.
This corresponds to the outer edge of a rotating plasma annulus. This
flowing plasma can support the opposite (mostly) right-polarized X
wave-like perturbation that is applied using boundary conditions at
the negative x. This corresponds to the inner edge of a rotating plasma
annulus. This is important if we intend to use a positively charged
plasma in an annular magnetic mirror-machine, and attempt to con-
fine ions in a negative (i.e., attractive) potential well.

The ponderomotive potential requires a separation of time-scales
between the ramp-up of the perturbation and the rate of interaction
with it, from the perspective of the particle. This requires a large flow
velocity, large k, and a large ramp-up length scale Lz. At the same time,
large flow velocity is detrimental for fusion applications, as it both
requires energy investment to bring particles to a large energy and gen-
erates a large electric field E0 ¼ vB0 near material boundaries. Large
electric fields can damage the first walls of the vacuum vessel.
However, a large k is difficult to achieve beyond around k * 100½m$1(
for technological reasons, and large k in the evanescent regime means
the perturbation decays in a short distance from the boundary. A
design of a ponderomotive well would have to consider the tradeoffs
between these parameters.
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APPENDIX A: TOPOLOGICAL CONSIDERATIONS FOR A
LINEARLY POLARIZED MAGNETIC FIELD

The magnetic perturbation which was investigated in Ref. 22 is

B1 ¼ B1ðzÞ cos kyex; (A1)

where the leading order fields are as presented in Sec. II, B0 ¼ B0ez
and Eun ¼ E0ex . In order to get a ponderomotive potential, it is
required that @ lnB1=@z + k. For a constant x, z coordinates in the
lab frame, the magnitude of the perturbation changes as a function
of the y coordinate, but its polarization remains along the x axis. In
the vacuum perturbation discussed in Refs. 20 and 21, and its slab
analog Eq. (24), the magnitude of the perturbation remains constant
for a constant x, z coordinates, while the polarization rotates in the
x–y plane. In the non-vacuum case, the perturbation has an ellipti-
cal rather than circular polarization, as discussed in Sec. II.

The four-potential describing these field in Eq. (A1) in the
moving frame is

Al0 ¼ 0 0 0
B1

k
sin kcðy0 þ vt0Þ

( )
; (A2)

and the electromagnetic fields in this frame are

E0
1 ¼ B1c

E0
B0

cos kcðy0 þ vt0Þez0 ; (A3)

B0
1 ¼ B1c cos kcðy0 þ vt0Þex0 : (A4)

In the moving frame, this is clearly a wave propagating (primarily)
perpendicularly to the magnetic field B0

0 ¼ B0ez0=c. It has a wave
vector component ky0 ¼ ck, frequency x ¼ $ckv and it is purely
polarized in the z0 direction. For this polarization, the dispersion
relation is that of an O wave, meaning

N2
x0 ¼ P $ b$2; (A5)

exactly as described in Sec. II. Neither in vacuum nor in a fluid
plasma, a linearly polarized magnetic perturbation, i.e., Eq. (A1),
can exist when kz * 0. This requires jO ¼ 0, but the expression
under the square root is positive definite.

In his book, Stix35 presents a CMA diagram for a two compo-
nent plasma in Fig. 2-1, with indications of the topology for the
wave normal surfaces. The case discussed here is one where the
wave frequency is much smaller than the ion cyclotron frequency,
meaning above the L ¼ 1 line, but with a negative

P
s x

2
ps=x

2,
meaning to the left of region 12, as labeled in the diagram.

In contrast, as found in Sec. II, a linearly polarized magnetic
perturbation parallel to B0 is entirely possible, albeit for a restricted
set of parameters for which jX ¼ 0. This is because the parallel

magnetic perturbation corresponds to a different branch of the dis-
persion relation, which correspond to the compressional Alfv!en
wave in the MHD limit.

APPENDIX B: THE ELECRIC AND MAGNETIC FIELDS
IN THE LAB FRAME FOR AN X WAVE-LIKE STATIC
PERTURBATION

A four-potential generating the perturbation in the lab frame is

Al ¼ < E1
kvc

i $bc p c 0
! "

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q eikx0 xþiky

2

4

3

5; (B1)

with p being the wave polarization in the moving frame, as used in
Sec. III B 2.

Taking E1 2 R, the static perturbation itself for the evanescent
regime (with p ¼ iðb2cDþ jxÞ=ðb2cS$ cÞ) is

EXevan ¼
E1ekjXxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q jX sin kyex þ cos kyey
! "

þ ekjXx

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q @E1
@z

sin kyez ; (B2)

BXevan ¼ B0
E1
E0

jX þ = p½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q ekjXx sin kyez

þ B0ekjXx

kE0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q @E1
@z

$sin kyex þ
= p½ (
c

cos kyey

( )
: (B3)

For the propagating regime (with p ¼ ðib2cD$ ~kxÞ=
ðb2cS$ cÞ), the static perturbation is

EXprop ¼
E1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jpj2 þ 1
q ~kXex þ ey

+ ,
cos kð~kXx þ yÞ

þ 1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q @E1
@z

sin kð~kXx þ yÞez; (B4)

BXprop ¼ B0
E1
E0

~kX $ < p½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q cos kð~kXx þ yÞez

$ B0
E1
E0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q
= p½ (
c

sin kð~kXx þ yÞez

þ B0

kE0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q @E1
@z

< p½ (
c

ey $ ex

( )
sin kð~kXx þ yÞ

þ B0

kE0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q @E1
@z

= p½ (
c

cos kð~kXx þ yÞey: (B5)

APPENDIX C: BOUNDARY CONDITIONS FOR THE X
WAVE-LIKE PERTURBATION

In this appendix we look at the X wave on the x> 0 side of the
boundary, for a plasma with the same E0 and B0 but allowing for a
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different composition. This plasma is the slab-analog to a plasma
rotating outside a cylinder.

For an evanescent N2
x0 < 0 X wave on the x> 0 side of the

boundary, the wave vector component has the opposite sign as in
the x< 0 side of the boundary,

kx0þ ¼ ikjXþ: (C1)

The wave polarization is similarly modified,

pþ ¼ hx0þ
hy0þ

¼ i
D$ jXþ

cb2

S$ 1
b2

; hz0þ ¼ 0: (C2)

The fields for x> 0, for the evanescent regime are

EXevanþ ¼ E1þe$kjXþx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpþj2 þ 1

q $jXþ sin kyex þ cos kyey
! "

þ e$kjXþx

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpþj2 þ 1

q @E1þ
@z

sin kyez ; (C3)

BXevanþ ¼ B0
E1þ
E0

$jXþ þ = pþ½ (=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpþj2 þ 1

q e$kjXþx sin kyez

þ B0e$kjXþx

kE0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpþj2 þ 1

q @E1þ
@z

$sin kyex þ
= pþ½ (
c

cos kyey

( )
:

(C4)

If the perturbation at the two sides of the boundary x¼ 0 is
evanescent, the relation between the fields is as follows. Across the
x¼ 0 boundary, the electric field perpendicular to the boundary and
the magnetic field normal to the boundary are continuous, yielding
the relation between the amplitudes,

E1$ ¼ E1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp$j2 þ 1

jpþj2 þ 1

s

: (C5)

The surface charge distribution on the boundary is related to the
jump in the electric field perpendicular to the boundary

r ¼ $!0E1$
jXþ þ jX$ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp$j2 þ 1

q sin ky: (C6)

The surface currents on the x¼ 0 boundary that generate the jump
in the magnetic field is

J ¼ dðxÞ B0

l0E0

E1$ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q

! jXþ þ jX$ þ
= p$½ ( $ = pþ½ (

c

( )
sin kyey: (C7)

This current has a non-zero divergence and requires another com-
ponent to make it divergence-less, for example, with a component
going in the positive or negative x direction.

For a propagating X wave on the x> 0 side, the wave vector
similarly switches sign,

kx0þ ¼ $k~kX : (C8)

The polarization of a propagating X wave is

pþ ¼ hx0þ
hy0þ

¼
iDþ

~kX
cb2

S$ 1
b2

; hz0þ ¼ 0: (C9)

APPENDIX D: X WAVE PONDEROMOTIVE POTENTIALS

1. Evanescent regime
The Hamiltonian for the X Wave-like perturbations

h ¼ h0 þ h1X þ h2X ; (D1)

with h1X ¼ $ðpy $ a0yÞa1y $ pxa1x þ / and h2X ¼ <½a1(2=2 can be
written down in action-angle form in the evanescent regime as

h1Xevan ¼ $ qE1ejX ðXþq cos hÞ

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q

! cos h cosðq sin h$ YÞ þ
= p½ (
c

sin h sinðq sin h$ YÞ
( )

;

(D2)

h2Xevan ¼ 1
4
E2
1

v2
e2jX ðXþq cos hÞ

jpj2 þ 1

 

1þ
= p½ (2

c2

þ 1$
= p½ (2

c2

 !

cosð2q sin h$ 2YÞ
!
: (D3)

Expanding h1Xevan in a Fourier series gives

h1Xevan ¼
X1

m¼$1
Vmðl;XÞ cos mh$ Yð Þ; (D4)

with

Vm ¼ $ 1
2

E1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q qejXX
X1

n¼$1
In jXqð Þ

! 1$
= p½ (
c

( )
Jm$n$1 qð Þ þ 1þ

= p½ (
c

( )
Jm$nþ1 qð Þ

( )
;

(D5)

is

h2Xevan ¼
1
4
E2
1

v2
e2jXX

jpj2 þ 1

X1

n¼$1
In 2jXqð Þ

! 1þ
= p½ (2

c2

 !

cos nh

 

þ 1$
= p½ (2

c2

 !
X1

m¼$1
Jm$n 2qð Þcos mh$ 2Yð Þ

!

: (D6)

We can use the perturbation method to solve for the correction
to the motion due to h1X . Using the procedure outlined in Refs. 44
and 45 to solve for the generating functions w1m such that
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fw1m; h0g ¼ @w1m

@h
þ v

@w1m

@Y
¼ $Vm cos mh$ Yð Þ; (D7)

w1m ¼ $ Vm

m$ v
sin mh$ Yð Þ; (D8)

and the secular contribution of h1Xevan to the gyro center dynamics
is

hh1Xevani ¼
1
2
hfw1m; h1‘gi ¼ $ 1

4
1

m$ v
m
@V2

m

@l
$ @V2

m

@X

 !

: (D9)

The total leading order ponderomotive potential is

/pond;X;evan ¼
X1

m¼$1
$ 1
4

1
m$ v

m
q
@V2

m

@q
$ 2jXV2

m

 !

þ 1
4
E2
1

v2
e2jXX

1þ = p½ (2=c2

jpj2 þ 1
I0 2jXqð Þ; (D10)

using @=@l ¼ ð1=qÞð@=@qÞ.

2. Propagating regime
In the propagating regime, the components of the Hamiltonian

can be written down in action-angle form as

h1Xprop ¼ $ qE1

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q

! cos h cosHþ
< p½ (
c

sin h cosH$
= p½ (
c

sin h sinH
$ %

;

(D11)

h2Xprop ¼
E2
1

v2ðjpj2 þ 1Þ
1þ jpj2

c2

 ! 

þ 1þ
< p½ (2

c2
$
= p½ (2

c2

 !

cos 2H$ 2
= p½ (< p½ (

c2
sin 2H

!

;

(D12)

using the short-hand for the perturbation phase
H ¼ ð~kXx þ yÞ ¼ ð~kXX þ Y þ qð~kX cos h$ sin hÞÞ.

Expanding h1Xprop and h2Xprop in a Fourier series as

h1Xprop ¼
X1

m¼$1
ðVm cos ~kXX þ Y þmh

! "

þ Um sin ~kXX þ Y þmh
! "

Þ; (D13)

h2Xprop ¼
1
4

E2
1

v2ðjpj2 þ 1Þ
1þ jpj2

c2

 !

þ
X1

m¼$1
Wm cos 2~kXX þ 2Y þmh

! "!

þZm sin 2~kXX þ 2Y þmh
! ",

; (D14)

with

Vm ¼ $ E1
2v

qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q
X1

n¼$1

 
J4nð~kXqÞ 1$

= p½ (
c

( )
J4n$m$1ðqÞ

$

þ 1þ
= p½ (
c

( )
J4n$mþ1ðqÞ

%

$ J4nþ2ð~kXqÞ 1$
= p½ (
c

( )
J4n$mþ1ðqÞ

$

þ 1þ
= p½ (
c

( )
J4n$mþ3ðqÞ

%

þ
< p½ (
c

J4nþ1ð~kXqÞ J4n$mþ2ðqÞ $ J4n$mðqÞ½ (

þ
< p½ (
c

J4n$1ð~kXqÞ J4n$m$2ðqÞ $ J4n$mðqÞ½ (

!

; (D15)

Um ¼ $ E1
2v

qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þ 1

q
X1

n¼$1

 

J4n$1ð~kXqÞ 1$
= p½ (
c

( )
J4n$m$2ðqÞ

$

þ 1þ
= p½ (
c

( )
J4n$mðqÞ

%

$ J4nþ1ð~kXqÞ 1$
= p½ (
c

( )
J4n$mðqÞ

$

þ 1þ
= p½ (
c

( )
J4n$mþ2ðqÞ

%

þ
< p½ (
c

J4nð~kXqÞ J4n$mþ1ðqÞ $ J4n$m$1ðqÞ½ (

þ
< p½ (
c

J4nþ2ð~kXqÞ J4n$mþ1ðqÞ $ J4n$mþ3ðqÞ½ (
!
; (D16)

Wm ¼ 1
4

E2
1

v2ðjpj2 þ 1Þ

X1

n¼$1
1þ

< p½ (2 $ = p½ (2

c2

 ! 

! J4nð2~kXqÞJ4n$mð2qÞ $ J4nþ2ð2~kXqÞJ4n$mþ2ð2qÞ
h i

$
< p½ (= p½ (

c2
J4nþ1ð2~kXqÞJ4n$mþ1ð2qÞ
h

$J4n$1ð2~kXqÞJ4n$m$1ð2qÞ
i!

; (D17)

Zm ¼ 1
4

E2
1

v2ðjpj2 þ 1Þ

X1

n¼$1

 

1þ
< p½ (2 $ = p½ (2

c2

 !

! J4n$1ð2~kXqÞJ4n$m$1ð2qÞ $ J4nþ1ð2~kXqÞJ4n$mþ1ð2qÞ
h i

$
< p½ (= p½ (

c2
J4nð2~kXqÞJ4n$mð2qÞ
h

$J4nþ2ð2~kXqÞJ4n$mþ2ð2qÞ
i!

: (D18)

The generating functions w1m transforming the oscillations of
the h1Xprop are

w1m ¼ $ Vm

mþ v
sin ~kXX þ Y þmh

! "

þ Um

mþ v
cos ~kXX þ Y þmh

! "
; (D19)
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and the secular contribution of h1Xprop to the gyro center dynamics
is

hh1Xpropi ¼ $ 1
4

X1

m¼$1

m
mþ v

1
q

@V2
m

@q
þ @U2

m

@q

 !

: (D20)

The total leading order ponderomotive potential is

/pond;X;prop ¼
1
4

E2
1

v2ðjpj2 þ 1Þ
1þ jpj2

c2

 !

$ 1
4

X1

m¼$1

m
mþ v

1
q

@V2
m

@q
þ @U2

m

@q

 !

: (D21)

In Figs. 7 and 8, we show the agreement between the numerical
simulation for vacuum fields and the expression in Eq. (D10), where
the sum over the indices m, n was truncated to the range –5 to 5 for
both, for selected values of q > 0. The expression for the q¼ 0 pon-
deromotive potentials, Eq. (63) is plotted in blue for reference.

It is clear that even in the vacuum limit, any flow in the posi-
tive y direction would generate some negative (attractive) pondero-
motive potential into the perturbation region, and the potential
increases as the velocity approaches the first ion cyclotron
resonance.

Figures 9 and 10 present the dispersion and polarization for a
perturbation with a large k ¼ 1000 ðm$1Þ, such that the flow

FIG. 7. Dimensionless ponderomotive potentials for a vacuum field with a left polari-
zation, at X¼ –1 and with a Larmor radius q ¼ 0:14. The simplified potentials are
nearly identical to the exact ones, which take finite gyro radius into account, except
near the v¼ 2 resonance. In vacuum, the perturbation is evanescent.

FIG. 8. Dimensionless ponderomotive potentials for a vacuum field with a left polari-
zation, at X¼ –1 and with a Larmor radius q ¼ 0:44. This is the approximate
dimensionless gyro radius for a proton with a 100 ðkeVÞ of energy in the gyro
motion degree of freedom, immersed in a B0 ¼ 10 ðTÞ magnetic field and interact-
ing with a perturbation with k ¼ 100 ðm$1Þ. The v¼ 2 resonance generates an
appreciable ponderomotive potential for this gyro radius. In vacuum, the perturba-
tion is evanescent.

FIG. 9. The exact dispersion relation, kx0 as a function of b ¼ v=c, for a quasi-
neutral electron-proton–boron11 plasma, with np ¼ 0:5! 1020 ðm$3Þ; nb11 ¼ 0:1
!1020ðm$3Þ; B0 ¼ 10 ðTÞ, and k ¼ 1000 ðm$1Þ, plotted in solid lines. The wave
is evanescent in the regions plotted in blue, and is propagating in the regions plot-
ted in orange. In here, a new cutoff appears in b ¼ 60:04, and a resonance in
b ¼ 60:043. The low-frequency approximation is plotted in dashed lines.

FIG. 10. Wave polarization squared in the moving frame, as a function of b, for the
same parameters defined in Fig. 9. Plotted are the squares of the coefficients of the
unit vector in the electric field direction. In the evanescent regime, the wave is com-
posed of only right and left polarization, without a phase shift. In the propagating
regime, the wave acquires a phase-shift, essentially splitting into three components.
See Fig. 11 for the ponderomotive potentials.
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velocity can remain small in absolute terms (i.e., compared to c),
while interacting with the cyclotron resonances. It is evident that
not much is happening at this range of bs, and the particle interac-
tion with the wave, in Fig. 11 shows the expected resonances of a
left-polarized wave.
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FIG. 11. Numerical evaluation of the ponderomotive potential (sans the E2
1 ampli-

tude) for protons in a proton-boron11 plasma, with np ¼ 0:5! 1020 ðm$3Þ and
nB11 ¼ 0:1! 1020ðm$3Þ; k ¼ 1000 ðm$1Þ; B0 ¼ 10 ðTÞ, and q ¼ 0:3. Notice
we see here the second resonance at v¼ 2, and no resonances at v ¼ $1;$2.
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